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ABSTRACT

Title: Stability of a boundary permeation model for
Navier-Stokes fluids

Name: Vuka Joseph Hlomuka

Supervisor: Prof. N. Sauer

Department: Mathematics and Applied Mathematics

Degree: M.Sc.

The stability of a boundary permeation model for incompressible second grade
fluids was formulated and solved for bounded regions, by Maritz and Sauer.
Under an additional boundary condition they proved exponential decay to the
rest state provided the initial energy of the system is not too large. In this
exposition, we apply the same model to the boundary permeation problem,
but for incompressible first grade fluids, also known as Navier-Stokes fluids.
In our situation, the additional boundary condition is not necessary, but in
contrast to the second grade fluid, the decay of perturbed solutions is first
order polynomial.



CHAPTER 1

THE SETTING

1.1. Introduction.

A Navier-Stokes fluid is an incompressible Newtonian fluid. When the fluid
is not a mixture, incompressibility means a constant fluid density. We shall
consider only such fluids, Newtonian fluids are characterized by the linear
occurrence of the rate of deformation in the stress tensor — a term which
contains the viscosity of the fuid as a physical constant. Viscous fluids are
often modelled as having the property that they stick to a solid boundary and
therefore moves with it.

A phenomenon observed in non-Newtonian fluids which is absent in N avier-
Stokes fluids, is the presence of a normal stress component, additional to the
pressure, determined by the velocity field. For non-Newtonian incompress-
ibility fluids, which adhere to a boundary, this component has been calcu-
lated explicitly by Berker (2], and the expression shows that for incompressible
Navier-Stokes flows, the component is zero. :

A question to be asked then is: if the boundary is permeable, i.e. allows the
motion of a fluid through it is it possible for a fluid to pass through the bound-
ary as a result of fluid motion in the region bounded by the particular wall?
A model for studying this situation has, for incompressible non-Newtonian
(second grade) fluids been proposed and studied in [9]. It was found that for
second grade fluids, the problem is well-posed if certain additional boundary
conditions were imposed.

The model mentioned above is formulated for arbitrary fluids and the
question arises as to its applicability for Navier-Stokes fluids, which are less
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It is assumed that
v(z,t) =0,

on the outer boundary.

1.3. Goals of the thesis.
In the case of the fluid flows under consideration, we wish to establish:

a. at least the aspect of well-posedness which deals with the stability of the
rest state;

b. the conditions under which the stability of the rest state of the problem
occurs.

In Chapter 2 we deal with the mathematical modelling of the permeation
problem. This deals with the continuum-mechanical assumptions underlying
the equations, the concept of permeability modelled by means of an effective
surface measure, and the final expression of the dynamic boundary equation in
terms of geometric entities such as curvature.

In Chapter 3 the stability of the rest state, which is our main aim, is
studied. This entails intricate estimates based on a-priori estimates for the
classical Stokes operator, use of a very general, recently developed form of the
Helmholtz-Wey! projection and an unusual energy method.



CHAPTER 2

MODELLING OF NAVIER-STOKES FLOWS

In the previous chapter, we presented the setting for the problem. In
this chapter, we wish to follow up to the setting by mathematically modelling
the situation. Before we proceed with the modelling, we wish to explain the
symbols for the quantities to be used in the model itself. The units for some

quantities are in brackets.

2.1. Explanation of the Symbols.

T = (z1,Z2,73)
v(z,t)
P

4
r
n(z)
ds
da(z)
(=)

&(x)
o(zx)

%o (z,t)
p
(2, t)
[V‘U],’,]’ = 6jv,-

w=VAv
D(v)

position in 3-dimensional space

the velocity field in the fluid(ms=!)

fluid volume density(kgm—3)

coefficient of viscosity(Nm~2s)

boundary of the bounded domain 2 c R®

the unit exterior normal to I'

Lebesgue measure of surface area on I'(m?)

the effective area measure on I

density function in terms of the area measure da
ie. da=(ds; 0 < ((z) < 1

surface thickness at any point z € I'(m)

surface density of the fluid at any = € I'(kg~2)

ie. o(z) =d0(z)¢(z)p

velocity at z € I' (ms™!)

pressure(Nm~—2)

the normal velocity component at z € I

We shall, in fact, assume that %Y = —1y(z, t)n (z)
the velocity gradient (s—1)

the vorticity (s=!) (wedge denotes vector product)
the rate of deformation tensor
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2.2. Modelling in Q.

Figure 1

We consider an arbitrary fixed region in the fluid in Q2 denoted by ¢4 and
with a boundary 8¢ (Figure 1). Fluid particles enter and leave this volume, so
that at different times there may be different fluid particles in ¢.

Let n be the unit normal to 8%, as shown. If p(z, t) is the density of the
fluid in ¢, and v (z,t) the velocity of the particle which, at time t, is in position
x, then the conservation of fluid mass in ¢, may be expressed as:

d
- pd:v=—/ pv - nds.
dt Jg o9

Since the volume is fixed, formal differentiation under the integral sign, and
use of the divergence theorem yields

/gptd:c:—/gv-(pv)dz.

/ [pt + V - (pv)]dz =0,
14

Thus,

which gives, because ¢ is arbitrary,

pr+V - (pv) =0. (1)
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If p is constant, it follows that V - v = 0. We shall be studying this case which
is referred to as an incompressible (isochoric) motion.

Next, we consider the conservation of linear momentum in ¢¥. This is
expressed in the following way:

Rate of change of momentum in ¢ = Rate of change of momentum over
09 +Total force on 89+Total force on ¥.

Since we deal with a fixed domain ¢, we introduce the momentum flux M so
that the rate of change of linear momentum over 9% in the direction of n is
given by

Mnds:/V'Mda:.
o9 @

Let T denote the stress tensor on 894. The (internal) force per unit area at
Y € 09, may then be expressed in the form T(y)n(y). Thus, the total force on
09 is

Tnds:/ V - Tdz,
g g

by the divergence theorem.
We then write the conservation law in mathematical terms:

4 pvda::—/V-Mdz+/V-Tda:+/pfdz.
dt Jg ¥ 9 9

Since ¢ is arbitrary,
O(pv)+V-M =V -T+ pf. (2)

We choose M as follows:
M :=pv v,

where the symbol ® denotes the tensor product. Having made this choice, we
have:
V-M=[V-(pwdv)],

[V-(pv ®v)] =" 8i(pvi v;)

i=1

3
= Z[ai(ﬂvi)]”j *

=[V- (o)v + p(v - V)o.

