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1.2.5. Frequency Domain Methods

Frequency domain methods assume a linear relationship between the measured responses and
applied loads as a function of frequency (Patil & Gombi, 2017). The relationship between the inputs
and outputs of a system at a frequency (w) is known as the transfer function or FRF and is represented
by:

{X(iw)} = [H(iw) {F (iw)} (1.10)

The FRF can be estimated from experimental measurements (modal testing), reconstructed using a
modal model or obtained numerically using methods such as the finite element (this however requires
accurate knowledge and modelling of the structure in terms of material as well as any elastic
components). The FRF completely defines the dynamic characteristics of the structure and the
responses can be measured as any physical quantity such as displacement, velocity or acceleration
(Patil & Gombi, 2017).

With a known frequency response function and known responses to unknown loads, Equation 1.10
can be rearranged as shown below. Equation 1.11 forms the basis of frequency domain load
reconstruction methods.

{F(@)} = [H@)] ' {X (@)} (1.11)

However, solving the inverse problem is not as simple as the equation above may suggest. If the FRF
matrix is square and non-singular, then the solution is quite straight forward, but in reality, this is not
the case (Patil & Gombi, 2017).

To determine the forces acting on a structure, the inverse of the frequency response function matrix
must be calculated or estimated at each frequency of interest. Numerically this can be an ill-posed
problem, at frequencies near the resonances (natural frequencies) the FRF matrix can tend to be
dominated by a rank-one component due to a single mode. This could amplify the effects of
measurement errors near the resonances, and far away from resonances, the FRF may be well
conditioned but dominated by noise in the measurement signals (Allen & Carne, 2008).

Hundhausen et al. (2007) noted that the pseudo-inverse is required to determine the inverse because
the FRF matrix is not square. This is due to the fact that the number of response degrees of freedom
must be greater than the number of input degrees of freedom to achieve accurate results even
though, theoretically, at least the same number of response and input degrees of freedom is required.

An approach to reduce the ill-conditioning of the problem is to over define the problem by measuring
the responses at more positions than there are input locations. This is however not always practically
possible. First it requires the knowledge of the number of input points or there may be more input
locations than there are available locations to measure the responses (Hundhausen, Adams, & Derriso,
2007).
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Several regularisation methods have been developed over the years, some of which include (but are
not limited to):

e Data filtering

e Singular Value Decomposition (SVD)
e Generalised Cross Validation (GCV)
e Least Squares Methods

e Tikhonov Regularisation

Regularisation methods are generally either subtractive or additive in nature. Subtractive
regularisation methods remove problematic or sensitive information, where additive methods add
information or constraints (Sanchez, 2022).

Good measurement practice and filtering (or windowing) of measured signals reduce the likelihood of
an ill-posed problem. High frequency noise content in signals is amplified in the inverse problem
(Sanchez, 2022), affecting the conditioning of the problem as well as the accuracy of the
reconstruction. The simplest method of regularisation is truncation, removing problematic parts of
the model or signal and there are a number of different truncation methods. The simplest of these
methods is filtering or frequency truncation which involves limiting the frequency range in which the
reconstruction is performed (Sanchez, 2022).

The SVD method (also known as the truncated singular decomposition method) involves decomposing
the system matrix on a singular value and singular vector, the part relating to the very small (zero)
singular value is then cancelled. A more generalised approach is to define a set of values such that
allowable singular values are treated as non-zero and removed singular values are treated as zero
(Sanchez, 2022). This modified matrix is then used to solve the inverse problem (Uhl, 2007). In systems
with low degrees of freedom this can result in a zero FRF matrix.

The GCV method is a simple method which is based on the principle of removing one set of data points
and solving the problem using the remaining data. This then provides an estimated solution for all of
the variables (including the removed set). The estimated data can be compared to the removed data
set to obtain an error on the estimated solution. The calculation is then repeated for all of the data
sets in the system and the sum of squares for all of the errors can be used as a measure of how well
the model performs. The parameter that is not determined by this method is the smoothing
parameter, the smoothing parameter is the parameter that is adjusted to determine the best solution.
The value of the smoothing parameter that yields the minimum error is considered the optimal
parameter value (Uhl, 2007). A disadvantage of this method is that it can become computationally
expensive or time consuming to solve, even for small systems, if the band of interest is wide.

Least squares methods are examples of additive regularisation methods, in general least squares
involve minimising the sum of squares of an error. Several methods such as conjugate gradient
method or Matlab’s “Isgqminnorm” function make use of the least squares approach when performing
regularisation. The common least squares method used in load reconstruction makes use of more
response measurement points than excitation forces. Least squares methods are widely used in load
reconstruction (or inverse problems) due to the high accuracy and the convenience of the calculation
(Chen, et al., 2021). The least squares method is described mathematically as follows:

e(F) =X — HF||2 (1.21)
The aim of the least squares method is to minimise the function £(F) in the above equation.
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stochastic error (noise) which is always present in practical measurements. In each case the noise is
artificially introduced to only response signals.

Two types of systematic error were considered, the first is an offset error and second is a scaling error.
An offset error is replicated by adding a constant value equal to 25% of the mean value of the signal,
an error such as this may be encountered when the measurement system is not zeroed correctly
before the experiment is conducted or if the temperatures between the setup and the test vary
significantly (Lang, 2018). The scaling error is replicated in a similar manner, except that each signal is
scaled by a constant factor. This type of error may be encountered if for example sensor sensitivity is
incorrectly specified (Bhandari, 2022) or if temperature effects are not compensated for (Briel &
Kjaer, 2023).

Stochastic noise is the next error type that was considered, this was done using predetermined noise
levels and the definition of the signal-to-noise ratio given by Morris (2001) to determine mean of the
noise signal required. Using this mean, a random signal is generated and added to each response signal
using the equation below:

Xpn=X+n (2.1)

where X is the clean signal and n the noise signal.

The above is used in all the cases except for the scaling error case where X is multiplied by n. The table
below summarises the various error and noise cases considered in this study.

Table 2.1 Noise & Error Cases Considered

Case Noise/Error Type Magnitude

0 None (Baseline) N/A

1 Systematic — Offset 25% of mean
2 Systematic — Scale  10% increase
3 Stochastic 0.5% Noise

4 Stochastic 1% Noise

5 Stochastic 2% Noise

6 Stochastic 3% Noise

7 Stochastic 4% Noise

8 Stochastic 5% Noise

9 Stochastic 10% Noise

The stochastic noise in Equation 2.1 above is calculated using the equation below:

n= (NpXRMS)(rand(O,l)) (2.2)

where N, is the percentage noise and rand(0,1) is a random number between 0 and 1.

The noise levels in Table 2.1 above were selected based on literature of similar work such as that of
Dolatabadi, et al. (2020) and limited to a SNR of 10 as at lower values the signal can become impossible
to detect (Skoog, Holler, & Crouch, 2007). It is also assumed that in practice steps would be taken to
reduce some of the effects of noise.
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2.1. Calculation Procedures

All of the calculations performed during the course of this study were done using Matlab®, the Matlab
signal processing toolbox and ModalTools™ a third-party toolbox developed by Axiom EduTech. This
section provides an overview of the calculation procedures used in this chapter.

The figure below graphically illustrates the load reconstruction process flow,

. " . Transform to .
Analytical Case No— Import Data Fitter [?ata ( Perform Windowing Frequency Domain Estlm?te FRE
required) (Impulse data) (FFT) (tfestimate)
Yes T
h 4
. Impulse
Calculate Analtical Force & FRF Verification
Responses
Response
Sinusoidal
Force & N FRF Acceptable?
Response
Select N . .
Commence Load . Perform FD Load Transform to Time Compare to applied Load Reconstruction!
N Reconstruction . Yes
Reconstruction Method Reconstruction Domain (iFFT) Force Complete

No: Select altemative method

Figure 2.1 Load Reconstruction Process Flow

The procedures for all the load reconstruction test cases are the same, except in the analytical case,
as indicated by the branch in Figure 2.1 above, where the responses are calculated instead of
imported. In the analytical case all the system parameters are known, therefore the equations of

motion can be derived and solved by using known time varying load functions as inputs to determine
the responses.

In the other cases the applied forces and responses are imported from either the simulation packages
or the experimental results. The first step in the reconstruction process is the windowing of the

impulse force and responses. The impulse force is windowed using a force window which is shown
schematically in the figure below:

Force Window Shape

Windowing Factor
© 2o 9 o o o o o
N w S w [=2] ~ [o2] ©

o
o
T

o

0 2 4 6 8 10 12
Time [s]

Figure 2.2 Force Window
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function by dividing the cross-power spectral density of the response and the force by the power
spectral density of the force (H; estimator). The function has the option to calculate the H, estimation
but the H; was selected because it can remove some of the effects of measurement noise (Oosterhuis,
Eidhof, van der Hoogt, & de Boer, 2006). A FRF verification step is included to verify the quality of the
estimated FRF, this is done by making use of Equation (1.10) to calculate the response using the known
force and estimated FRF and comparing the calculated response to the known response.

