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Modeling noisy data in a network context remains an unavoidable obstacle; fortunately, random 
matrix theory may comprehensively describe network environments. Noisy data necessitates the 
probabilistic characterization of these networks using matrix variate models. Denoising network 
data using a Bayesian approach is not common in surveyed literature. Therefore, this paper adopts 
the Bayesian viewpoint and introduces a new version of the matrix variate t graphical network. 
This model’s prior beliefs rely on the matrix variate gamma distribution to handle the noise 
process flexibly; from a statistical learning viewpoint, such a theoretical consideration benfits 
the comprehension of structures and processes that cause network-based noise in data as part of 
machine learning and offers real-world interpretation. A proposed Gibbs algorithm is provided for 
computing and approximating the resulting posterior probability distribution of interest to assess 
the considered model’s network centrality measures. Experiments with synthetic and real-world 
stock price data are performed to validate the proposed algorithm’s capabilities and show that 
this model has wider flexibility than the model proposed by [13].

1. Introduction

1.1. Graphical networks and its reach

The explosion of information and significant advancements in computational speed have led to a notable increase in the capacity 
to gather substantial volumes of data, commonly called big data. This phrase encompasses a large number of sample observations 
and features/variables. In the current data-centric world, there is a significant generation and retention of vast quantities of high
dimensional or unstructured data [25]. Scientific progress increasingly relies on data, and researchers frequently perceive themselves 
as data consumers. The abundance of high-dimensional data presents both prospects and novel obstacles in data analysis, such as 
the need to investigate the latent patterns within each subset of the data. However, comprehending and deriving significant insights 
from the data may be challenging. One of the significant issues associated with big data is the introduction and accumulation of noise 
due to its high dimensionality, which can lead to numerous spurious correlations between features/variables. Big data also proves 
difficult to visually analyze and interpret succinctly, especially with the growing number of variables included in the exploratory 
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Fig. 1. The network on the left is visualized before denoising. The network on the right is visualized after denoising the network using the proposed method. The big 
orange dot on the right image is identfied as the most ifluential node in the network. (For interpretation of the colors in the figure(s), the reader is referred to the 
web version of this article.)

analysis and how such variables can ifluence each other. Naturally, this poses a problem in interpreting and communicating key 
findings. Hence, the importance of accurate statistical analysis to uncover latent correlations is increasing. For example, extensive 
structural analytics in high-dimensional big data can be found in [4] and [31].

Network analysis under a statistical framework is an area of research that shows potential as a valuable tool for analyzing big 
data. This approach is studied in depth in the mathematics domain under the term graph theory - where a graph in this context is 
synonymous with a network, that is, a collection of nodes and edges representing a graph. Applying graph theory to real scenarios 
assists in understanding how nodes interact; however, it is not often immediately apparent which components ifluence others. An 
example of a graphical network illustrates the visual advantage that graphs offer in high dimensional cases in Fig. 1 and highlights 
the noise in high-dimensional data. It is a visualization generated from stock price data from 70 European companies, where the blue 
dots are the so-called nodes in theoretical terms that represent a financial firm. Their size denotes the strength of their importance 
in the network - how ifluential they are. The grey lines between them represent the ifluence or connections between them. While 
the nodes in this instance denote a firm, nodes can represent any object or state of interest to the researcher.

A graph’s information is comprehensively stored in a matrix and thus is typically characterized by the adjacency matrix, whose 
entries denote the number of edges from one node to another. Thus, estimating a graph itself is equivalent to estimating its adjacency 
matrix. Additionally, a series of networks is high dimensional and can be depicted as a set of adjacency matrices - paving the way to 
exploit random matrix theory to model a graphical network for investigating hidden relationships between objects (i.e., nodes). We 
use a set of nodes and edges for graph representation in probabilistic graphical modeling. To this end, nodes and edges are random 
variables and probabilistic dependencies, respectively. The relationships between nodes can be represented using adjacency metrics. 
Therefore, assigning a distribution to a matrix, like the Wishart distribution, is a way of identifying conditional dependencies. For 
some background on probabilistic graphical models, see [33,34,50].

In conjunction with graph theory, statistics, and machine learning are scientific areas that involve estimating the presence of edges 
between graph nodes, analyzing estimation errors, and calculating the estimated graph’s structure. Evaluating the goodness-o-fit of 
any chosen edge estimation technique requires finding and evaluating statistics around its resulting error distribution, particularly 
the spread of errors about the population mean. The error’s population covariance matrix is unknown and must, therefore, also be 
estimated. Frequentist estimation techniques, such as the method of moments, unconditional least squares, and maximum likelihood, 
exist but depend on the cleanliness of observed data to fill in most of the missing picture. This potentially poses a problem in practice as 
the variance of real data includes, among others, measurement errors and errors due to rounding. Misleading estimates and centrality 
measures are inevitable without incorporating additional information about the data’s variation apriori. In other words, it is useful 
to have some prior information about the nature of these errors and update them via the information in the data. This realization 
incentivizes using the Bayesian statistical approach, which will be discussed in Section 4.

1.2. Contributions and outline

This paper proposes an improved model that denoises high-dimensional data. This model is an improvement of the previously 
considered model by [13] since the constant shape parameter of the Wishart can now assume any integer or non-integer value. We 
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also considered a prior on this shape parameter with surprising results when applying the centrality measures. We compared our 
proposal with the best of the existing matrix t graphical network by replacing the Wishart distribution with the more flexible matrix 
variate gamma distribution. The latter contains the former as a special case. Our theoretical results are thus an extension of the 
existing approach.

In particular, the contributions of the paper are to:

• Highlight the flexibility of choosing a more general prior distribution via the accuracy of centrality measures. In particular, 
the observation of the improvement in the accuracy measures, following the Bayesian estimation inference with matrix variate 
gamma and inverse matrix variate gamma as priors for covariance matrices;

• Scrutinise via detailed simulation experiments through a soft computing lens, representative of our empirical application, to 
better understand the best approach needed to improve estimation accuracy, and

• Extend the framework of denoising financial data in the context of network theory where the assumption of normality in the 
model is no longer sufficient to explain the variation.

Therefore, this paper combines the theory of probability, graphs, and the descriptive properties of matrices to append the literature 
surrounding denoising graphical network data. We should emphasize that there exist only two constructions for the matrix t graphical 
network: 1) using the Wishart distribution and 2) using that of the matrix gamma [26]. Thus, the only competitor for our proposal is the 
Wishart distribution, for which we extensively conducted numerical analysis to show our proposed model’s superiority. Experimental 
results show that our proposed framework outperforms the work of [13].

The remainder of the paper is organized as follows: contextualizing literature is provided in Section 2 for a better context of 
the research’s perspective. Section 3 offers some preliminary theory on the intersection between graph theory and multivariate 
distribution theory. Section 4 outlines and constructs the new matrix t graphical network. The computational algorithm to estimate 
the model is described in Section 5, followed by an illustration of the suggested methodology via an application to real-world stock 
price data and a simulation study. Section 6 concludes the paper.