3
pvi0;v;
1
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The unit exterior normal to T is denoted by n and the trace operator v, will
be used to denote restriction to T, Our model assumes that

fluid particles are accelerated from rest in (Y across I into Q, or they are
decelerated from Q across T and come to rest in Q.

Let v(z,t) and p(z,t) denote the velocity and pressure fields respectively, at
z €  and time ¢ > 0. We have already derived the equations of motion as (6)
in the previous section. We have for incompressible motions:

pDv(z,t) =V - T(p,v);z,v € 0

V. v(z,t)=0 @.

In equation (1):
Dt = at +uv- V;

and for a Navier-Stokes fluid, the stress tensor is chosen as
T(p,v) == —pI + 2uD(v);

where,
D(v) := }[Vv + Vo).

D(v) is called the rate of deformation tensor.

It is assumed that the velocity field v (z,t) always satisfies the homoge-
neous Dirichlet boundary condition: v(,t) = 0, 0on Ty for t > 0. At the
permeable boundary T, we shall assume that

')’ov(x’ t) = _va(x’ t)n(:v). (2)

The scalar-valued function 7y defined on T is unknown, and is determined
by a dynamic boundary condition, which is an evolution equation. The said
evolution equation will be derived later in this chapter. Also, the condition
V-v(z,t) = 0 (for incompressible fluids), leads to

/n,,ds=0.
r

The permeability of the boundary T is brought into play by means of the
concept of effective area denoted by da. The measure da expresses the surface
area through which fluid particles can move, while the measure ds relates to
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the total surface area. Since the effective area cannot exceed the total area, it
is assumed that they are related by

da = ((y)ds

and that ¢ is restricted by 0 < ((y) <1 (for y € T). It may be thought of as a
probability-density function which expresses the probability of finding a “hole”
in I

Next, we assume that, at any time t, the surface I' contains fluid parti-
cles. Since there are fluid particles present in the surface T, it is necessary to
introduce a surface fluid density o(y) from which the total mass of fluid in any
boundary patch I'y C T can be calculated as:

m(T) = /r o(y)ds(y) 3)

One may introduce a “surface thickness” 6(y) by means of a dimensional argu-
ment and obtain the formal relationship

o(y) = 6(y)¢(y)p for every y € T.

We shall assume that o is a measurable function which is bounded away from
zero by a positive number.

The law of conservation of linear momentum in the surface I is, in the
absence of body forces, expressed in terms of the momentum transfer tensor
M and the stress tensor T.

We state the law of conservation of linear momentum in I':

For every measurable boundary patch Ty C T, the rate of change of linear
momentum in I'y is explained by the net influx of momentum into I'y and the
resultant force due to stress on the patch.

Thus, if Mo and To represent, respectively, the momentum and stress tensor
on the Qg - side, then

4 [ awo0ds) - [ -t o+ [ (o= Time

= C[M—Mo]ﬂds-}-/ [T——To]nds
1‘1 I‘1

by equation (2). Since I'y is arbitrary, it follows that
o[y, v)e = (M — Moln + [T — Ton 4)

We use the measure da in the momentum term because momentum flux is
restricted by the permeability.
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2.4. Problem formulation.
Having modelled the motion of the fluid in 9 and derived the boundary condi-
tions in I', we are now in a position to formulate our problem.

Equation (2.3-1) is the equation of motion. Equations (2.3-2) and (2.3-4)
form our boundary conditions. We formulate the problem as follows:
To find v € @ C R which satisfies the following equations:

pDv (z,t) =V - T(p, v) (1)

where,
T(p,v) = —pI +2uD(v),

D(v) := {[Vv + VTy],

subject to the following conditions:
V- v(z,t) =0
Y (2, t) = —(z,t)n (z) on T;
—[o(z)0ny (2, t)In = (M — Moin + [T - Toln;

v =0 on Ty.

(2)

2.5. The boundary equation.

The third equation in (2.4-2) is an evolution equation for 7,, which, together
with (2.4-1), should be used to solve for v. In order to put this equation in a
more convenient form, we shall derive an expression for %, [D (v)]:

We consider a local orthogonal system, in T, consisting of normal curves
z1(s1) and z2(s) with s, and sz denoting the arc length. Let 7, = xp(k=1,2)
denote the unit tangent vectors to the curve Ty,

We choose 77 and T2 such that 7 A7, = n. In such a coordinate system,
the surface gradient of a scalar field fon T is defined as

= 9r_  Of
Veof := B, T+ -68—27'2- (1)

For a function defined on 2, the relationship between gradient and surface
gradient is given by

YWV =Venf+ 1 fln (2)

where v, f := g§ denotes the normal derivative.
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The surface gradient of a vector field f on T is defined as

of ®T1+if—®1'2. 3)

Vel = e 353

The relationship between gradient and surface gradient for the vector field f
is given by
7ovf=V87of+[71f]®n' (4)

Similarly, for the vector field f, we have the following definitions and
relationships:

0 3]
VsAFf: _r1/\51+‘rz asf (5)
W AF=VsAnf+n A% (6)
_..of _ of
Vs - fi=7 6s1+T2 95’ (M
70V'-f=v8'70-f+n'71f' (8)

By (1), (3), (5) and (7), taking into account the Serret-Frenet formulas for
curves without torsion as well as the chosen orientation of tangent vectors, we
derive the following expressions:

o(n,mn O(nym
v, [nen] = (nv ) ® T+ (nu )®1_2
82
=(8 ‘n+7]v5'_)®‘rl+( n+flu )®1‘2
®1' +?I'—n T+ Q—@‘r
61),, ony
=55 ™ QT+ a—n ® Ta 4 No(—K171) @ T1 + NM(—K2T2) ® T2
Ony
3 N [[nl'rl RTL+ KeT2 @ 1‘2]
82
Is;} 0
=n®| T 4+ 2R py] — polkis ® 71 + KT R T2)

631 832
=n ® Ve — Mu(K1T1 @ T1 + KaT2 ® T3]

9)
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We also have:

v, A [nvn] =7 A a(nvn) +mA 3(77un)

331 682
_ Oy on
—‘1'1/\[3_31 +Uu£]+‘l’2/\[

v

382

on
n + nva_sz']
0 o
=7 A [a—zrn — k1T + T2 A [O_an — NyK2Te]

Ay O
= 5:—1(1'1 An) —nmuei(Ti A1) + %(Tz An) — nyka(T2 A T2)

Ony ony
= (ﬁﬂ + £
=V, An.