Next the load reconstruction methods are applied, the program was set up such that multiple methods
of load reconstruction can be used. The methods listed in section 2.0 have all been included into the
programming. The first method included is the inverse or pseudo-inverse method, the inverse method
is only used in cases where the FRF matrix is square, which is generally only the analytical (analytically
calculated) FRF case. In the other cases the Moore-Penrose pseudo-inverse method is used.

The next method included is the least squares method. This method, which is described by Equation
(1.21), was selected because according to Chen, et al. (2021) it is a commonly used for high accuracy
load reconstruction. The implementation of this method is achieved by making use of the Matlab
function, “Isgqminnorm”. The difference between this method and the pseudo-inverse method is that
this method minimises the norm of the solution of the force and uses complete orthogonal
decomposition to determine approximation of the FRF matrix with a low rank whereas the pseudo-
inverse method uses singular value decomposition to determine a tolerance (Mathworks, 2020).

The SVD method was also included as one of the methods since many methods are based on or make
use of singular value decomposition and has been used in solving the inverse problem (Uhl, 2007). In
the implementation of this method a tolerance is specified manually and adjusted manually until the
error found in the verification step is minimised.

The last method is the Tikhonov method, which is used with two parameter optimisation methods, L-
Curve and GCV. The Tikhonov method was included because according to various authors such as
Sanchez (2022) and Gao, et al. (2016) it is one of the most used methods in inverse problems and load
reconstruction. The L-Curve and GCV parameter optimisation methods were selected because they
do not require the noise levels in advance which make them more applicable in practice (Wei, Kaiping,
& Ying, 2016). The functions used to perform the parameter optimisation form part of a Matlab
toolbox developed by Hansen (2008) for the purpose of regularisation.

Once the load reconstruction has been performed, the results are compared to the known applied
forces in each case to determine the accuracy of each method. In practice where the applied forces
are not known an alternative verification step is used. In this verification step the reconstructed forces
are used with the FRF to calculate the responses and the calculated responses are compared to the
measured responses.

2.2. Analytical Model

An analytical model was created to solve the equations of motion for an arbitrary rigid body system
with n degrees of freedom. The purpose of this model is to establish the foundation of the method in
the absence of noise or measurement error to prove and test the methodologies. With all the system
parameters known, the analytical FRF values over a specified frequency range are calculated. The
applied impulse force (simulated modal hammer strike) and calculated responses are also used to
estimate a FRF similar to what would be done in practical applications. Both the theoretical and
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The estimated FRF is then used to perform the load reconstruction, using the same methods as before,
starting with the Moore Penrose inverse. This method using the displacement response as the input
had similar challenges in the reconstruction as what was seen with the analytical model. However
additional windowing did not yield a successful result.

Scaling of the problem did not influence the Moore-Penrose method’s ability to reconstruct the load.
However, the Moore-Penrose method was able to reconstruct the load when the sampling rate is
reduced to 500 Hz, although the quality of the reconstruction is worse compared to the other
methods. The result of the reconstruction using the Moore-Penrose method at 500Hz sampling rate

is shown in the figure below.

Force [N]
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Figure 2.21 Adams Model Sinusoidal Load Reconstruction Using Moore-Penrose Method

The rounding performed by Adams reduces the resolution of the data, which creates discontinuities
(steps) in the data. The discontinuities cause similar behaviour as what is experienced with
measurement noise, which in turn is amplified at higher frequencies (Sanchez, 2022).
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The least squares and Tikhonov methods yielded comparable results. The reason the least squares

method is able to achieve a meaningful result is because it utilises a different method of matrix
inversion and utilises the minimum norm solution, leading to a more meaningful result.

Reconstructed Sinusoidal Load
2000 T : .
Original Force
1500 | Least-Squares | |
1000 | §
500 | .
8 o A AR A A AR A AR R R A
5 T A A
L IR A \ R 1l ! \l I il ! il \ ’
I / ANANANANANANINARARINANAY
500 H | !J‘. A I | ,f‘ . it i
YRR VRV RV TRV IATRTRVIATRYATY
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aooof V) YUY UJ IRRERE ‘/ VY Yy Yy
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0 1 2 3 4 5
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Figure 2.22 Adams Model Sinusoidal Load Reconstruction Using Least-Squares Method
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Figure 2.23 Adams model Sinusoidal Load reconstruction Using Tikhonov's method
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It was found that velocity or acceleration response data yielded accurate results in the cases where
using the displacement responses does not yield meaningful results. The figure below shows the result
of load reconstruction using the Moore Penrose inverse method with velocity and acceleration

responses as inputs.
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Figure 2.24 Adams Model Load Reconstruction Using Velocity and Acceleration
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From the above figure it is noted that both the velocity and acceleration response data yielded
accurate results. The reconstructed force using acceleration responses had a slightly higher quality
result. All three responses show some deviation at the start of the signal, but the velocity and
acceleration responses quickly reach steady conditions.

When the Tikhonov method is used to perform the load reconstruction, the results obtained using any

of the physical responses all produce similarly accurate results, as shown below.

2000

1500

1000

500

Force [N]
o

500 ||

-1000 H

-1500

-2000
0

Figure 2.25 Adams Model Load Reconstruction Using Tikhonov Method
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This section provided a brief overview of the work performed and the observations for the lumped
mass model simulation model case where no noise or error is added to the responses, the results of
the study on the effects of noise is discussed in section 4 of this document.

2.4.Simulated Elastic Model

In this section a basic cantilever beam is considered and will also be validated experimentally
(discussed in section 3). A cantilever beam (one end fixed and the other free) is modelled using finite
element analysis (FEA) with two load cases. The first is a simulated impulse load, simulating a hit with
a modal hammer, and the second is a sinusoidal load applied to the beam.

The dimensions of the beam in the finite element model were selected to match those of a beam
available for experimental validation. The beam has a free length of 920mm, a width of 40mm and a
thickness of 10mm. A schematic representation of the beam is shown below:

4
A

10 mm

ALLALALARARANRANAS

| <€ 320 mm ) | | {'Dm-m; |

Figure 2.26 Diagram of the Elastic Beam Model

The finite element simulations of the model were performed using Ansys and the analysis type used
is a transient analysis. The software package also has the functionality to perform a harmonic analysis
from which an FRF can be determined. This calculated FRF will be used as a reference to determine
the accuracy of the estimated FRF. The feasibility of using this software calculated FRF was also briefly
investigated.
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The finite element model is shown in the figure below. Point A on the figure represents the boundary
condition and point B the location where the impulse force is applied. The location of the force was
selected to match the location of the hammer hit in the experimental case as discussed in section 3
and the responses taken from the same locations as the accelerometer locations in the experimental
case.

0.000 0.100 0.200(m)
[ —SSaaaaa—— ESS—

0.050 0150

Figure 2.27 Finite Element Beam Model with Boundry Conditions

The simulations that were performed are transient simulations with a total duration of 10 seconds.
The responses are extracted at intervals that equate to a 2.4kHz sampling rate. The mesh consisted of
Hex elements and was refined such that there are two elements through the thickness, 8 across the
width and 184 along the length of the beam (5mm element size).

The software can calculate either the undamped FRF or damping may be added by the user. For this
analysis proportional viscous damping of 0.5% was assumed based on experimental data. The
calculated FRF is shown below:

Finite Element Software Calculated FRF

Phase

=~

\S)

Phase [Rad]
o

2
4 ‘ ! ! ! !
0 200 400 600 800 1000 1200
Frequency [Hz]
Magnitude
T

Magnitude

0 200 400 600 800 1000 1200

Frequency [Hz]

Figure 2.28 FRF Calculated by FEA Software
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The modal test procedure is followed using an impulse to estimate the FRF using the impulse force
and responses obtained from the FEA. The FRF is then used to reconstruct the applied sinusoidal load
from the FEA responses. The estimated FRF is compared to the FRF calculated by the software.

Comparison of FEM Calculated & FRF Estimated from FEM Responses
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Figure 2.29 Estimated and Calculated Cantilever Beam FRFs

Good correlation is observed until approximately 800Hz, however at higher frequencies the estimated
FRF deviates from the calculated FRF. Slightly higher damping is observed in the FRF estimated from
the responses, this can be improved through mesh refinement and refinement of the damping
parameters in the model. To achieve good correlation between the calculated and estimated FRFs,
the finite element model should be setup as accurately as possible, assumptions regarding material
properties and boundary conditions have a large effect on the accuracy of both the calculated and

estimated FRFs.

Comparison of Calculated & FRF Estimated FRF at Low Rate
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Figure 2.30 FRF Estimated from Low Sampling Rate
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The sampling frequency in the transient analysis needs to be set very fine, at least 5 times the
maximum frequency of interest. If the frequency of the transient analysis is set too low, the locations
of the natural frequencies are not captured correctly. Figure 2.30 above illustrates this point, in the
case shown the frequency was set at only double the band of interest, notice that only the first two
natural frequencies are estimated correctly.

