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Abstract 

 

Although various organometallic carbene complexes have found use in industry or research, 

they still lack some fundamental footing in theory. These complexes have found significant use 

in catalysis. This is especially true for Schrock carbene complexes in olefination reactions. A 

few such titanium-based olefination catalyst examples are the Tebbe reagent, Petasis reagent 

and the Ziegler-Natta catalyst. 

The nature of organometallic carbene bonding is still not well defined theoretically. Schrock 

carbenes are expected to have a covalent bonding nature, but multiconfigurational studies have 

shown this to not be the best description of the bonding. Furthermore, expected Schrock 

carbenes have been shown to be Fischer carbenes due to the electronic structure. 

This work investigates the nature of the carbene bond in titanium Schrock carbene complexes 

by utilising DFT and further application of MO, NBO, QTAIM and FALDI methods. This 

allows for a modernised description of the nature of this bond as well as the identification of 

an important long-range ligand-ligand interaction that has not been reported on previously. 

The research aims to define the nature of titanium Schrock carbene bonding on a theoretical 

basis by the use of integrated cross-sections on the electron and orbital densities to determine 

the σ- and π-character of the interaction. These cross-sections provided the means to determine 

the major components of the bonding interaction. 

This is further investigated by defining FALDI fragment-based delocalisation indices which 

revealed the presence of long-range ligand-ligand interactions. The FALDI fragment approach 

also provided the means to quantify the inter-fragment delocalisation along with intra-fragment 

localisation and delocalisation which would prove useful for further investigation into the 

characteristics or various chemical interactions. The fragment-based description should prove 

to be more intuitive to the chemist than diatomic interactions between atoms where a chemical 

bond or interaction is not classically expected. 

This study was followed by a decomposition of the molecular orbitals into localised and 

delocalised components from atomic contributions which provides a novel approach to 

determining the bond order in compounds. This provided a quantitative means to describe 

which atoms contribute to the formation of each molecular orbital as well as providing a 

measure of the degree to which these atoms are contributing localised as well as delocalised 

electrons to the molecular orbital. 
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Background 

The Tebbe reagent is one of the oldest known titanium-based olefination catalysts.1 It was 

shown that the carbene complex acts as the active intermediate in the methylidene transfer 

process (a Wittig-type transformation).2 Schemes of the preparation of this compound have 

been developed and crystallographic data has been collected on it since its discovery3 even 

though the characterisation of this complex has been quite a challenge due to its reactive nature. 

Limits exist on this reagent only being useful in methylidene transfers,4 thus other catalysts 

have succeeded it. 

The Ziegler-Natta catalyst is another example of an aluminium supported titanium-based 

olefination catalyst.5 Developments on the original aluminium support showed that other 

metals, such as magnesium and zinc, increased the activity of the catalyst.6 A similar structure 

to the Tebbe reagent can be used to perform near identical methylidene transfers. This complex 

is called the Petasis reagent and is an aluminium-free option to the Tebbe reagent.7 This reagent 

is especially effective in the olefination of carbonyl containing compounds and is itself much 

more stable compared to the Tebbe reagent.4 

Two bonding models (Figure 1) have been suggested for transition metal carbene 

complexes.8 One model suggests electrophilic transition metal carbene complexes where the 

carbene bond is formed by combining a singlet metal fragment with a singlet carbene fragment, 

also called Fischer carbene complexes. The alternative model suggests nucleophilic carbene 

complexes formed by combining a triplet metal fragment with a triplet carbene fragment, also 

called Schrock carbene complexes.9 

 

Figure 1. Representations of the current models on carbene bonding where a. represents the 

Fischer-type carbene and b. represents the Schrock-type carbene. 

 

a. b. 

  

 

σ 

π 

σ 

π 
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An additional group, called the N-heterocyclic carbene complexes, are a special case of 

Fischer carbene complexes where the carbene ligand is relatively stable and can exist as an 

independent species. 

These models have been quite successful in describing the nature of organometallic carbene 

bonding and have been adopted as an important aspect in organometallic chemistry courses.10 

Fischer carbene complexes have many applications in organic synthesis11 while Schrock 

carbene complexes are important as catalysts in olefin metathesis.12 Common properties of 

Fischer type carbene complexes are that they contain lower oxidation state transition metals of 

the middle to late transition metals (such as W, Mo or Cr in a zero oxidation state) with ligands 

that are π-acceptor type ligands and often π-donor substituents (e.g. alkoxy or amine groups) 

on the carbene carbon.12 Contrary to this common properties of Schrock carbene complexes 

are that they contain high oxidation state transition metals of early transition metals (such as 

Ti or Ta in oxidation states IV or V, respectively) with little or no π-effects from ancillary 

ligands and carbene substituents.12 

The donor-acceptor model, also called the Dewar-Chatt-Duncanson model, dates back to 

the middle of the twentieth century.13,14 The donor-acceptor model is similar to Lewis acid-

base chemistry descriptors where the Lewis base would donate an electron pair to the Lewis 

acid.15 Similarly, the donor group in the donor-acceptor model donates electrons towards the 

acceptor group. The covalent model of chemical bonding is based on the idea that the exchange 

and correlation effects lower the molecular energy of a complex when electrons are shared 

between atoms in the complex.16 For covalent bonds the consensus is that two electrons are 

shared per bond with each atom donating one electron towards the bonding.17 

Work from the early ‘90s suggested an alternative view on carbene bonding in transition 

metal Schrock carbene complexes where multiconfigurational wavefunctions were used on the 

electrons of the M—C σ and π orbitals to determine contributing resonance structures.18 It was 

found that those resonance structures where the negative charge resides on the carbon atom 

contribute 50% of the ground-state wavefunction, those where the carbon is neutral contribute 

45% and the last 5% are structures where the carbon has a positive charge (indicating a 

deficiency of electrons). Until the publication of this work18 a third of the resonance structures 

identified had not been reported on in previous literature. These structures suggested a dative 

carbon-to-metal σ bond and a covalent M—C π bond. 

Work by the same researchers showed important considerations which influenced the 
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electronic structures of organometallic carbene complexes.19 Three aspects were identified as 

key role players in the determining the electronic structure: first, the presence of highly 

electropositive substituents, second, the identity of the central metal atom and thirdly, the 

presence of substituents with good π-donating ability. More studies have begun to surface 

which focus on the holistic design of complexes for specific applications including 

considerations of ancillary ligands.20,21 

Problems still exist with functionalisation of carbonyls by titanium-based reagents, such as 

functionalised Petasis reagent, if the reagent can undergo β-elimination.4 There is great use in 

the development of models which can be used to investigate the bonding characteristics in 

carbene complexes when the structures are modified. 

 

Research statement 

The use of density functional theory (DFT) and recent developments in Quantum Chemical 

Topology (QCT) allows for the study of the electron density in the interatomic region where 

bonding components can be determined. Schrock carbenes are hypothesised to have a covalent 

bonding nature and should thus show this distribution or sharing of electrons between atoms 

partaking in the bonding, i.e. M—C, as well as the effect of long-range ligand-ligand 

interactions. 

 

Research aims and objectives 

This work seeks to provide useful insights to the nature of organometallic carbene bonding 

in Schrock carbenes using DFT studies by determining the degree of σ- and π-bonding in 

Schrock carbenes, the effects of delocalisation on complexes and bonding, and the role of metal 

core densities on the electronic structure. The work then seeks to provide a novel measure by 

which the bond order can be determined in order to differentiate donor-acceptor character and 

covalent character in Schrock carbenes. 

 

Significance of research 

Schrock carbenes are used as catalysts in processes such as olefination. There is a gap in 

what is known on the bonding in these complexes which prevents developments in the field of 
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catalysis where these complexes are employed. Much focus has been placed on a related class 

of organometallic carbene complexes, namely Fischer carbene complexes. Recent studies have 

shown suspected Schrock carbenes to have the nature of typical Fischer carbenes. It would add 

value to existing knowledge to better explore the nature of Schrock carbenes to give insights 

to their nature and also to clarify the observation that Schrock carbenes and Fischer carbenes 

may not be as different as initially proposed. 

 

Scope and limitations 

The research focusses on titanium Schrock carbenes for their industrial value as catalysts – 

such as the Tebbe reagent, Ziegler-Natta catalyst, Petasis reagent. The complexes studied here 

can also be prepared and tested experimentally to criticize the validity of findings given by this 

research, such validation against experimental data is outside the scope of the current work. 

 

Figure 2. Three catalysts used to motivate the complexes studied in the following chapters 

with a. being the Tebbe reagent, b. the Ziegler-Natta catalyst and c. the Petasis reagent. 

 

DFT is used as a framework as it has good computational scaling while still maintaining 

good accuracy, especially for transition metal complexes. It is taken as an assumption that the 

ground state wavefunction can sufficiently describe the system as to draw conclusions on the 

nature of bonding to be expected in experimental work. This assumption is made as the study 

of excited states is outside the scope of this research, but may be included in future work. 

Further it is hoped to find an approach that is not computationally expensive nor intellectually 

exhausting. 

 

 

a. b. c. 
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Outline of this work 

This work contains seven chapters followed by four appendices. Chapter two gives the 

theoretical background to theories and methodologies used in this work. Chapter three presents 

a publication on the study by cross-sections of electron and orbital densities as a means to 

determine the degree of σ- and π-character of orbitals and densities relative to specific 

interactions or bonds. Chapter four applies the methodology from chapter three on various 

systems in order to gain generalised insights on transition metal organometallic carbene 

bonding in titanium Schrock carbene complexes when structural changes are applied. Chapter 

five investigates the delocalisation index of fragments and contrasts these results to those 

obtained from diatomic studies to illustrate multicentric natures in chemical bonding. Chapter 

six proposes a method to decompose the molecular orbital densities into localised and 

delocalised indices based on atomic basins to obtain more insightful bond orders per atomic 

interaction which also provides insight on the degree of covalency of an orbital and the donor-

acceptor character of an orbital. Lastly, chapter seven draws final conclusions on the nature of 

organometallic carbene bonding and makes suggestions for future work. 
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Introduction 

Theoretical chemistry gives an elegant mathematical description of the chemical processes that 

drive our everyday existence. Since the development of quantum mechanics in the 1900s the 

mathematical rigour with which chemistry can be described has increased tremendously. 

Recent years have seen computational methodologies become commonplace in many 

research projects due to the advantageous insights it provides. Much of this is due once again 

to the mathematical rigour in chemical models developed by chemists and physicists in the 

fields of quantum physics and quantum chemistry. 

This chapter aims to give the theoretical framework used in the remainder of this work, 

although some sections will be highlighted again in later parts. The first section will cover the 

fundamental quantum mechanics required in this work. After that follows the Hartree-Fock 

approximation, then the density function theory framework which forms the backbone of this 

work. After this follows sections on the quantum theory of atoms in molecules (QTAIM), 

natural bond orbitals (NBOs) and the fragment, atomic, (de)localised, and interatomic (FALDI) 

electron density (ED) decomposition which serves as the basis of the analysis in consecutive 

chapter. Finally, there follows some sections on ED analysis by cross section and bond order 

analysis based on delocalised indices. This chapter then ends off with a conclusion giving some 

perspective on how it all fits together. 