Vs - [nvn] =T - a(g;;n) + Ty a(g;;n)
ony
asl
= —Nwk1 + (_7711"52)

= k.

T)An

I3}
=71 [0 - ki) + T2 - [a—zn — NyKaTe)

From V - v = 0, we have Y%V v = 0. Therefore,

70V-v=V,~'yov+n~'yl'v=0.

Hence,
n-nv=-V, yv
==V (-nn)
=V, - (mn)
= =Mk
Next, we have for the vorticity w,
Yow =%V Av

=V Anpv+nAyv

=VsA(=nn)+n Ayv

==VsA(mn)+n Ayv (10)
=-VapAn+n Ao

=n AV +n Ayv

=n AV + 7).
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Now,
YwAn =nAnpv+Vap]An

= (n . n)('ylv + Vgnv) - (n ’ [711’ + Vsn’v])n
= ’)’I’U + Vgnv - [n '71’0 +n 'VGU’U]n
=70+ V,—(n ‘yvn

since n - Vg1np = 0. From this, we have that

10 =YwAn — Ve + (0 cyvn
=y,wAn — Vi — kN

Therefore,
Vst = Vs(—mn
3% a( Ty ) (11)
= [K1TI @ T1 + K2T2 @ T2] — 1 ® V).
But,
%, Vv = V7,0 +[nv]en.
Thus,

71, Vv = [k1T1®T1 +hy T2 ®T2] — N OV 47y + (F,WAR )BT — [Vsmot+nuen]on.
(12)

From (12), we derive an explicit expression for 4, D(v) in the following way:
First we observe that

7, VTv = gk ®T +KaT2®@To]— V@R +N R (HwAR)— 1 Q[Vsmw+nukn]

Therefore,
v, D(v) = %[’yOVv + 'yOVTv]
= ylk1T1 @ TL + K22 ® T2 — TN ® 1]
+ipwAn —2V]@n
+in @pwAn —2V,n)
Hence,

YD) =m[m1T1 ® Ty + K2T2 @ Ty — KN eonl+i¥Pen + inew, (13)

where ¥ = y,w An — 2V,n,. Itis easily seen that W is the sum of tangential
vectors, and therefore tangential. In addition, it is seen that ~, D is symmet-
rical.



2.5. The boundary equation 15

It is important to calculate the normal component of deformation at the
boundary I'. Towards this (and other objectives) we deduce from (13) the
following relations:

%D @)T1 =i + (& - 1)n; (14)
’YoD(v)T2 = NukaTy + %(W T2)n; (15)
NP @)n = —nyrn + L. (16)

From (16) and the tangentiality of W it follows that

n-%[DW)n =-nr+in. @ an)

= k.

It is instructive to obtain the matrix representation of the tensor v, D
relative to the local basis on I' defined by (11,72,m). For this we use we use
the expressions (14) , (15) and (16) as well as the symmetry of Y D:

Tn-Dn nn-Dn n - -Dr
n1-Dn 7 -Dn n-Dn

’)’O[D(‘v)]=% (Tl-DT2 T2'DT2 'n'DT2

21y k1 0 M Aw—-2Vy,) 7
= % 0 21, kg M Aw—-2Vy,)-
(M Aw-2Vp,) o M Aw-2Vy,) nr V-v-2n«

-k, 0 O 0 0 ¥
=-m| 0 -k O)+1| o 0 ¥-m|.
0 0 = U-m U.1 0

(18)
We may now write the differential equation for 7, in a simpler form:
From (4) we have that
o[%v]e = (% [M ~ Mon + +,[To ~ Tin.
Therefore,
—00myn — (7, [M — Myln + Y% Tn =v,Ton (19)

From our previous choice of M , we have

YoMn = P’?g’n;
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so that,
n-y,Mn = pnﬁ

Our stress tensor T is given by

T = —,p + 2uD(v).

Hence,
% Tn = —1pn + 2u%[D (@)]n.
Eventually,
n-Tn = —7,p+2u{n - %[D®)n} = —%p — 2umk
by (17).

By our assumption, fluid particles are at rest in p Le. v =0, in Q.
Thus,
D(w)=Vv +VTy =0in Q.

Also, the conservation of momentum equation (2.2-5) implies that Vp = 0
from whence it follows that p = po(t) in Q0.
Therefore,

To = —pol.

Taking the scalar product of the equation (19) with n we obtain:
—00my —C(n -Mn)+n -Tn =n-Ton.
With the appropriate substitution, we obtain
—0d4my — C(p15) + (=P — 211uK) = Po-

That is,
08¢y + pCNE + NP + 2unuk = —Po(2). (20)

Equation (20), whilst being an evolution equation for 7,, also depicts the con-
servation of linear momentum for the region {lo
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2.6. Reformulation of the problem.
In view of (2.4-1),

plve+ (v -Vw]=V -T,v e Q
=-Vp+uV-A(v)
= ~Vp + uAv.

Then,
pvi + p(v - V)v — pAv + Vp =0,

is the new form of the equation of motion in ).

