
 

 

 

An interactive boundary layer modelling 

methodology for aerodynamic flows  
 

 

 

by 

Lelanie Smith 

Submitted in partial fulfilment of the degree  

Masters of Engineering 

Department of Mechanical and Aeronautical Engineering 

University of Pretoria 

Supervisors: Prof Dr JP Meyer, Dr OF Oxtoby and Dr AG Malan  

November 2011 

 
 
 

 

©©  UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  

 





 

ii 

 

The results obtained show that accurate modelling is possible for laminar incompressible 

flow. The predicted solutions obtained compare well with similarity solutions in the case of 

flat and inclined plates, and with the results of a NACA0012 airfoil produced by the validated 

XFOIL code (Drela and Youngren, 2001).  

Keywords: boundary layer, two-integral method, coupling, auxiliary velocity, displacement 

thickness, mesh movement algorithm.  
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CHAPTER 1 

INTRODUCTION 
 

1.1 Background 
Computational fluid dynamics (CFD) is concerned with the numerical solution of equations 

of fluid motion as well as the interaction of fluids and solid bodies. CFD today offers 

software that allows the accurate simulation of transonic and turbulent flows. Modern CFD 

codes are an increasingly valuable design tool in engineering, as well as a substantial research 

tool in certain sciences. Since the 1970s, CFD codes have been used in the aerospace industry 

to assist in designing and optimising aircraft and jet engine configurations and performance. 

CFD has revolutionised airfoil design and analysis by its ability to optimise airfoil shapes to 

specified requirements (Versteeg and Malalasekera, 2007). 

An important engineering aspect of many flow problems is the behaviour of the fluid near a 

solid boundary. Viscous flow moves from having completely irrotational motion away from 

the boundary up to the surface of the body where the velocity reaches zero, because of the no-

slip condition at the wall. This change occurs in a very small layer adjacent to the surface of 

the body, where normal and tangential forces exist not only between fluid layers but also 

between the fluid and the wall. The physical property of fluid responsible for these forces is 

viscosity. The layers in which viscous effects dominate are called boundary layers.  

The boundary layer has to be resolved accurately in order to predict effects such as drag or 

reversed flow leading to flow separation. The boundary layer is not only important to 
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determine appropriate shapes to minimise drag across a body and avoid separation but also to 

simulate flow through blade cascades in compressors and turbines. Drag prediction is 

important in the aerospace industry for economic reasons since it influences fuel burn costs 

(Anderson, 2007). The boundary layer solution is imperative in certain cases of separation, 

wakes and jet flows.  

These effects are usually solved using the Navier-Stokes equations. When considering 

viscous flows, the boundary layer typically requires the largest part of computational 

resources. The reason for this is that, in boundary layer flows, gradients in velocity normal to 

the boundary are a factor of Re  greater than those parallel to the boundary, where Re is the 

Reynolds number (White, 2006). Typically, Reynolds numbers in flow over an airfoil range 

up to the order of 610 . This results in the need for small mesh spacing normal to the 

boundary. The resulting fine meshes and stability limit on time-step size mean that the 

boundary layer accounts for a great deal of computational cost. In addition, the need for 

highly stretched elements on the boundary makes the process of meshing more specialised 

and time-consuming. Boundary layer approaches, on the other hand, eliminate the need to 

resolve the boundary layer.  

To describe boundary layer flow over airfoils, there are various simplifications that can be 

taken into account. The small thickness of the boundary layer prevalent in high Reynolds 

number flows at moderate angles of attack permits certain approximations within the 

boundary. First, the variation of the pressure normal to the wall is negligibly small. Second, 

the variation of velocity along the wall is much smaller than the variation of velocity normal 

to the wall. 

Various researchers have recently achieved success in modelling boundary layers in a variety 

of industrially relevant scenarios. Riziotis and Voutsinas (2008), for example, improved 

prediction of aerodynamic performance in dynamic stall conditions of airfoils. Jie and Zhou 

(2008) modeled transonic flow over complex three-dimensional aircraft configurations.  