The majority of the rest of this chapter is summarised from the books by Cramer,1 Jensen,2 

Szabo and Ostlund3 and Atkins and Friedman4 which provides a good introduction to the 

fundamentals of computational chemistry. Where relevant additional sources will be provided. 

 

Molecular Quantum Mechanics 

In order to gain useful theoretical insight into the chemistry one can expect from a system it is 

needed to describe such a system using quantum mechanics. This description is obtained by 

constructing a wavefunction which encodes all properties of the system. The wavefunction of 

a chemical system can be obtained by solving the Schrödinger equation defined as: 

 ĤΨ(𝐫) = T̂Ψ(𝐫) + V̂Ψ(𝐫) = EΨ(𝐫) (1) 

where Ĥ is the Hamiltonian operator, T̂ is the kinetic energy operator and V̂ the potential energy 

operator which gives the energy E from which all properties of the system can be determined 
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by applying the appropriate operator over the wavefunction Ψ(𝐫). 

The Schrödinger equation (eq. 1) is fairly straight forward in concept, but finding the 

analytical solutions to the differential equation is impossible for systems with more than a 

single electron. The solutions can be obtained numerically by setting up an approximate 

wavefunction and optimizing the required parameters until the lowest energy wavefunction is 

obtained. The energy of the system can be calculated by applying the following Hamiltonian 

operator over the wavefunction: 

 Ĥ = −
1

2
∑∇i

2

N

i=1

−
1

2
∑

1

MA
∇A
2

M

A=1

−∑∑
ZA
riA

M

A=1

N

i=1

+∑∑
1

rij

N

j>i

N

i=1

+∑∑
ZAZB
RAB

M

B>A

M

A=1

 (2) 

where N is the total number of electrons in the system, M is all the nuclei in the system, ZA is 

the nuclear charge of nucleus A, RAB is the distance between nuclei A and B, riA is the distance 

between electron i and nucleus A, rij is the distance between electrons i and j and ∇i
2 is the 

Laplacian operator defined as: 

 ∇q
2=

∂2

∂xq2
+
∂2

∂yq2
+
∂2

∂zq2
 (3) 

The Hamiltonian can be more simply written as: 

 Ĥ = T̂e + T̂N + V̂eN + V̂ee + V̂NN (4) 

where T̂e and T̂N is the electronic and nuclear kinetic energy operators, respectively, and V̂eN, 

V̂ee and V̂NN are the electron-nucleus, electron-electron and nucleus-nucleus potential energy 

operators, respectively. 

The mass of the nucleus is much greater than the mass of the electron, thus the electrons 

will move at a much greater speed. It is therefore useful in approximating the nuclei as static 

point charges and deriving a new Hamiltonian for the electronic wavefunction, known as the 

Born-Oppenheimer approximation: 

 Ĥelec = T̂e + V̂eN + V̂ee (5) 

where the kinetic term for the nuclei is taken to be zero and the nucleus-nucleus potential term 

is a constant which can be added to the electronic Hamiltonian in order to obtain the total 

energy of the geometry, i.e. 
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 Ĥtotal = Ĥelec + V̂NN (6) 

Giving the total energy for the specific nuclear geometry, 

 Etotal = Eelec + Enuc (7) 

From quantum mechanics, electrons cannot be distinguished and this must be reflected in 

the nature of the wavefunction used to describe their behaviour. There is a requirement that the 

wavefunction must not change when the positions of electrons are shifted around, i.e. 

 |Ψ(𝐱1, 𝐱2, … , 𝐱i, 𝐱j, … , 𝐱N)|
2
= |Ψ(𝐱1, 𝐱2, … , 𝐱j, 𝐱i, … , 𝐱N)|

2
 (8) 

Furthermore, electrons are fermions (spin-half particles) and thus the wavefunction must 

change sign if the spatial and spin coordinates of two electrons are interchanged, i.e. 

 Ψ(𝐱1, 𝐱2, … , 𝐱i, 𝐱j, … , 𝐱N) = −Ψ(𝐱1, 𝐱2, … , 𝐱j, 𝐱i, … , 𝐱N) (9) 

Lastly, the wavefunction must describe all the electrons in the system, no more and no less. 

This imposes the criteria that the wavefunction describing the electrons in the system must be 

normalised, i.e. 

 ∫…∫|Ψ(𝐱1, 𝐱2, … , 𝐱N)|
2 d𝐱1d𝐱2…d𝐱N = 1 (10) 

Only a wavefunction which adheres to the criteria given by equations 8-10 can be used to 

describe the electrons in a chemical system and can consequently be used to study the chemistry 

in such a system. 

Since the Schrödinger equation (1) can only be solved analytically for a few select cases it 

is required that it be solved numerically in most chemically interesting cases. This iterative 

approach to calculating the wavefunction of the lowest energy is called the variational principle 

and is implemented in most quantum chemical software. This process involves setting up a trial 

wavefunction Ψtrial with approximate values and then optimizing the parameters of the 

wavefunction until an energy minimum is obtained. By the variation principle the energy 

calculated by this iterative process cannot drop below the true minimum of the system. 

 E0 ≤ Etrial = ∫Ψ
trial∗ĤΨtriald𝛕 (11) 
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The basis set in a computational chemistry problem describes a set of mathematical 

functions (often gaussian functions) used to define the quantum mechanical wavefunction in 

an approximate manner. These sets can be constructed as linear combinations of functions to 

better define the wavefunction. 

The Pople basis sets are used in this work, although others do exist. However, since the 

systems studied in this work only contain main group elements and at most one additional 

titanium atom the Pople basis sets provide sufficient variability on the wavefunction to give a 

good numerical approximation to the true wavefunction. The basis set used in this work follows 

the notation, 

 6 − 311 + +G(d, p) (12) 

where the 6 indicates that six primitive gaussian functions were used for core electrons, valence 

electrons were described by three basis set functions with the first being a linear combination 

of three gaussian primitives the second and third are single primitive functions indicating an 

overall triple-zeta split-valence basis function. The ++ indicates that diffuse function were 

added to all atoms with an additional s orbital function being added to hydrogen atoms and an 

additional s orbital function with three addition p orbital functions on heavy atoms. The (d,p) 

indicates additional polarization functions were added as follows; three p orbital functions on 

hydrogen atoms, and five d orbital functions on heavy atoms. 

Unless otherwise indicated atomic units (a.u.) were used throughout this work. Atomic units 

are set up such that the constants in the Schrödinger equation, when written in SI units, will 

drop out of the equation (or rather equal one, as any value multiplied by one is that value). This 

makes computations easier since there is no need to keep track of constants which need only 

be added later as a conversion factor. 

 

Hartree-Fock Approximation 

A detailed description of the Hartree-Fock approximation can be found in chapter three of 

Szabo and Ostlund3 and the reader is encouraged to consult this source. 

Under the assumption that electrons are noninteracting particles we can define a 

Hamiltonian which is the sum of all one electron Hamiltonians of a system of noninteracting 

electrons, 
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 𝐻̂ = ∑ℎ(𝑖)

𝑁

𝑖=1

 (13) 

where h(i) is the one electron Hamiltonian for a noninteracting electron, describing the kinetic 

and potential energy of electron i in orbital χj. The energy of a single orbital can then be 

obtained by applying this Hamiltonian over the function of the orbital, 

 ℎ(𝑖)𝜒𝑗(𝐱𝐢) = 𝜀𝑗𝜒𝑗(𝐱𝐢) (14) 

where the energy of orbital j is given as the εj eigenvalue of the equation. It can then be stated 

that the energy of the system is given by the sum of all noninteracting orbital energies, 

 𝐸 =∑𝜀𝑖

𝑁

𝑖=1

 (15) 

where N is the total number of noninteracting electrons in the system. The respective 

wavefunction is written as the product of all spin orbital functions, 

 ΨHP(𝐱𝟏, 𝐱𝟐, … , 𝐱𝐍) = 𝜒𝑖(𝐱𝟏)𝜒𝑗(𝐱𝟐)…𝜒𝑘(𝐱𝐍) (16) 

From the noninteraction of electrons it can be stated that the Hartree product (HP) 

wavefunction is uncorrelated as the total probability of all electrons in the system is equal to 

the product of their individual probabilities, 

 |ΨHP(𝐱𝟏, … , 𝐱𝐍)|
2d𝐱𝟏…d𝐱𝐍 = |χi(𝐱𝟏)|

2d𝐱𝟏|χj(𝐱𝟐)|
2
d𝐱𝟐… |χk(𝐱𝐍)|

2d𝐱𝐍 (17) 

However, this HP wave function does not satisfy the anti-symmetry condition given in the 

section on molecular quantum mechanics above since it distinguishes between electrons which 

is physically not possible. 

The failure of the HP wavefunction under the anti-symmetry condition is corrected by taking 

the linear combination of all arrangements of electrons in respective spin orbitals. It can be 

shown that the HP wavefunction distinguishes between electrons by determining the 

wavefunction for two electrons and then interchanging their positions to see if the same 

wavefunction is yielded in both cases, i.e. 
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 Ψ12
HP(𝐱𝟏, 𝐱𝟐) = χi(𝐱𝟏)χj(𝐱𝟐) ≠ Ψ21

HP(𝐱𝟐, 𝐱𝟏) = χi(𝐱𝟐)χj(𝐱𝟏) (18) 

Both of these HP wavefunctions represent some degree of the real-world case and therefore 

it is possible to obtain a better description of the true wavefunction by taking a linear 

combination of these HP wavefunctions where electrons are interchanged, thus yielding the 

Slater determinant (SD) wavefunction, i.e. 

 ΨSD(𝐱𝟏, 𝐱𝟐) = 2
−1/2(χi(𝐱𝟏)χj(𝐱𝟐) − χi(𝐱𝟐)χj(𝐱𝟏)) (19) 

This can be generalised to a system of any number of electrons by the equation, 

 ΨSD(𝐱𝟏, 𝐱𝟐, … , 𝐱𝐍) = N!
−1/2 ||

χi(𝐱𝟏) χj(𝐱𝟏)

χi(𝐱𝟐) χj(𝐱𝟐)
⋯ χk(𝐱𝟏)
⋯ χk(𝐱𝟐)

⋮ ⋮
χi(𝐱𝐍) χj(𝐱𝐍)

⋱ ⋮
… χk(𝐱𝐍)

|| (20) 

By the mathematical laws of determinants, it can be show that interchanging any two rows 

of the SD changes its sign (anti-symmetry principle), having two columns equal will yield a 

determinant equal to zero (Pauli exclusion principle). Since the SD is a linear combination of 

all HP wavefunctions it can be shown that electrons are indistinguishable. 