The boundary conditions are incorporated in the evolution equation
(2.5-19) for n,. We can now reformulate the problem as follows: We look
for v such that

pvi + p(v - V)v — pAv + Vp = 0; } (1)

one + pCn2 + 2nu ik + Y, p = —po(t)

In the next chapter, we will show that the null solution v = 0 for (1),
which corresponds to the rest state, is stable under the criterion established in
[7] by Le Roux and Sauer. According to this criterion, we will use the coupling
in (1) to construct some canonical operators. To do this, we have to transform

1 1
the two equations by multiplying the first by p~ 2 and the second by 0”2, to
obtain the following forms:

1 1 1 1
P2Vt +p2(v Vv —pup 2Av +p"2Vp =0 @)

1 1 1 1 1
021 + 072 p(nk + 20" 2, uk + 07 2y,p = -0 2py(t).

In the next chapter, we will rewrite (2) as an implicit equation in terms of
certain canonical operators.
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THE STABILITY OF NAVIER-STOKES FLOWS
THROUGH PERMEABLE BOUNDARIES

3.1. The system as an implicit equation. The system defined by (1) in
Section 2.6 may be viewed as a coupled system, with the coupling situated
in the pressure term which appears in both equations. There is also some
additional coupling within the system when the constraint

V-v=0
is taken into account. The system is more closely coupled once we observe that
n=1y:=—[ypv] n.
Thus, the evolution equation at the boundary cannot be solved separately from
the Navier-Stokes equations (which are strongly coupled) in the domain .

The modelling described in Chapter 2, therefore, leads to the following
constraints on the velocity field v:

V-v=0
v =0, on Iy; (1)
%Y =—nyn onT.

The system (1) in Section 2.6 may now be expressed as an implicit evolu-
tion equation, by defining the mappings L, B, N and % as follows:

Lv = ~p(2p™Y2V - D(v), =0~ Y2xp, );
Bu = (p¥2y, g12p, ).

N(v) := (p"/%v - Vv, {po~Y2p2);
Zp = (p~*Vp,o~ Y2 p).



20 Chapter 3. THE STABILITY OF NAVIER-STOKES FLOWS

The notation (a,b) indicates an element of some product space.

The mappings L, B and £ are evidently linear if the class of functions
on which they act is a linear space. The system (2) in Section 2.6 can now be
rewritten in implicit form as follows:

8[Bv] + Lv + N(v) + £p = (0, —p(t)) = —Zpo(t)- @)

In this equation, the only unknowns are the velocity field v and the pressure
p. In order to be more explicit about the mappings defined in (2) and the
equation (3), we define the following spaces:

1. X = L%(N); the space of measurable square integrable vector fields on Q.
We will not be concerned about the topology induced by the “natural”
norm || ||x which makes X a Banach space.

2. We define 2 C X as follows:

g ={v € H*(Q):V-v=0,v=00n Co;v,v = —nwT OB r}.

3
3. Y := L%(Q) x Hz(T), with the inner product

((avb>’ <C’d))Y = (G,C)X + 0(b7 d)Ha/’(l")'

The corresponding norm would be defined (by taking the square root) of:

ll(a, b3 = llallk + Bl1bliFa(r)-

Here the ‘thickness-parameter’ § > 0 is introduced to ensure that the
metric in the product space is dimensionally correct provided that a and b
have the same physical units. With these properties, Y becomes a Hilbert
space.

The following should also be noted:

A. By the assumption of boundedness (Chapter 2; Section 2.3) on the sur-

face density o, the metric in L*(§) can be defined with ¢ as the weight.
Occasionally, we will use the equivalent norm:

(. 9)e = ]r o) F)g(¥) ds(y),

for L2(T).
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B. The space 2 shall be taken as the domain for the operators defined in
equation (2)

C. By the trace theorem (Lions and Magenes [8], p. 39) L and B are well-
defined linear operators on 2 with range Y (See the appendix)

D. By the Sobolev embedding theorems ([1], Theorem 5.23, p. 115; Theorem
7.57, p. 217), the non-linear operator IV is also defined on 2; with range
in Y. Indeed,

N(v) = (pv - Vv, (po~V2p2);

where p'/2v - Vv € L(); (po~Y2p, € LXT).
E. It is seen that (2.5-17) holds. Le.,

n- "/DD('U)TL = —Ky

for every v € 2.

We shall use the notation »(t) for the function v(t):z € Q> v(z,t), for
t > 0. A similar notation will be used for the pressure p.

Fort>0,let v : ¢+ v(t) € 2 be a given function. We shall say: Bv is
differentiable in Y, if for every ¢ > 0,
lim h~![Bv(t + h) — Bu(t)]
h—0

exists in the norm of ¥. This limit will be denoted by [Bu (1))

"The pair of functions v(t) € 2 and p(t) € H'(Q) is said to be a solution
of the Implicit Cauchy Problem (ICP) if Bv (t) is differentiable in Y and for a
given po(t) and y € Y

[Bv(t)]' + Lv(t) + Nv(t) + Zp(t) = —Lpo(t) } @

Jim [IBo(®) - ylly = 0

3.2. The Helmholtz-Weyl Projection.

Terms of the form #p in the implicit system (3.1-4) cannot be handled
with the aid of the traditional Helmholtz-Weyl projection because of the pres-
ence of a boundary component.

I 1781 1473

brse3 2 s
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There exists, however, a projection P : Y = Y] which annihilates terms
of the form:
&p = (p~V*Vp,0” 2,0}

and leaves intact, terms of the form:
By = (p"?v,0"*ny);

when V- v = 0. (See Sauer, [10]). We now apply the projection P on (4) to
obtain :

[PBu(t)) + PLv(t) + PN(v(t)) + PLp(t) = —P%po(t)
tl_'lf{)l,r |PBv(t) — Pylly = 0.

This leads to the Projected Implicit Cauchy Problem PICP:

[Bv(t)]' + PLv(t) + PN(v(?)) =0 } "
1

i Bu(t) — =
Jim, [|Bo(®) - Pylly =0,
from which the pressure has been eliminated.