2. Contextualizing literature

Within the global financial system, different parts of the financial world rely significantly on each other. It is demonstrated by 
[12] that network models explain how different items are connected in financial settings. Using a network model, the dynamics of 
crypto assets between different bitcoin exchanges were explored by, for example, by [22] and [17]. More recently, [3] evaluated, 
from a sustainable finance viewpoint, a network-based machine learning model implemented in a fintech platform aiming to assign 
credit ratings.

The approach of Bayesian graphical modeling in a variety of financial settings has been investigated, see [23,21,8,12]. [11] inferred 
that firm-level centrality does not correlate with market values and is positively linked to realized financial losses using probabilistic 
graphical models. By applying Bayesian time-varying networks, [14] detected different connectivity regimes and uncovered the role 
of covariates in the edge-formation process for financial networks. This paper focuses on Bayesian estimation for adjacency matrices 
and investigates the effect of prior information on its performance, as illustrated through network centrality measures. Particular 
attention is paid to the spread of error terms after a probabilistic graphical model fit and how it ifluences the estimated network’s 
structure. Hence, this paper provides an enhanced Bayesian approach to estimating the noisy connectivity structure.

We propose a new matrix t graphical network that emanates from the two role players in the latest onset of the proposed superior 
performance of modeling the noise: the matrix variate gamma and the inverse matrix variate gamma distributions; this paper offers 
an extended view of the contribution as in [9]. The matrix variate gamma distribution, dfined by [39], has the Wishart distribution 
as a nested model. This matrix variate gamma distribution received attention in the literature by, amongst others, [32,19,35,41]; for 
damping modeling and diffusion MRI [1,46]; for accurate signal reconstruction [42,29,16]; for image classfication, see [40]. The 
interested reader is referred to [26] and [27] and references therein.

3. Preliminaries

In this paper, let 𝐺𝑡 be a sequence of networks for 𝑡 = 1,… ,T for T ∈ℕ. Assume that there are a fixed number of nodes 𝑛 concerning 
𝑡, but the number of edges can change with respect to 𝑡. Assume further that each node bears a stationary time series of variables that 
characterizes said node. Using the nodes’ time series, a sequence of networks 𝐺𝑡 is estimated to represent the relationships between 
the nodes at time 𝑡. This also means an adjacency matrix is estimated for 𝐺𝑡 at each time index 𝑡, say 𝒀 𝑡. The inter-nodal relationships 
are represented by the graph edges. A node 𝑢 that shares a relationship with another node 𝑣 at time 𝑡 results in a directed edge from 𝑢
to 𝑣 at time 𝑡 so that the 𝑢, 𝑣𝑡ℎ entry of 𝒀 𝑡 is non-zero. In practice, it would be redundant to consider an edge that loops around a node 
(i.e., an edge from node 𝑎 to node 𝑎) as it would mean the node shares a relationship with itself. Hence, self-loops are excluded from 
this consideration. A stationary time series implies that the network structure at time 𝑡 is a deviation from an underlying adjacency 
matrix 𝑩, independent of 𝑡. It is then reasonable to view 𝒀 𝑡 as ‘noisy copy’ of 𝑩 given by:

𝒀 𝑡 =𝑩 +𝑬𝑡 for 𝑡 = 1,… ,T, (1)

where 𝑬𝑡 is an 𝑛×𝑛 random error term, independent and identically distributed for all 𝑡 = 1,… ,T. Ideally, 𝒀 𝑡,𝑩, and 𝑬𝑡 would all be 
matrices with discrete entries since they constitute an adjacency matrix from (1). Network estimation techniques rely on hypothesis 
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tests or suitable threshold values, and the likelihood of edges bases itself on probability, which is continuous and subject to additional 
error. Thus, a researcher must manually binarise it to resemble an adjacency matrix through a suitable transformation rule. It is 
clear that the ideal case is often unrealistic, and 𝑬 𝑡 would have to account for the errors in likelihood testing before the binarization 
- 𝑬𝑡 must have continuous entries. Continuous error random variables should be centered around zero, assuming the model fitted 
explains the underlying pattern adequately. Alternative distributions explored in the surveyed literature focused more on skewness 
in univariate cases (see [7] for a comprehensive exploration). Observed data may contain additional noise, but there is insufficient 
motivation to consider the possibility that observations trail off too sharply to one region than others. Hence, unless there is intrinsic 
skewness to the data (e.g., discrete errors), a symmetric spread about zero is reasonable to assume.

4. Bayesian update of the matrix t graphical network

This Section provides a concise overview of the processes involved in edge determination and estimation, followed by an in-depth 
exploration of noise in graphical network data. Subsequently, it describes how this noisy data can be effectively incorporated into a 
Bayesian inference framework for practical application.

Extensive literature exists on a multivariate Gaussian distribution of errors. Articles that date back as early as the classical linear 
models [6] to relatively recent ones on engineering processes [5] provide an idea of how long researchers investigated the implications 
of this assumption. However, normality is useful when errors result from complete, unexplainable variation. That is, only randomness 
remains after a model’s fit. However, data may also exhibit excess kurtosis (or eigenkurtosis), which implies that the observations 
have a large spread from their location. These factors suggest that the probabilistic nature of errors is symmetric but has excess 
kurtosis compared to normality [45]. Considering this additional error, the distribution of error terms is expected to be symmetric 
and have heavier tails. The latter is a meaningful and practical characteristic not captured by the normal distribution and motivates 
the practical advantages that would be inherited from the theoretical departure of this research.

A t-distribution thus seems a suitable choice to characterize error. Subsequently, 𝑬𝑡 in (1) has a matrix variate t-distribution, 
𝑬𝑡 ∼ 𝑡𝑛,𝑛(𝟎,𝚺1,𝚺2), with corresponding probability density function (pdf) [24]:

𝑓 (𝑬𝑡) =
Γ𝑛(

𝜈+2𝑛−1
2 ) 

𝜋
( 𝑛

2
2 )Γ𝑛(

𝜈+𝑛−1
2 )

|𝚺1|− 𝑛 
2 |𝚺2|− 𝑛 

2 |𝑰𝑛 +𝚺−1
1 𝑬𝑡𝚺−1

2 𝑬
′
𝑡
|− 𝜈+2𝑛−1

2 , (2)

where 𝚺1,𝚺2, both 𝑛×𝑛 are positive definite matrices, denoted as 𝚺1,𝚺2 > 𝟎. Throughout, 𝑰𝑛 denotes the identity matrix of dimension 
𝑛, 𝟎 denotes the matrix of zeros respectively with size determined by the context, and |⋅| denotes the determinant. Γ𝑝(⋅) is the 
multivariate gamma function dfined as

Γ𝑝(𝑧) = 𝜋
𝑝(𝑝−1)

4 
𝑝 ∏

𝑖=1 
Γ
(
𝑧− 1

2
(𝑖− 1)

)
(3)

where 𝑝 is a natural number and Γ(⋅) is Euler’s gamma function. By the linearity property of a matrix variate t random matrix and 
since 𝑩 is a constant matrix, equation (1) implies that 𝒀 𝑡 ∼ 𝑡𝑛,𝑛(𝜈,𝑩,𝚺1,𝚺2) and consequently called the matrix variate t-model. 
Notice that 𝑩,𝚺1,𝚺2 and 𝜈 are unknown, which requires their estimation. Making use of Bayes’ theorem, a posterior distribution of 
𝑩,𝚺1,𝚺2, and 𝜈 is derived from which a sample can be simulated to estimate 𝑩 using the method of moments estimator (mme) - this 
is explored in the next subsection.

