









































































































































































































































3.3. Mixed effects model

3.3.2 Basic properties of the linear mixed model

Mixed effects models are used to describe the relationships between a response variable
and some covariates in the data that are grouped according to one or more classification
factors. Some examples of these types of grouped data include longitudinal data, repeated

measures data, multilevel data and block designs (Pinheiro and Bates, 2004).

The linear mixed model is an extension of the classical linear model, the only differ-
ence being the inclusion of a random effect in the model already containing fixed effects.
Deciding which effects to assign fixed and random depends on the context of the problem,

the question of interest and how the data was gathered.

The main use of fixed effect models is modeling the mean of the dependent variable as
well as modelling the effect that different independent variables may have on the depen-
dent variable. The random effects are used to model the variance-covariance structure of
the dependent variable. Random effects simplify the otherwise difficult task of specifying

the distinct elements of the variance of the dependent variable.

Since it cannot be assumed that the preference structure will be the same for all
respondents in a conjoint study, a model needs to be built that takes these differences
into consideration. The basic properties of a mixed model will be investigated first,

followed by an application of modelling preference data using a mixed model approach.

3.3.3 Linear mixed model

The linear mixed model (LMM) has the following form (Jensen et al., 2007):

yi= X8+ Z,b;+e; where i = 1,2,...m (3.22)

with n the number of observations, p the number of fixed effects, ¢ the number of random
effects and m the number of independent responses. Let

yi : n X 1: response vector;

X, :n x p: known design matrix for the fixed effects;

B : p x 1: vector of unknown fixed effects;

Z; : n x q: known design matrix for the random effects;

g; : n x 1 : vector of error terms;

b; : ¢ x lvector of unknown random effects.

Also note that the random effects and the error terms are assumed to be normally dis-
tributed as:
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where D; : g X g positive definite diagonal variance-covariance matrix of b; (since the ran-
dom effects are assumed uncorrelated) and R;: n x n positive definite variance-covariance
matrix of residual terms. Since the errors are assumed independent, the error variance
matrix simplifies to R; = 021, and the variance-covariance structure, D;, is considered
fixed for all the respondents, hence D; = D. Also note that since it is assumed that the

error terms and the random effects are uncorrelated.

The linear mixed model is very flexible in the sense that it can allow the errors to be
independent or correlated to each other. In the case where a study wants to consider the
errors to be correlated it is advised to keep the structure simple in order to reduce the
number of parameters that need to be estimated. The random effects are also assumed
to be independent, since the variance-covariance matrix, D, is considered diagonal, but

the model also allows for an extension in this regard.

It can be seen that the mixed effect model allows for two levels of correlation for
a measurement in a profile. The random effects causes all measurements among the
profiles to be correlated to each other while the second order of correlation results from
the within-profile variance-covariance matrix R;. The dependent variable will then be

normally distributed as (Jensen et al., 2007):
yi ~ N(X;8,V,)

where
V, = Z,DZ+R;

is an n X n positive definite variance-covariance matrix.

3.3.3.1 Stacked structure

Another way of representing this model in matrix notation is through the Stacked form.
This model literally stacks all the respondents matrices on top of the others to form one
big matrix that contains the information of all m respondents. This method simplifies

the calculations that will follow and will be illustrated as follows

y=XB+Zb+e¢ (3.23)
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where

y is a N X 1 stacked vector containing the responses for all profiles with N = nm;
X isa N x (p+ 1) stacked matrix of Xs;

B3 is a p x 1 vector of fixed effects;

Z is a N x mq block design such that Z = diag(Z;);

b is a mg X 1 matrix containing the vectors of random effects for each response and is
assumed to be normally distributed as b «~» N(0, D) where D = Diag(D,);

g is a N x 1 matrix containing the residuals for all m responses and is assumed to be
normally distributed as € «~~ N(0,R) where R = Diag(R,).

Visually this model can be represented as:

Y1 X 50 Zy 0 --- 0 b, €1
ye Xy B4 0 Z, b, 1P
=1, S o e

Note that R and D are both symmetric block diagonal matrices and cov(e,b) = 0. The

corresponding marginal model will then be given by (Jensen et al., 2007):

y=XB+¢
where €* «~ N(0, V). Then
y «~ Ny (X8,V) (3.24)
where
V =ZDZ'+R (3.25)

which is an N x N positive definite matrix. The conditional model form can then be

determined by using Theorem 3.1:
y|b «~ Ny(X3 + Zb,R) (3.26)

Theorem 3.1 Ify : N x 1 is a stacked vector of responses and b :mq x 1 is the matrix

of random effects, then the conditional distribution of y conditioned on b, will be given by
y|b ~ N(X3+ Zb,R). (3.27)

where X : N X p stacked matriz of design matrices X.s for the fized effects, Z : N X mq

diagonally stacked matriz of design matrices Zs and D and R are variance-covariance
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matrices.

Proof: Given the distribution of y and b

() A0 (o D))

using Result 8 the distribution of y, conditional on b will be normally distributed with a

mean

fy, = XB+ZDD '(b—0)
= XB+1Zb

and a variance-covariance structure of

Yyp = V—ZDD 'DZ
= ZDZ'+R - ZDZ
= R.

3.3.4 Parameter estimation

The different parameters that will need estimation in a linear mixed effects model includes
the fixed effects as well as the random effects. Many researchers do not like the term
"estimation" when working with random effects, but would rather call the process "the
prediction" of random effects as it does suit the procedure better. Hence the estimation
of the fixed effects will be given by the Best Linear Unbiased Estimates (BLUE) and the
prediction of the random effects will be given by the Best Linear Unbiased Predictors
(BLUP). The parameter estimation in mixed effects models can follow two directions.
The first one that will be considered is the situation where the variance components
are known. The variance components are usually unknown which will results in a more
complicated estimation and prediction process; but by illustrating the case where the

components are known, a better understanding of the process can be obtained.

3.3.4.1 Estimation when the variance components are known

When V is known it can be assumed that D and R will also be known (3.25). The only
parameters that needs estimation is the fixed effects, 3, and the random effects, b. The

estimation of the fixed effects will be considered first.
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» Fixed parameter estimation
By simplifying the distribution of the mixed effect model to a marginal model the estimates
can easily be obtained using the maximum likelihood (ML) approach. The marginal
model will be:

y=XB+¢e" (3.28)

where
"~ N(0,V).

Since y is normally distributed the likelihood function can be represented as:

1 1 N 1<
L—WGXP{—§(3’—X[3)V (v Xﬂ)}- (3.29)

In order to find the estimates, the parameters will be evaluated against the loglikelihood

which is expressed as:

1

Logl =~ log(2m) ~ 1 log [V] — 5 (y ~ XB)'V"(y ~ X8) (3.30)

1 1
= 5 log(2m) — 3 log [V = 5[y'V 'y —y'V !X
X'BV1ly + X'V X3

The parameter estimates, B,Wﬂl then be determined by setting the first order derivative

of the loglikelihood in terms of 3, equal to zero, as follows:

LogL 1
a og - _ = [O_ylv—lx _ X/v—ly + 2xlv—1xﬁj|
93 5
1
= —3 [-2X'V 'y +2X'V'X}3]
=0

which results in the closed form expression:
S B=(X'VIX)'X'Vly. (3.31)

» Random parameter prediction

Since the assumptions for the random effects differ from those of fixed effects, the method
of estimation also differs. The fixed effects are considered to be constant, while the
random effects are considered as effects coming from a population of effects. As Mc
Culloch et al., 2008 stated, it is the population that is the extra assumption, compared

to fixed effects, and it is hoped to lead to an estimation method for random effects being
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an improvement over that of fixed effects.

To obtain the prediction of the random effect, the expected value of the conditional

distribution of b, conditioned on y, needs to be determined:

Theorem 3.2 Ify : N x 1 is a stacked vector of responses and b :mq x 1 is the matrix

of random effects, then the conditional distribution of b conditioned on y,will be given by
bly « N(DZ'V~(y — X3),D - DZ'V~'ZD)

where X : N x (p+1) stacked matriz of design matrices Xs for the fized effects, Z : N xmq
diagonally stacked matriz of design matrices Z.s and D and R are variance-covariance

matrices.

Proof: Given the distribution of y and b

() A (o D))

using Result 8 the distribution of b, conditional on y will be normally distributed with a

mean

fy, = 0+DZ'V7'(y -Xg)
— DZV(y - XB)

and a variance-covariance structure of

Yy =D —DZ'V'ZD. (3.32)

The prediction of the random effect will then be:
b = E[bly] = DZ'V !y — X13). (3.33)

3.3.4.2 Estimation when the variance components are unknown

When V is unknown, the variance-covariance structures D and R must first be determined
before the unknown parameters 3 and b can be estimated. This is no longer a straight
forward calculation as the estimates will no longer have closed forms. A solution to this

potential problem is applying an iterative approach to find the optimal solution.
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One method that can be used to calculate these parameters is the Expectation Max-
imization (EM) algorithm. The EM algorithm is an iterative algorithm typically used
to compute the ML estimates or the restricted maximum likelihood (REML) estimates in
the presence of missing data or unobservables. The term ’expectation maximization’ al-
gorithm was coined by Dempster, Laird, and Rubin in their fundamental paper published
in 1977. The use of the EM algorithm has increased drastically over the last few decades
and the development of computer capabilities extended the growth even more. Wu, 2010

list some advantages of this algorithm:

e The convergence is stable and with each iteration the likelihood is maximized.

e The M-Step (which is the second step in the process and will be discussed in more detail
shortly) involves only complete data maximization so it is often compositionally straight
forward; and

e The algorithm is very general and can be used in almost any maximum likelihood
estimation problem with unknown quantities. In the mixed model case, the random

effects are considered to be the missing values.

The disadvantage of the EM algorithm is that it may be slow to converge, although
there are many suggestions available in the literature to speed up the process. Meng and
Van Dyk (1997) proposes strategies that aim to make the EM algorithm converge faster

while maintaining its simplicity and stability.

» The theoretical EM framework

The EM algorithm is an iterative method used to find the MLE’s of a statistical model
where there is dependency on unobserved latent variables. The theoretical framework of
the EM algorithm follows in two basic steps. The first step is the E-Step. This step
creates a function (), which represents the expectation of the loglikelihood. This step
then further evaluates the function () at the current parameter estimates. The second
step is called the M-Step. This step then maximizes the simplified likelihoods. Since
the random effects are treated as the "missing-data", and the responses are referred to as

the "observed-data", the "complete-data" can be represented by:
(v:b) ={(y;,b;);i = 1,2,..m}. (3.34)

Let k (k= 0,1,2...) denote the number of iterations, that will continue until convergence
is met, then after choosing a initial set of starting values, the EM process continues as
follows (Wu, 2010):

E-step:
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At iteration k, this step computes the conditional expectation of the complete-data log-
likelihood given the observed data and the current parameter estimates. The conditional

expectation is represented in the form of the function Q):

Q(66") = E [log L(6]y, b)ly, 6]

M-step:
This step maximizes the conditional expectation, Q(0|0(k)), found in the E-Step with

respect to the unknown parameters, to produce updated estimates of the parameters

QO™ 10M)) > Q(a]6W).

This process is iterated repeatedly until convergence is met. It is important to note
that the EM algorithm only converges to local maxima. Hence, when the likelihood has
multiple nodes a good starting value should be chosen and different starting values should
be considered to ensure that the algorithm converges to a global maxima. It is no surprise

that the EM algorithm converges very slowly if poor choices of starting values are made.

» EM algorithm for the ML approach

Since the E-step starts off by computing the conditional expectation of the complete-data
loglikelihood, the first step will be setting up this complete-data loglikelihood. Please
note that model (3.22) will be used in these calculations, and not the stacked model that

was considered up to now. Given that complete-data represented by:
(y,b) ={(y;,b;);1=1,2,..m}.

The likelihood function of the observed data linear mixed model with multiple responses,

(3.22) can be represented as,

L(Oly) =[] f(yil6)

i=1
where 8 = (3,1) represents a vector containing all the parameters that will need to be
estimated, and 7 represents the vector containing the distinct parameters of the variance-
covariance matrices R; and D;. By using introductory concepts of probability for the

mixed model the likelihood can be partitioned into two subsets:
f(yil0) = f(yilbi, B, R;) f (b:|Dy).

Since it is known from (3.27) that y;|b,~ N(X,8 + Z;b;, R;) and from the assumptions

about a linear mixed model that b; «~ N,(0,D;), where D; remains the same for all
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individuals, it follows that:
f(yilbi 8, R,) L. { L (yi—XB-Z,b,) R (y,— X, zvo)}
i|P, 0, ;) = 7 CXP{ — S5 \Yi— AP 40 Iy YT AP — 4Dy
. o ARET U2 ’
! e { ! (e;)R; (e } (3.35)
= —————73&xpq—5le)R; (e .
)R {E L2

where e; = y;,—X;3 — Z;b,; and

f(b;/D) = —lbilei} . (3.36)

——exp
(27)9/2|D|z { 2

The loglikelihood of respondent i will then follow as:

n 1 1 _

1 1
—g log(2r) — 5 log|D| — 5D "'b, (3.37)

Once the complete-data loglikelihood is obtained, the E- and M-steps can commence.