Chemists can use quantum mechanical descriptions of a system to obtain useful information 

on the properties of a chemical system. However, solving Schrödinger’s equation for many 

particle systems has not been achieved analytically and instead it must be solved numerically 

with additional approximations on how to treat the system. One approximation is to solve the 

equation for each individual electron in the system using the one-electron Hamiltonian, 

 ℎ(𝑖) = −
1

2
∇𝑖
2 −∑

𝑍𝐴
𝑟𝑖𝐴

𝑀

𝐴=1

 (21) 

To incorporate electron-electron interactions, the one-electron Hamiltonian is extended as 

the Fock operator by adding a term which describes the Coulomb interaction as well as the 

exchange interaction between electrons in an averaged manner, 

 𝑓(𝑖) = ℎ(𝑖) + 𝑣𝐻𝐹(𝑖)  (22) 

The Coulomb and exchange interactions represent the correlated motion of electrons, with 
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 𝑣𝐻𝐹(𝑖) =∑𝒥𝑏(𝑖) − 𝒦𝑏(𝑖)

𝑏

 (23) 

Where 𝒥𝑏(𝑖) represents the Coulomb interaction of electrons 𝑖 and 𝑏, and 𝒦𝑏(𝑖) represents the 

exchange interaction of electrons 𝑖 and 𝑏 if they are of the same spin, the exchange interaction 

is null for opposite spin electrons. 

 

Density Functional Theory 

Density functional theory (DFT) is a theory based on the electron gas model that uses the ED 

as opposed to a quantum mechanical wavefunction over which operators can be applied to 

obtain properties of the system. An excellent introduction can be found in the book by Koch 

and Holthausen5. 

DFT has good scaling while maintaining good chemical accuracy. This reduces the time 

taken for calculations although the limitations are still on the functionals used in these 

calculations where only specific functionals can be used based on the expected interactions in 

the system. Hybrid functionals are being developed to circumvent this problem by introducing 

semi-empirical parameters into the functionals. 

Hohenberg and Kohn developed modern day DFT by defining a Hamiltonian operator that 

works on the ED, 

 E0[ρ0] = ∫ρ0(r⃗)VNedr⃗ + FHK[ρ0] (24) 

where the first term defines the nuclei-electron attraction which is dependent on the system 

(nuclear coordinates and nuclear charges) under study and the FHK functional is the Hohenberg-

Kohn potential functional, defined as 

 FHK[ρ] = T[ρ] + Eee[ρ] = 〈Ψ|T̂ + V ̂ee |Ψ〉 (25) 

where T[ρ] is the kinetic energy functional and Eee[ρ] is the electron-electron interaction 

functional, both of which are independent of the system (nuclear coordinates and nuclear 

charges). The exact forms of both of these functionals are unknown, but the electron-electron 

interaction can be decomposed into the known classical Coulomb part J[ρ] and an unknown 

non-classical part Encl[ρ], describing all sorts of quantum effects. 
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 Eee[ρ] =
1

2
∫∫

ρ(r1⃗⃗⃗⃗ )ρ(r2⃗⃗⃗⃗ )

r12
dr1⃗⃗⃗⃗ dr2⃗⃗⃗⃗ + Encl[ρ] = J[ρ] + Encl[ρ] (26) 

This non-classical electron-electron interaction term is defined in DFT using the functionals 

develop for various specific systems. 

Kohn and Sham developed on the work of Hohenberg and Kohn by introducing the concept 

of non-interacting one-electron functions. This neglects the electron-electron interaction, 

giving only the kinetic energy is an effective potential field. They defined the one-electron 

Hamiltonian in DFT as 

 f̂KSφi = εiφi (27) 

with the Kohn-Sham operator defined as 

 f̂KS = −
1

2
∇2 + Vs(r⃗) (28) 

This operator then yields one electron orbitals defined as Kohn-Sham orbitals, from which 

the total ED is then given by 

 ρs(r⃗) =∑∑|φi(r⃗, s)|
2

s

N

i

= ρ0(r⃗) (29) 

What remains to be solved then is a functional describing the energy of the system. The 

nucleus-electrons interaction VNe can be calculated, Hohenberg-Kohn gave a functional for 

Coulombic interaction J[ρ] and Kohn-Sham gave a functional for an approximate kinetic 

energy Ts[ρ]. A non-classical term is added EXC to describe self-interaction corrections, 

exchange, correlation and some part of the kinetic energy. 

Hybrid functionals are used to describe the exchange-correlation EXC in this work. This 

calculates the exchange energy from the Hartree-Fock model and then adds the correlation in 

an approximate manner. The B3LYP functional6 used employs other functionals derived from 

the BLYP functional7 

 E𝑥𝑐
B3LYP = (1 − a0)E𝑥

LSDA + a0Ex
HF + axΔEx

B88 + acE𝑐
LYP + (1 − ac)E𝑐

𝑉𝑊𝑁 (30) 

The functionals referred to were described in other literature and the details of these are not 

discussed here. Here LSDA refers to the local spin density approximation8, HF to Hartree-
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Fock, B88 to Becke 19889, LYP to Lee, Yang and Parr10 and VWN to Vosko, Wilk and 

Nusair11. 

 

Natural Bond Orbitals 

The “natural” bond orbitals approach seeks the simplest expression of the underlying quantum 

mechanics to give chemically meaningful interpretations thereof to the chemist. It therefore 

also relies on the natural Lewis-structure model of chemistry as is commonly taught at schools 

and universities for students in the sciences to understand the basics of chemical structure. The 

details for the approach can be found in the book by Weinhold and Landis12 but the core aspects 

used in this work are summarised in this section. 

Orbitals in chemistry refer to the one-electron function which describes the probability of 

an electron being present in a particular special region. These orbitals are expressed using 

quantum number n (principal), l (azimuthal) and m (magnetic) which gives the size, shape and 

orientation of the respective orbital. The energy of such an orbital is determined by the principal 

quantum number. There are a number of such orbitals which make up a chemical system and 

some of these are filled while other are unfilled. The unfilled orbitals give the variability of the 

electronic structure of the system when undergoing physical and chemical processes, such as 

photoexcitation or a chemical reaction. 

The number of electrons in a specific orbital may thus change depending on the environment 

in which the system is placed. The electron occupation of orbitals is used to express the total 

ED giving the equation, 

 𝜌(𝐫) =∑𝑛𝑖|𝜙𝑖(𝐫)|
2

𝑖

 (31) 

where 𝑛𝑖 is the electron occupation of orbital 𝜙𝑖 and is some value greater than or equal to zero 

and less than or equal to two. 

The first-order reduced density operator can be expressed as its kernel function, i.e. 

 𝛾(𝐫𝟏|𝐫𝟏
′) = 𝑁∫𝜓(𝐫𝟏, 𝐫𝟐, … , 𝐫𝐍)𝜓

∗(𝐫𝟏
′ , 𝐫𝟐, … , 𝐫𝐍)𝑑

3𝐫𝟐…𝑑
3𝐫𝐍 (32) 

for an N electron wavefunction 𝜓(𝐫𝟏, 𝐫𝟐, … , 𝐫𝐍) where this kernel function generally operates 

on a one-particle function according to; 
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 𝛾𝑓(𝐫) = 𝑔(𝐫) = ∫𝛾(𝐫| 𝐫′)𝑓(𝐫′)𝑑3𝐫′ (33) 

A complete, orthonormal basis set 𝛾(𝐫|𝐫) can be expanded as 

 𝛾(𝐫|𝐫′) =∑ 𝛾
𝑖𝑗
𝜒𝑖(𝐫)𝜒𝑗

∗(𝐫′)

𝑖𝑗

 (34) 

where 𝛾𝑖𝑗 = (𝐃)𝑖𝑗 which is the density matrix. 

The diagonalization of the kernel function gives the eigenorbitals and their corresponding 

eigenvalues as, 

 𝛾𝜃𝑖 = 𝑛𝑖𝜃𝑖 (35) 

which gives the occupations 𝑛𝑖 and the natural orbitals 𝜃𝑖.The search for the maximum 

occupation 𝑛𝑖
𝐴 in a localized region of atom A yields the natural atomic orbitals 𝜃𝑖

𝐴 (NAOs) or 

alternatively searching for the maximum occupation 𝑛𝑖
𝐴𝐵 in a diatomic, bonding region for 

atoms A—B yields the natural bond orbitals 𝜃𝑖
𝐴𝐵 (NBOs). The NBOs obtained are 

representative of the Lewis structures that can be determined using classical chemistry 

thinking, except that these NBOs are quantitative and derived from quantum mechanics to 

allow for the determination of other properties from the orbital functions. 

 

Quantum Theory of Atoms in Molecules 

The quantum theory of atoms in molecules (QTAIM) stems from the topology of the ED of a 

chemical system where atoms are described by the zero-flux surface. This gives a means to 

transform quantum mechanical wavefunctions into a description that is more intuitive to the 

chemist. Such an atomistic approach is justified as it is known that the behaviours of molecules 

can be related to the functional groups present and consequently such wavefunctions must have 

some degree of similarity between them. For more in-depth descriptions of QTAIM see the 

works by Matta and Boyd13, Popelier14 or the book by Bader15. 

The atomic basin in QTAIM is defined by the zero-flux surface which is obtained by taking 

the gradient of the ED: 
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 𝛻𝜌 = 𝐢
𝜕𝜌

𝜕𝑥
+ 𝐣
𝜕𝜌

𝜕𝑦
+ 𝐤

𝜕𝜌

𝜕𝑧
→ {= 𝟎⃗⃗⃗

≠ 𝟎⃗⃗⃗

(at critical points and ∞)

(all other points)
 (36) 

where 𝜌 is the ED. The critical points of the ED are special points in the cartesian space where 

the curvature of the ED is extremised (each partial spatial derivative equals zero at a critical 

point). The critical points are classified by a rank (ω) and a signature (σ) using the symbolism 

(ω, σ). The values for the rank and signature depend on the eigenvalues of the Hessian matrix 

which gives the curvature of the ED in real-space: 

 𝐀(𝐫𝐜) =

(

 
 
 
 

𝜕2𝜌

𝜕𝑥2
𝜕2𝜌

𝜕𝑥𝜕𝑦

𝜕2𝜌

𝜕𝑥𝜕𝑧

𝜕2𝜌

𝜕𝑦𝜕𝑥

𝜕2𝜌

𝜕𝑦2
𝜕2𝜌

𝜕𝑦𝜕𝑧

𝜕2𝜌

𝜕𝑧𝜕𝑥

𝜕2𝜌

𝜕𝑧𝜕𝑦

𝜕2𝜌

𝜕𝑧2 )

 
 
 
 

𝐫=𝐫c

 (37) 

Diagonalization of the Hessian matrix gives the eigenvectors. Alternatively, these 

eigenvectors can also be recovered from the Laplacian applied at the critical point: 

 𝛻2𝜌(𝐫) =  
𝜕2𝜌(𝐫)

𝜕𝑥2
+
𝜕2𝜌(𝐫)

𝜕𝑦2
+
𝜕2𝜌(𝐫)

𝜕𝑧2
= 𝜆1 + 𝜆2 + 𝜆3 (38) 

The rank is determined by the number of non-zero curvatures of the ED. Generally, critical 

points with 𝜔 < 3 are unstable and not found for equilibrium structures (as in this work). The 

signature is the algebraic sum of the signs of the curvatures, 𝜎 = ∑ 𝜆𝑖/‖𝜆𝑖‖ 
𝜔
𝑖  which then leaves 

four possible combinations of rank and signature, i.e. nuclear critical point (NCP) (3,-3); bond 

critical point (BCP) (3, -1); ring critical point (RCP) (3,+1); and cage critical point (CCP) 

(3,+3). 

