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Abstract
The COVID-19 pandemic has caused significant morbidity and mortality, as well 
as social and economic disruption worldwide in general and USA in particular. In 
order to reduce these effects, a global effort to develop effective vaccines against the 
COVID-19 virus has produced various options with the effectiveness assessed on 
the rate of infection between vaccinated and unvaccinated groups, which has been 
used for important policy decision-making on vaccination effectiveness ever since. 
However, the rate of infection is an over-simplified index in assessing the vaccina-
tion effectiveness overall, which should be strengthened to address the duration of 
protection with time-to-infection effect. The fundamental challenge in estimating the 
vaccination effect over time is that the time-to-infection for unvaccinated group is 
unknown due to nonexistent vaccination time. This paper is then aimed to fill this 
knowledge gap to propose a Weibull regression model. This model treats the nonex-
istent vaccination time for the unvaccinated group as nuisance parameters and esti-
mates the vaccination effectiveness along with these nuisance parameters. The per-
formance of the proposed approach and its properties are empirically investigated 
through a simulation study, and its applicability is illustrated using a real-data exam-
ple from the Arizona State University COVID-19 serological prevalence data.
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1  Introduction

Novel coronavirus disease 2019 (COVID-19), caused by the causative agent of 
severe acute respiratory syndrome coronavirus 2 (SARS-CoV-2), was first iden-
tified in Wuhan, China, in 2019, and potentially associated with exposure to a 
seafood and live animal market [1]. Coronaviruses are respiratory viruses that are 
most commonly spread through the respiratory secretions of nearby infected peo-
ple [2]. Most people who are infected with this virus will develop mild to moder-
ate respiratory illness and recover without special treatment; however, some will 
become severely ill and need medical attention. Covid-19 has become the conse-
quential global health crisis and is one of the world-leading causes of death. As 
a result, on March 11, 2020, the World Health Organization (WHO) has declared 
the novel coronavirus outbreak as a public health threat and a global pandemic 
[3]. To date (February 27, 2023), it has been detected in 229 countries and ter-
ritories, there have been more than 675 million confirmed cases, of which more 
than 6.8 million deaths reported worldwide [4]. In terms of confirmed cases and 
deaths, the United States of America (USA) is one of the countries most affected 
by the disease globally, with more than 103 million confirmed cases and more 
than 1.1 million deaths [4].

The COVID-19 pandemic has caused significant morbidity and mortality as 
well as social and economic disruption worldwide in general and USA in par-
ticular. To end the spread of the pandemic, the population needs to be immune to 
the virus. For this purpose, developing durably effective vaccines is a crucial step 
and, as a result, several vaccines have been developed. Among these, the three 
COVID-19 vaccines of BNT162b2 (Pfizer), mRNA-1273 (Moderna), and Ad26.
COV2.S (Janssen) received Emergency Use Authorization (EUA) approval from 
the US Food and Drug Administration (FDA) on the basis of short-term safety 
and efficacy against COVID-19 rate of infection between late 2020 and early 
2021 [5–10]. It is, however, the effectiveness of the vaccine against SARS-CoV-2 
infection as well as its duration of protection that is of greater concern in postvac-
cination discussions.

The effectiveness of COVID-19 vaccines in reducing the risk of SARS-CoV-2 
infection, hospitalization, and/or death has been studied extensively in the lit-
erature throughout world (see, for example, [11–19] and the references given 
therein). Some of these papers, for example, see [11, 12, 14, 16], aimed to study 
the effectiveness of COVID-19 vaccines by time since vaccination in reducing the 
risk of SARS-CoV-2 infection, hospitalization and/or death. To this end, these 
studies generally use the Cox proportional hazards model [20] to estimate the 
vaccines effectiveness in reducing the risk SARS-CoV-2 infection, hospitaliza-
tion, and/or death, assuming a right-censored survival outcome. In those stud-
ies, the time to SARS-CoV-2 infection was defined as time from vaccination to 
infection, the time to hospitalization is defined as time from infection to hospi-
talization, and time to death is defined as time from infection to death. Unlike 
the events hospitalization and death, the challenge in the standard Cox models 
or survival analyses to estimate the vaccines effectiveness in reducing the risk 
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SARS-CoV-2 infection is that it cannot be used directly in this situation where 
the vaccination times are not definable for the unvaccinated group. In order to 
bypass this problem, the authors measured the time-to-infection from the start of 
the trial or study to SARS-CoV-2 infection in unvaccinated group, which is not 
theoretically justifiable. The simulation study conducted to assess its reliability, 
however, showed that this approach could overestimate or underestimate vaccine 
effectiveness [13].