Sekar and Laschka (2005) determined minimum flutter speed in transonic flows and Szmelter 

(2001) optimised transonic wings; Florea, Hall and Cizmas (1998) modelled cases of 

unsteady viscous separated flow through subsonic compressors and Soize (1992) modelled 

unsteady compressible flow in cascade blades at positive incidences. 
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Chapter 6 summarises and concludes the results. Recommendations for future work and 

improvements are made. 
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The numerical investigations of Hartree, Leigh and Terrill show that integration cannot be 

carried out past the separation point, further demonstrating the existence of the singularity 

(White, 2006). Further, all of the above work is typically limited to non-curved surfaces. In 

the case of airfoils, for example, numerical solution is to be sought. 

2.1.2   Numerical solutions of the boundary layer equations 

Integral methods 

In practical applications, an approximate solution of the boundary layer equations is usually 

sufficient. Integral methods provide such an approximation. Von Karman and Pohlhausen 

(Katz and Plotkin, 2001) were the first to introduce the integral method. Von Karman 

proposed the momentum integral equation, obtained by integrating the momentum equation 

across the boundary layer. The remaining independent variables, therefore, are parallel to the 

wall.  Pohlhausen applied this method to several cases using a fourth-order polynomial for 

the velocity distribution to develop a set of solutions including the effect of the pressure 

gradient inside the boundary layer.  

In retarded flow regions, the approximation of Pohlhausen has less satisfactory results, for 

which Thwaites (Katz and Plotkin, 2001) suggested a different approximation from 

integrating the momentum integral equation. This method improves the original idea of 

Holstein and Bohlen (Katz and Plotkin, 2001), rewriting the momentum integral equation in 

terms of a better parameter. Thwaites looked at the entire collection of known analytical and 

experimental results to see if they could be fit by a set of averaged one-parameter functions. 

An integral formulation of the boundary layer equations is used when coupling viscous-

inviscid interactive flows. This is discussed in Section 2.3. Although the boundary layer 

equations are simpler to solve than the complete Navier-Stokes equations, they are still non-

linear and thus pose some numerical difficulties. Special care is needed in regions where 

singularities occur, such as in the neighbourhood of the trailing edge and separation regions. 

Differential methods 

There are several numerical methods for solving the boundary layer equations in differential 

form. The Crank-Nicolson (Burden and Faires, 2005) and Keller box methods (Hirsch, 2001) 

are the most convenient ones. Of the two, the Keller box method has significant advantages 

over the other for two-dimensional boundary layer flows. Neither of these methods were 
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specifically designed to solve the boundary but were found to have the appropriate qualities 

to do so accurately. 

The box scheme, which is an implicit method with second-order accuracy, involves 

transforming the momentum equation. Instead of it being a second-order partial differential 

equation, it transforms into two first-order partial differential equations. This allows all the 

derivatives in the boundary layer equations to be approximated by simple centred differences 

(Keller, 1978) and two-point averages, using only values at the corners of the box. The box 

scheme is a flexible numerical method and can solve cases in inverse flow as well as in 

separation.  

The use of differential methods is similar to solving the full Navier-Stokes equations in the 

sense that they also require small grid spacing normal to the boundary to maintain 

computational accuracy. In comparison with the integral methods, they are more general and 

accurate but computationally more expensive (Cebeci and Cousteix, 2005). 

2.1.3 Strong interaction and flow separation 

Similarity solutions (Falkner-Skan) and approximate solutions using an integral version of 

the boundary layer momentum equation were discussed in the previous two sections. It was 

briefly mentioned that Goldstein (1947) analytically showed that a singularity is present at 

the trailing edge and that the boundary layer could not be integrated into the wake. The 

source of this difficulty is the discontinuity in the boundary condition at the trailing edge 

where shear stress approaches zero. Goldstein also pointed out that the pressure distribution 

around the separation point must satisfy conditions associated with the existence of reverse 

flow downstream of separation. 

