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Summary

0.1 Overview

In the research for the Masters degree, principally a literature study, the focus
was on the Finite Element Method applied to vibrating systems: vibrating
beams, plates, multi-dimensional elastic solids, hybrid models and linked
vibrating solids. The emphasis of this dissertation was on the Finite Element
Method applied to these model problems.

An important aspect was the comparison of different models for the same
structure. The chosen method to compare models is numerical simulation.
Therefore convergence of the finite element approximation is important. Spe-
cific attention was given to:

e determining whether error estimates are available in general and any
conditions necessary for convergence;

e crror analysis and convergence of solutions;

e existence of solutions.

A search through the literature revealed that a substantial number of publi-
cations deals with the finite element method applied to the multi-dimensional
wave equation but less on vibrating beams, plates and multi-dimensional elas-
tic solids. Hardly anything has been published on error estimates and finite
element approximations for hybrid models and structures, linked systems or
structures with boundary damping or damping in joints.



In Chapter 1 we present an introduction to the theory of vibrating beams,
plates and multi-dimensional elastic solids. For beams we start with the most
general linear model. In particular we looked at the differences between the
Euler Bernoulli, Rayleigh and Timoshenko models for the transverse vibra-
tion of a beam. We show how the Reissner-Mindlin plate model is derived
from the equations of motion and how the classical plate model follows by
making additional assumptions.

Also in Chapter 1 we mention briefly comparison results in the literature
concerning the Euler Bernoulli, Rayleigh and Timoshenko models for the
transverse vibration of a beam. In [SP06] and [LVV09a] the Timoshenko
theory is compared to a multi-dimensional model. It was found that the
Timoshenko theory is an excellent approximation in the case of beam appli-
cations, i.e. for transverse loads. In the articles [VV06] and [LVV09a] the
Timoshenko model is compared to Rayleigh or Euler-Bernoulli models. The
Rayleigh and Euler-Bernoulli models can be useful when the parameter « is
large. A value of a of anything between 2000 and 5000 may be sufficient,
but it depends on the initial data or the manner of excitation. This means
that it is not possible to determine beforehand whether the Euler-Bernoulli
or Rayleigh model is suitable for a given application (unless « is extremely
large). The Euler-Bernoulli and Rayleigh models are compared in [VV06].
The values for the first 5 eigenvalues indicate that the difference between the
models is probably not significant.

In Chapter 2 we present general existence results for hyperbolic equations
which may be applied to the model problems. These results are from the ar-
ticle [VV02]. In this article the existence theorems are given in a convenient
form for application to the finite element method. Unfortunately only weak
solutions are guaranteed. For higher regularity properties one may consult
[Eva98] but the model problem does not include damping and only homoge-
nous Dirichlet boundary conditions. Strict compatibility conditions must be
imposed on the initial data and regularity conditions on the forcing function
to yield these higher regularity properties.

In Chapter 3 we study the available convergence theory for hyperbolic equa-
tions to determine whether error estimates are available in general and any
conditions necessary for convergence. A general theory is required that can be
applied to any linear vibrating system. We considered only [OR76], [BV13],
[BV14] and [Bas14] since other important articles (e.g. [Bak76] and [Dup73])
are already considered in these publications. These results were then applied
to each of the different model problems in Chapters 4 to 7.



In the article [BV13] convergence is proved but with weaker assumptions
than the other articles considered. This is achieved by splitting the error
into semi-discrete and fully discrete errors. In the article semi-discrete and
fully discrete error estimates for the Galerkin approximation of a general
linear second order hyperbolic problem are derived. Viscous type damping is
also incorporated and so the results in [BV13] could be applied to problems
like the Reissner-Mindlin plate model. The results and proofs in the article
[BV13] are mostly given in sufficient detail in the article, hence the focus in
this dissertation was to state the results and apply them. The results can
not be applied to problems with boundary damping.

Hybrid beam models with boundary damping are considered in Chapters
4 and 5 (where the theory in [BV13] is not applicable). The model pro-
blem in Chapter 4 was introduced in [ZVV04] where the finite element
method is used to compute natural frequencies and modes of vibration. In
[Bas14, Section 8.2] the model problem is considered briefly. Aspects covered
are existence and convergence of the finite element approximation. The idea
in this dissertation was to apply the general theory for convergence but this
is only available for the semi-discrete approximation in [BV14]. We present a
complete derivation for the error estimate for the fully discrete approximation

using [OR76] and [Bas14].

