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Abstract

Let 1 < p < ooand 1 < r < p* where p* is the conjugate index of p.
We introduce and study mid (p, r)-compact sets and operators. We begin by
introducing and defining the mid (p,r)-compact subsets of a Banach space
X and the mid (p,r)-compact operators between Banach spaces X and Y.
The set of mid (p, r)-compact operators between Banach spaces X and Y is
denoted by ICE‘;%(X, Y). We prove that the ideal (IC?;;{) (X,Y), I{?;i,(i)(-)) is
a quasi-Banach operator ideal. We also introduce and study (p,r)-limited
subsets in Banach spaces. We prove that every mid (p, r)-compact subset of

X is (p,r)-limited and that the set ?;ifi) (X,Y) consists of (p, r)-limited sets.
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1 Introduction and Notation

We denote Banach spaces by X and Y, and by K = R/C the field of real or complex
numbers, respectively. For a Banach space X, denote by Bx the closed unit ball
of X and by Sx the unit sphere of X. The space of continuous bounded linear
operators from X to Y is denoted by £(X,Y). We refer to the element of £(X,Y)
as operators. Denoted by X* := L(X,K) the dual of X; its typical element will
be denoted by z*. For x € X, we write (z*,z) = 2*(x) (or (x,z*)) for the action
of z* on z. We also denote by xx the canonical isometric embedding from X into
X** where X** is the dual of X*. The subspaces of all finite rank and all compact
operators from X to Y are denoted by F(X,Y) and K(X,Y), respectively. For any
operator T € L(X,Y), N(T) and R(T) denote the null space and range (space) of
T, respectively. For any T € L(X,Y), T* denotes the adjoint operator of T from
Y* into X*.

For the characterization of relatively compact sets in Banach spaces, we recall the
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following: Let p > 1. We denote by £;’(X) the set of all weakly p-summable
sequences in X. Then £(X) is a Banach space with the norm

[(@n)lly = sup{ll (" (zn))llp : 2* € Bx-}.

(¥(X) is isometrically isomorphic to L({p-,X) if p > 1 and p* = p(p — 1)~
For p = 1, ¢{(X) is isometrically isomorphic to £(cp, X). Denote these isome-
tries by @ : £;)(X) — L({p, X) (respectively, ® : £{(X) — L(co, X)), where
Dy, (o)) = Y02 anzy and (o) € £y- (respectively, (an) € cp). We write
p-conv(zy,) == @, )(By,.) for 1 < p < oo, l-conv(xy) = P, )(Be,), and oo-
conv(xy,) := abs-conv(x,) = ®(,, )(By, ), the absolute convex hull of (z,).

Let £,(X) be the subspace of £;)(X) of all p-summable sequences in X (1 <p <
00), and c(X) the space of all norm null sequences in X. Then ¢,(X) is a Banach
space with the norm

e 1
I@lly = (D lleal”)”, 1<p <.
n=1

Also, £+ (X) is a Banach space in the norm
(@)oo = ll(zn)[S% = sup [lzn]l-
neN

Moreover, co(X) is a closed subspace of £o(X) in the above norm. We write
B(2,(X)) = B,(X) (1 < p < 00) and B(co(X)) = By(X).

Let 1 < p < co. Given a Banach space X, consider the vector space
O o= {()521 € 6 (X) = ((w(25))520)021 € ()
whenever (z;,)72; € £, (X™)}
under pointwise operations and equipped with the norm
l@)Eilmian = s (D lenr)
(@R)eii €8x ~ Y= j=1

under which it is a Banach space [4].
If p = oo, then £,(X), £;(X) and €g”d(X) are replaced by ¢o(X), ¢f(X) and
(X)), and £,(€,) takes the form co(cp). The norm on ¢f*¢(X) takes the form

l@)Elmisoe = s {swswlan@)l}. (1)

(@R)eia€Bey(xx = ™7

The norm that the mid p-summable sequence space £**(X ) inherits from £2 (X)
does not, in general, complete the mid p-summable sequence space, and the above
norm is the appropriate one on K;’”d(X ).



The symbol X <, ¥ means that X is a linear subspace of Y and ||z|y < ||z|x
for every x € X. It is shown in [4] that

(X)) < (X)) < £9(X). (1.2)

The definition of the (p,r)-convex hull of (x,) € f;(X) is extended in the
following way (see [1, Definition 7.3] and [3]).

Definition 1.1. Let 1 <p<oc and 1 <r <p*. Let (z,) € £;)(X). If r # oo, the
(p,r)-convex hull of (x,) is given by

(p,r)-conv(z,) = { i anTy : (an) € Bgr}.
n=1

If r = 00 and (z,,) € (X)), the sequence space of unconditionally 1-summable
sequences, we define

1-conv(zy,) := (1, 00)-conv(zy,) = {i anTy @ (ap) € B[m}.

n=1

If r = 00 and (x,) € (Y (X), then define

1-co(zy,) = (1, 0)-co(z,) = { Zanxn (ap) € Bc0}~
n=1
Given (z,) € £;(X), the operator ®(, ) : £ — X ( @(,,) : co — X when
r = 00) is also well defined and (p,r)-conv(z,) = P, )(By, ) if 7 # oo, while

l-co(xy,) = (1,00)-co(xy) = P,y (Be,)-

However, @, ) need not be compact, unless (v,) € £;(X), the Banach space
of unconditionally p-summable sequences [5, §§8.2 and 8.3] and [7, Theorem 1.4]
(also see [1, §7.3]). As described in [1, p.60], the space £;(X) was defined as
the (closed) subspace of £;’(X), consisting of (z,) € ¢;(X) such that (x,) =
my oo (21, .-+, 2N,0,0,...,) € £7(X). It is known that £% (X) = co(X) as Ba-
nach spaces (details may be found in [7, p.351] and [5, 8.2]). We recall the following
definition from [1, Definition 7.4].