4.1. Prior specfication

Recall that model (1) must account for errors robustly, i.e., the spread of its error terms. Thus, it is reasonable to assume a Gaussian 
prior for 𝑩, while 𝚺1 and 𝚺2 are assessed in greater detail. That is, 𝑩 ∼𝑁𝑛,𝑛(𝟎,𝛀1,𝛀2) with corresponding pdf [24]:

𝑓 (𝑩) =
|𝛀1|− 𝑛 

2 |𝛀2|− 𝑛 
2

(2𝜋)
(𝑛2)
2 

etr
(
−1
2
(
𝛀−1

2 (𝑩)′𝛀−1
1 (𝑩)

))
, 𝛀1,𝛀2 > 𝟎

where etr(⋅) denotes the exponential trace of a matrix.
Since the expected value of 𝒀 𝑡, has to be estimated and is only dfined if 𝜈 > 1, assume that 𝜈 follows a truncated gamma 

distribution, i.e., 𝜈 ∼  (𝑎𝜈, 𝑏𝜈 ,1), with corresponding pdf:

𝑓 (𝜈) =
(

1 
1 − 𝐹𝜈(1)

)
1 

𝑎
𝑏𝜈
𝜈 Γ(𝑎𝜈)

𝜈𝑎𝜈−1𝑒
(− 𝜈

𝑏𝜈
)
, for 𝜈 > 1 and 0 otherwise, (4)

where 𝐹𝜈(1) = 𝑃 (𝜈 ≤ 1), and 𝑎𝜈, 𝑏𝜈 > 0 respectively.
As for the probability distributions for the scale matrices 𝚺1 and 𝚺2, the literature focused on the Wishart and/or inverse-Wishart 

as priors. However, more control is added by considering generalized distributions, namely the matrix variate gamma and inverse 
matrix variate gamma distributions. Recall estimation robustness is characterized by the error term’s spread, which is controlled by 
the scale matrices 𝚺1 and 𝚺2. This motivates the need to choose prior probability distributions for 𝚺1 and 𝚺2 that provide meaningful 
information to (1).
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Furthermore, a useful prior should also allow the posterior pdf to depend on its information rather than potentially overpowered 
by the likelihood function. In other words, installing a weight parameter allowing prior information to propagate to the posterior is 
reasonable. To this end, let 𝚺1|𝛾 follow a matrix variate gamma distribution. That is, 𝚺1|𝛾 ∼𝑛(𝛿1, 𝛽1, (𝛾𝚽1)−1) with corresponding 
pdf [26]:

𝑓 (𝚺1) =
|(𝛾𝚽1)−𝛿1 |
𝛽
𝑛𝛿1
1 Γ𝑛(𝛿1) 

etr
{
− 1 
𝛽1𝛾

𝚽−1
1 𝚺1

}|𝚺1|𝛿1− 𝑛+1
2 , (5)

and 𝚺2|𝛾 follow an inverse matrix variate gamma distribution. That is, 𝚺2|𝛾 ∼ 𝑛(𝛿2, 𝛽2, (𝛾𝚽2)−1) with corresponding pdf [26]:

𝑓 (𝚺2) =
|(𝛾𝚽2)−𝛿2 |
𝛽
𝑛𝛿2
2 Γ𝑛(𝛿2) 

etr
{
− 1 
𝛽2𝛾

𝚽−1
2 𝚺−1

2

}|𝚺2|𝛿2− 𝑛+1
2 (6)

where 𝛿2 >
𝑛−1
2 and 𝛽2 > 0. The common scale 𝛾 allows the prior dependence of the unconditional distribution of 𝚺1,𝚺2 to vary. Let 

𝛽1 = 𝛽2 = 𝛽 for 𝚺1,𝚺2 to explore the effect of its added control. The weight parameter 𝛾 is unknown and thus must be estimated. 
Hence assume 𝛾 ∼ (𝑎𝛾 , 𝑏𝛾 ) with corresponding pdf:

𝑓 (𝛾) = 1 
𝑏
𝑎𝛾
𝛾 Γ(𝑎𝛾 )

𝛾𝑎𝛾−1𝑒
(− 𝛾

𝑏𝛾
)
, (7)

where 𝑎𝛾 , 𝑏𝛾 > 0 respectively.
Notice that 𝛽 is also unknown, but requires further discussion. The univariate scale parameter 𝛽 could either be fixed or assumed 

unknown and estimated by imposing a prior on it, much like 𝛾 . This paper investigates the impact of including this scale parameter 
𝛽 in the set of unknown parameters. At this stage, not much prior information is known about it.

We include the notation 𝑓 (𝛽) to act as a ‘skeleton’ prior for 𝛽, with the case that 𝑓 (𝛽) = 1 when 𝛽 is fixed to a constant value. It 
is shown in Section 5 how we acquire more information through simulation utilizing the following cases:

Case 1. We fix 𝛽 to a range of candidate values.
Case 2. To facilitate the transition into a Bayesian approach, we impose a non-informative Jeffrey’s prior and examine how much 

information the likelihood contributes to estimating 𝛽.
Case 3. The information from cases 1 and 2 provides information to impose an informative prior - the inverse gamma distribution.

Subsequently, the joint prior pdf is:

𝜋(𝑩,𝚺1,𝚺2, 𝛾, 𝜈) ∝ 𝛾𝑎𝛾−1+𝑛(𝛿1+𝛿2)𝜈𝑎𝜈−1etr
{
−1
2
vec(𝑩)′(𝛀2 ⊗𝛀1)−1vec(𝑩)

}
× exp

{
−
(

𝛾

𝑏𝛾
+ 𝜈

𝑏𝜈

)}
𝛽−(𝑛𝛿1+𝑛𝛿2)|𝚺1|𝛿1− 𝑛+1

2 |𝚺2|𝛿2− 𝑛+1
2 

× etr
[
−𝛾
(
1 
𝛽
𝚽1𝚺1 +

1 
𝛽
𝚽2𝚺−1

2

)]
× 𝑓 (𝛽). (8)

The useful relationship between the vector variate and the corresponding matrix variate distribution is of value here: a random ma
trix 𝑩 𝑛×𝑛 is said to be matrix variate normal distributed with parameters 𝟎 ,𝛀1 > 𝟎, and 𝛀2 > 𝟎 denoted as 𝑩 ∼𝑁𝑛,𝑛(𝟎 ,𝚺1, 𝚺2) ⟺
vec(𝑩) ∼𝑁𝑛𝑛(vec(𝟎),𝛀2 ⊗𝛀1), where ⊗ denotes the Kronecker product. That is, vec(𝑩) is a parsimonious reparameterization of 𝑩
that still contains all the distributional properties of its matrix predecessor. Thus, where possible, vec(𝑩) is used.