In Chapter 5 we study [BDV14] which is based on the work in [AS02]. In
the article [AS02] the authors model and analyze the damped vibration of a
cantilever beam with an attached hollow tip body that contains a granular
material. The model is more realistic than other articles: the fact that
the center of mass of the rigid body is not at the endpoint of the beam is
taken into account. The Euler-Bernoulli theory for a beam with Kelvin-
Voigt damping is used. The beam is clamped at one end and the tip body
is attached to the other end. The existence of a unique solution for the
model problem is established. In [BDV14] the authors present a complete
analysis of the model. Firstly they derive a correct linear approximation for
the model problem. Next they also prove the existence of a unique solution.
Their approach differs from that in [AS02]: they write the model problem in
variational form and use results from [VV02] where general linear vibration
models in variational form are considered. We show that it makes virtually
no difference if the Rayleigh model is used instead of the Euler-Bernoulli
model.

We observe that in [ZVV04] the Timoshenko beam theory is used which is a
better model but the interface condition for the tip body is more realistic in



[BDV14].

Vertical structures are the focus of Chapter 6. Model problems for high rise
buildings, towers and other vertical “beams” e.g. industrial chimneys are an-
alyzed. Beam models appear to be popular but in the articles considered no
justification was offered. In this chapter we compare Timoshenko, Rayleigh
and Euler-Bernoulli models for vertical structures. Beam models for chim-
neys seem reasonable but beam models for buildings are questionable. (Tall
buildings are often modeled as vertical beams, see e.g. [HV07] and [WFHO1]
and the references in [WFHO01].)

Recall that our objective is to compare models. To start, we consider the
most general linear model for a vertical beam where gravity is taken into
account.

Simulation is necessary to determine displacements, acceleration and stresses
in structures subjected to earthquake loads or wind loads.

In Section 6.2 we compare beam models for buildings. Simulation of Ti-
moshenko and Rayleigh models were done. We did not consider existence of
solutions and convergence since this is done in Section 6.4 for a more complex
model.

In Section 6.3 a vertical Euler-Bernoulli model but with concentrated masses
to represent the floors in [WFHO1] is mentioned. We consider multiple beam
models with concentrated masses to represent the floors, which we believe is
a better model.

A vertical slender structure with resilient seating is the topic in Section 6.4.
We consider hybrid Timoshenko and Rayleigh beam models for the struc-
ture. A Rayleigh model is in [LVVO05], where the origin of the problem is
discussed and references are given. Models that correspond to Newland’s
lumped parameter system models [New89, p 129-132] and [New84] are pre-
sented. The structure is modelled as a beam mounted vertically and gravity
is taken into account. Modeling the behavior of the resilient seating and
foundation leads to a complex hybrid system with interface conditions and
additional equations. The modeling is done in great detail in [Lab06] where
the finite element method is used for a comprehensive modal analysis, and
convergence of finite element approximations for eigenvalue problems is con-
sidered. Existence results can be found in [LVV09b].

In Chapter 7 plate models and model problems for elastic solids are consid-
ered.



From the introduction to the article [Wu05], we conclude that this is the
first result on convergence of the finite element method for the vibration of
a Reissner-Mindlin plate. With no damping or viscous damping the theory
in [BV13] can be applied. In [Wu05] the fully discrete problem is formulated
in Section 3 and the explicit scheme explained. The algorithm is virtually
the same as central differences. Therefore the theory is a special case of the
theory in Section 4.6 of this dissertation. In [LVV09c| a plate-beam system
is considered. In out opinion the notation is preferable and we followed their
presentation for the plate problem in [Wu05].

Linear elasto-dynamics [Wu03] is also briefly discussed in Section 7.3. The
theory is almost the same as for the plate problem.

0.2 Results

As this is a literature study, there are few results that are really new. The
main conclusion is that there is scope for research in modeling and finite
element analysis and implementation.

Recall that one objective was to compare models. In Chapter 6 vertical
beam models with the effect of gravity were compared. To start, we consid-
ered the most general linear model and then simplified to obtain workable
Timoshenko and Rayleigh models. It turned out that there is a lot more
to do than anticipated. It now seems that a complete dissertation can be
written on beam models for vertical structures. The work done in Section
6.3 is promising and is worth following up. The comparison between the
Timoshenko and Rayleigh beams is only a start. Also, multi-beam models
should be compared to single beam models.