Definition 1.2. Let 1 <p < oo and 1 <r < p*. A subset K of a Banach space
X is said to be relatively unconditionally (p,r)-compact if K C (p,r)-conv(x,) for
some (v,) € £y(X). It is said that K is relatively weakly (p,r)-compact if K C
(p,r)-conv(x,) (K C 1-co(wn) when r = c0) for some (x,) € £y (X) ((zn) € cf (X)
when p = 00).

Concerning the operators, we have the following [1, Definition 7.5].

Definition 1.3. Let 1 < p < o0 and 1 < r < p*. Given Banach spaces X and
Y, an operator T € L(X,Y) is said to be unconditionally (respectively, weakly)
(p,r)-compact if T(Bx) is a relatively unconditionally (respectively, weakly) (p,r)-
compact subset of Y. Denote by Uy, ) and W,y the classes of all unconditionally
and weakly (p,r)-compact operators acting between arbitrary Banach spaces.



By [4, Example 1.7], the Banach spaces £%(X) and £29(X) are generally not

comparable. In particular, £"4(X) is not contained in £%(X) despite the fact that
both sequence spaces satisfy

6p(X) C LX), 604(X) C £2(X).
We recall the following concept in [6]:

Definition 1.4. Let X and Y be Banach spaces. An operator T : X — Y is p-
summing precisely when there exists a constant C > 0 such that for z1,--- ,x, € X
and regardless of the natural number n, we have for all 1 < p < co that

(ZIITin‘”)pS C- sup (Dm*(wp)p.
=1

r*EBx* i=1

The least C' for which the above inequality holds will be denoted by m,(T), and we
also denote by IL,(X,Y) the set of all p-summing operators from X into Y.

2 Main Results

Our main concern is to expound a theory of mid (p, r)-compact sets and operators.
This we do by defining and introducing the relatively mid (p,r)-compact sets in
X by defining the (p,r)-convex hull of (z,,) € €$id(X) as in Definition 1.1 above.
Alternatively, by replacing £,(X) (as in [1, Definition 3.2]) with £314(X).

Definition 2.1. Let 1 <p<oo,1<r <p* and (x,) € Eg‘id(X). Then call

(p,7)-conv(z,) = {ianxn :(an) € Bgr}

n=1
the (p,r)-convex hull of (xy,).

Definition 2.2. Let 1 <p < oo and 1 <r < p*. A subset K of X is said to be
relatively mid (p,r)-compact if K C (p,r)-conv(x,,) for some (x,) € Zg’id(X).

The operator @, ) : £, —> X (®(,,) : co — X when r = oc) defined by
() =D ajm;
j=1

is bounded. Indeed, let (z;) € £24(X). Fix ¢ € Bx- arbitrarily and note that
(I;) = ((,0,0,0, .. ) S B[;x(X*). So if (Oéj) € By, then



(@) ()P = \Z%@ ()] Zl%l\w ()]

> . \P
< (Z\cm P el
j=1
>0 P
< (Z\cm ) L)) )
j=1 j=1
< D e =0 lan(a
j=1 n=1j=1
< (| x])] 1||m1d, )p
Hence
19 (2, ()l < [[(z5)521 [ mid,ps
and so,

1@ | < 1(25) 521 miap- (2.1)

Coincidence of the mid (p, r)-compactness with £;/(X) and £,(X) occurs in the fol-
lowing extreme cases which are stated in [4] and originally come from [13, Propo-
sition 3.1 and Theorem 4.5].

Theorem 2.3. [[4], Theorem 1.2] Let X be a Banach space and 1 < p < co. Then
(i) 02Y(X) = £¥(X) if and only if T,(X, €,) = L(X, ().

(it) E(X) = €,(X) if and only if X is a subspace of Ly(u) for some measure
L

The Banach spaces X for which Theorem 2.3 holds are what the authors of [4]
have termed weak mid p-spaces and strong mid p-spaces: A Banach space X is said
to be a weak mid p-space if £2%9(X) = £¥(X), and it is said to be a strong mid
p-space if £M9(X) = £,(X). Therefore, our relatively mid (p,r)-compact sets are
relatively (p,r)-compact (respectively, relatively weakly (p,r)-compact) whenever
X is a strong mid p-space (respectively, weak mid p-space) by the definition of
strong mid p-space (respectively, weak mid p-space) and the weakly (p, r)-compact
sets treated in [1, Chap 7].

Definition 2.4. Let 1 < p < o0 and 1 < r < p*. Given Banach spaces X
and Y, an operator T : X — Y is said to be mid (p,r)-compact if T(Bx) is a
relatively mid (p,r)-compact subset of Y. Denote by IC?“‘E,)(X Y) the set of mid
(p,r)-compact operators from X toY.