This indicates that it is possible to utilise finite element software to calculate the FRF of a structure,
however very accurate modelling and model information is required to achieve an accurate FRF. Load
reconstruction using the software calculated FRF was found to be possible and yielded meaningful
results. Making use of the FRF calculated by the finite element software is also less computationally
expensive compared to making use of a transient simulation to simulate a modal test.

Load reconstruction of the applied sinusoidal load (initially in the absence of noise) was done using
the five methods selected for this study. The Moore Penrose inverse method did yield an acceptable
result. The SVD method did not yield any meaningful results. Tikhonov’s method using both the L-
curve and GCV parameter regularisation methods did produce fairly accurate results. However the
least squares method did not yield a very accurate result as shown below:

20 T T
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10 ‘ Least Squares | |

10 )

Force [N]
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—_—
—_—— = -
—_—
—_—
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Figure 2.31 Pseudo Inverse Method Result of the Elastic Beam Model

With good reconstructions achieved in the ideal case, the data is then used to evaluate the effects of
measurement error and noise on the reconstruction, the results of which are discussed in section 4.

Up until this point all the test cases made use of ideal cases and loads during the reconstructions and
did not consider practical situations. In the following section an experimental model of the same
cantilever beam is considered.
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3. Experimental Work

The cantilever beam case discussed in section 2.4 was replicated experimentally to validate the finite
element model as well as to test the methods in a simple real-world case. The experimental setup
consisted of a steel beam with a free length of 920mm (40mm wide and 10mm thick) with four
accelerometers mounted in various positions throughout the length of the beam, as shown below.

Figure 3.1 Experimental Cantilever Beam Setup

The beam itself was clamped by a rigid steel clamp, which in turn was rigidly attached to the bench.
Isolating rubber material was placed between the clamp and the riser blocks to reduce the effects of
vibrations from the surroundings.

Beam

Clamp

Isolating Material
Riser Blocks

Figure 3.2 Experimental Setup Components
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The instrumentation used during the experiments are listed in the table below:

Table 3.1 Instrumentation Used During Experimentation

No  Description Manufacturer  Model Installation Position
1 Accelerometer PCB 3713B1150G 145 mm

2 Accelerometer PCB 3713B1150G 445 mm

3 Accelerometer PCB 3713B1150G 895 mm

4 Modal Hammer Meggit Endevco 2302-5 N/A

5 Modal Shaker Modalshop K2007E01 230 mm

6 Data Logger HBM QuantumX MX840B  N/A

QuantumX CX22BW

The data was recorded at a sampling rate of 2400Hz with a 1 second pre trigger and a 10 second
recording time. This means that once the force exceeded a predefined value the system would start
recording including 1 second before the change in force was detected, resulting in a total recording
time of 11 seconds. Only an anti-aliasing filter was used during the recording of the data and all further
processing was done using Matlab after recording.

The first test conducted was a modal test. Various combinations of hit locations and hammer tips were
tested to achieve the best quality FRF possible. The modal hammer was used with a medium hardness
tip and the beam was struck approximately one third of its length from the fixed side. It was found
that this combination yielded the best results in terms of estimating the FRF. Once the beam was
struck with the modal hammer the beam was left to vibrate until the data recording was completed.
This was repeated several times to achieve an accurate estimation of the FRF. The impulse force was
windowed using a force window and the responses were windowed using an exponential window.

|I’é’ld)ulse Force (Sampling Frequency: 2400Hz Hammer position: Third)

‘ Impulse Force ‘
70 - b

60 1

50 | 1

401 1

Force [N]

30 1

20 1
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0 4

10 . . \ . \
0 2 4 6 8 10 12

Time [s]

Figure 3.3 Experimental Modal Hammer Impact Force
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The figure below shows the windowed acceleration responses to the impulse from the hammer hit
shown in the previous figure.
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Figure 3.4 Experimental Modal Hammer Responses

Once the modal hammer testing was completed, the modal shaker along with a loadcell was installed
on the beam to apply various loads to the beam. The aim was to use the responses due to the loads
from the shaker to reconstruct the shaker loads. The modal shaker was rigidly mounted to the bench
and connected to the beam by means of a thin steel rod (stringer). The shaker was controlled by a
handheld signal generator. The figure below shows the initial transient response of a 15Hz sinusoidal
force applied to the beam by the modal shaker, until it reaches steady conditions.

15 Sinusoidal Force (Sampling Frequency: 2400Hz)

or (lf

Force [N]
o

1ol (i
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Figure 3.5 Experimental 15Hz Sinusoidal Force
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Two approaches were used to obtain a FRF for the purpose of load reconstruction. The first was the
same method used during the mathematical cases, estimating the FRF from the impulse and response
data using Welch’s averaged, modified periodogram method as discussed in section 2.1. Secondly FRF
reconstruction methods were used to investigate if a better quality FRF could be obtained.

The FRF reconstruction was performed using Matlab and the ModalTools™ add-on toolbox which
provides a number of methods with which the FRF can be reconstructed. The method that was found
to yield the best results is the complex exponential method.

The complex exponential method estimates the poles in radians from the time domain impulse
response. The poles are then used to estimate the residuals and residues, these parameters are then
used to construct the FRF. Curve fitting is performed using the poles, calculated residues and residuals
to reconstruct the FRF. The figure below shows the estimated and reconstructed FRF.
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Figure 3.6 Estimated and Reconstructed FRF from experimental data

As seen in the figure above the two FRFs correlate very well, with the reconstructed FRF being
significantly smoother than the estimated FRF with more clearly defined peaks and valleys.

Both the estimated and reconstructed FRFs were successfully used to reconstruct the loads applied to
the beam by the modal shaker, the results of both as well as their sensitivity to noise and
measurement error, are discussed in the following section.
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4. Results

This section provides a summary and a discussion of all the results obtained by running each of the
models through the test cases described in Table 2.1. The discussion includes a comparison of the
performance of each of the models with noise in the response signals.

In each model the reconstructed loads for each error case are compared to the base line result
(reconstruction without any artificial error/noise) as well as the applied (known) loads. The baseline
cases are compared to the applied loads for the purpose of determining accuracy and each subsequent
error case is then compared to the baseline case to determine the effect of the error or noise. Three
parameters are considered when determining accuracy, RMS (root mean square), mean and
amplitudes of the signals. Accuracy is calculated as a percentage deviation from the baseline value, as
shown below:

Froise=Fbpaseline

Accuracy = (1 — ) X 100% (4.1)

Fpaseline
in the equation above F is the RMS or the amplitude of the reconstructed noise and baseline forces.

In this section the results of the comparisons will be presented graphically with the numerical values
of the achieved accuracies of each test case for all the models provided in Appendix B of this
document.

The comparison of the reconstruction methods for the no noise (base line) case, as shown in Figure
4.1, showed that the Tikhonov method and the least squares method performed the best, with an
average accuracy of 94.7% (GCV), 95.2% (L-Curve) and 91.8% respectively across the different test
models. Singular value decomposition was the worst performing method with an average accuracy of
42.4%. The figure below graphically summarises the obtained accuracies of the different methods
across all the models.

o0 Base line Accuracy
I I I

90 -
80 —

70 -

Accuracy [%]
(%2
o
\

40 - *
30 *
20 - *
10 - *
Ll Lil L] I
Analytical FRF  Estimated FRF  Adams Displ Adams Vel Adams Acc FEM Experimental

Test Model
|- Inverse [ Least-Squares [ |SVD [ Tikhonov - GCV [ Tikhonov - L-Curve |

Figure 4.1 Summary of No-Noise (base line) Case Results

54

© University of Pretoria



&
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

W YUNIBESITHI YA PRETORIA

The inverse was only able to achieve 100% accuracy in the analytical case, which is expected since the
FRF is calculated analytically. The pseudo-inverse method was able to achieve fair accuracies in the
simulation models but not in the experimental case, because the experimental case does contain some
noise in the responses which reduces the accuracy of the reconstruction (Jia, Yang, Guo, & Wang,
2015).

The SVD method performed the worst with the Adams and experimental models, this can be due to
the low number of degrees of freedom resulting in a zero FRF matrix (Uhl, 2007) and noise in the
experimental model. It is worth noting that the SVD method was not successful in performing the
reconstruction even with the condition number of the FRF being low. Adjustment of the SVD threshold
value (point where small values are set to zero) can improve the result but can become an iterative
and time-consuming process. In the two degree of freedom cases (or cases were only a small number
of responses are considered) the SVD method does not perform well due to too much information
being lost in the truncation of the singular values because the SVD is a subtractive regularisation
method (Sanchez, 2022).

The least squares method overall performed well, but also showed a reduction in accuracy in the
experimental model which may also be attributed to the presence of noise in the experimental
responses. Despite the reduction in accuracy in the experimental model overall the least squares
method had the one of the best average accuracies across the different models and had the quickest
calculation times.