4.2. Posterior approximation

Denote the random sample of estimated adjacency matrices and the collection of unknown parameters respectively, as follows:

𝒀 = (𝒀 1,… ,𝒀 T). (9)

𝜽 = (𝑩,𝚺1,𝚺2, 𝛾, 𝜈, 𝛽). (10)

Then, the likelihood function has the following form:

T ∏
𝑡=1 

Γ𝑛(
𝜈+2𝑛−1

2 ) 

𝜋
( 𝑛

2
2 )Γ𝑛(

𝜈+𝑛−1
2 )

|𝚺1|− 𝑛 
2 |𝚺2|− 𝑛 

2 |𝑰𝑛 +𝚺−1
1 (𝒀 𝑡 −𝑩)𝚺−1

2 (𝒀 𝑡 −𝑩)′|− 𝜈+2𝑛−1
2 . (11)

Now that the prior pdf (8) and the likelihood function (11) are established, the posterior pdf 𝑓 (𝜽|𝒀 ) is proportional to:

T ∏
𝑡=1 

Γ𝑛(
𝜈+2𝑛−1

2 ) 

𝜋
( 𝑛

2
2 )Γ𝑛(

𝜈+𝑛−1
2 )

|𝚺1|− 𝑛 
2 |𝚺2|− 𝑛 

2 |𝑰𝑛 +𝚺−1
1 (𝒀 𝑡 −𝑩)𝚺−1

2 (𝒀 𝑡 −𝑩)′|− 𝜈+2𝑛−1
2 

International Journal of Approximate Reasoning 180 (2025) 109397 

5 



J. Pillay, A. Bekker, J. Ferreira et al. 

× 𝛾𝑎𝛾−1𝜈𝑎𝜈−1etr
[
−1
2
(
vec(𝑩)′(𝛀2 ⊗𝛀1)−1vec(𝑩)

)]
exp
[
−
(

𝛾

𝑏𝛾
+ 𝜈

𝑏𝜈

)]
× exp

{
−
(

𝛾

𝑏𝛾
+ 𝜈

𝑏𝜈

)}
𝛽−(𝑛𝛿1+𝑛𝛿2)|𝚺1|𝛿1− 𝑛+1

2 |𝚺2|𝛿2− 𝑛+1
2 

× etr
[
−𝛾
(
1 
𝛽
𝚽1𝚺1 +

1 
𝛽
𝚽2𝚺−1

2

)]
× 𝑓 (𝛽). (12)

Notice (12) cannot be represented in closed form. Hence, pursuing an analytical expression for the expected value of 𝜽 is not 
feasible (see also [38]). Instead, this paper follows the strategy that [13] and [48] employed, considering the data-augmented approach 
that approximates the likelihood function and produces closed-form full conditional posterior pdfs.

4.2.1. Augmented likelihood

The following proposition introduces a tractable likelihood function.

Proposition 4.1. Let 𝑾 𝑡 ∼ 𝑛(
𝜈+𝑛−1

2 ,2,𝚺1) and 𝒀 𝑡|𝑾 𝑡 ∼𝑁𝑛,𝑛(𝑩,𝑾 𝑡,𝚺2), then 𝒀 𝑡 ∼ 𝑡𝑛,𝑛(𝜈,𝑩,𝚺1,𝚺2).

Denote the collection of random matrices 𝑾 = (𝑾 1,… ,𝑾 T). From Proposition 4.1, the augmented likelihood function 𝐿𝑎(𝜽|𝒀 )
is given as:

T ∏
𝑡=1 

|𝚺2|− 𝑛 
2 |𝚺1| 𝜈+𝑛−12 

𝜋
𝑛2
2 
(
2

𝑛(𝜈+𝑛−1)
2 
)
Γ𝑛(

𝜈+𝑛−1
2 )

||𝑾 𝑡
||− 1

2 (𝜈+3𝑛)

× etr
(
−1
2
(
𝑾

−1
𝑡
(𝒀 𝑡 −𝑩)𝚺−1

2 (𝒀 𝑡 −𝑩)′ +𝑾
−1
𝑡
𝚺1
))

∝
[
2

𝑛(𝜈+𝑛−1)
2 Γ𝑛

(
𝜈 + 𝑛− 1

2 

)]−𝑛 |𝚺2|− T𝑛
2 |𝚺1| T(𝜈+𝑛−1)

2 
(

T ∏
𝑡=1 
||𝑾 𝑡
||
)− 1

2 (𝜈+3𝑛)

× etr

(
−1
2

(
𝚺−1
2

T ∑
𝑡=1 

(𝒀 𝑡 −𝑩)′𝑾 −1
𝑡
(𝒀 𝑡 −𝑩) +𝚺1

T ∑
𝑡=1 

𝑾
−1
𝑡

))
. (13)

Finally, from (13) and (8) the posterior pdf is approximated by:

𝑓 (𝑩,𝚺1,𝚺2, 𝛾, 𝜈) ∝𝐿𝑎(𝜽|𝒀 )𝜋(𝑩,𝚺1,𝚺2, 𝛾, 𝜈)

∝
[
2

𝑛(𝜈+𝑛−1)
2 Γ𝑛

(
𝜈 + 𝑛− 1

2 

)]−𝑛 |𝚺1| T(𝜈+𝑛−1)
2 |𝚺2|− T𝑛

2 
(

T ∏
𝑡=1 
||𝑾 𝑡
||
)− 1

2 (𝜈+3𝑛)

× etr

(
−1
2

(
𝚺−1
2

T ∑
𝑡=1 

(𝒀 𝑡 −𝑩)′𝑾 −1
𝑡
(𝒀 𝑡 −𝑩) +𝚺1

T ∑
𝑡=1 

𝑾
−1
𝑡

))
× 𝛾𝑎𝛾−1𝜈𝑎𝜈−1etr

[
−1
2
(
vec(𝑩)′(𝛀2 ⊗𝛀1)−1vec(𝑩)

)]
× exp

[
−
(

𝛾

𝑏𝛾
+ 𝜈

𝑏𝜈

)]
𝛽−(𝑛𝛿1+𝑛𝛿2)|𝚺1|𝛿1− 𝑛+1

2 |𝚺2|𝛿2− 𝑛+1
2 

× etr
[
−𝛾
(
1 
𝛽
𝚽1𝚺1 +

1 
𝛽
𝚽2𝚺−1

2

)]
× 𝑓 (𝛽). (14)

Recall that 𝚺1 and 𝚺2 control the spread of 𝑬𝑡 but do not control the kurtosis of 𝑓 (𝑬𝑡). However, if one of the scale matrices instead 
varies, it adds variance. Furthermore, if the probabilistic variation of the scale follows an informative distribution, it introduces 
‘modfied copies’ of 𝑬𝑡 that increase the kurtosis of 𝑓 (𝑬 𝑡).