Let X and Y be Banach spaces, 1 < p < ccand 1 < r < p* and T €

IC?I‘)‘d)(X Y'). Then the quantity

R (@) =t {)llmia : (5a) € G7(V) (9a) € 5™ (V) whenp = o),
T(Bx) C{)_ onyn : (o) € By, }} (2.2)

defines, as will be shown below, a complete quasi-norm on Kaif,) (X,Y). Recall from

equation (1.2) that (y,) € £,(Y) implies that (y,) € £7*(Y) and [|(yn)|lmiap <
|(4n)|lp- Also recall from [9, Theorem 4.6] that, if T' € K, ) (X,Y), then

K (T) = mf{|(gna)llp : (Wn) € () ((yn) € co(Y) when p = o0),
T(Bx) C{)_ cnyn : (o) € By, }}.

The class IC?;‘},) is an operator ideal and the proof follows a similar style to that
for Ky, (see [1, Proposition 3.8] and [2]) and uses the definition of £2(Y) as we
show next.

Proposition 2.5. Let 1 < p < oo and 1 < r < p*. The class IC?;‘:) of mid
(p,r)-compact operators is an operator ideal.

Proof. Let S,T € IC?;’% (X,Y). Then there exist (z,), (yn) € (YY) ((zn), (yn) €

cg"4(Y) when p = oo ) such that S(Bx) C ®(,,)(B,) and T(Bx) C @, (B,).
Let ¢ € K and define

2V ex i , mnodd
Zn = { 21/7‘ ( /2
Yn/2, n even.

Then for every (yy,) € Bew(y+) we have

ZZ|?/ = ZZ (2261 |p+ZZ\y;(22k)‘p
n=1k=1 n=1k=1 n=1k=1
= 22 @+ 3 ) P
n=1 k=1 n=1k=1
= 2P YDy |”+2P/TZZ|y:;(yk)l”
n=1k=1 n=1k=1
< 2P (@) lmia.n)” + 277 (1) lmia.r)”
= 2/ (el (| @) i) + (1)1 mia )7,
so that

00 00 1/p
0D i) e < 2 (16l () @) lamia.p)” + ()i i )”) < o

n=1k=1



This proves that (z,) € £24(Y) ( (2n) € co(Y) after the appropriate adjustments
when p = 00).

Let w € (¢S + T)(Bx). Then there exist x € Bx such that w = ¢S(x) + T'(x).
Hence, for this x, there exist (a,), (b,) € By, such that

S(x) = ®(z,)(an) Zanxn =@y (bn) = Z brn
n=1

respectively. Define

. 27", 41y/2, nodd
" 2717y, /o, n even.

Then (¢,) € By, . For,
Z lenl” = Z lean—1|" + Z lean|” = Z 127", |" + Z 12717, |"
n=1 n=1 n=1 n=1 n=1

(Y fal+ 3 )
n=1 n=1

27" (a7 + b))
< 271(2) =1,

IN

so that (3200 |e,|™)Y/™ < 1, as claimed.
Thus,

o0

(I)(zn)(cn) = Z CnZn

n=1

o0 oo

= E C2n7122n71+g Con22n
n=1 n=1
o0

— Zz—l/ran2l/'r’cxn +Z2—1/7‘bn21/ryn

n=1 n=1

(o) o0
— 22—1/7’&”21/7‘03,;”+Z2—1/T‘bn21/’r‘yn

n=1 n=1

o0 o0
= ¢ Z AnTy + Z bnYn
n=1 n=1

= P, (an) + P, (bn)
= cS(x)+T(z) =

This proves that w € ®(,,(By,). Therefore (¢S + T)(Bx) C ®(,)(By,), so that

(cS+T) € Kk (X,Y), showing that K7 (X,Y) is a linear subspace of L(X,Y).



On defining (2,) € £4(Y) by 21 = [|[#*||y, 22 = 23 = ... = 0, it is clear that, if
(w,) € £ (Y™"), then

oDl = len )P < P (l@)E)?,

n=1 k=1

whence
[(za)llmiap < [lz1ll = [[llz*[lyll = [l=*[[ 1yl

Furthermore, given x € By, it holds that

" @y(z) =2"(z)y = Wﬂx ly =" anzn € (., (Br,),
n=1
with a1 = le(xu) ,aa =ag=...=0, and so (a,) € By,. Therefore

" ®@y(Bx) C @(.,)(By, ),

and so z* @y € IC?;%(X, Y'); that is, the space ICE‘;’% (X,Y) contains finite rank
operators.
The ideal property also holds. That is, if A € £(Z, X) and B € L(Y, W), then

BTA € IC?;%(Z, W). For, let z € Bz. Then \|ATZ\| € Bx. So there exists (t,) € B,

such that
Az

T(55) = B (8.
<HAH> (o)
We thus have

B(T(mD - B((I)(yn)(tn))
= B(itnyn)

o0
= Z tn Byn.-
n=1

Therefore,

(BTA)z = ta|| Al By = ®(u,,)(tn);

n=1



where (wn,) == (|A||Byy,) € £29(Y) since for every (y;) € ¥ (Y™),

SN lunAIBy) P = >0 IIANP |y (Byk )P
n=1k=1 n=1k=1
= ZZ |A|IP1Byy, () [”
< ZZHAH’”HB 17 1y (yr) [P
= ZZHAH”HBllplyn(yk)l

1k

= lAl”IBIP Z Z lyn (yk)[P < 0.

n=1 k=1
O

Next, we will show that (IC?;‘}, (X,Y), H?z‘f‘j) (+)) is a quasi-normed operator ideal

(see [5, 9.3] for the definition of a quasi-normed operator ideal).

