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Only the form of the overgrowth island needs to be known in
advance, but its dimensions in absolute terms are inserted at a
final calculation stage. The process of assembling a systen

stiffness matrix needs to be carried out only once for a particular

overgrowthe.

This allows a wide range of substrate types to be matched with a

given cvergrowth.

5.3 SYSTEM EQUILIBRIUM EQUATIONS - THE ASSEMBLY OF SYSTEM MATRICES

The equations governing the entire system of elements and therefore
the entire overgrowth are derived by invoking the principle of
virtual work for quantities constructed from the element
definitions. The relationship between these global and element
guantities lead directly to a method of constructing the governing

equations in matrix form from the element matrices. This is usually

termed the assembly stage.

Equilibrium equations for the entire region

By defining shape functions for the entire system of elements from
the element shape functions, the principle of virtual work may be

invoked in the same way and equilibrium relations of the same form

as the element equations derived.

Apply some ordering scheme to all the nodes of the overgrowth so
that the displacements may be expressed in a single column matrix,
[“S] , where the upper-case index S refers to the overall
node-numbering scheme. (The actual numbering scheme used is

summarized in table 5.3 below.)

In terms of all the nodes then, the displacement may be expressed

as (from egn 9, 10 ,11)
a(x,y) = [NS}-[US] (25
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where
Ne(t ) {if X,y lies at ¢,n in an element e and
N = { s N where the node § has number s in the element.
s 0 if point x,y is not within the element.

Applying the definition of strain, the matrix {BS} , is similarly

defined in terms of the element matrix [Bs]e. The principle of
virtual work may then be applied to the entire overgrowth.
Following an analysis formally the same as for the single element

(egns 19, 20), the system equilibrium relation follows as

[kS,S]-(uSJ = J [Bs,]T‘D-[BS] dVolv fugl = [rs,] . (26

Vol

The integral is taken over the entire overgrowth. Here {kS’S] is
the system stiffness matrix. From the relationship between the

element and the system matrices, it may be seen that

L
[kS'S] = } [ks's]e ' (27

and

L
e
[fs] = EIJ’S] ’ (28
e=1
where the nodes § and §' in terms of the overall numbering system,

are the nodes s and s' in the e'th element.

In these last equations, the element matrices are first expanded to
full size by writing their entries into a zero matrix of the same
size as the full system matrix, with the appropriate transformation
from element to system numbering scheme. These matrices may then be
added in true matrix algebraic fashion to obtain the system matrix
(Davies 1980 ch 4.6). Alternatively, the addition may be performed

entry by entry, appropriately renumbered, directly into the larger

matrix.
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The system nodal force matrix is similarly constructed by adding
the nodal force contributions from the distributed forces in each

element. A point force applied at a node is added only once.

These system equations are valid for elements which ensure

displacement continuity (Zienkiewicz 1971) which is satisfied by

the Lagrange elements.

Assembly of the system matrices

The individual element matrices are combined to a single matrix
describing the elastic properties of the overgrowth. This process
of constructing the system matrix from the element matrices is

known as the assembdly stage of the finite element model.

Key to the construction of the system stiffness matrix is an
optimal numbering scheme applicable to the nodes. Only the nodes in
a particular element have non-zero contributions to the system
stiffness matrix, and as a result the system matrix can be
constructed as a band matrix, which saves computer storage and
allows the treatment of relatively large islands. An inefficient
numbering scheme would tend to increase the bandwidth and reduce

the advantages of the formulation.

Global nade numbering scheme

In previous models, the island has been constructed as a
rectangular array of atoms and this arrangement is kept here. As
the nodes of the finite element model do not necessarily coincide
with atoms in the island the discretization of the continuum is
discussed first. The specific atomic positions are relevant only

when the nodal loads are actually calculated.

The island is sectioned into several rectangular finite elements,

each with 3 nodes to a side. This implies that the rectangular
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island must have an odd number of nodes per side. Consider

therefore an island with M columns of nodes repeated parallel to
the b1 direction each with N nodes lying along the b2
direction. Both M and N are odd, and there are fMXN nodes in the

island. Each node has two degrees of freedom, so that the system

matrix is of order (2XMXN ) .

The position of a node lying in the m'th row and a'th column is
conveniently given by a number pair (m,sm). Naturally enough, with
(1,1), the first node, and (M,N), the node at the diagonally
opposite corner of the island, a unigque single number may be

asigned to each node with the formula

Node~-no = § = (m=-1)XN + &~ ,
(while N < M ) . (29

This numbering system is illustrated in figure 5.3. Essentially,
the nodes are numbered along columns in the b2 direction, starting
in the bottom left corner until the upper border is reached, and
then continuing from the bottom edge to the top again. This scheme
is optimal for the rectangular island while the number, N , of

nodes in a column is less than or the same as the number, M, in

each row.

As was mentioned before, it is convenient to alternate degrees of
freedom in the displacement matrix, so that the x-degree of freedom
of node number S is listed at position Sx=28-1, while the

y-degree of freedom is listed at Sy=28.

Assembly of the stiffness and lcad malrices

The system stiffness matrix is constructed from the stiffness
matrix of each of the elements by mapping the element freedom

numbers from each element into the global numbering scheme and

adding the Kz. s entry in the element matrix to the corresponding
i’73 :
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entry Ks S in the system matrix, where in both cases i and j
i"%3
have the values x and y as appropriate.

A systematic method of including all the nodes in this reassignment
can be achieved by renumbering the nodes element-by-element. Every
node with both the column, m, and row, o, positions odd, and not
lying on the upper or right hand borders (so that m<{Ml and a<d<N ),
will have an element with nine nodes associated with it. This node
will be the first vertex node in the element. This is illustrated
in figure 5.3 and in detail in figure 5.4. The mapping from element
node numbering to node coordinate to global node number is given in

Table 5.3, which also shows how the degrees of freedom are

numbered.

Table 5.3 Mapping of node numbers from element to global
number ing schemes.

ELENENT NUMBERING Node GLOGBAL NUMBERING

Node Freedom No |Co- Node No Freedom HNo

o s s s ordinates S S S

X y X y

1 1 2 m,qn (m=1)N+mn 2(m=-1)N+2m-1 2(m-1)N+2n
2 3 4 m,n+l (m=1)N+m+1 2(m-1)N+2m+1 2 (m-1)N+2m+2
3 5 6 m,n+2 (m=1)N+mn+2 2(m-1)N+2mn+3 2(m-1)N+2n+4
4 7 8 m+l,n mN +m 2{mN+n)~1 2(mKN+mv)
5 9 10 m+1,n+1 mN+n+ 1 2(mN+n ) +1 2(mN+m ) +2
6 11 12 m+l,n+2 mN +amv+ 2 2(mN+mn ) +3 2(mN+N ) +4
7 13 14 m+2,80 (m+1)N+n 2(m+1)N+2m-1 2(m+1)N+2mn
8 i5 16 m+2,mn+1 (m+1IN+m+1l 2 (m+1)N+2n+1 2(m+1)N+2m+2
9 17 18 m+2,n+2 (m+1)IN+m+2 2 (m+1)N+2n+3 3 (m+1)N+2n+4

Applying this renumbering scheme element by element, the element
stiffness matrix entries may be added to the appropriate positions
in the initially empty system stiffness matrix. The element nodal

load vectors may be combined to a system load matrix in the same

way .
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The essential properties of symmetry of the element stiffness
matrix are carried through to the system matrix. Also, if the
dimensionless stiffness matrices are used at the assembly stage, a

dimensionless and freely scalable system matrix is constructed.

The system equations for the force balance is then of the same form

as that for the elements, and is

iy : =3

where the nodal displacement and force matrices have been made
dimensionless by the replacement of [us] by bZ[US] and [fs] by

g [FS,] . W is the energy calibration factor of the adatom-~

2
substrate interaction potential already introduced in earlier

models. Now W/b2 has the units of force and [FS,] is

dimensionless.

In the case of the bcec{110} island considered here, the volume of

an overgrowth primitive cell is Q = *teblbz = tebé/JE . The
system equation may therefore be rewritten in terms of the wvan der

Merwe configurational parameter,

i S
e = (1-v)Wr? ’ (31

introduced with the homogeneous strain model (Chapter 4 egn 4.14),
to read

[Bg. g1  [Ug] = [Fgl/(V/2r2er) . (32

This system of non-linear equations is completely dimensionless,
and depends only on the nearest neighbour ratio, the
configurational parameter, and the dimensionless stiffness,
displacement and nodal force matrices. Additionally, the left hand
side depends only on the finite element discretization and
properties of the continuum forming the overgrowth, while the right
hand side depends on the atomic structure of the overgrowth and the

substrate, and contains all overgrowth-substrate interaction terms.

Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2021



207

Figure 5.3 Global node numbering scheme for the example island of

Figure 5.1

(m—1)K +n+2 kN +nt+2 (m+1 )N +nt2
3 6
(ernt2) \\\//2;+L”+2) (m+2,n+2)
(m—1)X +n+1 mN +nt1 (m+1)N+n+1

('m.,w+1) (m+7,w+1) (m+2,w+7)
(m—1 N +n A +n (m+1 N +n

1 4

(m.,w) (m+ 1,9») (m+2,ﬁ)

Figure 5.4 Detail of node numbering schemes for a single element with

the corner node (m,n)
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5.4 THE INSERTION OF BOUNDARY CONDITIONS

The boundary conditions chosen have to serve a two-fold purpose:

Firstly to prevent rigid body motion of the overgrowth in its own
coordinate system, which means that free translation and rotation
of the island must be prevented. If this is not implemented the
matrix [KS,S] ({egn 32) is:singular - its determinant is 2ero and

the matrix not invertible - and the system eguations are not

soluble.

Secondly, to provide physically reasonable restrictions to the

problem in order to facilitate interpretation.

In this case the boundary conditions required for the physical

restrictions are sufficient to satisfy the singularity condition as

well.

As was mentioned in the introduction to the model, the boundary
conditions used are implemented specifically to allow the study of
the effect of lacal strain on the reduction of interfacial misfit
after the island has strained homogeneously - in a variety of fixed
orientations. This is most easily achieved by forcing the
displacement of the edges of the island to correspond to an average
strain which matches the homogeneous strain. Therefore, the

required boundary conditions are of the Dirichlet type.

At the same time, the description must be consistent with a large
island so that interfacial atomic arrangements, such as misfit

dislocations, can be recognized.

By choosing a zero average strain, the misfit will be accommodated
by interfacial misfit dislocations only (Bauer and Van der Merwe
1986). A non-zero average strain can be used to describe both a
mixture of misfit dislocations and misfit strain accommodation, as

well as the case of pure misfit strain.

Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2021



208

Naturally, for purposes of comparison, the island used throughout
this study must be used again, namely a symmetrical island with a
boundary of elastic material. (This island was of course chosen

originally because it is sufficiently easy to implement.)

The fixed average strain boundary conditions

The island is illustrated in figure 4.1 in the discussion on the
homogeneous strain model, and the boundary conditions are

schematically illustrated in figure 5.5,

The x-degrees of freedom of the nodes on the left and right
boundaries are restricted so that the x-displacement of these nodes
corresponds to the reguired homogeneous strain sx and any shear
component ¥ « The y-degrees of freedom of these atoms are,
however, left free. In a similar fashion the y-degrees of freedom
of the upper and lower boundaries are restricted to the required
homogeneous strain Ey and the shear, if any. Both restrictions are
applied to the corner nodes, which also keeps the average shear of
the island the same as the homogeneous shear 1xy'

The form of the island and the type of boundary condition allows
the island to represent an overgrowth material which is not free to
rotate without cost in elastic strain energy - much like an island
in contact with other islands on the substrate. (As different
orientations are examined however, tendencies to rotation are seen
as lowered energy in different orientations). This effect can only
be studied with such a local strain model, as the interior of the
island is allowed to rotate towards the more optimal orientation,

while the boundary is prevented from rotating.

In addition, as the orientation has been defined in terms of the
rotation of the overgrowth island about the central atom of the
island, the central node, which in the implementation will also
coincide with the central atom, is not allowed to displace. This is
not considered a severe restriction, as this atom will usually be

placed in a substrate minimum energy position. For a sufficiently
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large island, such points are either bound to occur anyway, or the
local strain will allow the neighbouring atoms to very nearly take
up their optimal positions with only a relatively small energy
cost. Both the preceding rigid and homogeneous strain models have

explicitly assumed this configuration.

Implementation

The unbounded problem has been given (egn 32) as

[KS'S]'[US] = [Fsl/(ﬁrzez) hd

The Dirichlet boundary conditions may be collectively expressed in

the form
U = a ’ i=1,2 .. N ’ (33

where N_ , is the number of degrees of freedom which are

F
restricted and an is the prescribed displacement of the ith

i
restricted degree of freedom, which has the freedom number ni in
the global numbering scheme. As pointed out during the design of
this numbering scheme, each entry US in the system displacement

matrix [US] is a 2-member column submatrix with entries Us and
x

Usy. These correspond with entries Uzs_1 and U2S in the
unpartitioned 2fiIN-dimensional system displacement matrix. Here

there are MXN nodes in the finite element discretization, with
2XMXN degrees of freedom in total. It is useful to refer to the

table 5.3 in this context.
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Expand the unbounded system equation, as follows

Kll U1 + eee + Kln Un + eee + Kln.Un. 4+ e Fl
1 1 i i
K u + eee +K U + eee + K [4] + eee =gF ’ (32‘
nll 1 nln1 n1 nlni nl nl
F
K U, 4+ «eo + K U + 00 + K U + eee n
n.1 1 n.n, n n,n, n, i
l il 1 i i
* o 9 ® o e * e o * e O e o @ ® o @ L.'.

(/2rz e )‘1.

where @

One may incorporate the prescribed displacements without changing
the number of equations - which is necessary if general eguation
solving technigues are used. This is done by replacing the
appropriate row in the system equation with the freedom-
displacement entry in the correct column and zero's elsewhere. And
further, replace all references to the prescribed freedom and also

the force entry with the prescribed displacement.

Kll U1 + eee *+ Kln a .+ .. + Kln a. + e gFl
1 1 i
0 + eeeo + Un + eee + 0 + oo = an
1 1
0 + eaes + 0 + eee + U + eee an
n, i
l 1
* o O * ® O e o o ® & o e o o * o @ ; L.."

These equations may be brought to their final form by subtracting
all the entries containing the prescribed displacements, i.e. terms

of the same form as Kln an from both sides of the eguation, and
i
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then writing them as a matrix product once more as

Ng
[ [ [
Kll LN 0 LI 0 LI A Ul gFl"‘ Xln_an,
. 1 1
i=1
0 LI 1 LI 0 e e e * Un = an . (34
1 1
6] ceoe 0 s e e 1 e e e 4] a
n n
[o.o e 9 eee o006 ece oo oo% o-%

This matrix equation may be written as
B B
[xsvsl '[US] = [Fsc] ’
or in non-partitioned form,

k2.0 = FP ,

and its solution satisfies the boundary conditions. (The
superscripted "B" indicates matrices for which the boundary
conditions have been implemented. Also the prefactor § has been

included in [FS]B = FB where applicable.)

Clearly, the introduction of Dirichlet boundary conditions in the

form of prescribed displacements for some of the degrees of

freedom, leads to new system stiffness, [RS,S]B = KB, and force,

FB , matrices.

5.5 QUANTITIES DEPENDENT ON ATOMIC STRUCTURE

Interfacial Energies and Forces

Energies of strain and misfit are calculated once the details of
the island atomic structure, the size of the island and the
adatom-substrate interaction potential have been specified. While
the units of length are scaled with b2' the y-dimension of the
overgrowth atomic lattice unit cell, the number of unit cells and

the number of nodes in each direction must be specified. Together
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Corners Corners
N * Free
Free
A
4 4
Fixed ) Fixed
R P Fixed _ .
Centre
v v v
Free
Free e——1+  »
Fixed Fixed
Corners Corners
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Figure 5.5 Boundary conditions.

Outward arrows indicate free movement of the nodes along the boundary.