4.2.2. Conditional posterior distributions

An observation from the distribution with pdf (14) estimates the adjacency matrix 𝑩 in (1). However, the expression for the pdf 
(14) is not in closed form, but most of its full conditional distributions are, which are given below:

1. 𝑓 (𝜈|𝒀 ,𝑩,𝚺1,𝚺2) ∝ 𝜈𝑎𝜈−1𝑒
− 𝜈

𝑏𝜈

⎛⎜⎜⎝
Γ𝑛(

𝜈+2𝑛−1
2 )

Γ𝑛(
𝜈+𝑛−1

2 ) 

⎞⎟⎟⎠
T

, where 
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𝑏𝜈 =

(
1 
𝑏𝜈

+ 1
2

T ∑
𝑡=1 

𝑙𝑛(|𝑰𝑛 +𝚺−1
1 (𝒀 𝑡 −𝑩)𝚺−1

2 (𝒀 𝑡 −𝑩)′|))−1

. (15)

2. 𝑓 (𝑾 𝑡|𝒀 ,𝑩,𝚺1,𝚺2, 𝜈) ∝ |𝑾 𝑡|− (𝜈+2𝑛−1+𝑛+1)
2 etr

(
−1
2
(
(𝒀 𝑡 −𝑩)𝚺−1

2 (𝒀 𝑡 −𝑩)′ +𝚺1
)
𝑾

−1
𝑡

)
,

which is proportional to an inverse matrix variate gamma pdf with scale matrix 𝑾 ,

degrees of freedom 𝑝, where 𝑾 = (𝒀 𝑡 −𝑩)𝚺−1
2 (𝒀 𝑡 −𝑩)′ +𝚺1, 𝑝 =

𝜈 + 2𝑛− 1
2 

, and 𝛽 = 2. (16)

3. 𝑓 (vec(𝑩)|vec(𝒀 ),vec(𝑾 ),𝚺2 ⊗𝚺1) ∝ exp
(
−1
2
(vec(𝑩) − vec(𝑴))′𝛀

−1
(vec(𝑩) − vec(𝑴))′

)
,

which is proportional to a vector-variate normal pdf with mean vec(𝑴) and covariance matrix 𝛀 where, 

𝛀 =

[
T ∑
𝑡=1 

(𝚺2 ⊗𝑾 𝑡)−1 + (𝛀2 ⊗𝛀1)−1
]−1

and vec(𝑴) =𝛀
T ∑
𝑡=1 

(𝚺2 ⊗𝑾 𝑡)−1vec(𝒀 𝑡). (17)

4. 𝑓 (𝚺1|𝑾 , 𝛾, 𝜈, 𝛽) ∝ etr

{
−1 
𝛽

(
𝛽

2 

T ∑
𝑡=1 

𝑾
−1
𝑡
𝚺1 + 𝛾𝚽1𝚺1

)}|𝚺1| T(𝜈+𝑛−1)
2 +𝛿1−

𝑛+1
2 ,

which is proportional to a matrix variate gamma pdf with scale parameters 

𝚽1, 𝛽, and shape parameter 𝛿1, where 𝛿1 = 𝛿1 +
T(𝜈 + 𝑛− 1)

2 
and 𝚽1 =

(
𝛽

2 

T ∑
𝑡=1 

𝑾
−1
𝑡

+ 𝛾𝚽1

)−1

. (18)

5. 𝑓 (𝚺2|𝒀 ,𝑾 ,𝑩,𝚺1, 𝛾) ∝ |𝚺2|−( 𝑇 𝑛+𝑛+12 +𝛿2)etr

{
−1 
𝛽

(
𝛽

2 

T ∑
𝑡=1 

(𝑩 − 𝒀 𝑡)′𝑾 −1
𝑡
(𝑩 − 𝒀 𝑡) + 𝛾𝚽2

)
𝚺−1
2

}
,

which is proportional to an inverse matrix variate gamma pdf with scale parameters 𝚽2, 𝛽

and shape parameter 𝛿2 where, 

𝛿2 = 𝛿2 +
T𝑛
2 

and 𝚽2 =

(
𝛽

2 

T ∑
𝑡=1 

(𝑩 − 𝒀 𝑡)′𝑾 −1
𝑡
(𝑩 − 𝒀 𝑡) + 𝛾𝚽2

)−1

. (19)

6. 𝑓 (𝛾|𝚺1,𝚺2) ∝ 𝛾

(
𝑛
𝜅1+𝜅2

2 +𝑎𝛾−1
)
exp
(
−𝛾
(

1 
𝑏𝛾

+ 1
2
tr
(
𝚿1𝚺1 +𝚿2𝚺−1

2
)))

,

which is proportional to a gamma pdf with shape and scale parameters 𝑎𝛾 and 𝑏𝛾 , respectively, 

where 𝑎𝛾 = 𝑛
𝜅1 + 𝜅2

2 
+ 𝑎𝛾 and 𝑏𝛾 =

(
1 
𝑏𝛾

+ 1
2
tr
(
𝚿1𝚺1 +𝚿2𝚺−1

2
))−1

. (20)

For cases 2 and 3, the full conditional posterior pdf of 𝛽 is given as:

7. 𝑓 (𝛽|𝚺1,𝚺2, 𝛾) ∝ 𝛽−(𝑛𝛿1+𝑛𝛿2)etr
{
−𝛾
(
𝚽1𝚺1 +𝚽2𝚺−1

2
) 1 
𝛽

}
× 𝑓 (𝛽),

where 𝑓 (𝛽) is the chosen prior. (21)

5. Application and computational experiments

Recall from (1) that 𝑩 has to be estimated by the expected value of 𝜽 from the posterior pdf in (12). Unfortunately, the latter is 
not in closed form, so finding an analytic expression for the expected value is not feasible. Instead, we take a sample average from 
the posterior pdf to estimate 𝑩. Obtaining a sample from said pdf is accomplished via a soft computing method known as a Gibbs 
sampler, which is discussed next.

5.1. A Gibbs algorithm

This Section discusses the Gibbs sampler through hierarchical phases. Definitions of model evaluation metrics for diagnostics and 
comparisons are given in the Appendix.

