University of Pretoria etd — Engelbrecht, F A (2006)

Chapter 4

The split semi-Lagrangian
solution procedure

4.1 Introduction

In Chapter 3 the pressure coordinate equation set of White (1989) is trans-
formed to o coordinates, and the properties of the equation set are discussed.
The equation set (3.64) to (3.68) (or (3.82) to (3.85) in two spatial dimensions)
will from now on be refered to as the “quasi-elastic o coordinate equations”, or
just as the “quasi-elastic equations”. In this Chapter, an adiabatic kernel for
a new mesoscale numerical model based on these equations is described. The
main and novel feature of the new dynamic kernel, is that it uses a split semi-
Lagrangian procedure to solve the quasi-elastic equations on a nonstaggered
grid. The numerical formulation is able to deal with nonzero topography. In
fact, the dynamic kernel is developed with the aim to closely parallel the for-
malism of existing operational hydrostatic o coordinate models. In this way,
the convenient conversion of existing hydrostatic ¢ coordinate models to non-
hydrostatic models based on the quasi-elastic equations is facilitated.

Numerical solutions of the o coordinate MP and NHAD models all utilised
explicit leapfrog solution procedures (e.g. Xue and Thorpe, 1991; Miranda and
James, 1992; Room et al., 2001). In these numerical solutions, the maximum size
of time step allowed is limited by the well-known CFL condition. The absence of
sound waves propagating in the vertical greatly alleviates the restriction on the
time step in the MP model, especially when high vertical resolution is required
(Xue and Thorpe, 1991). However, in the o coordinate applications of the MP
model, the presence of Lamb waves still places a significant restriction on the
maximum size of time-step allowed (Room et al., 2001). In the NHAD model
the additional filtering of Lamb waves results in additional alleviation of the
restriction placed on the maximum size of time step by the CFL condition
(Room et al., 2001). However, the maximum size of time step used remains
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restricted to some extent by the by the presence of fast travelling gravity waves.
Also, the o coordinate employed in the NHAD model in order to achieve the
filtering of Lamb waves (see Chapter 2; Room et al., 2001), is likely to restrict
the application of the model to relatively small domains and short spatial scales
(see Chapter 2).

The solution procedure presented in this Chapter employs a split semi-Lagrangian
approach to solve the quasi-elastic o coordinate equations. That is, for numer-
ical solution the equations are split into an advective and non-advective part.
The slow advection process is treated during a semi-Lagrangian advection step
that may employ a large time step. Indeed, it is shown that the split semi-
Lagrangian scheme can be used to obtain stable integrations at large Courant
numbers present during the advection step. Hereafter the remaining terms,
which describe fast moving waves, are treated explicitly during an adjustment
phase that employs a smaller time step. It may be noted that the numerical
modelling of cloud microphysics and condensation can potentially be incorpo-
rated in another adjustment phase, that may also require a small time step
for the adequate modelling of cloud thermodynamics and precipitation forma-
tion. The numerical procedure presented does not require linearization of any
kind. It may be noted that although a number of split semi-Lagrangian models
solving the hydrostatic equations have been developed (Bates and McDonald,
1982; Bates, 1984; McGregor, 1986; Leslie and Purser, 1991), there have been
only a few applications of split semi-Lagrangian procedures in the context of
nonhydrostatic equation sets.

An important feature of the new numerical scheme is that it is formulated on
a nonstaggered grid, also referred to as an A-grid (e.g. Mesinger and Arakawa,
1976; Arakawa and Lamb, 1977). A nonstaggered grid is appealing to use in
semi-Lagrange discretizations, since one set of trajectories can be used to provide
common departure points for all variables (McGregor, 2005). On a staggered
grid, at least one more set of trajectories is needed to calculate the departure
points of variables at staggered positions. Also, the wind components need to
be obtained by averaging procedures at the staggered grid points where they
are not calculated explicitly, in order to facilitate the calculation of departure
points associated with these staggered grid points. This may possibly impact
negatively on numerical consistency and accuracy. Once the different sets of tra-
jectories have been calculated on the staggered grid, different sets of grid point
interpolations are needed to calculate the values of variables at the different sets
of departure points. Only a single set of interpolations is required on the non-
staggered grid for the single set of departure points (Leslie and Purser, 1991).
Thus, from the viewpoint of numerical accuracy and computational economy,
there exist strong motivation for the use of nonstaggered grids in semi-Lagrange
discretizations of the atmospheric equations. However, there are only a few at-
mospheric models that employ a nonstaggered grid (e.g. Kaplan et al., 1982;
Kalnay-Rivas and Hoitsma, 1979; Purser and Leslie, 1988; Leslie and Purser,
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1991). The main reason for the unpopularity of the A-grid, is that the spa-
tial discretization of the shallow water equations reveals that the nonstaggered
grid has poor dispersion properties compared to the usual staggered grids (e.g.
Winninghoff 1968; Mesinger and Arakawa, 1976; Arakawa and Lamb, 1977;
Schoenstadt, 1978).

Conversely, the staggered C-grid has become very popular for use in atmospheric
models, because it has good dispersion behaviour for large Rossby radius of de-
formation (defined relative to the grid spacing) (McGregor, 2005). However,
as discussed in the previous paragraph, the C-grid and other staggered grids
are somewhat problematic to use for semi-Lagrangian solution procedures. Re-
cently, a reversible staggering arrangement of variables has been proposed to
obtain improved gravity wave dispersion characteristics while still using a for-
mulation of the primitive equations on the A-grid (McGregor, 1995). The basic
idea is to perform a transformation from the A-grid to a C-grid for the calcu-
lation of the gravity wave terms, using a new reversible interpolation scheme
based on the generalized Vandermonde method. The so called R-grid scheme
ensures consistent transformation of variables between staggered and nonstag-
gered positions, and has excellent dispersion characteristics for the geostrophic
adjustment of the shallow-water equations (McGregor, 2005). The reversible
staggering approach is most accurately performed in a cyclic domain (McGre-
gor, 2005). For the limited-area, meso-scale applications of the model developed
in this study, the reversible staggering approach is certainly an option in order
to improve on the poor gravity wave dispersion properties of the nonstaggered
grid. However, the method will need modification for the non-cyclic boundary
conditions commonly encountered in in limited-area modelling. Instead, an al-
ternative approach has been selected in this study, and that is to improve the
gravity wave dispersion properties of the A-grid by means of high-order spa-
tial differencing and filtering. It should also be noted that the focus in this
study is on the development of a new meso-scale model. Although the accurate
treatment of gravity waves is of fundamental importance for such a model, the
geostrophic adjustment process does not play an important role at the spatial
and time scales that the model will be applied to (see Chapter 5).

Thus, the distinguishing feature of the new numerical scheme developed is the
split semi-Lagrangian approach that is used on a nonstaggered grid. This ap-
proach ensures numerical accuracy and computational economy during the cal-
culation of departure points, and the corresponding interpolations. High-order
spatial filtering is used to filter the smallest resolvable gravity waves on the
nonstaggered grid, whilst the waves that are resolved may be treated accurately
by employing high order spatial differencing. The three main building blocks
used to construct the split semi-Lagrangian scheme are discussed in the next
three sections. Firstly the semi-Lagrangian scheme applied in the model to
numerically represent the advection process, is discussed in section 4.2. In par-
ticular, the method developed by McGregor (1993) to evaluate the departure
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points of fluid parcels is presented. The phase and amplitude accuracy prop-
erties resulting from the bicubic interpolation scheme that is used to evaluate
the values of variables at departure points (McDonald, 1984) are also analysed.
Secondly, high-order spatial differencing formulas for use on the nonstaggered
grid are presented in section 4.3, following Purser and Leslie (1988). Thirdly,
the high-order spatial filtering used to filter the shortest resolvable gravity waves
from the nonstaggered grid (Shapiro, 1975), are discussed in section 4.4. The
split semi-Lagrangian solution procedure is outlined in section 4.5. The proce-
dure involves the solution of an elliptic equation for the geopotential at each
adjustment time-step; the iterative technique used is discussed in section 4.6.
In section 4.7 the frequency response of the forward-backward scheme used in
the adjustment step is analysed. The gravity wave response to discretization
on the nonstaggered grid is evaluated in section 4.8. The effect of high-order
spatial differencing on improving the frequency (or phase speed) accuracy of
the discretized waves is discussed in particular. Lateral and vertical boundary
conditions for the model are formulated in section 4.9. In section 4.10, the prop-
erties of the newly developed scheme are compared to those of the numerical
schemes used in the MP and NHAD models. A discussion of the results obtained
and some conclusions can be found in section 4.11.

4.2 The semi-Lagrangian advection scheme

During the last 20 years, semi-Lagrangian schemes for treating horizontal and
(or) vertical advection in NWP and climate simulation models have become
increasingly popular (e.g. Robert, 1981, 1982; Bates and McDonald, 1982;
McDonald, 1986; McGregor, 1987; Ritchie, 1987; Tanguay et al., 1989; McGre-
gor, 1993; Bates et al., 1995; Davies et al., 2005). This popularity stems from
the large advection time-steps permitted by semi-Lagrangian advection schemes
compared to Eulerian schemes, without compromising numerical stability. The
semi-Lagrangian approach for solving the advection terms consists of two steps:
The calculation of the departure point of each grid point in the model, and sec-
ondly, the evaluation of variables at the departure point by means of spatial in-
terpolation. In this study, an efficient procedure developed by McGregor (1993)
is applied to calculate the departure points, whilst bicubic spatial interpolation
(McDonald, 1984) is used to evaluate the values of variables at the departure
points. These two procedures are discussed in the following two sections.

4.2.1 McGregor’s method for the calulation of the depar-
ture points

An Eulerian procedure that avoids both interpolation and iteration for deter-
mining the departure points of trajectories was proposed by McGregor (1993).
The technique can achieve a high degree of accuracy, is somewhat simpler and
more economical than other schemes, and can be applied to semi-Lagrangian
models on the plane or on the sphere. The procedure has been applied sucess-
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fully to the simulation of horizontal advection in the hydrostatic semi-implicit
semi-Lagrangian regional models DARLAM and the variable resolution global
model C-CAM (McGregor, 1993, 1996; McGregor and Dix, 2001; McGregor et
al., 2002). In this section, the method of McGregor (1993) is formulated for
application in the split semi-Lagrangian procedure used to solve the nonhydro-
static quasi-elastic equations (see section 4.5). The procedure is used to treat
both horizontal and vertical advection in the new model.