The error estimates obtained in [BV13] require weaker regularity assumptions
than other articles but the assumptions are still too restrictive. Consequently
convergence results for even classical solutions are not available. Note that
the existence theorems in Chapter 2, which are convenient to apply, guarantee
only weak solutions.



0.3 Further research

The comparison of the Timoshenko and Rayleigh models in Section 6.2 is an
obvious topic for further research. Systematic experiments are required to
reach a conclusion. Simulation of earthquakes is another possibility since the
excitation is different from that caused by wind.

Another topic which should definitely be investigated is the comparison of
multi-beam models with single beam models for buildings. A vertical Euler-
Bernoulli model but with concentrated masses to represent the floors, is used
in [WFHO1]. Our proposed multiple beam model should be compared to the
model in [WFHO1] and single beam models.

Clearly it is essential to have reliable approximations for solutions, and the
problems mentioned with error estimates should be addressed. For a start a
continued search of the literature is indicated.
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Chapter 1

Vibrating elastic bodies and
structures

1.1 Introduction

The following paragraph is from [Wu03]:

“Structural dynamics is one of the most active and attractive research fields
with a long history of development. Elastic multi-structures are usually com-
posed of a number of elastic substructures with the same or different dimen-
sions (three-dimensional bodies, plates, rods, etc.) coupled by some proper
Junctions, frequently used in automobile and aeroplane structures and motion-
and force-transmitting machines and mechanisms.”

A well-known challenge to engineers is to prevent or to minimize the effect
of unwanted vibrations. To do this effectively, theory, mathematical analy-
sis, simulations and numerical experiments are indispensable and motivates
ongoing research.

The structures mentioned above are often modelled as ordinary or partial
differential equations or even a (complex) system of partial differential equa-
tions. It has become common practice to use numerical methods (often
pre-programmed computer software) to solve problems.

Research is necessary to improve mathematical models, compare existing or
new mathematical models and to improve or create numerical algorithms.
This is particularly relevant for elastic multi-structure problems. The finite



element method is used for steady-state problems, modal value analysis of
a structure and simulating the transient response. Clearly it is essential to
analyze the convergence of the finite element approximation and derive error
estimates.

Many articles have been published on error estimates and convergence for hy-
perbolic partial differential equations, i.e. the multi-dimensional wave equa-
tion. But less has been published on problems from continuum mechanics
such as vibrating beams, plates and 3-dimensional elastic bodies.

As far as can be ascertained not much has been published on error estimates
and finite element approximations for hybrid models and structures or linked
systems. This is also the case for structures with boundary damping or
damping in joints.

In the research for the Masters degree, principally a literature study, the
focus is on the Finite Element Method applied to models of hybrid or linked
vibrating systems. Specific attention was given to:

e comparing different models for the same structure;

determining whether error estimates are available in general and any
conditions necessary for convergence;

error analysis and convergence of solutions;

existence of solutions.

In Chapter 2 we present general existence results for hyperbolic equations
which may be applied to the model problems. In Chapter 3 we study the
existing convergence theory for hyperbolic equations.

Hybrid beam models are considered in Chapters 4 and 5.

Vertical structures are the focus of Chapter 6. Model problems for high
rise buildings, towers and other vertical “beams” e.g. steel chimneys are
analyzed. Here we compare the Timoshenko theory to the Rayleigh and
Euler-Bernoulli theories.

In Chapter 7 plate models and model problems for elastic solids are con-
sidered.

Before we consider the research objectives in detail, it is necessary to consider
the theory of vibrating beams, plates and multi-dimensional elastic solids.

7



1.2 Beam theory

1.2.1 Transverse vibration

Consider the transverse vibration of a prismatic slender solid with density p,
length ¢ and cross-sectional area A (see Appendix F). Recall the assumption
that every cross-section executes a rigid motion: We assume that the position
of a point (x,y, z) at time ¢ is given by

R(x,y,z,t) = To(z,t) + yey(x,t) + zé.(x, 1),
where €, €, and e, are orthogonal unit vectors moving with the cross-section.

Suppose the points of reference for the space and the reference configuration
coincide and let €; be the fixed right handed system.