An observation from the distribution with pdf (14) estimates the adjacency matrix 𝑩 in (1). As mentioned before, the expression for 
the pdf (14) is not in closed form, but most of its conditional distributions are, as shown from (15) to (21). Hence, this Section outlines 
a useful algorithm via a soft computing technique to solve the complex computational problem (14). We approximate inference of 
the parameters via a Gibbs sampler [44], where Algorithm 1 is described to simulate sample of size 𝑛 of a collection of observations 
𝜽 = {𝑩,𝑾 1,… ,𝑾 T,𝚺1,𝚺2, 𝛾, 𝜈} (and 𝜽 = {𝑩,𝑾 1,… ,𝑾 T,𝚺1,𝚺2, 𝛾, 𝜈, 𝛽} for cases 2 and 3). Let 𝑐𝑎𝑟(𝜽) denote the cardinality of 𝜽.
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Fig. 2. The lines are the averages of samples obtained from Algorithm 1 for different fixed values of 𝛽 . 

Algorithm 1: Gibbs algorithm.

Initialize parameters, 𝜽(0) . Subscript elements as follows: 𝜽(0) =
(
𝜽
(0)
1 ,𝜽

(0)
2 ,… ,𝜽

(0)
𝑐𝑎𝑟(𝜽)

)
.

for 𝑖 = 1 to 𝑛 do

for 𝑗 = 1 to 𝑐𝑎𝑟(𝜽) do
from distribution with full conditional pdfs (15) to (21) :
Sample 𝜽(𝑖)

𝑗
∼ 𝑓 (𝜽𝑗 |𝚯(𝑖−1) ,𝚯(𝑖)), where 𝚯(𝑖−1) = {𝜽(𝑖−1)

𝑘
∶ 𝑘 > 𝑗} and 𝚯(𝑖) = {𝜽(𝑖)

𝑘
∶ 𝑘 < 𝑗}

end

Then 𝜽(𝑖) =
(
𝜽
(𝑖)
1 ,𝜽

(𝑖)
2 ,… ,𝜽

(𝑖)
𝑐𝑎𝑟(𝜽)

)
, which is an observation from pdf (14).

end

5.2. Computational specfications

The simulations were run on MATLAB R2022b on the University of Pretoria Stats server. Runtime for simulations was 16 h, 
excluding time to compute associations between the nodes. Detailed specfications are as follows:

Server details : Single power Server (SuperMicro, USA). 
Cores : 2 INTEL Skylake-e Central Processors (24 CPU-cores each). 
CPU Clock base speed : 2.6 GHz. 
Hardware memory : RAID-1 configured 800 GB SSD. 
LINUX support : SuSE, SLES, SP15.3. 
Workspace support : RAID-6 to support 10TB (Spindle drives). 

5.3. Simulation study

To illustrate the proposed procedure in Section 4, we performed a simulation study. The methodology uses Algorithm 1 to estimate 
𝑩 for degrees of freedom ranging from 1 to 20. An attractive and practically crucial feature of graphical networks is the ability to 
measure which nodes are the most ifluential, referred to as centrality measures. Identifying ifluential nodes is what any further 
interpretation is built upon. It is reasonable to measure the performance of the proposed method by how close it gets to the true 
measures of centrality for the most ifluential nodes relative to how close the noisy data’s measures are to the true centrality measures. 
We consider four popular centrality measures throughout the simulation experiments and in the application section: out-degree, out
closeness, eigencentrality, and betweenness. Their definitions can be found in the Appendix. To investigate the impact and role that 
𝛽 plays, we employ case 1 from Section 4 as a starting point. The methodology is applied with 𝛽 set to a fixed value. The role of 𝛾
was explored by [13]. The following is observed from Figs. 2 and 3:

i. The roles of 𝛾 and 𝛽 control the extent of ifluence the prior and likelihood information has on the posterior pdf.
ii. Larger values of 𝛽 cause the likelihood to have a greater ifluence on the posterior pdf. For instance, refer to Fig. 3. For 𝛽 = 10

(the brown-dashed line), the out-degree, out-closeness, and betweenness estimations are guided by the likelihood function almost 
entirely across the range of degrees of freedom.
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Fig. 3. The solid grey line represents the true value, the black bubble-dashed line represents the raw data averages, and the other marked lines are the averages of 
samples obtained from Algorithm 1 for different fixed values of 𝛽 .

iii. Notice from Fig. 2 the average value of 𝛾 increases by 104 to compensate for the misleading impact 𝛽 = 10 has on the estimation 
accuracy - i.e. there is no clear linear relationship between 𝛾 and 𝛽.

iv. Notice from Fig. 3 that the difference between the black dotted line and the actual value is large. Recall that the black dotted line 
represents the average of the raw data before any denoising procedure. This means the out-degree, out-closeness, and betweenness 
centrality measures are noise-sensitive. Overall, the results highlight how greatly misleading centrality measures could be based 
on raw data without proper denoising.

Fig. 3 implies that 𝛽 directly affects the methodology’s accuracy. It gives more control to weighing information that ifluences the 
updated distributions of scale matrices 𝚺1,𝚺2. Thus, it would be reasonable to consider it unknown and estimate it by imposing a 
prior distribution.

This paper now rfines this control of 𝛽. First, it explores the likelihood’s information on 𝛽. In other words, it imposes a non
informative prior on 𝛽, namely case 2. The strict and technical interpretation of a non-informative prior does not seem to have a 
consensus among various works in literature. We follow the heuristic approach that a non-informative prior should be invariant 
under monotone transformation. On this assumption, a suitable non-informative prior is proportional to the square root of Fisher 
Information, typically denoted 𝐼𝐹 (𝛽) (otherwise known as Jeffrey’s prior [10]). The Fisher information of 𝛽 is the expected value of 
the second derivative of the natural log of the preceding pdf (8):

𝐼𝐹 (𝛽) = − 𝔼
[
𝜕2

𝜕2𝛽
𝑙𝑛(𝜋(𝜽))

]
. (22)
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Fig. 4. The horizontal solid line represents the true value, the blue bubble-dashed line represents the raw data averages, and the triangle-dashed lines are the averages 
of samples obtained from Algorithm 1 using non-informative prior for 𝛽 (23).

Thus, the non-informative prior pdf of 𝛽 is:

𝑓 (𝛽) ∝
√
𝐼𝐹 (𝛽). (23)

Including pdf (23) to the prior pdf (8), and using Algorithm 1 with full conditional pdf (21) the results of the methodology are 
discussed below. The following is observed from Figs. 4 and 5:

i. For the non-informative prior pdf imposed on 𝛽, the proposed methodology’s estimations on the centrality measures come closer 
to the true values compared to the data’s average. In other words, the likelihood function does contain information to improve 
accuracy on the out-degree, out-closeness, and betweenness.

ii. In particular, there is an element of flexibility and robustness that a non-informative prior has on 𝛽. If prior information is 
not readily available, a non-informative prior still provides a great improvement to estimation accuracy compared to raw data 
averages as shown by the graphs in Fig. 4 - The green triangle-dashed line is consistently closer to the true values compared 
to the blue bubble-dashed line for the out-degree, out-closeness, and betweenness. This observation is consistent with the noise 
originating from a matrix t-distribution ranging from small to large degrees of freedom (the horizontal axis).

iii. from Fig. 5, there is an apparent direct relationship between the values 𝛾 and 𝛽 assume. That is, an increase of 𝛾 occurs when 𝛽
increases, and a decrease of 𝛾 occurs when 𝛽 decreases.