Following the discussion by McGregor (1993), let r (¢) denote a member of a set
of vectors moving with the fluid. With each grid point, a different vector r ()
will be associated at time t. Thus, the grid points are the prescribed arrival
locations of the vectors move with the fluid. To advance the model integration
from time 7 to 7 + At, a vector r (7 + At) is set up at the position of each
arrival grid point. It is required to find the starting position of the vector at
the preceding time step, namely r(7). This may be expressed in terms of the
Taylor series

—At)" d™
r(r) =1 (r + A) 4+ 32 L ') CX A, (4.1)
n!  dt"
where e (1) d [ (1)
"y (t "l (t

and the total derivative has the usual definition of a time derivative following

the motion of a parcel,

d 0 -
E—&‘Fu-v. (4.3)

Here u = dr/dt is the velocity of the fluid at position r (t) and V is the spatial
gradient operator. In (4.3) the time derivative on the left-hand side is naturally
viewed in a Lagrangian sense. The right-hand side allows its instantaneous eval-
uation at the same point in time and space via Eulerian derivatives (McGregor,
1993). However, if the Eulerian velocities change with time, it may be very
cumbersome to evaluate the partial time derivatives for the higher order terms
in (4.1) (McGregor, 1993). The scheme proposed by McGregor (1993) replaces
the total time derivative (4.3) for use in (4.1) and (4.2) by the approximate
formula

~h-V. (4.4)

=

Here @ represents the (Eulerian) velocity at the point in space corresponding
to r (7 + At), but evaluated at the intermediate time 7 + At¢/2. The above
scheme using (4.1), (4.2) and (4.4), and retaining terms up to the Nth total
time derivative is called a Dy scheme (McGregor, 1993). The velocity @t may
be conveniently determinded by means of extrapolation in time from the known
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velocities at previous time steps; a formula with third-order accuracy in time is
given by Temperton and Staniforth (1987):

u= é [15u (1) — 10u (1 — At) 4+ 3u(r — 2At)] + O (At?) . (4.5)

The idea behind the approximation (4.4) is that for advection purposes the
velocities are considered to remain constant in an FKulerian sense over the time
interval (7,7 4+ At) at their centered in time value (McGregor, 1993). A slight
disavantage of the application of formula (4.5), is the need to store values of
the wind field at three time-levels, although the scheme is formulated here for
two time-level applications. The number of terms that should be retained in
practice in the Taylor series (4.1) depends on the smoothness of the velocity field
(McGregor, 1993). McGregor (1993) found only slight benefit in going beyond
the Dg scheme. The Dg scheme has been implemented and used successfully
in the hydrostatic regional model DARLAM (McGregor, 1993) and is also used
in the more recently developed hydrostatic variable resolution global model C-
CAM (McGregor, 1996; McGregor and Dix, 2001; McGregor et al., 2002). In
Chapter 5, the Dy schemes for choices of N up to 3 are tested for cases of highly
nonhydrostatic flow, and a recommendation of the most appropriate choice of
N is made.

The calculation formulas for the three-dimensional departure points as deter-
mined by the Dy, Dy and Dg schemes are respectively:

Dy scheme:
z* €T i
yv |l =|y | —At| D (4.6)
o* o o
Doy scheme:
N N Y
2 T i AL ug—z —I—vg—z +qg—g
* | = — D — | 4+ 0L o052
% Il I Rt [ I I G TR

T T U ag
X AN 2N I
o* o o ’ s
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Dg scheme:
N . ~ g ~ Oag * dag
x* x u 2 aq 3 u Ox +v oy to do
* -~ At ~ At -~ 8?1@ ~ 8{1{, ° 8[1@
Yy =y | —-At]| D S | @ | — = | Yo T UG T 0%,
o e i 2L a4 3! Bh, | ~Ohs | 2as
g U5 +v Oy to do
(4.8)

Here u = (u, v, o) is determined from (4.5). For evaluating the derivatives
in (4.7) and (4.8), second order accurate centered finite differencing on the
nonstaggered grid (see section 4.3) is used. The modification of calculation
formulas (4.6) to (4.8) for two-dimensional applications is obvious.

4.2.2 Bicubic Lagrange spatial interpolation

Once the departure point has been calculated by the use of a particular Dy
scheme for each arrival grid point, the values of variables at the departure points
need to be evaluated by means of spatial interpolation from the surrounding grid
points. In the present study, bicubic Lagrangian interpolation (e.g. McDonald,
1984) is used for this purpose. Perhaps the most important alternative to bicubic
Lagrangian interpolation is cubic spline interpolation. However, semi-Lagrange
schemes using cubic spline interpolation is known to be less diffusive at the
smallest resolvable scales than schemes using bicubic Lagrangian interpolation
(Purnell 1976; Pudykiewicz and Staniforth, 1984; Riishogaard et al., 1998; also
see the following discussion for bicubic interpolation). This may lead to the
generation of spurious small-scale features. Although the problem may be alle-
viated by the use of high-order explicit diffusion (Pudykiewicz and Staniforth,
1984; Riishogaard et al., 1998), bicubic Lagrangian interpolation appears to be
a safer choice for the interpolation scheme in this study.

In what follows, bicubic Lagrange spatial interpolation is discussed in two spatial
dimensions. The main purpose of the discussion is to illuminate the amplitude
and phase characteristics of bicubic spatial interpolations. The discussion below
can easily be modified to cubic or tricubic interpolation for respective application
in one or three spatial dimensions.

The equation describing the two-dimensional advection of a scalar 9 is

Dy oy 0y O _
E_E—Fua_x—i_v@_y_Q (49)

where u and v are the horizontal wind components. In a two-dimensional Carte-
sian coordinate system, let © = IAz, y = JAy and ¢ = nAt. The semi-
Lagrangian discretization of equation (4.9) for the evaluation of ¢ at grid point
(z, y) is:

Y [[Az, JAy, (n+ 1) At] = ¢ (z*, y*, nAt), (4.10)
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where (z*, y*) is the departure point associated with grid point (z, y). The de-
parture point is calculated with one of the D schemes in the present study. In
the case of bicubic Lagrange interpolation, the function ¢ (z*, y*, t) is approx-
imated by a cubic Lagrange interpolating polynomial (Carnahan et al. 1969)
using values of ¢ at the points nearest to * and y*:

1/) (‘T*v y*v t) = E,LLZUW;Lvd}zV- (411)

Here the notation ¢} ; = ¢ (iAz, jAy, nAt) was introduced and

W,s = H (I* — CC#) H (y* — yl/) (412)

utr (':CT - Il") v£s (ys - yV)

The subscripts 1 and v range over the points

wri—2,1—1,4,1+1 v:j—2,7-1,47,j+1 (4.13)

for the bicubic interpolation scheme. McDonald (1984) showed that if the points
(i, j) are chosen such that

(t—1)Az <z" <iAx (J-1DAzx<o" <jAo (4.14)

the semi-Lagrangian method with bicubic spatial interpolation is uncondition-
ally stable for advection at constant velocity.

Amplitude accuracy

From (4.9), the two-dimensional linear advection equation of a scalar v is

Dy _ %, ;0% 0% _
Dt 8t+U8z+V8y_O’ (4.15)

where the horizontal wind components U and V' are constant in space and time.
For the constant velocity field, Dr™ /Dt = 0 for n > 2. From equation (4.1) it
follows that all the Dy schemes reduce to the D, scheme for a constant velocity
field. Applying the D; scheme to the case of a constant velocity field, implies
that the departure point for each arrival grid point is simply calculated from

the formulae: -
z* T
.| = — At . 4.16
NI (419
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The phase and amplitude properties of the semi-Lagrangian method that re-
sult when bilinear, biquadratic, bicubic and biquartic interpolation schemes are
applied to calculate the value of variables at the departure point calculated by
(4.16), have been analysed by McDonald (1984). In order to aid the interpre-
tation of numerical results in Chapter 5, the results of McDonald (1984) are
reviewed in this and the following section for the bicubic interpolation scheme.
The amplitude accuracy of the semi-Lagrangian method may be analysed by
using the von Neumann method (e.g. Richtmeyer and Morton, 1967; Mesinger
and Arakawa, 1976). To this end, define a, 3, & and [ as:

At At
G=a+i—-1 B=B+j—J (4.18)

«a and [ may be termed the z and y direction Courant numbers respectively.
The selection of interpolation points 7 and j according to (4.14) guarantees that

0<a<l, 0<p<1. (4.19)

These are sufficient conditions to ensure absolute stability of the semi-Lagrangian
scheme when applied to the linear advection equation (McDonald, 1984). This
may be shown by substituting wave-like solutions of the form

w}z) ;= ¢0An expic(kIAm+lJAy) (420)

into equation (4.10). Here i = —1; k = 2n/L,and | = 27/L, with L, and L,
the wave lengths in the x and y directions respectively. A is the amplification
factor. Using (4.14) to evaluate ¥ (z*, y*, nAt), shows that ) splits into an “x
amplification factor” and “y amplification factor” as follows (McDonald, 1984):

A=A(a k)A (B, l) . (4.21)

Here

(4.22)

RN 2
Aa, k:)’

1
9’

=1-a(2-a)(1-a%) B+2ca(l-a)

VSN
where ¢ = 1 — coskAxz. The formula for ‘A (6, l)’ is given by (4.22) with &

replaced by /3 and k replaced by . The lines of constant |A (&, k)| are displayed
in Fig.4.1for 0 < kAxz/m <1land 0 < a < 1. (Note that the shortest waves that
may be reolved on the nonstaggered grid with constant grid interval Az have
wave length 2Ax. Thus, 2Ax < L, << oo, which implies that 0 < kAz < 7.)
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Figure 4.1: Isolines of the amplification factor for bicubic spatial interpolation,
as a function of « and kAz/7 (following McDonald, 1984).
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From Fig. 4.1 it can be seen that the bicubic interpolation scheme results in the
most severe damping of the scalar ¢ when o = 0.5. The scheme is undamped for
a = 0 or 1. The damping is the heaviest for the shortest resolvable wave lengths,
and it decreases as the wave length increases (McDonald, 1984). At the shortest
resolvable scales, numerical solution of the nonlinear advection equation may
result in aliasing errors (where waves of length smaller than two grid intervals
are spuriously represented as waves longer than two grid lengths (see Mesinger
and Arakawa, 1976). The severe damping of the shortest resolvable wave lengths
may be regarded as an advantage of the bicubic Lagrange interpolation scheme,
as it funtions to control the numerical “noise” that may be originating at these
scales.

Phase accuracy

Another important measure of accuracy of a numerical advection scheme, is how
the phase speed of the numerical solution of the advection equation compares to
that of the true solution. The phase speed analysis is usually performed in one
spatial dimension, since a two-dimensional analysis is cumbersome to perform
and the result can not be easily quantitatively interpreted or graphically dis-
played. Note that for the linear one-dimensional advection equation, the phase
speed of the true solution is T = —kuAt (Mesinger and Arakawa, 1976), whilst
the phase speed of the numerical solution is given by tan=! (A, /Are). Here A,
and ). are respectively the real and imaginary parts of the amplification fac-
tor A (see Mesinger and Arakawa, 1976). The relative phase speed is therefore
defined as

1 m
RA = TtaIfl );\ir .

The relative phase speed R4 normalised to u of the bicubic Lagrange interpola-
tion scheme, when applied to one dimensional linear advection, is (McDonald,
1984):

Rar (o, k) = L asinkAz {1 +a (1 —022) /3}

@ (l—aozz—a%z (1—022) /3)

The relative phase speed R4 is displayed in Fig. 4.2 as a function of o and k.

It may be seen from Fig. 4.2 that the phase errors decrease as the wave length
increases, for all a. Close to o = 0 the phase errors is the largest, whereas the
error is zero at & = 1. Thus, the bicubic interpolation scheme gives a faithful
representation of both amplitude and phase of the true solution at large Courant
numbers (close to 1). In fact, similar amplitude and phase properties are valid
in the region around o = 2 (see McDonald, 1984). This implies that a semi-
Lagrangian model may be applied at large Courant numbers (large time steps),
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Figure 4.2: Normalised phase speed isolines for bicubic spatial interpolation, as
a function of @ and kAz/7 (following McDonald, 1984).
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which is advantageous from a computational perspective, without compromising
the accuracy of the scheme with respect to amplitude and phase characteristics.

4.3 Finite differencing on the nonstaggered grid

Centered differencing formulae for collinear data were derived by Purser and
Leslie (1988), by fitting Lagrange interpolation polynomials appropriate to cen-
tered differencing to the relevant number of data points. In this section, these
centered differencing formulae of various orders of accuracy are stated for appli-
cation on the nonstaggered grid. The formulae are then applied to pure gravity
wave equations, in order to examine the frequency response of the waves to spa-
tial discretization on the nonstaggered grid. This analysis is of use in section 4.8,
where the response of the split semi-Lagrangian scheme to spatial discretization
on the nonstaggered grid is examined.