3.3. Some Identities and Inequalities.

Before proceeding with the study of stability, some identities and inequalities,
derived from integration by parts, need to be discussed. We shall use the ‘colon
product’ between second order tensors defined by

A:B:= ZAijBij

i!j
in what follows.
ProproOSITION 3.3.1. For p,0 € 2,
(PLy, B8)y =2u((D(#)}, D(0)) 1) (1)
(PN(p), B@)y =»p /r (¢ — Lnd ds, (@)

where,

(D(¢), D)z = [ Dlg): D@z



3.3. Some Identities and Inequalities 23

Proof.
We have
(PLp,BO)y = (Ly, PBO)y = (L, BO)y,

since P, as a projection operator, is self-adjoint and PBO = B6. Also,

1 _1 11
(Lo, BO)y = ((—p~2uV - 2D(p), 250" 2110 ), (926,02 1))y
= —u(V -2D(9),0)2q) + 2p4(ky, M) L3(r

Using integration by parts,

(V-2D(¢p),0)L2(Q) =/I‘700-2D(¢p)nds—/92D(<p)V0d:v.

But,
2D(p): VO = 3[2D(p) : 2D (0)];

using the properties of the ‘colon product’. Therefore,

(V2D (¢).6)x0) = }u(2D(¢), 2D @) 130) = s [ 1,8 2%2D ()m d
= 20(D(#), D(O)) 30) = 20 [ (~10m) - (~wn, ) ds
= 2u(D (), D(0))30) — 24 /F Koo ds;

using (1). Thus,
(PL(y), BO)y = 2u(D(p), D(6)) gy — 2u /F Koo ds + 24 /r KMpne ds

=2u(D(¢), D(0))12q)

This proves (1).
Next we prove (2):

(PN(#), Be)y = (N(¢), Bo)y;
since P is self-adjoint. Therefore,

(PN(#), B(¢))y = (N(¢), Bp)y,
= ((0"%¢ - Voo, Cpa~202), (020, 5Y21, ) )y
=p(¢ - Vo,0) 130) + p(¢1%, 1) L3y
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Next, we derive the expression for (¢ - Vi, @) L2q): Since Ei=1 Oktpr =
V- Y= 0,

3
(@ Ve, Oy = D /Q (#x0Okps) e do

k,j=1
3
= /(ak[<Pk<Pj]'<Pj)dfv
k=179
3
= /Uk‘Pk‘Pj‘des— > /‘Pk‘PjakSDjdx
kj=1"T kj=1"9

= /r(<p ‘%P Keds — (@, (¢ - V)e)a

Therefore,

ple -V, 9) Ly a) = p/F(q’ ‘)Y@ %P ds — p(e, (¥V)P) L3q)-

Hence,
2p(<p - Ve, (P)LQ(Q) = P/I‘(‘P : n)’Yo‘P : ’Yo‘Pds
= p/r(—mp)nz, ds.

We then obtain
ple - Vo, @)Lya) = —%p/anst-

Finally, we have:
(PN(¢), B)y = —%p/rnff,ds +P[FC'73d3
= s [~ i
r

O

The following identity will have important consequences when the mean
curvature of the surface I' is nonnegative:
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ProposITION 3.3.2. For pED,

D@ = H1VEq) + [ m(uin ) dso)
Proof.
Since D (p) = L[V + VT ) we have,

(D(#), D(0))12) = 1(Veo + VT, Vo + Vo) Laq)
= 1[”V<P||%2(m +2(Ve,VTp) + IVT (@13 )]

-~ 19
41[2”V‘P”%2(Q) + 2(V‘p; VT‘p)Lz(Q)]‘

Next, we derive an expression for (Ve,

VT¢)L3q); using the Gauss diver-
gence theorem and the Stokes theorem:

3
Vo, V7T0) 12y = Z/ﬂ 9ip;0;pidx
r

3
= Z 0ilp;0;pi]dz;

z)]
since V - ¢ = 0. However,

[ ailesoiaz = [ miostypsds,
0 r

by the divergence theorem.
Therefore,

3
Ve, VT9) 12y = > /Fni¢jaj¢id3

i,j=1

3
=- Z /an,n,'nj(ajcp,‘)ds

ij=1

= / Men - (Vp)n ds
I

=/n¢n 13 (Ve + V) n ds
I

=/n<pn D(¢)nds
I

= /nw(—nnw)d&
r
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Finally,we have:

(D (), D(9))zxa) = 2Vl 0y — 2 Jp Me(=pr) ds]

— LIVl + [Q ki ds).

(D (), D(®)rxa) = 1D (P)lILxqy

= LIV |Rag + / e ds];

provided & > 0; and the result follows. 0O
Before we continue, it is appropriate that we derive the following identities.
These will be used in proofs of some of the inequalities.
First, we define the bilinear form R(p,v); for p,¥ € 2 by

R(p,¥) == (PLy, BY)y-

By (3.3.1),
(PLy, Bo)y = 2u(D(9), D(¥))Lx9)-
Therefore,
R(p, ) = 2u(D(¢), D(¥)) r2@)
— D@ ®
We also note that
(L, L)y = LllAglaq) + 42l 20 ™ 1|l (4)

We now continue with the inequalities that will help us later in our study
of stability.

LEMMA 3.3.3. Forp € 2, ¢ V| < ol Vel

Proof.
lo-Vel? = S 1 wibie,)?
i 1

< U@ - (ST,

by the Schwartz inequality. Eventually,
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o= Vel <303 e (> (3ip;)%)
= Qe )

= |Ve|?,

and the result follows. O

Next, we also note that: Since in our case, m = 2, p = 2 and n = 3,
making mp > n; in accordance with the Sobolev embedding theorem (Adams,
[1], Theorem 5.23, p. 115) for ¢ € 2, there exists ¢ > 0 such that

le(2)] < sup |p(z)]
z€EN

(5)
< cllell axay-
Similarly, the following lemma will be crucial in our study of stability:
LEMMA 3.34. Forp € 9, (¢ - V)p € L}(Q) and
1o - V)ellLxqy < CRllelinq) Vel aq)-
Proof. We have that:
e Velixey = [ ltg - Vltds
< / lel?|Vel|® de
Q
by Lemma 3.3.3. But,
/ lel*|Ve|*dz < suplqolz/ IVo|*dz
Q Q
< dllgll) [ Vol da
= C||‘P||H2(Q)||V‘P||L2(Q)~
Thus,
(e - V)@llzxq) < cllelifag - IVl )
a