The other simplest alternative, as in most statistical methods and the associated 
software packages, is the complete-case analysis to eliminate subjects with unde-
fined survival times and then estimate vaccine effectiveness over time. However, 
this is not viable because all subjects in the dataset would be all removed which 
would result that there is no unvaccinated or comparison group, and therefore, this 
complete-case analysis would not provide any estimates of model parameters and 
vaccine effectiveness.

To overcome these limitations, in this paper, motivated by a serological preva-
lence survey (serosurvey) study from the Arizona State University (ASU), we intro-
duce a novel approach to estimate the effect of vaccination over time by taking the 
nonexistent vaccination time for the unvaccinated group into account. Specifically, 
we introduce a parametric Weibull model using the maximum likelihood estima-
tion approach by treating the nonexistent time at vaccination for the unvaccinated 
group as nuisance parameters and estimating the nuisance parameters along with the 
regression parameters associated with the vaccine effectiveness.

The reminder of this article is structured as follows. The next section presents 
motivating dataset from a serological prevalence survey study, used to determine the 
rates of SARS-CoV-2 vaccination and natural infection. Section 3 provides defini-
tions of important notations and details of the methods used in our approach. In 
Sect. 4, we evaluate the finite sample performance of our approach using a simula-
tion study. Section 5 presents the results of the analysis of the motivating dataset 
using the proposed approach. Finally, discussions and concluding remarks are pro-
vided in Sect. 6.

2 � Motivating Dataset: ASU COVID‑19 Serosurvey

This study was motivated by a serosurvey study, a snapshot study performed by Ari-
zona State University (ASU) from September 13th to 17th in 2021. A main goal of 
the study was to determine the rates of SARS-CoV-2 vaccination and natural infec-
tion in ASU community. The study collected data from 767 students and employ-
ees aged  from 18 to 72 years who either received the full dose(s) of FDA EUA-
approved COVID-19 vaccine (Janssen, Moderna, or Pfizer) or were unvaccinated. 
Further details on the design of the study can be found in [21].

Table  1 shows a summary of the vaccination rates and vaccine efficacy based 
on ASU COVID-19 data. In order to compute the 95% confidence intervals (CI) of 
vaccine efficacy, we used the approach proposed by Hightower et al. at [22]. From 
the results, among individuals who received Pfizer, Moderna, and Janssen, respec-
tively, about 10%, 11%, and 14% got infected with COVID-19. However, for the 

71

72

73

74

75

76

77

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113



UNCORRECTED PROOF

Journal : SmallExtended 12561 Article No : 9417 Pages : 19 MS Code : 9417 Dispatch : 8-2-2024

	 Statistics in Biosciences

1 3

unvaccinated group, the infection rate was nearly 51%, which was the highest com-
pared to those who received one of three vaccines. The vaccine efficacy of Pfizer was 
80.45% [95% CI 71.92–86.40%] compared to the unvaccination group. This means 
that the Pfizer vaccinated group experienced 80.45% fewer cases than the unvacci-
nated group. However, this reduction may be due to systematic differences between 
vaccinated and unvaccinated groups which we have not accounted for. With similar 
interpretations, the efficacy of Moderna and Janssen vaccine is about 78% [95% CI 
67–86%] and 73% [95% CI 46–86%], respectively. Overall, the unvaccinated group 
has a higher infection rate than the vaccinated group. Furthermore, among the three 
vaccines, Pfizer has shown better vaccine efficacy than the other two.

Despite the importance of these information, the other outcome of interest that is 
greater or as important as this infection rate is the duration of vaccination protection 
as measured by time-to-infection. The outcome time-to-infection is defined as the 
time from vaccination to the development of SARS-CoV-2 infection confirmed by 
positive diagnostic test result, as subjects were followed from the date of vaccination 
to the occurrence of the event of interest. Subjects who did not develop the event of 
interest by the end of the study period (September 17, 2021) would be considered as 
censored from survival data analysis.

These data pose a unique challenge to analyze as the time of vaccination is not 
defined for the unvaccinated group, which results in unknown survival time, i.e., 
time-to-infection, for this unvaccinated group. To solve this challenge, this paper is 
aimed to introduce a novel approach to analyze this type of data with such a unique 
nature.

3 � Method

3.1 � Notations

Time-to-event analyses often involve right-censored data where, for some of the 
sample subjects, the times to event are observed, while for the others, they are not.

Let T0 , T1 , and T2 be the vaccination, survey, and infection date in calendar year, 
respectively. Let define T = T2 − T0 to be the time-to-infection as time from vac-
cination to getting SARS-CoV-2 infection that confirmed by positive diagnostic test 
result and C = T1 − T0 to be time from vaccination to survey date (or censoring). Let 
Y = min(T , C) be the observed time, Δ = I(T ≤ C) be the censoring indicator, and 

Table 1   Vaccine efficacy of ASU COVID-19 data

Vaccine Number of 
individuals

Number of 
infected

Infection rate Vaccine 
efficacy(%)

95%CI

Unvaccinated 86 44 0.51 – – –
Janssen 57 8 0.14 72.57 46.13 86.03
Moderna 234 26 0.11 78.28 67.04 85.69
Pfizer 390 39 0.10 80.45 71.92 86.40
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X = (X1, X2,… , Xp) be a vector of covariates which include the vaccination treat-
ment indicator on whether an individual/subject is vaccinated or not. Assume that T 
and C are independent conditional on X.