Proposition 2.6. Let 1 <p < oo and 1 <r < p*. The linear space IC?;% of mid
(p,r)-compact operators is a quasi-normed operator ideal.

Proof The restriction of £} () to K% (X,Y) is a quasi-norm. For consider

(;Crmd (X,Y), K Emd)(.)) such that ,.g?;lfi)( ) = 0, and fix € > 0. Then there

exists (yn) £29(Y) such that T(Bx) C @y, )(By,) and

(Y5 ) | mia,p < €. (2.3)

Fix z € By and choose o = (o) € By, so that Ta =" | a®y,. Observe that,
if o € By«, then f = (f1, fo, -, fry---,) = (¢,0,0,...) € B@;}(y*). Moreover,

(Tz,p) = Z A (Yns @)

n

Il
-

I
M8
M8

a;CL(yna fk>7

3
Il
—
=~
Il

1



whence

(Tz,0)] = | ok{yn, )l

IA
M8
M8
P
g
=

oo

nl) (Z Yn:

n=1 n=1

>1ﬁ*

1/r*
) (since a® € By,)

IN IA

(e T+
—~
(]2 M8
s

%h

IN
— —
(]
&
3
5
= S
~— *
i
=
b
)
=
Q
¢}
=
vV
=
o
=
(oW
»
o
o~
N
o~
SN—

VARRVAN
[ W —
—~
N
— 3
g =
= &
—~
[\
LT
—_ <
—
—_
[\
=

(2.4)
Hence, ||[Tz|| < € by (2.4), and so
1T <e. (2.5)

Letting € tend to zero, we conclude from (2.5) that ||T|| = 0. Since || - || is & norm
on L(X,Y), it follows that T' = 0, as was to be proved.

Now, fix ¢ € K. Since ¢TI € IC”;“TI)(X Y’), as seen above in Proposition 2.5, it follows
that there exists (y,) € £24(Y) such that T(Bx) C @y, (Be ) {00 anyn ¢
an € By} Fix ¢ # 0 in K and for every z € By, choose of € By, such that

Tz =3, a%y,. Then cTx =Y ", aZcyy,. Since (cy,) € é;“id(Y), it follows that

Ko (eT) < (cyn)llmiap
= |o|ll(yn)llmid,p (since || - ||mid,p is & norm). (2.6)
Hence
mid ( T) < ‘ | mid (T) (2 7)
P\ = 1R .

On the other hand, fix € > 0. Since ¢TI € K@iﬂ) (X,Y), choose (z,) € £2(Y') such
that
Kl (©T) > (14 )l (zn) i

10



Then

R ) > (14 ))l(20) idp

1
(A + e)fle(=2n)llmia.p

1 . .
(1+ e)\c|||(gzn)||mid’p (since || - |lmia,p is & norm).  (2.8)

But (¢T')(Bx) C {>_p—1 @nzn : (o) € By, } implies that (T')(Bx) C {> %22, :
(an) € By, } with (22) € £, (which is a linear space). Therefore

n
c

mi 1
H(p,(i)(T) < ||(Ezn)||mid,p-
This together with (2.8) implies that
“I(I;i,(i)(CT) > (1+ 6)|C|I€?;’(Ti,)(T),

Since € > 0 is arbitrary, it follows that

RE(CT) > [l (T). (2.9)
From (2.9) and (2.7) it holds that
Ky (€)= Jelspay(T) (2.10)
(p,r) (p,r) )

as was to be shown.

Let S,T € IC?;;‘:)(X,Y) and choose (), (yn) € 9(Y) such that S(Bx) C
®3,)(Bye,) and T(Bx) C ®(,,)(Be,). Fix x € Bx. As above (in the proof of
Proposition 2.5) with ¢ = 1, we can define (z,) € £34(Y) and (c,) € By, (with
appropriate adjustments when p = co) such that

(S + T)x = (I)(zn)(cn)-

Then

11



Kl (S +T) < 1I(20) lmia,p

= s (S wnr)
(wﬁ)eBeglid(Y*) n=1k=1
= s (X hwnGamenl) (D hwnol) )
(u}:L)EBEIPI‘id(Y*) n=1k=1 n=1k=1
o *(9l/r /p
= sup (ZZ|wn(2 xk)|p)

('LU:L)EBppnid(y*) n=1k=1

+ sup

(wﬁ)GBZgud(y*)

(
= ol/r sup (i

(“’i)eBzgﬂd(y*) n=1k=1

2 s (DS jewor)”

(wﬁ)EBzgﬂd(Y*) n=1k=1

= 27 (l(zr) 71 lmia.p) + 217 (1 ()72 mia.p)
= 27 ((@r)R2s lhmia,p + 11(9)721 llmia.p)- (2.11)

On taking the infimum on both sides, first over all the (x,) defining S and then
over all the (y,) defining T we obtain

RE(S+T) < 2 (R (S) + ) (T)).