As mentioned before, QTAIM used the topology of the ED to define the atomic subspace 

within the molecular space by determining the zero-flux surface of the atoms: 

 ∇𝜌(𝐫) ∙ 𝐧(𝐫) = 0; for 𝐫 ϵ Ω (39) 

where Ω is the atomic basin. By defining such an atomic basin and the inter-basin (inter-atomic) 

surface it becomes possible to find atomic properties from the ED by integrating over these 

atomic basins. The expectation value of an operator gives the mathematical means to determine 

atomic properties either from the wavefunction or by using atomic basins: 
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〈Ô〉𝑚𝑜𝑙𝑒𝑐𝑢𝑙𝑒 = ∑
(N∫ {∫

1

2
[Ψ∗ÔΨ + (ÔΨ)

∗
Ψ]𝑑𝜏′}

Ωi

𝑑𝐫)
𝑎𝑙𝑙 𝑎𝑡𝑜𝑚𝑠

i

= ∑ (∫ 𝜌𝑂𝑑𝐫
Ωi

)

𝑎𝑙𝑙 𝑎𝑡𝑜𝑚𝑠

i

= ∑ O(Ωi)

𝑎𝑙𝑙 𝑎𝑡𝑜𝑚𝑠

i

 

(40) 

The total electron population for a specific atomic basin is given by integrating the ED over 

that atomic basin: 

 N(Ωi) = ∫ 𝜌(𝐫)𝑑𝐫
Ωi

 (41) 

The total electron count for an atom can be decomposed into a localised index (electrons 

that are only found within the specific atomic basin) and a delocalised index (electrons that are 

also found outside the atomic basin): 

 𝑁(𝐴) = 𝜆(𝐴) +
1

2
∑ 𝛿(𝐴, 𝐵)

𝐵≠ 𝐴

 (42) 

Although the localised and delocalised indices can be calculated as an integration of the 

correlation function16, in this work it will be expressed in matrix notation to emphasise the 

developments in latter sections. Therefore, a matrix can be defined which gives the overlap of 

the atomic basins (called the atomic overlap matrix, AOM): 

 𝑆𝑖𝑗
𝐴 = ∫𝜒𝑖

∗(𝐫)𝜒𝑗(𝐫)𝑑𝐫
𝐴

 (43) 

where 𝑆𝑖𝑗
𝐴 represents the elements of the AOM for atomic basin A.  

The localised and delocalised indices can then be expressed as: 

 𝜆(A) =∑∑√𝑛𝑖𝑛𝑗𝑆𝑖𝑗
𝐴𝑆𝑗𝑖

𝐴 

𝑗i

 (44) 

for the localised index and 

 𝛿(𝐴, 𝐵) =∑∑√𝑛𝑖𝑛𝑗(𝑆𝑖𝑗
𝐴𝑆𝑗𝑖

𝐵 + 𝑆𝑖𝑗
𝐵𝑆𝑗𝑖

𝐴)

𝑗𝑖

 (45) 
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for the delocalised index, where 𝑛𝑘 indicates the occupation of orbital k. 

QTAIM allows for an atomistic view on quantum mechanics which allows for a chemically 

intuitive interpretation of the often complex systems found in chemistry. Classical chemistry 

is based on atoms and bonds for which QTAIM provides a bridge between this classical 

description and modern quantum mechanics. 

 

Fragment, Atomic, (De)Localised, and Interatomic ED Decomposition 

For readers interested in the details of the fragment, atomic, localised, delocalised and 

interatomic (FALDI) density decomposition see the works by de Lange17-21 and Cukrowski22. 

The approach followed hereafter to explain the decomposition will first give a condensed 

introduction to domain averaged fermi holes (DAFH), then the FALDI decomposition up to 

the generation of natural density functions after using the orthodox (QTAIM) localisation and 

delocalisation indices, then will follow a description of how localised overlap (LO) free and 

localised-delocalised overlap (LDO) free electron distributions are obtained. The FALDI 

analysis in this work makes use of LDO free electron distributions. 

In most cases where an ED decomposition is used a partitioning of the density is done such 

that the components describe parts of the total density, in equation form it can be written as 

 𝜌(𝐫) =∑𝜌𝑖(𝐫)

𝑀

𝑖

 (46) 

where M is the fragments or atoms used as the partitions, this could be QTAIM defined atomic 

basins where the electron density then yields the following 

 𝜌𝑖(𝐫) = {
𝜌(𝐫), 𝐫 ∈ Ω𝑖
0, 𝐫 ∉ Ω𝑖

 (47) 

where Ω𝑖 is the ith atomic basin. 

DAFH23,24 suggest the use of an electron correlation function instead leading to the equation 

for the total ED as 

 𝜌(𝐫) =∑𝑔𝑖(𝐫)

𝑀

𝑖

 (48) 
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where M is then the domain of the electron. The 𝑔𝑖(𝐫) function is the correlation function 

integrated over the atomic basin Ω𝑖, such that 

 𝑔𝑖(𝐫𝟏) = −∫ 𝐶(𝐫𝟏, 𝐫𝟐)
Ωi

𝑑𝐫𝟐 (49) 

with 

 
𝐶(𝐫𝟏, 𝐫𝟐) = 2𝜌2(𝐫𝟏, 𝐫𝟐) − 𝜌(𝐫𝟏)𝜌(𝐫𝟐) 

= 𝜌2(𝐫𝟏, 𝐫𝟐) − 𝜌
Hole(𝐫𝟏, 𝐫𝟐)𝜌(𝐫𝟐) 

(50) 

where 𝜌2(𝐫𝟏, 𝐫𝟐) is the pair density describing the probability of finding an electron at one 

coordinate if another is known to be at another coordinate. In matrix form this can be written 

 𝑔𝑖(𝐫𝟏) = −∑𝜒𝜆(𝐫𝟏)𝜒𝜎(𝐫𝟏)𝑆𝜎𝜆
Ω

𝑁

𝜎𝜆

  (51) 

where 𝑆𝜎𝜆
Ω  is an element of the atomic overlap matrix which can be calculated by 

 𝑆𝜎𝜆
Ω = ⟨𝜒𝜎|𝜒𝜆⟩ = ∫ 𝜒𝜎(𝐫𝟏)χλ(𝐫𝟏)𝑑𝐫𝟏

Ω𝑖

 (52) 

The total atomic electron population can be obtained by integrating the ED over the atomic 

basin or by integrating the 𝑔𝑖(𝐫) function over all space 

 𝑁(Ω𝑖) = ∫ 𝜌(𝐫)𝑑𝐫
Ω𝑖

= ∫ 𝑔
𝑖
(𝐫)𝑑𝐫

∞

−∞

 (53) 

The total atomic electron population can be decomposed into localised ED and delocalised 

ED 

 𝑁(Ω𝑖) = 𝜆𝑖(Ω𝑖) +
1

2
∑ 𝛿(Ω𝑖, Ω𝑋)

𝑀

𝑋≠𝑖

 (54) 

where 

 𝜆(Ω𝑖) = ∫ 𝑔𝑖(𝐫)𝑑𝐫
Ω𝑖

 (55) 
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and 

 𝛿(𝛺𝑖 , 𝛺𝑗) = ∫ 𝑔𝑖(𝐫𝟏)
𝛺𝑗

𝑑𝐫𝟏 +∫ 𝑔𝑖(𝐫𝟐)𝑑𝐫𝟐 =
𝛺𝑖

2∫ 𝑔𝑖(𝐫𝟏)𝑑𝐫𝟏
Ω𝑗

 (56) 

From here onwards this section will cover the FALDI density decomposition. 

The correlation function from DAFH (eq. 51) can be expressed as localised and delocalised 

electron densities, 

 𝑔𝑖(𝐫) = ℒ𝑖(𝐫) +
1

2
∑𝒟𝑖𝑗(𝐫)

𝑀

𝑗≠𝑖

 (57) 

where loc-ED is given by 

 ℒ𝐴(𝐫) =∑𝜒𝑖
∗(𝐫)𝜒𝑗(𝐫)(𝐒

A𝐒A)
𝑗𝑖

𝑖𝑗

 (58) 

and deloc-ED is given by 

 𝒟𝐴,𝐵(𝐫) =∑𝜒𝑖
∗

𝑖𝑗

(𝐫)𝜒𝑗(𝐫)(𝐒
A𝐒B)

𝑗𝑖
 (59) 

noting that 𝐒A𝐒B is taken here to mean 𝐒A𝐒B + 𝐒B𝐒A. 

Diagonalization is performed for the loc-ED and the deloc-ED to afford orthogonal 

functions which are called natural density functions (NDFs). This diagonalization is achieved 

by diagonalizing 𝐒A𝐒X, where X represents every atom with which A can be combined 

 𝐒A𝐒X𝐔AX = 𝑛AX𝐔AX (60) 

where 𝑛AX gives the eigenvalues representing occupations and 𝐔AX gives the associated 

eigenvectors representing the NDFs. The occupation and parameters of a specific NDF can be 

obtained by 

 𝑛𝑖
𝐴𝑋 = ∑ 𝑈𝑗𝑖

𝐴𝑋(𝐒A𝐒X)
𝑘𝑗
𝑈𝑘𝑖
𝐴𝑋

𝑁𝑀𝑂

𝑗𝑘

 (61) 

The loc-ED can then be expressed as a linear combination of NDFs with their associated 

occupations as 
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 ℒ𝐴(𝐫) = ∑ 𝑛𝑖
𝐴𝐴[𝜙𝑖

𝐴𝐴(𝐫)]
2

𝑁𝑀𝑂

𝑖

 (62) 

where the NDF is calculated as 

 𝜙𝑖
𝐴𝐴(𝐫) = ∑ 𝜒𝑗(𝐫)𝑈𝑗𝑖

𝐴𝐴

𝑁𝑀𝑂

𝑗

 (63) 

This approach lends an alternative manner in which QTAIM localised and delocalised 

indices can be calculated as the sum of occupations of the NDFs, thus the localisation index 

can be calculated as 

 𝜆QTAIM(𝐴) =∑𝑛𝑖
𝐴𝐴

𝑖

 (64) 

and similarly, for the delocalisation index 

 𝛿QTAIM(𝐴, 𝐵) =∑𝑛𝑖
𝐴𝐵

𝑖

 (65) 

This final part of the discussion on FALDI will give the localised overlap (LO) and 

localised-delocalised overlap (LDO) methods which improves upon the orthodox descriptions 

of 𝜆𝑄𝑇𝐴𝐼𝑀 and 𝛿𝑄𝑇𝐴𝐼𝑀 where no such overlap is calculated. The LO-method will be discussed 

in detail whereas for the LDO method only the relevant parts will be discussed as needed to 

understand the difference. Both methods do however follow a similar logic. 