Inward arrows indicate fixed degree of freedom perpendicular to the
boundary.

Figure 5.6 Position of the atoms in the element
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with the nearest neighbour ratio r = b__/a , b also fixes the
nn’ nn 2

overgrowth and substrate dimensions.

Positions of the atoms

The atoms are positioned in each finite element in such a way that
each atom contributes only once to a particular node. This is
achieved by placing atoms in the interior, bottom and left edges of
an element, but not at the upper and right edges. This is

illustrated in figure 5.6, in which the element numbering scheme

for both atoms and nodes is illustrated.

In the case of interior elements, atoms are placed at all the
positions shown, so that there are B atoms in an interior element.
Because of the boundary treatment used here and in the previous
chapter, left and lower boundary elements are constructed
differently: The atoms 1 and 3 are removed from a left boundary
element, the atoms 1 and 5 are removed from a lower boundary

element, and 1, 3 and 5 are all removed from the element at the

lower left corner.

Bearing the special boundary treatment in mind, the elements are
repeated at every second node from bottom to top and left to right
in the island. For an island discretized with /M X N nodes there

are therefore (M-1)/2 X (N-1)/2 finite elements, which gives a
total of
G =2 X (M-1) X (N-1) - (M + N ) + 3 (36

atoms in the island. With this arrangement, the island is

(m-l)bl X (N-l)b2 in size before strain. Because of computer

limitations, an island of 625 nodes (M = N = 25) and 1105 atoms

is actually used. There are 1250 nodal degrees of freedom, before
boundary conditions are taken into account. (In terms of the rigid

and homogeneous strain models, M=N=11. (Chapter 3 egn 28, Chapter 4

egn 11)
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It remains convenient to choose the origin of the island lattice
coordinates at the central atom of the island, as in earlier
models. The nodes are numbered as described in the global numbering
scheme of Table 5.3, and also have indices m,m giving their row
and column numbers which range from 1 to Ml and 1 to N

respectively. In terms of their indices, node S is at position

s -
Xm,n = bl[m-(m-l)/Z] = bz[m-(m-l)/2]/b21
S
and Ym,n = bz[n-(N-l)/Z] (37
with node number S = (m-1)N+m , and b21 = b2/b1.

Starting with m,a = 1,1 , every node with both m and & odd, but
less than M and N respectively, is at the bottom left corner of an
element. The absolute positions of atoms corresponding to such a

node m,mn are tabulated in Table 5.4.

at at

Table 5.4 Undisplaced Positions X ~, Y of the atoms In
the element wilh corner node m,m .
Ataom No Absalute Atom No Absclute
(element) Position ({element) Position
S S S S
1 Xm,n' Ym,n ' 2 Xm,n+8b1' Ym,n+*b2
S S S S 3
3 Xm,n' Ym,n+b2 4 Xm,n**bl’ Ym,n*ﬁ 2
S S S 3 S
5 Xm, +b1’ Ym,w 6 Xm,n+§b1’ Ym,n+xb2
S S S 3 S 3
7 xm,n+b1’ Ym,n+b2 & Xm,n*ﬁbl’ Ym,n+§b2
x5 = b [m-(M-1)/2] and Y° = b_[m-(N-1)/2]
m,n 1 m,a 2

are the coordinates of the first node of an element with
global node number S

It is possible to construct larger islands, using the same number
of nodes, simply by increasing the number of atoms assigned to each

node, (2 here). For example, with two unit cells assigned to each
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node in each direction, there are 8 atoms per node. This
accompanies a loss of resolution but may be expected to produce a
description still better than a rigid or homogeneous strain model.

The generalization to cope with this increase in number of atoms is

straightforward.

Atom positions after strain

In response to the interaction of the overgrowth atoms with the
substrate, the island undergoes an equilibrium strain as the atoms
displace. The displacement function calculated at the original

atomic sites gives the displacements of the atoms. These new

positions are:
[xat,yat] - [Xat+ux(xat’yat)’Yat+uy(xat'Yat)] , (38

where Xat,Yat is the position of the atom "at" in the unstrained

island.

In terms of the shape functions and the nodal displacements,

xat - Xat + [ Ks(Xat,Yat) '_][.é e (39

is the displaced position of the atom "at", located in the eth

element.

As the vertices of the unit cell coincide with element nodes, the

transformation from atomic lattice to global (or absolute) units is

X = blxb and y = b2yb ’ (40a
with inverse transformation
Xy = x/b1 and yb = y/b2 . {40b

Necessarily, the origin of the absolute coordinate system coincides
with the atomic lattice coordinate system which continues to be

chosen at the central atom of the island.
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The transformation from overgrowth lattice coordinates to substrate
lattice coordinates, as defined in earlier chapters (Chapter 3 egn

3.6), and summarized in the Appendix A (egn A2), is

*a T *pT11% T YpT21%8 * *o
Yo = ¥pF125¢ * ¥pF22%p * Yo - (41a

The transformation parameters have been defined previously. With
these transformations, any position in the overgrowth may be
expressed in either global or lattice coordinates, and transformed

to an equivalent position in terms of the substrate lattice.

For the becc{110} overgrowth and fcc{l1l1l} substrate system
considered here, the transformation parameters are given fully in

Table 3.4 of the discussion of the rigid model in chapter 3 and may

be summarized as:

21
xo,yo = 33 ¢ b2 = 2bnn/J§ = bl//E ; ul = 02 = unn (41b
rll = hl/u1 = JB8/3r = r12 ; r21 = b2/u1 = 2r//3 = r22
cp = 2cos(30-8) /Y3 ; sp = 2sing /3
Spp = 2sin(30-8)/V/3 ; Cop = 2 coS8 V3.

The orientation angle, &, 1is the angle between bl and ul -

Misfit energy

The adatom-substrate potential formulation used in the rigid and

homogeneous strain models is retained here. This potential is given

as the Fourier expression:

iq'ru
V(ru) = z V e - (42
iq}

The set, igq} comprises all reciprocal lattice translation vectors
of the substrate lattice, while H normalizes the potential, and

W 1is an energy calibration factor.

As described in Chapter 2, this general expression is simplified by

the introduction of symmetry conditions, and truncated to a finite
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series which sufficiently reproduces the required properties of the
surface. Again, as in Chapter 4 with the homogeneous strain model,
row-matching configurations of the bcc{110} overgrowth with

first-order terms of the fcc{l11} substrate only are studied. The

potential series becomes: (Chapter 2 egns 2.51)

\
we H{(AOO + ABOO) + Alo[c052n % + cos2n(y-X) + cos2m y] +

+ ABlO[sinzn X + sin2n(y-x) - sin2n y]} } ,

ol

3 9 -1 9
, A = 5 » B = - , and H = §(l+g).

with A5 =1, B4 = 00 00 = 7

(43
A is the stacking fault parameter used earlier (Chapter 2 egn 2.7

and section 2.3) and is again chosen as A = % . Several values of
W are used in keeping with a suitable choice of <&-values,

specifically, systems with W = 0.4 eV, 0.9 eV, 1.5 eV ,3.0 eV and

6.0 eV were studied.

In order to calculate the misfit energy remaining after strain,
this interaction potential is summed for all the overgrowth atoms,
as displaced, expressed in terms of the substrate lattice
coordinates. Hence the misfit energy per atom, between the strained

overgrowth and the rigid substrate is:
G

W at at
£ = g § V(x0 'Y /W . (44

m
at=1

Interfacial Forces

The force experienced by each interfacial atom is determined from
the gradient of the adatom-substrate potential as seen in the

absolute coordinates. These forces which act as point forces at the

atom positions, are combined to form a body force field p(Xat,Yat)
acting on the overgrowth island. From this field, the eguivalent

nodal loads are calculated and inserted into the eguilibrium

equations.
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The force field which arises from these point forces may be

represented as the delta-function distribution

G
P(x,y) = } 5 (x* -x)6 (Y -y) [-V _[x+u (x,y),y+u (x,y)1] , (45

at=1
-v y[X+ux(x,y),y+uy(x,y)]

14

where the derivatives of the potential are taken with respect to
the global coordinate system, and u and uy are the displacement

components of the point x,y in the unstrained element.

The eguivalent nodal loads are calculated from the principle of
virtual work as invoked earlier, so that within the e'th element

the contribution of the force field to the node "s" is

e T at _at T
Fs = J ﬁs 'p dﬂe = 2 Kéx LY ) -V’x . (46
Qe atoms -V
in e (Y1 at _at
X,y

This means that while the interaction forces change, the shape

function expressions Hs(Xat,Yat) are pre-calculated as weight

factors.

The forces are derived from the potential by partialrdifferentia-
tion in the global coordinates. Several transformations must be
included, as the potential is most simply expressed in terms of the

substrate coordinates. The Jacobians of the transformations are

given as (from egn 40)

= ] = =
Iy g = {axb 3y i/b, © % b,, 0] » (47a
ax dx 0 1/b2 2|0 1
axb ayb
y dy
| ]
h = h_/h
with boy ._2/.1 and (from egn 41)
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Ja,b = [axa ay, ] = {rllce r,,5g ] . (47b

b b 2158 T228
Bxa aya
ayb Byb
Here Jb g is the Jacobian of the transformation from global to
I4
lattice overgrowth coordinates, while J relates the overgrowth

a,b
lattice and substrate lattice coordinates. Hence

-V'x = Jb,g.Jo,b. -2 V(xa,yu) * (47¢c
axu

Yy o
Byu

The overall substrate coordinates to global overgrowth coordinate

transformation therefore has the Jacobian matrix

Ja,9 = Ib,q%a,p © %— T11%P21 T125¢P21]° (474

21t21%p8 r22%8

Explicitly, the only gquantity carrying a dimension, and dependent
on absolute size is the inverse length 1/b2. This is the only
scaling parameter, and hence b2Ja g is dimensionless.

r
The element nodal load matrix, obtained by combining the force

contributions of all the atoms in the element to each of the nodes

in a single column matrix [fs]e can be calculated once the
substrate-adatom interaction potential has been explicitly

differentiated with respect to the substrate lattice coordinates,

i.€e

[(F_1° = [ } N (x2,v3%) .0 -y
S a,g Ixa

?§°25 -v (At at
t ,YO a "Ya

oW [ T ,at at Celro

= 5 } N (X775, Y7 7)) ibd ] {w[ v’xu }
gtoms -V xat at
in e ryo a ’YO

W e
= —5; (F_1 . (48
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e . . . , .
where [Fs] is a column matrix of dimensionless force terms, since

the potential terms, V/W are dimensionless.

Just as the element stiffness matrices have to be combined into a
single overall (system) matrix, so the element nodal load matrices

are assembled into a system nodal load matrix.

Explicil Potential gradient terms

Differentiation of the adatom-substrate potential in terms of the
substrate lattice coordinates xo,ya is straightforward and yields

the expressions: (See Chapter 2 egn 2.52)

’xa = 2nH{—A10[sin2nx - sin2a(y-x)] + ABlo[cos2nx - cos2n(y-x)]}

’yu ZHH{—Alo[sin2n(y-x) + sin2ny] + ABlo{c052n(y-x) - cosZny]}
(48
with the same sine and cosine terms as in the original energy

expression but with reversed réles.

The calculation of the trigonometric functions is a relatively slow
process in a digital computer. This re-use of the function values
(when, as usual, both forces and energies are required) and the
corresponding saving of computer time is the major reason why this
sine formulation for the stacking fault terms is preferred to the
displaced potential formulation which contains only cosine terms in

the energy, and only sine terms in the forces. Both approaches are

described in Chapter 2.

Elastic strain energy

The elastic strain energy density is (compare egn 18)

w = % GT-E = N ET'D°€ , (50
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since DT = D. Expressed in terms of the nodal values for a

particular element e this becomes,

e
e T
W = %{i[BS.]-[us 1} -D'[Bs]-[us]} . (51
Integrating over the volume of the element, and summing over the L
elements which make up the entire system and dividing by the number

of atoms, G, yields the strain energy per atom as

1 S s'.T s €
Sel = -ﬁz {[u ] -[ks.s]'[u ]} ’ (52
e=1

e

in terms of the element stiffness matrix [ks,s] « Calculated from

the dimensionless system matrices the elastic strain energy per

atom is:
I S S T, .
€e1 = 726 (1-vyteP2 [Ug 1 - [Eg. g1 [Ug])
W e2r? (53

T
=7'2_ G [US'J .[KS'S].[US] ’
where, in the second eguation, the volume per interfacial atom for

the bcc{110} overgrowth has been included, and the energy

expressed in terms of the configurational parameters.

5.6 SOLUTION OF THE EQUILIBRIUM EQUATIONS

The system equilibrium equations are solved numerically using an

iteration procedure.

Firstly, the element stiffness matrices are set up and assembled to
form the system stiffness matrices, in dimensionless form. Two
matrices are produced, one with boundary conditions implemented,
and one without. (The first is required in the solution of the

equations and the second is used to calculate the strain energy.)
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Then, the bounded stiffness matrix is decomposed into upper and

lower triangular matrices and because the matrix is symmetric, only

the lower triangular matrix is stored, and inverted.

The unbounded and inverted matrices are kept for the solution

stages.

Once the particular epitaxial system has been chosen and all
parameters specified, initial displacements are calculated, from an
average strain consideration, either zero strain, or strain
corresponding to the homogeneous strain model. The former
corresponds to a model in which misfit accommodation is by local
strain only - viz. misfit dislocations. The second type allows a

mixture of misfit strain and misfit dislocations, as well as cases

of pure misfit strain.

From these displacements, the atomic positions and hence the force

matrix, with boundary conditions implemented, are calculated.
The equations are then solved for the nodal displacements.

From these displacements, the new positions of the atoms in the
substrate coordinate system are calculated, and a new force matrix
is constructed. Solution of the governing equations for the new

forces leads to new displacements, and so on.

The solution is considered complete, once the changes in total

interfacial energy calculated for successive steps has converged to

a small enough value.

Because the forces change with displacement, frequently decreasing
in fact, the displacements arising from a solution of linear
equations at each step are generally too large, and simply
iterating as outlined may cause overcorrection at some stage and
result in oscillations. The solution technigque includes several
mechanisms to prevent oscillation and ensure a homogeneous approach

to the final solution. These are technical matters described in the

Appendix B.
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5.7 PREDICTION OF MISFIT DISLOCATION STRUCTURES FROM THE RECIPROCAL

LATTICE

Dislocation structures which arise from misfit occurring with or
without the existence of misfit strain can also be predicted from
the reciprocal lattice. Both in the presence or absence of
homogeneous strain, misfit dislocations will be introduced whenever
reciprocal lattice vectors in the overgrowth and substrate
reciprocal lattices are close, but do not coincide. The more the
reciprocal lattice vectors are separated, the closer the
dislocations line becomes, and the reduced relaxation leads to a

Misfit Vernier, rather than dislocations.

As originally suggested by Frank (1850), the misfit dislocations
arise from elastic relaxation about points of lattice coincidence,
referred to as Minimum Strain points. This concept has been
extended by Bollmann (1970) to the general O-lattice, which allows
coincidence points at non-lattice positions, or even coincidence
lines or planes. The lattice coincidence occurs when the lattice
spacings of overgrowth and substrate are rationally related, while
Bollmann's O-lattice applies to the general, non-rational case.
Naturally in the presence of misfit sitrain, these coincidence
structures apply to the strained lattices. Relaxation occurs about
the coincidence lattice arising from the misfit between the
strained islands, as long as sufficient energy is available from
the interaction between the two crystals to maintain the misfit

strain. This is naturally an energy balance problem.

In the reciprocal lattice, structures which arise from the misfit
of two lattices can be inferred directly. Whereas both Frank and
Bollmann's approaches rely on the direct space, with all the atoms
treated simultanecusly, the reciprocal space is a map of the
periadicities and their mismatch. An entire family of atomic rows
(in two dimensions) is represented by a point in reciprocal space,

as are planes of atoms in three dimensions. The coincidences of
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these lines or planes likewise reduce to vector pairs when mapped

in the reciprocal space.