The trailing edge is a stagnant point in the inviscid flow. The solution shows a steep decrease 

in surface speed as the trailing edge is approached, which corresponds to the sharp increase in 

pressure. The strong adverse pressure gradient in the neighbourhood of the trailing edge will 

lead to flow separation upstream of the edge. It appears that even in cases of flow without 

separation (attached flow), the boundary layer equations cannot be integrated beyond a 

trailing edge (Katz and Plotkin, 2001).  

Goldstein (1947) derived a solution for the development of the near wake close to the trailing 

edge of a finite flat plate. However, this solution did not provide details in the neighbourhood 

of the trailing edge. Stewartson (1968) and Messiter (1970) independently derived a local 

 
 
 









 

14 

 

One problem associated with the inverse technique is the lack of prior knowledge of the 

displacement thickness. This value must be obtained from solving the overall interactive 

method between the inviscid and boundary layer flow. Interactive approaches are therefore 

useful with separating flow where points of separation from the boundary occur. The next 

section discusses methods used to overcome this difficulty. 

2.3.1   Interactive boundary layer modelling techniques 

To avoid singularities for a viscid-inviscid interaction method, the correct treatment of the 

interaction rather than an adaptation of the boundary layer model itself is required. There are 

three basic approaches to solve the viscid-inviscid interaction problem. 

In the quasi-simultaneous method of Veldman (1981), an interactive law, which models outer 

flow, is solved simultaneously with the boundary layer equations. In this approach, the 

external velocity and displacement thickness are treated as unknown quantities. While the 

interactive law is only a simplified model for the outer flow, the true solution can then be 

obtained through iterative refinement. The blowing velocity or transpiration velocity is then 

used to simulate the boundary layer in this region. 

The quasi-simultaneous method was designed using properties of the triple-deck structure. It 

overcomes the Goldstein singularity by instantaneously informing the boundary layer of the 

effect the changes in the boundary layer have on the inviscid solver. The interactive law is 

then solved simultaneously with the boundary layer equations. Veldman (2009) analyses the 

properties this interactive law ideally has. Coenen (2001) and Cebeci and Cousteix (2005) 

employ the quasi-simultaneous method to model flow over two- and three-dimensional airfoil 

and wing flows. 

Secondly, semi-inverse methods were developed by Carter (1979) and Le Balleur (1983), 

where coupling between inner and outer flow is achieved through a relaxation formula which 

successively updates the displacement thickness distribution. In this method, the boundary 

layer is solved in reverse, i.e. for a given displacement thickness, the velocity distribution at 

the edge of the boundary layer, is computed. By then comparing this computed velocity with 

the target distribution imposed by the inviscid flow, a relaxation formula is used to obtain 

new estimates for the displacement thickness (Cebeci, 1999; Lagree, 2009).  
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CHAPTER 3 

MATHEMATICAL MODELLING 

 

3.1    Introduction 
As seen in Chapter 2, finding exact solutions for the Navier-Stokes equations is generally 

extremely difficult. The difficulty of solving the Navier-Stokes equations numerically 

increases as the Reynolds number increases. However, in limiting cases of high Reynolds 

numbers, where non-linear inertial terms vanish in a natural way, the Navier-Stokes equations 

are considerably simplified. However, this limiting solution does not satisfy the no-slip 

boundary condition at the surface. Therefore, to satisfy this condition, viscosity has to be 

taken into account (Schlichting and Gersten, 2000).  

Even though the boundary layer equations are considerably simpler and computationally less 

expensive compared with the Navier-Stokes equations, their non-linearity still makes them 

difficult to solve and causes methods such as super-positioning, which works well to solve 

inviscid, incompressible, potential flow, to fail. Therefore the boundary lay will be solved 

with the boundary layer equations and the out-of-boundary flow will be solved with the 

inviscid Euler equations. 