In most cases the GCV and L-Curve parameter optimisation methods used in the Tikhonov method
yielded similar results, with the L-Curve method performing slightly better in some cases. Similar to
what was observed by Chen et al. (2021), it was observed that the L-Curve method is not very sensitive
to increasing noise levels. The GCV method takes considerably more time to solve compared to the L-
Curve method in the models considered. When comparing the solving times of the methods
considered, all of the methods have longer solving times compared to the inverse method as shown
below:

Solving time minimum and maximum relative to the inverse method
T T T T T
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Figure 4.2 Comparison of Minimum and Maximum Computation Times
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From the figure above it can be seen that the inverse method and SVD method have similar
computational times and the other three methods all have longer times from 200% for the least-
squares method up to 1200% in the case of the GCV method. The Tikhonov method on its own can
also be fast, but the parameter optimisation methods can significantly increase computational time.
The GCV parameter optimisation was found to increase the computational time significantly
compared to the L-Curve parameter optimisation method, especially when wide frequency bands
were used.

4.1. Systematic Errors

Two types of systematic error were considered, offset error and scaling error. Offset errors appear to
have little impact on the amplitude and relative mean value of the reconstructed loads when using
the analytical FRF with any of the methods, except for the inverse and SVD methods where a decrease
in the amplitude accuracy is observed. The reconstructed load is offset roughly by the same amount
compared to the initial response offset. Similar results were obtained when the estimated FRF was
used with the analytical models. However, as the complexity of the model increases the accuracy of
the reconstruction, due to offset errors, decreases.
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Figure 4.3 Case 1: Summary of Offset Error Results

From the figure above a slight reduction in amplitude accuracy is observed in the rigid body (MSC
Adams) simulation model when using displacement responses, however the mean offset error
increases when using velocity or acceleration responses. The same behaviour was observed in the
finite element model case. In the experimental case, similar behaviour to that of the analytical case
was observed even though acceleration responses were used.

The SVD reconstruction was affected more than the other methods, as the amplitude decreased
significantly (approximately 40% compared to the base line case) and the mean offset was nearly
doubled. In the two simulation cases the SVD method was entirely unable to reconstruct the applied
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loads and in the experimental case the accuracy was found to be very low, around 5%. This is due to
many of the values in the FRF matrices in these cases being very small values (approaching zero).

Scaling errors showed a consistent reduction in the relative accuracy of the result in all of the test
cases. As expected, scaling of the response data yielded a similar effect on the resulting
reconstruction. The relationship between the induced scaling error and resulting reconstructed forces
appeared linear, which was expected since all the models considered in the study can be considered
as linear. The SVD method showed reduced accuracy compared to the other methods and in many
cases failed completely to reconstruct the load.
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Figure 4.4 Summary of Scaling Error Results

In most cases there were no clear signs in the reconstructed loads that the responses used in the
reconstruction were scaled and as shown in Figure 4.4, accuracies of above 90% were obtained. In
many of the offset cases, unexpected results were obtained (such as discontinuities and sudden
changes in mean value) that could indicate the presence of an error, assuming that at least the form
of the signal is known beforehand. If the applied force is of a random nature, offset errors are hard to
detect without prior knowledge of at least the range of the applied force.

4.2.Stochastic Errors

The second error type considered in this study is stochastic error or random noise in the signals. As
previously discussed, the assumption was made that the FRF was obtained in ideal conditions and for
the purpose of this study only the “unknown” responses were subject to noise. The noise that was
added to the response signal was generated using random values based on a normal distribution. In
all the cases the calculations were repeated multiple times and the averaged results across the
multiple runs are provided and discussed.

The inverse FRF matrix is close to singular with very small values in many of the cases and combined
with small response values, can result in an even smaller force vector in the frequency domain. The
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result becomes very sensitive to any slight change in the response data which results in very large
values (and abrupt changes in the force direction) when the force vector was transformed to the time
domain (Oosterhuis, Eidhof, van der Hoogt, & de Boer, 2006). This behaviour was observed especially
when using the pseudo-inverse and SVD methods.

Another contributing factor is the number of responses considered which was equal to the number of
degrees of freedom (Hundhausen, et al. 2007). A lot of information is lost when the singular values
are reduced to zero. Models where either more responses were considered or other responses such
as velocity were considered, performed slightly better.

When the estimated FRF was used, the pseudo-inverse method was not able to reconstruct any of the
loads where additional noise is introduced into the responses. This is also due to the response degrees
of freedom that are equal to the input degrees of freedom (Hundhausen et al. 2007). In certain models
with more degrees of freedom, the pseudo-inverse method was able to produce results however the
accuracy was not very high compared to the other methods used.

The least squares and Tikhonov methods were both able to reconstruct the load at all of the noise
levels considered. Overall, the Tikhonov method combined with L-Curve parameter optimisation, was
the most accurate method in the simulation and experimental models and the least squares was the
most accurate in the numerical models (with the estimated FRF). The GCV and L-Curve parameter
optimisation methods yielded very similar results and as was the case in the base line results, the GCV
method’s solving time was again noticeably longer than that of the L-Curve method.

The least squares method was able to produce the most consistent relative accuracy with increasing
signal to noise ratio. The Tikhonov method also performed well but showed an abrupt reduction in
relative accuracy at 10% noise and above in certain cases.

Increased distortion of the reconstructed force signal was however observed in all the results. The
results obtained by Tikhonov’s method showed less distortion compared to the other successful
methods but also showed severe distortion at high noise levels. Filtering of the reconstructed load
signals was found to reduce the distortion, but filtering has the risk of losing information in cases
where the force signal is a random signal. In certain cases, the addition of noise improved the accuracy
of the result compared to the base line case. This improved accuracy may be attributed to improved
conditioning of the FRF by the addition of noise in regions far from the resonances (Allen & Carne,
2008). In particular the Tikhonov method was observed to reconstruct a load with the same amplitude
and mean values of the original force. However, the frequency content of the reconstructed force was
found to be significantly different to that of the original force in some instances, primarily due to the
random nature of the noise.
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The relative changes in accuracy of the reconstruction versus the level of noise for both the analytical
FRF and estimated FRF of the 2-degree of freedom model are shown in the figures below.

Relative Accuracy Change with Increasing Noise (Analytical FRF)
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Figure 4.5 Accuracies of Reconstructions using Analytical FRF

When the analytical FRF was used, both the inverse and SVD methods failed to reconstruct the load
over the entire range of noise levels, the analytically calculated FRF was found to be very sensitive to
the additional noise, the slightest addition of noise caused the inverse and SVD methods to fail when
using the analytically calculated FRF. In certain higher degree of freedom models these two methods
were able to produce results but with very low accuracy. In the 3 and 4 degree of freedom models
these methods were only able to reconstruct the load in the no noise case and in the case of the 7
degrees of freedom model the SVD method had slightly more success until 1% noise at which point
the accuracy declined drastically. The accuracy of the least-squares and Tikhonov methods remained

reasonably constant as the noise increased. Only at the higher noise levels did the Tikhonov method’s
accuracy decline.
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Figure 4.6 Accuracies of Reconstructions using Estimated FRF

When the estimated FRF was used, larger deviations in the accuracies were observed as soon as noise
was introduced into the responses. The inverse method was still not able to produce a result at all,
apart from the baseline result and a very slight improvement was observed when the SVD method
was used. The SVD method was only able to produce a result in the 2 degree of freedom model with
a noise level of 0.5% and was able to produce results with an average accuracy of 63% in the 3 degree

of freedom analytical model (described in appendix A), but failed entirely again with the higher degree
of freedom models.

The least squares method maintained the highest accuracy throughout all the noise cases with the
analytical FRF and experienced a slight reduction in accuracy across the range of noise cases compared
to the analytical FRF. When the estimated FRF was used in the numerical models, the Least-squares
method was the best performing method with more than 95% accuracy across all the noise cases. The
Tikhonov methods also performed very well with similar results to the Least-Squares method except
that both Tikhonov methods did show a reduction in accuracy from noise levels of 10%.

In the rigid body simulation case, the pseudo-inverse method was only able to reconstruct the loads
across all the noise cases when acceleration responses were used and the SVD method was not at all
successful when the displacement response was used. The SVD method was able to produce results
when velocity or acceleration responses were used (with the appropriate FRF), however the accuracy
of these results was low. The accuracy of the SVD was much lower compared to the other methods
considered, but less noise was present in the reconstructed load compared to the other methods. The
inverse and SVD methods’ results are therefore not included in the results shown in the figures below,
unless at least a partial result was obtained. The figures that follow show the accuracies achieved in

the lumped mass simulation case, using displacement, velocity and acceleration responses to
reconstruct the same load.

60

© University of Pretoria



&
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

@ YUNIBESITHI YA PRETORIA

Accuracy Change with Increasing Noise: Rigid Body Model Displacement
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Figure 4.7 Rigid Body Model Results using Displacement Response

The other methods were able to reconstruct the loads regardless of the response type. From the above

figure it is observed that the Tikhonov method was the most accurate, but the difference in accuracy
between the three methods is quite small.