The overlap between loc-ED NDFs is calculated by 

 𝒔(ℒ𝐴
𝑖 ; ℒ𝐵

𝑗
) = √𝑛𝑖

𝐴𝐴𝑛𝑗
𝐵𝐵[(𝐔AA)†𝐔BB]𝑖𝑗 (66) 

The total loc-ED overlap of the ith NDF of atomic basin A with all other loc-ED NDFs of 

all other atomic basins is then given by 

 LO(ℒ𝐴
𝑖 ) = ∑ ∑ 𝒔(ℒ𝐴

𝑖 ; ℒ𝑋
𝑗
)

𝑁𝑀𝑂

𝑗

𝑁𝐴𝑡𝑜𝑚𝑠

𝑋≠𝐴

 (67) 

The occupations are then adjusted to remove this density from the loc-ED. The overlap is 
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normalised to the square root of the product of occupations and thus if the LO(ℒ𝐴
𝑖 ) is less than 

the occupation 𝑛𝑖
𝐴𝐴 of the NDF ℒ𝐴

𝑖  then the orbital is fully delocalised and its loc-ED is set to 

zero. The adjustment can be written as the following rule 

 𝑛𝑖
′𝐴𝐴 = {

𝑛𝑖
𝐴𝐴 − LO(ℒ𝐴

𝑖 ), 𝑛𝑖
𝐴𝐴 >  LO(ℒ𝐴

𝑖 )

0, 𝑛𝑖
𝐴𝐴 ≤ LO(ℒ𝐴

𝑖 )
 (68) 

where the prime indicates that the occupation is LO-free and it is then used to calculate an LO-

free loc-ED distribution, 

 ℒ𝐴
′ (𝐫) = ∑ 𝑛𝑖

′𝐴𝐴[𝜙𝑖
𝐴𝐴(𝐫)]

2

𝑁𝑀𝑂

𝑖

 (69) 

When integrated over all space a localisation index is calculated which is itself LO-free, 

 𝜆LO−free(𝐴) = ∫ ℒ𝐴
′ (𝐫)𝑑𝐫

∞

−∞

 (70) 

The density that was removed from the loc-ED must be added back to recover the total ED. 

This is achieved by adding weighted parts of the removed loc-ED to the relevant deloc-ED, 

 𝑛′(ℒ𝐴
𝑖 → 𝒟𝐴,𝐵

𝑗
) = 𝑤′(ℒ𝐴

𝑖 ; 𝒟𝐴,𝐵
𝑗
)(𝑛𝑖

𝐴𝐴 − 𝑛𝑖
′𝐴𝐴) (71) 

where the weighting is given by 

 𝑤′(ℒ𝐴
𝑖 ; 𝒟𝐴,𝐵

𝑗
) =

𝒔(ℒ𝐴
𝑖 ; 𝒟𝐴,𝐵

𝑗
)

∑ 𝒔(ℒ𝐴
𝑖 ; 𝒟𝐴,𝐵

𝑗
)𝑗

∙
∑ 𝒔(ℒ𝐴

𝑖 ; ℒ𝐵
𝑘)𝑘

LO(ℒ𝐴
𝑖 )

 (72) 

From this an LO-free deloc-ED can then be calculated, 

 

𝒟𝐴,𝐵
′ (𝐫) = ∑ 𝑛𝑗

𝐴𝐵[𝜙𝑗
𝐴𝐵(𝐫)]

2

𝑁𝑀𝑂

𝑗

+ ∑ ∑(𝑛′(ℒ𝐴
𝑖 → 𝒟𝐴,𝐵

𝑗
)[𝜙𝑖

𝐴𝐴(𝐫)]
2
+ 𝑛′(ℒ𝐵

𝑖 → 𝒟𝐴,𝐵
𝑗
)[𝜙𝑗

𝐵𝐵(𝐫)]
2
)

𝑁𝑀𝑂

𝑖

𝑁𝑀𝑂

𝑗

 

(73) 

Again, integration of the LO-free deloc-ED gives the LO-free delocalisation index, 
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 𝛿LO−free(𝐴, 𝐵) = ∫ 𝒟𝐴,𝐵
′ (𝐫)𝑑𝐫

∞

−∞

 (74) 

The LDO-method follows the same logic with the total loc-ED overlap of the ith NDF of 

atomic basin A with all other NDFs of all other atomic basins being given by 

 LDO(ℒ𝐴
𝑖 ) = ∑ ∑ 𝒔(ℒ𝐴

𝑖 ; ℒ𝑋
𝑗
) + ∑ ∑ ∑ 𝒔(ℒ𝐴

𝑖 ; 𝒟𝑋,𝑌
𝑗
)

𝑁𝑀𝑂

𝑗

𝑀𝐴𝑡𝑜𝑚𝑠

𝑌≠𝐴

𝑀𝐴𝑡𝑜𝑚𝑠

𝑋

𝑁𝑀𝑂

𝑗

𝑀𝐴𝑡𝑜𝑚𝑠

𝑋≠𝐴

 (75) 

The same rule as for LO is applied (eq 68) is applied, substituting LDO(ℒ𝐴
𝑖 ) for LO(ℒ𝐴

𝑖 ) and 

using double primes to indicate LDO-free occupations. Just as with LO the LDO-free loc-ED 

and LDO-free deloc-ED can be calculated and subsequently integrated over all space to give 

the LDO-free localisation 𝜆LDO−free(𝐴) and delocalisation 𝛿LDO−free(𝐴, 𝐵) indices . 

It is found that 𝜆LO−free describes the electrons that are not found in the loc-ED of another 

atomic basin, generally regarded as core and non-bonded (lone-pair) electrons. However, 

𝜆LDO−free describes electrons exclusively found in a single atomic basin, what chemists call 

the core electrons. 

A note on FALDI notation: 

The localisation index is written as 𝜆QTAIM, 𝜆LO−free, and 𝜆LDO−free which indicates the 

unadjusted, LO-free and LDO-free localisation indices, respectively. The delocalisation index 

is written as 𝛿QTAIM, 𝛿LO−free, and 𝛿LDO−free which indicates the unadjusted, LO-free and 

LDO-free delocalisation indices, respectively. Lastly, when referring to a specific NDF it is 

written, for example, as 𝜆LO−free
3 (A) which refers to the third NDF of the LO-free localisation 

index of atomic basin A. 

 

Cross-section of electron and orbital densities 

Cross-sections of the ED are calculated as the density along the λ-eigenvectors of the Hessian 

matrix25. By performing an integration along the λ-eigenvectors such that relative contributions 

of density functions or orbital densities to the bonding nature can be determined along with the 

symmetry of these interactions. 

The BCP is identified by analysis of the Hessian eigenvectors, where the BCP has 

eigenvalues that are minima in two directions and a maximum in one. The λ-eigenvector, as 
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used in this work, is defined as the vector which extends from this bond critical point in the 

direction pointed in by the λ-eigenvector of the Hessian matrix. The vector is followed along 

both the positive and negative directions for a set distance. To simplify the calculation of this 

vector it was approximated as a linear vector with a gradient determined by the Hessian vector 

at the BCP. The use of the BCP is not critical, but does provide the most insightful data. A 

similar λ-eigenvector drawn at any arbitrary location does not necessarily provide any useful 

insights. 

The orbital and electron densities are calculated as numerical approximations using points 

uniformly distributed along the eigenvector. The densities are calculated for each coordinate 

point using a similar decomposition with 𝜒𝑖(𝐫) here denoting any orbital and 𝑛𝑖 denoting the 

occupation of that orbital, 

 𝜌(𝐫) =∑𝑛𝑖|𝜒𝑖(𝐫)|
2

𝑁

𝑖

 (76) 

A special note should be added on the newer FALDI decomposition of the ED which is 

given as localised and deloc-ED, but since the analysis is along the interatomic surface the 

localised component makes no contribution by definition, thus the equation is simplified to 

only the deloc-ED given by the equation 

 𝜌(𝐫) =∑ℒ𝐴(𝐫)

𝑀

𝐴

+∑∑𝒟𝐴,𝐵(𝐫)

𝑀

𝐵≠𝐴

𝑀

𝐴

≅∑∑𝒟𝐴,𝐵(𝐫)

𝑀

𝐵≠𝐴

𝑀

𝐴

 
𝐹𝐴𝐿𝐷𝐼  (77) 

The NDF decomposition for the deloc-ED of each atom pair is given by 

 𝜌(𝐫) = ∑ ∑ 𝑛𝑖
𝐴𝐵|𝜙𝑗

𝐴𝐵(𝐫)|
2

𝑁𝑀𝑂

𝑖

𝑁𝑀𝑂

𝑗

 
𝑁𝐷𝐹  (78) 

In all cases the integration is performed numerically, however, the concept of integration 

remains conceptually the same for all applications, thus it can be represented as 

 ∫𝜌(𝐫)𝑑𝐫
𝜆

≅∑𝜌(𝐫𝑖)Δ𝐫

N

𝑖

 (79) 

where Δ𝐫 represents the step-size used in the calculation, also given by Δ𝐫 = ‖𝜆‖/𝑁, and N is 

the number of steps used in the approximation. 
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The integrated densities carried no physical meaning and normalisation against the total 

integrated total density yields a percentage contribution of each orbital or density component 

to the total bonding interaction, 

 %𝑐𝑜𝑛𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 =
∫ 𝜌𝑖(𝐫)𝑑𝐫𝐫

∫ 𝜌𝑡𝑜𝑡𝑎𝑙(𝐫)𝑑𝐫𝐫

 (80) 

This method provides insights on the considerations towards the important aspects in the 

picture of chemical bonding. It lends insights regardless of the methodological approach (MO, 

NBO, FALDI) and regardless of the topology or symmetry of the system. It is meant to serve 

as a guide to the chemist by identifying important components in a chemical bond or 

interaction. 

 

Delocalisation index decomposition 

The final method presented attempts to decompose the orbital densities into localised and 

delocalised atomistic contributions. Atomic basins Ω are defined using the descriptors from 

QTAIM13,15. Atomic overlap matrices can then be calculated for each atomic basin by 

 𝑆𝑖𝑗
Ω = ∫𝜒𝑖(𝐫)𝜒𝑗(𝐫)𝑑𝐫

Ω

= ⟨𝜒𝑖|𝜒𝑗⟩Ω (81) 

where 𝜒𝑖 and 𝜒𝑗 are the molecular orbitals (MOs) which are integrated over the volume of the 

atomic basin to obtain the contribution of those orbitals to the atom described by that particular 

basin. 

In order to calculate atomistic MO occupations correctly it is required to set up an 

occupation matrix. This work only uses double occupied closed shell and single determinant 

wavefunctions within the Hartree-Fock approximation and thus the occupation matrix can be 

constructed as an (N × N)-matrix with all diagonal elements equal to 2 and all off-diagonal 

elements zero with N as the number of occupied MOs. 