The data are assumed to be positioned at integer multiples of a constant grid
space d, that is,
a; = a(id). (4.23)

It is convenient to define the binomial envelope function (Purser and Leslie,
1988) B ; as:

(M1)*
M+ )N (M —j)t

B, = ( (4.24)

4.3.1 Centered differencing for first derivatives

The centered differencing formulae (of even order 2M) for first derivatives can
be expressed as (Purser and Leslie, 1988):

da 1
Eh:id ~ EE?LMDMJ%H, (4.25)
where
Duj = =Dy, —j, (4.26)
and .
(-1) ,
D]w)j = — j ﬁMJ, J = :|:17 ... £ M. (427)

From (4.24) to (4.26) with M = 1 the usual centered differencing formula of
second order accuracy for first derivatives follows:

da 1
S omid ~ — (aip1 — ai_1) . 4.2
A |m71d 2 (az-i-l a; 1) ( 8)
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M = 2 gives a formula of fourth order accuracy
da 1/1 2 2 1
——lo=id = 5 | T5%i-2 = 3%i-1 T 5Gi+1 — 750G ; 4.2
dz == g (12‘” 27 gt gl 12“*2) (4.29)

whilst M = 3 implies a formula of sixth order accuracy

da| 1/ 1 L3, 3. .3, I

—le=id = 5 | —7z7Gi-3 T 550i—2 — 7 Qi—1 T S Qi41 — 550 - a; .

dr' = T g\ Tep T3 T ot T gt T il T g M2 T g i3
(4.30)

4.3.2 Centered differencing for second derivatives

The centered nonstaggered formula for second derivatives from 2M + 1 points
is (Purser and Leslie, 1988):

d2a 1 - 2
@h:id ~ ﬁE;:,MDE\J?jai+jv (4.31)
where N N
Dy, =D, (4.32)
and i
2 _ —(=1) :
DY), = — gy = AL M (4.33)
with @ @
Dyro = —Xjz0Dy/ ;- (4.34)

From (4.24) and (4.31) to (4.34) with M = 1 the usual centered differencing
formula of second order accuracy for second derivatives follows:

1
@ ~ ﬁ ((17;_1 — 20@ + G/i+1) (435)

M = 2 gives a formula of fourth order accuracy

2a 1 ([ 1 4 5 4 1
5 X 5 | T75%i-2 F g0i-1 — 50 + 20y — a2 |, 4.36
dz? d2< 2 gt T gt gt 12”*2) (436)

whilst M = 6 implies a formula of sixth order accuracy

Pa 1 (1 3 3 9 .3 I
2~ 5| gn®i-3 — 5aGi—2 + Q-1 — S50 + SQip1 — -G o di-3 | -
de? @2 \90 3 2072 T 2T g 9l T g2 g i3

(4.37)
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4.3.3 Application to one-dimensional gravity waves

In the equations that govern the simple case of pure gravity waves (see Mesinger
and Arakawa, 1976), the dependent variables are functions of one space variable
only. The pure gravity wave equations are

Ju oh  0Oh Ju

o~ Yor o - Mo (4.38)
with ¢ (gravitational acceleration) and H (the mean depth of the fluid) con-
stants. wu is the horizontal wind and h the depth of the fluid. These equations
are sometimes referred to as the shallow-water equations (e.g. Holton, 1992),
although this terminology has been applied more generally to describe the sys-
tem of gravity-inertia waves (e.g. McGregor, 2005). Following Mesinger and
Arakawa (1976), wave solutions of the form

Q (z, t) = Qexp'ehe=ar) (4.39)
are substituted in (4.38), which leads to the homogeneous system

Qra = gkh, Qrh = Hka. (4.40)

Here Qp = kc, where k is the horizontal wave number and c is the phase speed
of the gravity waves. Equations (4.40) imply the frequency equation

02 = gHk?, (4.41)
or alternatively,
Q
c= TT = +./gH. (4.42)

Thus, the gravity waves propagate along the z axis in both directions at a
constant speed \/gH, irresepective of the wave length of the waves.

Mesinger and Arakawa (1976) analysed the gravity wave response of (4.38) to
second order spatial discretization on the nonstaggered grid. Their discussion
is repeated in the the next section, followed by a discussion for higher-order
differentiation on the nonstaggered grid in sections 4.3.3.2 and 4.3.3.3.

4.3.3.1 Second order spatial differencing

When the space derivatives in (4.38) are approximated by second order centered
differencing, the differential-difference equations
Ou; hivi —hioy Ohi Uiy — Ui

ot = 9 oar 0 o M oag (4.43)
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are obtained. Here Az denotes the constant grid space d in (4.23). The solutions
(4.39) now assume the form

Qi (t) = QexpieFar—ant), (4.44)
where () denotes the frequency of the gravity waves in the numerical solution.
Substitution of (4.44) into (4.43) leads to

sin kAx A sin kAx
Az Qnh=H Ax

Qnii=g a, (4.45)

giving the frequency equation

. 2
sin kAx > ' (4.46)

0% =gH
N g(A:v

The relative frequency of gravity waves in the numerical solution (compared to
that of the true solution) obtained with second order spatial differencing may

be defined as a kA
T sinkAz
= — = . 4.4

R

Thus, it may be noted that instead of a constant phase speed, the gravity waves
now propagate with the phase speed

sin kAx
==+ gH 4.4
C2 g kACC ) ( 8)
or alternatively,
Cy = CRQ. (449)

The phase speed of gravity waves ¢, in the numerical solution is not a constant
like the true phase speed, but depends on the wave number. Thus, the centered
space differencing results in computational dispersion. The relative frequency
R is shown in Fig. 4.3 as a function of the normalized wave number kAx /7
(black line). The 2Ax wave is stationary. For wave lengths equal to 4Ax, that
is, for kAxz/m = 1/2, the relative frequency is about 60%. Thus, there is a
significant retardation of the true gravity wave phase speed near the shortest
resolvable scales. However, the relative frequency of the waves increases as the
wave length increases, and the numerical frequency approach the true frequency
in the long wave limit (Fig. 4.3).

4.3.3.2 Fourth order spatial differencing

When the space derivatives in (4.38) are approximated with fourth order cen-
tered differences, the differential-difference equations
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Figure 4.3: The relative frequency of pure gravity waves as a function of wave
number, for second order (black line), fourth order (green line) and sixth order
(yellow line) spatial differencing on the nonstaggered grid.
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Ou; g 1 2 2 1
=T Zhis— Zhiq+ Zhipt — —hiss |,
ot Ax <12 27 gt ghin =3 +2>
Oh; H (1 2 2 1
= - | THUi—2 — FUi—1 + U1 — TS Uit2 | - 4.
ot Az (12“ 27 Uizt gl 12“*2) (4.50)

are obtained. Substitution of (4.44) into (4.50) leads to

Qnt = 9 (é sin kAx — %sin 2kAx) h,

Az \ 3
- H /4 . 1 . N
Qnh = N (§ sin kAz — g sin 2kAz> a, (4.51)

giving the frequency equation

H (4 1 ?
03 = % (g sinkAz — 6 sin 2kAx) . (4.52)

The relative frequency of gravity waves in the numerical solution obtained with
fourth order spatial differencing therefore is

Qp 1 4 1
=_— =—— | -sinkAz — = sin2kAz | . 4.
Ry On ~ TAZ <3 sin kAz — = sin 1:> (4.53)

Thus, the gravity waves in the numerical solution propagate with the phase
speed
1

ca==+ ngA:c

(% sinkAxz — % sin 2/€Al‘> ) (4.54)

or alternatively,
Cq = CR4. (455)

The relative frequency R, is shown in Fig. 4.3 as a function of the normalized
wave number kAz/m (green line).
4.3.3.3 Sixth order spatial differencing

When the space derivatives in (4.38) are approximated by sixth order centered
differences, the differential-difference equations

Ou; g 1 3 3 3 3 1
— T (——higt ohio — Shit 4 Shipt — =his + —hiys )
ot Aw< 6o 8 g2 T gim g T gghite g +3>
Ohi _H ( 1 - 8 3 3. 3L
o - Az 60%—3 20%—2 4Uz—1 4Uz+1 20U1+2 60Uz+3 )
(4.56)
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result. Substitution of (4.44) into (4.50) leads to

.9 (3. 3 . 1. -
Qnt = AL (2 sin kAx 10 sin 2kAz + 30 Sln3kAx) h,

. H (3, 3 . 1. .
Qnh = — <§ sin kAx — Ths 2kAx + 30 50 3kA:c) U. (4.57)

giving the frequency equation

H (3 3 1 2
03 = b (5 sin kAxz — 0 sin 2kAx + 0 sin 3kAx) . (4.58)

The magnitude of relative frequency of gravity waves in the numerical solution
obtained with sixth order spatial differencing therefore is
Qrp 1

3 3 1
= _—— = —— | =sinkAz — — sin 2kA —sin3kAx | . 4.
Rg On ~ WAz <2 sin kAz — - sin x+ 30 sin 3 z> (4.59)

Thus, the gravity waves in the numerical solution propagate with the phase
speed

1 3 3 1
cg = =+ gHm <§ sin kAx — 0 sin 2kAx + 30 sin 3/€Al‘> ) (4.60)

or alternatively,
Ceg — CR6. (461)

The relative frequency Rg is shown in Fig. 4.3 as a function of the normalized
wave number kAx /7 (yellow line). Comparing the relative frequency at fourth
and sixth-order to the second-order result reveals a great improvement for the
scales

kAxz/m < 1/2. (4.62)

These are the waves with wave lengths larger than 4Az. The relative fre-
quency for a wave of length 4Ax is about 88% at fourth-order, and 92% at
the sixth-order, compared to 60% at second-order. Thus, at sixth-order differ-
encing the error in the numerical frequency is less than 10% for the important
range (4.62). Similar results were obtained for the shallow-water equations
by Purser and Leslie (1988). More insight into the improvement gained in
the relative frequency can be obtained by considering Fig. 4.4. Here the rel-
ative frequency is plotted for second-order (black), fourth-order (green) and
sixth-order (yellow) differencing as a function of the horizontal wave length, for
200 m < L, < 1000m. In the relevant formulas of relative frequency (4.47),
(4.53) and (4.59), Az = 100m is used, implying that the shortest resolvable
wave has wave length 200 m. The red line in Fig. 4.4 is obtained from using
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Figure 4.4: The relative frequency of pure gravity waves as a function of wave
length, for second order (black line), fourth order (green line) and sixth order
(yellow line) spatial differencing on the nonstaggered grid with Az = 100m.
The red line represents the relative frequency of pure gravity waves for second
order differencing on the nonstaggered grid with Az = 50 m.
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Az = 50m in the relative frequency formula (4.47) obtained with second-order
differencing. The doubling of grid resolution results in a far more accurate rep-
resentation of the frequency of the short wave length gravity waves for second-
order differencing (note, however, that the 2Axz = 100 m wave is stationary for
the case Az = 50m). It can also be seen in Fig. 4.4 that fourth and sixth-
order differencing at a specific grid length produces more accurate results than
second-order differencing at double the resolution, for waves lengths larger than
about 1.5 and 2.5 grid-lengths respectively. However, despite the advantages
to be gained from higher-order differencing at short wave lenghts, the presence
of stationary 2Ax waves remain problematic, irrespective of the degree of the
order of differencing.

4.4 Spatial filtering

The unpopularity of the nonstaggered grid in meteorological modelling is largely
due to the presence of the spurious stationary two-grid-interval waves, that ap-
pear as solutions of the pure gravity wave equations in response to spatial dis-
cretization on this grid. When the Coriolis terms are also present, the two-grid-
interval waves appear with false low frequencies as pure inertia waves (Mesinger
and Arakawa, 1976).