It should be noted that for an unvaccinated subject, T0 is not definable, and there-
fore, ( T1, T2,Δ, X) is the only observed information without observing Y, whereas 
(Y ,Δ, X) is observable for a vaccinated subject. However, Δ is always observable 
for all individuals even for the unvaccinated subjects where T0 is not defined but 
Δ = I(T ≤ C) = I(T2 ≤ T1) . To make this clear, Fig. 1 graphically summarizes the 
vaccination ( T0 ), survey ( T1 ), and infection date ( T2 ) using a hypothetical data with 
four subjects. In this figure, subjects 1 and 2 are vaccinated individuals as a result 
their vaccination date ( T0 ) is known. Correspondingly, the time-to-infection T is 
observed for the subject 1, and censoring C is observed for the subject 2. For both 
subjects 3 and 4, however, their time at vaccination T0 ’s are not defined, and there-
fore, their Y’s are not observable, even their censoring indicator Δ ’s are definable at 
T1.

Let us assume that there are n samples, of which n0 are unvaccinated and n1 are 
vaccinated.

The major challenge of analyzing our motivating SARS-CoV-2 serosurvey study 
was that survival time Y was not observed for unvaccinated individuals, whereas 
event status � was observable for all subjects. For example, please look at a hypo-
thetical dataset of four subjects, as shown in Table 2. corresponding to Fig. 1

In this dataset, TA
0
 , T0 , and T1 were times in calendar year, and � and T were times 

in duration. Our outcome of interest is (Y , �) , where Y is the time from vaccination 

Fig. 1   Plot to illustrate the event time of a hypothetical data with four observation. The square cross indi-
cates the calendar date that the vaccine is available ( TA

0
 ) and the circle and solid circles indicate the sur-

vey (or censoring) ( T
1
 ) and infection ( T

2
 ) calendar dates, respectively. Subjects 1 and 2 are vaccinated 

individuals and 3 and 4 are unvaccinated individuals. The solid square indicates the infection date ( T
0
 ). 

Subjects 1 and 3 experienced the event (infected), while subjects 2 and 4 had not experienced the event 
(censored) at the survey date. From these, due to nonexistence of T

0
 for subjects 3 and 4, � = T

0
− T
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to SARS-CoV-2 infection or censoring (i.e., Y = min(T , C) , where C = T1 − T0 ), 
and � = 1 indicates SARS-CoV-2 infection (or event) and � = 0 indicates no SARS-
CoV-2 infection (or censored). Specifically,

•	 Subject 1 was vaccinated on 7/2/2021 & infected with SARS-CoV-2 on 
9/13/2021, and his (or her) ( � = 9∕13∕2021 − 12∕11∕2020 = 203 days, 
Y = T = 9∕13∕2021 − 7∕2∕2021 = 73 days, � = 1 ) was observed.

•	 Subject 2 was vaccinated on 4/4/2021 & not infected on 9/13/2021, and his 
( � = 114 days, T = C = 162 , � = 0 ) was observed.

•	 Subject 3 was not vaccinated & not infected on 9/13/2021. His both 
� = T0 − 12∕11∕2020 and Y = 9∕13∕2021 − T0 were not observed because T0 
(vaccination date) was not definable. However, his � = 0 was observed because 
he participated in the study and received a COVID-19 diagnostics test.

•	 Subject 4 was not vaccinated & infected on 9/13/2021. Similar to Subject 3, his � 
and Y were missing but � = 1 was observed.

To the best of our knowledge, there was no literature available to evaluate whether 
the vaccine was effective against SARS-CoV-2 infection using the partially observed 
survival outcomes ( Y , � ). Therefore, the main contribution of our paper was to 
provide a novel statistical method to estimate the vaccination effect for the SARS-
CoV-2 seroprevalence or similar studies.

3.2 � Review: The Proportional Hazards Models

In survival data analysis, proportional hazards regression models are commonly 
used for describing the relationship between a survival time T and a vector of covar-
iate X , assuming

where h0(.) is a baseline hazard function, and � is a vector of regression coefficients. 
Using the relation S(t) = exp

{
− ∫ t

0
h(s)ds

}
 , the conditional survival function cor-

responding to the hazard is given by

where S0(t) = exp
{
− ∫ t

0
h0(s)ds

}
 is the baseline survival function. Without speci-

fying the baseline hazard function in Cox regression [20], the partial likelihood 
approach is commonly used to estimate the regression parameters. For the asymp-
totic properties of this estimator, see, for example, [23, 24].