Two sets of matrices are then calculated representing the localised occupations 

 𝐿𝑀𝐴𝑇𝑖𝑗
𝐴 =∑∑√𝑛𝑖𝑛𝑗𝑆𝑖𝑗

𝐴𝑆𝑗𝑖
𝐴

𝑁

𝑗

𝑁

𝑖

  (82) 

and the delocalised occupations 
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 𝐷𝑀𝐴𝑇𝑖𝑗
𝐴,𝐵 =∑∑√𝑛𝑖𝑛𝑗(𝑆𝑖𝑗

𝐴𝑆𝑗𝑖
𝐵 + 𝑆𝑖𝑗

𝐵𝑆𝑗𝑖
𝐴)

𝑁

𝑗

𝑁

𝑖

  (83) 

The diagonals of these matrices for each atom or atom pair are collected together in a 

separate table to gain an overview of the occupations per atom for each MO. This gives insight 

into the mode of bonding (covalent or donor-acceptor) while providing quantitative 

occupations for the bonding, anti-bonding or non-bonding nature of MOs with respect to 

individual interactions. 
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Abstract

Qualitative inspection of molecular orbitals (MOs) remains one of the most popular

analysis tools used to describe the electronic structure and bonding properties of

transition metal complexes. In symmetric coordination complexes, the use of group

theory and the symmetry-adapted linear combination (SALC) of fragment orbitals

allows for a very accurate and informative interpretation of MOs, but the same pro-

cedure cannot be performed for asymmetric complexes, such as Schrock and Fischer

carbenes. In this work, we present a straight-forward approach for classifying and

quantifying MO contributions to a particular metal–ligand interaction. Our approach

utilizes the topology of MO density contributions to a cross-section of an inter-

nuclear region, and is computationally inexpensive and applicable to symmetric and

asymmetric complexes alike. We also apply the same approach with similar decompo-

sitions using Natural Bond Orbitals (NBO) and the recently developed Fragment,

Atomic, Localized, Delocalized and Interatomic (FALDI) density decomposition

scheme. In particular, FALDI analysis provides additional insights regarding the multi-

centric nature of metal-carbene bonds without resorting to expensive multi-

reference calculations.

K E YWORD S

bonding, FALDI, molecular orbitals, organometallic

1 | INTRODUCTION

The modes of bonding in transition metal carbene complexes have

been a puzzle since their discovery by Fischer and Maasböl in

1964.[1,2] The classes of transition metal carbene complexes discov-

ered have been expanded by Schrock,[3] Öfele,[4,5] and Wanzlick,[6–9]

and modern day classification of transition metal carbene complexes

generally falls within three categories, Fischer-, Schrock- and N,N-

heterocyclic carbene complexes.

Each class of transition metal carbene complexes shows different

bonding characteristics and models to describe each class's electronic

structure have been developed. Works by Taylor and Hall[10] and by

Rappé, Carter and Goddard[11–15] showed the bonding of Schrock

carbene complexes to be due to the combination of a triplet metal

fragment with a triplet carbene fragment forming covalent bonds. This

has become the accepted model for bonding in Schrock carbene com-

plexes, with the Dewar–Chatt–Duncanson donor–acceptor

model[16,17] explaining the bonding in Fischer carbene complexes.

Interpretation of bonding through these models generally

requires fragmentation of the complex into multiple atoms and/or

ligands. Qualitative interpretations can then be made, usually through

the construction of MOs through symmetry-adapted linear combina-

tions (SALCs) of fragment orbitals, and additional quantitative insights

can be gained with approaches such as Energy Decomposition Analy-

sis (EDA)[18,19] or the Extended Transition State coupled with Natural

Orbitals for Chemical Valence (ETS-NOCV).[20] Unfortunately,

approaches requiring fragmentation provide interpretations that are

highly dependent on the fragmentation scheme used—a problem that

is particularly apparent when analyzing a single metal–ligand bond in

biscarbene or chelate complexes.
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An alternative to the use of fragmentation schemes is to analyze

the wavefunction directly, usually in terms of MOs or valence bond

resonance states. A wealth of chemical and physical information, rang-

ing from atomic properties and reactivities to photophysical behavior,

can be obtained from fully characterized MOs; however, characteriza-

tion generally requires (i) the use of fragmentation in the form of

SALCs, and (ii) a high degree of symmetry to be present. To illustrate

the benefit that can be gained from an in-depth MO analysis, how-

ever, consider the conceptual MO diagram of TiCl3
+—a model com-

plex studied in this work—in Figure 1. SALCs of 3pCl atomic orbitals

form fragment orbitals with symmetries a01 , a
0
2 , a

00
2 , e

0 and e0 0 whereas

TiIV atomic orbitals have symmetries a01, a
00
2, e

0 and e0 0. SALCs and metal

atomic orbitals with the same symmetries can overlap to form bond-

ing and antibonding MO pairs: MOs with a01 and e0 symmetries form

σ-bonds, MOs with a002 and e0 0 form π⊥ bonds and MOs with e0 can also

form in-plane π// bonds.

The highest occupied molecular orbital (HOMO) of TiCl3
+ is

expected to be fully nonbonding and ligand-centered, as no metal

atomic orbital has a02 symmetry. Three sets each of bonding σ- and

π⊥-MOs are occupied, as well as two π//-MOs, which gives each Ti Cl

bond a formal bond order slightly greater than two. The expectation

that all ligand orbitals but none of the metal atomic orbitals will be

F IGURE 1 Conceptual MO diagram of TiCl3
+, constructed using SALCs of the ligand orbitals (right) and metal atomic orbitals in a trigonal

ligand field (left). Dashed blue, green, and red lines indicate σ-, π- and nonbonding modes, respectively. Computed isosurfaces of selected MOs
are shown, at an isovalue of 0.001 au
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occupied suggests that the σ- and π-bonding modes will be ligand-

centered with a strong donating character and that the metal will be

cationic. The strong π-donating character of Cl (as implied by Figure 1

and in correspondence with Cl's position on the spectrochemical

spectrum) suggests that the axial valence orbitals on the metal (3pz

and 4pz) will be quite reactive and electrophilic. Finally, the symme-

tries of the MOs can be used to analyze the photophysical properties

of the complex, suggesting a weak, symmetry-forbidden HOM-

O!LUMO transition but intense, high energy π! π* (e0 0!e
0 0*) transi-

tions. It should also be noted that such a MO diagram can be

constructed using knowledge from graduate-level textbooks

(e.g., References 21,22, with no computational modeling required.

Unfortunately, an equivalent MO diagram cannot be generated

for an asymmetrical carbene complex, as no meaningful SALCs can be

generated due to the lack of symmetry. Accordingly, MO-analysis

becomes much more complicated than for a symmetrical complex,

with MO characteristics usually inferred from similar, symmetrical

structures. Alternatively, advanced computational techniques can be

used to investigate the bonding modes of metal complexes without

the use of fragmentation schemes. Cundari and Gordon[23,24] illus-

trated the multi-centric nature of a metal-carbene interaction by using

multi-configurational wavefunctions and finding multiple resonance

structures, of which the accepted model is only a single possibility.

Other post-SCF, orbital-based analysis techniques, such as Natural

Bonding Orbitals (NBOs),[25] have also shed significant insight on the

various bonding modes accessible to organometallic

compounds.[26–28] Finally, density-based methods have also been

used to study both Fischer and Schrock carbenes[27,29] and have

reached many of the same insights as multi-configurational

wavefunction approaches.

While all of the approaches detailed above provide useful

insights to the problem of organometallic bonding in asymmetric

complexes, basic inspection and analysis of computed MO eigen-

values and isosurfaces still seem to be preferred by many chemists.

Unfortunately, the exact interpretation of frontier MOs (as well as

the remainder of canonical MOs) becomes increasingly more difficult

with larger, less symmetric and more conjugated metal complexes. In

fact, and as we shall demonstrate in this work, MO interpretation of

even the smallest carbene complexes is considerably more complex

than symmetric coordination complexes. It, therefore, becomes

desirable to develop an approach that (i) extends MO-analysis to

yield more accurate interpretations for any metal complex, (ii) can

provide comparable results to other post-SCF analyses and (iii) does

not sacrifice the ease of interpretation and low computational cost

that MO-analysis offers.

This work presents a method of decomposing, classifying and

quantifying MO contributions to the density in the internuclear region

of a metal–ligand bond using density cross-sections.[30] Similar

approaches have proven useful in identifying (anti)bonding and non-

bonding orbitals in chemical systems,[31] as well as investigate multi-

centric interactions.[32] The same method is also used here to investi-

gate the contributions from two other decompositions, the orbital-

based NBO analysis and density-based Fragment, Atomic, Localized,

Delocalized and Interatomic (FALDI) charge decomposition

scheme.[33,34]

2 | THEORETICAL BACKGROUND

2.1 | Cross-section analysis

Cross-sections of the electron density (ED)[30] are generated by first

calculating the Hessian matrix and associated principle eigenvectors

at a (3,–1) critical point (CP, also known as a bond critical point) of an

interaction of interest, as defined by the Quantum Theory of Atoms in

Molecules (QTAIM).[35] The eigenvector associated with the λ2 eigen-

value is then followed in both directions to a maximum distance of

3.00 Bohr. The path generated in this manner will henceforth be

referred to as the λ2–eigenvector. Note that any of the three principle

axes can be followed (generating λ1-, λ2- or λ3-eigenvectors), but the

λ2-eigenvector generally provides the most information regarding the

interaction of interest.[36] Regardless, once the cross-section coordi-

nates are generated, the ED at each point can be decomposed into

more informative contributions. In this work, we will apply three inde-

pendent ED decomposition schemes: (i) canonical MO, (ii) NBO and

(iii) FALDI density decompositions. Since NBO analysis is quite well

established, we will only provide some theoretical background on rela-

tively recently developed FALDI scheme; readers interested in more

information on NBOs are encouraged to consult Reference 25.

2.2 | Orbital decomposition

The total ED at any given coordinate r can be decomposed in terms of

MO densities by,

MOρ rð Þ=
XNMO

i

υi χ
MO
i rð Þ�� ��2 ð1Þ

where χMO
i is an MO with occupation υi. In this work, we are only con-

sidering restricted, single-determinant wavefunctions, thus υi = 2 for

all MOs.

Similarly, the electron density can also be decomposed in terms

of NBO density contributions, after an NBO transformation is

completed,

NBOρ rð Þ=
XNNBO

i

υi χ
NBO
i rð Þ�� ��2 ð2Þ

where χNBO
i is an NBO with occupation υi. Unlike decomposition into

canonical MOs (Equation (1)), the NBOs generally have variable

occupations.

Each MO or NBO contribution can be further classified based on

the sign of their directional, partial second derivative (henceforth

referred to as only 2nd derivative). Specifically, if the 2nd derivative

of an MO or NBO density contribution is negative at r, the orbital
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concentrates ED at r,[35] as its value is larger than the average of its

contribution at neighboring coordinates. Similarly, if the 2nd deriva-

tive is positive at r, the orbital depletes ED at r. Note that an MO or

NBO can contribute zero at r, yet still be classified as concentrating or

depleting based on its 2nd derivative at r (such as when r is located at

a node of a π-orbital). For this reason, we also report the integrations

along the λ2-eigenvector in order to quantify the relative contribu-

tions of each decomposition product.

2.3 | FALDI decomposition

The FALDI density decomposition scheme expands on concepts intro-

duced by the Domain Averaged Fermi Hole (DAFH) analysis,[37,38] and

provides an effective mapping of the electron-pair density distribution

over atomic volumes defined in real space. Typically, as for DAFH

analysis, QTAIM-defined atomic basins are used as domains, but most

atoms-in-molecule schemes can be employed. FALDI decomposition

then results in a set of pseudo-second order functions that can

decompose the total electron density at any coordinate r into contri-

butions from molecular fragments, atoms, intra-atomic localized elec-

trons and inter-atomic delocalized electrons.