Shapiro (1975) devised a family of stable filters that remove completely the
two-grid-interval waves. These filters affect the asymptotically long waves to
the least extent possible given the width of each filter’s stencil (Purser, 1987).

The one-dimensional filtering operator proposed by Shapiro (1976) for a variable
f on a nonstaggered grid is

1 2p 42
p+1 1 P )
L=l 22P+2< p +1 )fz

—1)? )
+ [‘(22;7422] o (=1) ( QP}F 2 ) [firrp—i) + fimaap—i)] » (4.63)

where < ;:L > = n!/[(n —m)!m!]. The amplitude response function for the

operator (4.63) is
AR =1 —sin**"q. (4.64)

Here o = nAz/2; n = 27 /X with A the wave length of the component.
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In the numerical experiments performed in Chapter 5, p = 4 was found to pro-
duce satisfactory results. In this case the filtering operator is

1
fz5 = ﬁ [,fi75 — 10fi74 + 45f1‘,3 - 120fz—2 + 210.]('171 + 772fz

+21Ofi+1 — 120fi+2 + 45fi+3 — 10f1‘+4 + fi+5] (465)

For the operator (4.65) the amplitude response of the three-grid, four-grid and
six-grid-interval waves are 0.76270, 0.96875 and 0.99902 respectively (Shapiro,
1975). This illustrates the mimimal effect that the filter has at longer wave
lengths. Thus, the high-order Shapiro filter is a highly scale-dependent explicit
smoothing operator. Its application in the split semi-Lagrangian scheme is dis-
cussed in section 4.5.3.

4.5 The split semi-Lagrangian solution procedure

In this section, a two time-level, time-split, semi-Lagrangian scheme is con-
structed for solving the o coordinate quasi-elastic equations (3.64) to (3.68).
The solution procedure is split into four different phases. The first phase is a
semi-Lagrangian advection step with time step At, followed by an adjustment
procedure with N adjustment steps each having time step At, = At,/N. The
third and fourth phases consist of the application of a highly scale-dependent
spatial filter and explicit diffusion respectively. The horizontal and vertical dif-
ferencing are carried out on a nonstaggered grid.

4.5.1 Splitting off the advective part

Suppose that the values of all seven variables u, v, Q = w/p, ¢, T, ¢ and p;
are known at time level t. The advection process in the horizontal momentum,
continuity and thermodynamic energy equations is represented by the following

equations:
Du

7 =0 (4.66)
% =0, (4.67)
Dgltp s =0, (4.68)
% 0. (4.69)
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The semi-Lagrangian approach is used to calculate the contribution of advection
to the fields u, v, Inps and T at the arrival points . One of the the Dy schemes
of McGregor (1993) is applied in three spatial dimensions to calculate the time-
level ¢ departure points (z*, y*, o*) for each time-level t+ At arrival grid point.
Note that the values of u, v and ¢ are required at time levels ¢, t — At and t —2At
in order to evaluate (4.5) for application in the Dy scheme. The values of u,
v, Inps; and T are evaluated at the departure points using a tricubic extension
of the bicubic interpolation scheme presented in section 4.2.2 to three spatial
dimensions. Note that for application in two spatial dimensions, a D scheme
is used with bicubic spatial interpolation as discussed in section 4.2.2. Let the
departure point values of u, v, Inps and T obtained from the semi-Lagrangian
procedure be denoted by v*, v*, Inp¥ and 1.

An important feature of the scheme is the use of (4.68) by means of the cal-
culation of the quantity lnp, at time level ¢ + At, from the semi-Lagrangian
procedure, at each arrival grid point. At the end of the advection step, the quan-
tity A,, = —u (0lnps/0z) — v (01np,/Oy) at time level t + At is diagnosed at
each arrival grid point, for use in the adjustment phase of the solution proce-
dure. That is, the the term is effectively calculated from the values of v*, v* and
In p¥ that correspond to each arrival grid point and it represents the change in
the local time tendency of In ps because of advection. Therefore, let this field be
denoted by A . Alternatively, the quantity A, may be diagnosed at the begin-
ning of each time step for each grid point and the departure point values (A )
calculated from the semi-Lagrangian procedure for each arrival grid point. The
value of In p; may then be obtained from A . The latter approach was followed
by McGregor (1986) and Leslie and Purser (1991) to solve hydrostatic equation
sets. The numerical experiments performed in Chapter 5 indicate that these
two approaches of calculating the advective change to the surface pressure give
almost indistinguishable results. Note that a semi-Lagrangian discretization of
the vertical momentum equation is not employed in the scheme.

4.5.2 The adjustment step

The values u*, v* and T™* calculated during the advection step for each arrival
grid point, are used as initial values for the fields of u, v and T during the first
step of the adjustment phase of the solution procedure. Initial values required
for the fields ps, w/p and ¢, are taken to be effectively at time level ¢. Forward
differences in time are used to update the fields of u, v at time level t + At,:

uttkAta _ ut+(k71)Ata B _% N U%alnps t+(k—1)Atq .
At, ox Jdo Oz

g (,Ut-l-(k—l)Ata X vt+kAta) 7 (4.70)
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pttkAte _ vt+(k71)Ata 7 3¢) 3¢ 3lnp5 t+(k—1)Atq ~
At oy 790 Ay

g (utJr(kfl)At —i—quAt), (4.71)

Here k ranges from 1 to N. Note that trapezoidal time stepping (Fisher, 1965;
Janjic and Wiin-Nielsen, 1977) is used to treat the Coriolis terms semi-implicitly.
The surface pressure tendency 9 ln p, /0t at time level t+kAt, is diagnosed using
the latest values of u and v, with backward time differencing being applied to
update Inp; (and thence py):

_ lnpt-i-(k—l)Ata 1
Atg - /0

Note that (4.72) is obtained from integrating (3.67) over o, from the model top
o = 0 to the surface 0 = 1. The field A} is assumed to remain constant during
the adjustment phase. Experiments were performed in which A, was updated
at the end of each adjustment time step using the latest values of u, v and ps,
but this had an insignificant effect on the simulations. In fact, the contribution
of term A, to (4.72) and (4.73) was found to be 1n51gn1ﬁcant in the numerical
experlments described in the next section. However, these experiments were
performed for the case of zero topography; it is likely that the term is more
important in regions of steep terrain. The fields of ¢ and w/p are diagnosed
consistently with the field d1n p, /0t at time level ¢ + kAt,:

81 ) t+kAt, o 8 8 t+kAt, ,
SR, _ _U( g ) N /O A - (_“ N _”> o', (4.73)

Jdr Oy
t+kAt, t+kAt,
w _ p§+kAt dlnps * t+kAt,
~ - t+kAt g - Aps +o
p oPs *“+pr ot

(4.74)
Here (4.73) has been obtained by integrating (3.67) in the vertical from the
model top to level o and (4.74) follows from relationship (3.69). The tempera-
ture field 7" may now be updated using backward time differencing

Tt+kAt, _ it (k—1)At, t+kAt,
=K (f) kAL, (4.75)
At »

1np1;+kAta

or 0Oy

t+kAty
A <@ + @> ] do  (4.72)
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It is interesting to note that in the semi-implicit solution of the hydrostatic
equations used in C-CAM, the right-hand side of the thermodynamic equation
(4.75) is handled implicitly with regard to w. This is necessary because of
gravity wave feedback into the ¢ terms of the horizontal momentum equations
(McGregor, personal communication). In the present approach this treatment
is avoided by diagnosing ¢ from the elliptic equation (see the next paragraph).

Finally, the geopotential field at time-level ¢t + kAt, is diagnosed from the dis-
cretized version of the elliptic equation (3.81). This equation is solved iteratively,
using Successive Over-Relaxation (SOR). In most of the numerical experiments
performed in Chapter 5, only a few interations are required to obtain suitable
convergence of the solution. The iterative solution procedure is outlined in some
detail in section 4.6, whilst the computational efficiency of the elliptic solver is
discussed in more detail in Chapter 5. It may be noted that the vertical momen-
tum equation is never used explicitly in the solution procedure, but is implicitly
present in (3.81).

4.5.3 Spatial filtering

After both the advection step and the N adjustment steps have been per-
formed, spatial filtering is applied to some of the variables calculated. The
Shapiro (1975) filter discussed in section 4.4 is applied to perform spatial fil-
tering of the fields u, v, ps, & and ¢. Since the variable w/p is diagnosed
from the (filtered) fields of Inp, and ¢ in the adjustment procedure, without
any additional centered differencing being performed, there is no need to per-
form filtering on this field. It is also essential that the spatial filter is not
applied to the temperature field. This is due to the fact that no spatial deriva-
tives occur in the adjustment step equation (4.75), which is used to update the
temperature field (see section 4.5.2). By the time that the temperature field
is updated in the adjustment phase procedure, the right-hand side of (4.75)
is effectively already filtered (the spatial filter is applied to ps and ¢ used
to diagnose w/p in (4.75)). It is not meaningful to apply the spatial filter
to an already filtered field. Numerical simulations (see Chapter 5) where the
temperature field is filtered show excessive numerical noise. Numerical experi-
ments indicated that generally filtering with p = 4 produces satisfactory results
(see Chapter 5). The horizontal filtering is first performed in the z direction

1
D= 210 [fi—s.j,k — 10fi—a j &, +45fi-3j & — 120fi 2 j & +210f; 1 j x+

T72fi 4,6 +210fi1, 5,6 — 120fivo j & +45fiv3, 5,6 — 10fita, j i + fits, j k]
(4.76)

for each variable u, v, ps,6, T and ¢. This is followed by similar filtering in the
y and o directions.
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The spatial filtering effectively removes the two-grid-interval waves from the
nonstaggered grid (Shapiro, 1975; also see section 4.4 and Chapter 5), whilst
the damping at longer wave lengths is sufficiently small not to impact nega-
tively on the simulations (see section 4.4 and Chapter 5). Thus, the spatial
filtering provides highly scale-dependent, explicit filtering in the model. The
split semi-Lagrangian scheme with application of the Shapiro filter is stable at
large Courant numbers (see Chapter 5).

4.5.4 Explicit diffusion

After application of the Shapiro filter, there is no need to apply explicit diffusion
(smoothing) in the split semi-Lagrangian scheme in order to ensure numerical
stability, or to control numerical noise originating from the nonstaggered grid.
However, the use of explicit diffusion may still be useful in order to obtain
a grid-converged solution of a specific flow problem (Straka et al., 1993). In
the absence of explicit diffusion, an increase in model resolution will always
result in smaller scales of motion to be resolved. However, by applying explicit
diffusion, a limit is placed in the resolvable scales, so that numerical solutions of
a given flow problem will converge towards a so called “grid converged solution”
at increasing resolution. Grid-converged solutions of specific flow problems are
most useful for the comparison of different numerical schemes to each other, and
to study the characteristics of a specific numerical scheme. In Chapter 5, the
simulation of warm and cold convective bubbles by the split semi-Lagrangian
scheme are compared to well-known grid-converged solutions of these problems.
Thus, after application of the Shapiro filter, explicit filtering is applied in a split
manner to the the horizontal wind and temperature fields as follows

’

uttkAts ut/ 02u  9%2u\’ 0% '
- K==+ = Ko=)t 4.
Al (aﬁ + ay2> + <602) (417)
ptHhAt _ ot 0%v 9w ‘ 92%v 2
_ gv o gv 4.
Al K (a;# + ay2> + &Ko (802> ’ (4.78)
TtHkAL _ 2T oT\' 921\"
— AL - Krs (_ax2 - _ay2> + Ko (—602) : (4.79)

Note that latest available values of the variables u, v, and T', as obtained after
application of the adjustment procedure and the Shapiro filter, are used as
initial values (denoted by time-level ¢ ) in (4.77) to (4.79). K, and Kr, are
the horizontal diffusion coefficients, and K, and K7, are the vertical diffusion
coefficients. Typical values of the augmented diffusion coefficients K At,/An?
(n =z, y, o) along the z, y and o axis are respectively 0.0015, 0.0015 and 0.0015
for T and 0.015, 0.015 and 0.015 for v and v. Although the vertical momentum
equation is not discretized explicitly, diffusion is applied to the vertical motion
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field ¢ and p; indirectly when the diffused horizontal motion field is used in the
integration of (4.73) and (4.72).