The fully parametric model is an attractive alternative to the Cox partial likeli-
hood approach, and it assumes a particular distributional form for the baseline hazard 
function. In spite of the fact that the Cox model offers more flexibility, the parametric 

(1)h(t|X) = h0(t)exp(X�),

(2)

S(t|X) = exp
{
− ∫

t

0

h(s|X)ds
}
= exp

{
− ∫

t

0

h0(s)exp(X�)ds
}
= S0(t)

exp(X�),
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proportional hazards model will provide greater efficiency and allow extrapolation 
beyond the event time T range. Hence, in these study, we propose to use parametric 
model.

Consider in the classical survival data analysis where T0 is observed for all samples, 
(Yi,Δi, Xi) is observed for i = 1,… , n . In this situation, the general equation for the 
log-likelihood function can be written as

where � is a parameter vector which includes both baseline and regression param-
eters. The first partial derivatives of this log-likelihood function with respect to � is 
termed as the score statistic, denote by U(�) , is mathematically given by

The minus second derivatives of log-likelihood function yield the estimator of vari-
ance–covariance of U(�)

where K is the dimension of � and �k the kth element of � , k = 1, 2,… , K . As a 
result, the parameter vector � can be efficiently estimated by maximizing �(�) or 
often equivalently solving the equation

For large sample, the resulting parameter estimates �̂ are distributed as multivariate 
normal which is written as

For more technical details, reader may refer to [25–28].

3.3 � Proposed Weibull Proportional Hazards Model

Among multiple parametric models, we focus on the Weibull parametric proportional 
hazards regression mode, which assumes

(3)

�(�) =

n∑

i=1

log
{[

h(t|Xi)
]Δi S(t|Xi)

}

=

n∑

i=1

{
Δilog

[
h(t|Xi)

]
+ log

[
S(t|Xi)

]}

(4)U(�) =

n∑

i=1

Ui(�) =

n∑

i=1

�

��
�i(�).

(5)V(�) =

n∑

i=1

Vi(�) =

n∑

i=1

−
[
E
�2
�i(�)

��k�
�

]

K×K
,

(6)U(�) =
�

��
�(�) = 0.

(7)�̂ ∼ N
[
�, V(�)−1

]
.

(8)h(t|X) = �−1�(�−1t)�−1exp(X�),
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where h0(t) = �−1�(�−1t)�−1 is a Weibull baseline hazard function with a shape 
parameter � and a scale parameter � . The Weibull model in (8) has been well stud-
ied in literature, see for example [29, 30], and references therein, but is not directly 
applicable to our setting because survival outcome is not definable for the unvac-
cinated subjects.

For better model description, we denote TA
0
 as the first vaccine approval 

date in calendar year (i.e., December 11, 2020, FDA/EUA approval date for 
Pfizer). In reference to Fig.  1, since T = T2 − T0 = (T2 − TA

0
) − (T0 − TA

0
) , 

and C = T1 − T0 = (T1 − TA
0
) − (T0 − TA

0
) , we reformulate Y as 

min(T , C) = min(T2 − TA
0

, T1 − TA
0
) − (T0 − TA

0
) . Here, T2 − TA

0
 is the time 

from vaccine approval to infection, T1 − TA
0
 is the time from vaccine approval 

to censoring, and T0 − TA
0
 is the time from vaccine approval to vaccination. Let 

Z = min(T2 − TA
0

, T1 − TA
0
) and � = T0 − TA

0
 . The observed data are (Zi − �i,Δi, Xi) 

for the n0 unvaccinated group ( i = 1, 2,… , n0 ), and (Yi,Δi, Xi) for the n1 vaccinated 
group ( i = n0 + 1, n0 + 2,… , n ), where n = n0 + n1 , and Zi is observed for the unvac-
cinated group, while � = (�1, �2,… , �n0

) is not observed and regarded as a nuisance 
parameter. The corresponding log-likelihood function is defined as

Based on this log-likelihood function, we thus propose to maximize �(�, � , �, �) under 
the restrictions of Zj − max(Yn0+1, Yn0+2,… , Yn) < 𝜂j < Zj − min(Yn0+1, Yn0+2,… , Yn) 
for j = 1, 2,… , n0 because T0 is reasonably assumed to be between TA

0
 and 

(9)

�(�, � , �, �) =

n0∑

i=1

{
Δi

[
log� − log� + (� − 1)log(�−1(Zi − �i)) + Xi�

]

−
[
(�−1(Zi − �i))

�exp(Xi�)
]}

+

n∑

i=n0+1

{
Δi

[
log� − log� + (� − 1)log(�−1Yi) + Xi�

]

−
[
(�−1Yi)