The E-step:
The conditional expectation of the complete-data loglikelihood will be represented by the

function @) as:
Q(66") = E [log L(0ly.b)ly. 6"

= b

> {log f(yilbi.B, R;) + log f(b;|D)|y:, 9<k>}]

=1

where log L(8|y.,b) is represented by (3.37). The E-step can then be simplified to the
computation of the following sufficient statistics of the variance-covariance parameters,

7, in the covariance matrices R; and D (Wu, 2010):

- ~(k “ ~k
ZE (e;ei|yi, 9 )) = Z [a(k)€§k) +tr [cov(ei\yi, 0 )H
i=1

i=1
and . .

Y E [bz‘bﬂ}’m a(k)} => [ng)gg(k) + cov(bily;, ak)}

i=1 i=1
where

e = Yi_XiB(k)_Ziggk)
b = D"z V@) v -XB")
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Vil @®) =z )2+ R

)

The M-step:
For this step the parameters that will maximize the conditional expectation, Q(G\H(k)),
must be calculated to produce the updated parameters.. The updated estimates of the

parameters can be determined as follows. Firstly, the estimated fixed effects will be:

This follows in the exact same way as the parameter estimation when V was known.
Estimated variance-covariance values are used to determine the estimated fixed effects.
The iterations will result in more accurate results with each iteration. The prediction
of the variance components can then be determined by the calculation of the conditional

expectations within Q(0|0(k)). Firstly it is important to consider the following theorem.

Theorem 3.3 Given thany :N x 1 is a stacked matrix of responses and € :N X 1 is a
stacked matrixz of residuals, then the conditional distribution of €, conditioned on y will
be given by

ely “NR'V(y - X3),R- RV 'R)

where X : N X p stacked matriz of design matrices Xs for the fived effects, Z : N x mq
diagonally stacked matriz of design matrices Z.s and D and R are variance-covariance

matrices.
Proof: Given the distribution of y and e

(G )

using result 8 the distribution of e, conditional on y will be normally distributed with a

mean

Hely = 0+ RlV_l(Y - X/B)
= R'V7(y-Xg)

and a variance-covariance structure of

Sey =R-R'V'R
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[ ]
Thus for the LMM the parameter estimations simplifies to the following computations

(Wu, 2010):

m

5" o 5"
ZE[ Dy, 0 } ZE[ Pelly:, 0
~2(k+1) _ =1 = 3.39
G — N (3.39)

where using Result 9:

(3 (2

B [eMely;,0']

M

=1

) R /\k
e( ) (k) —+ tr CO'U(ez|YZa ):|:|

'MS

<
I
MR

S ®® 4 4 [5201, 4 5A0Y Vfl(ﬁ(’“))lnﬂ

'MS

-
Il
R

Ve 1 or [RY - ROV GO)LRY)|
.| |

'MS

2

The variance components of the random variables can be determined in a similar way by
using Result 9 and (3.32):

m

ZE [bibﬂyz‘,b\(m]
(k+1) _ =L - (3.40)

o
|

Z b( )b/( ) + cov(b;|y;, k)}
m

3 bk + <ﬁ<k>_ﬁ<k>zgvf1<k>ziﬁ<k>)}

The final step:

~ ~(k+1) ~ —~ —~
If convergence is reached at iteration k, then set B = B( * ), D =Dk R =
and b = B(k“), otherwise increase k by 1 and return to the E-Step.

F2(k+1)1

n

Example 3 (SAS Program 3) Consider the following example obtained from Lasaffre and
Lawson, 2012. A study was done to investigate the cholesterol intake between subsidiaries

corrected for age and gender.  They wanted to find out how much of the subsidiary
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variability in cholesterol intake could be explained by age and gender. The model was

represented as follows:
Yij = B, + Bragei; + Bagenderi; + by + €

where y;; is the cholesterol intake of the it subject in the j™ subsidiary. Further it was
assumed that by v~ N(0,0% ) and g;; «~ N (0,0%). Using the EM algorithm the following

results where obtained:

B, 421.71

B=| 6, | =| —0.744
B, —55.16
o? = 94.23.

The estimated parameters indicate that age does not have a great influence on the choles-

terol intake since it does not contribute greatly to the model, but gender definitely did.

¢

For more complex data structures, methods that can be used to determine the estimated
values include the Restricted Maximum Likelihood (REML) approach and the Newton-
Rhapson (NR) method.

» EM algorithm for the REML approach

When using the REML approach to estimate the unknown parameters the same steps
can be followed as when using the ML approach. The difference however is that the
REML approach partitions the likelihood into two parts where one will be free of fixed
effects. The part of the likelihood function that does not contain the fixed effects will then
be maximized to obtain the unknown variance components (Corbeil and Searle, 1979).
Using these estimates, the part of the likelihood that was not used in the first step of the
procedure will be maximized with respect to the obtained variance estimates to determine
the estimates for the fixed effects. It is advisable to use REML estimates for more complex
data since the variances are generally non-negative and the REML method is uninfluenced

by outliers.

» Computing estimates using the NR approach

Another popular method used to estimate the unknown estimates is the Newton-Rhapson
(NR) method. This is also an iterative approach, often employed in statistical soft-
ware packages, which uses a root-finding technique, and can be summarized as follows
(McCulloch et al., 2008). Starting with a function f(@), this method aims to find the
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root of

O£(9)
00

which will hopefully be a maximum. (3.41) can then be expanded about 8, as

=0 (3.41)

of0) o 0*f(0)
50 =£{'(0) Nf(00)+8080, (6 —8,). (3.42)
Equating (3.42) to zero
: 0’ () _

and solving for the roots of (3.43), results in

o*(0)] ",

The root can then be calculated iteratively to refine the estimates

9:00—|:

02 (0™)

(m+l)_ gm) _ | YL \¥ J
0 =0 [ag(m)ag(m)/

-1
] £/(0™).

Lindstrom and Bates (1988) discussed the differences between the EM algorithm and the
NR approach. Although both approaches are relatively quick in estimating the unknown
parameter it is the NR method that converges in less iterations than the EM algorithm
and is consistent in it’s convergences. Another big advantage of the NR approach is the
objective of the convergence criteria. ~While the convergence criteria implemented for
the EM algorithm is the size in the change of the parameter estimates from one iteration
to the next, this is not considered by some as a pure indication of actual convergences
but rather of a lack of progress. The NR approach uses a orthogonality criteria that
can easily be calculated from iteration to iteration. The NR method can also be easily

adapted to handle most common extensions of mixed models.

Example 4 (SAS Program 8) Consider the previously discussed example based on the
study to investigate the cholesterol intake between subsidiaries corrected for age and gen-

der. The model was represented as follows:
Yij = B, + ﬁlagez’j + 5296nd€ri3‘ + boi + €ij

where y;; is the cholesterol intake of the i subject in the j™ subsidiary. Further it was
assumed that by «~ N (0,07 ) and g;; «~ N (0,0°). Using the NR algorithm the following
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results where obtained:

3, 423.98
B=15 | =] —05719
By —54.2712
o? = 110.66

These estimates are very close to those obtained by using the EM algorithm, in example

3, and the results of the study was exactly the same.

¢

3.3.5 Hypothesis test

When modelling data as a mixed effects model the estimates that will need to be deter-
mined include the fixed effects, 3's, as well as the variance components of the random
effects, . It is necessary to evaluate these parameters to ensure that they are signifi-
cantly different than zero. If this is not the case then these estimates will not contribute
significantly to the model. Tests can be applied to the fixed effects as well as the variance
components of the random effects to identify whether they can be included in the model

or if they do not contribute to the overall study.

3.3.5.1 Test for fixed effects

There are just a few tests mentioned in the literature used to test the significance of the
estimated fixed effects parameters. The first step to testing the significance is choosing
a contrast matrix L, which is a vector defining an estimable linear combination of 3's, to

test the hypothesis:

H, : LB=0
H, : LB#0

The t-test, Wald test and the F-test’s can be used to tests these hypotheses. The

particular test statistics can be calculated as follows:

t-test statistic t = L5
VLX'V-1X) 7L

Wald test statistic Wald = 8L/ {L(X/\A/*IX)*lL/} L3

L. AU {Lx'VX) 'L }LB
F-test statistic F= ranh(LOOV1X) 1L
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The Wald test statistic will have an approximate y? distribution with rank(L(X'V~1X)~1L/)
degrees of freedom. It has been mentioned that the Wald test statistic does not produce
accurate results when the number of data points are small. The F-test statistic will
have a F-distribution with numerator degrees of freedom of rank(L(X'V~1X)~'L’) and
denominator degrees of freedom estimated from the data (Khattree and Naik, 2003).

3.3.5.2 Tests for random components

When evaluating the significance of the random effects the variance components of these
effects must be considered. If a variance component is not significantly greater than zero
then the associated random effect will not be included in the model. The researcher
will only prefer a mixed model approach to a fixed model if the random effects can
significantly contributes to the model (if the variances are significantly greater than zero).
The hypotheses that will be tested are:

H, : 0i=0

Hy : op>0.

If the null hypothesis can be rejected, the researcher will include the associated vari-
able as a random effect in the model. = One way to test this hypothesis is by de-
termining the approximate Wald Z statistic. = The test statistic can be calculated by
(Kleinbaum et al., 2008):

(3.44)

Since this test is only accurate for examples with a large set of groups it is advisable
to include the likelihood ratio test to compare the results obtained using the Wald Z
test. The likelihood ratio test compares two models (one with and one without the
random components) using a Chi-square statistic with r degrees of freedom, where r is

the number of variance and covariance parameters that will be estimated in D.

3. CONJOINT ANALYSIS DESIGN 85

© University of Pretoria



&
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Qe YUNIBESITHI YA PRETORIA

3.3. Mixed effects model

3.3.6 Conjoint analysis industrial cleaner example

OLS estimation at the individual consumer’s level accounts for arbitrary parameter het-
erogeneity between consumers. In conjoint analysis studies, these parameter estimates
and the consumers’ preference heterogeneity can be explored and possible market segmen-
tations can be obtained. This has been proved to be a major advantage to companies
that use conjoint analysis studies to gain these insights. Unfortunately the number of
data points available at the individual consumers’ level is generally very close to the
number of unknown model parameters, due to the limited time and attention span of
interviewed consumers. This results in statistically based model comparisons at an indi-
vidual consumers’ level which is nearly impossible (Frithwirth-Schatter and Otter, 1999).

A possible statistical solution will be to use the mixed effect model approach.

When measuring the preferences of 86 individuals it is necessary to consider that not
all of these individuals will share the same preferences and ideas. It is these differences in
respondents’ preferences that excite the idea of including random effects in the study. A
researcher cannot explicitly model these differences but by adding a random component to
the fixed effect model the researcher can evaluate the effect that the individual variation
has on the model. In a conjoint setting the mixed effects model can be represented in
a similar way as the models in the fixed effect environment, but now random effects are

also included in the model.

e Let i = 1,2,...m represents the number of respondents, (m = 86), who took part in the

study.

o Let j = 1,2,...n represents the number of profiles that each individual respondent will
evaluate, (n = 18).

e Let p represent the number of fixed effects and ¢ the number of random effects in the
model. For this example, p = ¢ = 9, including the intercept term since the model will

include a random component for each of the fixed effects in the model.

Then the linear mixed model will be represented by:
yi= XiB + Z;bi+e; (3.45)

where X, : n X p design matrix set up using the specific attribute levels present in each
profile, Z; : n x ¢ is the design matrix for the random effects, 3 : p x 1 is the vector
containing the unknown fixed effects (these effects stays fixed for all respondents), b; : gx 1
is the vector of random effects (which differs for each respondent) and e; : n x 1 is the

vector of error terms. It was also assumed that
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b;~ N(0,D,) and e, N(0,R,).

For the industrial cleaner example each respondent will have the same attribute level
design matrix, since all of them evaluated the same set of profiles. This means that X;
will be the same for all respondents. The matrix X; was represented by Illustration 3.2.4.
A special case of the linear mixed effect model is called the Random Coefficient Model.
For this model, Z;= X; since the model will investigate the inclusion of random effects
for each of the attribute levels as well as the inclusion of a random effect for the intercept
term which will allow the researcher to evaluate the effects at an individual consumer’s
level as well. Consider once again the 5 attributes’ levels as presented in the design

matrix X;, were the shorter notation was once again used. The mixed effect model will
be:

Yij = Brej+ Bp%i + Bpatjs + Bar®ia + Basjs + Bpitje + BpiZjr + Bp1js +
Bpatjo + brizjn + br1izjo + braizjz + barizja + bazizjs + bpiizje + bprizjr +

bpiizjs + bpaizjo + €45
Since Z;= X; for this model, the fixed and random components can be grouped together:

vi; = (Br+br)ra+ (Bpr +bri)xjo+ (Bro + br2i)xis + (Bar + bari)xja +
(Bag + bazi)zjs + (Bp1 + bpii)xje + (B + bii)xjr + (Bpy + bp1i)xjs
+(Bpy + bpai)xjo + €45

which can then be simplified to the model with form:

Yij = (Br)rjp+ (Bru)Tiz + (Bpei)xis + (Bar)Tja + (Bagi)Tis + (Bpis)Tie
+(Bpr)zjr + (Bp1i)Tis + (Bpai)Tjo + €ij

or

yi= X0B;+€;

where 8, = 8 + b, and
B, N(B8,D,) and €;+~ N(0,R,).