(p,7)

This proves that (K{'%) (X, Y), k{3 () is indeed a quasi-normed linear space.

Next, we show that (K% (X, Y), k{3, () is actually a quasi-normed operator

ideal. To this end, recall from Proposition 2.5 that X' (X,Y) admits finite rank
operators: Given x € By and y € By, it holds that z* ® y € IC?;‘:) (X,Y) with
H?;if:) (z* ® y) < 1 (see the representation in the proof of Proposition 2.5). In
particular, since K* = K, and for all o € K it holds that

idg(a)=a = 1-a-1
= 1®1l(a) (1€K*1eK).
We then have

idg =1® 1€ KR (X,Y),

and whence

K (idg) < 1. (2.12)

12



Alternatively, as quasi-normed spaces,
Kpr (X, Y) = /c?;{(},) (X,Y)

and
Kl(p ,,.) (T) < K}( )(T)

Since idg € Ky, ) with s, (idg) = 1, it follows that

/*ﬁ?;(i) (ZdK) < K(p,r) (’LdK) =1.

On the other hand fix € > 0. Then there exists (z,) € Spmia(y) such that

1Czn) lmia.p < G35 (id) + €.

(2.13)

Fix ¢ € By« arbitrarily and observe that f, := (¢,0,...) € ng(y*) where f; = @

and f, =0 for all n > 2. Hence,

(i\(%%ﬂp)lm = (ii [(fn, z)] )/p
k=1 =1k=1

IA

1(2n) lmia,p < Ky (id) + €
Taking the supremum over ¢ in the previous inequality gives
L= (zn)lew < n( (sz) +e.
Letting € tend to 0 leads to
1 < ki (idg).
By (2.12) and (2.14) we have

||Z'dKH/q;jj)(X,Y) =1,

as was to be shown.

(by (2.13)).

(2.14)

Lastly, it follows (again) from Proposition 2.5 that, if T € ICE‘;’CTI)(X,Y), Ae
L(Z,X) and B € L(Y,W), then BTA € K3\, (Z, W), where (|| A||By,) € £;"(Y)

defines BT A whenever (y,) € £24(Y) defines T'. So

RO (BTA) < (1Al Byn) i
(o) [e.¢] . 1/p
= s (Y mAlBgr)
(Yh)EBew (v*) =1 k=1
< ANBI(YD Y i l?)

n=1 k=1

(by (2.1))

On taking the infimum on both sides of the preceding inequality over the (y,)’s in

£214(Y) that define T we obtain

Ky (BTA) < [[Allsgyiy (D)IBI],

13



as was to be proved, and this affirms the claim that (IC?;‘? (X,Y), H?;;(Tl,)(')) is a
quasi-normed operator ideal.
U
That (K9 (X,Y), x5 () is a quasi-Banach operator ideal will follow from
proving that it is an s-Banach operator ideal where s = pﬁfr and this definition of
sleadsto 0 < s < 1.

Proposition 2.7. Let 1 < p < oo and 1 < r < p*. Then (K?;ii)w?;‘r)( )) is an
s-Banach operator ideal.

Proof. Assume that (T,,) C K{')) (X, Y) is asequence such that 307 | w7 (1) <

oo. Given the ideal quasi-norm m?‘;‘i)(-) with the universal constant ¢ := 2571, a

classical renorming process yields an equivalent ideal s-norm
mid s 1/s - mid
TN g xvy = 1nf{(2/§(p 4 ) L T:=3 TLTh,....T, € K9,(X,Y))
i=1

(see [11], 6.2.5)). Using this s-norm yields

mid
i ZT’@HW%‘%(X,Y) < DAl (L)’
k=1 k=1
< D K (To)°
k=1
for each n € N. Taking the ||| - |||,C?;;1<3‘>(X7Y)—limit on both sides as n tends to oo,

yields ||| >°p2, Tk|||,5Cmid (x.y) < 00, whence U = S Th € ftfnid)(X Y), by the

equivalence of the s-norm ||| - |||,Cm,d (XY with the quasinorm ™4, (.), as was to

(p r)
be proved.

Since for each € Bx and y € By it holds that ﬁ?;‘i)(a:* ®y) = |l=*|| |y, for
any quasi-Banach operator ideal [10, 6.1.5], and the ideal property is also satisfied
as seen in the proof of Proposition 2.5, it follows that (F{Z‘j‘% (X,Y), ki, r)( )) is
indeed an s-Banach operator ideal.

O

Let 1 < p < oo, 1 <7 <p* (x)) € Eglid(X) and X be a Banach space.
Recall from the earlier discussion that (e,,) € Spw(ex), where we considered the unit
vectors e, € £ C ({;)* as coordinate functionals for ¢,. The operator ®(, ) :
by — X (@(y;) : co —> X when 7 = 00) defined by

oo
)= ajx;
j=1

admits a representation
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Dy = Y e @, (2.15)

Moreover, @, ) is approximable:

Proposition 2.8. Let 1 < p < o0, 1 <7 < p* and (z;) € Eg‘id(X). Let X be a
Banach space. Then @,y with the representation in equation 2.15 is approzimable.
Hence, .,y € K({, X).