3.2    Conservation equations 
The fundamentals of fluid mechanics are described by the three conservation equations for 

mass, momentum and energy. There are certain assumptions made about the fluid in order to 

formulate these equations. The fluid is considered as a continuum, which means the smallest 
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    Figure 5: Laminar closure relationship for the skin friction coefficient 

 

Last, the dissipation coefficient as shown below is given in Figure 6: 

  [3.34] 

 

     Figure 6: Laminar closure relationship for the dissipation coefficient 

The density thickness **H  is derived by Whitfield and is defined as follows: 

2** 251.0
8.0

064.0
e

k

M
H

H     [3.35] 

This shape parameter is negligible for low subsonic flows and has only a small effect on 

transonic flows (Drela, 1985). It is important to note the function shape of the closure 
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This can be achieved by assuming the boundary layer is growing on the wall of a two-

dimensional channel, which has a fixed specified total volume flow rate and a varying 

specific height h(x1) (Drela, 2010). 

 

The velocity can be written as 

,    [3.38] 

allowing the derivation of a differential equation for Ue:     

     .  [3.39] 

Here, h(x1), the specific channel height, is calculated from the specified velocity by 

   [3.40] 

Where  is an estimated displacement thickness and Ue,spec is the velocity obtained 

from the inviscid solution. 

 

It is unavoidable that the final Ue will differ slightly from Ue,spec, although setting  

to the Blasius solution velocity distribution rather than zero can decrease this difference. 

Also, although  is an arbitrary value, it plays a role in the accuracy versus stability trade-

off. The greater the value of , the closer Ue will be to Ue,spec, but if it is set too high, the 

Goldstein singularity is approached once again. 

 

Equation [3.39] becomes an additional equation to solve with equations [3.36] and [3.37]. 

This allows the simultaneous solution of displacement thickness and velocity, circumventing 

the singularity, while avoiding the need to solve the entire inviscid flow domain 

simultaneously. 

 

3.6    Chapter summary 

In this chapter, the general governing equations of fluid flow were presented. These equations 

were used to derive the two-integral method of Drela (1985). Closure equations were derived 

numerically from the similarity solutions of the Falkner-Skan equations and were discussed. 

The velocity equations to overcome the Goldstein singularity that exists at the trailing edge 
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were also presented here. The solution procedure of the two-integral method will be 

discussed in Chapter 4. 
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4.3.4   Initial condition  

The local Newton method solved point by point needs an appropriate initial value to 

converge. In addition, an initial value is needed for the Crank-Nicolson method and the 

logical choice of zero cannot be used since 
fC and DC  are singular there.  

The initial value for displacement thickness * and momentum thickness  are set according 

to the similarity solution of Blasius (Drela, 1985). These are: 

eU

x1* 7208.1     [4.16] 

eU

x1664.0     [4.17] 

The initial values obtained from this function are a sufficiently close approximation to solve 

most boundary layer solutions (Drela, 1985).  The value of 1x  is set at the smallest value 

possible to ensure convergence, while eU  is set to the velocity at the first point. 

The initial value for eU  is set at speceU , , which is obtained from the inviscid solver. The 

velocity function [4.3] is not used away from the singularity; instead eU  is set equal to speceU ,

for 5.2 after which the velocity equation [4.3] is used to solve for eU . 

4.4     Inviscid flow solver 
The flow solver is based on the Artificial-Compressibility Characteristic-Based split (CBS-

AC) scheme (Nithiarasu, 2003; Malan, Lewis and Nithiarasu, 2002; Malan and Lewis, 2011), 

which is based on the original Chorin split and has similarities with other projection schemes 

widely employed in incompressible flow calculation. Discretisation along characteristics and 

a pressure-Poisson equation ensure a stable scheme. It can solve both compressible and 

incompressible flows using a unified approach.  

The scheme essentially contains three steps. In the first step, the intermediate velocity field is 

established. In the second step, the pressure is obtained from a projected continuity equation. 