For this model y;; will be the utility measurement for respondent ¢ and profile j. 3;
is considered the overall population grand mean, and dj; is the overall effect due to
respondent i. This model allows the researcher to asses the effects on a respondent level

as well as the effects measured on a profile level. For this example assume that each
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individual will have the same variance-covariance structures, D; = D, and R; = ¢°1,,.

The inclusion of the random effect in the model allows the researcher to model the
distribution of the responses for all the particular attribute levels. By calculating the
variance components of each of these attribute levels the researcher can see how wide the
spread, over all the individuals’ responses are for each attribute level. By evaluating the
variance component of the intercept term, the researcher can investigate how the variation
among the respondents preferences influences the model. When the spread is wide (large
variance) the preferences will be more difficult to determine as there was not an overall
group agreement between the different respondents about this particular attribute. When
the variance is small for a given attribute level it means that the overall population of
respondents did agree on whether or not a particular attribute level will contribute to the

overall appeal of a product.

The study investigated three different variance-covariance structures for this mixed
effect model and evaluated the significance of each of the estimated parameters at a 5%
level of significance. Although some of the parameters will not significantly contribute to
the model, they will not be removed from the conjoint analysis study. This insignificance
simply illustrate that those specific part-worth utilities will not influence the respondents
overall preference towards the profiles. In SAS, PROC MIXED was used to estimate the

unknown parameters using a ML approach (SAS Program 4).

3.3.6.1 Mixed effects model 1

The first structure considered is the compound symmetry structure which has the following

form:
o2 0 0
0 o2 0
D= .
0
0 0 o2

This structure allows only one variance component for all of the random effects. This
means the model will have less parameters that will need to be estimated, than the
other models that will be investigated, but this method does not allow the researcher to
investigate different variances for the different attribute levels. Applying this model to
the industrial cleaner example the estimated values together with the significance of the

parameters were indicated in Table 3.13 and Table 3.14.
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Table 3.13 Estimated fixed effects (Model 1)

Fixed Effect Estimated Value | p-value | Significant
Intercept | 53, 3.7398 < 0.0001 V
F1 B —0.2171 0.0008 W
F2 Brs 0.1667 0.0094 /
Al B —0.3450 < 0.0001 W
A2 B a2 0.0233 0.7118 X
D1 B 0.5102 < 0.0001 W
Bl B —0.1541 0.0084 WV
P1 B 1.1318 < 0.0001 W
P2 Bps 0.0814 0.1980 X

Table 3.14 Estimated variance components (Model 1)

Effect Estimated Variances | p-value | Significant
Residual | o2 1.2000 < 0.0001 v
Intercept | o7 0.2052 < 0.0001 vV

F1 oo 0.2052 < 0.0001 v
F2 Oy 0.2052 < 0.0001 v
Al o 0.2052 < 0.0001 Vi
A2 o 0.2052 < 0.0001 v
D1 oh 0.2052 < 0.0001 Vi
Bl o 0.2052 < 0.0001 v
P1 oo 0.2052 < 0.0001 v
P2 Ty 0.2052 < 0.0001 Vi
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3.3.6.2 Mixed effects model 2

The second structure that was considered is the full variance components structure which

has the following form:

o3 0
0 0%, O
0 S 0

This structure ensures that each variable will have their own assigned variance compo-

nents and implies that the random effects are uncorrelated, as assumed in the original

mixed model assumptions.

Together with the estimated values, the significance of the

parameters were also indicated

Table 3.15 Estimated fixed effects (Model 2)

Fixed Effect Estimated Value | p-value | Significant
Intercept | 3, 3.7398 < 0.0001 v
F1 B —0.2171 < 0.0001 W
F2 Brs 0.1667 < 0.0001 /
Al B —0.3450 < 0.0001 W
A2 B 12 0.0233 0.6024 >
D1 By 0.5102 < 0.0001 /
Bl B —0.1541 0.0009 W
P1 B 1.1318 < 0.0001 WV
P2 By 0.0814 0.1168 »
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Table 3.16 Estimated variance components (Model 2)

Effect Estimated Variances | p-value | Significant
Residual | o7 1.2346 < 0.0001 Vi
Intercept | o7 0.5202 < 0.0001 v

F1 o 0.0661 0.0059 v
F2 Oy 0 : X
Al ot 0.1471 < 0.0001 Vi
A2 o 0.0330 0.0086 X
D1 oh 0.2978 < 0.0001 v
Bl o2 0.0940 0.0002 v
P1 Op 0.4394 < 0.0001 v
P2 Gry 0.0898 0.0042 v

3.3.6.3 Mixed effects model 3

The third model considered an wunstructured variance-covariance matrix. This matrix

drops the assumption of uncorrelated random effects and takes on the following form:

2
or O1rF1 - o1p2
2
OrF1 O
D =
2
orp2 -t Opip2 Opy

This results in more than just the 9 variances of the random effects, including the intercept,
that needs estimation, now the related covariance structures also need to be estimated.
The fixed effects and the variances of the variance-covariance matrix that was obtained,
with the evaluation of whether they are significant or not, are represented in Table 3.17
and Table 3.18:
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Table 3.17 Estimated fixed effects (Model 3)

Fixed Effect Estimated Value | p-value | Significant
Intercept | 53, 3.7398 < 0.0001 V
F1 B —0.2171 < 0.0001 W
F2 B 0.1667 0.0001 W,
Al B 41 ~0.3450 < 0.0001 W
A2 B a2 0.0233 0.6277 X
D1 By 0.5102 < 0.0001 W
Bl B —0.1541 0.0009 WV
P1 B 1.1318 < 0.0001 W
P2 Bps 0.0814 0.1337 X
Table 3.18 Estimated variance components (Model 3)
Effect Estimated Variances | p-value | Significant
Residual | o2 1 < 0.0001 v
Intercept | o7 0.5352 < 0.0001 v
F1 oo 0.0958 0.0034 v
F2 Oy 0.0163 0.2458 X
Al o 0.1862 < 0.0001 Vi
A2 G 0.0584 0.0253 v
D1 G 0.3055 < 0.0001 v
Bl o 0.0975 0.0001 v
P1 oo 0.4918 < 0.0001 v
P2 Ty 0.1162 0.0093 v

When comparing these three models, it can be seen that the estimated values for the fixed
parameters are the same for all three models. Only two of these estimated parameters
are not significantly different from zero, which is an indication of the indifference of the
respondents towards these attribute levels. Since positive part-worth utilities, indicate
that the respondents prefer a specific attribute level, while negative part-worth utilities
is an indication that the respondents do not prefer a certain attribute level, a part-
worth utility close to zero show the indifference of respondents toward that attribute
level. As the variance-covariance structures changes, so do the estimated variances. For
the first model, all the variance components of the random effects are the same and do
differ significantly from zero. When the model allows for different variances between

the different attribute levels, as in model 2, the variances across the different attribute
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levels clearly differ. When the model allows for correlation between the different attribute
levels, the variance covariance structure of model 3 is used. Using a model that allows
for correlation is more realistic since it can be assumed that there will be correlations in
the way in which different respondents’ choices are made. A typical example is when
a respondent who usually chooses the lowest possible price will always pick the lowest
possible price, not really ever allowing to be persuaded to buy a more expensive product
that has a higher quality. The estimated variances obtained in model 2 and 3 are very
similar. The only variance component that is not significantly different from zero, in
model 3, is the variance associated with the concentrated liquid product form. When
the variance component of a specific attribute level is close to zero it indicates that the
preferences, over all the respondents, for that attribute level was very thinly spread. All
respondents had a very similar preference towards that specific attribute. The next
unit will compare the models that has been investigated and the results of the estimated

parameters will be discussed.
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3.4 Model comparison

Researchers are always faced with the question of what model has the best fit. Choosing
the best model for the data is not always a straightforward or easy task. One way that
this can be accomplished is by using the Akaike Information Criteria (AIC) to choose the
best possible model from the different models being considered. The AIC method uses
the definition of the Kullback-Leibler information which is a distance measure between
two density functions (Ngo and Brand, n.d.). When comparing the densities of the true
model and the selected model, one would prefer the distance to be as small as possible as
this will indicate that the model is a good fit for the true data. The AIC measure can
be represented by

AIC = —2Loglikelihood+2d (3.46)

where d represents the number of parameters that were estimated (Ngo and Brand, n.d.).
The fact that this method imposes a penalty for the number of parameters that was
estimated is why it is such a good measure to be used to compare models. When using
this method to compare the accuracy of the models applied to the industrial cleaner
example the model that came out at the top (the model with the smallest AIC value) was
the mixed effects model 3 with the unstructured variance components. The traditional
approach was also compared to the more comprehensive models, eventhough is has a much

simpler covariance structure. Table 3.19 presents the findings:

Table 3.19 Model comparisons

Model AIC

Traditional conjoint model - fixed effect model | 5897.4
Mixed effects model 1 5590.4
Mixed effects model 2 5473.2
Mixed effects model 3 5460.9

The addition of the random components to the usually fixed effect model, can effectively
account for the correlation between respondents as well as the variation within the respon-
dents. Mixed effects model 1 illustrated that by adding the random effect to the model,
the overall model fit did indeed improve. This motivates the initial thought that some of
the variation of the model can be explained by the heterogeneity among the respondents.
By restricting the variance-components to all be the same, the researcher can’t effectively
investigate the variance-covariance structure of each attribute level. Thus by modelling
the variance-covariance structure as was done in Mixed effects model 2, the researcher

can model a different variance component for each attribute level. These variances gives
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the researcher a good indication about the variation of the sample of respondents’ pref-
erences towards each individual attribute level. The third model, Mixed effects model
3, ignored the assumption of the uncorrelated random variables and allowed a correlation
between variables. This resulted in the model with the best fit. Consider the following
estimates of all of the fixed effects parameters as well as all the random effects’ variances.
The values of the parameters that was not present in the model was found by applying a

simple reparameterization to the dummy variables and estimating the parameters again.

Table 3.20 Full set of parameters (Model 3)

Effect Estimated Value Estimated Variances
Residual 52 1
Intercept | 3, 3.7398 6'\31 0.5352

F1 | Bp 02171 52, 0.0958
F2 | B 0.1667 52, 0.0163
F3 | Brs 0.0504 52, 0.05183
Al | By —0.3450 52, 0.1862
A2 | B 0.02326 &2, 0.0584
A3 | Bus 0.32174 &2, 0.1464
D1 | fp 0.5102 = 0.3055
D2 | Bpy 0.5102 52, 0.3055
Bl | —0.1541 52, 0.0975
B2 | fBp 0.1541 52, 0.0975
Pl | Bp 1.1318 52, 0.4918
P2 | By 0.0814 52, 0.1162
P3| Bpy —1.2132 52, 0.4172

By visually representing these attribute levels and their estimated mean part-worth values
and variances, the researcher can obtain important insights into the way in which the
overall sample of respondents’ preferences where distributed. The estimated fixed effects
are similar to those obtained in the fixed effects model and will yield the exact same
visual representations as Figure 3.2.1. The researcher needs to consider that this sample
of respondents reflects what will hopefully be the preference structure in the market
place. When the data of this industrial cleaner study was initially collected, the team of
researchers did choose a representative industrial sample of respondents, to ensure that
the results obtained from these 86 individuals will be a representation that will closely
resemble the preferences in the market place. Although many companies are simply

interested in the product that performs the best, it can be seen that there is valuable
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information in investigating the difference between these different attribute levels.

Although the level with the highest part-worth is classified as the "best" option, this
will not always be the case in all markets. Other possible combinations of attribute
levels, that did not necessarily perform the "best" can cater for sectors in the market
that would not have chosen the "best" product. If these alternative market segments
are large enough, a company can possibly profit from producing more than one product.
The following visual representations will represents these estimates obtained for each
attribute level. The preference level is an indication of how much, or how little, the
respondents liked the selected attribute levels.  The higher the preference level, the
greater the overall preference. The first graphical representation, Figure 3.4.1, illustrates

the overall likelihood of purchase of the respondents.

