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5.1 Graphical Methods 

Graphical methods suitable for testing the assumptions of the PHM can generally 

be categorized into three groups: cumulative hazard plots, average hazards plots 

and residual plots. In this discussion the emphasis is on residual plots because of its 

versatility and enormous level of inherent information. 

5.1.1 Cumulative Hazard Plots 

Measured values of a certain covariate may often be grouped into different 

levels, also referred to as strata, r. For example, the covariate Z r (t) which 

occurs on s different levels and for which the proportionality assumption is to 

be tested is assigned to one of the s strata. Therefore, the hazard rate in this 

case can be written as: 

m 

hr(t, z r(t)) = hor(t)·exp( L>'j · z/t)) (5 .1.) 
j=l ,j# 

To explain cumulative hazard plots further, consider a binary covariate Z r (t) 

of which the level indicator s has two values, 0 and 1. This yields the 

following in terms of total hazard rate: 

m 

h(t, z(t)) = ho(t)·exp( IYj ,zj(t)) · exp(Yr); (s = l) (5.2.) 
j=lJ#r 

m 

h(t,z(t)) = ho(t)·exp( IYj 'Zj(t)); (s = O) (5.3.) 
j=l,J-#r 

Therefore, to satisfy the assumption that h(t, Z x (t)) a h(t, Z y (t)) we obtain 

from (5.2.) and (5 .3.) that hOr(t) =crhO(t) for r =1,2, ... ,s where C 1'C2 ' .. . ,cs 

are constants equal to exp(Yr . Zr (t)) for all strata. A similar relation holds for 

the cumulative hazard rate, i.e. H Or (t) = C rH 0 (t) . If plots of the logarithm of 

the estimated cumulative hazard rates against time are constructed, they will 

be shifted by an additive constant Y r , the regression parameter of a specific 

stratum. Thus, if the proportionality assumption is valid, the two plots should 

be approximately parallel and separated according to the different values of 

the covariates. Figure 5.1. below illustrates this concept for a case where the 

PHM is valid. 
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6 Optimal Decision Making with the 
Proportional Hazards Model 

59 

The PHM supplies us with an accurate estimate of a component's present risk to fail 

(hazard rate), based on its primary use parameter and the influence of covariates. This 

educated knowledge of the hazard rate should be utilized to the full to obtain economical 

benefits, otherwise the PHM estimation exercise is futile. 

Economical benefits from a statistical failure analysis can be guaranteed with a high 

confidence level if the minimum long term life cycle cost (LeC) of a component is 

determined and pursued, i.e. if renewal always takes place at either the statistical 

minimum Lee or in the case of failure prior to the minimum Lee. The instant of 

minimal LCC can easily be specified in terms of time for statistical models where time is 

the only age parameter but for models including covariates, this makes no sense because 

the covariates influence survival time. 

For optimal decision making with the PHM in reliability, only one model is used in 

practice, a model specifically developed for the PHM by Makis and Jardine[13,141. This 

specifies the optimal renewal policy in terms of an optimal hazard rate which will lead to 

the minimum Lee. At every inspection the latest hazard rate is calculated and if it 

exceeds the optimal hazard rate the component is renewed, otherwise operation is 

continued. If the recommendations of the decision model is obeyed, the Lee will strive 

to a minimum over the long run. 

To be able to determine the hazard rate that will lead to the minimum Lee it is required 

to predict the behavior of covariates. Makis and Jardine's model does this by assuming 

the covariate behavior to be stochastic and approximating it by a non-homogeneous 

Markov chain in a finite state space. The Markov chain leads to transition probabilities 

of covariates from where the optimal hazard rate is calculated. 

An approach of predicting the useful remaining service life of a component and acting 

preventively on the prediction rather than pursuing a statistical optimum sounds 

intuitively meritorious but no research on techniques for such an approach in 

conjunction with the PHM has been published up to date. 

6.1 The Long Term Life Cycle Cost Concept 

Lee is a concept used widely in statistical failure analysis. Several models to 

achieve this minimum for repairable systems and renewal situations which depends 

only on time can be found in the literature. See [15] and [22] for an overview. The 
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minimum Lee in renewal situations arise from two important quantities in practice 

namely the cost of unexpected renewal or failure of a component, Cf , and the cost 

of preventive replacement Cpo It is normally much more expensive to deal with an 

unexpected failure than it is to renew preventively. A balance has to be obtained 

between the risk of having to spend Cf and the advantage in the cost difference 

between Cf and Cp without wasting useful remaining life of a component. The 

optimum economic preventive renewal time will be at this balance point. LeC's are 

usually compared when expressed as cost per unit time. 

The Lee concept will be illustrated with a simple Weibull model, i.e. a model 

without covariates. If a component is renewed either preventively after tp time units 

or at unexpected failure for every life cycle over the long term, the total expected 

cost for a life cycle would be: 

(6.1.) 

Since, the Lee is usually expressed m cost per unit time the average life 

expectancy has to be calculated as well: 

(6.2.) 

where tf is the expected length of a failure cycle under the condition that failure 

occurred before tp and Tp and Tf are the times required for preventive renewal and 

failure renewal, respectively. When (6.1.) and (6.2.) are expressed in terms of the 

Weibull reliability functions and divided into each other, the Lee per unit time, if 

renewed at tp over the long term, is: 

The preventive renewal time that will lead to the minimum Lee, t;, is found 

where D/[C(tp)]=O. An example of (6.3.) is shown in Figure 6.1. for Weibull 

parameters of jJ = 1.80 and 17 = 430 days . 
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