Note that a non-informative prior did not improve the methodology’s performance in estimating a graph’s eigencentrality. The same 
is true for a graph’s betweenness with adjacency matrices from a matrix variate t-distribution with degrees of freedom close to 1. 
Thus, it is worth investigating further the effect of prior knowledge on 𝛽. Guided by the form of (21), we impose a conjugate prior 
pdf known as an inverse gamma distribution with pdf:
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Fig. 5. Averages of 𝛾 (left) and 𝛽 (right) for various degrees of freedom. 

𝑓 (𝛽) = 1 
𝑏
𝑎𝛽

𝛽
Γ(𝑎𝛽 )

𝛽−(𝑎𝛽+1)𝑒
(− 1 

𝑏𝛽 𝛽
)
, (24)

where the shape and scale parameters 𝑎𝛽 , 𝑏𝛽 > 0 respectively. Using pdf (24) to prior pdf (8) and using Algorithm 1 with full conditional 
pdf (21), the results of the methodology are given below (see Fig. 6). In Fig. 6, notice that the green triangle-dashed lines are much 
closer to the true values for all degrees of freedom. Notice also how much distance there is between the estimates of the proposed 
method and the data’s average. Thus, there is an impressive improvement after imposing an informative prior on 𝛽. Particular 
attention to the methodology’s accuracy concerning eigencentrality and the overall performance for observations from a matrix 
variate distribution with degrees of freedom close to one. Recall that the lower the degrees of freedom, the larger the kurtosis is for 
the t-distribution. Despite the excess kurtosis, there is a large difference between the raw data averages and the proposed methodology. 
From Fig. 7, there is a large difference in the magnitudes of 𝛾 and 𝛽 compared to Fig. 5 - 𝛾 does not assume large values to correct 
the estimation. Hence, an informative prior makes a meaningful difference in how much information it gives to 𝛽.

One property to note of the 𝑛(𝛿1, 𝛽,𝚽1) distribution is that if 𝛿1 =
𝜅

2 and 𝛽 = 2 then the pdf simplfies to that of a Wishart 
distribution with 𝜅 degrees of freedom and scale matrix 𝚽1 . In other words it is 𝑛(𝜅,𝚽) distributed. Similarly, if 𝛿2 =

𝜅

2 and 𝛽 = 2
then the pdf simplfies to that of an 𝑛(𝜅,𝚽2) distribution. Thus, we compare the methodology’s performance under the special 
case 𝛽 = 2 versus the case 𝛽 is estimated. We explore the added benfit that 𝛽 has on improving the accuracy of the methodology. 
Fig. 7 shows that 𝛽 = 2 is far from a suitable value to assume in the study. The blue-dashed line shows an average 𝛽 around 5.1×10−6. 
This motivates that there is added estimation gain to the role of 𝛽 estimated in the methodology.

Refer to error plots in Fig. 8: The estimated error points for 𝛽 are closer to the zero reference line among all centrality measures. In 
other words, the errors are consistently smaller across all centrality measures and for various degrees of freedom when 𝛽 is estimated 
compared to assuming the special case that 𝛽 = 2. An especially crucial highlight is an impressive error difference for degrees of 
freedom close to 1. In the presence of increased kurtosis, this extra parameter 𝛽 improves estimation accuracy. 

5.4. Data application

The methodology is applied to the weekly stock prices of 70 European firms from 4 January 2016 to 31 December 2019, resulting 
in 105 observations per firm. The data is comprised of a range of Global Industry Classfication Standard sectors (or GICS sectors), 
namely: Communication Services (5), Consumer Discretionary (15), Consumer Staples (6), Energy (2), Financials (11), Health Care (6), 
Industrials (10), Information Technology (5), Materials (2), Food and Beverages (1), Real Estate (3), and Utilities (5). The firms also 
range over various countries in Europe: Germany (28), France (37), and Italy (5). Recall that the network on the left in Fig. 1 provides 
the network of this data, i.e., a noisy network. The associations between these firms are quantfied pairwise through Granger causality 
hypothesis tests for the 𝑡𝑡ℎ week - a popular hypothesis test used in financial settings to test for statically significant associations 
between two time series [43]. The resulting test statistics belong to the observed 𝒀 𝑡 matrix. Network modeling in finance is associated 
with identifying systemic risk [18]. For example, identifying the most important firms with a high ``propagation power'' and firms 
most susceptible to various kinds of economic shock improves the robustness of the financial system of concern. Of course, said 
identfications need to be accurate for any improvements to materialize. Thus, this Section illustrates that identifying firms with a 
special characteristic of interest, such as how important it is, how well it acts as a bridge between other firms, and how accessible it 
is between firms, requires more statistical analysis compared to using the average of a given noisy dataset.

We employ the well-known centrality measures that were considered in the simulation experiments. Comparing how similar 
or different the scores computed between raw data estimates and that of the proposed methodology can effectively showcase the 
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Fig. 6. Estimation results: The horizontal solid line represents the true value, the blue bubble-dashed line represents the raw data averages, and the green triangle
dashed lines are the averages of samples obtained from Algorithm 1 using informative prior (24) for 𝛽 .

Fig. 7. Averages of 𝛾 (left) and 𝛽 (right) for various degrees of freedom. 
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Fig. 8. Estimation error plots: Orange diamond-dashed lines and blue triangle-dashed lines represent errors when 𝛽 = 2 and when 𝛽 is estimated using informative 
prior pdf (24), respectively.

latter’s significance. The results from the application are shown in Fig. 9. The sample obtained from Algorithm 1 has insignificant 
autocorrelations on a 5% level; see Fig. 10. Thus, it is reasonable to assume convergence of the algorithm [44]. It is observed 
that there are clear discrepancies between the different estimators, with particular attention to the out-degree, out-closeness, and 
eigencentrality. The raw data underestimates the general centrality measures. Fig. 9 shows that raw data averages have numerous 
nodes with similar high scores of each centrality, while the proposed method clearly highlights which node scores the highest. The 
most notable difference includes the performance of the raw data averages of the eigencentrality against the method’s averages. The 
raw data heavily underestimates the true scores of the most ifluential nodes and leaves the researcher multiple nodes to consider as 
most ifluential (with scores seemingly in clusters). Still, the proposed method singles out the most ifluential node more clearly. In 
other words, the discrepancies highlight how noise left in data induces heavy bias in the estimation procedure. If not dealt with, the 
noise may jeopardize the validity and reliability of analysis built on data.