Overall Respondent Preference
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Figure 3.4.1 Overall likelihood of purchase

Overall, the consumers indicated that they did like the 18 profiles that were presented
to them, as the distribution is situated to the right of 0. What does greatly influence
the variation in the linear mixed model, is the big variance associated with the overall
likelihood of purchase. The big spread around the mean indicates that the group of
respondents’ preferences did vary a great deal when they had to choose between the
possible profiles. This variation can encourage a researcher to investigate the possibility of
grouping the respondents into specific market segments. If the researcher had additional

information about all of these respondents, he/she could use that information to classify
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these respondents and model them according to these segments. ACA (Adaptive Conjoint
Analysis) originated to solve this problem. If, however the researcher did not have any
additional information about these respondents, as was the case with this study, clustering
techniques can be applied to each respondents part-worth values (3's) to group individual
customers who have similar preference structures. These segments may then be profiled
and assessed for the unique preference structures and market potential (Hair et al., 2006).

The first attribute that was considered was the product from.

Froduct Form
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Figure 3.4.2 Product form

When the researcher only consider the part-worth values obtained from the traditional
conjoint analysis method then the concentrated liquid product form would have been the
preferred choice. The red distribution illustrates the preferences towards this product
form. Clearly the concentrated liquid form was preferred by the respondents. Since the
variance of this attribute level is very small, it illustrates that the population of respon-
dents was in a general agreement about how much they prefer this attribute level. By
further investigating the powder product form, represented by the dark blue distribution,
it can be seen that a great portion of the respondents indicated that they do prefer this
product form, although not as much as the concentrated liquid form. Although their
preference toward the powder product form is not the highest, it is important to real-

ize that they did not dislike this product form. The company can consider to produce
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products with these two different forms.

Number of Applications
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Figure 3.4.3 Number of applications

The second attribute, the number of applications per container, also had three different
levels. It was expected that the smallest number of applications would be disliked by
almost all of the respondents. When a customer considers a container that has a cer-
tain price, it is natural to choose a container that will ensure many applications. The
small proportion of the population that preferred the smaller number of applications per
container may be respondents who would prefer smaller containers as they are easier to
transport. The largest number of applications per container was preferred by almost the
whole sample of respondents. The researcher should consider who the users are of this
industrial cleaner. Many of the customers may be business-owners themselves, that have
to consider their own expenses and the influence it will have on their profit. The greater
number of applications they can get for the smallest amount of money, the larger their

own profit.
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Disinfectant
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Figure 3.4.4 Disinfectant

When investigating the inclusion of disinfectant in the industrial cleaner, it is clear that
this attribute had a big influence on the variation in the linear mixed model. Although
a large proportion of the respondents indicated that the inclusion of a disinfectant in the
industrial cleaner is important, they were not in agreement about how important it actu-
ally is. It is because of this uncertainty that this attribute had a large importance value
in the traditional conjoint analysis model. The uncertainty surrounding the respondents
preference, about this particular attribute, may have a big influence on the prediction of
the actual preferred profiles. The company should investigate possible ways to decrease

this uncertainty through different possible marketing campaigns or advertising schemes.
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Biodegradable
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Figure 3.4.5 Biodegradable

Eventhough the part-worth value for the biodegradability attribute is not so high, when
compared to other attribute levels, this visual representation indicates that the respon-
dents in general preferred the biodegradability quality of the industrial cleaner. The
variation of this attribute level is a lot less than the variation of the disinfectant at-
tribute.  This means that the sample of respondents are in general agreement about
how important this attribute is. Although the attribute is not the first property that
many customer will consider when purchasing industrial cleaners, it will be advised to
include this property, as it will most probability be a deciding factor when the customers
compare different products. Then of course, there will always be other advantages of
producing biodegradable products through governmental grants etc. which promotes the

environmental safety factors.
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Figure 3.4.6 Price

Finally, price. This attribute is the most influential attribute in this conjoint analysis
study. A great proportion of the variation in the dependent variable (responses) can
be assigned to this attribute. In the initial stages of this conjoint analysis study it was
found that price represented one of the primary determinants of value in the industrial
cleaner market, and hence was included in the study. From the visual representation
it is quite clear that the whole population of respondents preferred the smallest price
per application, while they all had a great dislike towards the largest price value per
application. This can be expected in a business environment. A customer will almost
always choose the best possible product for the lowest possible price. Defining "the best
product" and "the lowest price" will differ for different respondents. The price level in
the middle had a much smaller variation and the largest part of the respondents found

that price level was reasonable.

Another measure which can be used to determine if a linear mixed model approach
is useful is the Intraclass Correlation Coefficient (ICC). The ICC can be calculated by
dividing the single attribute levels’ variance components by the total variance present in
the model. This measure indicates the proportion of the total variance in the response,
y (the dependent variable), that is explained by each attribute level. ~This can help

determine to what extent the preference (which varies among respondents, but not within
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a respondent) effects the overall response. This is also a very useful measure as it can
give a good indication of whether a linear mixed model is necessary or if a simpler model
should be considered. It is also very meaningful to investigate how the ICC changes as
variables are added, or removed, from the model. In the industrial cleaner example the
following ICC measures where obtained by dividing each variance component in Table

3.20 by the total variation in the model.

Table 3.21 Intraclass correlation coefficients (ICC) for each level

Effect ICC
Residual | 0.2550
Intercept | 0.1365

F1 0.0244
F2 0.0041
F3 0.0132
Al 0.0475
A2 0.0149
A3 0.0373
D1 0.0780
D2 0.0780
B1 0.0249
B2 0.0249
P1 0.1254
P2 0.0296
P3 0.1064

The largest ICC, except for the residual term, is the intercept term. This term indicates
the variation present in the model due to the different preference structures among the
different respondents. This ICC clearly indicates that the heterogeneity among the
respondents influences the variation within the linear mixed model. Two of the price
levels also resulted in relatively large ICC’s Usually this variation would be grouped
with the residual variance but the fact that such a large portion of the variance can be
explained by these differences among the individuals, clearly indicates why the linear
mixed model does indeed provide a model that can give the researcher more insight, than
the traditional conjoint analysis model. By including additional covariates in the model,
which can be used to measure these differences among respondents, the researcher will
be able to gain more insights about the respondents preferences than in the traditional

model. It is advised that the researchers who employ the conjoint analysis study also
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obtain some useful information about each individual that partook in the study. These
additional segment of information can be used to classify the different respondents into
groups with similar preference structure, and obtain more accurate predictions of the true
preferences in the different market segments. Table 3.22 represents the ICC values at an
attribute level. These values can typically be compare with the overall importance values
of the traditional conjoint analysis approach in Table 3.8. These ICC values indicated
how much each attribute contributed to the variation in the model. Another advantage
of the mixed effects model approach to conjoint analysis is that this model can determine
importance values for each level as well as each attribute. Traditional conjoint methods

can just determine the importance values for the attributes.

Table 3.22 Intraclass correlation coefficients (ICC) for each attribute

Effect ICC

Residual 0.2550
Intercept 0.1365

Product form (F) 0.0418
Number of applications (A) | 0.0997
Disinfectant (D) 0.1558
Biodegradability (B) 0.0497
Price per application (P) | 0.2615
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Chapter 4
Hierarchical Bayesian Methods

"The essence of the Bayesian approach is to provide a mathematical rule explaining how
you should change your existing beliefs in the light of new evidence. In other words, it
allows scientists to combine new data with their existing knowledge or expertise. The
canonical example is to imagine that a precocious newborn observes his first sunset, and
wonders whether the sun will rise again or not. He assigns equal prior probabilities to
both possible outcomes, and represents this by placing one white and one black marble into
a bag. The following day, when the sun rises, the child places another white marble in the
bag. The probability that a marble plucked randomly from the bag will be white (i.e., the
child’s degree of belief in future sunrises) has thus gone from a half to two-thirds. After
sun rise the next day, the child adds another white marble, and the probability (and thus
the degree of belief) goes from two-thirds to three-quarters. And so on. Gradually the
iitial belief that the sun is just as likely as not to rise each morning is modified to become
near-certainty that the sun will always rise."

-The Economist (2000)
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4.1. Introduction

4.1 Introduction

The Bayesian philosophy was introduced in the 18th century by Reverend Thomas Bayes,
a Presbyterian minister and mathematician. Although the 19" century was filled with
disputes over the validity of the use of Bayesian inference due to the uncertainties around
handling the prior distribution, the late 20*" century brought retribution. ~With the
evolution of computer capabilities and the development of computational methods like
Markov Chain Monte Carlo (MCMC), which made tedious methods feasible, the modern
day Bayesian movement began. Thanks to brave thinkers like James O. Berger, Bruno
de Finetti, Harold Jeffreys, Jimmy Savagee and Dennis Lindley, the interest in Bayesian
statistics grew (Cowels et al., n.d.). This lead to extensive research not only in Bayesian
methodology but also in the use of Bayesian methods to address pressing questions in
diverse application areas such as astrophysics, weather forecasting, health care policies and
criminal justice (Cowels et al., n.d.). This method allows the parameters to be fixed as

well as random since all uncertainties are probabilistically modelled (Yan and Su, 2009).

A major advantage of this method is the incorporation of prior knowledge and beliefs
from field experts and information into the inference and analysis (Yan and Su, 2009).
Other advantages include (Seefeld, 2007):

e The flexibility in how to model distributions of data, and apply it to many statistical
situations.

e The method deals well with missing data.

o [t effectively models high-dimentional data.

e This method does not require large samples, which is a major advantage for conjoint

analysis, since the field constantly deals with small sample sizes.

4.2 Hierarchical Bayes in conjoint analysis

Although Bayesian methods have been introduced in conjoint studies, very few researchers
have fully incorporated these methods. Until recently, the individuals advocating hier-
archical Bayes (HB) were academics and a few practitioner experts in statistics. HB is
demanding both in terms of computational time and complexity (Orme, 2000). Even
with these concerns, applications of HB have become more and more apparent. In con-
joint analysis studies, HB can be used to estimate the individual part-worth utility levels
of each respondent as well as the aggregate part-worth utilities over all the respondents.
Although this method can typically be linked to Adaptive Conjoint Analysis (ACA) stud-

ies, it has been proved to significantly improve the results of traditional conjoint methods
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4.2. Hierarchical Bayes in conjoint analysis

and choice based conjoint studies. This method increases the quality of individual level
utilities by borrowing information from the other individuals which in turn leads to more
accurate predictions at an individual and aggregate level (Orme, 2000). Although HB
is both computationally demanding and time consuming, this methods can significantly
improve on traditional methods like OLS and logit, especially if there is heterogeneity

between individuals, as in the case of the mixed model.

The term "hierarchical" refers to the different levels incorporated in the method.

Level 1:

Assumes that the individuals’ parameters (part-worth values) are

all described by multivariate normal distributions, with a vector of
means and a matrix of covariances.

Level 2:

Assumes that, given the individuals’ part-worth values, his/her probability

of achieving some outcome (like choosing some product) is governed by

a particular model, like multinomial logit or linear regression.

The process starts off by choosing initial estimated values for the @'s (part-worths).
These values are then updated using Markov Chain Monte Carlo methods such as the
Gibbs Sampler approach and the Metropolis-Hastings algorithm, which should result,
after many iterations, in convergence to accurate estimates. The model estimates values
for the individual respondents as well as the overall mean and covariance of the estimated
3's. The literature also refers to a term called the "burn in period". This is the set of
iterations after which convergence is assumed and can be as much as 10 000 iterations or
even more. After the burn in period, a set of the respondents 3's are saved after every
n" iteration. These sets that are saved are called the "draws" of the respondent. The
point estimates for each individual can then be calculated by computing the average of

each respondents’ draws.
Some of the advantages of this approach includes (Orme, 2000):

e HB seems to improve, or at least match, the predictive accuracy of the traditional
models.

e HB is known to be a very robust method of estimation.

e This method permits individual level modeling and can thus target specific individuals.
e The aggregate estimation method used in traditional conjoint methods often confuses
heterogeneity and noise. By modelling individual level measures rather than an aggregate
level, the HB method can separate heterogeneity and noise which results in a more stable

and accurate estimation at both individual and aggregate levels.
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4.3. The Bayesian approach

e The draws of each respondent have also been classified as a rich source of statistical

information.

4.3 The Bayesian approach

The basic idea behind the Bayesian method is to assume some prior distribution for the
unknown parameters in the model. By combining this distribution with the distribution of
the given data, called the likelihood distribution, a posterior distribution can be obtained
after which inferences can be made, based on the posterior distribution of the parameters,

given the data.