Proof. Let (z;)j<m = (z1,...,Zm,0,0,...) and define

P(a)i<m ZGJ Q ;.
Then

oo

”(I)(Ij) - (I)(zj)jgm = sup Z ajxjH
(a5)€Be,  jomi1
o0
= swp sup | Y at(zy)]
(aj)GBgT T*EBx~ j=m+1
oo [ee]
= sup sup | Z a;x*(x;)] < sup  sup Z la;||z* (x;)]
r*EBx* (aj)EBgr j=m+1 r*EBx* (aj)EBgT j=m+1
1/p* 1/p
by WPapep, (Eimn 67) " (S b))
l<p<oo, 1<r<p*
é Supm *€Bxx Sup(a] GB“ (Sup]>m+1 |aj|) (Z;.;77L+1 |£L'*(£L'j)|>,
p=1
WD, 5Dy, (s 1) (5002 o 2)]).
p=o00
1/r oo . 1/p
SUPg+ e By« SUP(a;)eB,, ( j=m-+1 |a]| ) (Z]‘:m.H |z (xj)|p> )
l<p<oo, 1<r<p*
oo *
< SUPg+c By« SUP(a;)eB,, (Sup]>m+1 |aj|) (Zj:m+1 |z (xj)|)7
p=1r=p"
SUDec s 50, (25%m 1 1051) (50054 2 ()],
p=o0, r=p"
oo . 1/p .
< Supm*EBX* Zj:m+1 |£L' (xj)|p ) 1 < p < 00, 1 <r< p

SUPg+eBy« | SUPj>m41 |$*($1)| ) p=

15



1/p
Sup(Z:)EBg;u(x*) (Znoozl Z;X;m+1 |Z’;kl(‘r.7)|p> )
1<p<oo, 1<r<p" (ff:=2a%2:=0n#1)
SUPz+ecBy« | SUPp>18UPj>m+1 ‘ZZ(%)‘),

p=oo (zf:=ua"2:=0,n#1)

1/p
SUD (o) By ) ( Lot Dttt [5@)P)
l<p<oo, 1<r<p*

<
SUDPg+e By« (Supn21 SUP;>m+t1 ‘x;(lﬁ)ov
p=0o0

_ { H(xj)joil - (xj);'nzlnmid]w 1<p<oo
()51 = (25)7L1 lmido, P =00

m

— 0.

This proves that @, ., converges to @, ) in the operator norm as m — oo,
whence @,y € K({r, X) whenever (z;) € £Y(X) ((z;) € ¢f'(X) when p =
00). O

If (y;) € ﬁglid(Y) for a given Banach space Y, 1 < p < oo and 1 < r < p*, the
operator ®(, ) admits a factorization

D) = Py, 4,

where ¢ : £, — W := {./N(®(,,)) is the linear quotient mapping and 5(%) :
W — Y is the linear injective associate of ®(, ). This kind of factorization is
a property of every operator in £(X,Y) for all Banach spaces X and Y (see [1],
p.19). Furthermore, suppose that T'(Bx) C ®(,,)(By,) so that for each € Bx
there exists a € By, such that Tz = ®(,,)a. It is known that each such z in X
determines an o € ¢, uniquely modulo the null space N(®(,,)) of ®(,,) such that
llll- < JJz]]. This was first observed and introduced by the authors of [12] for
r = p* and then later improved on in [1] and [2] for any 1 < r < p*. Since the
involved factorizations are basically algebraic, the foregoing also hold in our setting
of (y;) € £4(Y). This, said and done, we define

Tyn: X — W

T — qu

where z € X, and a € /, satisfies |af|, < [|z|| and Tz = ®(, ya. If |z]| < 1, then
1Tyl < llq]| = 1. Following the dictum from [12], we call the injective operator
Ty, the essential quotient of T' with respect to (y;). Hence

T = u)Tw) (2.16)

16



where T(,,) € L(X, W), [Tl <1, and N(T{,,)) = N(T) and (as in [12]) we shall
say that T is quotiented in ¢, by (y;) € Eglid(Y). Then each of the two triangles in
the following diagram is commutative:

T
X— —3Y
Ty Sy -7
-7 Py;)
w L,

q
Given Banach spaces X and Y, 1 <p<oocand1 <r <p* fixT € K&iﬂ) (X,Y).
Then the operator 7" has a natural factorization similar to the case of K, ,(X,Y")
[1, pp.33 — 34].
Recall the following definition in [4, Definition 2.1]:

Definition 2.9. Given Banach spaces X andY, an operator T € L(X,Y) is said
to be absolutely mid p-summing if (T (x;))32; € £p(Y) whenever (z;)32, € (X)),
It is said to be weakly mid p-summing if (T(x;))52; € rid(Y') whenever (zj)32, €
(X)),

P

We now show that the operator

B X (L)

at o= (@) 5

is weakly mid p-summing whenever (z;) € Eglid(X)

Proposition 2.10. Let 1 < p < oo , 1 <7 < p* and (x;) € ("(X). Consider
the operator @,y : by —> X (P(5;) 1 co —> X when r = o0 defined by

O () =D ;.

Then the operator

is weakly mid p-summing.