A slight overall reduction in accuracy was observed when the velocity response was used, compared
to when the displacement response was used, as shown in Figure 4.8 below. As mentioned, the inverse
method was partially successful in reconstructing the applied load but failed to reconstruct the load
from 3% noise and above. The Tikhonov method still yielded the highest accuracy by a small margin

and both the Tikhonov and Least-squares methods showed a noticeable reduction in accuracy at 10%
noise.
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Figure 4.8 Rigid Body Model Results using Velocity Response
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The figure below shows the results obtained when the acceleration response was used:

Accuracy Change with Increasing Noise: Rigid Body Model Acceleration)
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Figure 4.9 Rigid Body Model Results using Acceleration Response

Compared to the results obtained by using the velocity response the accuracy of the results from the
acceleration response is higher, but still lower than the results obtained from the displacement
response. Apart from the SVD method all the methods were able to reconstruct the load across the
noise range with very similar results. The reduction in accuracy at 10% noise is less than what was
seen in the velocity response for all the methods and the Tikhonov L-Curve method was the best
performing method. The least squares method had the most consistent results across varying noise
levels but the Tikhonov method with L-Curve parameter optimisation performed the best overall in
terms of accuracy.

The success of the inverse method using acceleration responses may be due to the larger magnitudes
in the response compared to the other responses. More information is lost due to rounding performed
on the responses with lower magnitudes by MSC Adams, scaling of the responses does not resolve the
problem of information being lost. Frequency was also found to have an effect on the accuracy. As
frequency increases the measurement noise is amplified reducing the accuracy (Sanchez, 2022),
however care should be taken that the frequency is not reduced to such an extent that the behaviour
of the system is not correctly captured.

Since the model properties in the numerical and rigid body cases are the same, the results obtained
in these two cases can be compared. The performance of each of the methods was similar in both
cases and similar results were obtained in both cases. The accuracy obtained from the numerical case
was found to be slightly higher compared to that from the lumped mass simulation model, which is
expected.

The finite element model is an elastic model (with finite degrees of freedom) which aims to be more
representative of practical applications and was created so that its behaviour could be validated
experimentally. The same impulse load (modal hammer) that was measured in the experimental case
was used as an input to the finite element model.
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The FRF calculated by the finite element software (Figure 2.28) and the FRF estimated from the finite
element model responses were both used to reconstruct the applied load. The figure below shows the
results obtained by using the two FRFs:
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Figure 4.10 Finite Element Model Results using Estimated (a) & Calculated FRF (b)

As shown in Figure 4.10a all the methods achieved high accuracy across the noise range, except the
SVD method which is due to the SVD being a subtractive method (Sanchez, 2022). In the 0% noise case
the inverse method was the most accurate, but once noise was introduced in the responses, the
Tikhonov with L-Curve parameter optimisation method, was found to be the most accurate. The
Tikhonov method with the GCV parameter optimisation was found to yield the least variation in results
as the noise level increased even though the accuracy was slightly less than what was obtained when
using L-Curve parameter optimisation.

Since the finite element software has the ability to calculate an FRF (which correlates well with the
FRF estimated from the responses), it was investigated if reconstruction could be performed using the
calculated FRF instead of estimating the FRF from the responses. Reconstruction was found to be
possible using the finite element responses and the finite element calculated responses, all of the
methods were able to produce results with similar trends as in the case of using the estimated FRF,
these results are shown in figure 4.10b above.

When comparing the accuracies achieved by using the calculated FRF with those achieved using the
estimated FRF, all of the methods except the Tikhonov L-Curve method and SVD method showed
significant reductions in the achieved accuracies. The inverse and least-squares methods were both
about 22% less accurate and the Tikhonov GCV method about 15% less. This is a somewhat
unexpected result, this reduction in accuracy may be partially attributed to the variation between the
estimated and calculated FRF in the cases where the accuracy is reduced. The Tikhonov L-curve
method’s performance can be attributed to its insensitivity to error in both the response and the FRF
(Chen, et al., 2021). Since the calculated FRF matches the estimated FRF quite well up to approximately
800Hz, the deviations above 800Hz may cause behaviour similar to that of noise.
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The finite element model was replicated experimentally (as discussed in section 3) to validate the
finite element case and to evaluate the performance of the different methods in a more realistic
application.

The responses were measured at the same locations in the finite element model and in the
experimental case. The impulse responses between the finite element model and the experimental
case correlated quite well, however the magnitudes of the finite element model responses were lower
compared to that of the experimental model. These differences were found to be quite small and
mainly caused by the boundary conditions in the finite element model causing stiffer behaviour.

The FRF obtained from the finite element model and the FRF obtained from the experimental case are
compared in in the figure below:
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Figure 4.11 Experimental and Finite Element FRF

The experimental and finite element model FRF correlated well up to approximately 800Hz from
where deviation is observed. Similar to what was observed in the impulse responses, higher damping
is observed in the finite element FRF compared to the experimental FRF. Only the beam itself and not
the supporting structures was modelled using finite element analysis, the boundary conditions such
as the clamping of the beam was assumed to be rigid, where in the experimental case the clamping
may not have been 100% rigid. The clamping of the beam in the experimental case and exclusion of
the support structures as well as factors such as assumptions regarding material properties and
damping characteristics in the finite element model are all factors that may contribute to the
deviations observed.

64

© University of Pretoria



IT VAN PRETORIA

HI YA PRETORIA

The results of the reconstructions in the experimental case (using the estimated FRF) are shown in the
figure below:

1Igglative Accuracy Change with Increasing Noise: Experimental Case
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Figure 4.12 Experimental Model Results using Estimated FRF

In the experimental case all the methods were able to reconstruct the load, but again the SVD method
was the worst performing method with an average accuracy of 5.6%. This can potentially be improved
if more responses are used in the reconstruction. The least-squares method with L-Curve parameter
optimisation was the best performing method with an average accuracy of 84%. Despite the poor
accuracy of the SVD method all of the methods showed very little sensitivity to noise. When comparing
the results shown in Figures 4.10 and 4.13, the accuracy achieved in the experimental case is less than
that achieved in the finite element model by between 12% (Tikhonov L-Curve) and 25% (Pseudo-
inverse). It was however observed, especially in using the Tikhonov methods, that in the parts of the
signal which consisted of only noise (before any force was applied), the noise was greatly amplified.
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In the experimental model, an alternative approach of using a reconstructed FRF instead of an
estimated FRF was investigated. The FRF was reconstructed using the complex exponential method as

previously discussed. The estimated and the reconstructed FRF are compared in the figure below:
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Figure 4.13 Comparison of Estimated and Reconstructed FRFs

It can be seen from the comparison that very good correlation between the estimated and
reconstructed FRFs was achieved. The reconstructed FRF was then used to perform the load
reconstructions using the experimental responses, the results are shown in Figure 4.14(a) below (the
results from Figure 4.12 have been repeated for comparison).

100

Relative Accuracy Change with Increasing Noise:

Experimental Case (Reconstructed FRF)

00Relanti\.'e Accuracy Change with Increasing Noise: Experimental Case

90

80

Accuracy [%]
w = o @ -~
s = 8 = =]
T T

Y]
S

(a)

%

—* Inverse
Leasi-Squares
SVD
Tikhonov - GCV
Tikhonov - L-Curve
!

1

4 Q0 -
— x - x

80}

8 b

.
Accuracy [%]
w o
o o
; -

s
=}

L

[

=1
T

20}

— Inverse
#— Leasi-Squares
SVD
Tikhonov - GCV
Tikhonov - L-Curve

|
1 2 3

4

5
MNoise Case

6

I I
7 8 9 10 0 1 2 3 4 5

I I I I
6 7 8 9 10

Noise Case

(b)

Figure 4.14 Experimental Model Results using Reconstructed FRF (a) and Using Estimated FRF (b)
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The results of the load reconstructions using the reconstructed FRF had similar trends to those of the
results obtained using the estimated FRF. The pseudo-inverse and least-squares methods both
produced less accurate results compared to when the estimated FRF was used and the Tikhonov
method produced more accurate results, approximately 10% change in accuracy in both cases. All the
methods showed less variance in the accuracy as the noise increased compared to when the estimated
FRF was used.

The most likely cause of the lower accuracy is that the quality (accuracy) of the reconstructed FRF is
lower than that of the estimated FRF. The process of reconstructing an FRF is more susceptible to error
due to the complex exponential method requiring the user to select points on a graph. The FRF
reconstruction calculation and curve fitting methods are performed based on the selected points.
Further refinement of the FRF reconstruction may improve these results.

Lastly as part of the investigation of using the finite element calculated FRF, the FRF calculated by the
finite element software was used with the experimental responses to reconstruct the applied load. In
this case only the Tikhonov method was able to successfully reconstruct the load, the results are
shown in Figure 4.15b below.