Let y denote the observed data and let @ be the vector containing the unknown
parameters of interest. Hypotheses are typically expressed through probability distri-
butions of observed data. These distributions depend on unknown parameters. The
Bayesian method assumes that the unknown parameter, @, is a random variable following
a distribution with a probability density function of p(@), also referred to as the prior
distribution. By placing a probability distribution on these unknown parameters, the
current knowledge about the parameters can be expressed. The observed data, in turn,
contains information regarding the model parameters which can be expressed using the
likelihood distribution, p(y|@), which is the distribution of the observed data given the
model parameters. By combining the prior and likelihood distributions, the posterior
distribution, p(@|y) can be obtained. It is this distribution which is used to perform the

Bayesian inference and can be obtained using the Bayesian theorem.

p(Bly) = p(0.y) (4.1)

where p(0,y) is the joint density of 8 and y, and p(y) is the marginal density of y. The

calculation of the posterior distribution can be illustrated as follows:

p(0,y)
p(y)
p(y|0)p(0)
p(y)
p(y|0)p(6)
[ p(y|0)p(0)d6
= c.p(yl0)p(0)

o< p(y|0)p(6)

p(6ly) =

~—
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4.3. The Bayesian approach

where ¢ is called the normalizing constant which insures that p(8|y) is a valid density
function satisfying the property of [ p(6]y)d@ = 1. Hence in summary the Bayesian idea

can be represented as:

Likelihood x Prior
Marginal likelihood

Posterior distribution =

which simplifies to

Posterior distribution oc Likelihood x Prior

p(@ly) < p(y|0)p(0)

In essence, the prior updates the data likelihood distribution to produce a posterior distri-
bution that combines Bayesian subjective knowledge, with objective observed data. The
point estimates and confidence intervals can then be obtained from the joint posterior
density, p(0]y), and the associated marginal posteriors, p(6,]y), for each 6;. The marginal
posteriors can be obtained by integrating other components of 8 out of the joint posterior.
The difficulty level depends on the prior specification and shows why the prior will usu-
ally be chosen in such a way as to ensure mathematical convenience and easy solvability.
If the integrals involved are more complicated they can be approximated by annalistic

techniques or numerical integration (Hoff, 2009).

4.3.1 Choosing priors

The choice of the prior distributions plays a key role in the Bayesian approach. It intro-
duces subjective information into the model. With no specific set of rules to follow when
deciding on the "correct" prior distribution the method is often criticized as being too
subjective and difficult to implement (Seefeld, 2007). It is however often the case that
the prior is simple to choose since it follows a convenient model pattern. A researcher
can distinguish between two types of prior specifications, nl. objective priors and sub-
jective priors (Wakefield, 2013). For the first prior specification, objective priors, the
researcher will choose a prior distribution that will have a "minimal impact" as to insure
that the likelihood information dominates the posterior distribution. Other terms that
can be associated with the first prior specifications includes: reference, noninformative
and nonsubjective priors (Wakefield, 2013). The second prior specification incorporates

subjective information by describing the informed opinion of the expert researcher.
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4.4. Bayesian linear regression model

4.4 Bayesian linear regression model

4.4.1 Introduction

As discussed in Chapter 3 the classical linear regression model is given by:
y=XB8+¢ (4.2)

where y = (y1,Ya,.., Yn)' is the vector of n responses, X is an n x (p+1) design matrix, 8 =
(Bos Ba, -, B,)" is the vector of unknown regression coefficients, and € = (e1, €9, ....,€,)" is

the vector of errors. It follows that

yIX,B,0% ~ N(XB,0%) (4.3)

To obtain the posterior distribution for the parameters the likelihood distribution needs

to be combined with the selected prior distributions.

4.4.1.1 Posterior distribution of 3's

By selecting a normal prior of 3 «~ N(B,,X,) where ¥, = ¢*(X’X)~! the posterior
distribution of the 3's is (Hoff, 2009):

p(Bly, X,0%) o< p(y|X, B,0%)p(B)

Since the likelihood function is given by:

pYIX B = e | -5y - XO)y - X8 |

(2mo?
x exp{—5lyy - 20Xy + 6X'%0]
1
= exp {—ESSR(B)}

and the prior distribution will be:

W) = o er] 38 AT
x e {3002 6-0,)]
— {5 (95102656, + 15,76.) |
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4.4. Bayesian linear regression model

The posterior distribution, of the @'s, is given by:

p(Bly, X,0%) o p(y|X,B8,0%) x p(B)
_ exp{_l Yy 28Xy BXXB

} ! - [B%,'8-208%,'8,+8.,%,'8,] }

2| o2 o2 o2
N eXp{_% _2ﬁ;}2('y_'_ﬁ')§'2Xﬁ]} 1 B8 — 25/201@)]}
= exp{—; -28'2.13, —2ﬁX, } {ﬁz 1ﬂ+ﬁX/Xﬁ}}
_ exp{ﬁ’ {2; 0_2’7} ;ﬂ {2 +XX] ﬂ}.

This is recognized as being proportional to a normal density with an expected value and

variance of:

0-2
XX) -t

EBly,X,0?) = (E;1+X/X) (2— ):2?’ ) (4.4)

2

Var(Bly,X,0%) = (251 +

o

If the elements of the prior precision matrix ;! are small in magnitude, then the
conditional expectation E(B|y,X,0?) will be approximately equal to the OLS estimate
(X'X)"'X'y. If the measurement precision is very small (o2 very large) then the expec-

tation is approximately 3, which is the prior expectation (Hoff, 2009).

4.4.1.2 Posterior distribution for o2

To obtain the prior distribution off o2, let v = 0—12 be the measurement precision. Since
the prior distribution chosen for o2 is an inverse-gamma distribution, v will then be
distributed as v v G (% ) where v, =n —p— 1. Using this prior and combining the

distributions to the hkehhood function the posterior distribution of o2 can be determined.

p(vly, X, B) x p(y|X, B,7) x p(7)

Since the likelihood distribution, in terms of v, is given by

WYX.8) = oo {0 - XB)y - X8y}

x "% exp {—gSSR(B)}

and the prior distribution is
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4.4. Bayesian linear regression model

o2 ) 2
p(y) = [ yE exp{—v x UOUZ}
L (%) 2
vo_q { 0002}
o Y Texp =y X

the posterior distribution is

p(vly, X, 8) o« p(y|X,B8,7) % p(7)

- Pren{oc ] en )
= T exp {—’y lvOUQ + SSR(@} } .

2 2

This is recognized as the gamma density which leads to the inverse gamma distribution

2
{o’ly, X, 8} ~ IG <U;n {U; + SS];(B)D .

4.4.1.3 Sampling process

In order to obtain the joint posterior distribution, p(83,y|y), the Gibbs sampler can be
used. Once the form of the hierarchical posterior distributions are obtained the sampling
process can begin. The steps to construct the Gibbs sampler to approximate the joint

posterior distribution can be represented as follows (Hoff, 2009):

For the first iteration a initial set of values are chosen for the hyper parameters. Given

200) new values can be generated by using the following steps,

these values , 3% and o
where k£ = 0, 1, 2... represents the iterations.
Step 1:

a) Compute m =F(Bly, X,0?) and V = Var(8|y,X,0?) from (4.4)

o2(k) o2(k)

XX\
— 2(k)y — —1(k)
V = Var(Bly,X,0°") = (20 + 02(k))

-1
m = B(Bly,X0"") = (2;1<’“>+X'—X) (2;1<’f>5£’“>+ X'y)

b) Sample B**Y ~ N(m, V)
Step 2:
a) Compute SSR(B*+Y)
b) Sample o?*+) o IG (”""2 [”“"2 + SSR(ﬁ(Hl))D

2 0 2 2
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4.4. Bayesian linear regression model

Step 3: Repeat step 1 and 2, h times to generate the sample {(ﬁk, ), k=1,2, h} from
p(B,y|y). This distribution is then used to determine the point estimates and confidence
intervals for the estimated parameters. It is good practice to allow for a burn in period,
after which convergence is assumed. The researcher can also choose to store only each

n* draw, or keep all the information.

4.4.2 Industrial cleaner conjoint analysis example

Using a Bayesian approach to determine the part-worth values for the traditional conjoint
analysis model, yielded similar results as those obtained when using an OLS method. For
both approaches the parameters could be estimated at a individual level as well as at an
aggregate level. Since the generation process stabilized relatively quickly only 10000
iterations was used, with the first 1000 considered as the burn in period. Thereafter, all
the parameters were stored and collected in order to obtain the joint posterior distribution.
The following tables and figures represents the parameter estimates as well as the posterior
distributions obtained in the HB approach (SAS Program 5).

4.4.2.1 Results obtained for respondent 1

Table 4.1 Estimated parameters (Respondent 1)

Level Parameters | OLS estimation | HB estimation
Variance component o? 0.6237 0.7882
Intercept B 4.1111 4.0992
Premixed Liquid Br1 -0.0556 -0.0428
Concentrate Liquid Bra 0.6111 0.5867
50 Applications B 0.4444 0.4571
100 Applications B a2 0.6111 0.5854
Disinfectant Bpi -0.2083 -0.2067
Biodegradable Br1 0.5417 0.5511
Price - $0.35 Bp1 1.4444 1.4553
Price - $0.49 B po 0.9444 0.9346

The estimated coefficients are very similar for both approaches, and when comparing the
R? value for the single respondent with the R? obtained in the OLS regression approach
in Chapter 3, the HB method yielded very similar result with R? = 0.8625 compared to
R? = 0.8630 for the OLS regression. On investigation of the convergence rate of the Gibbs
sampler approach it was found that the convergence stabilized within approximately 10

iterations. Figure 4.1.1 illustrated the quick convergence stabilization of all 9 parameters
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4.4. Bayesian linear regression model

as well as the variance component.

Cibbs sampler: Convergence for Respondent 1
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Figure 4.4.1 Convergence of Gibbs sampler (Respondent 1)

The marginal distributions of each of the estimated parameters, illustrated in Figure 4.4.2,
all showcase the normal distribution shapes except the residual term which is slightly

shewed to the right, as expected
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4.4. Bayesian linear regression model
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Figure 4.4.2 Marginal posterior distributions (Respondent 1)
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4.4. Bayesian linear regression model

4.4.2.2 Results obtained for the aggregate model

The estimated parameter values obtained for the aggregate model also yielded similar
results as those obtained in the OLS estimation. These aggregate values where obtained
in the traditional conjoint analysis way. For each iteration the average over all the

respondents parameters where determined and stored to form the aggregate posterior

distribution.
Table 4.2 Estimated parameters (Aggregate model)
Level Parameters | OLS estimation | HB estimation
Variance component o? 2.6087 2.6139
Intercept B 3.7398 3.7401
Premixed Liquid B -0.2171 -0.2173
Concentrate Liquid Bra 0.1667 0.1690
50 Applications Ba -0.3450 -0.3449
100 Applications B a2 0.0233 0.0215
Disinfectant Bp1 0.5102 0.5092
Biodegradable Bp1 -0.1541 -0.1546
Price - $0.35 Bp1 1.1318 1.1302
Price - $0.49 Bpo 0.0814 0.0824

Comparing the AIC of the aggregate model, to the AIC obtained using the OLS method,
the results are very similar. The Bayesian estimation method matched the OLS method
almost exactly, with a AIC of 5903.8 compare to the AIC of the OLS method, 5897.4. On
investigation of the convergence rate of the Gibbs sampler it was found that the estimated
parameters stabalized even faster than in the individual respondents case, which can be
expected since it is calculated as the average of the part-worth utilities taken over all the
respondents. The marginal posterior distributions all showcase the normal distribution

form, even the residual which illustrates the effect of the central limit theorem.
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4.4. Bayesian linear regression model

Cibbs sampler convergence for Aggregate sample
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Figure 4.4.3 Convergence of Gibbs sampler (Aggregate model)
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Figure 4.4.4 Marginal posterior distributions (Aggregate model)
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4.5. Bayesian mixed effects model

4.5 Bayesian mixed effects model

The Bayesian approach can also be applied to linear mixed effect models. In the classical
approach, used in Chapter 3, a distinction of fixed vs random effects are required. For a
Bayesian approach it is only important whether the distributional parameters are known
or unknown. Consider the stacked linear mixed effects model as described in Chapter
3.3.3. This model literally stack all the respondents matrices on top of the others to form

one big matrix that contains the information of all m respondents
y=XB+7Zb+e. (4.5)

y : N x 1 vector of stacked responses, X : N X (p+1) and Z : N x (¢ + 1) are considered
fixed and known matrices of stacked X!s and Zs, B : (p+ 1) x 1 is the vector containing
the unknown fixed parameters, b : m(q + 1) x 1 is a stacked vector of unknown random
variables and € : /N x 1 is the stacked vector of unknown error terms. Visually this model

can be represented as:

Y1 X Bo Z; 0 --- 0 b, €1
Y2 Xy o 0 7, : b, €2
=1 A e ) , A el

Note that R =diag(R1,R,...R,;) and D =diag(D, D, ...D) are both symmetric block de-

signs.

For the Bayesian method the estimation of 3 and b will be handled in the exact same
way and no distinction will be made between fixed and random components (Searle et al.,
2006). The Bayesian approach takes into consideration the two possible cases that can
occur in the linear mixed effect model. The variance components will either be known (V
known) or, as is the case in almost all the real world situations, the variance components

can be unknown (V unknown).