For example, an ifluential node according to the raw data concerning eigencentrality could be the 62𝑛𝑑 node, and any analysis 
and decision-making that is built on this will be flawed. The raw data incorrectly identfies the node with the highest degree as 
the 17𝑡ℎ node, whereas the proposed method identfies the 8𝑡ℎ. These examples emphasize that, without proper denoising, network 
analysis is rendered useless. The visualization of the proposed method is now compared to the raw data averages in Fig. 1. Notice in 
Fig. 1 that the ifluential nodes according to out-degree are identfiable after the denoising procedure.

6. Conclusion

This article introduces for the first time a flexible prior for the covariance structure of a matrix variate t-distribution for the noise 
process, following a Gaussian graphical model. A simulation experiment empirically demonstrated the results of the methodology 
in a way that is representative of the methodology’s application to real-life stock data on 70 European firms. The results from the 
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Fig. 9. Estimated centrality measures: The solid red line and dashed black lines represent the raw data averages and methodology, respectively. 

simulations and empirical experiments highlight the added flexibility and control that a generalized prior has on the methodology 
and demonstrate that our proposed framework outperforms the previously considered work. The importance of flexible distributions 
is often emphasized in the literature [36,30,37]. The effect of prior information on better accommodating the nature of data on 
modeling variance robustly and flexibly has been overlooked in the literature. This study primarily focuses on the denoising of network 
data, specifically focusing on financial data. However, its applicability extends to several domains through the utilization of big data 
analytics. High-dimensional data, such as genome data, within the realm of big data, frequently encounters biases that arise from many 
unpredictable elements in the design of experiments [28]. Researchers must do extensive experiments to identify significant genes and 
proteins because of the high dimensionality. Neuroimaging methodologies, such as functional magnetic resonance imaging (fMRI), 
positron emission tomography (PET), and electrophysiological approaches, provide substantial potential to investigate functional 
brain networks. Gaining insight into the intricate and operational network architecture of the brain holds significant promise for 
nonintrusive methods to understand the impact of diseases on the brain [47]. An example of high-dimensional big data, geographical 
and noisy data is observed in the field of climate studies [15]. The suggested method can potentially improve the modeling of the 
relationships between areas and their greenhouse gas emissions.

Furthermore, this paper described assumptions about the nature of errors in the data and thus established their characterization 
and probabilistic nature. It extensively investigated the Bayesian approach to estimate the noisy connectivity structure. A range of 
centrality measures is applied to the estimated network to summarize the accuracy and robustness of the estimation comprehensively. 
In particular, it adds to the theoretical toolkit researchers may need for more robust and accurate network estimation. Future studies 
can extend the denoising method proposed in this paper to consider a generalized scalar Wishart distribution, the generalized diagonal 
Wishart distribution of [2], or the real version of the Wishart distribution of [20].
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Fig. 10. Convergence check of Gibbs sampler: Autocorrelation plots of averaged centrality measures. The red pointed lines are the sample autocorrelation for each 
lag, and the horizontal solid blue lines are the 95% cofidence intervals for insignificant autocorrelation.
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Appendix A. Definitions of goodness-o-fit measures

Centrality is a comprehensive way to evaluate the goodness-o-fit of the proposed estimation techniques. No one measure is not 
a one-siz-fits-all, as the interpretation of centrality varies greatly depending on the context of the field of study. Here, the following 
measures are reviewed to cover a broad perspective of node ifluence that can be used to evaluate the accuracy of the methodology 
discussed. For all definitions below [49], consider a graph with corresponding adjacency matrix 𝑨. Let the 𝑖𝑗𝑡ℎ entry of 𝑨 be denoted 
𝑎𝑖,𝑗 .

Definition Appendix A.1. Consider the number of edges that leave a node 𝑖. The more edges that leave 𝑖, the more connected it is 
to other nodes, thus making it more central in the graph. This is known as a node’s out-degree. Mathematically let,

𝑑(𝑖) =
𝑛 ∑

𝑗=1,𝑗≠𝑖
𝑎𝑖,𝑗 . (A.1)

Then 𝑑(𝑖) is the out-degree of node 𝑖. 

Definition Appendix A.2. The path length from node 𝑖 to node 𝑗 is dfined as the number of edges constituting the shortest path 
that connects 𝑖 to 𝑗 and is denoted as 𝑙(𝑖, 𝑗). If 𝑗 is not reachable from 𝑖, 𝑙(𝑖, 𝑗) ∶= 0

Definition Appendix A.3. Consider path lengths from node 𝑖 to nodes 𝑗 = 1,… , 𝑛, 𝑗 ≠ 𝑖. Heuristically, it is easy to see that a node 
with shorter lengths to other nodes implies it is easier for said node to reach other nodes. This is known as a node’s out-closeness. 
Mathematically let,

𝑐(𝑖) =

{
𝑛 ∑

𝑗=1,𝑗≠𝑖
𝑙(𝑖, 𝑗)

}−1

. (A.2)

Then 𝑐(𝑖) is the out-closeness of node 𝑖. Note that there is a normalized variation of 𝑐(𝑖) given as

𝑐(𝑖)
𝑛𝑜𝑟𝑚

=
𝑅𝑖

(𝑛− 1)

{
𝑛 ∑

𝑗=1,𝑗≠𝑖
𝑙(𝑖, 𝑗)

}−1

, (A.3)

where 𝑅𝑖 is the number of reachable nodes from node 𝑖. 𝑐(𝑖)𝑛𝑜𝑟𝑚 can be interpreted as the averaged shortest path from node 𝑖. The 
normalized variant is useful for comparing the closeness of nodes across graphs of different sizes and accounting for unreachable 
nodes.

Definition Appendix A.4. Let 𝑛(𝑖, 𝑗) denote the number of paths from node 𝑖 to node 𝑗 and let 𝑛𝑣(𝑖, 𝑗) denote the number of paths 
from 𝑖 to 𝑗 that pass through node 𝑣. Then, it is possible to measure the transmittable ifluence of node 𝑣 as the proportion number 
of paths from 𝑖 to 𝑗 that passes through 𝑣. A large proportion indicates that node 𝑣 acts as an ifluential transmitter between nodes. 
Mathematically let,

𝑏(𝑣) =
𝑛 ∑

𝑖=1,𝑣∉{𝑖,𝑗}

𝑛 ∑
𝑖=1,𝑗≠𝑖

𝑛𝑣(𝑖, 𝑗)∕𝑛(𝑖, 𝑗)
(𝑛− 1)(𝑛− 2) 

. (A.4)

Then 𝑏(𝑣) is the betweenness of node 𝑣 where (𝑛− 1)(𝑛− 2) represents the total number of node pairs to sum through.

Definition Appendix A.5. All definitions above measure a node’s centrality without considering other nodes’ centrality scores. It 
might be useful to measure how ifluential a node is relative to others. Hence, denote 𝑥(𝑖) the relative ifluential score of node 𝑖 and 
𝜆 the largest eigenvalue of 𝑨. Then,

𝑥(𝑖) = 1 
𝜆

𝑛 ∑
𝑗=1 

𝑎𝑖,𝑗𝑥
(𝑗), (A.5)

is known as the eigenvector centrality of node 𝑖.
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