Relative Accuracy Change with Increasing Noise: Relative Accuracy Change with Increasing Noise:
100 Experimental Case (Reconstructed FRF) 100 Experimental Case (FE FRF)
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Figure 4.15 Experimental Model Results using the Reconstructed FRF(a) and the Finite Element FRF (b)

The accuracy obtained when using the finite element software FRF is comparable to the accuracy
obtained experimentally. The L-Curve parameter optimisation method performed better with an
average accuracy of 96% compared to the 92% of the GCV method. Both methods yielded higher
accuracy compared to what was achieved by the same methods using the FRF estimated from the
impulse responses. The only part of the reconstruction process that was different in this case, was the
FRF, thus the quality of the experimentally obtained FRF may not be high enough.

Further refinement of the finite element model (finer mesh, more accurate material data etc) may
improve these results. However, this method will likely not be able to achieve comparable results in
more complex or non-linear models, as obtaining accurate properties of the system may not be
possible or more expensive than performing an experimental estimation of the FRF. The finite element
software also ignores all non-linearities in the FRF calculation process due to the linear assumption of
an FRF (Patil & Gombi, 2017).
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From all of the cases considered, it can be noted that frequency can have a significant impact on the
accuracy of the reconstruction. Firstly, the sample rate of the responses need to be larger than the
(expected) frequency of the force to be reconstructed and the natural frequencies of the system also
need to be considered. However too large a frequency band may also reduce the accuracy as the high
frequency noise has a larger effect on the accuracy (Sanchez, 2022)
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5. Conclusion

Research was conducted in the field of load reconstruction with the focus on load reconstruction in
the frequency domain. Both time and frequency domain methods, in general, make use of the
relationship between the input and the responses of a structure. Frequency domain methods rely on
the FRF over the frequency range of interest and matrix inversion methods, where time domain
methods rely on convolution (Uhl, 2007). Research in the field of load reconstruction focused mainly
on time domain methods because time domain methods have higher efficiency compared to
frequency domain methods (Amiri & Bucher, 2017). Where this research frequency domain load
reconstruction methods and the effects of noise in responses on these methods were reviewed and
evaluated.

According to Amiri & Bucher (2017) frequency domain methods are simple to implement, with
minimal prior knowledge of the system or structure required, which forms part of the motivation
behind focusing this research on frequency domain methods.

In this research two types of models were considered, firstly lumped mass models and elastic models.
In both cases, the forward problem was solved, to have a baseline which could be used for comparison
with load reconstructions. The forward problem was solved either analytically or by means of
numerical simulation or experimentation where the inputs and responses were recorded. The baseline
result along with the input forces (sinusoidal time varying loads) were then used to determine the
accuracy of the load reconstruction.

From the simulations and tests conducted it became clear that the quality of the FRF used to perform
the load reconstruction is one of the largest contributors to the accuracy of the resulting reconstructed
load. Care should therefore be taken to ensure good quality measurements of the forces and
responses used to create the FRF as well as the choices of windowing functions and their parameters.
Load reconstruction will still be possible with a poor FRF but will provide inaccurate reconstructed
loads.

Several load reconstruction methods were considered and their performance were evaluated and
compared to each of the four test cases. Based on the results obtained observations were made and
conclusions can be drawn.

Similar performance was observed from the methods considered across all the test models used
during this study. Due to this consistency in the results, the confidence in the conclusions being drawn
is relatively high. However, the assumption of linear behaviour was made in all the cases and methods
used in this research and non-linear load reconstruction in frequency domain load reconstruction does
not form part of the scope of this work.

The sampling frequency does influence the reconstruction results, thus careful selection of the
frequency band in which the reconstruction is to be performed is important. Higher sampling rates
increase the likelihood of a reconstruction being possible but does not necessarily improve accuracy
and comes with an increased computational requirement. High (above the Nyquist frequency)
sampling rates can however also reduce the accuracy of the reconstruction because according to
Sanchez (2022) high frequency noise is amplified in the inverse problem. The band in which the FRF is
created (calculated, estimated etc) should be wide enough to include all the participating modes of
the structure as well as the band in which the forces act. It was for example found in the finite element
model, if the impulse responses are measured at twice the frequency band of interest, the resulting

69

© University of Pretoria



UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

FRF does not represent the structure correctly (Figure 2.30). To achieve a good quality reconstruction,
it is necessary to have an indication of the frequency component of the forces in order to be able to
select appropriate sampling rates and bandwidths.

The success of frequency domain methods is highly reliant on the accuracy of the frequency response
function (FRF). If the FRF is not accurate, even by a slight amount, the reconstruction accuracy
decreases significantly or fails entirely.

Two types of noise or error were considered, systematic and stochastic error. The results obtained
confirms statements made by Bhandari (2022). It is quite clear that systematic errors can be dangerous
when conclusions are drawn based on data affected by this type of error. The result may appear to be
correct and accurate where it can be extremely inaccurate.

The effect of a constant offset of the response data on the reconstructed load’s amplitude and mean
is unpredictable. In simple analytical models, the resulting load is offset by approximately the same
amount as the response offset and the amplitude is unaffected. However, in more complex models
the amplitude is also affected. This is because these methods are also only suitable for the
reconstruction of the dynamic components of a force. This type of error cannot easily be detected as
the response values may appear correct. It can be corrected before load reconstruction is performed
but only if the offset is known, which in practical applications are unlikely especially if there is little or
no prior knowledge of the structure beforehand.

The one distinguishing factor between the results obtained from the scaling error compared to the
offset error is an increase in leakage and end effects present with offset error. This may serve as an
indication of a potential problem in the reconstruction or data used to perform the reconstruction.
Scaling errors can be equally as dangerous and misleading as offset errors.

Based on the work performed, it can be concluded that scaling errors pose a greater risk when drawing
conclusions based on measurements and reconstructions affected by scaling errors. Without an
indication of the magnitudes of the loads acting on a structure ought to be, there isn’t any means by
which a scaling error can be detected. It is therefore recommended to ensure that all instrumentation
used in response measurement (and FRF measurement or estimation) is properly calibrated and set
up correctly to reduce the chance of encountering systematic errors. Care must be taken during the
measurement of signals to reduce the possibility of this type of error. Steps to be taken include
ensuring the appropriate sensor sensitivities, excitation voltages, stable supply voltages and proper
zeroing of signals where appropriate.

When comparing the performance of the five methods used when systematic errors are introduced
in the responses, most of the methods performed similarly. The SVD and inverse methods performed
worse compared to the other three methods. The performance of these methods may be improved
when more response signals are used (Hundhausen, Adams, & Derriso, 2007). More responses would
however mean more sensors in practical cases which may not be practical in terms of cost, number of
available channels or physical space.

With stochastic noise, again the inverse and SVD methods performed very poorly, the SVD method
generally produced reconstructed loads with significantly lower accuracies or failed completely. The
inverse method is able to produce meaningful results in some cases, but a slight (1%) increase in noise
may cause it to fail entirely. A slightly improved performance was noted when acceleration responses
were used compared to displacement responses, however displacement and velocity measurement is
impractical in most applications (Khoo, et al., 2014). Similarly to the systematic errors, the
performance of these methods may improve with more responses used. The singular value matrix
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indices can easily all become zero in which case no result can be obtained. Refinement of the SVD cut
off value can improve the accuracy of the result. A simple approach to achieve this would be to
systematically increase this value until consistent results are achieved. This does however not
guarantee an accurate result. Instead, the Tikhonov method with regularisation parameter algorithms
can be employed which is less iterative and was found to produce more accurate results.

The Least-Squares and Tikhonov methods were the best performing methods. These methods
produced more accurate results with the same number of responses compared to the inverse and SVD
methods. These methods also produced consistent results with increasing noise levels and generally
only started deviating at noise levels of 10% and higher. As the SNR decreases, the signal almost
becomes undistinguishable from the noise. It is therefore understandable that load reconstruction at
high noise levels will be difficult to achieve.

Based on the results obtained it can be concluded that the Tikhonov method combined with the L-
Curve parameter optimisation algorithm is the best performing method, because it performed the
best between all the methods investigated. It was found to be the best performing with systematic
and stochastic errors. The GCV parameter optimisation algorithm yielded similar results (slightly lower
on average) as the L-curve method but is slower computationally, especially when load reconstruction
was performed across a wide frequency spectrum.

It can be concluded that stochastic noise does not have a significant effect on the accuracy of the
frequency domain methods confirming what is stated in literature by authors such as Dolatabadi, et
al. (2020) and Sanchez (2022). From all of the methods investigated it was found that the inverse
method is the most sensitive to noise in the responses and the Tikhonov (in particular with L-Curve
parameter optimisation) was the least sensitive.

The inverse and SVD methods were found to be the fastest methods but also the least reliable. The
least squares method was found to be slightly slower than the inverse method but faster than the
Tikhonov method combined with parameter optimisation and yielded very accurate results but was
not always able to produce a result. It is recommended as a first pass method due to its speed, but if
it is unable to produce a result the Tikhonov method should be used (the Tikhonov method can also
be used as a means of validating the results achieved by the least-squares method). Potential future
work could include the investigation into alternative parameter optimisation methods, the
improvement of existing methods or the development of new methods that are less computationally
expensive without compromising the accuracy.