4.5.1 Estimation process when the variance components are known

When V is known, D and R are also assumed to be known. The only parameter that
will then need to be estimated are the overall means, 3, and the random effects, b.
This means, prior distributions will be assumed for the mean parameters but not for the

variance components.
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4.5. Bayesian mixed effects model

4.5.1.1 Posterior distribution of 3

Since the distributions of y, 3 and b are all normal, the joint distribution will be also be
normal. The distribution of interest will be the posterior distribution of 3, p(8|y) and
can be determined by using Bayes’ Theorem (Searle et al., 2006):

p(Bly) = A P18 DIp(B)p(b)db
J ] p(y18,0)p(8)p(b)dbd’

Given that
y|B8,b,R ~ N(X3 +Zb,R)

B N(B,%X,) and b~ N(0,D)

it can be calculated that

1 1 e
PIBBIEID) e {5~ XB - Z/R (v~ X3 20

1
X ———  exp
(2m)P/2| 35, 2

1
x;l exp {——b’D_lb}
(277)‘1/2|D|§ 2

where N, p and ¢ are the dimensions of y, 3 and d. This joint density can now be factored

{56565

into the following order:

p(y,8,b) = p(y|B,b)p(B)p(b) = p(b|B3,y)p(Bly)r(y)

where p(B|y) is the density of interest. To obtain this decomposition requires some alge-

braic work and repeated use of Result 11. These manipulations result in (Searle et al., 2006):

p(y;8,b) = p(ylB,b)p(B)p(b) = p(b|B,y)p(Bly)r(y)
1 1 b BT
mexp{—é(b—E[u\ﬁ,y])A (b—E| ‘ﬁ’y]))}
1

1 !/
“anprcE O {—5 (B-FE[Bly])C(B-E [ﬁ\y])}

“em L - ixclxw o {‘% (v - By (L-LXCTXT) (y - E [y]>}

where
A=D'+ZR'Z
L=R '4+R'ZA'ZR'= (ZDZ'+R) '=V!
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4.5. Bayesian mixed effects model

C=XVIX+x*
Efu|8,y| = AT'ZR ! (y — XB)
Blyl=C'X'V'y +£7'83,)

B
Ely] = (L - LXC'X'L) 'L'XC'%;'3,.

From this manipulations the density of interest, p(83|y), was obtained and since it is

known that all the densities are normal the conditional distribution is given by
Bly -~ N (£[Bly].C™)
with the Bayesian estimates determined by
B =EBlyl=C'(X'Vy +£,'8,)
Var(Bp) = Var(E [Bly]) = CHX'VIX)C .

4.5.1.2 Estimation of b

The estimation of the random coefficients follows in a similar way. This joint density can

now be factored into the following order:

p(y;B8,b) = p(y|B,b)p(B)p(b) = p(Bly, b)p(bly)p(y)

where p(bly) is the density of interest. This decomposition can once again be obtained

using algebraic calculations and Result 11 to obtain (Searle et al., 2006):

ply,8,b) = p(y|B,b)p(B)p(b) = p(5|b,y)p(bly)p(y)

- m xp {_% (B-E[Bb,y]) A (B-E [5\b,y])}
WXI’ {‘% (b~ Euly]yc(b - E[u|y]>>}

“em L - ixclxw o {‘% (v - By (L-LXCTXT) (y - E [y]>}

where
A=21+X'R1X
L=RT-R'XA'XR'=(XZ;'X'+R)"!
C=7LZ+D7!
E[Bb,y] = A [X'R ! (y —Zb) + X,'8,]
Eluly] =C'Z'L(y — XB,).
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4.5. Bayesian mixed effects model

From this manipulation, it can be seen that the distribution of interest will be normally
distributed as:
bly ~ N(E[uly],C™")

with the Bayesian estimates determined by

bp = E [uly] =C™'Z'L(y — XB,)
Var(bg) =C' = (Z£Z+D™ V).

4.5.2 Estimation process when variance components are un-
known
When the variance components, D and R =021y, are not known, prior distributions need

to be chosen for the variance components as well. The following prior distributions were

considered:

D-W,/'(D," p,) and 0>xG (& UOTO)

27 2
where W_'(.) denotes an inverse Wishart distribution and G(.) represents a Gamma

distribution. The joint posterior distribution for all unknown parameters and random

(4.6)

effects will then be given by:

p(y|B,0,b)p(b|D)p(8,0,D)

2 _
p(ﬁ70 >D’b|Y) - p(y)

where

o) = [[[ [ p318.0.06ID)s(8. 0. DD

hence
p(B,0%,D,bly) < p(y|B3,,b)p(b|D)p(3,0,D).

It is common practice to assume that the prior distributions are independent which greatly

simplifies the computations. This can be illustrated by:

p(B,0,D) = p(B)p(c)p(D)

Another assumption that is common when modelling linear mixed models, is to assume
that the covariance matrices ¥, and D, are diagonal, which greatly reduces the number

of parameters that need estimation (Wu, 2010).

» Bayesian estimation for random coefficient model:

Consider the linear mixed effect model discussed in Chapter 3.3, also sometimes referred
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4.5. Bayesian mixed effects model

to as the random coefficient model. For this model X;=Z; and 8,= 3+ b; Let 5, =
{B1s; Bax---Bns} be the individual-spesific parameters. The conditional distributions for
the parameters will then be given by (Wu, 2010):

{Bly.o,D,B,} ~ N(UmD™'3 + £;'6,), U)

-1

{Dly,0,8,8,} - W | D> (B,~8)(B,~B) +D,| ,m+p,
=1
{0-_2‘}’7ﬁa D?/B*} -G (VO ;_ Na % [;(yl_xlﬁz),(yl_xzﬁz) + VoTo )

{Bi|Yaﬁ>O-> Daﬁjaj 7£ Z} e N(HZ(U_2X;yz + D_lﬁ)>Hi)

where

|

LHi =0 XIX4+D, Ul=mD '+,

p=2
=1

Two very important assumptions about this estimation method is (Wu, 2010):

3

1. The responses y;, the parameters 3, the random effects b;, and the error terms g;,

are all linked in a linear form.

2. The parameters 3, the random effects b;, and the error terms g;, are all assumed

to be normally distributed.

The Bayesian mixed effects model approach will now be applied to the industrial cleaner

example, and compared to the mixed effects model discussed in Chapter 3.
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4.5. Bayesian mixed effects model

4.5.3 Industrial cleaner conjoint analysis example

For the hierarchical Bayes approach applied to the linear mixed effects model for the
industrial cleaner data the burn in period was specified as 5000 iteration, afterwhich each
10*" iterations’ parameter estimates was stored for 25000 iterations. The point estimates
of these sample of stored values was then determined and represented in Table 4.3 and
Table 4.4. The part-worth utilities are very similar to those obtained in the classical
linear mixed effect model. The variance components are similar but there are a few

variance components that deviate from those obtained in the classical approach.

Table 4.3 Estimated part-worth utilities (3's) for the mixed effects model

Level Classical estimation | HB estimation
Intercept 3.7398 3.7363
Premixed Liquid —0.2171 —0.2178
Concentrate Liquid 0.1667 0.1692
50 Applications —0.3450 —0.3435
100 Applications 0.0233 0.0236
Disinfectant 0.5102 0.5176
Biodegradable —0.1541 —0.1516
Price - $0.35 1.1318 1.1323
Price - $0.49 0.0814 0.0857

Table 4.4 Estimated variance components for the mixed effects model

Level Classical estimation | HB estimation
Residual 1 1.2190
Intercept 0.5352 0.6046
Premixed Liquid 0.0958 0.1135
Concentrate Liquid 0.0163 0.1559
50 Applications 0.1862 0.2409
100 Applications 0.0584 0.1052
Disinfectant 0.3055 0.2614
Biodegradable 0.0975 0.0623
Price - $0.35 0.4918 0.3902
Price - $0.49 0.1162 0.0626

When comparing the AIC of the classical approach to linear mixed effects model, 5460.9,
the hierarchical Bayesian approached showed an improvement with an AIC of 4784.6.
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4.5. Bayesian mixed effects model

This improvement is due to the fact that the Bayesian approach can separate the noise

form the heterogeneity which is present in the model.

components is the biggest difference between the two models.

The differences in the variance

On investigation of the

convergence of the part-worth utility parameters and the variance components of the

random effect, it can be seen that these estimates did indeed stabilize well, as illustrated
in Figure 4.5.1 and 4.5.2.

Coefficients

Convergence for linear mixed effects model
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Figure 4.5.1 Convergence of part-worth utilities for HB mixed effects model
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Figure 4.5.2 Convergence of variance components for HB mixed effects model

The marginal posterior distributions of the part-worth utilities (the fixed effects) as well
as the marginal posterior distributions of the variance components of each attribute level
modelled in the HB model is illustrated in Figure 4.5.3 and 4.5.4.
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Figure 4.5.3 Marginal distributions for the part-worth utilities of HB mixed effects model
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4.5. Bayesian mixed effects model
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Figure 4.5.4 Marginal posterior distributions for variance components of

the random effects of HB mixed effects model

All of the marginal posterior densities of the part-worth utilities are close to that of normal
densities while the variance components all have a slight shewed to the right distributional
form. The direct accessibility of the parameter densities presents a major advantage of the
MCMC estimation. Irregular densities immediately highlight serious violation of distri-
butional assumptions that might go undetected otherwise. Relying on asymptotic distri-
butions and standard errors from the information matrix, as the classical approached do,
might give misleading results in such cases (Frithwirth-Schatter and Otter, 1999). This
example illustrates the power of the hierarchical Bayesian approach and motivates the
inclusion of this method in conjoint studies as it can yield valuable results. Since con-
joint analysis studies do often have heterogeneity present in the model, methods like these

could be very beneficial.
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Chapter 5

Conclusion and Future Directions

“Study the past if you would define the future.”

-Confucius

5.1 Conclusion

In the business driven world conjoint analysis is a powerful tool that companies can em-
ploy to predict the preferences of consumers in certain market segments. Being able to
accurately model consumers preferences has immense value and can increase a compa-
nies profits. In Chapter 2 some of the main conjoint analysis designs and techniques
was introduced and Chapter 3 started off by introducing the traditional conjoint analysis
method. Although the traditional conjoint analysis method yields valuable insight and
can relatively accurately model consumers preferences, there is room for improvement.
By modeling the conjoint analysis data as a linear mixed effects model, insights regarding
the misspesification of traditional models, can be gained. A large part of the variation
in the model can be explained by the possible heterogeneity between the individuals’
preference structures. The researcher can build a more accurate predictive model by
considering these differences. By obtaining additional covariates that can possibly ex-
plain these differences, a model that explains more variation can be constructed. Finally,
Chapter 4 showcased the hierarchical Bayesian approach which revealed that the hetero-
geneity present in the model could be slightly better managed. The inclusion of Bayesian

approaches can hold valuable information regarding the distributional assumptions.

5.2 Future direction

Possible extension and future directions that can be considered include, the possibility of

the violation of the normality assumption. When this is the case in a conjoint analysis
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study the researcher can consider heavy tailed distributions such as the t-distribution
or the elliptical distribution. = Another extension which can yield possible interesting
results, is considering a Structural Equation Model (SEM) approach. This technique is
also based on multivariate regression models, but unlike the traditional linear model, the
response variable in one regression equation in the SEM may appear as a predictor in
another equation (Lee, 2007). This approach can hold valuable results, as one of the main

problems in conjoint analysis is finding latent structures between consumers.
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APPENDICES

A. Abbreviations and Notation

pdf Probability density function

N(u,0?) Normal distribution with mean g, and variance o>

G(a,p)  Gamma distribution with shape « and scale [ parameters

IG(a,8) Inverse-gamma distribution with shape o and scale 8 parameters

2 (v) Chi-square distribution with degrees v of freedom

N(w,%) Multivariate normal distribution with mean vector p and variance
covariance matrix ¥ = 0?1,

W,(V,n) Wishart distribution with n degrees of freedom and a positive

definite p x p matrix V'

Chapter 2

p=1,2...t Attributes
k=1,2..K Attribute levels
j=1,2...J Stimuli

Tjp Value of the level of the p'* attribute in the j** stimuli
Yj Individual respondents preference rating for the j¥ stimuli
Wp Individual respondents importance weight for attribute p
Tp Individual respondents ideal point for attribute p
d]z Weighted squared distance of x;, from xz,
Bip Part-worth utility for the level of attribute p in stimuli j
L Importance of attribute j for person ¢
D i Desirability for level k of attribute j for person ¢
E; Evaluation of product for person %
Xoxp Full rank design matrix
B, Vector of part-worth utilities for respondent j
d(x) Gaussian link function
O 1(x) Inverse Gaussian link function
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APPENDICES

Chapter 3 and 4

n
N
k
m
p
q
N =nm
1
T
2
o2
yi:nx1
X;:nXxXp
B;,:px1
Z;:nXxq
b, :qgx1
g;:nx1
o2
D;:qxgq
R,:nxn

V, = Z,D,Z/+R,

0

y:Nx1
X:NXxp
B:pxl1

Z : N x mq
b:mgx1
e:Nx1

V =ZDZ'+R
D:gm xqm

R:nm xnm

2, = 02(X'X)"!