Note that the dimensionless augmented diffusion coefficient K At,/An? is con-
venient to use when the numerical values of the diffusion coefficients need to be
specified. Janjic et al. (2001) used the same notation. The explicit diffusion
step is the final phase of the split semi-Lagrangian scheme. After this step, all
fields have been updated satisfactorily in order for the next semi-Lagrangian
advection step to be performed.

4.6 Frequency response of the quasi-elastic equa-
tions to the forward-backward time discretiza-
tion

In this section, the frequency response of the quasi-elastic equations to the
forward-backward time discretization is examined using the von Neumann method
(e.g. Richtmyer and Morton, 1967; Mesinger and Arakawa, 1976). As in the case
of the linear analysis of the quasi-elastic equations performed in Chapter 3, the
response analysis in the present section is carried out in two spatial dimensions.

In Chapter 3, the two-dimensional o coordinate quasi-elastic equations (3.82)-
(3.85) were linearized about an isothermal reference state of no motion, for a
nonrotating, adiabatic and inviscid atmosphere. A similar linearization may be
performed for the form that the two-dimensional equations assume in the ad-
justment step of the split semi-Lagrangian solution procedure. These linearized
equations are:

% _ (%‘i) , (4.80)

ais - 01 % do, (4.81)

o [ (B)uos as
wo@m) R ele

Equations (4.80) to (4.83) correspond to the linearized equations (3.102), (3.104)
and (3.105), with the difference that the continuity equation is used in inte-
grated form. That is, (4.81) and (4.82) replace (3.104) in order to obtain the
linearized adjustment step equtions (before the time discretization is perfomed).
Note once more that the vertical momentum equation is not used explicitly in
the split semi-Lagrangian solution procedure. Following the procedure outlined
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in Appendix A for the three-dimensional quasi-elastic o coordinate equations,
(3.102)-(3.105) can be shown to imply the linearized elliptic equation:

2¢ 0 a¢ T’ B

Here s, = (1/Ho) (opo + pr) /Po = (9/RTo) (0po + pr) /po- Equation (4.84) is
the linearized version of the elliptic equation (3.86), which is used in the split
semi-Lagrangian discretization of the two-dimensional o coordinate quasi-elastic
equations.

Applying the forward-backward procedure presented in section 4.5 to solve the
linearized equations (4.80) to (4.84) results in the following set of difference-
differencial equations:

ut — yt—At a¢/t—At
N (4.85)
t t—At
Ps — s b ot
- _ - 4.
At Do o do, (4.86)
o t t—At
5t = — / (3_) do— TP (4.87)
0 x Do At
T't _ T/t—At Po o [pt PZ At B
—Qxy = F (701)0 +pT) [p_o (7At ) 4o } To, (4.88)
¢t 9 [ L0 o T'
- == —q. 4.
922 | oo <50 90 90 \ 01, 9 (4.89)

Note that, for the sake of convenience, the time-level notation is slightly differ-
ent from that used for the advection step in section 4.5. Introducing Fourier
decomposition of the form

Q(o) exp’kz=70) (4.90)

for each variable, a response analysis of the time-discretized equations can be
carried out for the corresponding amplitude functions. Note that ¥ = kc is the
Eulerian frequency of the waves. By substituting (4.90) into (4.85)-(4.89) it is
obtained that

= (exp™ 1) = —ikg), (4.91)

~ 1
% (1 —exp™2t) + zk/ ddo =0, (4.92)
0
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& =—ik / u do — 22 (1= exp™2Y) (4.93)

T 9L Po o i9AL :
— (1 — exp’ = —— | |— (1 —exp’ +0o|1 4.94
; (1 exp ) H( - " ; ( exp ) o| To, (4.94)

d opo + pr 2d@§/ 272 0 o d ~ 9
— || ———= ) —| — H{k H;y— T=|]=0. 4.
do l( Do ) do ok e+ Odo %0 Ty (4.95)

Equation (4.95) may be written in terms of ¢’ by using (4.91), (4.93) and (4.94).
To this end, note that (4.94) may be used to show that

d N\ Atk | 7 oA do A —1
- = |—(1- g — | To (1 — ! . 4.
do (SOT ) Hy | At (1 eXPp ) + do | ° ( P ) (4.96)
Noting from (4.93) that
do d [ 7 :
e Al ido — — (1 — VAL 4.
o dea ; ado -+ (1 —exp™2'), (4.97)

it follows from substituting (4.97) in (4.96) and applying (4.91) that

p y :‘ﬁ'/TO k2At2 d o -,
#Y _ _xTo | ‘ d 4.98
do (SO ) Hy {(eXp‘“Mt —1) (1 - exp™2) | do /0 ol

Substituting (4.98) in (4.95) leads to

d [<ap0 +pT)2@] _Hozkzqgl

% Po do

k2 At? d [7 -
—H2N? . . — "do = 0. 4.
oN |:(eXpu9At - eXpu?At):| dO’/o ¢ do (4.99)

Equation (4.99) is the vertical structure equation for ¢’ that results from the
forward-backward time discretization. Being of the same form as (3.113), the
vertical structure equation of the undiscretized quasi-elastic equations, (4.99)
admits solutions of the form (3.143). The corresponding dispersion relation
obtained for the gravity waves is

1 N2
0 N
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where m > 0 by definition and

) (exp~ AT —1) (1 — exp™2!)  2(1 — cos¥AL)
& =- A - (4.101)

Equation (4.100) may be written in the alternative form

—k?ck (m* 4+ k* + 1/4HG) ¢ + k*c*N? = 0. (4.102)
The form of (4.102) is identical to (3.142), the dispersion relation for the true
frequency ¥, with the substitution

2 (1 — cosVAY)

e

. (4.103)

Alternatively, the numerical value of the local frequency ¥ can be compared to
its analytic counterpart ¥ through the relation

arccos [1 — (9pAL)? /2}

9 = 4.104
A7 (4.104)
Clearly, (4.104) is defined for
OrAt)?
—1§1—( T2 ) <1, (4.105)
which may be written as
0 < 97| At <2, (4.106)
or alternatively as
lc| At 2
0 < —. 4.107
< Ax —m ( )

Here ¢ denotes the analytic phase speed of the gravity waves. The relative
frequency of the gravity waves in the numerical solution is defined as the ratio
of the numerical frequency 9 to the true frequency 9. That is,

g ~ arccos [1 — (9rAL)? /2}
B=5,= Atdy ’

(4.108)

provided that (4.106) is true. Recall the defenition of the Courant number,
a = cAt/Ax. Equation (4.108) may alternatively be written in terms of « as

g  arccos |1 — (kAza)? /2

R= o = e , (4.109)
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Figure 4.5: Relative frequency of the gravity waves in response to the forward-
backward time discretization, as a function of the wave number. The red, yel-
low, green and black lines represent Courant numbers of 0.2, 0.3, 0.4 and 0.5,
respectively.

101



University of Pretoria etd — Engelbrecht, F A (2006)

noting the range of validity (4.107). The relative frequency of the gravity waves
in the numerical solution is displayed in Fig. 4.5 for various values of «, as a
function of the scaled wave number.

Condition (4.107) suggests that the forward-backward scheme can only be ap-
plied for Courant numbers less than or equal to 2/7, else the numerical solu-
tion may have unphysical properties. This implies a significant restriction on
the maximum size of the time-step that may be used during the adjustment
step. From Fig. 4.5 it is evident that the forward-backward scheme accelerates
the gravity waves. This artificial acceleration decreases as the wave length de-
creases, and in the long wave limit the numerical frequency (and phase speed)
approaches the true frequency of the gravity waves. The acceleration also in-
creases as the Courant number increases, by as much as 15% for « = 0.5 at the
shortest resolvable scales.

In practical applications of the split semi-Lagrangian scheme, the accelerating
effect of the forward-backward scheme is alleviated by two factors: the damping
effect of the bicubic spatial interpolations, particularly at short wave lengths
(see section 4.2), and the explicit smoothing of the two-grid-interval wave by
the Shapiro time filter (see section 4.4). The impact of these effects on the
maximum size of time step that can be used in practical applications of the split
semi-Lagrangian procedure, is investigated in Chapter 5 by means of numerical
experiments.

4.7 Frequency response to spatial discretization
on the nonstaggered grid

In this section, the frequency response to spatial discretization on the nonstag-
gered grid is examined, again using the von Neumann method (e.g. Rightmyer
and Morton, 1967; Mesinger and Arakawa, 1976). As in the previous section,
the two-dimensional quasi-elastic equations of the form used in the adjustment
step are linearized about an isothermal reference state of no motion, for a non-
rotating, adiabatic and inviscid atmosphere. The effect of numerical integration
in the vertical (as applied to the continuity equation in order to evaluate p; and
&, see (4.81) and (4.82)) is not considered here, and in the frequency response
analysis that follows, all vertical integrals are evaluated analytically.

4.7.1 Frequency response to horizontal discretization

When the horizontal spatial derivatives in (4.80) to (4.83) are discretized using
second-order spatial differencing, and Fourier decomposition of the form (4.90) is
performed on the resulting equations, the following amplitude equations result:

sin kAz\ -
— = —1 | ———— 4.11
01 i ( AL ) 0, ( 0)

102



University of Pretoria etd — Engelbrecht, F A (2006)

. 1
—ivi = —ismkm/ i do, (4.111)
AI 0

N sinkAz [°
= 7 o7t 4.112
o I~ /0 U do + 1o, ( )
—i9T =k (L) [—if}ofr + &} Tp. (4.113)

opo + pr

The second horizontal derivative in (4.84) is left undiscretized, so that (4.95) is
obtained after Fourier decomposition. Equation (4.95) is written in the form

d | (apo+pr\®dé o d
e R SO

If the left-hand side of (4.114) is modified to include the effect of horizontal
discretization, the frequency equation that results in combination with (4.110)
to (4.113) can not be conveniently compared to its analytic counterpart (3.140).
Thus, only the effect of horizontal discretization on the right-hand side of (4.114)
(the forcing to which the geopotential distribution respond to) will be consid-
ered.

