
S1 Appendix: Properties of the HWMA W scheme 

This appendix contains the derivations of the mean and variance of the 𝐻௧ statistic. The charting 

statistic of 𝐻௧  is given by 

   𝐻௧ ൌ λW௧ ൅ ሺ1 െ λሻ𝑊ഥ௧ିଵ  

where (A.1)

𝑊ഥ௧ିଵ ൌ
∑ 𝑊௞

௧ିଵ
௞

𝑡 െ 1
. 

 

 For 𝑡 ൌ 1, 

   𝐻ଵ ൌ λWଵ ൅ ሺ1 െ λሻ𝑊ഥ଴. 

Since 𝑊ഥ଴ ൌ 𝜇ௐ, when 𝑡 ൌ 1, Equation (A.1) becomes: 

   𝐻ଵ ൌ λWଵ ൅ ሺ1 െ λሻ𝜇ௐ. (A.2)

Thus, the mean and variance of 𝐻ଵ are given by  

   𝐸ሺ𝐻ଵሻ ൌ λ𝐸ሺWଵሻ ൅ ሺ1 െ λሻ𝜇ௐ ൌ ሺλ ൅ 1 െ λሻ𝜇ௐ ൌ 𝜇ௐ  

and (A.3)

   𝑉𝑎𝑟ሺ𝐻ଵሻ ൌ 𝑉𝑎𝑟ሺλWଵ ൅ ሺ1 െ λሻ𝜇ௐሻ ൌ λଶ𝑉𝑎𝑟ሺWଵሻ ൌ λଶ𝜎ௐ
ଶ ,  

respectively. 

 For 𝑡 ൐ 1, 

Equation (A.1) can be written as: 

   𝐻௧ ൌ λW௧ ൅ ሺ1 െ λሻ
∑ 𝑊௞

௧ିଵ
௞

𝑡 െ 1
. (A.4)

From Equation (A.4), when 𝑡 ൐ 1, the mean of 𝐻௧ can be derived as follows: 

𝐸ሺ𝐻௧ሻ ൌ λ𝐸ሺW௧ሻ ൅ ሺ1 െ λሻ
∑ 𝐸ሺ𝑊௞ሻ௧ିଵ

௞

𝑡 െ 1
 

ൌ λ𝜇ௐ ൅ ሺ1 െ λሻ
𝐸ሺWଵሻ ൅ 𝐸ሺWଶሻ ൅ ⋯ ൅ 𝐸ሺW௧ିଵሻ

𝑡 െ 1
 

ൌ λ𝜇ௐ ൅ ሺ1 െ λሻ
ሺ𝑡 െ 1ሻ𝜇ௐ

𝑡 െ 1
 

ൌ λ𝜇ௐ ൅ ሺ1 െ λሻ 𝜇ௐ 
ൌ 𝜇ௐ. 

Next, from Equation (A.4), when 𝑡 ൐ 1, the variance of 𝐻௧ is derived as follows:  

𝑉𝑎𝑟ሺ𝐻௧ሻ ൌ 𝑉𝑎𝑟 ቈλW௧ ൅ ሺ1 െ λሻ
∑ 𝑊௞

௧ିଵ
௞

𝑡 െ 1
቉ 

ൌ λଶ𝑉𝑎𝑟ሺW௧ሻ ൅ ሺ1 െ λሻଶ
∑ 𝑉𝑎𝑟 ሺ𝑊௞ሻ௧ିଵ

௞

𝑡 െ 1
 

ൌ 𝜆ଶ𝜎ௐ
ଶ ൅ ൬

1 െ 𝜆
𝑡 െ 1

൰
ଶ

ሺ𝑉𝑎𝑟 ሺ𝑊ଵሻ ൅ 𝑉𝑎𝑟 ሺ𝑊ଶሻ ൅ ⋯ ൅ 𝑉𝑎𝑟 ሺ𝑊௧ିଵሻሻ 

ൌ 𝜆ଶ𝜎ௐ
ଶ ൅ ൬

1 െ 𝜆
𝑡 െ 1

൰
ଶ

ሺ𝑡 െ 1ሻ𝜎ௐ
ଶ  

ൌ ቆλଶ ൅
ሺ1 െ λሻଶ

𝑡 െ 1
ቇ 𝜎ௐ

ଶ . 

Hence, the mean and variance of the 𝐻௧ statistic are given by 



𝐸ሺ𝐻௧ሻ ൌ 𝜇ு೟
ൌ 𝜇ௐ 

(A.5)

and 

𝑉𝑎𝑟ሺ𝐻௧ሻ ൌ 𝜎ு೟
ଶ ൌ ቐ

𝜆ଶ𝜎ௐ
ଶ 𝑓𝑜𝑟 𝑡 ൌ 1

ቈ𝜆ଶ ൅
ሺ1 െ 𝜆ሻଶ

𝑡 െ 1
቉ 𝜎ௐ

ଶ , 𝑓𝑜𝑟 𝑡 ൐ 1,
 

respectively. 

 