Number of observations

Number of observations in group i

Number of groups

Number of respondents

Number of fixed effects

Number of random effects

Total number of observations

Overall mean

Random effect for group ¢

Residual variance component

Random effect variance component

Vector of responses

A full rank, unstochastic design matrix for fixed components
Vector of unknown regression coefficients

A full rank, unstochastic design matrix for random components
Vector of unknown random components

Vector of error terms

Variance of residual

Positive definite diagonal variance-covariance matrix
Positive definite diagonal variance-covariance matrix of residual terms
A n x n positive definite variance-covariance matrix
Vector containing parameters of interest.

Stacked vector of responses

Stacked design matrix for fixed components
Vector of unknown regression coefficients

Block design such that Z = diag(Z;)

Stacked vector of unknown random components
Stacked vector of error terms

N x N positive definite matrix

Block design such that D = diag(D;)

Block design such that R = diag(R;)

Chosen variance-covariance component

¥ = 0—12 Measurement precision
VU, Degrees of freedom
APPENDICES 132

© University of Pretoria



&
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Qe YUNIBESITHI YA PRETORIA

APPENDICES
B. Results
Result 1 (Johnson and Wichern, 2007)
Given that
B (X'X)'X'Y

= (X'X)"'X'(XB +e¢)

= (X'X)'X'XB+ (X'X)'X'e

= B+ (X'X) 'Xe.

The expected value of [A‘i‘ will be:

E(B) = E[B+ (X'X)'Xe]
= E(B) +(X'X)'X))E(e)

The variance of B will be:

~

Var(B) = Var(B+ (X'X) 'X'e)
= Var(8) + Var(X'X)'X'e) + 2Cov(8, (X'X) ' X'e)
= 04 X'X) 'X'Var(e)X(X'X) ' +0
= A(X'X)'X'X(X'X)™!
= oA(X'X)"\.

Then the estimated parameter will be normally distributed: B N1 (B, 02(X'X)7H.

Result 2 (Johnson and Wichern, 2007)
Given that

®)
|

The expected value of € will be:

EE) = B([I-XXX)'X]e)
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The variance of € will be:

Cov(8) = [I—X(X'X)"'X] Cov(e) [T - X(X'X)"'X]
[I-X(X'X)"'X'-X'(X'X)"'X + X(X'X) ' X'X'(X'X) 'X] - 0?

= 2 [I-X(XX)'X].

The error terms are then normally distributed as € «~ N, (0, c*[I — H]) where H is an in-
dempotent matix. A matriz will be considered indempotent if and only of HH = H. Given
that

ge = &[I1-XXX)'X] [I-XXX)"'X]e
= ¢ [I-X(X'X)'X]e
= tr(e' [I-X(X'X)'X] ¢)
= tr([I-X(X'X)"'X'] e€').

The expected value of €€ will be:

EEE) = Br(I-X(X'X)'X']ee))
= tr([I-X(X'X)"'X'] E(e€"))
= o*r([I-X(X'X)"'X'])
= o*tr(I) — *tr(X(X'X) ' X))

= ”02—0%7”( (r+1)>I<(7“+1))

= no’—o*(r—1)

= o*(n—r—1).

Result 3 (Bain and Engelhardt, 1992, p271)

Theorem 8.3.5
IfZ «~ N(0,1) then Z* «~ x*(1)

Corollary 8.3.2

If X,...X,, denotes a random sample from N(u,c?) then

S EC e

i=1

Result 4 Given that
Y =XB+¢
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The expected value of Y will be:

E(Y) = E(XB+e)
— E(XB)+ E(e)
— XB+0
- XB.

The variance of Y will be:

Var(Y) = Var(XB+¢)
= Var(XB)+ Var(e) + 2Cov(X3, €)
= 0+Var(e)+0
= o%1,.

Result 5 Mazimum Likelihood estimation derivations

In order to pursue the theory of the ML method, the derivative with respect to 8 should
be determined, to find the value for the parameter that will mazximize the function. The
solution of the following should be found:

OLogL
08

0.

Since the dependent variable y is normally distributed, the likelihood function will be given

by:
1 1 =XB)(y-Xp)
5 ( P ).

(27T02)n/2€ 7

Determining the log of the likelihood function leads to the following expression:

L=

n n 1
LogL = -3 log(27) — 5 log(o?) — @(y - XB)(y — XB)
n n 1 / 1l =1
= -3 log(2m) — 5 log(c?) — 272(y/y —y'XB-XBy+X'BXB).

Firstly the estimates of the B3's can be determined as follows:

dLogL 1
ég = 5500~ ¥X - Xy +2X'Xp)
1
= ;(y - XB)X'
"

The results of the estimated values are exactly the same as those obtained using the OLS
method in (3.3):
= (X'X)'X'y.

When calculating the estimated variance the same process can be followed, only in terms
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_ 2%4 _2%2 + 2%4(3"3’ —y'XB -X'By+XBXB)
- o4 %(y - XB)'(y — XB)
= 0

The estimate for the variance, determined using the ML method, is slightly different than
the estimate obtained using the OLS method given by (3.5):

oy - XB)(y - XB)

n

Howewver, this difference becomes negligibly small as n — oo.

Result 6 (Bain and Engelhardt, 1992, p 275)
If Vi « x%(v1) and Vy v~ x3(v2) are independent, then the random variable

. V1/1/1

X —
VQ/I/Q

“ F(l/l, VQ)

will have a F-distribution with v, and vy degrees of freedom.

Result 7 (Johnson and Wichern, 2007)

IfZ ~ Ny, (0,1,0%)

thenZ'Z —~ W,(v, X)

Result 8 Conditional distributions

Given the following variables that are both normally distributed:

X _ M Y X

Xy Bo ) \ o1 X/ |
The distribution of x1 conditional on xo will then be a multivariate normal distribution
with a mean of

Myjg = py + 21222_21 (T2 — po)

and a variance-covariance structure of
—1
e = Xq1 — Mpadgy Yo,

Result 9 Since
Var(X) = E(X?) — (E(X))?
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then
E(X?) = (B(X))? + Var(X)

Result 10 (Hoff, 2009) Gamma and inverse -gamma distributions.
A random wvariable X has a G(o,f3) distribution for a > 0, b > 0 and

x

]' a—1 —3
p(x) = T’ ¢

The random variable X will have an I1G(c,() distribution if + has a gamma(a,b) distri-
bution. In other words, if Y « gamma(a, 5) and X = %, then X « IG(«, 5)

_ O et

Result 11 (Searle et al., 2006)

x'Gx — 2x'Hy + yH'G 'Hy = (x - G 'Hy)'G(x — G 'Hy).
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D. SAS 9.3 Program Codes

Program 1 - Traditional conjoint analysis model

proc iml;
use IT.X;
read all into X;
use Ir.y;
read all into y;

*Estimate part-worth values for all individuals;
Beta = inv (X *X)*X‘*xY;
A = mean(beta‘);*global means - Aggregate model;
Estimated_fixed_effects = round(A¢,0.01);
B = var(beta‘);
Estimated_variance = round(B‘,0.01);
print "Traditional Conjoint Approach to Industrial Cleaner Example";
print Estimated_fixed_effects Estimated_variance; *Aggregate model;
print Beta;

*Determine R2 for all respondents with own beta’s;
yhat = (Xxbeta);

/*Stack for 86 respondents*/

Do i =1 to ncol(Y);
YStack = YStack//Y[,il;
yhatStack = YhatStack//yhat[,i];

end;

/* End of Stack Processx*/

SSR = sum((Ystack-yhatstack)##2) ;
SST = sum((Ystack-mean(Ystack))##2) ;

R2_Model_ownbetas = 1-SSR/SST;
print R2_Model_ownbetas;
YhatAgg = X*A‘;

/*Stack for 86 respondents*/
Do i = 1 to ncol(Y);

yhatAggStack = YhatAggStack//yhatAgg;
end;

SSRAgg = sum((Ystack-yhataggstack)##2) ;
SSTAgg = sum((Ystack-mean(Ystack))##2);
R2_Model_avebeta = 1-SSRAgg/SSTAgg;
print R2_Model_avebeta;

/* Conjoint analysis for respondent 1 */
yhatl = (X*betal,1]);
Y1 =Y[,11;
print Y1 yhatil;
SSR = sum((Y1-yhat1)##2) ;
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SST = sum((Y1-mean(Y1))##2) ;
R2_respl_Model = 1-SSR/SST;
print R2_respl_Model;

*Calculate Overall Importance of each Attribute/Factor;

Range_Atr_1 = 0.22+0.17;
Range_Atr_2 = 0.35+0.33;
Range_Atr_3 = 0.51+0.51;
Range_Atr_4 = 0.15+0.15;
Range_Atr_5 = 1.13+1.21;
Total_Range = Range_Atr_1+Range_Atr_2+Range_Atr_3

+Range_Atr_4+Range_Atr_5;
Range = (Range_Atr_1// Range_Atr_2// Range_Atr_3//
Range_Atr_4// Range_Atr_5)||(Total_Range*J(5,1,1));
Name2 = {’Product Form’ ’Number of Applications’
’Disinfectant’ ’Biodegradable’ ’Price’};
Overall_Importance = round((Rangel[,1]/Range[,2])%100,0.01);

Title "The Overall Importance of each Attribute";
print Overall_Importance[rowname = name2];
Over_data = {1,2,3,4,5}||0verall_Importance;
name3 = {’Attribute’ ’0Overall_Importance’};

Create Over from Over_data[colname = name3];
append from Over_data;

/* Determine the predicted values of the 18 profiles */
Yhat = X*xEstimated_fixed_effects;

rounded_yhat = round(yhat);

Print ’Estimated Profile Utilities ’ Yhat rounded_yhat;

quit;

Program 2 - Officer ratings example

Data Random_example;
input rating officer;
cards;

76 1

65
85
74
59
75
81
67
49
63
61
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46
74
71
85
89
66
84
80
79

.
b

(2 &2 e 2 B 4 B S Y

goptions reset = all;

symboll color = lightpurple value = dot w = 2 h = 2;

title h = 3 f = simplex ’Graphical Representation of the Data’;
axisl lable = (a = 90 f = simplex h = 1.75);

( f = simplex h = 1.75) order = (0 to 6 by 1);
proc gplot data = random_example;

plot ratingxofficer/ vaxis = axisl haxis = axis2;

run;

title;

axis2 lable

proc means data = random_example;
output out = Averages mean = ave;
var rating;

by officer;

run;

goptions reset = all i = join;

title h = 4 f = simplex ’Graphical Representation of the Means’;
symboll color = lightgreen value = dot line = 3 h = 2 w = 2;

axisl label = (a=90 f = simplex h = 1.75 ’Average rating’);

axis2 label = (f = simplex h = 1.75 ’0fficer’) order = (0 to 6 by 1);
proc gplot data = Averages;

plot avexofficer/vaxis = axisl haxis = axis2;

run;

title;

proc iml;
use random_example;
read all into data;
Y1 =
Y2
Y3 =
Y4 =
Y5 = 0;
Do i = 1 to nrow(data);
if datal[i,2] = 1 then Y1
if datali,2] 2 then Y2

I

O O O O O

b
b

b

Y1//datali,1];
Y2//datali,1];
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if datal[i,2] = 3 then Y3 = Y3//datali,1];
if datal[i,2] = 4 then Y4 = Y4//datali,1];
if datal[i,2] = 5 then Y5 = Y5//datali,1];
end;
Y4 = Y4[2:5,];
Y5 = Y5[2:5,];
YY = Y1||Y2||Y3||Y4||Y5;
k = ncol(YY); *number of groups;
n = nrow(Y1);
NN = nrow(data);
GroupMean = mean(YY);
OverallMean = groupMean[,+]/k;
SE = (YY - GroupMean#J(nrow(YY), ncol(YY),1))##2;
SEE = SE[+,];
SSE = SEE[,+];
print ’The SSE is: ’ SSE;
MSE = SSE/(NN-k) ;
print ’The MSE is: ’ MSE;
SB = n#((GroupMean -
OverallMean*J(nrow(groupmean) ,ncol (groupmean) ,1))##2) ;
SSB = sum(SB);
print ’The SSB is: ’ SSB;
MSB = SSB/(k-1);
print ’The MSB is: ’ MSB;
*Estimated parameter;
mu_hat = overallmean;
print ’The estimated mean is: ’ mu_hat;
SigE2_hat = MSE;
print ’The estimated error variance is: ’ SigE2_hat;
SumSum = kx((n**2)/NN) ;
n0 = (NN - SumSum)/(k-1);
SigR2_hat = (MSB - MSE)/n0;
print ’The estimated random variables variance is: ’ SigR2_hat;
*Calculate the test statistic;
F = MSB/MSE;
print ’The F test statistic is: > F;
F_crit = Finv(0.05,NN-k,k-1);
print ’The F critical value is: > F_crit;
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if F > F_crit then print ’The Null Hypothesis will be rejected’;
else print ’The Null Hypothesis will not be rejcted’;
quit;

Program 3 - Cholesterol intake example
EM apporach

*Diet mixed example - Using Em with ML;
proc iml;
use rr.diet;
read all into Dat;