In this work, we are primarily interested in the decomposition into

intra-atomic localized (loc–ED) and inter-atomic delocalized (deloc–

ED) density distributions, which can be given by:

FALDIρ rð Þ=
XM
A

LA rð Þ+
XM−1

A

XM
B=A+1

DA,B rð Þ ð3Þ

where M is the number of QTAIM-defined atomic basins. LA(r)

describes the contribution to r made by electrons localized to a single

atomic basin ΩA, whereas DA,B(r) describes the contribution to r made

by electrons delocalized over two atomic basins ΩA and ΩB. Notably,

LA(r) and DA,B(r) can be measured anywhere in the molecule, and in

particular, DA,B(r) tends to be non-zero even when r =2 ΩA, ΩB. FALDI

analysis, therefore, provides a holistic, molecular-wide description of

atomic electron distributions. A brief description is given below for

the calculation of these terms; for more information, please consult

Reference 33.

In order to calculate LA(r) and DA,B(r), an atomic overlap matrix

(AOM) first needs to be defined. An AOM for atom A, SA, has

elements:

SAij =
X
ij

ð
A

ffiffiffiffi
νi

p ffiffiffiffi
νj

p
χ*i rð Þχ j rð Þdr ð4Þ

where integration is over the atomic basin ΩA. Equation (4) satisfies

the relation tr(SA) = N(A)—the total electronic population of the atom.

Matrix multiplication of SA with itself then leads to a localized matrix,

SASA, which satisfies tr(SASA) = λ(A)—the QTAIM-defined localization

index (LI).[39] Similarly, AOMs of two different atoms can be combined

as SASB + SBSA to define a delocalized matrix, with tr

(SASB + SBSA) = δ(A,B)—the QTAIM-defined delocalization index

(DI).[39] Note that N Að Þ= λ Að Þ+ 1
2

P
B≠A

δ A,Bð Þ , and accordingly,

SA = SASA + 1
2

P
B≠A

SASB + SBSA
� �

. In addition, we note that these

definitions only hold exactly for restricted, Hartree-Fock or Density

Functional Theory wavefunctions.

Once localized and delocalized matrices have been obtained, loc–

ED and deloc–ED distributions can be calculated by considering the

overlap of each MO contribution at a given coordinate r with the rele-

vant matrix:

LA rð Þ=
XN
ij

χ*i rð Þχ j rð Þ SASA
� �

ji
ð5Þ

for loc–ED distributions, and

DA,B rð Þ=
XN
ij

χ*i rð Þχ j rð Þ SASB + SBSA
� �

ji
ð6Þ

for deloc–ED distributions. In accordance with the above interpreta-

tion of these fields, LA rð Þ and DA,B rð Þ, when integrated over all molec-

ular space, yield the QTAIM-defined localization and delocalization

indices, λ(A) and δ(A,B), respectively. loc–ED and deloc–ED distribu-

tions, therefore, provide a very useful tool to quantify or visually

inspect how electrons are distributed or shared among atoms, whether

through rendering as a 3D isosurface or scanning along a 1D vector.

Each DA,B rð Þ can be further decomposed into sets of orthogonal

natural density functions (NDFs), through diagonalization of the

delocalized matrix SASB + SBSA. Each DA,B rð Þ decomposes into

N number of NDFs (where N is the number of occupied MOs) with

decreasing occupation numbers:

DA,B rð Þ=
XNMO

i

nABi ϕAB
i rð Þ� �2

=
XN
i

Di
A,B rð Þ ð7Þ

NDFs provide chemically-intuitive descriptions of the various

modes through which electrons can be shared by two atoms, and the

occupation number of each NDF is its contribution to δ(A,B). For

instance, for a covalent interaction, the largest occupied NDFs usually

resemble σ- and π-bonding modes.

Some of us have previously shown[33] that QTAIM's λ(A) and

δ(A,B), while useful and exact within quantum mechanics, provide a

somewhat chemically unintuitive picture of electron distributions

within a molecule, especially when considering lone-pairs. Specifically,

QTAIM's LIs describe core and non-bonded electrons, as well as a por-

tion of bonded valence electrons. We proposed the Localized-

Delocalized Overlap (LDO) algorithm, which ensures that LA rð Þffi0

when r is outside of ΩA. Specifically, the LDO algorithm takes the

overlap, in an MO basis, between localized NDFs (loc–NDFs) of differ-

ent atoms as well as the overlap between loc– and deloc–NDFs into

account. If the ith loc–NDF of atom A overlaps with the jth loc–NDF

of atom B, then the degree of overlap can be considered as electron

2698 DE BEER ET AL.



delocalization between the atom-pair unaccounted by orthodox DI

values. The LDO algorithm then reduces the occupation values of the

two loc–NDFs, and increases the occupation value of the relevant

deloc–NDF.

All LIs and DIs reported in this work have been subjected to the

LDO algorithm, and consequently, will differ from QTAIM-reported

values. λLDO(A) will generally be smaller than λQTAIM(A), whereas

δLDO(A,B) will generally be larger than δQTAIM(A,B). For instance, in the

N2 molecule, λQTAIM(N) ≈ 5.5 e− and δQTAIM(N,N) ≈ 3.0 e−; on the

other hand, λLDO(N) ≈ 4.0 e− (reflecting the core 1 s electrons and a non-

bonded lone-pair) and δLDO(N,N) = 6.0 e− (reflecting 3 electron-pairs

shared between the triple-bonded N-atoms).[33] In molecules with a large

degree of multicenter and long-range delocalized characters, LDO DIs

tend to be considerably larger than their QTAIM counterparts and LDO

DIs should be seen as the maximum possible electron delocalization that

can occur among an atom-pair. In addition, in this work we will always

focus on electron density distributions at (3,–1) CPs, which can only occur

on inter-nuclear surfaces. Consequently, with the LDO algorithm,

LA r�ð Þffi0 if r* is at a CP, which then simplifies Equation (3) to

FALDIρ r*
� 	ffi XM−1

A

XM
B=A+1

DA,B r*
� 	 ð8Þ

The same holds true, in this work, for all coordinates on the λ2–

eigenvector and, therefore,
Ð
λ2
LA rð Þdrffi0.

Finally, each FALDI component can also be classified based on

the sign of its second derivative at r as concentrating or depleting, as

noted above for NBO and MO decompositions.

3 | COMPUTATIONAL DETAILS

All structures were optimized in Gaussian 09, Rev. D.01,[40] using

B3LYP with the 6–311++G(d,p) basis set in gas phase. The symmetry

on the TiCl3
+ optimisation was manually set to D3h and the

TiCl2CHCH3 optimisation was calculated with no symmetry specified.

QTAIM molecular graph and atomic overlap matrices were calculated

using AIMAll version 17.11.14.[41] NBO electronic structures were

calculated in Gaussian 09, with NBO version 3.1.[42] FALDI data was

calculated using in-house software with the LDO algorithm. All MO,

NBO and FALDI isosurfaces were visualized using VMD version

1.9.3.[43]

Cross-section densities were calculated using in-house software,

with the λ2–eigenvector always originating from a Ti,X (3,–1) CP. λ2–

eigenvectors were calculated to a total length of 6.0 Bohr and evalu-

ated at 0.01 Bohr increments. Integrations across λ2–eigenvectors

were performed numerically on a uniform grid.

4 | RESULTS AND DISCUSSION

TiCl3
+ and TiCl2CHCH3 are discussed below as two model complexes;

the former is a symmetric, coordination complex and the latter is an

asymmetric Schrock carbene complex. Cross-section analyses using

MO, NBO and FALDI decompositions are performed for each of these

complexes and will be discussed first for TiCl3
+.

4.1 | Analysis of bonding in a coordination
complex

In the qualitative conceptual model, the chlorine atom in TiCl3
+ acts

as a strong σ-donor, π-donor type X-ligand in accordance with its posi-

tion on the spectrochemical series. From an MO perspective, Cl forms

both σ- and π-bonds to Ti through donation of ED from low-energy,

occupied Cl atomic orbitals to higher energy, empty atomic orbitals on

the titanium atom.

Due to the D3h point group symmetry of the TiCl3
+ system, group

theory can be used without too much difficulty in order to gain

insights regarding each MO describing a Ti Cl bond. A set of SALCs

can be derived with their symmetry labels by a linear combination of

atomic orbitals (AOs) which would then give a guideline for how

molecular bonding interactions are formed with the metal orbitals. A

list of orbital isosurfaces can be found in the Supporting Information

showing the titanium atomic orbitals (Figure S1), valence set of the

SALCs (Figure S2), and the canonical molecular orbitals (Figure S3) for

the TiCl3
+ system. The valence MO diagram constructed in this man-

ner is shown in Figure 1 in the Introduction.

A selection of significant MOs, together with their symmetry

labels, is shown in Figure 1. MOs with a1' symmetry only participate in

σ-type overlap, such as for χMO
28 , whereas orbitals with a2” or e” sym-

metry only participate in π-type overlap; e.g., χMO
35 and χMO

32 . MOs with

e' symmetry can form either σ- or π-bonds, for example, χMO
30 , and

seemingly make up the majority of interactions due to the large num-

ber of orbitals with this symmetry. All of the MOs shown in Figure 1

are formed by overlap of various Ti AOs and Cl 3p SALCs.

Importantly, group theory also predicts the presence of non-

bonding orbitals. A SALC with a2' symmetry can be found on the

ligand system but not among the titanium AOs and, therefore, the

resulting MO should be non-bonding and completely ligand centered.

For the TiCl3
+ system the HOMO is indeed such a non-bonding

orbital, χMO
36 . Inspection of the MO's isosurface alone (Figure 1), how-

ever, could easily and erroneously suggest that χMO
36 is of bonding

nature, since it seemingly covers both metal and ligand atomic

domains. Such an interpretation shows how investigation of MO

isosurfaces without the benefit of group theory can be very

misleading.

The above observations, as well as the discussion regarding the

MO diagram of TiCl3
+ in the Introduction, clearly illustrate the power

and simplicity of MO analysis using a SALC approach. However, such

an approach is only valid if a high degree of symmetry is present. In

addition, while the MO diagram reveals the presence of 2.6 occupied

bonding orbitals per Ti Cl bond (one σ, one π⊥ and two-thirds of a π//
orbital), it is difficult to quantify the relative contribution to the cova-

lent and/or dative covalent character of each bond. We will now

investigate the same set of MOs using the approaches discussed in
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the Theoretical Background in order to recover and improve upon the

SALC approach.

Selected MOs' contributions to the ED along the λ2–eigenvector

associated with a Ti Cl bond are shown in Figure 2a; these MOs also

contribute most to the total ED integrated along the λ2–eigenvector,

Figure 2b. The curves obtained for χMO
30 , χMO

28 , and χMO
24 in Figure 2a are

all bell-shaped, with a maximum at the Ti,Cl CP and represent a con-

centration of ED (second derivatives are all negative); these MOs are

all of σ-character. χMO
32 has a double-belled curve with a minimum at

the Ti,Cl CP and this represents a depletion of ED (second derivative is

positive); this MO is of π-character. The remaining ED (marked as χMO
Rem

in Figure 2a) is also predominantly of σ-character, and it would, there-

fore, be expected that the Ti Cl bond—in terms of the ED along the

λ2–eigenvector—is predominantly of σ-character.