Foermulation of Misfit

Consider figure 5.7 ¢. Shown are the origins of the reciprocal
spaces of the overgrowth and substrate, superimposed and in
coincidence. Two vectors are shown, q in the overgrowth reciprocal
lattice, and qu in the substrate. With these vectors as shown, the
two lattices do not match, and therefore the lattice rows

perpendicular to each wave vector, with the spacing given by

(Chapter 3 egn 3.33)

2n 2n
A, = and A= ’ (54

B q, |
qb a

are in misfit.

The (absolute) misorientation between these lattice rows is given

by the angle &, which is obtainable from the scalar product as
q_-q
cos § = —3 B (55
a |l |
The sense is obtainable from the cross product of these vectors.

(Refer to Chapter 3 egn 3.39.)

Parallel Orientation

In parallel orientation, (8 = 0), shown for example in figure 5.7
a, the misfit has conventionally been defined in any of three ways,

either as (Chapter 3 egn 3.38, also Chapter 1 section 1.5)

e -l . .M or as £ = Ab~a (56
=z —_—, = T ’ =
ba Aa ba Ab ba x(AQ+Ab) a-c

The first definition, introduced by Frank and Van der Merwe (1949),
is conventionally used in the case of small misfit between a

deformable monolayer overgrowth and rigid substrate.
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Misfit Dislocations in Reciprocal Space

a) Edge b) Screw c) Mixed

Qo

1(qq+qp)=q,

Figure 5,7 Misfit dislocations in reciprocal space.

Solid circles : overgrowth points
Open circles : substrate points
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The second definition, used freguently by Matthews (see 1875, 1979)

is convenient when both misfit strain and dislocations are present,

again usually with a rigid substrate.

The third definition on the other hand, is usually applied to the
more general case of equally thick overgrowth and substrate, where
both overgrowth and substrate are assumed to be elastically

deformable (Van der Merwe 1850, 1863, 1964, Van der Merwe e.a.
1975).

Each of the definitions in turn is associated with a natural choice
of Burgers vector. In the first definition, the Burgers vector of
the misfit dislocation is referred to the rigid substrate spacing,
and will have a length Au and a direction parallel to the
propagation vector of the lattice rows, qa.

Likewise, in the second definition, the length of the Burgers

vector is Ab' (as strained in the case of misfit strain), in the

overgrowth, parallel to the propagation vector qb.

The third definition on the other hand relates the Burgers vector

to a reference lattice with spacing
22 _A

1 1 -1 _ a b
Ny = IM(F 43 )1 = S (57
a b a b

the harmonic mean of the contributing spacings, or one-dimensional

lattice parameters. The wave vector of the harmonic mean has the

average of the wave vectors, namely

2m o 2m, 23, (58
A A A
r b

The vernier period of registry, the dislocation spacing, is then

given by
PAO=(P+1)Ab=(P+3)Ar ’ (59
for Ab < Au' where P is an integer if the ratio of spacings Ac/kb
is rational. The misfit definition is obtained from the identity
A A, =2
r b 'a
-— = —— = f . (60
PAO 8(AG+Ab) ab
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The Burgers vector is the length of the harmonic mean, and is
parallel to the mean propagation vector

q,. = %(g +qp ). (61
To add to the possibilities, the gquantity (Ab-la)/lr may also have

its uses as a measure of misfit.

Hisfit defined in terms of the Reciprocal Lattice

The misfit accomodation, as such, is completely specified by the
combination of reciprocal space vectors as presented in figure 5.7,
or alternatively by the dislocation spacing (and direction), the
Burgers vector, and the respective lattice parameters (and
directions). As indicated below, the description of the Burgers
vector in the general case of a twist-misfit boundary is most
conveniently described in terms of the harmonic mean reference
lattice, as was done by Jesser and Kuhlmann-Wilsdorf (1967hk),
although defined in the direct lattice by these authors. However,
any of the measures of misfit are useful, as any one may be derived

from any other, as long as the directions and lattice paraﬁeters

are known.

While the above definitions are all useful for one-dimensional
misfits, a single definition of misfit in a general case of
differing structures is more difficult, as both spatial and angular
misfits need to be defined. (See for example Van der Merwe 1880,
Stoop e.a. 1982.) Clearly a general definition is obtained when

both the misorientation, a measure of misfit, and the directions

which do not match are given.

As the preceding discussion has been formulated in terms of the
harmonic mean, or mean of the propagation vectors of the atomic

rows, the extension to a general case is almost natural.
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Beat Propagation vector

Referring to figure 5.7 once again, the misorientation between
overgrowth and substrate in the reciprocal lattice directions q,
and qb pertinent to the substrate and overgrowth respectively, is

clearly the angle 8. The absolute (reciprocal) misfit vector may be

defined as the vector

bq = q -q, (62

from which the beat wavelength, which expresses this difference,

may be calculated as

2n 2n 2n
A = = =
D . % _ . - %
|6q | (6q-56q) [(ag-q_ ) (qy-q,)]
2n 1
= % 1 1 2 %
(g? +q? -2q, 'q_) (32 * F2= 3 3 C0s 8)
b “a b "o Rc Ab Aalb
AR
- ab s - (63
2 2 -
(Ab + Ac 2Ankbcos )

These beats will be observed from vertically above in direct-space
as straight-line Moiré fringes spaced with AD and perpendicular to

the direction 6q . (See for example Bollmann 1970 ch 5, or Jesser

1973)

The Reference Latllice

The reciprocal lattice vectors q, and q, each define one-
dimensional lattices with primitive direct lattice vectors Vu and

Vb respectively. Each vector has a length given by the wavelength

of q_ and g, respectively, and points in the same directions. Thus
a b

v, = A 4,/la,| and ¥ = Anap/lag] - (64

The accommodation of misfit is expressed in terms of a reference
lattice defined as the harmonic mean of the lattice spacings in the
directions of q, and a9, - as {egn 61)

q,. = %(q +q,) - (61
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This direction divides the misorientation angle & into two angles.
Both are equal to /2 for a pure twist boundary, (figure 5.7 b),

but are non-egqual in general, as shown in figure 5.7 c.

Nisfit Dislocation Lines

In terms of misfit dislocation theory, the spacing AD is in fact
the spacing of misfit dislocation lines, with propagation direction
given by the vector B86q , which is the wave vector of the plane

waves which coincide with the dislocation lines.

In analogy with the identification between Miller indices of
lattice planes and the reciprocal lattice translation vectors,
(Ashcroft e.a. 1975, ch 5) the interceplts of the dislocation lines
are integer multiples of the reciprocals of the components of the
vector 6q in the crystal coordinates. When 86q is expressed in
substrate reciprocal lattice coordinates ‘as [8q1,5q2]° , the
dislocation lines occur at intercepts

(n/6q1)n1 and (n/6q2)u2 (66a

respectively, where n is a positive or negative integer.
Similarly, in the overgrowth lattice, with overgrowth reciprocal
lattice coordinates [5q1,5q2]b , the lines intercept at

(n/8q1)h1 and (n/5q2)b2 (66b
along the bl and b2 direct lattice basis directions. If the first
dislocation line is displaced from the origin, naturally this

displacement must be added to the intercepts.

The Line sense

The sense of the dislocation line is given by a vector lying in the
line, perpendicular to the propagation vector. The direct lattice
vector,

[6a, -Sqll (67
is such a vector, as is simple to confirm. (Compare Chapter 3 egn

35.) This vector is a suitable sense vector.
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Burgers vectors

The Burgers vector of the dislocation array follows from the

harmonic mean, (Van der Merwe 1950, 1963, Jesser e.a. 1967 &,

Jesser 1973), (egn B57) as

2n gq
B, = —.—L (68
M
la_|la_|

(The magnitude of ]qr] is repeated to emphasize the fact that the
magnitude of the Burgers vector follows from the first, while the
second is used to generate a unit vector from qr.) The misfit

dislocation arrays are (figure 5.7 b)

pure screw when
lag| = lag| 2 a_l6q (69a
and (figure 5.7 a)
pure edge when
qaiiqb 2 quBq . (68b
All other angular orientations provide misfit dislocations of mixed

character. (figure 5.7 c¢)

The possible alternative choices of Burgers vectors, as substrate
vectors of length Aq parallel to q, or overgrowth vector with
length Ab parallel to qb do not have this simple relationship
between screw and edge character, and both necessitate a partial
pre-rotation of the Burgers vector, as is done by Bollmann (1970 ch
12, pp 148-154), (see also later), but in direct space. Naturally a
mixed approach, in which the Burgers vector is described in either
of the alternative ways, but the edge or screw character is
determinéd from the harmonic mean qr is guite useful, particularly
for small misorientations where Frank's formula (the direct space
formulation of the closure failure, see for example Jesser 1973,

Bollmann 1970, Amelinckx, 1979 pd420) is convenient.

Twist interfaces rotated through small angles will have only arrays
of pure screw dislocations in the interface. Pure misfit interfaces
have only misfit dislocations as there is no orientational misfit.

These pure cases obviously occur when overgrowth and substrate

share the same symmetry.
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For general systems, among them twist-misfil boundaries or the
interface between systems with different structures, orientations
and lattice parameters, the general mixed interfacial dislocation
arrays may be expected, as well as screw or edge dislocations for
some special epitaxial orientations. This will be illustrated by

the systems studied here, namely the bcc{l110}/fcc{l111l} interface.

Comparison with Previcusly known definiticns.

General Two-Dimensional Interface

Bollman{(19870) (refer to Chapter 1 section 1.3) has studied the
general interface problem in direct space, and has specifically
used the set of all substrate lattice translation vectors (which he
called b-space), as the possible Burgers vectors. This is
equivalent to the special definition of the misfit in terms of the
rigid substrate systems only. From the above discussion, the
descriptions are compatible only at small misorientations, when the
vector q_ = q_ , from which Burgers vectors are obtained from the
lattice spacing in the direction of qa. Alternatively, the screw or
edge character must be determined independently by calculating the
Burgers vector components by applying a rotation matrix
compensating for the realignment during the attainment of matching,

so that the Burgers vector components are given as

B,] = (1-8"Y7.% = [1-cos® -sing8 |- x,] . (70
82 sin & l-cos & X2

where I is the unit matrix and A is the matrix with which the
overgrowth can be generated from the substrate, (rotation only in
this special but illustrative case). Here X1 and X2 are components
of a vector in the overgrowth direct lattice which is brought to
coincidence with the substrate direct lattice vector with
components B1 and 82 both expressed in an appropriate cartesian
coordinate system. This form of the formula is applicable to a pure

twist boundary, but illustrates the complication.
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This is also compatible with the definition of misfit in this case

as (egn 56a)

in a coinciding overgrowth and substrate (pure misfit) direction.

Twist-Nisfit Interface

Jesser and Kuhlmann-Wilsdorf (1967b) have discussed the geometry of
the general twist-misfit interface, and gave a direct-space
treatment of this interface which is the equivalent of the
reciprocal space treatment given here. The geometry in direct space
is however extremely difficult to manipulate for all but the
special cases discussed by them, where one of the directions of
match coincides with a primitive (or in fact cubic) lattice
direction. For this case they define the reference lattice spacing

with associated Burgers vector magnitude

2ab )
By = a+b * (71

following Van der Merwe (1950, 1963, 1964) and Jesser and Kuhlmann-
Wilsdorf Y11967a). That this Burgers vector in fact coincides with

the definition given here can be demonstrated:

Suppose that there is no misorientation between the directions q,

and q - i.e. qaﬂqﬁ. Then the magnitude of . is
A_+A
a

1 1 b
a. = la | = |Mtag+qy)| = 2a%(3 +3 ) = 2n—5—— . (72
a b ab
The magnitude of the Burgers vector is then
2n 22 _A
a b
By = TOA_+Ag O (73
la, | a b

This is exactly the same expression as the special one above (egn

68), when the simple cubic, or closest packed directions are in

misfit, and A = a and A = b.
a b
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The spacing of the misfit dislocations is given by Jesser and

Kuhlmann-Wilsdorf (1867%) as

’

Aakb
(A2 + Az cos @)%

b ZAQAb
which is the wavelength AD of the absolute misfit vector 6q (egn
63). In the special cases treated by Jesser and Kuhlmann-Wilsdorf
in which two perpendicular arrays of screw or edge misfit
dislocations occurred, it was true that one set of dislocation
lines is perpendicular to the direct space closure failure (vb-va),
of equivalent vectors, when one was a cubic direction. However this
is not general, as follows from the propagation direction 6q, and

the discussion by Jesser (1973).

Jesser (1973) has realized the advantage of describing the Moiré
patterns achieved in misfitting systems in reciprocal space, and in
fact has identified these with possible dislocation arrays (Jesser
p71), while Bolilmann(1970) has identified them with dislocations
directly, subject to a suitable choice of the transformation matrix
AA. Analyzed in direct space however, the unigueness of the
accommodation of misfit resulting from nearby overgrowth and
substrate reciprocal lattice points was not previously possible. In
fact the development given in Chapter 3 of the Van der Merwe-Reiss
rigid model, together with the work of Fletcher and co-workers
(Fletcher e.a. 1975) and Novaco and McTague (1877) have provided

the energetic basis for this identification in reciprocal space.

All the dislocation arrays predicted in this fashion may be
expected to occur whenever it is energetically favourable for the
lattices to relax elastically. Where relaxation is insignificant,
as in the case of very large misfits where the ‘'dislocation’
spacing is of the order of a single lattice spacing, the misfit
accommodation will occur as a Misfilt Vernier, again with the same
parameters as defined for the dislocation arrays. Clearly nearby
wave vectors of very high but different order, will give rise to

the Coincidence Dislocation arrays described by Matthews (1975).
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Thick systems and the discussion of stepped and general grain
boundaries require a consideration of the full three-dimensional
structure of the reciprocal lattices, instead of just the two-
dimensional section applicable for thin films. It may be expected
that Burgers vectors (see Matthews 1875 and references therein) not

in the interfacial plane can then be derived from the reciprocal

space.

5.8 RESULTS

Several systems with bcc{110} islands on fcci{l111l} substrates
characterized by interfacial potential amplitude W which ranged
from 0.1 eV to 6eV were studied. The systems with the nearest
neighbour ratios ranging in 10 nearly egual steps from 0.9 to 1.08
in the two orientation angles coinciding with the ideal Nishiyama-
Wassermann and Kurdjumov-Sachs configurations were examined. All
these cases were treated with the elastic constants of Table 4.2 in

Chapter 4, for the anisotropy ratios %, 1 and 5.

The systems were first allowed to reduce their misfit energy by
homogeneous strain alone, as described in Chapter 4. The energy
reduction was calculated by direct numerical minimization of the
total interfacial energy subject to the homogeneous strains £y v sy
and tx without allowing rigid body rotation as a whecle. This means
that the strains recorded in Chapter 4, Table 4.4 were used as the

misfit strain energetically favoured by the overgrowths.

The finite element formulation was then applied and the island was
allowed a further reduction in interfacial energy by the local
relaxation of the overgrowth. Because of the periodic distribution
of "Minimum Strain" or O-Lattice points the local strain fields may
be expected to be repeated periodically in an infinite monolayer,
but this periodicity will be to some extent obscured by the finite
island. The island is finite of necessity in the formulation used
here as the positional coordinates of each node are free, subject

to0 necessary boundary conditions. Other methods such as Boundary
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element techniques with periodic boundary conditions could possibly

allow the numerical description of infinite systems.

The islands in every case were discretized into 25x25 Finite
element nodes, with finite elements of the biguadratic Lagrange
type described in this Chapter. With the interpolation scheme and
boundary conditions described here, this meant 1105 atoms in the
island, with initially 1250 degrees of freedom, before the

inclusion of the boundary conditions.
As before the substrate is assumed rigid.

The results are presented in two wayse.

Firstly the energy behaviour is shown in figures 5.8, 9 and 10, for
the various anisotropy ratios. The reduction of total interfacial

energy with relaxation is evident in the diagrams.