�exp(Xi�)
]}

=

n0∑

i=1

{
(Δi = 1)

[
log� − log� + (� − 1)log(�−1(Zi − �i)) + Xi�

]

−
[
(�−1(Zi − �i)

�exp(Xi�)
]}

−

n0∑

i=1

{
(Δi = 0)

[
(�−1(Zi − �i)

�exp(Xi�)
]}

+

n∑

i=n0+1

{
(Δi = 1)

[
log� − log� + (� − 1)log(�−1(T2i − Tv

0i
)) + Xi�

]

−
[
(�−1Yi)

�exp(Xi�)
]}

−

n∑

i=n0+1

{
(Δi = 0)

[
(�−1Yi)

�exp(Xi�)
]}
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min(T2, T1) . We use |optim| function from R software |stats| package [31] to com-
pute (𝜆̂, 𝛾̂ , �̂, �̂) and V̂(𝜆̂, 𝛾̂ , �̂, �̂) , where (𝜆̂, 𝛾̂ , �̂, �̂) is a maximizer of �(�, � , �, �) 
over the upper and bound restrictions, and V̂(𝜆̂, 𝛾̂ , �̂, �̂) is an estimated variance-
covariance matrix of (𝜆̂, 𝛾̂ , �̂, �̂) . The 95% confidence interval of �, � , �, � is com-
puted by (𝜆̂, 𝛾̂ , �̂, �̂) ± 1.96 × diag(V̂(𝜆̂, 𝛾̂ , �̂, �̂)) , where diag(V̂) is an operator that 
converts a matrix V̂  into a vector consisting of the diagonal element of V̂ .

Note that the optim function is a general-purpose optimization function that uses 
the Nelder-Mead, quasi-Newton, and conjugate gradient algorithms. Each of these 
algorithms has its own underlying algorithm, which we have not discussed here 
because it is beyond the scope of this paper. However, for more information about 
each of these algorithms, the reader is referred to [32–34].

We remark that n1 should be sufficiently larger than n0 for reliable estimation. 
Otherwise, (�, � , �, �) may not be identifiable due to excessive p + 2 + n0 number 
of parameters being considered in �(�, � , �, �) , where p is the number of regression 
parameters defined in the proportional hazards, 2 is the extra parameters of � and � 
defined in the Weibull baseline hazard function, and n0 is the number of nuisance 
parameters from the unvaccinated group. In this analysis, we did not encounter such 
identifiability issue in our motivating data that had n1 = 681 and n0 = 86.

In our methodology, we exclusively focused on the commonly used Weibull 
model (which includes the exponential model as a specific instance). Nevertheless, 
it is important to note that our approach is not restricted solely to the Weibull model; 
it can be extended to encompass other parametric distributions, such as the Log-
normal and Log-logistic distributions, for instance.

4 � Simulation Study

To validate our proposed approach, we conduct a simulation study in this section to 
examine the finite sample performance. For this purpose, we generate a total of 1000 
Monte Carlo samples of size n = 500 and 1000 from (8) with known parameter val-
ues and then evaluate the performance of the proposed method in terms of bias, root 
mean square error, and coverage.

4.1 � Data Generation and Evaluation Measures

This data generation process mimics the real-world dataset described in Sect. 2 and 
follows the following steps:

•	 Setting the Pfizer vaccine approval date (i.e., December 11, 2020) as TA
0
 , the 

vaccination time ( T0 ) is defined as the number of days from the Pfizer vaccine 
approval to the date of vaccination, the time is about 25 to 180 days. From this, 
time to vaccination is generated by using |sample| function in |R| for each sub-
ject.

•	 Time-to-infection (T) is defined as the time from date of vaccination vaccinated to 
getting infected with SARS-CoV-2. We generate the time-to-infection using a gen-
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eral method, known as the cumulative hazard inversion method, that was introduced 
in previous studies [35, 36]. This method allows one to simulate event times under 
a proportional hazards data generating model with any parametric formulation for 
the baseline hazard. The cumulative hazard inversion method allows one to easily 
simulate an event time Ti ( i = 1,… , n ) for individual i by drawing a uniform ran-
dom variable Ui ∼ U(0, 1) and evaluating 

 where H−1
0
(.) corresponds to the inverted cumulative baseline hazard. Therefore, 

all that is required to generate simulated event times under the cumulative haz-
ard inversion is an invertible cumulative baseline hazard function and access to 
independent draws of the random uniform variable Ui . Assuming the commonly 
used Weibull distribution with shape parameter � = 2.753 and scale parameter 
� = 195.853 for the baseline hazard, the event time can be generated by 

 where � = (�1, �2, �3) is a vector of regression parameters, and Xi = (X1i, X2i, X3i) 
is a vector of binary variable. Let X ∼ Multinomial(p1, p2, p3, 1 − p1 − p2 − p3) 
with (p1, p2, p3) = (0.507, 0.307, 0.074) , where X1i = 1 indicates that ith subject is 
vaccinated with Pfizer, X2i = 1 indicates Moderna, X3i = 1 indicates Janssen, and 
X4i = 1 indicates unvaccinated.