We next observe that, since the elements of 2 vanish on the outer surface
[y, and since Q is bounded, the Poincaré inequality holds:
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For any ¢ € 9,there exists a constant ¢, > 0 such that

“V‘PH%Z(Q) 2 cp“‘P"i’(Q) (6)

(See e.g. Dunn & Fosdick, [3], pp. 248-249)
We define the Sobolev H'(2) norm in accordance with the Poincaré in-
equality so that the units are balanced, by

el = IVl gy + coll ollZaay;
for ¢ € 2.
We now demonstrate the equivalence of some norms:

LEMMA 3.3.5. For ¢ € 9, if the mean curvature  of the surface I' is nonneg-
ative and bounded, then || D ()|l q) is a norm on 9, equivalent to Il o)

Proof.
From Proposition 3.3.2, we have that:

1D @) = IVl + [ rrbds]
Then, if k > 0,
D (@)lI72q) 2 51Vl g)- (7
That is,
”D(‘P)”iﬂ(g) 2 %[”V‘P”%ﬁ(g) -+ %”V‘P“%ﬁ(g)]
2> i‘“V‘P”iz(Q) + %%”‘P”Lz(n)

= Yl (®)

from the Poincaré inequality and the definition of the Sobolev H () norm.

Also,
/nnids < l/nnf,ds
r r

where K = sup,cr £(y) > 0. By the trace theorem (Lions-Magenes [8], The-
orem 3.2, p.21; Adams [1], Theorem 7.55, p. 216), there exists m > 0 such
that

< Klinoll2ar)-

||77<p||21:2(r) < m“‘P”%{l(n)-
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Thus, there exists M = K'm > 0 such that

L"‘”’: ds < Mle|l3q)-

By Proposition 3.3.2,

ID@)Ea) = 31Vl g + [ wr ).
Therefore,

ID@) ) < 31901 gy + Ml
< %[”V‘P”i?(n) + M{||VelZaq) + Cp”‘P”i%Q)}];

by the definition of the Sobolev H '(€2) norm. Eventually, we have

ID@llzag) < 31+ MIVol gy + Meplloliiag]
< 30+ 2M)[[1Vpll )y + cpll @il 2y
=301+ 2M)”‘P”i11(9);

by the definition of the Sobolev norm. Combining the two preceding inequalities
involving D, we finally obtain

Helrq) < ID@)Eg) < (M + Dl
and the result follows. O
The following assumption will be made from now on:
the mean curvature k of I' and the surface density o are positive constants.

We now define the norms, ||¢||? and llll3 in accordance with Le Roux and
Sauer [7]:
lell; = R(p, )
= Z“HD(‘P)”%,Z(Q)'

By Lemma 3.3.5 it is a norm. The other norm is defined by

9

lellZ = llell} + 3 (Lo, L) 13q)
2 2.2
=1l + ANz 0y + L gy (10)
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3.4. Estimates.
We will use the following well-known result (see e.g. Galdi [4], p. 227;
Temam [12], p. 33):
If ¢ and p solves the Stokes problem,
—Ap+Vp=fon
V-p=0,on
Yo =% onT
and if f € L*(Y); ¥ € HY*(T'), then, ¢ € H*(Q), p € H'(Q), and there exists
Ca, Cr > 0 such that

“‘P“i]z(g) < “VP”%,?(Q) + “‘P”LI’-P(Q) < CQ"f“%P(Q) + CI‘ll’Yow“iIa/Z([‘)‘ (1)

We proceed by applying the traditional Helmholtz decomposition to the
vector field f. The result is:
~Ap+Vp=Pof+ Vg g € H(Q), (2)

with Py the traditional Helmholtz-Weyl projection. Another application of Po
gives
—PAp + P V(p—q) = B f = Rof.

Thus,
—PAp = Pof. (3)
We then use (2), (3) and (1), to obtain
llellErae) < CallPoAelZaqy + Crll®ll ava(ry- 4)
In our situation,
U= —-nyn. (%)

Then, we rewrite (4) in terms of (5) to obtain
”‘P“iﬂ(n) < CA”POA‘P”;;,’(Q) + CF”W"‘”%-]S/%(F)' (6)

Since || Poll < 1,
CallPoA¢|lLxa) < Callael|Lxa)-
We therefore obtain from (6)

, el < CallAgll3aq) + Callnelitysry: (M
The inequality (7) is the a-priori estimate we shall need.
The first result on equivalence of norms is:
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LEMMA 3.4.1. For ¢ € 9, the norms of the Sobolev space H*(Q) and the norm
defined by ||Ly||y are equivalent.

Proof.
From (3.3-10),

2
“L‘P”% = .U2[%”A‘P”%2(n) + N?”Uso“?qﬂ/z(r)]-

We first estimate || Lg||3, from above by using the trace theorem. In fact, from
the identity above,

2
IZelly < 25110l + LmllelZa]
2
< .U2[,§, + "Tm”‘P“fqm(r)]'

The lower bound is obtained by making use of the a-piori estimate (6):

IZelly = 1* [z CallAgllEaq) + 25 Cllol e o))
> 1 min{ A, 2 HCA AR + Csllmo3152(ry)
> p* min{zA=, 2 Hle|q-
We have used the estimates

Il gaqry < mllellgyg)
lAp|lZag) < 311132y

derived from the trace theorem and elementary considerations. The proof is
complete, O

The following results involve |j¢||; and lellz defined at the end of the
previous section, and will be equally crucial in our study of the stability of
Navier-Stokes flows:

PROPOSITION 3.4.2. For ¢ € 9,

K”‘P”iﬂ(g) < ”‘P“g,

where
K = Lz . 1 w2
=3 mln{m, m}
Proof.
The proof is a direct consequence of Lemma 3.4.1.
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We end this section with an estimate of the nonlinear operator N:2-Y.
For this purpose, we shall need the embedding H* Q) — L7(Q). For our
situation, shall also need the embedding

H(Q) = LA(T).