The right-hand side of (4.114) can be written in terms of ¢ by using (4.110) to
(4.113). To this end, note that by using (4.113) it may be shown that

d . k (. 1do
Noting from (4.112) that
dé sinkAzx d 7
— = —q — 7] oAl 4.11
o A o (/0 uda) + @07, (4.116)

it follows by applying (4.116) and making use of (4.110) that

d [ - kA
— (so) = 1 (1912 SmAIQ x) (da/ & da) . (4.117)

Substituting (4.117) in (4.114) leads to a vertical structure equation for &,

d | [opo+ pr d¢ ) HZN? [sin® kAx /
do [( Do ) do ~ Hik ¢ + 92 Ax? do ¢d0_0

(4.118)
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Equation (4.118) is of the same form as (3.113), the vertical structure equation
for the undiscretized quasi-elastic equations. It therefore admits solutions of the
form (3.143). Substituting (3.143) in (4.118) leads to the frequency equation

1 N2 gin? kAz
LI A A 4.11
W= am (02 Aq? k) (4.119)

The form of (4.119) is identical to (3.118), the analytic dispersion for the true
frequency Jr, with the substitution

1 1 sin® Az

That is, the numerical value of the local frequency may be compared to its
analytic counterpart ¥ through the relation
.2
sin® kAx
92 =093 ——=. 4.121
T L2 A2 ( )

The relative frequency of oscillations in the numerical model using second order
spatial differencing may therefore be defined as
Y sinkAxz

R2:E_ kAx

(4.122)

Through a similar derivation process, one may show that the relative frequencies
of oscillations in the numerical model for fourth and sixth-order differencing are
respectively

1 4 1
N — Zi 12
Ry TAD (3 sin kAx 5 sin 2kAx) , (4.123)
R¢ = L (3 kEAx — 3 sin 2kAz + L sin 3kAz (4.124)
“7 kA \2™ 10 30 ' '

The relative frequencies (4.122) to (4.124) correspond exactly to (4.47), (4.53)
and (4.59), the corresponding relative frequency equations for centered differ-
encing as applied to the pure gravity waves on the nonstaggered grid. Fig.
4.3 and the discussion in section 4.3 therefore also apply to the quasi-elastic
equations when discretized with centered differences on the nonstaggered grid.

4.7.2 Frequency response to vertical discretization

In order to investigate the frequency response of the quasi-elastic equations on
the nonstaggered grid, it may first be noted that the linearized adjustment step
equations (4.80) to (4.83) contain no vertical derivatives. Performing Fourier de-
composition of the form (4.90) on (4.80) to (4.83) gives the amplitude equations

—iva = —ike, (4.125)
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1
—i9f = —ik:/ i do, (4.126)
0
o= —ik / tdo + idor, (4.127)
0
T =k (L) [—if}ofr + &} To. (4.128)
opo + pr

Note once more that the integrals over o in (4.126) and (4.127) will be treated
analytically in the following analysis. By substituting (4.127) in (4.128), and by

applying (4.125), the following equation for 7" in terms of ¢’ may be obtained:

7o F < Po )/Ué'd (4.129)
= —K _— ag. .
92 opo+pr/ Jo

Substituting (4.129) into the linearized elliptic equation (4.95), gives the follow-
ing vertical structure equation for ¢':

2¢ 0 [ ,0¢ ZN2k2 d (7,
e (%5 __HOTE/O ¢ do. (4.130)

In order to perform the frequency response analysis to vertical discretization
on the nonstaggered grid, (4.130) is written in terms of Z using transformation
relationships (3.114) and (C.1). The resulting equation is

24 dé’ . N2k2
2 2772 40 2
Moz —Hogz —FHe? =—Hy=g

Zle
exp?/Ho i/ ¢ exp=?/Hoq7
dZ Jz,_,

X
(4.131)

Equation (4.131) is the vertical structure equation for qg' in terms of Z, it admits
solutions of the form A
¢ = explimt1/2Ho)Z (4.132)

(see Chapter 3). The vertical derivatives in (4.131) may now be discretized and
wave-like solutions of the form (4.132) substituted in the resulting equation.
However, the dispersion relationship that results can not be compared directly
to the analytic relationship (3.140) that applies to the undiscretized quasi-elastic
equations. A more useful expression is obtained when only the right-hand side of
equation (4.131), term X, is discretized. This term represents the main forcing
effect to which the geopotential distribution respond.
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4.7.2.1 Second order vertical differencing

Substituting wave like solutions of the form (4.132) in (4.131), and using second
order differencing to approximate the vertical derivative in term X, gives the
dispersion relationship

1 [N22 1
= Das — k? 4.1
et { 2 (im - 1/2H0> A2 ’ (4.133)

where
(im=1/2H0)AZ _ gypy=(im=1/2Ho)AZ

2AZ

exp
Dys =

(4.134)

The form of (4.133) is identical to that of the analytic dispersion for the true
frequency ¥ of the quasi-elastic equations, with the substitution:

11 1
— =— (——— ) Da. 41
2 0 (im—1/2H0) A2 (4.135)

The frequencies of gravity wave oscillations in the numerical model are therefore
related to the analytical ones via the relation

1
P=07 | —— : 4.1

The magnitude of the relative frequency of oscillations in the numerical model
using second order spatial differencing may therefore be defined as

9 Do 1/2
Ryo=|—|=|| ———— . 4.137
A2 }ﬂT‘ (z’m—l/QHo) (4.137)
Note that D 45 may be written as
_ cosmAZ (exp™AZ/2Ho _ expAZ/2Ho) N
A2 2AZ
isinmAZ (expfAZ/QH“ + eXpAZ/QH“) . (4.138)

2AZ

The magnitude of the relative frequency R o for second order differencing is
displayed in Fig. 4.6 for AZ = 100m and 0 < mAZ/m < 1 (black line). It
may be noted that the retardation of wave frequencies due to discretization
on the nontstaggered grid is the highest for large wave numbers (shorter wave
lengths). The 2AZ wave is almost stationary. In the long wave limit, the
numerical frequency of waves approaches the analytical frequency.
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Figure 4.6: Relative frequency of the gravity waves described by the quasi-
elastic equations, in response to centered finite diferencing in the vertical on
the nonstaggered grid, as a function of the vertical wave number. The black,
green and yellow lines represent second, fourth and sixth order differencing,
respectively.
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4.7.2.2 Fourth order vertical differencing

When fourth order differencing is used to approximate the vertical derivative in
term X of (4.131), the resulting dispersion relationship is:

1 [N2E2 1
2= Day—k? 4.1
et { Oz (im - 1/2H0> At ’ (4.139)

where

Dyy = —
A4 N

1 [exp—(m—1/2H0)2AZ _ oy(im—1/2H0)2A7
5| |+

2 [exp(im—l/QHo)AZ _ eXp—(im—l/QHo)AZ] (4.140)

3 AZ

The form of (4.139) is identical to that of the analytic dispersion (3.140) for the
true frequency ¥ of the quasi-elastic equations, with the substitution:

11 1
— =— (——— ) Das 4141
02 92 (im—1/2H0) A (4.141)

The frequencies of gravity wave oscillations in the numerical model with fourth
order spatial differencing are therefore related to the analytical ones via the
relation

1
P =0 ——— | Dus. 4.142
T<im—1/2H0) A (4.142)

The magnitude of the relative frequency of oscillations in the numerical model
using fourth order spatial differencing may therefore be defined as

9 Dag 1/2
Ryy=|—|=|| ————— . 4.143
R P (im — 1/2H0) (4.143)
Note that D 44 may be written as
1
Dyy = T5AZ cos2mAZ (eprZ/HO - eXp_AZ/HO) +
SAZ cosmAZ (e><p7AZ/21LI0 — eprZ/QHO) +
1
i12AZ sin 2mAZ (— exptZ/Ho _ exp_AZ/HO) +
2
i3AZ sinmAZ (exp_AZ/2H° + exp_AZ/QHO) . (4.144)
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The magnitude of the relative frequency Ra4 for fourth order differencing is
displayed in Fig. 4.4 for AZ = 100m and 0 < mAZ/m <1 (green line). The
improvement gained from fourth order differencing compared to second order
differncing is the largest (about 10-20%) for short waves lengths (note that a
normalized wave numer of 0.5 corresponds to the 4AZ wave). The 2AZ waves
remain significantly retarded, howevever.

4.7.2.3 Sixth order vertical differencing

Using sixth order differencing to approximate the vertical derivative in term X
of equation (4.131), the resulting dispersion relationship is:

1 [N2R2 1
= Dag — k? 4.14
et { 2 (im - 1/2H0> A6 ’ (4.145)

where

Das = — NG +

1 [exp(im—l/QHo)BAZ _ exp—(im—1/2HU)3Az]
60

+

3 [exp(im—1/2H0)2AZ _ oy (im—1/2Ho)2AZ
AZ

0 N (4.146)

3 [exp(im—l/QHo)AZ _ eXp—(im—l/QHo)AZ]
The form of (4.145) is identical to that of the analytic dispersion (3.140) for the
true frequency Y1 of the quasi-elastic equations, with the substitution:

11 1
== (———— ) Dus. 4.147
02 92 <im—1/2H0) A6 (4.147)

The frequencies of gravity wave oscillations in the numerical model with sixth
order spatial differencing are therefore related to the analytical ones via the
relation

1
2 _ 92
9 =92 (F— 7 0) D 6. (4.148)

The magnitude of the relative frequency of oscillations in the numerical model
using sixth order spatial differencing may therefore be defined as

9 Do 1/2
im — 1/2H, '

ol

4.14
i (4.149)
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Note that D 46 may be written as

1
Dye = G0AZ cos3mAZ (exp*P’AZ/QH0 — expgAZ/2H°) +

3 AZ/Ho —AZ/H())
0AZ cos2mAZ (exp exp +

422 cosmAZ (exp*AZ/QHo _ eXpAZ/2H0) "

1 . —3AZ/2H, 3AZ/2H0)
ZGOAZ sin 3mAZ (exp + exp +

3
20AZ

1

sin 2mAZ (— exptZ/Ho _ eprAZ/HD) n

i4A3Z sinmAZ (e><p7AZ/21LI0 + eprZ/2H°) . (4.150)
The magnitude of the relative frequency Rag for sixth order differencing is
displayed in Fig. 4.6 for AZ = 100m and 0 < mAZ/7 < 1 (yellow line). Sixth
order differencing results in an improvement of 15-25% in the representation of
the frequency of short waves, compared to second order differencing. The 2AZ
wave remains significantly retarded.

More insight into the advantages of higher order differencing on the nonstag-
gered grid may be gained by considering Fig. 4.7. Here the relative frequencies
corresponding to second (black), fourth (green line) and sixth (yellow line) order
differencing are shown as a function of wavelength. AZ = 100 m, so that the
shortest resolvable waves at this resolution have wave length 200 m. The red
line in the figure represents the relative frequency obtained from using second
order differencing with AZ = 50m. It can be seen that from Fig. 4.7 that
both fourth and sixth order differencing provide a significant improvement over
second order differencing, particularly at short wave lengths. In fact, fourth
and sixth order differencing provide more accurate results than second order
differencing performed at double the resolution, for wave lengths longer than
four grid lengths and three grid lengths respectively. At the shortest resolv-
able scales, the gravity waves are significantly retarded, for all the differencing
schemes. However, it is useful to note that the two-grid-interval waves are not
completely stationary as in the case of horizontal spatial differencing. Note that
near the vertical boundaries of a numerical model the application of sixth or
even fourth order differencing may be either impractical, or may require that
artificial boundary conditions are specified.
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Figure 4.7: Relative frequency of the gravity waves described by the quasi-
elastic equations, in response to centered finite diferencing in the vertical on
the nonstaggered grid, as a function of the vertical wave length. The black,
green and yellow lines represent second, fourth and sixth order differencing,
respectively, with AZ = 100m. The red line was obtained using second order
differencing with AZ = 50m.
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4.8 Elliptic solvers for the diagnostic equation in
the geopotential

As a final step in the adjustment procedure, the elliptic equations (3.81) and
(3.86) need to be solved for three and two-dimensional applications respectively.
Closely related elliptic equations are solved in the o coordinate version of the
MP equations (e.g. Xue, 1989; Xue and Thorpe, 1991) and in the anelastic o
coordinate NHAD model (Room et al., 2000). An efficient solution procedure
to solve the elliptic eqution in the o coordinate MP model was devised by Xue
(1989). This method is based on the Fast Fourier Transform (FFT) technique.
It involves the linerarization of certain terms in (3.81) and (3.86), and a care-
ful consideration of the lower boundary conditions imposed on ¢. Certain pre-
and post-processing is necessary, in order to achieve maximum efficiency of the
FFT subroutines (see Wilhelmson and Ericksen, 1976). A similar solution pro-
cedure was used by Room et al. (2001) to solve the elliptic equation implied
by the anelastic o coordinate equations. However, the FFT method of Xue
(1989) is complicated and elaborate to code, and needs the implementation of
some specific software. In the present study, where a completly new code for a
new atmospheric model is developed, it was decided to rather develop an inde-
pendently coded elliptic solver to solve equations (3.81) and (3.86). Successive
Over-Relaxation (SOR) (see Burden and Faires, 1993), an iterative procedure,
is used in the present study. This flexible technique is relatively easy to code
and far more convenient to use during the development phase of a new model
than the more complicated FFT techniques.