For pure transverse vibration the motion of a centroid is given by

To(z,t) = zé; +w(z,t)eésy,
with w(x,t) transversal displacement in the X — y plane.

The assumption of transverse vibration as formulated above does not cor-
respond to reality unless the displacements are very small. To allow for sig-
nificant transverse displacements it is necessary to consider two-dimensional
motion:

To(z,t) = (z + u(x,t))e; + w(x, t)és.

Consider the rotation of cross-sections about és, i.e. €,(t) = é; for each t.
(We say that the cross-sections rotate about the z—axis.) Note that the
motion of each point is in a plane perpendicular to e;. To be specific, we
assume that

r(x,t) = yey,(x,t) + zes,

where
éy(x,t) = —sind(x, t)é; + cos (x, t)és.

The unit vector e,(z,t) is used to describe the rotation of a cross section and
¢ is the angle of rotation of the cross-section.

Angular momentum density



If D is symmetric with respect to the y—axis, then the angular momentum
density (see Appendix F) is

H(z,t) = pl 0,¢(x,t)es, (1.2.1)
where I is the area moment of inertia (I = [}, y?dA).

To derive the equations of motion, we use Propositions F.3 and F.4 in Ap-
pendix F. Note that

07y = Ofue, + O?wey, O0,H = pl 0¢eés
and

8$770 X F = (1 + axu)Fgég — (]_ + 8xu)FgéQ — awalég, + 8$’LUF361.

Note that
83770 . ég — 0,
8tH . él = 0,
8,5170 ey = 0.

The assumed motion is only possible if there are no forces in the z-direction:
]3' ég - O

Equations of motion

pAdlu = O, F + P, (1.2.2)
pAdIw = 0, F, + P, (1.2.3)
pl02¢ = (14 0,u)Fy — 0,wF) + 0, Ms. (1.2.4)

It also follows that

0 = ang,
0 = 8I’LUF3 + aer,

The system of equations above will be satisfied if F3 = M; = My = 0 at
the boundary points. As a consequence F3 = M; = M, = 0 throughout the
beam.



Constitutive equations and linear approximation

To obtain a mathematical model the equations of motion must be supple-
mented by constitutive equations. A natural choice for shear and bending
are the constitutive equations of the Timoshenko theory (see e.g. [Inm94],
[Cow66]) and for the longitudinal strain Hooke’s law in its simplest form.
However, the tensile force is not equal to F} and the shear force is not equal
to F5 due to the rotation of the cross-section.

Linear approximation

If we assume that ¢ and 0,w are both small, then the following constitutive
equations may be used

M; = Elax¢>
Fy = K2AG(0w — 9),

1.2.2 Timoshenko beam theory

The equations of motion are derived in the previous subsection. Consider
the case where 9?u = 0 and 9;P; = 0. The equations of motion are

0 = 0,5+ P, (1.2.6)
pAOw = 0,V + P, (1.2.7)
pld?¢ = (1+ 0,u)V + 0, M + L, (1.2.8)

where M = M5, V =F,, S=F, and L = —0,wS.

If P, =0 and S(0) or S(¢) = 0, then S = 0 and consequently d,u = 0 and
L = 0. The simplified equations of motion are

pAPw = 0,V + P, (1.2.9)
pld2¢ = V + 0, M. (1.2.10)

Remarks

1. Equations (1.2.9) and (1.2.10) are the equations of motion for the well
known Timoshenko beam.

10



2. Note the unusual term L present in Equation (1.2.8). This term repre-
sents a moment density term that will be used in some of the mathe-
matical models.

3. The term pId?¢ in Equation (1.2.8) is usually referred to as the rotary
inertia term.

The following constitutive equations for the moment M and the shear force
V' are used in Timoshenko’s theory.

M = FEI0,¢, (1.2.11)
V = AGK*(0,w — ¢). (1.2.12)

In these equations, E and G are elastic constants and 2 the shear coefficient
or shear correction factor. We refer the reader to [Tim37, p 337-338], [Fun65,
p 323-324],[Cow66], [Inm94, p 337-338] and [New89, p 392-395].

The Euler-Bernoulli theory for a beam originated in the 18-th century. An
improvement was introduced by Rayleigh in the 19-th century. In 1921,
Timoshenko proposed his theory where shear is taken into account.