(Adams [1], Theorem 5.22, page 114) for the combination m = 1,p = 2 and
n=3,sothat mp<n, 2<¢g< 4.) Thus, there exist Cg > 0 and Cga4 >0,
such that

le@)l < Cellellaza),

(8)
Inelizay < Ceallellayg). for ¢ € 2.
We now proceed to estimate V:
LEMMA 3.4.3. There exists a constant C1 > 0 such that, for all p € 2,
IN@)IZ < [CLID(@)llxaylILelly]?,
with \
01 = 2(CE + 224
Proof.
From the definition of IV,
2
IV = [ lo-Tolde+s* [ Sisds
2 2 2 4 ©)
<o [[1oPIVePds+E [ nds
by Lemma 3.3.3 and since 0 < ¢ < 1. From (8) we now obtain
2
IN@IF < pCE|l¢l|§;z(n)/Q|V¢lzdm+ %]Fnédm- (10)
By (8), \
Inollds) < Challelling):
Therefore,

IN@IE < pCE el IVl + ZCh dlelling)
= pChlll Haay I Veell L) + 0t allelirm el
< PCR @l iz IVl L) + £t allelina el
= W2y P ORIV 30y + &-CF lielli)]
= PH‘P“%#(Q)[C?EHV‘P"iﬂ(n) + 20 llelitn )l
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By (3.3-7) and (3.3-8), we have, taking into acount Proposition 3.4.2

4pC2
IN@IF < £ILel} [2CEND (9)|12 5 + 254D ()2 205,
() ()
so that the result is true. 0

3.5. Stability.
In our study of stability, we shall follow the method of Le Roux and Sauer (71,
which is an adaptation of the method of Galdi and Padula [5], to implicit evo-
lution equations. The method applies the theory of bilinear forms as opposed
to spectral theory in Galdi and Padula [5).

As required by the theory in Le Roux and Sauer [7], we have already
constructed the bilinear form R defined by R

R(SO,B) = (PL‘P, BB)Y;
for p,8 € 9.
We now define another bilinear form S:
S(,0) := (PByp, BO)y
= p(ep, 9)L2(n) + a(ny, 770)L2(1")

The following proposition establishes an important property of the bilinear
form, R.

ProposITION 3.5.1. For ¢,0 € 9,the quadratic form R associated with the
bilinear form R is positive definite.

Proof.
We have

R((p) = R(‘Pa ‘P)
= 2u(D(¢), D(9)) Ly
=24l D ()17 qy

Since k > 0, it follows from Lemma 3.3.5 that R is positive definite in H'(Q).
|

The next Proposition may be viewed as a corollary of Lemma 6. However,
together with Proposition 4, it will be crucial in terms of the stability criterion
in Le Roux and Sauer [7]:
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PROPOSITION 3.5.2. There is a constant C; = C1u~"? such that

IN@I} < [Callellilieliz]?
for every p € 2.
Proof.
From Lemma 3.4.3, we have
IN@IZ < [CullLeliy |D (@)l Lae)*-

From (9) and (10) we have

1D @2y = zallell}

ILell¥ < 2liell3-

Hence, .
C
IN@IF < S-llelifilell3-

g

In terms of the stability criterion in Le Roux and Sauer,[7], the estimate for
[IN(e)lly is of the form

IN@@I} < [Callelifliell].

In our situation, as shown by Proposition 3.5.2, a = 1. The ‘energy’ associated
with ¢ € 9, is defined as follows:

E, = -;—[IA? + S']

1)
= %P”‘P“zjﬂ(g) + %“‘"lw”zj,z(r) + 3l
From (1) we have that
2B, = pllelap) + lomelZar + el
from which we deduce the very important inequalities:
lll} < 2Ey; (2)
S'(‘P) <2E, 3)

If v (t) is the solution of the PICP in Section 3.2, we shall use the following

notation:
E(t) := Eyy);t >0
E() = E (0)

Before we conclude the stability theorem, we consider the rate of change of
energy associated with the PICP problem. We follow an energy method which
leads us to the setting of Le Roux and Sauer [7]. Towards this, we have the
following abstract result:



3.5. Stability 35

LEMMA 3.5.3. Let H be a real Hilbert space and A : H — H a linear (not
necessarily bounded or closed) operator. For v € D(A), let the bilinear form
7 be defined by r(u,v) := (u, Av). Let us suppose that r is symmetrical for
u,v € D(A). Ift — v(t) € D(A) is differentiable in the norm topology and
t — Av(t) is weakly continuous, then the quadratic form 7(v(t)) is differentiable
and

%'f(v(t)) =2r(v'(t),v(t)).
Proof.

#F() = lim ™M [(u(t + h), Av(t + b)) — (u(t), Av())]
= Jim h=[(v(t + h), Av(t + k) — (o(t), Av(t + k)

+(v(t), Av(t + h)) — (v(t), Av(t)))]
= (,l,l_r,rf, h=[v(t +h) - ’U(t)],’{i_l'l}) Av(t + h))

+ lim (u(t), A~ [Av(t + h) — Av(t)])
= (v, 4v(®) + (im A~ ot + h) — v(2)], Av(t))
= 2(gv, Av(?));

since #(u,v) is symmetrical. Thus,

(v, Av(t) = § £7(o(t)).

From the definition of R(y, ) and S(,0), we have
R(‘P,e) = (PLQO,BO) = R(6, ®)-

S(#,0) = (Be,BO) = 5(8, ).
This shows that R(¢, 8) and S(e, 0) are symmetrical.