Secondly the interfacial structure after relaxation is shown
directly in figure 5.11 as the atom positions are plotted. Four
different symbols are used to describe the relationship of the
substrate to the overgrowth:
up trianglies indicate atoms in the minimum potential energy
position of the substrate, while
down triangles (although not appearing in in these diagrams)
indicate atoms in the secondary, stacking fault position. With
the stacking fault parameter A = 0.5, these are rare for
strong adatom-substrate bonding as determined by W.
Maximum potential energy positions are indicated with a solid
circle, and
intermediate positions with small dals.
(Necessarily a tolerance was included in the allocation of the
symbols, and atoms needed to be located within 1/6 diagonal

distance from the maximum or minimum, otherwise they were assumed

at a saddle point.)
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This representation has much in common to that of Snyman and Snyman
(1981) who studied the interface between two hexagonal nets,
fcc{i1il} overgrowth and substrate, using finite difference methods,

although they used circles only.

Reciprocal lattice predictions are summarized in Table 5.5 for the
systems with interesting (non-pseudomorphic or 2DC) interfacial
structures. These correspond particularly to W = 0.4eV, and the
misfit strains are those which were summarized in Table 4.4 of the

homogeneous strain numerical minimization of Chapter 4.

Table 5.5 lists the wave vectors, each representing a family of
atomic rows, which are misoriented or have different spacings, but
are close enough to form misfit dislocations, rather than a misfit
vernier. (The spacing is more than just one or two wavelengths.)
Also only the lowest order wave vectors are considered in this
fashion, primarily because the only substrate potential terms

included in the interfacial interaction were of low order.

Interestingly, the case r=rKs and 9=3O°=8Nw , A=b5, in fact matches
in a high order mode in the Nishiyama-Wassermann angle, as can be
seen in the reciprocal space maps of fig 5.12. This system's
interfacial structure is particularly rich, and difficult to

interpret without the reciprocal space description.

The dislocation lines are described in several ways, but primarily
in the (strained) overgrowth crystal coordinates, as this is
suitable for interpretation of the interface maps. The spacing is
expressed as a multiple of the nearest neighbour distance (as
strained), which can be scaled to the interface maps as 1/48 of the
entire diagonal. The lines themselves are given by their
intersections 1/6q1 and 1/5q2 (egn 66) in terms of the crystal
coordinates b1 and b2 respectively. Rlso listed are the components
of a vector oriented parallel to the dislocation lines. Forms of
representation not listed can be calculated from the
transformations of Appendix A, (Al1,A2) after first calculating the
strained unit cell parameters, as described in Chapter ¢ and also

listed in the Appendix A (A22-23).
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The Burgers vectors associated with the misfit dislocations are
also listed. These Burgers vectors are the substrate vectors, and
not the reference lattice vectors, as these are suitable for
systems with a rigid substrate and small misfits or small
misorientations, the cases considered here. The error is small for
small angles, as attested to by the success of Frank's formula,

which itself does not differentiate between the Burgers vector

choices.

The agreement between the predictions of the reciprocal lattice
deliberations is excellent, as may be seen by comparing the
reciprocal lattice plots of figure 5.12 with the interfacial maps
cf figure 5.11. Careful examination of the figure 5.11 from rather
obligque angles (Directions are indicated in some of the
representative diagrams) shows the interfacial screw arrays in the
systems such as r=rxs, 8=8Nw' A=1 or 5. The variation between up-
triangles and dots seen from above indicate the edge arrays, in
systems such as the r=er, 0=9Nw cases. Systems with intersecting
screw and edge dislocation arrays of low order show interactions
resulting in extended dislocation nodes which appear as groupings
of solid circles or dots. These are particularly noticeable in the
e=8 case, which is rich on misfit verniers, and therefore

T=INw * KS
little relaxation to reduce the size of the bad fit regions occurs.
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COMPARISON OF ENERGIES BEFORE AND AFTER RELAXATION
Anisotropy Ratic 0.50 W 4.0 x 107" eV
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Figure 5.8 Energy diagrams with A = }

(a) W= 0.4 eV
(b) W= 0.9 eV
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COMPARISON OF ENERGIES BEFORE AND AFTER RELAXATION
Anisotropy Ratio 1.00 W 1.0 x 107" eV
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COMPARISON OF ENERGIES BEFORE AND AFTER RELAXATION
Anisotropy Ratio .00 W 9.0 x 107" eV
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Figure 5.9 Continued. Energy diagrams for an isotropic overgrowth
A =1
(c¢) W= 0.9 ev
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COMPARISON OF ENERGIES BEFORE AND AFTER RELAXATION
(a) Anisotropy Ratio 5.00 W 4.0 x 10" eV
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""Figure 5.10 Energy diagrams with A = 5

(a) W= 0.4 ev
(b) W= 0.9 eV
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ATOM POSITIONS AFTER RELAXATION
r =b/a: 0.9186  6: 24.74
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Figure 5.11 Positions of the atoms in the interface after
local relaxation calculated with the finite element method.
Where applicable, annotation indicates dislocation lines, the
numbers are the same as in Table 5.5.

Optimal viewing directions are discussed in the text.

Up triangles : ideal lattice positions

Down triangles : stacking fault position

Solid circle : maximum misfit position

Dots : intermediate (saddle) position

Solid up triangle : indicates the central atom

Figure 5.11(a)(i) 1Ideal Kurdjumov-Sachs W= 0.4 eV A = 3
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ATOM POSITIONS AFTER RELAXATION
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Extreme Kurdjumov-Sachs W=0.4ev A=75

Figure 5.11(d) (iii)
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Figure 5.12(a) Reciprocal lattice map of an ideal Kurdjumov-Sachs
system. W=0.4eV  A=1 (refer to Table 5.5(a))

r=0.9185 6 = 24.74° € =-0.00095 € =0 Yy __ = -0.00016
X y xy

Solid circles represent substrate points, open circles represent the
overgrowth.

Centred solid circles represent coinciding substrate and overgrowth
points.
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Figure 5.12(b)  Reciprocal lattice map of an ideal Nishiyama-Wassermann
system. W = 0.4eV A =1 (refer to Table 5.5(b))

]
o

(o]
= = - = . = -0.02] 5
r 1.06066 6 30 Ex 0.00025 Ey 9 Y

Symbols as in Figure 5.12(a)
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Figure 5.12(c)(ii) Reciprocal lattice map of an extreme system in the
Nishiyama-Wassermann orientation. W = 0.4 eV A =1 (Refer to Table
5.5(c))

r = 0.91856 6 = 30° € = -0.00497 e =-0.00087 vy =0
X v Xy
Symbols as in Figure 5.12(a)
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Figure 5.12(c)(iii) Reciprocal lattice map of an extreme system in the.
Nishiyama-Wassermann orientation. W = 0.4 eV A =5 (Refer to Table
5.5(c))

r = 0.9185 6 = 30° € =0.0363 €& =-0.05238 y__ =0
x y Xy

Symbols as in Figure 5.12(a)
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Figure 5.12(d) (i) Reciprocal lattice map of an extreme system in the
Kurdjumov-Sachs orientation. W = 0.4 eV A = 5 (Refer to Table 5.5(d)

r =1.06066 6 =24.74° €_=-0.07839 e = 0.08901 v ~0.0746
x y xy

Symbols as in Figure 5.12(a)
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Figure 5.12(d) (1i) Reciprécal lattice map of an extreme system in the
Kurdjumov-Sachs orientation. W = 0.4eV A =1 (Refer to Table 5.5(d))

r =1.06066 6 = 24.74° ¢ = -0.0105 £ =0.01281 vy = -0.01404
X y Xy

o

Symbols as in Figure 5.12(a)
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Table 5.5 (a) Reciprocal Space Predictions of the Interfacial
(Ideal KS) Nisfit Dislocation structure for several Nisfit
Strained ov-bcec(110)/fcc(111)-sub interfaces.

ro=ores. 6 = 8, (Strain axes at 35.2644°)
A =1 strains: € _ = -0.00085 & = O ¥ = -0.00016 KS
X y Xy
(1) Misfit type: Substrate [1 0], Overgrowth: [2 O]
&Eq : Substrate Overgrowth:
Recipracai: -0.2121 0.1223 -0.2769 0.1123
Direct Iattice: -1.2644 0.1365 -0.7747 0.6269
Spacing: AD=2n/|5qj: 4.6962 (x a_ ) 5.1126 (x b__) *

Dislocation Iine: Intercepts: -3.6113 8.808B7 (Overgrowth)
sense components: 0.11228 0.27681 "
Burgers Vector

1.0 0.5 Ilength: 0.8660 (X unn) (Substrate)
0.6061 0.0750 Ilength: 0.9428 (X bnn) (Overgrowth)
(2) Misfit type: Substrate [0 1], Overgrowlth: [1 1]
bq : Substrate Overgrouth:
Recipracal: -0.2116 0.1223 -0.2761 0.1123
Direct lIlattice: -1.2604 0.1385 ~-0.7723 0.6272
Spacing: AD=2n/|6q[: 4.7063 (X a_ ) 5.1236 (X b__) *
Dislocation Iine: Intercepts: -3.6223 8.9022 (Overgrowth)
sense components: 0.11233 0.2761 "
Burgers Vector
0.5 1.0 length: 0.8660 (X ann) (Substrate)
0.3030 0.742 length: 0.9428 (X bnn) (Overgrowth)

In this and the subseguent Tables 5.5, the substrate directions

[1 0] and [0 1] refer to the cubic crystal directions %<1 1 0> and
k<0 11 , respectively. The overgrowth basis vectors are <11 0>
and <0 O 1> respectively. (refer to Chapter 2 Table 2.1, and Chapter
3 Table 3.4)

*x bnn distances are approximate in the strained structure

The cases A=X%, 5 do not differ significantly
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Tabie 5.5 (B) Reciprocal Space Predictions aof the Interfacial
(Ideal HUW) Misfit Dislocation structure for several Misfit
Strained ov-bcc(110)/fcc(111)-sub interfaces.

. (=]
r = Tyu 8 = er (Strain axes at 0 )
A =1 strains: £ _ = 0.00026 & = -0.02195 % = 0 by
b y Xy
(1) NMisfit type: Substrate [0 1], Overgrowth: [1 1]
éq Substrate Overgrowth:
Recipracal: -0.0825 0.1652 0.0002 0.1979
Direct Iattice: 0.0010 1.0384 0.0005 0.8664
Spacing: AD=2n/]6ql: 6.0540 (x a_ ) 5.7078 (x b_ )
Dislocation Iine: Intercepts: 4000 5.054 (Overgrowth)
sense companents: 0.1879% -0.00025 "
Burgers Vector
0.5 1.0 length: 0.8660 (X ann) (Substrate)
0.2499 0.6261 length: 0.8165 (X bnn) {Overgrowth)
(2) Misfil type: Substrate (113, Overgraowth: [1 13
bqg : Substrate Overgrowtlh:
Recipracal: -0.0827 0.1652 -0.0002 0.197¢
Direct lattice: -0.0010 1.0373 -0.0005 0.8664
Spacing: AD=2n/}5q1: 6.0540 (x a_ ) 5.7078 (x b_ )
Disiocaltion line: Intercepts: -4000 5.0564 (Overgrowth)
sense components: 0.1979 0.00025 "
Burgers Vector
-0.5 0.5 length: 0.8660 (X unn) (Substrate)
-0.2499 0.626 length: 0.8165 (X bnn) (Overgrowth)
(3) NMNisfit type: Substratle (I 2], Overgrowth: [0 2]
6q Substrate Overgrowth:
Reciprocal: -0.1652 0.3304 0] 0.3857
Direct lattice: -0.0000 2.0757 0 1.7328
Spacing: AD=2n/l6qf: 3.0270 (x a ) 5.8539 (X b_ )
Dislocation Iine: Intercepts: [ 2.527 (Overgrowth)
sense componentls: 0.3957 0 "
Burgers Vector
0 0.5 length: 0.5000 (x unn) (Substrate)
o 0.4174 length: 0.4714 (X bnn) {(Overgrowth)

The cases A=% , 5 are similar
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Table 5.5 (c¢) Reciprocal Space Predictions of the Interfacial
(Extreme HW) Misfit Dislocalion structure for several Nisfit
Strained av-bcc(110)/fcc(111)-sub interfaces.

. o
r = ryg & = GNW (Strain axes at 0 )
A =1 strains: € = -0.00497 &_= -0.00087 ¥ =0
b'e y Xy
(1) Misfit type: Substrate: [1 0], Overgrowth: [2 O]

&bq : Substrate Overgrowth:
Recipracal: -0.1605 o -0.2766 0
Direct lattice: -1.3443 -0.6722 -0.7800 le]

Spacing: AD=2n/]6q|: 5.3969 (x a__) 5.8754 (X b__)

Dislocation line: Intercepts: -3.616 ® (Overgrowth)

sense companenls: o 0.2766 "

Burgers Vector
1.0 0.5 length: 0.8660 (X ﬂnn) (Substrate)
0.5802 0 length: 0.9428 (X bnn) (Overgrowth)

(2) Misfit type: Substrate [0 1], Overgrowth: [1 1]

6q : Substrate Overgrowth:
Recipracal: -0.1084 0.0564 -0.1383 0.0597
Direct lattice: -0.6722 0.0181 -0.3900 0.3342

Spacing: AD=2n/]6ql: g.221 (x a__) 10.04 (x b__)

Dislocation line: Intercepts: -7.232 16.74 (Overgrowth)

sense conmponents: 0.05687 0.1383 "

Burgers Vector
0.5 1.0 Ilength: 0.8660 (X ann) (Substrate)
0.2901 0.7077 length: 0.9428 (X bnn) (Overgrouwth)

(3) Misfit type: Substrate [1 1], Overgrowth: [1 1]

é6q : Substrate Overgrowth:
Reciprocal: 0.05620 0.0564 0.1383 0.0597
Direct lattlice: 0.6722 0.6903 0.3800 0.3342

Spacing: AD=2u/]5q|: 9.2210 (x a__) 10.0386 (X b_ )

Dislocation line: Intercepts: 7.232 16.74 (Overgrowth)

sense componentls: 0.0587 -0.1383 "

Burgers Vector

-0.5 0.5 length: 0.8660 (X ann) (Substrate)
-0.2499% 0.626 Ilength: 0.8165 (X bnn) (Overgrowth)
The case A = ¥ is two-dimensionally coherent
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Tabie 5.5 (¢) Reciprocal Space Predictions of the Inlterfacial
(Extreme NU) MNisfilt Dislocation structure for several HMNisfil
{Cont inued) Strained ov-bcc(110)/fcc(1l1l)-sub interfaces.

. o
r = rKS 8 = BNW (Strain axes at 0 )

(cont inued)
A =5 strains: ¢ = 0.03630 £ = -0.05238 < =0
x Yy Xy

(1) NMisfit type: Substrate: [1 0], Overgrowlth: [2 0]
&q : Substrate Overgrowth:
Reciprocal: -0.1143 6] -0.20561 c
Direct lattice: -0.9572 -0.4786 -0.5333 0

Spacing: AD=2n/§5q}: 7.5799 (X a__) 8.2519 (x b__)

Dislocation line: Intercepts: -4.877 ® (Overgrowuth)
sense components: e} 0.205 "

Burgers Vector
1.0 0.5 Iength: 0.8660 (X ann) (Substrate)

0.5572 0 length: 0.9428 (X bnn) {(Overgrowth)

(2) MNisfit type: Substrate: [0 1], Overgrowth: [1 1]
6q : Substrate Overgrowth:
Reciprocal: -0.0597 0.0051 -0.1025 0.0051
Direct lattice: -0.4787 -0.2074 -0.2666 0.0317

Spacing: AD=2n/]8q]: 15.12 (x a_ ) 16.46 (x b_ )

Dislocation line: Intercepls: -9.753 196 (Overgrowth)
sense compcenents: 0.0051 0.1025 "
Burgers Vectlor
0.5 1.0 length: 0.8660 (X cnn) (Substrate)

0.2786 0.7462 length: 0.9428 (X bnn) (Overgrowth)

(3) Misfit type: Substrate: [1 1], Overgrawth: [1 1]

bq : Substrate Overgrowth:
Recipracal: 0.0546 0.0051 0.1025 0.0051
Direct lattice: 0.4786 0.2712 0.2666 0.0317
Spacing: AD=2n/]5q1: 15.12 (x a_ ) 16.46 (x b__)
Dislocation Iline: Intercepls: 9.7563 185 (Overgrowth)
sense components: 0.00561 -0.1025 "
Burgers Vectlor
-0.5 0.5 length: 0.8660 (X cnn) (Substrate)
-0.2786 0.746 length: 0.9428 (X bnn) (Overgrowth)

The pair [I 2] ; [0 2] in the reciprocal lattices are matched by the

’
misfit strain in this case
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Table 5.5 (d) Reciprocal Space Prediclions aof the Interfacial
(Extreme KS] Misfit Dislocation structure for several Misfit
Strained ov-bcc(110)/fcc(11l)-sub interfaces.