Finally, the intermediate velocities are corrected to get the final velocity values. Any 

additional scalar equation, such as temperature and concentration, can be added as a fourth 

step. 
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The three steps of the CBS-AC algorithm can be written as: 

Step 1: Intermediate momentum 

      

[4.18] 

Where , nn ttt  and 
~
 indicates an intermediate quantity. Further, t and n 

respectively denote pseudo-solution time and iteration number. The higher-order term is due 

to time discretisation using the characteristic concept and serves to stabilise the convective 

term. Viscous terms are included although they are negligible for inviscid flow and the flow 

solver is not required to resolve the boundary layer.  

Step 2: Density or pressure 

 

      [4.19] 

Step 3: Momentum correction 

    
i

n

i
n

i

n

ii
x

p
tUUUU    [4.20] 

Where 15.0 1  and 10 2 . For the explicit scheme, 02  is employed (Nithiarasu, 

2003). Due to the artificial compressibility formulation, a finite value of c
2
 may be used. 

4.4.1    Mesh generation 

Before a numerical solution for a physical process can be obtained, a grid must be 

constructed. The physical domain is covered with a mesh to identify discrete volumes or 

elements where conservation laws can be applied. A well-constructed mesh greatly improves 

the quality of the solution (Tannehill et al., 1997). Generation of grids can be either 

structured or unstructured. 

In the case of the boundary layer, cell spacing normal to the wall must be very fine 

(proportional to Re ) in order to capture the sharp gradients in this direction. The use of a 

structured scheme allows a cell shape that is elongated in the flow direction. Alternatively, 
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This approach to solve the boundary layer as a modular system, implies that it can be 

integrated into any flow solver. It does not have to solve the inviscid flow together with the 

boundary layer as one monolithic system. Also, the inviscid flow solver needs no knowledge 

or extra parameters to understand or compute a fictitious transpiration velocity boundary 

condition.  

The only input the boundary layer code requires from the inviscid solver is the coordinates of 

the nodes as well as the velocities at those nodes. It then calculates the displacement 

thickness, auxiliary velocity and momentum thickness. The displacement thickness is then 

returned to the inviscid code and used to calculate the new node point to which the mesh has 

to move before the whole process starts again. 

4.9 Chapter summary 
This chapter discussed the procedure followed to solve the boundary layer flow and the 

interaction with the outer inviscid flow. The discretisation of the governing equations was 

described as well as the interactive procedure by which it is coupled to the inviscid flow 

solver. A local Newton method is used to solve the boundary layer flow, point by point, by 

obtaining information about the velocity outside the boundary. The mesh is then moved to the 

calculated boundary thickness and the process is repeated until convergence is reached. The 

boundary condition at the edge of the boundary thickness is set to a slip condition. An under-

relaxation parameter ensures stability in the coupling condition. An additional velocity 

equation adjusts the mesh movement to avoid the Goldstein singularity, which is encountered 

before the trailing edge. 

Chapter 5 follows with the results and discussion of the computational performance. 
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Figure 7: Comparison between the Blasius solution and the numerical solution ( 05.0

1
) 

The average error between the Blasius similarity solution and the two-integral solution was 

calculated using equation [5.1].  

nError
n

i

similarityicomputedisimilarityi   [5.1] 

where n is the number of grid points. The solution achieved on the second-coarsest mesh is 

compared with the analytical solution in Figure 7, with the errors for all cases given in Table 

1. 

 Grid spacing ( 1x ) Average error (%) 

Case 1 0.267 42.46% 

Case 2 0.05 2.06% 

Case 3 0.0267 0.55% 

Case 4 0.01 0.083% 

Table 1: Comparison between different mesh sizes for a flat plate 

Figures 8 shows the convergence rate of the approximation to the exact Blasius solution when 

solved with different grid spacings. The Crank-Nicolson scheme has a quadratic convergence 

rate, which is evident by the slope value of about 2. 
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Figure 9 shows the calculated displacement thickness for various plate angles. The numerical 

and similarity solutions all agree to plotting accuracy. 