The feasibility of using an FRF calculated by finite element software was investigated. The aim was to
determine the feasibility of using a finite element based FRF instead of modal testing. The Tikhonov
method was able to reconstruct loads applied to a cantilever beam using an FRF calculated from a
finite element model and measured acceleration response data. The accuracy of the load
reconstruction using a software calculated FRF is comparable to the accuracy obtainable using an
experimentally obtained FRF. The benefit is therefore that it has the potential to make load
reconstruction easier (assuming accurate finite element modelling is done) and reduces costs. It is
recommended that this is further investigated in future work in order to gain more insight into the
possibilities and limitations of creating FRFs from finite element models for use in practical load
reconstruction problems.

However, accurate modelling and model parameters such as material properties are required, which
is not always practical for large structures. This approach would be more suited for cases where
additional (or unexpected) loads need to be determined on a newly designed structure where most
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of the structure’s properties are known. Compared to physical testing, this approach is more cost
effective.

The aim of this study was to investigate the effects of different types of noise on frequency domain
load reconstruction methods, which was achieved. This work can be extended in future to include
other frequency domain methods or include time domain methods. Similar studies could potentially
be undertaken to investigate load reconstruction in non-linear systems, since this study was limited
to linear systems. Another area for potential future work may include studies on accurate calculation
of FRFs using simulation software (such as FEM) that can be used with measured data to reconstruct
loads on a structure.
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Appendix A: Higher Degree of Freedom Analytical Models

This section describes the higher degree of freedom analytical models considered as part of this study.
These models were included to evaluate the performance of the load reconstruction methods when
applied to slightly more complex models. The procedure followed is the same as what is discussed in
section 2.2. Three additional models were considered: 3, 4 and 7 degrees of freedom, the figures and
tables below describe these models and in each case only one force is applied to one of the masses.

Table A.1 3-DOF Model Properties

I

N

3| K3

mEse
7] £m

F2(t)

I x2(t)

g A

Figure A.1 Analytical 3 Degree of Freedom Model

I

I x1(t)

Coordinate Point 1 2 3 4 5 6
Mass [kg] 1 2 3 N/A | N/A | N/A
Stiffness [N/m] 3000 @ 3000 @ 3000 | 3000 3000 | 3000
Damping Coefficient [Ns/m] 10 10 10 20 20 20
Undamped Natural Frequency [Hz] 6.01 | 11.29 | 15.95 | N/A  N/A | N/A
Damping Ratio 0.28 0.2 0.07 N/A | N/A N/A
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Figure A.2 Analytical 4 Degree of Freedom Model

Coordinate Point 1 2 3 4
Mass [kg] 3 8 50 18
Stiffness [N/m] 24 000 | 480000 144 000 540000
Damping Coefficient [Ns/m] 4 12 12 8
Undamped Natural Frequency [Hz]  2.56 20.47 32.61 76.48
Damping Ratio 0.0072 0.0018 0.0058 0.0012
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Figure A.3 Analytical 7 Degree of Freedom Model (adapted from (Uhl, 2007))

Table A.3 7-DOF Model Properties

Coordinate Point 1 2 3 4 5 6 7 8 9

Mass [kg] B 1 15 21 4 28 62

Stiffness [kN/m] 80 15 15 15 14.8 15 15 28 28

Damping 12 5 5 5 5 5 5 9 9

Coefficient

[Ns/m]

Undamped 30.34 23.38 | 18.63 6.78 1.80 5.56 425 | N/A  N/A

Natural

Frequency [Hz]

Damping Ratio \ 0.032 @ 0.023 0.013 0.007 0.055 | 0.0042 0.0017 N/A N/A
78
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Appendix B: Complete Tabulated Results

This section provides the tabulated results of all of the test cases across all of the models considered
as part of this study.

Table A.4 Analytical 2-DOF Model Results

Case Inverse Least-Squares SVD Tikhonov: GCV Tikhonov: L-Curve
99.99% 99.83% 94.36% 95.58% 96.84%
1 99.18% Amplitude 96.6% Amplitude 57.2% Amplitude 95.25% Amplitude 94.85% Amplitude
30% Mean offset 25.9% Mean offset  48% Mean offset  23% Mean offset 23% Mean offset
2 90.00% 90.00% 69.57% 85.25% 85.26%
3 - 99.83% - 95.55% 96.91%
4 - 99.81% - 96.04% 97.15%
5 - 99.77% - 97.41% 98.05%
6 - 99.68% - 99.59% 99.70%
7 - 99.66% - 97.24% 98.36%
8 - 99.65% - 95.45% 96.79%
9 - 99.63% - 92.44% 94.74%
TableA.5 Analytical 3-DOF Model
Case Inverse Least-Squares SVD Tikhonov: GCV Tikhonov: L-Curve
100% 99.99% 84.54% 84.36% 88.72%
1 99.37% Amplitude 99.6% Amplitude 57.2% Amplitude 89.26% Amplitude 84.47% Amplitude
32% Mean offset 32% Mean offset 48% Mean offset  16% Mean offset 11.6% Mean offset
2 90.00% 79.03% 66.09% 73.29% 72.62%
3 - 99.99% - 84.41% 88.74%
4 - 99.10% - 84.58% 88.79%
5 - 99.70% - 85.20% 88.93%
6 - 99.60% - 84.24% 88.19%
7 - 99.16% - 83.74% 87.83%
8 - 99.16% - 83.45% 87.51%
- 90.38% - 82.80% 85.59%
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Case Inverse Least-Squares SVD Tikhonov: GCV Tikhonov: L-Curve
94.64% 86.55% 98.65% 65.90% 91.75%
1 99.90% Amplitude  21.0% Amplitude - 24.0% Amplitude 44.58% Amplitude
1% Mean offset 63.6% Mean offset 52.2% Mean offset  45.1% Mean offset
2 90.32% 80.49% - 52.23% 81.4%
3 - 86.55% - 62.23% 91.74%
4 - 86.53% - 61.76% 91.70%
5 - 86.55% - 61.53% 91.56%
6 - 86.45% - 61.44% 91.30%
7 - 86.44% - 60.04% 90.96%
8 - 86.40% - 54.19% 90.50%
- 86.05% - 53.87% 86.96%
TableA.7 Analytical 7-DOF Model
Case Inverse Least-Squares SVD Tikhonov: GCV Tikhonov: L-Curve
100% 96.55% 98.65% 58.35% 89.54%
1 99.15% Amplitude  96.2% Amplitude 79.9% Amplitude 87.4% Amplitude 49.37% Amplitude

25% Mean offset

20.2% Mean offset

21.2% Mean offset

12.6% Mean offset

15.1% Mean offset

2 90.00% 86.90% 91.21% 47.59% 78.52%

3 - 96.55% 82.89% 58.44% 89.55%

4 - 96.55% 45.52% 58.42% 89.57%

5 - 96.54% - 58.51% 89.64%

6 - 96.52% - 58.48% 89.58%

7 - 96.46% - 58.39% 89.36%

8 - 96.20% - 58.00% 88.99%

9 - 95.59% - 41.96% 82.16%
TableA.8 Analytical 2-DOF Model Results using Estimated FRF

Test Inverse Least-Squares SVD Tikhonov - GCV Tikhonov — L-

Case Curve

0 98.69% 98.57% 69% 98.47% 98.47%

1 88.88% Amplitude 99.2% Amplitude 74.5% Amplitude  78.66% Amplitude 77.3% Amplitude

33.5% Mean offset 200% Mean offset ~ 15% Mean offset  35% Mean offset 30% Mean offset

2 82.58% 91.19% 61.43% 98.59% 95.59%

3 - 98.13% 66.96% 98.80% 98.93%

4 - 98.88% - 98.53% 98.64%

5 - 98.05% - 97.79% 98.72%

6 - 99.43% - 97.82% 98.76%

7 - 98.62% - 97.15% 98.50%

8 - 96.16% - 95.52% 96.51%

9 - 97.84% - 63.46% 71.54%

© University of Pretoria

80



UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

(02 ¢r

Table A.9 Analytical 3-DOF Model Results using Estimated FRF

Test Inverse Least-Squares SVD Tikhonov - GCV Tikhonov - L-

Case Curve

0 99.05% 99.11% 68.26% 91.20% 91.20%

1 87.84% Amplitude  98.51% Amplitude  67.71% Amplitude  95.75% Amplitude  95.9% Amplitude
36.6% Mean offset  13.9% Mean offset  9.17% Mean offset  166% Mean offset  167% Mean offset