Substituting the constitutive equations (1.2.11) and (1.2.12) into the equa-
tions of motion (1.2.7) and (1.2.8), yield the well known Timoshenko model
for the free vibration of a beam.

pATw = 0,(AGK*(0,w — ¢)) + P,
pl0i¢ = AGK*(0,w — ¢) + 0,(FI10,¢) + L.

When confronted by complex interface conditions, it is advisable to use
the equations of motion and constitutive equations (Equations (1.2.7) —
(1.2.12)), rather than the partial differential equations above.

Applications are given in Chapters 4 and 6.

1.2.3 The Euler-Bernoulli and Rayleigh models

The Rayleigh model can be derived formally from the Timoshenko model.
Combining Equations (1.2.7) and (1.2.8), we find that

pAdZw = pld?0,¢ — O*M + P — 0, L.

11



For this model, it is assumed that a cross section remains perpendicular to
the neutral plane. This implies that 0,w = ¢, and the equation reduces to

pAdiw = pld20*w — O°M + P — 0, L.

This is the equation of motion for the Rayleigh model. The constitutive
equation for the shear force V' is now redundant and the constitutive equation
for the bending moment is

M = EIdw.
The partial differential equation for the Rayleigh model is
pAZw — plO?Pw = —EIdw+ P —0,L.

The Euler-Bernoulli model is a special case of the Rayleigh model where
rotary inertia is ignored and the result is

pAPw = —EI0tw+ P—0,L.

Applications are given in Chapters 5 and 6.

1.2.4 Dimensionless form

In this subsection we write the equations of motion and constitutive equations
in dimensionless form. Set

t x N w(x,? N
r= b2t e =D e ) = o)
to 1 14
We introduce the dimensionless constants
AR AGee G
C=T7 0 PT T R M YT T T E

The constant v depends on the elastic constants and the shear correction
factor k2 that is determined by the shape of the cross section. The values of

1
k? range between 3 and 1 (see [Cow66] or [APBS78, p 173]). On the other

1
hand, for isotropic materials we assume that — =

—_— Myk

12



1 1
174] or [Fun65, Sec 7.2]). Realistic values for  range between 8 and —.

2
. . 2 9 G 3
Timoshenko ([Tim37, p 342]) used 3 for k* and T3
The constant « is subject to significant variation. With r the radius of
A 2 2
gyration we have a = AC = c :
I 72
The forces and moments in dimensionless form are
oo L@t . (R
L (577—)_ GI{QA ) i(é.?T)_ GK/2A )
S(z,t)
* o L* - *
§'(67) = S (&) = —0.wS",
% d M~ =

A convenient choice for tg is

g | P
to_&/GFﬂ.

Returning to the original notation we present the equations of motion and
constitutive equations in dimensionless form.

Timoshenko model

0 = 9.5+ P (1.2.13)
Rw = 0,V + Py, (1.2.14)
é 0o = (1+0,u)V +0,M+ L, (1.2.15)
M = % 0, (1.2.16)

V = d,w— ¢ (1.2.17)

13



Rayleigh model

Rw = 0,V + Py, (1.2.18)

1
- 020, w = (14 0,u)V + 0, M + L, (1.2.19)
M = % O2w. (1.2.20)

Remark

In many applications P;, .S, 0,u and L are zero. The equations of motion are
then simplified.

Timoshenko model

Fw = 0,V + Py, (1.2.21)
1
- oo = V+0,M. (1.2.22)
Rayleigh model
dfw = 9,V + P, (1.2.23)
1
- 020, w = V +0,M. (1.2.24)

Euler-Bernoulli model

The Euler-Bernoulli model is obtained from the Rayleigh model by omitting

1
the rotary inertia term — 970, w .
a

Remark

Note that the rotary inertia term is simply omitted. It is not correct to

1
reason that — ~ 0, since that would imply that E ~ 0.
a

14



Since the Euler-Bernoulli model is a special case of the Rayleigh model, we
will not refer to this model again in the theoretical discussions that follow. To
obtain results for the Euler-Bernoulli model, one uses the relevant equations
for the Rayleigh model with the modification mentioned above.

1.2.5 Timoshenko model vs Rayleigh or Euler-Bernoulli
models

In [SP06] and [LVV09a] the Timoshenko theory is compared to a multi-
dimensional model. It was found that the Timoshenko theory is an excellent
approximation in the case of beam applications, i.e. for transverse loads.
In the articles [VV06] and [LVV09a] the Timoshenko model is compared to
Rayleigh or Euler-Bernoulli. The Rayleigh and Euler-Bernoulli models can
be useful when the parameter « is large. Depending on the initial data or
the manner of excitation, a value of a of anything between 2000 and 5000
may be sufficient.