 

           Figure 9: Displacement thicknesses of flow over an inclined plate for various angles of attack 

5.3       Results when interacting with inviscid outer flow 

5.3.1      Incompressible laminar flow over a flat plate 

Having successfully validated the boundary layer modelling technology, viscous-inviscid 

interaction problems were considered next. The first problem was again the laminar flow over 

a flat plate at zero incidence. A structured mesh was employed as depicted in Figure 10.  The 

boundary condition at the leading edge of the flat plate was set to a fixed inflow velocity 

parallel to the plate. The boundary condition at the trailing edge was set to an outflow 

condition whereby velocity is extrapolated from inside the flow domain while pressure was 

unconstrained. The boundary condition at the top of the domain was set to the fixed free-

stream velocity. 
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Figure 16: Comparison of the displacement thickness at different stages of convergence for the NACA0012 

airfoil 

 

       Figure 17: Comparison of velocity distribution for the NACA0012 airfoil 
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             Figure 18: Shape factor at different stages of convergence 

 

   Figure 19: Skin friction coefficient at different stages of convergence 
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Figure 20: Comparison between the velocity specified and the velocity obtained from the boundary layer   

solution, after first iteration (top), intermediate (middle) and converged (bottom)  
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Figure 21: Mesh and velocity contours around a NACA0012 airfoil. Viscous-inviscid flow (top) and 

inviscid flow   (bottom). Velocity distribution in m.s
-1 

Figure 19 depicts the friction coefficient (Cf) as calculated by equation [3.33] at different 

stages of convergence, compared with the XFOIL values for a NACA0012 airfoil. The 

friction coefficient is important since this dimensionless parameter relates to the friction drag 

found in the boundary layer. The smaller the friction drag, the more economical the fuel-
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usage of the aircraft. The Cf values converge to the XFOIL solution with an overall error of 

4.7% and a maximum discrepancy of 7.7% to present an accurate value to use for estimating 

the overall effects of the drag. Figure 20 shows the velocity that is computed by the auxiliary 

boundary layer equation [4.3] (in order to avoid the Goldstein singularity) compared with the 

velocity specified from the inviscid solver. It is compared at the different stages of 

convergence, showing that the two velocities converge.  

Figure 21 shows the unstructured mesh with velocity contours around the NACA0012 airfoil 

for both the viscous-inviscid and only inviscid flow cases. The viscous-inviscid case also 

shows the mesh movement depicted by the light grey area around the airfoil. The velocity 

contours change significantly when the boundary layer solver is coupled to the inviscid flow 

solver. Figure 22 presents a magnification of the velocity distribution around the leading edge 

of the airfoil. The coupled solver is very robust when solving the stagnation point present at 

the leading edge. 

 

Figure 22: Magnification of the flow across the leading edge of a NACA0012 airfoil. Velocity 

distribution in m.s
-1

 

Figure 23 displays the mesh movement around the airfoil compared with the boundary layer 

thickness predicted by XFOIL 6.9 to an accuracy of 3.95%. It is evident that as the solver 

reaches the trailing edge and into the wake, the accuracy decreases. This is due to the 

assumed wake function (see Section 4.7).  
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Figure 23: Mesh movement around the NACA0012 airfoil 

5.4 Chapter summary 
In this chapter, the accuracy and robustness of the developed modelling technology were 

evaluated. For this purpose, two classes of test cases were considered: one with only the 

boundary layer solver and the other with the viscous-inviscid coupling between the boundary 

layer solver and an existing inviscid solver. In both cases, the solvers proved to be robust and 

stable and only tuneable for the sake of convergence by the under-relaxation parameter and 

the CFL number. The boundary layer cases consisted of flow of a flat plate as well as flow 

over an inclined plate at different angles of attack. The developed boundary layer modelling 

scheme was proved second-order accurate. With regards to the second class of test cases, the 

above problems were again considered, in addition to the flow over a NACA0012 airfoil. 

Results for the latter were compared with those of the XFOIL program. In all cases, the 

developed solver was demonstrated to be robust and accurate. 

 
 

 

 

 

 

 

 

 

 

 
 
 


