Unfortunately, the SOR method generally suffers from progressively slow con-
vergence with the increase in model resolution, and the increase in the number of
data points in the discretized elliptic operator (Xue, 1989). The efficiency of the
SOR solution procedure developed in this section is discussed in Chapter 5, in
the context of the numerical experiments performed in that Chapter. It is shown
that the method is reasonably efficient for the tests performed, generally requir-
ing only a few iterations per adjustment time step. Solving the elliptic equation
represents a fundamental part of the computational costs of the model. It will
be beneficial to implement a more efficient solution procedure, possibly based on
the FFT method of Xue (1989), for the potential operational application of the
model in the future. Still, it should be realized that the nature of the problem of
solving the elliptic equation, namely that the solution at any point depends on
all the conditions of the entire boundary, makes the numerical problem global.
All the data points have to be in the core computer memory at the same instant.
This will always make the solution of a three-dimensional elliptic equation ex-
pensive, even for the commercially available solvers based on transformation
techniques or matrix inversion techniques based on tri-diagonalisation.

In what follows, the numerical discretization of the elliptic equation as used in
the model will be discussed in two dimensions only, in order to keep the notation
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simple. The extension of the solution procedure to three dimensons is obvious.

In section 4.6 equation (3.86) is linearized around an isothermal reference state
of no motion to obtain (4.84). Equation (4.84) indicates that only the terms
9*¢/0x*and 0 (s*0¢/d0) /0o are dominant in (3.86). The coefficients of the
remaining terms on the left hand side of (3.86) are due to the variation of the
surface pressure, and generally much smaller than those of the dominant terms
(Xue, 1989). Following (Xue, 1989), the less important terms are moved to
the right hand side and treated explicitly, in order to obtain a nearly standard
Poison equation:

92 9 [ ,00
[@*a—a(sa—a

Here ’p’ denotes the py;, iteration,

2 2 2
L= _9,0mps 9 +(alnps> ﬂ(az’a) —3(6%)(% (4.152)

)} P = L (¢P) + Fy. (4.151)

dx 0x0o dr ) 90 \' do) ps \ 02
and
ou 0 D 10 ou 0 Lp e
_o |99 (gl _ 1Y g -2 - 20?2, @41
Fy=2 [ oo (Qp) . (Qp) 80} 5 [(Sg) vaQ ] (4.153)

Note that s in (4.153) is not linearized over z, as in the corresponding equation
used by Xue (1989).

4.8.1 Spatial discretization

By discretizing the terms in (4.151) using the second order accurate differencing
formulas (4.27) and (4.35), an iterative solution procedure of (4.151) based on
SOR may be constructed (see Burden and Faires (1993) for a discussion of the
SOR technique). This solution procedure will be referred to as the “second order
solver” in the remainder of the text.

When the first derivatives in the adjustment step terms (section 4.5) are eval-
uated by using the fourth order spatial differencing operator (4.28), inconsis-
tencies with the second order discretization of (4.151) leads to divergence of
the SOR procedure (this was established while conducting the numerical ex-
periments described in Chapter 5). Therefore, a “fourth order solver” was de-
veloped, where (4.151) is discretized using the fourth order accurate operators
(4.28) and (4.36), and then solved iteratively using SOR. Because the spatial
derivatives in the adjustment step and in the fourth order solver are evaluated
consistently in this case, the SOR procedure in the fourth order solver was found
to be convergent.
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Similarly, a sixth-order discretization of the spatial derivatives in the adjustment
step would be inconsistent with both the second and fourth order solvers, and
divergence of the SOR procedure would occur. A sixth order solver needs to be
constructed using the operatores (4.30) and (4.37), to obtain the convergence
of iterations for the case of a sixth order discretization of the adjustment step
terms. However, such a high-order solver is elaborate and cumbersome to code,
and the SOR technique generally suffers from slower convergence if the number
of data points in the discretized operator increases (Xue, 1989). Therefore, an
elliptic solver beyond fourth order discretization was not constructed in this
study.

4.8.2 Convergence of iterations

The criterion of convergence of iterations is

VB (7 — )’
S (gr+1)?

<e€

with € = 107% being used in the model, except in the initialization step where ¢ =
1079/5 is required for sufficient convergence of the solution. In the experiments
described in Chapter 5, a relaxation coefficient r = 1.9 (see Burden and Faires,
1993) was found to generally result in the fastest convergence. The efficiency of
the elliptic solver and the convergence of iterations are discussed in more detail
in Chapter 5.

4.9 Boundary conditions

In this section, lateral and vertical boundary conditions are formulated for the
new model based on the split semi-Lagrange solution of the quasi-elastic equa-
tions. These boundary conditions are suitable for the series of numerical tests
performed in Chapter 5. For more general, real-atmosphere applications of the
model, the lateral boundary conditions in particular would need some modifica-
tion (see the discussion in section 4.9.1). The boundary conditions are applied
after each adjustment step in the solution procedure. The boundary conditions
are stated for three-dimensional applications of the new model, the simplifica-
tions needed for two-dimensional applications are obvious.

4.9.1 Lateral boundary conditions

Unless stated otherwise for a specific experiment, the lateral boundary condi-
tions used in the model in order to perform the numerical experiments described
in Chapter 5 are:

Jlnp; dlnps

= oy = (4.154)
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oT oT

_— = = .1

5 =3y = (4.155)

26 06

_— = = 4.].

Oxr Oy 0, (4.156)
u=uv=0, (4.157)

o6 0o

_— = = 4.].

dr Oy 0, (4.158)

o) 90N

No-stress boundary conditions are imposed on the velocity field, which imply
at the lateral boundaries that the horizontal derivatives of ¢ and the horizontal
velocity field vanish (4.157 and 4.158). It is assumed that the horizontal deriva-
tives of ps, T and ¢ vanish at the lateral boundaries (4.154 to 4.156). From
(4.154) and (4.158) it follows by the use of (3.69) that the horizontal derivatives
of  will also vanish at the lateral boundaries (4.159).

At the lateral boundaries, the transformed surface pressure ps and vertical ve-
locity ¢ may alternatively be calculated from the continuity equation, similar
to the approach followed by Xue and Thorpe (1991). The lateral boundary
condition v = v = 0 is limiting in the sense that flow is not allowed through the
lateral boundaries. For typical atmospheric flows in the westerly wind-regime,
there is a zonal wind component that causes an inflow at the western bound-
ary and an outflow at the eastern boundary. At the outflow boundary there
is the possibility of developing numerical reflection, i.e. a numerical wave may
unphysically interact with the boundary and energy in the numerical flow may
travel backwards. An experiment with non-zero flow over the lateral bound-
aries is performed in section 5.6, however, the lateral boundaries are chosen to
be far away from the flow features of interest in order to avoid potential bound-
ary reflection problems. Careful consideration of the lateral boundary reflection
problem will be required for real-atmosphere applications of the model. For
such applications, lateral boundary conditions may be obtained from a forcing
model that runs over a larger domain at lower resolution, that is, from a stan-
dard nesting procedure. An alternative suitable for some applications, would
be to apply the radiative boundary condition (Orlanski, 1976) to the horizontal
velocity field, the temperature 7' and transformed surface pressure p;, following
Xue and Thorpe (1991) and Miller and Thorpe (1981).
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4.9.2 Lower and upper boundary conditions

The lower boundary of the model (o = 1) is the ground surface. The model
top (0 = 0) where p = pr = constant is a free surface, where external gravity
waves are supported. The lower and upper boundary conditions for the various
variables may be specified as follows:

4.9.2.1 Temperature field

At the top and bottom surfaces, a zero vertical gradient boundary condition
is imposed on the potential temperature 6, that is, 99/0c = 0. From this
condition and the potential temperature definition

PSTAN Rer
o=T (—> | (4.160)
p

it follows that that in terms of the temperature field

Ds + pr Riep
Tloe1 =T|om1-Ag 5 4.161
o= lo=1-a {(1_AU)P5+I?T} ( )
and
_ pr R/c
Tloco = Tyeng | ——— v 4.162
| 0 A (AUPS +pT> ( 6 )

for the lower and upper boundaries respectively. Note that ps is the aug-
mented surface pressure, whilst psrany denotes a standard reference pressure
level. Equations (4.161) and (4.162) are applied as boundary conditions on the
temperature field in the model.

It is worthwhile to note that, from the definition of potential temperature,

00 oT 1 ps
P gL ZPspp (4.163)
do 0o ¢ p
4.9.2.2 Geopotential field
The lower boundary condition imposed on ¢ is simply
Plo=1 =h(z,9) g, (4.164)

with h(z,y) the actual terrain height and g is the gravitational acceleration
defined earlier. Note that in the case of zero surface topography, condition
(4.164) implies that ¢|,—; = 0.
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Assuming hydrostatic balance and integrating over the top model layer gives:

0

¢|U:O - ¢|U:AU = —R/ &T do (4165)
o=Ac P

The assumption of hydrostatic balance over the top model layer is consistent
with the linear analysis of the quasi-elastic equations discussed in Chapter 3.
Integrating (4.163) over the top model layer, where 96/90 = 0, gives:

R [° s
Tloco — Tloeng = —/ Ps 1 do. (4.166)
Cp Jo=Aoc P

Combining (4.163) and (4.166) yields the upper boundary condition on ¢ that
is used in the model:

¢|U:0 = ¢|U:AU —Cp (Tla':O - T|<7:Aa) . (4167)

The vertical boundary conditions imposed on ¢ are much simpler than those
used in o coordinate numerical realizations of the MP and NHAD models, where
the use of a reference geopotential profile induces a more complicated treatment
(Xue and Thorpe, 1991; Room et al., 2001). The anelastic o coordinate equa-
tions of Room et al. (2001) require additional careful treatment of the vertical
boundary conditions imposed on ¢, in order to ensure mass conservation in the
model.

4.9.2.3 Velocity field

The no-stress boundary conditions imposed on the velocity field imply at the
vertical boundaries (¢ = 1 and ¢ = 0) that the vertical derivative of the hori-
zontal wind is assumed to vanish. By definition, 6 =0 at 0 =1 and 0 = 0. In
equation form, the vertical boundary conditions imposed on the velocity field
are:

Flo=1 = 6lo=0 =0 (4.168)
and 9 P P P
U u () ()
%la’:O — %Lf:l — %lo’zo = 8_O'|U:1 =0. (4169)

Vertical boundary conditions also need to be specified for variable 2 = w/p. At
the model top (a fixed pressure level),

Q|O':0 =0,

whilst the lower boundary condition on ¢ (4.168) implies that
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Ds Dlnp,
Q|cr:1 = )
Ds +pT Dt

by (3.69).