2 90.47% 90.45% 60.45% 84.78% 84.78%

3 - 98.91% 67.72% 93.92% 93.92%

4 - 98.05% 68.12% 93.45% 93.45%

5 - 98.09% 62.11% 92.87% 94.02%

6 - 97.84% 62.06% 88.15% 93.65%

7 - 97.15% 62.10% 88.17% 93.11%

8 - 97.10% 61.87% 88.02% 93.08%

9 - 96.69% 61.23% 68.87% 86.68%

Table A.10 Analytical 4-DOF Model Results using Estimated FRF

Test Inverse Least-Squares SVD Tikhonov - GCV Tikhonov — L-
Case Curve
0 - 96.23% 49.97% 94.34% 95.43%
1 - 91.7% Amplitude - 95.75% Amplitude  95.9% Amplitude
12.2% Mean offset 14% Mean offset 14% Mean offset
2 - 83.20% - 86.26% 83.26%
3 - 94.26% 41.62% 94.24% 95.16%
4 - 94.06% 41.44% 94.54% 95.24%
5 - 94.19% - 94.64% 95.06%
6 - 94.17% - 93.31% 94.34%
7 - 94.25% - 92.68% 93.75%
8 - 93.97% - 86.35% 90.79%
9 - 93.96% - 82.81% 87.83%
Table A.11 Analytical 7-DOF Model Results using Estimated FRF

Test Inverse Least-Squares SVD Tikhonov - GCV Tikhonov - L-
Case Curve
0 74.23% 91.82% 16.52% 90.81% 90.81%
1 57% Amplitude 44.1% Amplitude 6.1% Amplitude 38.6% Amplitude 40.5% Amplitude

240% Mean offset  31.1% Mean offset  76.7% Mean offset  29% Mean offset 33% Mean offset
2 43.96% 51.40% 14.59% 44.48% 44.42%
3 71.19% 92.61% 16.53% 94.10% 94.10%
4 68.77% 92.89% 16.42% 95.28% 95.38%
5 63.95% 90.70% 16.90% 91.98% 91.98%
6 62.88% 90.78% 16.21% 80.21% 91.70%
7 - 90.72% 16.13% 79.66% 91.34%
8 - 89.22% 16.02% 77.80% 90.77%
9 - 84.47% 12.79% 72.36% 85.46%
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Table A.12 Rigid Body Simulation Model Results - Displacement Responses

Test Inverse Least-Squares SVD Tikhonov - GCV Tikhonov — L-Curve
Case
0 85.60% 95.91% 45.23% 99.47% 99.47%
1 - 77.0% Amplitude - 84.4% Amplitude 77.08% Amplitude
23% Mean offset 15% Mean offset 22.9% Mean offset
2 - 87.51% - 89.45% 89.45%
3 - 97.49% - 99.42% 99.42%
4 - 97.44% - 99.42% 99.42%
5 - 97.39% - 98.20% 99.39%
6 - 96.97% - 98.42% 99.69%
7 - 97.07% - 98.29% 99.04%
8 - 96.32% - 97.67% 99.68%
9 - 97.51% - 99.45% 99.45%
Table A.13 Rigid Body Simulation Model Results - Velocity Responses
Test Inverse Least-Squares SVD Tikhonov - GCV Tikhonov - L-Curve
Case
0 87.42% 87.48% 26.39% 86.32% 86.32%
1 79.46% Amplitude 78.65% Amplitude - 78.03% Amplitude 79.03% Amplitude
184% Mean offset  184% Mean offset 184% Mean offset 185% Mean offset
2 67.36% 67.35% 24.08% 67.36% 67.38%
3 84.73% 87.88% - 86.68% 86.68%
4 85.97% 85.83% - 86.79% 86.84%
5 84.01% 86.80% - 86.38% 86.38%
6 - 86.37% - 85.55% 85.96%
7 - 86.63% - 86.84% 86.87%
8 - 86.46% - 86.74% 86.81%
9 - 60.99% - 72.66% 75.79%
Table A.14 Rigid Body Simulation Model Results - Acceleration Responses
Test Inverse Least-Squares SVD Tikhonov - GCV Tikhonov — L-Curve
Case
0 93.75% 93.77% 25.95% 93.72% 93.73%
1 82.1% Amplitude  80.7% Amplitude - 78.3% Amplitude 77.6% Amplitude
210% Mean offset  220% Mean offset 220% Mean offset ~ 210% Mean offset
2 66.14% 66.14% 19.1% 66.13% 66.14%
3 93.59% 93.88% 25.95% 93.81% 93.99%
4 93.23% 93.77% 25.90% 93.20% 93.72%
5 93.27% 93.44% 25.39% 93.76% 94.44%
6 92.72% 93.47% 24.88% 93.64% 93.86%
7 92.50% 93.52% 24.29% 93.78% 94.49%
8 92.09% 93.21% 23.20% 93.16% 93.43%
9 88.30% 88.94% 22.90% 88.11% 88.92%
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Table A.15 Finite Element Model Results - Acceleration Responses

Test Inverse Least-Squares SVD Tikhonov - GCV Tikhonov - L-Curve
Case
0 99.88% 97.83% 30.24% 96.52% 98.68%
1 - 85.85% Amplitude - 86.25% Amplitude 84.74% Amplitude
150% Mean offset 170% Mean offset 120% Mean offset
2 95.71% 89.84% 23.42% 87.72% 83.47%
3 99.73% 97.68% 30.19% 96.50% 98.68%
4 98.89% 97.51% 30.20% 96.56% 98.81%
5 98.83% 97.58% 30.18% 96.52% 98.73%
6 97.87% 96.96% 29.31% 96.50% 98.66%
7 97.48% 97.23% 29.24% 96.72% 98.38%
8 95.55% 96.60% 29.22% 95.87% 96.68%
9 95.50% 95.87% 28.38% 95.96% 96.21%
Table A.16 Finite Element Model Results - Acceleration Responses (Using FEM FRF)
Test Inverse Least-Squares SVD Tikhonov - GCV Tikhonov — L-Curve
Case
0 84.15% 75.68% 30.00% 87.34% 98.97%
1 - 86.28% Amplitude - - 92.5% Amplitude
150% Mean offset 617% Mean offset
2 74.85% 64.06% 22.94% 70.99% 81.36%
3 82.20% 75.61% 30.54% 85.72% 98.95%
4 82.10% 75.26% 30.05% 85.33% 98.84%
5 78.51% 75.04% 29.62% 82.72% 98.24%
6 75.26% 75.06% 29.81% 82.91% 98.25%
7 70.83% 75.11% 30.07% 82.71% 98.77%
8 69.27% 74.43% 27.75% 77.64% 98.14%
9 66.35% 74.09% 22.16% 70.32% 98.44%
Table A.17 Experimental Model Results - Acceleration Response (Estimated FRF)
Test Inverse Least-Squares SVD Tikhonov - GCV Tikhonov — L-Curve
Case
0 72.35% 74.84% 5.60% 84.16% 84.51%

1 72.31% Amplitude  74.82% Amplitude 5.60% Amplitude 99.93% Amplitude  99.33% Amplitude
46.9% Mean Offset 46.9% Mean Offset 95% Mean Offset 48% Mean offset 48% Mean offset

2 67.35% 67.30% 5.00% 80.04% 79.38%
3 72.34% 74.84% 5.60% 84.16% 84.51%
4 72.34% 74.84% 5.59% 84.51% 84.16%
5 72.35% 74.85% 5.59% 84.51% 84.16%
6 72.36% 74.86% 5.55% 84.50% 84.15%
7 72.36% 74.86% 5.54% 84.47% 84.13%
8 72.34% 74.06% 5.50% 84.52% 84.16%
9 72.30% 74.79% 5.49% 83.57% 83.20%
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Table A.18 Experimental Model Results - Acceleration Response (Reconstructed FRF)

Test Inverse Least-Squares SVD Tikhonov - GCV Tikhonov — L-Curve
Case
0 57.60% 60.99% 4.6% 93.33% 95.85%

1 57.57% Amplitude  60.95% Amplitude  4.6% Amplitude 95.82% Amplitude 93.30% Amplitude
115% Mean Offset  115% Mean Offset  93% Mean Offset 110% Mean offset 109% Mean offset

2 54.89% 54.88% 4.14% 87.36% 84.00%
3 57.60% 60.99% 4.60% 93.33% 95.86%
4 57.60% 60.99% 4.60% 93.32% 95.85%
5 57.60% 60.99% 4.60% 93.33% 95.85%
6 57.62% 61.01% 4.60% 93.34% 95.87%
7 57.63% 61.02% 4.59% 93.35% 95.88%
8 57.58% 60.97% 4.26% 93.31% 95.84%
9 57.53% 60.92% 4.22% 93.27% 95.79%
Table A.19 Experimental Model Results - Acceleration Response (Software Calculated FRF)
Test Inverse Least-Squares SVD Tikhonov - GCV Tikhonov — L-Curve
Case
0 - - - 92.13% 96.57%
1 - - - 88.16% Amplitude 92.94% Amplitude
41.5% Mean offset 21.1% Mean offset
2 - - - 80.92% 84.34%
3 - - - 92.13% 96.57%
4 - - - 92.12% 96.58%
5 - - - 92.13% 96.57%
6 - - - 92.13% 96.57%
7 - - - 92.13% 96.57%
8 - - - 92.11% 96.56%
9 - - - 92.09% 96.60%
84

© University of Pretoria