The set of all MOs can also be grouped by their symmetry charac-

ters (as defined by the SALC approach above) and their contributions

are plotted along the λ2–eigenvector in Figure 3c. The expected bond-

ing modes of each symmetry group are recovered: MOs with e' and

a1' symmetries show a maximum at the CP and are of σ-character,

whereas MOs with e” and a2” symmetries show a minimum at the CP

and are of π-character. The non-bonding character of the HOMO (a2')

is perfectly captured (contributing zero to the ED along the λ2–

eigenvector and negligibly to the ED along the λ1–eigenvector,

Table S3). Our approach also provides a quantitative measure

(Figure 3d), and the majority of the density integrated along the λ2–

eigenvector is contributed by MOs with e' symmetry. Therefore, the

description of the ED associated with a Ti Cl bond is exactly the

same regardless of whether individual MOs (Figure 3a,b) or

symmetry-grouped MOs (Figure 3c,d) are used. Our results, therefore,

perfectly recover all of the predictions regarding bonding modes made

by the qualitative SALC model and, in particular, in capturing the non-

bonding nature of the HOMO. Interestingly, whereas the SALC model

assumes that the 3sCl AOs are too low in energy to interact with metal

AOs, results in Table S3 in the SI show that the resulting MOs (χMO
25 ,

χMO
26 , and χMO

27 ) contribute significantly to the ED associated with a

Ti Cl bond; in fact, all of the lower-energy MOs labeled as “nonbond-

ing” by the SALC approach contribute 32.4% of the total ED inte-

grated along the λ2–eigenvector. Finally, unlike the SALC model, our

approach is also fully applicable to asymmetric systems as well, as we

will show later.

NBO-analysis is often used to characterize bonding in organome-

tallic complexes. Localisation of the electron densities by the NBO

method for a Ti Cl bond in TiCl3
+ leads to a σ- and a π-symmetry

NBO (χNBO
29 and χNBO

32 , respectively—Figure 3). The two bonding NBOs

are both almost doubly-occupied, leading to the interpretation that

the Ti Cl bond consists of equal σ- and π-character. Note also that

F IGURE 2 Cross-section of MO densities along the λ2–eigenvector originating at a Ti,Cl (3,–1) CP in TiCl3
+. Density contributions of selected

MOs as (a) a function of the λ2–eigenvector and (b) integrated along the λ2–eigenvector. χMO
Rem collects the contributions from all remaining MOs.

Density contributions of all MOs grouped by their symmetry characters as (c) a function of the λ2–eigenvector and (d) integrated along the λ2–
eigenvector
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both NBOs are triply degenerate—one set for each Ti Cl bond. Bar-

ring any energy and more in-depth NBO analysis, we traced the NBO

contributions to the density along the same λ2–eigenvector as we

used in the MO decompositions above, Figure 4. The cross

section analysis identifies the same two bonding NBOs as the major

contributors to the density at the Ti,Cl CP as well as integrated along

the λ2–eigenvector (as expected), but also shows the relatively larger

contribution by the σ-NBO—in agreement with our MO results. Inter-

estingly, our analysis also identifies a formal Ti-core NBO (χNBO
24 ,

Figure 3) as a small but significant contributor to the density, as well

as a number of smaller contributions from various other NBOs (such

as a non-Lewis NBO, χNBO
38 , with π*-symmetry). This result is not sur-

prising, since in order to achieve NBOs corresponding as closely to an

idealized Lewis structure, orthogonal NBOs must necessarily be some-

what delocalized. This observation does, however, suggests a signifi-

cant degree of non-Lewis interactions describing the Ti Cl

interaction.

We now turn to a similar analysis using FALDI. Since FALDI

has never before been used to study metal complexes such as

the ones investigated in this work, a brief overview of the

FALDI description of bonding patterns in this complex are given

below.

Selected atom-pair contributions to the molecular density are

shown in Figure 5.The total number of electrons delocalized between

Ti and a Cl atom, as defined by FALDI with the LDO algorithm, is

δLDO(Ti,Cl) = 4.88 e−. This suggests that almost two-and-a-half elec-

tron pairs are shared along the Ti Cl interaction, in accordance with

the slightly greater than double-bonded character predicted by the

qualitative LCAO model. Interestingly, the QTAIM-defined DI for the

same atom-pair is δQTAIM(Ti,Cl) = 1.23 e−-pairs, suggesting a bond

order slightly above one. We note, however, that δLDO provides the

maximum allowed delocalization, including contributions form dative-

covalent modes and lone-pair delocalization. FALDI also allows for

decomposition into orthogonal natural density functions (NDFs,

Figure 6), which show three major bonding modes: a σ-NDF (contrib-

uting 1.43 e−) and two perpendicular π-contributions (contributing

1.42 and 1.04 e−).

FALDI can also provide and visualize delocalization indices for

any atom-pair, whether regarded as bonded or not. In TiCl3
+, each

Cl� � �Cl pair shares 2.57 e− as visualized in Figure 5. This non-classical

result—which indicates that each Cl,Cl atom-pair shares at least an

electron pair—cannot be predicted by either the SALC model nor the

Lewis-centric NBOs. Interestingly, inspection of the corresponding

F IGURE 3 Isosurfaces of NBOs that contribute significantly to
the ED of a Ti Cl bond in TiCl3

+, together with their occupations and
NBO-defined classifications. All isovalues are at 0.001 au

F IGURE 4 Density contributions of selected NBOs as (a) a
function of the λ2–eigenvector and (b) integrated along the λ2–
eigenvector originating at a Ti,Cl (3,–1) CP in TiCl3

+. χNBO
Rem collects the

contributions from all remaining NBOs
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FALDI isosurface (Figure 5) shows that the non-covalent Cl� � �Cl elec-
tron sharing occurs through bond (through the existing Ti Cl interac-

tion) rather than through space, suggesting that the density describing

the Ti Cl bond is more multi-centric than would be expected from

the MO or NBO descriptions.

Decomposing the density in FALDI components along the λ2–

eigenvector (Figure 7, as well as Figures S6 and S7) reveals the same

trend as observed for both MO and NBO approaches: a majority

σ-component (D1
Ti,Cl , 50.4%) and minority π-component (D2

Ti,Cl , 13.6%)

accounts for density integrated along the λ2–eigenvector. Therefore,

all three decompositions along the λ2–eigenvector were able to

recover the predictions made by the qualitative, SALC model. Unlike

the MO and NBO decompositions, however, FALDI clearly shows the

contributions made by the various Cl� � �Cl interactions (accounting for

a total 26% of the ED integrated along the λ2–eigenvector)—an obser-

vation that the SALC model cannot easily predict. Interestingly, the

Cl� � �Cl interactions result in a single-belled concentration of ED at the

Ti,Cl CP, indicating that it predominantly delocalizes electrons in a σ

rather than π fashion.

Summarizing the information from all three approaches above, a

Ti Cl bond in TiCl3
+ can be described as: (i) a bonding interaction with

a bond order slightly greater than 2, (ii) composed of a majority

F IGURE 5 Isosurfaces of the dominant FALDI components that
contribute to the ED of a Ti Cl bond in TiCl3

+. The FALDI-defined
delocalization indices of each component are also shown. All
isosurfaces are displayed at an isovalue of 0.001 au

F IGURE 6 Isosurfaces of the highest occupied NDFs describing
the electron delocalization among Ti and a Cl atom in TiCl3

+. FALDI-
defined occupation for each NDF is also shown. All isovalues are
presented at 0.001 au

F IGURE 7 Density contributions of selected FALDI deloc–EDs
and deloc–NDFs as (a) a function of the λ2–eigenvector and
(b) integrated along the λ2–eigenvector originating at a Ti,Cl (3,–1) CP
in TiCl3

+. DCl0 ,Cl contains the deloc–ED of 2 Cl atoms with the third Cl
atom, and DRem captures the remainder of the density contributions
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σ-bonding mode, a strong π⊥-bonding mode and a minor π//−bonding

mode, (iii) with significant involvement of lower energy and core AOs,

including 3sCl and 3pTi,z AOs, and (iv) displaying a significant multicen-

ter character arising from Cl� � �Cl electron sharing along the Ti Cl

bond. We now turn to an asymmetric, organometallic complex for

which the classical SALC approach does not apply.

4.2 | Analysis of bonding in an asymmetric Schrock
Carbene

The same set of cross-section analyses that were used above can

be applied to a titanium carbene complex, TiCl2CHCH3. This

carbene complex has a C1 point group symmetry and it thus

becomes difficult to gain useful insight to the bonding when using

SALC analysis. Due to the lack of insight from group theory, chem-

ists have used visual inspection to gain insight into the bonding

interactions associated with molecular orbitals. While the nature of

many MOs in an asymmetric system can be inferred through com-

parison to a similar symmetric system (in this case, TiCl3
+), such an

approach is notoriously unscientific and can lead to highly inaccu-

rate interpretations. For instance, χMO
34 (Figure S8) in the TiCl2CHCH3

system has a very similar appearance to the HOMO of TiCl3
+ system

(Figure 1), which might lead one to believe it would have the same

non-bonding nature. The accuracy of such an interpretation is, how-

ever, very difficult to evaluate without extremely in-depth population

analyses. Each individual MO's isosurface (Figure S8) can similarly be

scrutinized, but ultimately the lack of insight from group theory makes

such an endeavor mostly a guessing game. Subsequently, an MO dia-

gram with the same level as insight as for TiCl3
+ (Figure 1) cannot be

generated and the various bonding modes in the complex remain

unclear.

To alleviate such questions in a straightforward manner and with-

out resorting to a fragmentation of the molecule, we now apply our

same MO decomposition to the Ti C bond in TiCl2CHCH3, Figure 8.

The character of each MO, based on their second derivatives at the

Ti,C CP, can easily be read from the cross-section along the λ2–eigen-

vector. For instance, χMO
35 and χMO

36 have bell- and double-belled cur-

ves, respectively and can, therefore, be said to be of σ- and

π-characters, respectively. These MOs also contribute most to the ED

integrated along the λ2–eigenvector. The majority of the remaining

MOs that contribute to the ED do so in a σ-fashion, which leads to an

overall σ-character of the Ti C bond. Grouping all MOs with the same

topology results in an overall contribution to the ED associated with

the Ti C interaction of 71.74% σ and 27.14% π⊥ along the λ2–eigen-

vector, and 93.42% σ and 6.58% π// along the λ1–eigenvector. Nota-

bly, χMO
34 —the MO that resembles the non-bonding HOMO of

TiCl3
+− contributes in a small yet significant σ-fashion (accounting for

F IGURE 8 Density contributions of selected MOs as (a) a function of the λ2–eigenvector and (b) integrated along the λ2–eigenvector
originating at a Ti,C (3,–1) CP in TiCl2CHCH3. (c) Selected MO isosurfaces, rendered at an isovalue of 0.01 a.u
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