When the weight of a beam is taken into account it is necessary to distinguish
between vertical and horizontal beams. If the beam is horizontal then P, =
pAg + q(x,t), where ¢ is the load. If the beam is vertical then P, = —pgA
and hence S’ = pgA. See Chapters 4, 5 and 6 for more detail.

1.3 Plate theory

1.3.1 Equations of motion

Consider small transverse vibration of a thin plate with thickness h and
density p. The reference configuration for the plate is a domain {2 in the
plane.

The transverse displacement of @ at time ¢ is denoted by w(«,t). The angle
between a “material line” and a perpendicular to the plane is ¢ (x, ) and the
angle between the projection of the material line in the plane and the unit
vector e is ¢(x,t) (see [Rei88, Sec 3.2, Sec 3.5]). For a linear model ¥ is
approximated by

P = [Py @DQ]T = [¢pcos¢ 1Psin gzﬂT.

15



The equations of motion (see [Min51] and [Rei88, p 152]) are given by
phd?w = divQ +q, (1.3.1)
pld2p = divM —Q, (1.3.2)

3
where [ = T2 is the length moment of inertia. @ represents a force density,

Mll M12

M =
{ Moy Moo

} a moment density and ¢ an external load on the plate.

1.3.2 The Reissner-Mindlin and Kirchhoff models

Constitutive equations

We restrict our attention to the linear theory. The following assumptions are
made for small curvature and small partial derivatives (see [Rei88, p 61] and
[Min51]).

Q = K*Gh(Vw + 1), (1.3.3)
where G is the shear modulus and 2 a correction factor.
1 2(00y1 + vOxthy) (1= v)(O1tha + Dothr)
M=-D . 1.34
2 (1 —v)(O1ths + Oatn) 2(0athy + 10111 ( )
D is a measure of stiffness for the plate and is given by
po B
1—12

where E is Young’s modulus and v Poisson’s ratio.

The correction factor 2 is chosen in such a way that the solution of the plate
model compares well with the solution of the three-dimensional model. (See
[Min51]).

The equations of motion and the constitutive equations above are known as
the Reissner-Mindlin plate model.

The constitutive equations may be substituted into the equations of motion,
leading to a system of three partial differential equations (see [Rei88, p 152]
and [Min51]). In our approach these partial differential equations are not
used.

For classical plate theory, 1) is replaced by —Vw and the constitutive equa-
tion for @ is no longer necessary. This is sometimes referred to as the Kirch-
hoff plate model.

16



1.3.3 Dimensionless forms

We introduce the dimensionless variables

t x T
r= b= ad &=,

where £ is a suitable length and ¢y must still be specified.

The dimensionless variables, with @ = (z1,22) and & = (&,&2), are

w(en) = (7)o, wEn=vo,

@€~ (1gm) Q0. €N = (g ) M

1
and ¢* === x,t).
w67 = (g ) oot
The dimensionless constants that are used are given by

h hd BGK?
= -[p = E and ﬁp = W .

The constant h, denotes the dimensionless thickness of the plate and I, the
dimensionless length moment of inertia.

We choose ty =/ L (as in Subsection 1.2.4).

Grk?

Using the original notation for the corresponding dimensionless quantities,
the equations of motion and constitutive equations in dimensionless form are
presented below.

Reissner-Mindlin plate model

hyOfw = div@Q +q, (1.3.5)
Loy = divM - Q, (1.3.6)
Q = h(Vuw+1v), (1.3.7)
e L 2(00h1 + vdaths) (1 —v) (01t + Dothy)
28,(1 —v2) | (1 —v)(d11hs + Oty 2(0oths + vOLU) |
(1.3.8)

17



Classical plate model

As before, replacing ¢ by —Vw, yields the Kirchoff theory

h,Ofw = divQ + ¢, (1.3.9)
1,07 (Vw) = Q—divM, (1.3.10)
1 (O3w + v0F)w (1 — v)010w

M=-— (1.3.11)

B(1—12) | (1—v)didow  (O3w+vdf)w

Generally the rotary inertia term 1,07 (Vw) in Equation (1.3.10) is ignored.
The two models for the vibration of a plate is considered in Chapter 7.