. [
r = er &g = BKS (Strain axes at 35.2644 )
A =k strains: €. = -0.07839 ey = 0.08901 ‘xy = -0.0746
(1) Misfit type: Substrate: [1 0], Overgrowth: [2 0]
oq : Substrate Overgrowth:
Reciprocal: -0.1216 0.0723 -0.1714 0.0888
Direct lattice: -0.7154 -~-0.0867 -0.4047 0.2771
Spacing: AD=2n/|5q]: B.1775 (X unn) 7.7088 (X bnn)
Dislocation Iine: Intercepts: -5.8343 11.26 (Overgrowth)
sense components: 0.0888 0.1714 "
Burgers Vector
1.0 0.5 length: 0.8660 (X unn) (Substrate)
0.5608 0.0859 length: 0.8165 (X bnn) (Overgrowth)
(2) MNisfit type: Substrate: [0 1], Overgrowth: [1 1]
5q : ‘Substrate Overgrowth:
Recipracal: -0.2742 0.2813 -0.2965 0.3767
Direct lattice: -1.0770 1.2919 -0.6507 1.2709
Spacing: AD=2n/15q]: 3.058 (x a_ ) 2.884 (x b__)
Dislocation line: Intercepls: -3.373 2.655 (Overgrowth)
sense components: 0.3767 0.2965 "
Burgers Vectlaor
0.5 1.0 length: 0.8660 (X onn) (Substrate)
0.2804 0.6016 length: 0.8165 (X bnn) (Overgrowth)

(3) Misfilt type: Substrate: [i 1], Overgrouwth: [I 1}

bq : Substrate Overgrowth:
Reciprocal: -0.1527 0.2190 -0.1251 0.2879%
Direct lattice: -0.3616 1.1852 -0.2460 0.9938
Spacing: AD=2n/]5q]: 4.4525 (X a_ ) 4.1979 (X b_ )
Dislocation line: Intercepts: -7.994 3.473 (Overgrowth)
sense components: 0.2879 0.1251 "
Burgers Vector
-0.5 0.5 length: 0.8660 (X unn) (Substrate)
-0.2804 0.5157 length: 0.8165 (X bnn) (Overgrowth)
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Table 5.5 (d) Reciprocal Space Predictions of the Interfacial

(Extreme KS) Misfit Dislocation structure for several MNisfit
{Cant inued ) Strained ov-bcc(110)/fcc(11l)-sub interfaces.
. ©
r = Iyg 8 = er (Strain axes at 35.2644 )
(cont inued)
A =1 strains: £, =-0.01050 sy = 0.01281 1xy = -0.01404
(1) MNisfit type: Substrate: [1 0], Overgrowth: [2 O]
bq : Substrate Overgrowth:
Reciprocal: . -0.0566 0.0880 -0.0306 0.1215
Direct Iattice: -0.0580 0.5927 -0.0605 0.4951
Spacing: AD=2n/ISq]: 10.07 (x a_ ) 9.48B94 (X b )
Dislocation Iine: Interceptls: -32.64 8.228 (Overgrowth)
sense components: 0.1215 0.0306 "
Burgers Vectlar
1.0 0.5 length: 0.8660 (X ann) (Substrate)
0.5283 0.0690 length: 0.8165 (X bnn) (Overgrowth)
(2) MNisfit type: Substrate: [0 1], Overgrowth: [1 1]
6q : Substrate Overgrowth:
Reciprocal: -0.1961 0.2472 -0.1847 0.2968
Direct lattice: -0.6075 1.2496 -0.3828 1.2043
Spacing: AD=2n/§5qj: 3.831 (x a_ ) 3.612 (X b__)
Dislocation Iine: Interceptls: -5.415 3.370 (Overgrowth)

"

sense compgonents: 0.2968 0.1847

Burgers Vectlaor
0.5 1.0 length: 0.8B660 (X unn) (Substrate)

0.2641 0.6362 Ilength: 0.8165 (X bnn) (Overgrowth)

(3) Misfit type: Substrate: [1 1], Overgrowth: [1 1]

bq : Substrate Overgrowth:
Recipraocal: -0.1396 0.1482 -0.1540 0.1752
Direct Iattice: -0.5485 0.6570 -0.3223 0.7092
Spacing: RD=2n/[5q]: 6.011 (X a ) 5.667 (x b__)
Dislocation line: Intercepts: -6.492 5.707 (OBvergrowth)
sense components: 0.1752 0.1540 "
Burgers Vectlor
-0.5 0.5 length: 0.8660 (X ann) (Substrate)
-0.2642 0.5672 length: 0.8165 (X bnn) {(Overgrowtlh)
The case A = 5 shows similar behaviour
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5.9 DISCUSSION

The final interfacial structures are determined by the original
orientation, the overall misfit strain and the relaxation around
the O-lattice of the strained lattice. Obtainable from the
reciprocal lattice is the unrelaxed interfacial structure. This
information is however very useful, as it does include the
dislocation spacings, orientations and their Burgers vectors. In
keeping with the premise of Bollmann's (1970) geometrical

description, the O-lattice structures remain after local

relaxation.

As the exact energy behaviour has not been formulated in terms of
the reciprocal lattice, the local relaxation per se is not
available from this description. The local relaxation is here
determined numerically with the previously described Finite Element
formulation, yielding the figures 5.11. The dislocation structure

however correlates very well with these relaxed interfacial

structures.

Known gualitative aspects of dislocation theory can be used with
the reciprocal lattice description. For example it is known (Van
der Merwe 1950, 1963, 1980, Frank and Van der Merwe 1848, Van der
Merwe and Ball 1975) that a large misfit, with a resulting small
spacing between dislocations and hence very little local relaxation
results more properly in a Misfit Vernier than misfit dislocations.
R distinction is introduced when the areas of good fit are enlarged
by local strain compared to the areas of bad fit. In the Misfit

Vernier case the bad fit regions are essentially the same size as

good fit regions.

From the reciprocal space the gualitative prediction can be made

that when the absolute misfit vector magnitude |6q| is large, its
wavelength only a few lattice spacings, a Misfit Vernier, with no
meaningful relaxation, results. When the absolute misfit vector is

very short, with a long wavelength, the accommodation of misfit
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will allow significant relaxation and a misfit dislocation array

occurse.

The systems which have been presented in the results have been
selected to show several of the features occurring in interfaces.
Systems which have only pure edge arrays, both vernier and
dislocations are illustrated. Also illustrated are systems with
interacting arrays of screw and edge dislocations. There are
several cases which show complicated mixed arrays, particularly the
systems which have strained to matching between high order
reciprocal lattice points. Some of these arrays are difficult to
interpret without the reciprocal lattice maps and the

representative systems are provided with reciprocal lattice plots

in figure 5.12.

In the following discussion the reciprocal lattice vectors are

x
indicated with the notation [h kK] , and pairs are always listed in

the order substrate vector, overgrowth vector, as

[h k1 ; [p gl -

Systems Oriented for 1-Dimensionally Ideal Matching

The systems occurring as Ideal Epitaxial Configurations, the
Nishiyama-Wassermann and Kurdjumov-Sachs systems, as given in Table
5.5 @ and b, with associated figures 5.11 &a and & and 5.12 a and &
have the simplest interfacial structure for all the anisotropy
ratios. In these systems a low-order pair of reciprocal lattice
vectors matches, with the resulting row-matching of atomic rows
already established for one family of atomic rows. As the
bcc§{110t/fecc{l1l} interface presents nearly three-fold symmetry,
there are always three possible wave vector pairs which need to be
matched. If one pair already matches, the two others are close

together and give rise to dislocation arrays.
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Ideal Kurdjumov-Sachs

In the Kurdjumov-Sachs system, (a in the Table 5.5 and the figures

- * - *
5.11 and 5.12), r=rKS, 9=6KS the pair [1 1) ; [1 1] coincides.

*x* * x
The pairs [1 0] ; [2 O] and [0 1]} ; [1 1]* (and others parallel

- »
to the direction of [1 1] ) give rise to dislocations. The first
pair has both length and orientational misfit, which is taken up by

a mixed misfit dislocation array (1). The second pair, being

related by symmetry to [i 1]’ ; [i 1]* , so that both have the same
length, has only orientational misfit. This is accommodated by a
pure screw dislocation array (2). These arrays however have
essentially the same dislocation spacing and line sense, as 6q is
common to both. An array with the propagation vector &g and a

combined Burgers vector lying in the substrate direction [1.5 1.5],

( g<I 0 1> in substrate cubic coordinates ) may be expected to

result. This Burgers vector is at essentially 60° with the
propagation vector, so that the screw component, nearly parallel to
the b2- (vertical) direction of the overgrowth, dominates. The
spacing of the lines is relatively close however, about 5 nearest
neighbour distances, so that little relaxation is expected and the
array structure tends to a vernier. The figures 5.11 & (i)=-(iii)
can be viewed when held obligquely along the diagonal from bottom
right to upper left, showing slight kinking of the atomic rows in

an upward direction. This shows the little relaxation which does

oCcCCcure.

The structure is not affected gqualitatively by anisotropy, as can
be seen from the figures, however as an increasing anisotropy ratio
softens the material in the cubic <001>-directions, (refer to Table
4.1 in which ¢ decreases with increasing anisotropy), the

11
relaxation can be seen to increase slightly from (i) to (iii).
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Ideal Nishiyama-llassermann

The interfacial structure of the ideal Nishiyama-Wassermann system

k 4
is also straight forward. The reciprocal lattice pair [1 O] H
x * *
[2 0] match, while the mismatch of the pairs [0 1] ; [1 1) and

[i 1]* ; [i 1]* is accommodated by mixed dislocations. However, as
the dislocation lines are equally spaced and parallel the

oppositely directed screw components of the coinciding dislocation
arrays cancel, so that'only tﬁe edge components remain, creating a
single pure edge array, with Burgers vector of type [0 1.5] in the

substrate coordinates. For the fcc{l1ll} substrate coordinates this

corresponds to the Burgers vector %(0 1 1> . Also present, but at
a spacing of about 3 nearest neighbour distances, and exactly half

of these other pairs, is a misfit vernier arising from the pair

(I 217 ; 1o 21 .

Again, as the anisotropy is increased, the stiffness of the b2-
direction is reduced, and there is more relaxation of the
overgrowth widening the region of good fit. This can be seen in the

progression from figure 5.11 & (i) to (iii).

Extremes

Two further systems have been chosen to illustrate some interesting
effects, namely the two systems with r=ryg - 8=8Nw and T=Cyw 7

9=8KS -

8=8 extreme:

The r=ryg . NW

The first system arises if the island has grown in a coherent
configuration, but when it thickens cannot rotate to its ideal
configuration. The degree of anisotropy very drastically affects
the misfit accommodation, and the relative importance of misfit

strain and misfit dislocations.
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The second is perhaps more esoteric, but does show some interesting
features, particularly the difficulty of achieving even local

matching, with a resulting dominance of Misfit Vernier over misfit

dislocations.

Referring to Table 5.5 ¢, as well as figures 5.11 and 5.12 ¢, the
variety of interfacial structures is evident. The case with
anisotropy ratio ¥ in fact achievegs 2D-coherent matching, while the
misfit in the isotropic case is accommodated with misfit

dislocations, and with anisotropy ratio 5, misfit strain achieves a

- * 4
second order matching pair, [1 2] ; [0 2] , and misfit

dislocations and vernier accommodate the first order pairs.

The isotropic case shows three major dislocation arrays arising

from first order pairs.

* x
The mismatch between pair (1), [1 0] ; [2 O] gives rise to an
array of edge dislocations (with a spacing of about 6 nearest
neighbour distances this array tends to a vernier), with

dislocation lines parallel to the b2 direction. The Burgers vector

in substrate coordinates is the type [1 %], equivalent to %(5 1 1>

in crystal coordinates, and parallel to the bl-direction in the

overgrowth.

Two non-parallel predominantly screw but mixed dislocation arrays

x x - x - x
arise from the pairs (2), [0 1] ;s [1 1] and (3), [1 1] ;s [1 1],
one of which normally matches in an ideal Kurdjumov-Sachs
orientation. The slight deviation from screw character was

introduced by the small misfit strain which allowed a non-exact

matching of the high order pair [1 2]* ;s [O 2]* pair. As this
latter match is not exact, edge dislocations with dislocation lines
parallel to bl also arise from this pair, but because of the higher
order nature, whose potential terms are not represented in the

substrate potential (see Chapters 2 and 4) very little relaxation

is associated with this arraye.
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The screw arrays (2) and (3) are related by symmetry, and have the
same spacing, about 10 nearest neigbour distances. This significant
spacing allows considerable relaxation and their effect is evident
as very clear kinks in the atomic rows in figure 5.11 ¢ (ii). These
are most easily seen by looking along the diagonal directions in

the diagram. The collections of poor fit evident as the groups of
solid circles are extended nodes, bounded by the dislocation lines.

The large regions of good fit coincide with intersections of the

three good-fit lines.

The configuration with anisotropy ratio 5 [Table 5.5 ¢, figures

5.11 and 5.12 ¢ (iii)] is somewhat different, because the less

- * *
stiff bz-direction allows the high order pair [1 2] ; [0 2] to

match with misfit strain. The three first order pairs then lead to
*
three parallel dislocation arrays, parallel to b2. The pair [1 O]

x
; [2 O] results in an edge dislocation array, spaced at about B8

nearest neigbour distances, and with Burgers vector [1 %], in terms

of the substrate surface coordinates which is eguivalent to the

[

crystallographic vector =<2 1 1> in the cubic coordinates.

[

Spaceq at twice this interval {(thus about 16 nearest neighbour

*
spacings) are the two other mixed arrays from the pairs [0 1] ;

[1 1]* and [I 1]* ; [I 1] . These arrays are close to parallel to
b2, but as Table 5.5 shows, are not exactly parallel. As a result
the screw components do not cancel, although they are the same for
the two structures, and their effect can be observed very clearly
by looking along the diagonal directions in figure b5.11 ¢ (iii).
The large dislocation spacings result in large regions of good fit,
seen from the grouped triangles, and very small regions of bad fit,

seen as the small groups of solid circles. The Burgers vectors are

<1 12>) and [% %] (thus %<1 31> ).

[N

[ 1], ( i.e.
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T he r=ruw R 8=6KS extreme:

Less affected by the anisotropy, the final system considered is the

other extreme, r=rNw ’ 8=9KS .

With anisotropy ratio A=k, (Table 5.5 d, figures 5.11 and 5.12 d,

(i) ) the first order pairs yield arrays of mixed dislocations (1),
(spacing about 8 nearest neighbour distances), a screw vernier (2)
(spacing 3 distances), and a closely spaced (about 4 distances),

mainly edge array.

.

x
The screw component of the edge array (1) from the pair [1 0] ;

w
[2 0] , can be observed by looking obliguely in a direction

parallel to the bz- ({vertical) direction. The Burgers vector of the

array is [1 %] (correponding to %(5 1 1> ). There is no noticable

relaxation associated with the screw vernier (2), from the pair

4 x* - -
[0 1] ; [1 1] with Burgers vector, [% 1], ( i.e. %(1 1 2> ). The

’

- »
remaining array is primarily edge, arising from the pair [1 1] ;

[I 1] with Burgers vector [% %] (thus 3<1 2 1> ). This is still
very narrowly spaced, and is essentially a misfit vernier. The
large regions of poor fit, (solid circles), rather narrow regions
of good fit, (the triangles), in figure 5.11 & (i) attest to the

little relaxation due to the lack of misfit dislocations.