•	 The censoring time (C) is generated using a Weibull distribution with shape param-
eter � and scale parameter �C , where the value of �C is varied to achieve 70% and 
85% censoring proportions.

To evaluate the performance of the estimator, we consider the following four measures 
defined as the mean absolute error (MAE), standard deviation (SD), root mean square 
error (RMSE), and the coverage probability (CP), which can be computed, respectively, 
as

where � is the true parameter of interest simulated with its corresponding maxi-
mum likelihood estimator 𝜃s from the sth simulation ( s = 1,… , N = 1000 ). I(.) is 

(10)Ti = H−1
0
[−log(Ui)exp(−Xi�)]

(11)Ti = �[−log(Ui)exp(−Xi�)]
1∕�

MAE = N−1

N∑

s=1

|𝜃̂s − 𝜃|,

SD =

√√√√
(N − 1)−1

N∑

s=1

(𝜃̂s −
̄̂
𝜃)2

RMSE =

{
N−1

N∑

s=1

(𝜃̂s − 𝜃)2

}1∕2

,

CP = N−1

N∑

s=1

I(Ls < 𝜃 < Us),
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an indicator function, and Ls and Us , respectively, are the lower and upper limits of 
(1 − �)100% confidence interval of the sth simulated data.

4.2 � Simulation Results

In this section, we present the results of a simulation conducted to investigated finite 
sample performance of the proposed Weibull regression model.

Estimates of the proposed model parameters are obtained using the R |optim| 
function with Nelder-Mead algorithm. The data generation process presented in 
Sect. 4.1 is repeated over N = 1000 samples to compute the performance measures: 
MAE, SD, and RMSE for each parameter estimate with sample sizes n = 500, 1000 
and censoring rates of  70% and 85%. The coverage probability of the model param-
eters was also computed in order to assess the validity of the estimated confidence 
intervals. The simulation results of MAE, SD, RMSE and CP for regression param-
eters with specified censoring rates and sample sizes are presented in Table 3. As 
seen from this table, the result revealed that the proposed method performed very 
well with negligible bias. In line with expectations, the MAE, SD, and RMSE 
decrease as sample size increases and censoring rate decreases. Regarding the 

Table 3   Simulation result for 
assessing the proposed method 
using mean absolute error 
(MAE), standard deviation 
(SD), root means square error 
(RMSE), coverage probability 
(CP) computed for different 
sample sizes (n), and censoring 
rates (%censored)

n Parameter TRUE MAE SD RMSE CP

%censored = 85
 500 �

1
− 1.856 0.050 0.296 0.300 0.945

�
2

− 1.634 0.043 0.319 0.322 0.951
�

3
− 0.938 0.039 0.427 0.429 0.962

� 2.753 0.041 0.253 0.256 0.947
� 195.9 0.395 15.23 15.23 0.950

 1000 �
1

− 1.856 0.017 0.211 0.211 0.954
�

2
− 1.634 0.017 0.225 0.226 0.954

�
3

− 0.938 0.029 0.290 0.291 0.957
� 2.753 0.032 0.174 0.177 0.953
� 195.9 0.188 10.72 10.72 0.947

%censored = 70
 500 �

1
− 1.856 0.035 0.216 0.218 0.952

�
2

− 1.634 0.029 0.227 0.229 0.951
�

3
− 0.938 0.028 0.303 0.305 0.961

� 2.753 0.025 0.177 0.178 0.954
� 195.9 0.765 11.62 11.64 0.946

 1000 �
1

− 1.856 0.016 0.157 0.158 0.950
�

2
− 1.634 0.014 0.166 0.166 0.943

�
3

− 0.938 0.015 0.215 0.215 0.951
� 2.753 0.019 0.122 0.124 0.945
� 195.9 0.432 8.255 8.262 0.948
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confidence intervals, we observed that, globally, the coverage probabilities are close 
to the nominal level of 95%.

Furthermore, we also investigated the quality of vaccine efficacy estimated from 
the proposed method. The vaccine efficacy can be determined by comparing the risk 
of disease among vaccinated and unvaccinated people and calculating the risk reduc-
tion in the vaccinated group relative to the unvaccinated group [37]. Mathematically, 
vaccine efficacy at a given time t is given by

This can be computed using the survival function estimate obtained from the fitted 
Weibull regression model. Table 4 shows the MAE, SD, and RMSE for the vaccine 
effectiveness estimator with time t = 60, 120, 180 days, sample sizes n = 500, 100 
and censoring rates 70% and 85% . These results revealed that the proposed vaccine 
effectiveness estimator performed very well with negligible MAE (0.02) and RMSE 
( < 0.2 ). Furthermore, both bias and mean squared error of the proposed estimator 
decrease with sample size and increase with the censoring rate. From the results, at 
60 days after vaccination, the effectiveness of the Pfizer vaccine is 84.1% which is 

(12)VEt = 1 −
1 − P(T > t|Vaccinated)

1 − P(T > t|Unvaccinated)
.