The partial differential equations for classical plate theory became known
when Sophie Germain received a prize in 1816 for the derivation but only after
Lagrange made some corrections. The boundary conditions posed a challenge
and it took another 34 years before the theory was complete. Contributions
were made by Kirchhoff and Lord Kelvin (William Thompson), see [Rei88].

From 1945 to 1950 improvements to classical plate theory were made by
E. Reissner, H. Hencky, Y. S. Uflyand and R. D. Mindlin (see [Min51] for
references). The improved theory became known as the Reissner-Mindlin
theory.

1.4 Multi-dimensional elasto-dynamics

Consider the case of so called small vibrations of a three-dimensional elas-
tic body. The assumption is that the local displacements are small. The
equation of motion is derived from the conservation law for momentum

pd?u = div T + pb,

where u is the displacement, p the density, T the stress tensor and b the
body force (density), see [Fun65]. It is possible to derive a system of partial
differential equations using Hooke’s law

E vE

T = T 8t aenzw O

where & is the strain tensor, F Young’s modulus and v Poisson’s ratio.

18



Linear vibration problem

Suppose 2 C FEj is the reference configuration for a solid executing small
vibrations. The boundary of {2 consists of two parts ¥ and I'. The problem
is to find u such that

The equation of motion is satisfied in €2;
Hooke’s law is satisfied in €2;
The specified displacement for u is satisfied on 3;

The specified traction Tn is satisfied on T'.

Variational forms and existence of solutions are considered in Section 7.2.
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Chapter 2

Existence of solutions

2.1 Variational form of a model problem

To illustrate the variational form and weak variational form, we use the
example of a cantilever beam.

Problem R

Consider the Rayleigh model for the vibration of a beam, Equations (1.2.20),
(1.2.23) and (1.2.24).

To obtain the variational form, multiply the (dimensionless) equation of mo-
tion (1.2.23) by an arbitrary function v and integrate.

/0 drw(-,t)u =— /0 V(- t)u + V(1 t)u' (1) — V(0,t)u(0) —I—/O Pg((,;f)lul)

Next, multiply the (dimensionless) equation of motion (1.2.24) (where L =
0), by an arbitrary function v and integrate.

é/ol O Opw (-, t)v = — /O1 M(-,t)v" + M(1,t)v(1) — M(0,t)v(0) + /01 V(- t).
(2.1.2)

Next we use the fact that M(1,t) = V(1,t) = 0 for a Cantilever beam. Let
v =1, and add (2.1.1) and (2.1.2):
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/ o T / 920,
/ M(. / o(- ) — M(0, ) (0) — V0, Hu(0),

where ¢ = P,. For a Cantilever beam u(0) = «/(0) = 0. The space of these
test functions is denoted by T'[0, 1].

Test functions
T[0,1] = {u € C'[0,1] : u(0) = «/(0) = 0}.
Substituting the constitutive equation, we obtain

/82wu+ /828 wu’ ——/ O2wu” —|—/

for each u € T'0, 1].

Notation

The inner product of £2(0,1) is denoted by (f, g), i.e

(f,9) = /0 fo.

Bilinear forms:

Problem RV

Find a function w such that for each ¢t > 0, w(-,t) € T[0,1] and

C(atzw('>t)v U) + b(w(-,t),v) = (Q('7t)vv)

for each v € T|0, 1], with initial conditions w(-,0) = wy and dyw(-,0) = wy.
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2.2 Weak variational form

For the weak variational form it is necessary to consider Sobolev spaces,
treated briefly in Appendix A.

We define a function u(t) = w(-,t) and spaces V, W and X as follows:

V' is the closure of the test functions in the Sobolev space H?(0,1),

W is the closure of the test functions in H*(0, 1),

and X is £2(0,1).
To analyse a differential equation of a function with values in a general Hilbert
space, we need the definition of a derivative. Let J be a bounded or un-
bounded interval. J is either an open interval containing zero or it is of the

form [0,7) or [0,00). Let Y be any Hilbert space and consider a function u
on J with values in Y.

Definition Derivative
Let t be any interior point of J. Suppose there exists a v € Y such that

}llig(l] |A~H (u(t + k) — u(t)) —v||, =0,

then v is the derivative of u at t. We write u/(t) for the derivative and
u'(t) € Y to show that the derivative exists with respect to the norm of Y.
The derivative (function) u' is defined in the usual way as u'(t) for every
t € J, with «” defined by (u')".