The isotropic system, which allows strain in the b2- (cubic)
direction more easily than the foregoing case shows more misfit

strain, so that the misfit verniers in fact show an increased

tendency to dislocations.

.

*x *
The dislocation array arising from pair (1) [1 O] ; [2 O] has
become virtually pure screw, and spaced more than S nearest

neighbour distances apart. Again looking obliquely along bz

(vertically) in the figure 5.11 (d) (ii), shows the increased kinks

Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2021



274

along these atomic rows due to the greater relaxation associated

with the dislocations.

* x
The mixed vernier (2) from the pair [0 1] ; [1 1) has slightly

increased spacing, (to less than 4 spacings), but essentially

remains a vernier.

- * - %
The array (3), arising from [1 1] ; [1 1] 1is essentially pure
edge, and increased its spacing to nearly 6 nearest neighbour

distances. This is a major improvement, and the wider regions of

good fit (triangles) result from this.

Additionally an edge array (4) results from the near matching of

- X - X
the pair [2 1] ; [3 1) , with a spacing of about 11 nearest

’

neighbour distances. This array has Burgers vector [% 0], which is

%(1 1 0> in the substrate cubic coordinates. However, because of
the absence of adatom-substrate potential terms of this high order,

no extensive relaxation from these misfit arrays are easily

discernible.

The final system of this type with anisotropy ratio A=5, continues

the trend to further improved matching, with nearly unchanged

dislocation spacings.

These extreme cases have shown that materials which are close to
the Kurdjumov-Sachs ideal ratios can achieve reasonably good
matching, with dislocations in the interfaces, when aligned at the
Nishiyama-Wassermann orientational angle. The actual interfacial
structure, ranging from two-dimensionally coherent to widely spaced
dislocation arrays is heavily dependent on the anisotropy ratio.
The Nishiyama-Wassermann systems however do not behave favourably

in the Kurdjumov-Sachs orientational angle.
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Energy behaviour

The energy behaviour of several systems with nearest neighbour
ratios ranging from 0.9 to 1.08, which included the exact ideal
Kurdjumov-Sachs and ideal Nishiyama-Wassermann ratios, rKS and er
respectively, were studied. The interaction energy scaling factors
(or overall amplitude values) W, ranged from O.leV to 6eV and the

energy behaviour of all the ratios were examined at the two
orientations, exact Kurdjumov-Sachs, BKS o~ 5.269, and exact

Nishiyama-Wassermann, er=30°.

The energy of each of these systems was calculated for a rigid
overgrowth, (described in Chapter 3), an overgrowth with
homogeneous (misfit) strain which minimized the total interfacial
energy, (as in Chapter 4), and finally with local relaxation,
effectively allowing misfit dislocations. This final dislocation
relaxation was studied numerically with the Finite Element method

as described earlier in this chapter.

(Although the minizing strain and energies were calculated for the
homogeneoeus strain case as in Chapter 4, the energies were also
calculated by the Finite Element expressions as a check on the
entire formulation, and were correct within the precision of the

computer, so that nearly all significant digits agreed.)

The diagrams, figures 5.8, 9 and'lo, referring to anisotropy ratios
of %, 1 and 5 respectively, summarise the changes in interfacial
energy as the various misfit accommodation modes are included in
the calculations. The special interfaces discussed earlier, and

illustrated in figure 5.11, were obtained from these calculations

as the minimum energy structures.

It is important to note that the relaxation allowed after the
misfit strain was introduced did not allow a rotation of the
island, in keeping with the essential restrictions of Chapters 3
and 4, the rigid and misfit strain discussions respectively.

Neither was a further average strain allowed, other than a small
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relaxation in the boundary region, which was kept empty of atoms.
The boundaries of the islands were therefore fixed, (although

boundary nodes were allowed to displace within the boundary, as

shown in figure 5.5).

The diagrams, irrespective of anisotropy ratio, gualitatively show

similar behaviour for changes in the overlayer-substrate binding

strength, as expressed through W.

Corresponding to the lowest values of the overall amplitude,
W=0.1eV, the energy after homogeneous strain is essentially the
same as that of the rigid system, except for ratios close to but
not egqual, to the ideal values, rKS and er. This indicates very
little misfit strain. The local relaxation in this case introduces
a reduction of about 15% from the homogeneous levels. As the final
total energy is vastly different from the strain energy, there is
no two-dimensional coherency for this weak binding, but some
relaxation associated with misfit dislocations does exist. Because
of the minor role played by relaxation here, (the strain energy
ranges from 10% to 30% of the final energy) only the diagram for

the isotropic case is shown here.

With W=0.4eV, all anisotropy ratios show a two-dimensionally
coherent phase for the Nishiyama-Wassermann orientation angle near
r=rKS. The range for this phase tends to increasing r-value with
increasing anisotropy ratio. (This phase is recognized by the
equality of strain and total energy and corresponding zero misfit
energy.) In the one-dimensionally coherent regions (about rKS and
er) the homogeneous strain tends to widen the energy
minimum-wells, increasing the region of exact coherence. In the
intermediate region, with neither full two-dimensional nor one-
dimensional coherence, local, misfit dislocation strain does reduce

the energy from the homogeneous value by about 10%.

When W is increased to 0.9eV the two-dimensionally coherent region

(at the 9Nw=30° only) grows towards the ratio TNW and already

engulfs the rKS ratio. The ratio er is two-dimensionally coherent
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when the anisotropy ratio is high, but remains one-dimensionally
coherent as Nishiyama-Wassermann configuration, for the isotropic
case. In the GKS orientation the decrease in interfacial energy
with misfit dislocation strain is about 20% to 30% near the extreme
TNW ratio. Clearly at this strong binding energy, the force which
tends to decrease the misfit, in spite of the rather close spacing
of misfit dislocation arrays, as discussed earlier, results in
closely spaced misfit dislocations, whereas at low binding these
remain a misfit vernier. This view is suppported by the increase in
strain energy associated with this accommodation. The decrease in
strain energy arises both because misfit strain is unfavourable at
this er, BKS extreme, and the dearth of misfit dislocations.
Misfit dislocations lower the energy more away from the the ideal
configurations than close to them primarily because misfit strain
causes l-dimensional coherence, and therefore fewer non-coincident

pairs of reciprocal lattice points near the ideal ratios.

At the highest value of the binding amplitude, W=6eV, the eNW
orientation angle has become the two-dimensionally coherent phase
for the entire range, and all anisotropy ratios. Once again the
diagrams are essentially similar. The 8KS orientation, also
independent of anisotropy, being unable to achieve two-dimensional
coherence, because of the orientational misfit, succeeds in
considerably lowering the misfit energy, and the total interfacial
energy from the misfit strain case by severe local strain. The
interface is in fact saturated with dislocations as can be seen
from the flatness of both the total energy and strain energy
curves. The energy reduction introduced by the dislocations is

about 50% over the misfit strain reduction, while the strain energy
is about 25% of the final total energy.
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Comparative behaviour between the energies of the 8 .. and BKS—

orientations.

With a view to discussing the aqtual realization of the OKS
orientation and configuration for systems with nearest neighbour
ratios close to Tyg it is useful to view the diagrams from the
highest binding value, equivalent to a low value of the Van der
Merwe configuration parameter € (about 1 with W=6eV) and thin or
soft overgrowth, to the lowest overall amplitude, corresponding to

a high value of €, (about 16 for W=0.1eV) and thick or stiff

overgrowth.

Starting with the thin case, € small, the interface is either
heavily dislocated if one-dimensionally exactly coherent, or fully
two-dimensionally coherent, with the latter case having the lower
energy, and is therefore preferred. Naturally, the non-eNw
orientational angle will have a lower energy value, the smaller the
deviation from ONW at very high binding amplitudes. Even at the
W=0.9eV case, with € about 4, the ONW orientation is favoured above
the OKS orientation for all but the ideal rKS system.

As the system thickens, (equivalently here, W becomes less, at
about 4eV and € increases), the one-dimensional coherence becomes
energetically favoured over the two-dimensionally coherent cases,
with the result that the GKS orientation is less dislocated, and
correspondingly more clearly defined, and is favoured
energetically. If the constraints on the system are such that
reorientation is not possible, the extreme er ’ rKS interfaces
discussed above may be observed, screw and edge dislocations or
misfit verniers in the interface. With dislocated structures, it
may be expected that diffraction information will show regions
associated with the eKS orientaiipn as well as the eNW orientation.

It can be expected that neither is closely defined.

The final diagrams, W=0.1 eV, & large, show clear preference for

the 8 angle for near 0KS systens.

KS
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Although the thickening process has been rather naively related to
the increase in € parameter, a thicker crystal has not of course
been modelled accurately with the technigues discussed here. The
reason is that the plane stress boundary condition on the elastic
problem which implies the absence of a strain gradient in the
thickness direction of course applies only to a thin system and the
forces have been applied to the finite element nodes in two-
dimensional fashion. As the overlayer-substrate interaction may be
expected to reduce with distance from the interface, this is not
representative of any but the thinnest overgrowths, as pointed out

by Van der Merwe and Ball (1975).

5.10 CONCLUSION

This chapter ends the progression from rigid model, through misfit
or homogeneous strain to the inclusion of misfit dislocations or

misfit vernier as factors in the description of epitaxy.

The reciprocal space description which was the natural result of
the rigid model and the assumption that epitaxial orientations
minimize the interfacial energy, as derived in Chapter 3, was here
extended to the description of the interfacial structure. The
extension allows the detailed description of the misfit dislocation
structure, the spacing of the dislocation arrays and their
propagation direction, their line sense and their Burgers vectors.
With this of course comes a unigue criterion for the screw, edge,
or mixed nature of these arrays. Relating the spacing to the
gualitative aspects of known dislocation theory, yields the
gualitative interpretation facility for a differentiation between

Misfit Vernier and Misfit dislocations.

Key to the reciprocal space description are the nearly coinciding
reciprocal lattice vectors, qﬂ from the substrate and qb from the
overgrowth. An Ideal Epitaxial Configurations is the scale and
orientation for which q, = 9g- If this is not possible for a given

system, then, naturally depending on available energy and the form
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of the adatom-substrate interaction energy, the systems will tend
to strain to achieve this coincidence. The homogeneocous, misfit
strain is calculable from these vectors, and the elastic constants

of the crystals concerned, where here the substrate was treated as

rigid.

If Misfit strain is insufficient to achieve coincidence of the
vectors, or the energy considerations favour some other
coincidence, the absolute misfit
6q = q
or beat wave vector, becomes the propagation vector of the misfit
dislocation lines. The wavelength, AD = 2n/|5q’ , is the spacing of

dislocations, while 6q is perpendicular to the dislocation lines,

-qbl

so giving their orientation. The components of the beat vector, éql
’ 6q2 define the line sense of the dislocation array, as components
[5q2 ’ -6q1] , or as intercepts on the lattice directions, 1/5g1 ,
1/6q2 , analogous to the construction of the Miller indices of

crystallographic planes from the reciprocal lattice vector normal

to the plane.

The nature of the dislocations is determined from the reference

vector,

q, = %(q, + q) .
which in its turn provides a Burgers vector, in terms of the
reference lattice with the vectorial harmonic mean spacing of the
two wave vectors. This Burgers vector is given as

= LI

BM 2n qr/lqr’
The misfit dislocation array is pure screw if qubq , and pure edge
if quSq . Alternative choices of Burgers vector are of course
valid when useful and may be chosen as the vectors

B, = 2o q_/|q,]* or B, = 2n qg/|q,|* .,

although neither of these choices provides the nature of the
dislocations as conveniently as BM , which must therefore be

considered a natural choice.

The qualitative criterion that if the beat wavelength AD is only a

few atomic spacings, very little relaxation is possible leads to a
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distinction between the accommodation of the misfit by Misfit

Vernier for short wavelengths, and by Misfit dislocations when this

spacing is several atomic spacings.

The periodic distortions associated with misfit dislocations can be
observed in diffraction experiments, and this description is
compatible with the interpretation of RHEED results obtained by
Gradmann (1964) and the more recent LEED results of Gradmann and
Waller (1982). These beat wave vectors. have been observed directly
in the diffraction patterns of the second paper. The correspondence
of the reciprocal lattice maps and diffraction patterns should make
this description particularly useful in the analysis of

experimental systems. Multiple scattering however yields similar

diffraction patterns.

This description, together with a detailed map of the reciprocal
lattices of the overgrowth and substrate have been applied to the
study of the interfacial dislocation structure of the bcc{110}-
fcc{l1l} interface which forms the major model system. The
interfacial structure is actually obtained from the Finite Element
description which seeks to minimize the total interfacial energy by

a force balance across the interface.

This treats the overgrowth as an elastic continuum, and the adatom-
substrate interaction as a periodic force field active at the
positions of the overgrowth interfacial atoms. The force field
arises from the adatom-substrate interaction potential originally
expressed as a (truncated) Fourier series. The elastic continuum is
discretized into small regions, each containing about B atoms, and

across which the displacement varies as a bi-quadratic polynomial

with 9 constant coefficients.

The two approaches, the energy minimizing, or force balance,
numerical Finite Element technigue, and the purely structural
considerations of the reciprocal lattice approach agree in their

structural content, and together form a powerful tool in the
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prediction, from energy principles on the one hand, and

interpretation on the other hand, of the behaviour and structure of

the interface of incommensurate structures.

These methods were applied to the bce{110}/fcc{l11l} interface with
the bce island in the overgrowth position. The existence of misfit
dislocations or verniers and their nature coexisting with misfit
strain could be both predicted and explained consistently in the
two descriptions. The effect of the anisotropy of the elastic
constants was studied explicitly, and was shown to be considerable,
particularly for systems intermediate between the ideal Kurdjumov-

Sachs and Nishiyama-Wassermann nearest neighbour ratios.

A speculative discussion on the effect of a thickening overgrowth
island, and the transition from an initally preferred Nishiyama-
Wassermann orientation, to the situation in which the Kurdjumov-

Sachs orientation is preferable was given.

The inherent difference in nature, first introduced in Chapter 4,
between the first, which is the same orientation as the

pseudomorphic, or two-dimensionally coherent configuration, and the

second which differs in orientation by about 5.26o , was extended
to include the difference in the interfacial structure between the
two configurations. A Kurdjumov-Sachs preferred system (rzrxs) can
occur in the Nishiyama-Wassermann orientation with misfit
dislocations in the interface, associated with lowered misfit
energy. However, a Nishiyama-Wassermann system (rthw) in the
Kurdjumov-Sachs orientation is inherently poorly matched, and
accomodates the misfit with several misfit verniers particularly in
the low order periodicities associated with dominant Fourier terms
in the misfit energy. The implication is that while the misfit of
materials close to the Kurdjumov-Sachs nearest neighbour ratio can
exist with low energy misfit in the Nishiyama-~Wassermann
orientation, the reverse is not true. It is reasonable therefore to

expect systems which show poorly defined Kurdjumov-Sachs
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orientations, and possibly the simultaneous existence of some sharp

Nishiyama-Wassermann orientations. (Bruce and Jaeger 1978 a,b,

Gaigher and van der Berg 1887). Less likely is a poorly defined
Nishiyama-Wassermann orientation with sharp Kurdjumov-Sachs

orientation.

An overview of the progression from the simplest rigid model to the

dislocation treatment of these incommensurate structures is left to

the following, concluding chapter.
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CHAPTER 6

CONCLUSION

In this concluding chapter the successes achieved with the combined
approach of the direct energy minimization and the reciprocal

lattice technigues are highlighted.

The development of the reciprocal lattice formulation from an
epitaxial criterion for ideal, inherently rigid, epitaxial
configurations to a formulation which can predict and describe the
accommodation of misfit fully in terms of misfit strain and
interfacial misfit dislocations or misfit verniers, where

applicable, is briefly summarized.