REMARKS:
1. From the definition of R(¢, ) and S(¢, 0), we conclude that

S< 2E,;

llell: < 2E,.
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9. From the definition of ||¢|l: and |j¢|l2, we conclude that

liell < lielle-

3. In the derivation of the energy inequality, we shall use the Schwartz in-
equality and the fact that

ab< 1a® + v
Next, we rewrite the PICP as follows:
%Bv (t) = —PLv(t) - PN(v )
Firstly, we take the scalar product of the PICP with Bv(t) to obtain

(&£Bu(t), Bo(®)y = —(PLo(t), Bv(®)y — (PN (v(t)), Bv(®))y
- _R((0) - (V). Bo @),

since P is self-adjoint and leaves B intact. Thus we have, according to
Lemma 3.5.3,

145(w() = —R@(®) - (N (®)), Bv®)y- @
Secondly, we take the scalar product of the PIC P with PLv(t) and obtain
4 By(t), PLo(t))y = —|PLv(®)I} — (PN(v (1)), PLv(t))y-

We observe, again by Lemma 3.5.3, that if PLv (t) is weakly continuous in Y,
(4£Bv(t), PLv(t))y = %%R(v (t)) since Bu(¢) is differentiable. Therefore,

14 (By(t), Lv(t))y = —IPLv®I} — (PN(v(®), PLo(t))y-
From (1) and (2), we have,
L4 5(u(t) = —R(v(t)) - (N (v (1), Bu(®)y;
14 p(o () = —IPLo @)} = (PN (v (®), PLv()y- (5)

We know that E, = %%S'('v) + %%R(v). Therefore,
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E'(t) = -R(v(1)) + (PN(v), Bo)y — |PLo|l} + (PLv,N(v))y
< =llell + I Bolly IN(@)lly = ILo[l} + Lo iy IN(v)|ly
NS
< =llvll + [S@IZIN@)Nly = ILo[l} + HILo |} + FIN@)I3

2 1 2 JORSE 1 2
=llvlii = 3Lty + [S@)ZIN(@)lly + FIN @)
Also, by Proposition 3.5.2, (2) and (3)

' 2 i L2000 1211y 12
E'(t) < —llwllz + RE@®)]2 Caliv|lillvllz + 3Chllv]i3||v]13
< — 2 2F %C 2 102 2 2
< =llvllz + 2E®))2Cellv]l; + 5C3 (3 llv )13
Thus,
' 2 L 2 21100 112110y 112
E'(t) < —llvllz + [2E)2 Callv]I5 + Cllvl2]lv]I3
L
= —llvli3[1 - C3[2E)2 — 1C3|lv|}]
1
< =llvl3[L - C2[2E)2 - £C% - 2E(1));
by (2). That is,
1
E'(t) < —llvli3[1 - C2[2E(8)]2 — CIE(t)). (6)

1
We now put 5(t) = 1-C»[2E(t)]2 —CZE(t) and Sy = B(0). If we can show that
B(t) > 0, then E/(t) will be bounded above by a negative quantity. Indeed, we
have more:

1
PROPOSITION 3.54. If By = 1 — C2[2Eg]2 — C2Ey > 0, then B) > 0
for all t > 0.

Proof.

Suppose there exists a smallest o > 0 for which 8(to) = 0. From (6) we
have

B - Eo< - [ lo(@I3B0d <0
since 3 is nonnegative in (0,¢). Therefore E(ty) < E,. Hence,
0=1- Ca[2E(to)]? — C2E(to)
> 1~ Cy2Eo)? — C2Ep = fo > 0.
The result is proved by reductio ad absurdum. 0|

Our stability theorem can now be obtained in a way similar to the stability
theorem in Le Roux and Sauer [7]:
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THEOREM 3.5.5. (Polynomial stability) Suppose that the mean curvature k of
the surface T’ and the surface density of the fluid in T’ are positive constants.
Let v(t) be a solution of the Projected Implicit Cauchy Problem which has the
property that the mapping t — PLv(t) is weakly continuous inY. If

1(v3-172
Ey < -2'[ Ca ] y

then there exists a constant C > 0, such that for t > 0,
lo@®If < %

Proof.

Firstly, we observe that the condition Eop < %[3%] is equivalent to 8o >
0. Secondly, we observe from Proposition 3.5.4, that E'(t) < 0 and hence
E(t) < Eg so that B(t) > Bfo. Thus, when we integrate (6) from 0 to ¢, we
obtain

t t t
E(t) - Eo = /0 E'(t)dt < - /0 o (s)I2A(s)ds < — /0 1o (5)][Bo ds.

Hence,
i
/0 lo(s)|Bds < Ee5EQ < Ea. )

Therefore,

—2||PLv||} — 2(PLv,PN(v))y
< =2||PLv|} + 2||PLv]ly[|IPN (v)ily
< =2\PLo|l} + |PLo|l§, + IPN ()|}
<|IPN(@)Iy
<

Flwllf = HR()

Cllw|3llv l3- (8)
Next, with (8) in mind, let
ha () == llolff
ha(t) = |lvll3 (9)

and

&(t) := (1 + t)hy(t). (10)
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We differentiate (10) with respect to ¢ and obtain
HOO) =h()+ QA+t Lh (1)
=h®)+ 1+ )glv@E
Shi@)+ A+ )CE w33
= h1(t) + C3(1 + t)hy (t)ha(t)
= h1(t) + C3ho ()8 (t);

39

(11)

by (8) and (9). We note that (11) is a first order ordinary differential inequality,

which we solve by using an integrating factor; to obtain:
dit[dse—cg A ha(r)dr) g (t)e—cg Jy matryar 5
Integration of (12) from 0 to ¢, we find the following expression:
@(t)e_cg Jo manyar _ $(0) < /t by (3)e~C§ Jo hatryar ds.
0

Then, eventually,

¢ , )
&(t) < [45(0) +/ h1(3)6_03fo "Z(T)dfds] O3 [, ha(r)ar
0

We observe that for all ¢ >0,

e_ng: ha(7)dr <1
In view of the above, we rewrite (13) as follows:
t t
&(t) < [45(0) +/ h (s)ds] ¢ Jy ha(r)dr
0
Using (7), (9) and (10), we rewrite (14):

(L+8)hy(t) < [hl(O) + / t ”,,(s)”gds] Ci [, @)z dr
0
<[+ [ Io(s)zas] e 1oz

C2E,
—29
< [llv(O)II} + 52]e P .

Finally, we have:

CiE,
E,
v ©@N3+Z1e A
lo @12 < e
C
S 1iq

(12)

(13)

(14)
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