Proof. Let (z;) € Eg‘id (X) and consider the linear operator @, y : £, — X (®(y,) :
co — X when r = 00) defined by

(P(mj)(aj) = ZO&jIj.
j=1
Let (z7,) € £ (X™). Fix ¢ = (gn) where (g5) € By ((¢,)=) s arbitrary. Then

17



(gn @0 @D = DD U@ (90), 7))

<I>
_ E :E : ””J) 25V P

WK
[M]8

3
Il
-
£l
I
-
3
Il
_
E
I
-

$) n *
= 35 swp {620 (g))P \<H¢“ﬂ,xk>\p
n=1 k=1 ?€Bw)* (z5) 9n
(z5) *
= sup (&, @02 (9a )P D Wi~ il
z:1¢’€B(/a~>* ) Zl ||‘I)(m  (gn)l g
< (lGp)lly)7 sup ZI (0,90, (gn )P
PEB(er)* =1
= (G U@E, (g)l5)”
= (H(wZ)\l;")p(||<I>**.)((gn)20:1)llé”)p
< (IR IREH 1P (since (gn) € Bew((,)++) )
= (I\(xZ)\Ié”)pH‘l’m)\lp
< (IR 5) 5 [mia,p)”  (using (2.1)).
Therefore @* ) is weakly mid p-summing by Definition 2.9. O

Concerning the operator ®(,, )= , we take note of the following: By [4, Example
1.7] and since (ex) € €¥(co) = £5(cp), we may consider

(I)(en). co — Cp

an > E Ap€n = n

Moreover, (®(.,)(ex))iZ, = (ex)i; & £2(co), so that @y is not absolutely mid
2-summing by Definition 2.9.
Furthermore, since (e,,) € £49(¢1) and ||(€;)|/mia,1 = 1, consider

Dyt o — 4O
an — E anp€n = an

and recall that (ex) € €4'(co). But ((®(e,)(er))ie; = (er)iey ¢ 4M9(41) since
id(¢1) = £41(¢1), by Theorem 2.3(ii) and (ex)o, is not strongly ¢;-summable.
This proves that @, is not weakly mid 1-summing.
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Now, observe that

CI)(en) g — O
(an) +— Z anen = (an)
n=1

gives rise to

(I)Z‘en)tfl — 61
¢ — ({psen))nzr-

Note that (ex) € £29(¢1) and ||(ex)||mia1 = 1, as before, and (@7, (er))izy =
(({ew, en))nz1)iZy = (ex)iZy ¢ €1(f1). This shows that (@, ) is not absolutely
mid 1-summing.

3 (p,r)-limited Sets

Recall that a nonempty subset A of a Banach space X is called limited in X if for
every weak*-null sequence (f,) in X* (that is, lim,_,o fn(z) =0 for all x € X), it
holds that f,, — 0 uniformly on A. Alternatively [13], for every weak*-null sequence
(fn) in X*, there exists () € cg such that |f,(2)] < a, for all z € A and all
n € N. It is known that every compact set is limited. The converse is however
false and this was initially mistakenly thought to be true by Gelfand [8] but was
later refuted by Phillips [10] who produced an example of a non-compact limited
set (see [13, §2, second paragraph]).

Recently, the concept of a limited set has been extended to the p-level in [13]:
A subset A of X is said to be p-limited in X (1 < p < o00) if for every weak*-p-
summable sequence (fy,) in X* (that is, > 07 | | fn(2)|P < oo for all z € X), there
exists an (a,,) € ¢, such that |f,(z)| < a,, for all z € A and n € N. Subsequently,
the following result was proved in [13, Proposition 2.1].

Proposition 3.1. Let 1 < p < oco and X be a Banach space. Then every p-compact
subset of X is p-limited.

Let 1 <p<ooand 1 <r <p*. In analogy with the concept of (p,r)-compact
operators, we'll extend the concept of a limited set to the (p,r)-level, where the
(p, p*)-level is the p-level mentioned above.

Definition 3.2. Let 1 < p < oo, 1 <r < p*, and X and Y be Banach spaces.
A subset A of X is said to be (p,r)-limited in X if for every weak®-p-summable
sequence (fn) in X* (that is, Y oo |fu(2)[P < oo for all x in X), there exists
(an) € Lps such that | fr(2)] < ay for x € A and n € N. An operator T € £(X,Y)
is said to be (p,r)-limited if T(Bx) is (p,r)-limited in Y.

It follows from the paragraph preceding [4, Proposition 2.12] that the weakly
mid p-summing operators defined in Proposition 2.9 are precisely the sequentially
p-limited operators defined in [13, Definition 4.1]. These are the (p,p*)-limited
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operators in terms of Definition 3.2.
It is to be noted, though, that by virtue of how they are defined the absolutely
(respectively, weakly) mid (p,r)-summing operators (in [4]) are not related to the
(p, r)-limited operators given in Definition 3.2.

Now, Proposition 3.1 can be extended as follows.

Theorem 3.3. Let 1 <p<oo,1<r <p* and X be a Banach space. Then every
mid (p, r)-compact subset of X is (p,r)-limited.

Proof. Let K C X be a mid (p,r)-compact set and choose (f,,) € E;;“*(X*) arbi-
trarily. Then there exists (x,,) € Kg‘id(X) such that K C ®(,, (B, ). Furthermore,

SN )l = Z (Y | f)” (z)l?

n=1 k=1 =1
(@) [mia,p)”-

(s )

( since Ew (X™) = £, (X7) isometrically).