Some of the results applicable to the epitaxial systems with the
three-fold symmetrical substrates considered here are put into

context with the general considerations.

The possible application of the reciprocal lattice formulation in

three-dimensional rather than surface form concludes the chapter.
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CHAPTER 6

CONCLUSION

The preceding chapters have seen the development of a general
description of the epitaxy of thin films with any crystalline
symmetry on substrates of any crystal symmetry. Energy
considerations lead directly to a criterion for the existence of
epitaxial configurations in terms the reciprocal lattices of the

overgrowth and the substrate crystals.

Ideal Epitaxial Configurations were defined (van der Merwe 1982,
Chapter 3 here) as those combinations of lattice parameters or
ratio of nearest neighbour distances, and azimuthal orientation,
which minimize the misfit energy for rigid overgrowth and
substrate, for a given pair of surface structures. Usually the
definition refers to infinitely wide overgrowth and substrate.
These ideal configurations occur when a pair of reciprocal lattice
vectors of the substrate and overgrowth coincide in length and
orientation. This criterion is analogous to the Laue criteria in
diffraction theory (Busch and Schade 1876), and leads to a

geometrical realization as a construction analogous to that of

Ewald.

In terms of the construction, as generalized from initially rigid
systems, the misfit strain necessary to achieve epitaxial matching,
but subject to the constraint of minimum energy, could be derived
from the reciprocal lattice, and a simple, closed expression for
this homogeneous strain was found. Also derived were the strains
and rotations necessary to achieve two-dimensional coherent
matching of an elastically deformable overgrowth and rigid
substrate. Parallel to the reciprocal lattice description, the
strains were also calculated by direct numerical minimization of
the total interfacial energy, defined for the purpose as the sum of
the misfit and strain energies. The numerical minimization was
performed on an overgrowth of finite lateral extent, while the
analytical results were obtained for an infinite overgrowth. The

effects of the finite nature of the overgrowth island were
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emphasized with this parallel approach, by direct comparison of the

strains, and the resulting structures as seen in the reciprocal

lattice.

The effect of local strain in the further reduction of the
interfacial energy was examined by a numerical Finite Element
technique, applied to the islands which had been allowed to reduce
their energy by misfit strain, if this was favourable. The atomic
structure of the interface was obtained directly from the Finite
Element analysis. This structure was analyzed in terms of a
generalized description of misfit dislocations (or Misfit Vernier)
obtained in the reciprocal lattice. The dislocation spacing,
direction, line sense and Burgers vectors were all derived
analytically and compared to the numerical results, which served to

emphasize the power of the reciprocal lattice description by the

agreement and ease of use.

Explicitly, the effect of anisotropy of the elastic constants was
studied for all the strained cases, and the energy and phase

diagrams of Chapter 4, with the energy and structural diagrams of
Chapter 5 (figures 4.3-6 and 5.8-12 respectively) illustrate the

effects very clearly. The extent of the pseudomorphic phase as a

function of the ratio, r = bnn/unn' of nearest neighbour distances

of the overgrowth and substrate lattices respectively is influenced
strongly by the anisotropy. This phase only occurs at a single
orientation, that of the Nishiyama-Wassermann configuration, (Bruce
e.a. 1977, 1978, Nishiyama 1934, Wassermann 1833), - or its

symmetrically eguivalent realizations -« in the bcc{110}t/fcc{l11}

model system studied here.

Also, the inherent difference in properties of the two dominant
configurations of the becc{110}/fcc{l111} model system, namely the
Nishiyama-Wassermann and the Kurdjumov-Sachs (Bruce and Jaeger
1977, 1978, Olsen and Jesser 1971, Kurdjumov and Sachs, 1930)
orientations were analyzed. These are both configurations in which
atomic rows match coherently in a direction perpendicular to the

atomic rows, and are thus one-dimensionally coherent

configurations. It was found that where misfit is accommodated by
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misfit strain, the orientation angle of the Kurdjumov-Sachs
configuration for systems which do noet have the exact nearest
neighbour ratio of the ideal configurations is strongly dependent
on the elastic constants, and the anisotropy ratio in particular.
The magnitude of this deviation from the ideal angle naturally

depends on the strength of the binding between the overgrowth and

substrate as well, but may be as much as 3o for metal-metal systems
with a large anisotropy ratio. The orientational angle for the

Nishiyama-Wassermann configuration remains at the ideal angle, er.

Structurally, a large deviation from the optimal Kurdjumov-Sachs
angle towards the Nishiyama-Wassermann orientation by systems which
normally align as Kurdjumov-Sachs is accommodated by networks of
screw and edge dislocatiens, which are widely spaced and allow the
development of large regions of good fit. For systems which
normally align as Nishiyama-Wassermann, deviation towards the
Kurdjumov-Sachs orientation results in the formation of Misfit
Verniers, expensive as far as misfit energy is concerned, as

regions of good fit remain small. (Chapter 5, Table 5.5, figures
5.11-12)

Also relevant is that the Kurdjumov-Sachs orientation deviates from
the pseudomorphic orientation. This means that if a system grew
pseudomorphically at first (Matthews and Jesser 1868, Olsen and
Jesser 1971), and then as it thickened the optimal one-dimensional
coherent configuration was the Kurdjumov-Sachs configuration, the
overgrowth needed to rotate to reduce the misorientation. This type
of reorientation of thickening films has been observed directly by
Olsen and Jesser {(1971). That reorientation is necessary, and
probably reguires an activation energy, (Bruce e.a. 1978 b) will
result in a spread of orientations between the pseudomorphic
orientation and the Kurdjumov-Sachs angle. This spread, which
reduced when the temperatures were higher, possibly providing the
activation energy, has been observed by Gaigher and van der Berg
(1987). If the overgrowth is prevented from rotating, the
misorientation must be accommodated by screw dislocation or vernier

arrays. A system which transforms to the Nishiyama-Wassermann
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misorientation must be accommodated by screw dislocation or vernier
arrays. A system which transforms to the Nishiyama-Wassermann
configuration however, does not have an orientational misfit
thereafter, yielding edge dislocation networks if insufficient

energy for homogeneous strain is available.

Also possible, but a small effect, is the direct transition from a
two-dimensionally coherent phase to an incoherent, dislocated phase
without the transition to a one-dimensionally coherent phase. This
relies on a large anisotropy ratio, for systems for which neither
one-dimensional configuration is ideal, and each is equally
distant, energetically. Such a transition can be seen in the phase
diagram figure 4.6 ¢. Again, such a system would be found more
freguently in the Nishiyama-Wassermann orientation, because its

angle is the same as the pseudomorphic two-dimensional phase.

In several cases, dislocation networks of screw, mixed, including

600, dislocation or vernier networks were found to contribute to
the misfit accommodation. (Refer to Table 5.5, and the discussion
of the results of Chapter 5.). This means that periodic strain
fields are introduced into the overgrowth, and the wave vectors
corresponding to these dislocations are observable with diffraction
techniques. As this wave vector is given by the difference between
nearby overgrowth and substrate reciprocal lattice vectors (Chapter
5, figures 5.7) which are relatively close together, a fine
structure around the reciprocal lattice positions contributing to
the epitaxy may be observed. Gradmann and Waller (18982) have
observed this direcﬁly in LEED diffraction patterns, as has
Gradmann (1964) in RHEED observations. This interpretation is
limited by multiple scattering effects, although the secondary

diffraction spots may be distinguishable from intensity

considerations.

The energy based models all involve an adatom-substrate interaction
potential which was expressed as a truncated Fourier series, with

wave vectors selected from the infinite set of the substrate

reciprocal lattice. The choice of Fourier coefficients and their
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relative magnitudes, the number of terms retained from the infinite
series expression, the corrections for asymmetry of the actual
atomic arrangement and stacking fault effects by using structure
factors or secondary series, are all dictated by the features which
one wishes to retain in the model. The final form of the series and

magnitudes are discussed at length in Chapter 2.

The ideal epitaxial configurations were predicted from the purely
rigid overgrowth model, in Chapter 3, and are tabulated in Table
3.5 and 3.6 for the bcc{l110t/fccflill} system} and in Table 3.2 and
3.3 for the fcci{l1l}i/fcci{lil} system. Also in Chapter 3, the
reciprocal lattice formulation of the epitaxial criteria and the

geometrical realization in the Ewald construction were derived.

In Chapter 4 the misfit strain, and rotation, necessary to achieve
coherency for non-ideal systems, both one-dimensional and two-
dimensional are obtained for the bcc{110}/fcci{l1il} system, the
former as the overgrowth. It is here that anisotropy plays an
important role. The elastic constants with the three anisotropy
ratios used, %, 1 and 5, designed in such a way that any effects
are in fact due to the anisotropy are given in Table 4.1. Both
analytical expressions derived from the reciprocal lattice
criterion, and direct numerical minimization of interfacial energy

were employed in this chapter, and the results were given in Tables

403"5.

With the overgrowth being allowed to strain to energetically
optimal amounts, (possibly this means no strain), the effect of
relaxation about "Minimum Strain" or O-lattice regions (Frank 19850,
Bollmann 1970) was treated in Chapter 5, with a numerical
implementation of the Finite Element technigque. This produced the
positions of the interfacial atoms, and the energies involved. The
interfacial misfit structures, dislocation arrays or misfit
verniers were obtained from the reciprocal lattice, and compared
with the interfacial maps produced by the Finite Element techniques
to interpret the latter. This comparison was possible after

generalized expressions for misfit accommodation were obtained in
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terms of the reciprocal lattice. Both interface structures (figures
5.11) and diagrams illustrating the energy behaviour of the misfit
accommodation, pure vernier (rigid), misfit strain, and misfit

dislocations were obtained and are shown in figures 5.8-10.

As the misfit strain could be predicted from the reciprocal
lattice, (Chapter 4), as well as the dislocation arrays which
accommodate the remaining misfit, (Chapter 5) the power of the
reciprocal lattice formulation of the epitaxy problem has been
adequately demonstrated. The convenience of numerical solution of
the energy balance problems, from the rigid model, through the
homogeneous strain to Finite Element -local strain- model has
provided a useful adjunct to the idealised reciprocal lattice
description. Conversely, the reciprocal lattice formulation has
proved an almost indispensible tool during interpretation of the
numerical results. The two approaches, used in parallel, have been

shown to form a powerful, versatile and convenient combination.

The reciprocal lattice formulation of the epitaxial problem has
been applied to two-dimensional substrates and overgrowths, or at
least to systems with flat interfaces, and islands without strain
gradients in the third, vertical direction. A three~dimensional
generalization is straightforward, and would be able to describe
the misfits and their accommodation in systems with essentially
three-dimensional nature. Examples are the cases of Burgers vectors
pointing out of the interface, as observed by Matthews (13966),
Matthews and Jesser (1967), (refer to the reviews by Matthews 1875,
1979), in thicker overgrowths. Stepped interfaces, (Shiflet and van

der Merwe 1986) should also be amenable to the further development

of this approache.
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APPENDIX 2

TRANSFORMATIONS

Listed here are the transformations, transformation parameters
and identities relevant to the rigid and strained island models
of Chapters 3, 4 and 5. Several transformations are given, in
particular those relating the overgrowth and substrate
crystallographic (skew) axes, as well as the relationship between
these coordinates and cartesian coordinates referred to either
substrate or overgrowth systems. Quantities in the substrate
coordinates are indicated by a - symbols, and the overgrowth by

b - symbols.

The crystallographic coordinates are defined in terms of lengths,
angles, relative orientation and displacements. The lengths, in
turn, are referred to single scaling parameters, cnn and brm ’

usually chosen as the distance between nearest neighbour lattice
sites or atoms. The ratio between these is used as a central

parameter in the discussion of epitaxy, r = bnn/ann .
The lengths are a, = |a,| =ca , @, = lay| = cya  in the
substrate and b, = |b,| =d,b , b, = |b,| = d,b_  in the

overgrowth. The angle a is the anti-clockwise angle between a,

and 02 , while B is the egquivalent angle in the overgrowth.

The angle & gives the relative orientation of the two
coordinate systems, and is the angle between n1 and b1 , while

the vector rog = xoul + y002 gives the relative displacement of

the origin of the overgrowth coordinate systen.

Transformations between overgrowth and substrate guantities:

Overgrowth quantities in terms of the substrate:

D T

b, = r a. + r,.s,.a ®x, = (X_ =X )_ﬁ + (y_=-¥.) ba
1 - F11%%: 12592 r Ry = XGTXGIT Ya~Y¥o'T
11 12
T D
& 8a
b, = Ty1568%17% T22%8%2 r Yy = (xu'xo’le + (ya'yo’rzz - Al

Conversely, substrate quantities in terms of the overgrowth are:

D T
a, = — b, + _ﬁ b X = x r_,.,.c, + y . r_.s + X
1 r11 1 T,y 2 ’ a b 1178 b 21768 0
T D
8a éa
a, = T, b, + ., b, r Yq = XpTypSg * YpTopCgg * Yo « A2
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A.2

In these and subsegquent transformations the transformation
parameters are:

ratios:
bi di
r1j = E; = E; r , where i, =1, 2 , A3
angular parameters:
co = sin(a-#)/sin a ’ sp = sin &/sin «a
seﬁ = sin(a-8~8)/sin « ’ ceﬁ = sin(B8+8)/sin a . A4

Substrate reciprocal lattice vectors are defined in terms of the
2-dimensional substrate lattice as:

* 2n a, X n - 2n n X a,
a = and 02 =
n-(n1 X 02) n'(u1 X 02)
a, X a,
with n = the unit vector normal to ul and u2 . A5
la, x a,]|

Overgrowth reciprocal vectors are similarly defined.

Transformations relating the reciprocal sets are given by:

¥ b b, h O To
Qa = r C + S = p - q —
1 1178 1 217688 2 Tiq Toy
; b, b, K P6a A6
a, = r_,.S + r,..c = p q —
2 i27¢ 1 22768 2 r12 r22
and
D T
bl &8 * 8a *
b, =— a, + —m—m8 a s, P = hr, ,c_, + Kr__s
1 r11 1 Tyo 2 1178 i27¢
T D
k 4 9 k4 ed x
b2 = r21 01 + T, u1 , g = hr21s9ﬁ + krzzceﬁ . A7

Components of the reciprocal vectors are obtained from the

general formula valid for any vector R in terms of a set of

vectors and is reciprocal set defined as in A5, and A8 (below):
x

* * x
R = [(nl-R)o1 + (az'R)az]/Zn = [(alvk)u1 + (02-8)n2]/2n
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Identities:

From these definitions and transformations it may be confirmed
that several identities are satisfied by the various vectors and

transformation parameters, i.e.
* x . .
ni-nj = Znéij and bi-bj = 2nbij , i, 3 =1, 2. A8

The scalar product between a wave vector and a direct-space
vector is the same in either coordinate system, and therefore
invariant under the transformations, which leads to the identity:

(q- (r-ry)J, = [a'r], AS
* *
where: qu = hu1 + k02 ’ ru = xcnl + yaaz ’ ‘(ro)c = x0a1 + y0n2
* *
and: qb = pb1 + qb2 r Ty = xbb1 + ybb2 =r, - ro .

The angular transformation parameters satisfy the identities:

ceDg + ssTed =1 = SGﬁTO + cepDea
r r r r
11 12 21 22
with c,T, + s, D = 0 = s, .D, + c, T . Al1O
r21 88 r22 & 8a r11 8B 8 r12 6B 8a

Cartesian components of the various sets of vectors.

When the reciprocal vectors are actually calculated, it is usual
to express some of the vectors in suitable cartesian coordinates.