Table 4   Simulation result to evaluate vaccine effectiveness using mean absolute error (MAE), standard 
deviation (SD), and root means square error (RMSE) computed for different time points (t), sample sizes 
(n) and censoring rates

n t Vaccine TRUE Censoring rate

85% 70%

MAE SD RMSE MAE SD RMSE

500 60 Pfizer 0.841 0.001 0.047 0.047 0.002 0.034 0.034
60 Moderna 0.802 0.001 0.064 0.064 0.001 0.044 0.044
60 Janssen 0.604 0.018 0.168 0.169 0.007 0.119 0.119
120 Pfizer 0.826 0.002 0.048 0.048 0.002 0.035 0.035
120 Moderna 0.784 0.001 0.066 0.065 0.001 0.045 0.045
120 Janssen 0.577 0.016 0.167 0.167 0.006 0.118 0.118
180 Pfizer 0.787 0.002 0.051 0.051 0.002 0.036 0.036
180 Moderna 0.738 0.001 0.068 0.068 0.001 0.047 0.047
180 Janssen 0.513 0.012 0.162 0.163 0.004 0.116 0.116

1000 60 Pfizer 0.841 0.001 0.034 0.034 0.001 0.025 0.025
60 Moderna 0.802 0.001 0.044 0.044 0.000 0.033 0.033
60 Janssen 0.604 0.005 0.115 0.115 0.003 0.086 0.086
120 Pfizer 0.826 0.001 0.035 0.034 0.001 0.026 0.026
120 Moderna 0.784 0.001 0.045 0.045 0.000 0.034 0.034
120 Janssen 0.577 0.003 0.115 0.115 0.002 0.086 0.086
180 Pfizer 0.787 0.001 0.036 0.036 0.001 0.027 0.027
180 Moderna 0.738 0.001 0.048 0.048 0.000 0.035 0.035
180 Janssen 0.513 0.001 0.112 0.112 0.001 0.084 0.084
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higher than both Moderna (80.2%) and Jenssen (60.4) vaccines. The effectiveness of 
the Pfizer, Moderna, and Janssen vaccines subsequently declined to 78.7%, 73.8%, 
and 51.3% after 180 days, respectively. In terms of percentage point decline, Jans-
sen’s vaccine effectiveness is 9.1, which is higher than Pfizer’s (5.4) and Moderna’s 
(1.9).

5 � ASU COVID‑19 Serosurvey Data Analysis

This section demonstrates the proposed method using the ASU COVID-19 serosur-
vey data, as discussed in Sect. 2. In this analysis, a total of 767 study participants 
were included; among them, 390 were vaccinated with Pfizer, 234 with Moderna, 
57 with Janssen, and 86 were unvaccinated. The outcome of interest is the time-
to-infection (in days) which is measured as the time from vaccination to getting 
infected with SARS-CoV-2. This is unknown for the unvaccinated people because 
the vaccination time is not defined for the unvaccinated group. In the data, there 
were 650 patients who remained event-free (censored) at the end of the study period, 
and the rest had the event of interest (infection with SARS-CoV-2). The objective 
here is to investigate whether vaccinated people have longer time-to-infection than 
the unvaccinated people taking the undefined time-to-infection into account. We 
also examine the effectiveness of vaccines in protecting SARS-CoV-2 infection.

Table 5 shows the estimated parameters with corresponding standard errors and 
confidence intervals of the proposed Weibull regression model. From the result, the 
regression coefficient estimates of the Pfizer, Moderna, and Janssen group are sig-
nificant and negative indicating that vaccination has a protective effect against the 
SARS-CoV-2 infection (event of interest). This means those people who received 
the Pfizer, Moderna, and Janssen vaccine have about 84% [Hazard Ratio (HR) = 
0.156; 95% CI 0.110–0.223], 80%[HR = 0.195; 95% CI 0.117–0.326] and 61% [HR 
= 0.391; 95% CI 0.188–0.814], respectively, less likely to get SARS-CoV-2 infec-
tion as compared to those with no vaccination (reference group).

Figure  2 graphically presents the survival function estimates corresponding to 
the proposed approach together with Kaplan–Meier estimates for each vaccinated/
unvaccinated group. As seen from these figures, it is clear that the proposed Weibull 
regression model produced very similar and coinciding fitted survival function as 
the Kaplan–Meier survival curves.