IN

Since £2" (X*) C £ (X*), it follows that

M2

>

=1

n=1k=1

IA

| fn(2

=

1

U () lnia p)?

IA

by the previous inequality.
Let

Oz =a
k=1

for all n. Then (ay,) € p=.
Fix z € K arbitrarily. Then z = > ;- | vk for some (y;) € By,. Now, for
each n € N it holds that

|fa(2)] = |Z'7kfn($k)|

k=1

< 3 el [ ()|
k=1

< O MYTO ala)HY
k=1 k=1

oo

< (S Wl
k=1

= .

Therefore K is (p,r)-limited, as was to be proven. O
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Corollary 3.4. Let 1 < p < 00,1 <r < p* and X be a Banach space. Suppose
that (x,) € £Y(X). Then ®(y,)(By,) is a (p,r)-limited set. In particular, ®(,,)
is (p,r)-limited.

Proof. If (zy,) € £7"(X), then @, )(By,) is a mid (p, r)-compact set in X. O

Theorem 3.5. Let X and Y be Banach spaces, 1 < p < oo, and 1 < r < p*. If

Te IC?;(:) (X,Y), then T is (p,r)-limited.

Proof. This follows from Theorem 3.3 since T'(Bx) is a mid (p,r)-limited set in
Y. 0

Another property of (p,r)-limited sets that generalizes the p-level one in [13,
Proposition 2.2] is as follows:

Proposition 3.6. Let 1 < p < 00,1 <r < p* and X be a Banach space. Given
any two subsets A and B of X it holds that:

(a) If B is (p,r)-limited and A C B, then A is also (p,r)-limited.

(b) If A is (p,r)-limited, then A is (p,r)-limited.

(c) If A and B are (p,r)-limited, so are AUB, A+ B and AN B.

(d) If A is (p,r)-limited and T € L(X,Y), then T(A) is (p,r)-limited.
Proof.

(a) Let (fn) € €$*(X*). Since B is (p,r)-limited, there exists (ay,) € £ such
that |fn(2)| < ay, for every x € B. Fix a € A arbitrarily. Since A C B, it
follows that a € B so that |f,(a)| < «, for every n € N. This proves that A
is (p,r)-limited, as was to be proven.

(b) Let (fn) € E;’* (X*) and fix € A arbitrarily. Then there exists (x}) in A such
that xx — x as k — oo. Thus, for each n € N, it holds that f,(zr) = fn(z).
Since A is (p, r)-limited, it follows that there is (o) € £+ such that for each
fixed n € N, |fp(zx)| < o, for every k € N. Hence, for each fixed n € N,
| fn ()] < aun, so that A is (p,r)-limited, as was to be shown.

(c) Let (fn) € E;f’*(X*). Since A is (p,r)-limited, there exists (ay,) € £+ such
that | f,(a)] < a, for every a € A and n € N. Since B is (p, r)-limited, there
exists (8,) € £« such that |f,(b)] < B, for every b € B and n € N. Define

(vn) by

a, ,nodd

Tn =
Bn  ,n even.

Then (v,,) € £, since
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oo oo oo oo oo

. . . . .
E [vn " § [von—1|" + E [v2n|" = E laon—1]" + E |Ban|"
n=1 n=1 n=1 n=1 n=1

o0 o0 o0 o0

< D oonal” )zl + Y 1Bonal” + Y |Benl”
n=1 n=1 n=1 n=1

= el + 1B

< Q.

Fix z € AU B arbitrarily. Then either z € A or z € B. If z € A then by the
preceding paragraphs it holds that for every n € N,

|fon—1(2)| < a2n-1 = Y2n-1-
If z € B then by the preceding paragraphs it holds that for every n € N,
| fon(2)| < Ban = Van-
Hence,
[fn(2)] <
for every z € AU B and n € N. This proves that AU B is (p, r)-limited.

Next, let (f,) € K;;”* (X*) and fix z € (A + B) arbitrarily. Then z = a+ b for
some a € A and b € B. Since A is (p,r)-limited, there exists (ay,) € £+ such
that | f,(a)| < o, for every n. Since B is (p, r)-limited, there exists (5,) € £,
such that |f,,(b)| < B, for every n. Let 7, := a,, + B, for each n € N. Then
(vn) € £p= too. Moreover, it holds that for every n € N,

[fn(2)] = [fala) + fa ()] < [fala)] + [ fa ()| < an + Br = Y0
This proves that A + B is (p, r)-limited.
That AN B is (p,r)-limited follows from (a) by considering AN B C A or
AN B C B whenever A and B are (p, r)-limited.

Let (fn) € é;;’*(Y*). Fix y € T(A) arbitrarily where T € L£(X,Y). Then
there exists z € A such that y = T'(x). Define g, € X* by g, = T* f,, for
each n € N. Then (g,) € E;;”* (X™*) since for every z € X it follows that

D g @)P =D AT fu(@)P =Y 1 falT)P = | fay)]P < oo
n=1 n=1 n=1 n=1
Since A is (p,r)-limited, there exists (ay,) € £« such that |g,(z)] < «, for

every z € A and n € N. With this («,,) € £+,

[ fn(W)] = [fu(T(2))] = |T" fu(z)| = [gn(z)| < an

for every n € N. This proves that T'(A) is (p, r)-limited whenever A is (p, r)-
limited.

O
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