Two different choices of cartesian systems have proved useful,
particularly in the reciprocal lattice formulations of the rigid
and strained island models. The first choice of cartesian axes
has the ex unit vector parallel to the nl substrate lattice

direction, while in the second choice, the cartesian unit vector
is parallel to the overgrowth vector b1 o

Substrate Cartesian coordinates:

nl = ulex = clonn ex ’ 02 = °2x ex + u2y ey All
, = azcos a e + 02s1n a ey
’ = czann(cos a ex + sin a ey)
2n e
® k 4
a :_.2n—e _Me ’ a = Y A12
1 c.,a b4 sina 'y 2 c, a sin «a
1 nn 2 nn
x*
= a e
2y Y
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*
hl = b1x ex + bly ey ’ b2 = b2x e, + b2y ey Al13
DB * Tea * * TB * Dea *
bix "% %x * 7 Qox ’ box =7, %1x * T Gox
11 12 21 22
* De * Tea x* k 4 Te 4 Dea x®
biy =7 %1y * 2 ’ boy =72, %y YT 92
y 11 Y 12 ¥ y 21 Y 22 <Y
b 2n b, b e |
1 T T = b* - 2yex - 2xeyJ Al4
1x 2y 1y 2x
2“ w x
by = b bY -b B~ [blxey*- blyex]
i1x 2y ly 2x
Overgrowth Cartesian Coordinates:
hl = blex = dlbnn e ’ b2 = b2x e + b2y ey A15
= bzcos B e + bzsln B ey
= dzbnn(cos Be + sin 8 ey)
2n e
*x 2n coSs * y
b, = —/ |e_ - - e J ’ b, = - Al6
1 dlhnn x sin 8 'y 2 d2 bnn sin B8
*
= b e
2y 'y
* x * x* * x A 7
01 = ulx ex + uly ey , 02 = u2x ex + °2y ey 1
4 w* k 4 4 * bt
9% T T11%Pix * T2159gP2x - Gox = T1259P1x * T22%ps°2x
x x* x x b* b*
99 T T11%Piy * T215gP2y - oy T T125¢°1y T T22%pg 2y
2" * 4
a, = &% pra———e {°2yex - uzxey} AlB

Cllx°2y - u1y°2x

2” * *x*
a, —0, u* -u, 0* olxey -ulyex
1x 2y ly 2x
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A.5

Strains and their effects in direct and reciprocal spaces

Transformation matrices of both direct and reciprocal space are
calculable from strains and have been derived in Chapter 4.

The coordinates are the overgrowth linked cartesian coordinates,

with r = xe. + ye a general position, and uw = u e+ u e the
b4 Yy XX Yy ¥y

displacement field. Similar expressions are valid in any

cartesian coordinates.

Strains:
du du Bux du
fx T 2x ’ Ey = 3y ’ 1xy = dy * ax R19

Linear transformation in cartesian direct space

a ¥ 1+¢ ¥
a = b 3 Xy | _ X Xy 220

¥ a ¥ 1+¢
% xy b4 * Xy y

Linear transformation in cartesian reciprocal space

*x* w
x ax 81xy 1+¢ xixy 1 ay -ktxy -1
A = - = - = 1: = fi
kixy a 3 xy i1+¢ (axay- Z‘xy) -31xy ax
R21
Distorted lattice parameters:
b: =b, 1+, , by =b, (1+£ )cos B + M¥ .sin B A22
Xxxy 81xycos B + (1+sy) sin B
1 ]
[ . = 2 =X 2
b, |h1] b, [(1+82) + 4xxyj
by = byl

e

b2{[(1+sx)cos B + xtxysin Bl + [81xycos B + (1+sy)sin Bl*}

cos B' = hi-bé/(bibé)

Orientation angle: &' = 6 + 68 A23
+1 if ’x 2 0
where cos 868 = bi-bl/(bibl) and sgn(éf) = { y
-1 if 1xy <0
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Strains from distorted lattice parameters

[ b b! b, .
1 cosbé - —l-cosbe cot8 + _2,cos(B +566)
b b b sin B8
a a 1 1 2
11 12
i = a a =
21 22 B b b
Ei sinbé - Eivsinbe cotB8 + Eg.sin;fn+§9)
T | 1 2 |
A24
with &8 = 8'-8.
The strains are then:
sx = allcosé + a21s1n¢ -1
Ey = 822c0s¢ - a12s1n¢ - 1 A25
and *1xy = a12c0s¢ + a22s1n¢ = azlcos¢ - alls1né
together with the essential rotation:
a - a
21 12 A26

tan¢ = 2 p——
11 22

Strains in any rotated coordinate system:

Rotate the coordinate system through 9R the strains become:

£' = £ cos?B_ + £ sin?f_ + %¥ sin2f A27
x X R y R Xy R
LI P2 2 - i

sy sxs1n BR + sycos OR xixysanBR

Xy = (sy-sx)s1n28R + 1xycos28R

Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2021



APPENDIX B

COMPUTER PROGRAMS

Several computer programs were written during the course of this
project. The technigues for numerical minimization and solution of
the non-linear simultaneous eguations used the standard package of
programs published by the International Mathematical and
Statistical Library Inc. of Houston, Texas, U.S.A., referred to
here and in the main text as IMSL. The descriptions of the
essential technigues are briefly given in the IMSL manual, which
also gives references to the source of the technigue. These

descriptions, including the references - if any, are repeated here

Verbatim.

The answers derived from their procedures were tested in several
ways, external to the actual routines, and in general were found to
be stable and sufficiently precise. Minor changes were made to the
program ZXMWD, the constrained minimization routine used in the
program HOM3GEN. The changes allowed the subroutine to use an

initial guess of the solution which was provided to the subroutine.

As these programs used the licensed subroutines from IMSL they are
not listed in this appendix. In the interest of Scientific
integrity however, they are available on magnetic tape or listing

on request. Necessary licensing arrangements can be made with IMSL,

who are usually amenable.

B.1 THE RECIPROCAL LATTICE PROGRAM - ORPHEUS

Tﬂe reciprocal lattice problem was computerized for convenience,
and to enable rapid testing of each development of the reciprocal
lattice formulation. The program ORPHEUS was written in BASIC, and

the language level used are the instructions common to GWBASIC 2.11
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B.2

as supplied with MSDOS 2.11 for the Olivetti M24 computer, and
BASICA as supplied with PCDOS 3.1 running on the IBM PC/AT -
ENHANCED (model 5170). All the reciprocal lattice diagrams are
direct printer copies of the computer screen, and these diagrams

are modified continually during the execution of the progranm.

A working version of the program (compiled with Borland's Turbo

Basic compiler) is supplied on 5 % floppy disk with this book. The

user is free to distribute it as he sees fit, but this author

requests citation. A more powerful version is under development.

Capabilities:

The progam ORPHEUS manipulates the (surface) reciprocal lattices of
the overgrowth and substrate from data supplied by the user in

response to guestions asked by the program.

Capabilities include interactive selection of reciprocal lattice
vectors displayed on the computer screen, and manipulation,
comparison of lengths, orientational calculations, strains,
rotations, misfit dislocation spacings, Burgers vectors,

orientations, line sense components, the strains and rotations

needed for pseudomorphism.

The program may be stopped in two ways:

1) Normal ending is achieved by answering YES to the guestion : Are

you finished?

2) Abnormal ending may be achieved by holding down the CTRL key and
simultaneously pressing the BREAK key, thus the CTRL-BREAK

combination, which immediately stops the program.

The version of ORPHEUS provided uses the IBM colour graphics

adapter, or the Olivetti computer screen in 640 X 200 pixels

resolution mode, referred to in BASIC as SCREEN 2, as well as the

IBM enhanced adapter (ega) in 640 x 350 resolution.
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For further information, please contact the author directly.
as

Max W.H Braun

Physics Department

University of Pretoria

Pretoria

Republic of South Africa

2000

B.2 THE HOMOGENEOUS STRAIN PROGRAMS - HOM3GEN, HOM3PHAS and

HOMSTRAN.

All three programs use the same method and share their major parts.

HOM3GEN:

Purpose This program calculates the homogeneous strains and
distorted unit cell parameters which minimize the total

interfacial energy defined as the sum of the misfit and

strain energies.

Relevant parameters are the size of the overgrowth island as two

integers, M and N. (Refer to Chapter 3 and 4 for their meanings.)

As energy minimization is done with the strains Ex’ sy and 1xy’

only, subject to plane stress boundary conditions no rigid rotation
of the overgrowth is allowed. In addition the anisotropy ratio is
reguested by the program, which modifies the elastic constants to

the required anisotropy ratio, as described in Chapter 4.

The minimization uses the constrained minimization routine ZXMWD,

from the IMSL package, briefly described below.
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B.4

Output from the program includes the strains, factors and angles by
which the unit cell parameters change due to the strain, as well as
the initial and final misfit enrgies, the strain energy and the
total energy, all for an island with cubic lattice parameter 2.622,
the lattice constant of Fe, for the selected orientation and
nearest lattice parameter. Reguired as input are the Anisotropy
ratio and the energy calibration factor W, as well as the second

order relative amplitude All/A10 of the substrate potential called

BLAM, and the stacking fault parameter DELTA.

This program calculates the regquired values over a range of r and

theta which is set internally in the programe.

The output is used in the program HOM3DRAW which uses the DISSPLA
graphics package to produce the perspective energy diagrams and

contours of Chapter 4.

HOMSTRAN, HOMPHAS

These programs are shortened special versions of the program
HOM3GEN. The first needs additionally the input of r and theta as
it solves the minimization problem only for a single pair. In
addition, this program calculates W if the Van der Merwe
configurational parameter, €, is given, or calculates € if W is
given. The output is used by the finite element program RECLOADX as

misfit 'strain component of the overgrowth misfit accommodation.

HOMPHAS calculates the strains, energies and cell parameters
subject to homogeneous strain again as HOM3GEN, but for a range of
configurational parameters and nearest neighbour ratios, for the
two orientations, 30°, the Nishiyama-WAssermann orientation and
24.74°, the Kurdjumov-Sachs orientation. The output is used by

PHASORT, which selects the epitaxial configuration and draws the

phase diagrams.
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B.3 THE FINITE ELEMENT SUITE

RECSYS:

Purpose Generation and assembly of the stiffness matrices for

rectangular elements, using the standard elastic

constants.

The program interactively requests the user to input the required

anisotropy ratio, and modifies the elastic constants accordingly.

Output from the program are a raw stiffness matrix and a stiffness
matrix which conforms to the boundary conditions described in
chapter 5, the fixed average strain conditions, as well as the

elastic constants and numbers of the degrees of freedom which are

fixed.

KLUCOMP:

Purpose LU - decomposition of the bounded stiffness matrix KB.

This program employs the standard IMSL routine LUDAPB.

Output: The decomposed, bounded stiffness matrix.

RECLOADX:

Purpose Solves the finite element problem with strains input

through a disk file.

This program uses the IMSL routine LUELPB to repeatedly solve the
linear problem KBU = FB , Yielding UO. After each iteration the
force matrix FB is recalculated, until the linear solution exactly
matches the solution to the non-linear problem KBU = FB(U). The

exact convergence is finally proved by using the IMSL routine

LUREPB.
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To prevent random oscillation, the problem is treated as a
relaxation problem, in which the system is allowed to respond
slowly to the force field. Beginning with O , FB is calculated and
using LUELPB, the new U(l) is calculated. The displacement
direction is determined from U(l)—U . The distance along this

direction that the system is allowed to move is limited by the

following technigues:

1) No single degree of freedom may move more than 1/8 of a lattice

parameter

2) The total energy for five short steps along the reguired

direction is calculated and the distance which produces the

smallest energy is used

3) Every second iteration, only half the step calculated in 2) is
taken. This dramatically speeds convergence when the solution is
close to finishing, as then the system tends to oscillate from one
side of the minimum to the other, in nearly equal amounts. This
halving of the step assures monotone convergence, or if the

solution is oscillating, very rapid convergence.

The final solution is allowed to step as far as it likes. If no
change is perceived within a predetermined number of significant
digits when LUREPB has achieved solution, the linearized process
has solved the nonlinear problem to the regquired precision. Most
systems considered converged in this way to better than 10

significant digits in all the displacement components.

Output from the program are the nodal displacements, initial misfit

energy, initial strain energy of a misfit strained overgrowth, and

the final misfit, strain and total energies.
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DSPLREC:

Purpose Plotting of the atom positions from the nodal

displacements produced by RECLOADX
This program uses the finite element formulation to recreate the

interface atom positions of the overgrowth from the nodal

displacements. The DISSPLA package is used.

B.4 IMSL ROUTINES USED:

ZXMWD:

Purpose Global minimum (with constraints) of a function of N

variables

The constrained minimization problem is equivalent to
L. _ foa _ N
Minimize f(al+(b1 31)51n tl' cee an+(bn an)51n tn)
(tl e e e tn)

where the ti are now unconstrained. With this transformation, in

fact, each possible global minimum, including any on the boundary,

is transformed into a local minimum.

ZXMWD calls a modified version of ZXMIN to do about 30 iterations
with each of NSRCH starting points generated by ZSRCH. The five
which result in the lowest values of the funtion are allowed to
continue to convergence. The local minimum found which, of these
five, gives the lowest function value is taken to be the global
minimum. As NSRCH is increased, the probability that this point is

really the global minimum is increased.

See reference:

Box, M.J., A Comparison of Several Current Optimization Helthods and

the Use of Transformations in Constrained Probhlems, Computer

Journal 9, 1966, 67 - 77.
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ZXMIN

Purpose Minimum of a function of N variables using a gquasi-Newton

method.

ZXMIN is based on Harwell Library Routine VA10A. It uses a quasi-

Newton method to find the minimum of a function f(x) of N variables

X = (xl,xz, cee ,xN).

See reference:

Fletcher, R., Fortran Subroutines For MNinimization by Quasi-Newlcon

Hethods, Report R7125 AERE, Harwell, England, June 1972.

ZSRCH

Purpose Generate points in an N dimensional space

ZSRCH generates starting points for algorithms which optimize
functions of several variables -~ or, almost equivalently -

algorithhs which solve simultaneous non-linear egquations.

ZSRCH is based on systematic placement of points to optimize the

dispersion of the set.

Z2SRCH may be used with any non linear optimization routine that
requires starting points. The rectangle to be searched must be

determined and the number of starting points must be chosen.

See reference:

Aird, T.J., and Rice, J.R., Systematic Search in High Dimensional

Sets, SIAM Journal on Numerical Analysis, 14 (2) 1877, 296 - 312.
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LUDAPB

Purpose Decomposition of a Positive Definite Band Symmetric

Matrix - Band Symmetric Storage Mode

LUDAPB Decomposes the N by N matrix A into the product LLT where L
is a lower triangular band matrix. A is assumed to be a positive

definite band symmetric matrix stored in band symmetric storage

mode.

A is decomposed into LLT by the Cholesky algorithm. This algorithm
is stable without pivoting. The result, L, is stored in band

storage mode in the matrix UL. The main diagonal values of UL are

stored in reciprocal form.

LOELPB

Purpose. Elimination part of solution of AX = B - positive

definitive band symmetric matrix - band symmetric storage

mode.

LUELPB performs the elimination portion of the solution of a set of
simultaneous equations AX = B where A is assumed to be a positive

definite band symmetric matrix stored in band symmetric storage

mode.

This routine was designed to be used in conjunction with LUDAPB.

The input matrix UL for LUELPB should be the output matrix from
LUDAPB.

UL is the LLT decomposition of the original coefficient matrix A.

The main diagonal elements of the LU decomposition are stored in

reciprocal form.
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See Reference:

Forsythe George and Moler Cleve B., Computer Sclulion of Linear

Algebraic Systems, Prentice-Hall, Inc., Englewood Cliffs, New

Jersey 1967, Chapter 23.

LUREPB

Purpose. Refinement of solution to linear equations - positive

definite matrix - band symmetric storage mode

LUREPB refines the solution of a set of linear egquations AX = B,
where A is a positive definite band symmetric matrix stored in band
symmetric storage mode. It is assumed that the LLT decomposition
of A is available as supplied by the IMSL Routine LUDAPB. This

routine iterates upon the solution until machine accuracy is

achieved.

The user supplies as input the N x N positive definite band
symmetric matrix A, the lower triangle L of its LLT decomposition
(stored in UL) which is also N x N, and vectors X and B of length

N. For further details see the algorithm and accuracy sections of

IMSL Routine LUREFP.
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