Table 5   The Weibull regression model parameter estimates for the ASU COVID-19 data

Parameter Estimate Std. Err. Z-value p-value 95% CI

�
1
 (Pfizer) − 1.856 0.181 − 10.25 0.000 [− 2.211, − 1.501]

�
2
 (Moderna) − 1.634 0.261 − 6.252 0.000 [− 2.147, − 1.122]

�
3
 (Janssen) − 0.938 0.373 − 2.513 0.012 [− 1.669, − 0.206]

� 2.753 0.347 7.933 0.000 [2.073,   3.433]
� 195.9 2.179 89.90 0.000 [191.6,   200.1]
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The estimated vaccine effectiveness over time is shown in Fig. 3. From this 
figure, it is clear that individuals who received vaccination, in general, take 
longer time to get infected as compared to those who are unvaccinated which 
indicated that vaccination can indeed provide longer duration of protection to 
SARS-CoV-2 infection. Furthermore, as shown in Fig. 3, our proposed method 
shows a gradual decline in the effect of these vaccines to protect SARS-CoV-2 
infection, aligned with previous research [9–11, 16].

The R function that implements the method proposed in this article will be 
publicly available after publication.

Fig. 2   ASU COVID-19 serosurvey data: estimated survival curve for the proposed Weibull regression 
(dashed red line) and the Kaplan–Meier estimator (solid black line): Janssen (top-left), Moderna (top-
right), Pfizer (bottom-left), and unvaccinated (bottom-right)
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6 � Discussions and Conclusion

In this paper, we proposed a novel approach to estimate the treatment effect and vac-
cine effectiveness for right-censored time-to-event data with undefined time origin. 
The method was motivated by the need of estimating the treatment effect on time-to-
infection and estimating vaccine effectiveness in ASU COVID-19 serosurvey data 
that have undefined vaccination time (time origin) for unvaccinated group. To over-
come this problem, we proposed to treat the time at vaccination for the unvaccinated 
group as nuisance parameters and estimate parameters of the regression model along 
with these nuisance parameters, where the vaccination effectiveness is part of the 
regression parameters. In this study, we considered a Weibull regression model and 
the estimates of regression parameters and the nuisance parameters that maximize 
the likelihood function of the model were obtained using the |optim| function in the 
R |stats| package with Nelder-Mead algorithm.

We investigated the performance of the proposed approach, for handling unde-
fined time-to-event in the analysis of right-censored data via a Monte Carlo simula-
tion study and a real-data example based on the ASU COVID-19 serosurvey data. 
The results of simulation study showed that, in general, the proposed approach per-
formed well with negligible bias and small mean squared error. It is also important 
to note that the biases and mean squared errors decrease as sample size increases, 
demonstrating the consistency of the estimators. According to simulation results 
regarding the performance of the confidence interval estimator, coverage probabili-
ties are close to the nominal level of 95 percent, indicating its validity. Regarding 
the vaccines effectiveness estimator, the simulation result showed that the bias, vari-
ability and mean squared error decreases with decrease in sample size and censoring 
rate. Furthermore, the vaccine effectiveness was higher for Pfizer vaccine than both 
Moderna and Janssen vaccines, and their effectiveness decreased over time. The 
result from ASU COVID-19 serosurvey data analysis revealed that vaccinated peo-
ple, in general, have reduced risk of getting infected with SARS-CoV-2 than those 
who are unvaccinated. All the vaccines protective ability decreases over time and the 

Fig. 3   ASU COVID-19 sero-
survey data: estimated vaccine 
effectiveness plot for people 
who vaccinated with Pfizer 
(solid black line), with Moderna 
(dashed red line), and with Jans-
sen (dotted blue line)
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decline rate varies with vaccines. This finding is consistent with the results of the 
simulation study discussed in Sect. 4.2.

In the data analysis section, we used the ASU COVID-19 serosurvey data for the 
purpose of illustrating the applicability of the proposed approach. In these findings, 
however, it is important to note that the ASU COVID-19 survey data are from a 
non-randomized study design, which may result in behavioral and biological differ-
ences between unvaccinated and vaccinated participants. Therefore, the effects of 
COVID-19 vaccines can be confounded by these and other unmeasured confound-
ing factors, so one should be cautious when comparing their effectiveness. However, 
the proposed approach which extended the classical Cox regression for the case of 
undefined initial time in any time-to-event analysis is generally valid.

In this study, we considered a parametric survival regression model with a 
Weibull baseline distribution. However, extending this approach to a semiparametric 
proportional hazards model is an interesting direction for future research. Currently, 
we are working to extend the proposed method to a semiparametric PH model, 
which does not require the baseline hazard function to be specified.

A part of the dataset was publicly available on the data repository of [21], or a 
full dataset will be available with their permission.
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