Age = Datl[,1];

chol = Dat[,2];

Gender = Dat[,3];

sub = Datl[,4];

= nrow(Chol) ;

= 2;

= J(n,1,1)||Age||Gender;
= sub;

= Chol;

= ncol(Z);

QL < N >XJ B

*Startin values;

Beta = J(ncol(X),1,1);
Sigk = 10;
SigD = 150;
count = 0;

k = 0; *number of itterations;
Do until (count = 1);

V = ZxZ‘*(SigD) +SigExI(n);
r = Y-X*xbeta;

Beta_k = beta + SigE#(inv(X‘*X)*X‘*inv(V)x*r);
SigE_k = SigE +((SigE**2)/n)x*

(r‘*inv(v)*I(n)*I(n) ‘*inv(V)*r - trace(I(n) ‘*inv(v)*I(n)));
SigD_k = SigD +((SigD**2)/n)x*

(ré*inv(v)*Z*Z‘*inv (V) *r - trace(Z‘*xinv(v)*Z));

*Test for convergence;

Test0ld = Beta//SigE//SigD;
TestNew = Beta_k//SigE_K//SigD_K;
Test = abs(Test0ld - TestNew);
Sum = Test[+];

if sum < 0.1 then count = 1;
else count = O;

*reset values;
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beta beta_k;

SigEk = SigE_k;

SE = sqrt(SigE);

SigD = SigD_k;

SD = Sqrt(SigD);

k = k+1;

if k = 300 then count = 1;
end;

print k beta SigE SE SigD SD;

random_effect = sigD*Z‘*inv(V)*(Y-X*Beta);
print random_effect;

quit;

NR approach

*Diet mixed example - Using NR with ML;
title ’Mixed Model Diet Example - ML method’;
proc mixed data = rr.diet method = ml;
class subsidiary;
model chol = age gender/ s;
random subsidiary/s;
run;
title;

Program 4 - Mixed effects model
Model 1

proc mixed data = cleanerDataMix covtest method = ml;
model Y = X1 X2 X3 X4 X5 X6 X7 X8/ solution outp=ind_predict
outpm=mean_predict;
random intercept X1 X2 X3 X4 X5 X6 X7 X8/ subject=resp
type=cs solution G;
ods output SolutionF=solModel SolutionR = REffects;
run;

Model 2

proc mixed data = cleanerDataMix covtest method = ml;
model Y = X1 X2 X3 X4 X5 X6 X7 X8/ solution outp=ind_predict
outpm=mean_predict;
random intercept X1 X2 X3 X4 X5 X6 X7 X8/ subject=resp
type=vc solution G;
ods output SolutionF=solModel SolutionR = REffects;
run;
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Model 3

proc mixed data = cleanerDataMix method = ml covtest ratio;
model Y = X1 X2 X3 X4 X5 X6 X7 X8/ solution outp=ind_predict
outpm=mean_predict;
random intercept X1 X2 X3 X4 X5 X6 X7 X8/ subject=resp
type=un solution G V ;
ods output SolutionF=solModel SolutionR = REffects;
run;

Program 5 - Bayesian linear regression estimation

PROC IML

resetline;
proc iml;
use rr.x;
read all into X;
use rr.y;
read all into Y;

beta = inv (X *X)*X‘*xY;
print ’Estimate using OLS’ Beta;
YhatOLS = X*Beta;

*Stack the two Y’s;
Do i =1 to ncol(Y);
betastack = betastack||betal,i];
Ystack = Ystack//Y[,i];
Yhats = Yhats//YhatOLS[,i];
Xstack = Xstack//X;

end;
nnn = nrow(Xstack) ;*number of obs;
ppp = ncol(Xstack)-1;*number of variables;

n = nrow(X); *Number of Profiles;
p = ncol(X)-1; *Number of beta’s without intercept;
m = ncol(Y); *Number of Responses;

*Bayesian approach;

*Initail values;

Beta0 = J(nrow(beta), ncol(Beta), 1);

var00 = J(1,ncol(Y),25);
it = O;*itteration counter;
kk = O;*draw counter;
Allbeta = J(9,1,0); *J(nrow(Beta), ncol(beta),0) ;*reset matrix;
allVar = 0; *J(nrow(Var00), ncol(var00),0) ;*reset matrix;
YhatHBStack = J(nrow(y),1,0);
count = 0; *R2 calculations;
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burn_in = 1000; *10000;
ndraws = 1; *100;
Iteration = 10000;

Do j = 1 to Iteration; * itteratioms;
Do resp = 1 to m;*for each respondent;
VarO =varO0[1,resp];
Sig0 = varO*inv(X‘*X);

*Update Beta;

VarBeta = inv(inv(sig0)+(X‘*X)/var0);

MeanBeta = VarBeta*(inv(sig0)*(betaO)+(X‘*y[,resp])/var0);
MeanBeta = MeanBetal,1];

SampleBeta = (randnormal(1,MeanBeta,VarBeta))‘;

*update Sig2;
SSRBeta_New =(Y[,resp] - X*SampleBeta) ‘*
(Y[,resp] - X*SampleBeta);
vo = n-p-1;
k = (vo+n)/2;
thetha = ((vo*var0O+SSRBeta_new)/2);
seed = 0;
SampleSig = 1/(inv(thetha)*rangam(seed,k));

*update values;

var0 = samplesig;

sig0 = varO*inv(X‘*X);
beta0 = sampleBeta;
AllVar = AllVar||VarO;
Al1Beta = AllBeta||Betal;
end;

*end of respondents loop;

*Reset values ;
Beta0 = AllBetal,2:87];
Var00 = AllVar[,2:87];

¥ —mmmmm e Aggregate sample distribution-----——-—————————- ;
AAA = mean(Betal‘);

AAV = mean(Var00¢);

Agg_Sample = (randnormal(1,AAA,AAV))‘;

n_a = nrow(ystack);

SRR_agg =(Ystack - Xstack¥Agg_sample) ‘*(Ystack - Xstack*Agg_sample) ;
voo = n_a-p-1;

kkk = (voo+n_a)/2;

thetha_2 = ((voo*AAV+SRR_agg)/2);

seed = 0;

Agg_sample_var = 1/(inv(thetha_2)*rangam(seed,kkk));

it = it + 1;*counter for number of itterations;
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kk = kk + 1;

do hh = burn_in to it by ndraws;

if (it > 2)&(kk = hh) then StoreBeta =
StoreBeta//Allbetal,2:87];

hh) then StoreVar =
StoreVar//Allvar[,2:87];

hh) then StoreAgg =
StoreAgg//Agg_Sample;

hh) then StoreAgg _var =
StoreAgg_var//Agg_Sample_var;

if (it > 2)&(kk

if (it > 2)&(kk

if (it > 2)&(kk

end;

Allbeta = J(9,1,0);*J(nrow(Beta), ncol(beta),0) ;*reset matrix;
allVar = 0;*J(nrow(Var00), ncol(var00),0) ;*reset matrix;

end;

*end of itteration loop;

nameB = "BetaYl1":"BetaY86";
create BetaDist from StoreBetal[colname = nameB];
append from StoreBeta;

nameV = "Varl":"Var86";
create Vardist from StoreVar[colname=nameV];
append from storeVar;

namea = {’Agg_Betas’};
create AggBetaSample from StoreAggl[colname = namea];
append from StoreAgg;

nameb = {’Agg_Var’};
create AggVarSample from StoreAgg_var[colname = nameb];
append from StoreAgg_var;

quit;

PROC MCMC

resetline;

*MCMC for respondentl;

proc iml;

use rr.x;

read all into X;

X1 = X[,2];

X2 = X[,3];

X3 = X[,4];

X4 = X[,5];

X5 = X[,6];

X6 = X[,7];

X7 = X[,8];
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X8 = X[,9];

use rr.y;
read all into YY;
Y = YY[,1];

respl = X1|[X2||X3||X4||X5|/X6||X7||X8||Y;

namel = {’X1’ ’X2’ ’X3’ ’X4’ ’X5’ ’X6’ ’X7’ ’X8’ ’Y’};
create MCMC_Respl from respl[colname = namell];

append from respl;

quit;

title ’Simple Linear Regresion for respondentl’;

ods graphics on;

proc mcmc data = MCMC_respl outpost=respl_out ntu=1000
nmc=10000 thin=1 seed=0;

parms beta0 O betal O beta2 O beta3 O beta4d O betab
0 beta6 0 beta7 O beta8 O0;
parms sigma2 1;

prior betalO betal beta2 beta3 betad betab betab
beta7 beta8 “normal(mean = 0, var = 1le6);
prior sigma2 ~igamma(shape = 8/2, scale = 2/8);

mu = betal0 + betal*xl + beta2*x2 + beta3*x3 +
betad*x4 + betab*xb + betab*x6 + beta7*xx7 + beta8*x8;

model Y “n(mu, var = sigma2);

run;
ods graphics off;

*MCMC for aggregate model;

proc iml;

use rr.x;

read all into X;
use rr.y;

read all into Y;
m = ncol(Y);

Do i = 1 to m; *Stack;
Ystack = Ystack//Y[,i];
Xstack = Xstack//X;

end;

X1 = Xstack[,2];
X2 = Xstack[,3];
X3 = Xstack[,4];
X4 = Xstack[,5];
X5 = Xstack[,6];
X6 = Xstack[,7];
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X7
X8

Agg = X1||X2||X3||X4||X5||X6||X7||X8||Ystack;

namel = {’X1’ ’X2’ X3’ ’X4’ ’X5’ ’X6’ ’X7’ ’X8’ ’Y’};
create MCMC_Agg from Aggl[colname = namel];

append from Agg;

quit;

Xstack[,8];
Xstack[,9];

title ’Simple Linear Regresion for Aggregate model’;
ods graphics on;
proc mcmc data = MCMC_agg outpost=agg_out nmc=50000
thin=5 seed=246810;
parms beta0 O betal O beta2 O beta3 O beta4d O betab O
beta6 O beta7 0 beta8 O;
parms sigma2 1;

prior betalO betal beta2 beta3 betad betab betab6 beta7
beta8 “normal(mean = 0, var = 1e6);
prior sigma2 “igamma(shape = 8/2, scale = 2/8);

mu = beta0 + betal*xl + beta2*x2 + beta3*x3 + betad*x4
+ betab*x5 + betabxx6 + beta7*x7 + beta8*x8;

model Y “n(mu, var = sigma2);
run;
ods graphics off;

Program 6 - Bayesian mixed effects model estimation

resetline;
*MCMC Mixed model;
proc iml;
use rr.x;
read all into X;
use rr.y;
read all into y;

m = ncol(Y);

Do i =1 to m; *Stack;
Ystack = Ystack//(J(nrow(Y),1,i)||Y[,1]);
Xstack = Xstack//X;

end;

X1 = Xstack[,2];
X2 = Xstack[,3];
X3 = Xstackl[,4];
X4 = Xstack[,5];
X5 = Xstack[,6];
X6 = Xstack[,7];
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X7 = Xstack[,8];
X8 = Xstack[,9];
mixed = X1||X2||X3||X4||X5||X6||X7||X8||Ystack;
namel = {’X1’ ’X2’ ’X3’> ’X4’ ’X5’ ’X6’ ’X7’ ’X8’ ’Resp’ ’Y’};

create MCMC_mixed from mixed[colname = namel];
append from mixed;
quit;

proc mcmc data = mcmc_mixed ntu = 5000 thin = 10
nmc=30000 outpost=MixedPost seed=0
propcov = quanew Diag = (mcse ess);
ods select Parameters REParameters PostSummaries;

*placeholders;
array thetal[9] w0 wl w2 w3 w4 wb w6 w7 w8;
array Sig_c[9,9];

*initial values;

array muO[9] (0 0 000 00 0 0);

array S[9,9] (100000000001.30000000005
0000004.300000000020000 0 0.58
00000036 0000000000.368000 000.4);

parms beta0 O betal O beta2 O beta3 O beta4 O betab O beta6 0
beta7 0 beta8 0;*fixed parameters;
parms sigma2 1;
parms Sig_c {0.23 0 0
000000000O0O0.79
0000000000.250

0000O
000O

.14 0

0
0 0 0.
0 0.

'_L
S

0000
0000
0000

o O O
o O O
o O O
~N O O
o O O
o O O
o O O
o O O
o O O
o O O
o O O
o O O
OOE\)
°© o

2
4

o o oo
o
[y
-

prior beta: “normal(mean = 0, var = 20);
prior sigma2 ~igamma(shape = 10/2, scale = 2/10);

hyperprior Sig_c “iwish(18, S);
random theta “mvn(muO, Sig_c) subject=resp;

mu = betal0 + betal*xl + beta2*x2 + beta3*x3 + betad*x4 +
betab*x5 + betab*x6 + beta7*x7 + beta8*x8+ wO+ wlx*xl
+ w2*x2 + w3*x3 + wd*x4d + wb*xb + wb6*x6 + wr*x7 + w8*x8;

model Y “n(mu, var = sigma2);
run;
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