4.10 Comparison of the split semi-Lagrangian scheme
to the numerics of the MP and NHAD mod-
els

It is useful to compare the properties of the split semi-Lagrangian procedure
used to solve the quasi-elastic equations to those of the numerical methods used
in the closely related o coordinate MP and NHAD models:

o The split semi-Lagrangian scheme is formulated as a two time-level scheme,
which implies that no computational modes are present, and there is no
need for time-filtering. The explicit leap-frog scheme is applied in the
o coordinate numerical realizations of the MP and NHAD models (e.g.
Xue and Thorpe, 1991; Miranda and James, 1992; Room et al., 2001).
The leap-frog scheme is a three time-level scheme, and requires the use
of a time filter in order to prevent decoupling of the numerical solution
in time. The Robert-Asselin filtering technique (Robert, 1966; Asselin,
1972) is applied in the MP and NHAD models for this purpose (Xue and
Thorpe, 1991; Miranda and James, 1992; Room et al., 2001).

e The MP and NHAD models employ a flux formulation of the relevant o
coordinate equations, whilst the advective formulation of the quasi-elastic
equations is used for formulating the split semi-Lagrangian procedure.

e FEulerian procedures are used in the MP and NHAD models. This, in
combination with the leapfrog-scheme for time integration, yields that the
MP and NHAD models are stable under the CFL condition. This implies
a restriction on the maximum size of time-step that may be used in these
models. The split semi-Lagrangian procedure offers a computationally
more efficient procedure. Courant numbers larger than unity (associated
with relatively large time steps) may occur during the semi-Lagrangian
advection step, without a compromise of numerical stability (see section
4.2 and Chapter 5). However, the presence of fast travelling gravity and
Lamb waves limits the maximum size of the time-step that may be used in
the adjustment step. It may be noted that the absence of Lamb waves in
the NHAD model significantly alleviates the restrictions on the maximum
size of time-step allowed in this model.

e The C-grid (e.g. Mesinger and Arakawa, 1976; Arakawa and Lamb, 1977)
is used in the MP and NHAD models (Xue and Thorpe, 1991; Room et
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al., 2001). The split semi-Lagrangian scheme is formulated on a grid that
is nonstaggered in both the horizontal and vertical (the Arakawa A grid).

The quasi-elastic o coordinate equations are formulated independent of
a thermodynamic reference profile (see Chapter 3), and the split semi-
Lagrangian procedure is also formulated free of the use of a reference
profile. In the MP and NHAD models, the temperature and geopotential
fields are formulated as deviations of a thermodynamic reference profile.
Since the reference profile depends on pressure that may be changing as a
function of time on the o levels, the reference profile needs to be updated
at regular time intervals (see Xue and Thorpe, 1991). Additonally, the
use of a reference geopotential profile complicates the solution of the el-
liptic equation for the geopotential deviation in the MP-models (Xue and
Thorpe, 1991).

In the numerical realizations of the o coordinate MP-model, the vertical
momentum equation is used explicitly for the calculation of the verti-
cal motion field. In nonhydrostatic meso-scale circulation systems, the
horizontal and vertical velocities are often of the same scale of magni-
tude. Under these circumstances, it may be advantageous to discretize
the horizontal and vertical momentum equations in a similar fashion, by
calculating both the horizontal and vertical motion fields directly from
these equations. However, during the early development stage of the new
numerical model developed in this study, it was attempted to use the ver-
tical momentum equation explicitly to calculate the vertical motion field
by means of an advection and adjustment step (silmilar to the approach
presently used to calculate the horizontal wind). It was found that the
calculation of the vertical motion field in this fashion, and the calculation
of the surface pressure by means of the continuity equation, leads to an
important inconsistency in the split semi-Lagrange procedure. Therefore,
in the present version of the split semi-Lagrangian scheme, the vertical
motion and surface pressure are calculated consistently from the continu-
ity equation. The vertical momentum equation is not used explicitly, but
is incorporated in the elliptic equation used to diagnose the geopotential.
In the NHAD-model, the vertical motion field is also diagnosed from the
continuity equation. However, in the latter model there is no prognos-
tic eqution for the surface pressure (Room et al., 2001; also see Chapter
2). The approach in the split semi-Lagrangian scheme to obtain & and
ps consistently from the continuity equation bears close resemblance to
the solution procedure followed in hydrostatic o coordinate models. This
facilitates the development of a hydrostatic global or regional model to a
nonhydrostatic model based on the quasi-elastic equations.

In the o coordinate MP and NHAD models, the elliptic equation for the
geopotential is solved by an intricate procedure involving a Fast Fourier
Transform method (Xue, 1989; Xue and Thorpe, 1991; Room et al., 1991;
also see section 4.6). Some general software is required for this purpose
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(Xue, 1989). During the development phase of the new model in the
present study, it was thought best to have an independently coded elliptic
solver available. A SOR procedure was therefore developed to solve the
elliptic eqution in the geopotential, in two or three spatial dimensions (see
section 4.6). This procedure is reasonably efficient (see Chapter 5), but it
may be advantageous to implement a FFT method in the model for more
efficient solution of the elliptic equation in the future.

4.11 Discussion

Chapter 4 reports on the development of a novel split semi-Lagrangian scheme
formulated to solve the quasi-elastic ¢ coordinate equations on a nonstaggered
grid. The main features of the new dynamic kernel are:

e nonhydrostatic, quasi-elastic formulation using a terrain-following coordi-
nate based on the full pressure field;

e two time-level, time-split time integration scheme involving an advection,
adjustment, spatial filtering and spatial smoothing step;

e spatial discretization on a horizontally and vertically nonstaggered grid;

e semi-Lagrangian advection for the horizontal wind, surface pressure and
temperature, using McGregor’s method for the calculation of departure
points and bicubic spatial interpolation;

e high-order accurate centered differencing on the nonstaggered grid;
e high-order, highly scale-dependent Shapiro spatial filtering;
e option of explicit diffusion available;

e consistent evaluation of the surface pressure and vertical motion field by
using the continuity equation;

e semi-implicit treatment of the Coriolis terms;

e three-dimensional iterative solution of a variable-coefficient, non-linear el-
liptic equation for the geopotential at each adjustment time-step, using
SOR.

A distinguishing feature of the split semi-Lagrangian scheme, is its formulation
on a nonstaggered grid. This set-up is very attracive from a computational
point of view, since only one set of departure points needs to be calculated at
each advection step of the model. However, it is well-known that the nonstag-
gered grid has poor gravity wave dispersion properties (see sections 4.3 and
4.8). These may be improved by the use of high-order spatial differencing on
the nonstaggered grid (sections 4.3 and 4.8). However, the presence of station-
ary two-grid-interval waves remain problematic. These waves are filtered with
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a high-order spatial Shapiro filter (see sections 4.4 and 4.5.3). This filter has
a negligible damping effect at longer wave lengths, but completely removes the
two-grid-interval waves. The explicit diffusion step (section 4.5.4) is not required
for numerical stability considerations, but may be needed in order to obtain a
grid-converged solution (see section 4.5.4 and Chapter 5).

A traditional stability analysis (see Mesinger and Arakawa, 1976) of the adjust-
ment step of the split semi-Lagrangian scheme has not been presented in this
Chapter. There appears to be no straight forward way to find an analytic result
in this regard, because of the complicated nature of the o coordinate quasi-
elastic equations. However, for the case of linear advection, the semi-Lagrangian
procedure used in the advection step is known to be unconditionally stable (see
section 4.2). The frequency response of the adjustment step equations to the
forward-backward scheme (see section 4.7) also provides some indication of how
the gravity waves function to limit the maximum size of time step that may
be used in the adjustment step. In Chapter 5 the stability properties of the
full scheme are examined by means of numerical experiments. It is shown that
the split semi-Lagrangian scheme is stable at large Courant numbers during the
advection step. Fast travelling gravity and Lamb waves limit the size of the
time-step that can be used in the adjustment procedure. The large time-steps
allowed during the advection step, represent the main computational advantage
of the split semi-Lagrangian scheme over the explicit procedures used in the MP
and NHAD models. In fact, the split semi-Lagrangian approach may even in
some cases offer computational advantages over the widely used, highly efficient,
semi-implicit time differencing schemes.

In recent years, semi-implicit time integration schemes (e.g. Robert, 1969; Tapp
and White, 1976) have become very popular for use in NWP and climate sim-
ulation models (e.g. Cullen, 1990; Tanguay et al., 1990; McGregor and Dix,
2001; Davies et al., 2005). This popularity is to a large extent linked to the
development of models based on the fully-elastic, non-hydrostatic equations.
These models contain acoustic waves as part of their solution set (see Chap-
ter 1). The semi-implicit schemes neutralize the computational disadvantage
caused by the presence of acoustic waves in the fully-elastic equations, with-
out compromising the treatment of motion at spatial scales relevant to current
NWP and climate simulation (Tapp and White, 1976; Tanguay et al., 1990,
Davies et al., 2005). However, the stability of semi-implicit schemes at long
time steps is achieved by spuriously retarding the fast-propagating acoustic and
gravity waves responsible for the time step limitations of explicit schemes (e.g.
Davies et al., 2003). For high-resolution, meso-scale applications of a nonhy-
drostatic model, the fast propagating gravity waves may be important in their
own right, and the time-step used in a given semi-implicit scheme may have
to be shortened in order to represent the dynamics and physics of the motion
properly (e.g. Davies et al., 2003). Thus, the time-step advantage offered by
semi-implicit schemes over explicit schemes would be lost. It is for cases such as
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these where split semi-Lagrangian formulations may provide the most appeal-
ing choice of time integration scheme, from the perspective of computational
efficiency. Even for situations where the fast moving gravity waves carry a non-
negligible amount of the energy, the split semi-Lagrangian approach allows the
use of relatively large time steps for the simulation of the much slower advection
process. The fast moving gravity and sound waves may be accurately treated
during the adjustment procedure involving a much smaller time-step. However,
the explicit schemes and semi-implict schemes would be limited to the use of
small time-steps, because of stability and accuracy considerations respectively.

At larger spatial scales, where the fast moving gravity waves are not important
in their own right and may be parameterized (for orographic gravity waves, in
the case of numerical weather prediction and climate simulation), semi-implicit
time integration offers computational advantages over the split semi-Lagrangian
approach. In the latter case, the adjustment step would be limited to relatively
small values because of the presence of the fast moving gravity and sound waves.
However, the semi-implicit schemes will be stable at much larger time steps be-
cause of the spurious retardation of the fast-moving waves by these schemes.
Thus, the potential computational advantages of the split semi-Lagrangian ap-
proach are limited to high-resolution micro and meso-scale studies where the
accurate representation of fast-moving gravity waves is important.

The split semi-Lagrangian scheme may also offer a computational advantage
over traditional split-explicit procedures where Eulerian discretization is used
for the advection terms. Janjic (2001) stated that the advection step in (Eule-
rian) time-split solutions of the atmospheric equations used in numerical weather
prediction is limited by the CFL condition to values of about three times the
adjustment time-step. This is beacuse the wind speed can exceed 100ms™1,
compared to the speeds of up to 300 ms~'and 350 ms~'for gravity and sound
waves respectively. However, the statement of Janjic does not hold when a split
semi-Lagrangian method is used to solve the advection terms in the governing
equations. The linear analysis in section 4.2 (following McDonald, 1984) indi-
cates that the semi-Lagrangian scheme applied in the present study is uncondi-
tionally stable for the case of linear advection. The numerical results shown in
Chapter 5 for highly non-linear flow illustrate that when the time-split method
employs a semi-Lagrangian approach to solve the advection terms, advection
time-steps at Courant numbers larger than unity may be used, without com-
primising the numerical stability of the scheme. This yields a computational
advantage over Eulerian split-explict schemes.
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