Notation C*(J,Y)
ue CH(JY) if uP(t) € Y for each t € J.

With the definitions of derivatives of functions with values in a Hilbert space
available, it is possible to formulate the weak variational problem.

Problem RW
Find u such that for each t > 0, u(t) € V, u/(¢t) € V, u”(t) € W and
c(u”"(t),v) + b(u(t),v) = (q(-,t),v) for each v eV,

while u(0) = wy and v/ (0) = wy.
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2.3 General existence results

For existence of a solution we use the theory in [VV02].

Consider Hilbert spaces V, W and X where V" C W C X. The inner products
and norms for V, W and X are b(-,-), ¢(-, -), and (-, )x and || - ||v, || - |w
and || - || x respectively.

The following general problem is considered in [VV02].
Problem PG

Given a function f : J — X, find a function u € C(J,V) such that u’ is
continuous at 0 and for each t € J, u/(t) € V, u”(t) € W,

c(u"(t),v) +a(u'(t),v) + b(u(t),v) = (f(t),v), foreachveV
while w(0) =y, u'(0)=1wuy.
Note

For Problem RW the spaces V, W and X are defined in Section 2.2 and the
bilinear form a = 0.

Assumptions

The following assumptions are made for the theory in [VV02].

E1l Visdense in W and W is dense in X.

E2 There exist a positive constant x; such that ||v||w < k1||v||y for each
velV.

E3 There exist a positive constant ko such that |w||x < kel|lw||w for each

we W.

E4 The bilinear form a is non-negative and symmetric.

2.3.1 General damping term

Theorem 2.3.1. Suppose Assumptions F1, E2, E3 and FE4 hold. If for
up € V and uy € V there exists some y € W such that

b(uo,v) + a(ul,v) = c(y,v) for each v €V, (2.3.1)

23



then for each f € Cl([O, T);X) there exists a unique solution
u € C([O,T); V) N Cl([O,T); W) N Cl((O,T); V) N CQ((O,T); W),

for Problem G. If f =0 then u € C*([0,00); V') N C*([0, 00); W).
Proof. See [VV02]. O

The theorem above is convenient to use since the assumptions are in terms
of the bilinear forms a, b and ¢ and it is not necessary to construct linear
operators with suitable properties as in [Eva98|.

Problem G is equivalent to a first order system in the product space H =
V x W. For x € H we write + = (x1,x2) with x; € V and x5 € W. The
system is

c(xh,v) + a(xe,v) + b(x1,v) = (f(t),v)x foreachv € V
with (x1(0),22(0)) = (ug, u1).

To make this precise a linear operator A is constructed in [VV02]. The
operator is determined by the three bilinear forms ¢, b and a. The domain
is D(A) C V x W and (ug,uy) € D(A) if and only if ug, uy € V and there
exists a y € W such that condition (2.3.1) holds.

Now, if w is a solution of Problem G, g(t) = (0, f(¢)) and w(t) = (u(t), v (t)),
then
w' = Aw + g with w(0) = (ug, uy). (2.3.2)

Conversely, if w is a solution of the initial value problem (2.3.2), then w; is a
solution of Problem G. To determine the solvability of the problem in (2.3.2)
semigroup theory can be used. One possibility is the book [Paz83].

Due to Assumptions E1, E2 and E4, A is the infinitesimal generator of a ()
semigroup of contractions. For the existence of a solution of (2.3.2) conditions
are imposed on w(0) and ¢g: w(0) € D(A) and g € C*(J, H). Now w(0) €
D(A) is equivalent to the condition imposed in the theorem and g € C*(J, H)
if and only if f € CY(J, W).
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2.3.2 Weak damping and strong damping

In [VV02] three types of damping are identified. It is shown that the type
of damping determines the assumptions used in proofs and the properties of
the solution.

Stronger existence results can be obtained if the damping term a has spe-
cial properties. For example, Condition (2.3.1) may be replaced by simpler
conditions.

We first consider so called weak damping.
Assumption E4AW

The bilinear form a is nonnegative, symmetric and bounded on W, i.e.

|a(u, v)| < Kallullwllv]w-

Definition
E, ={x €V | there exists ay € W such that c(y,v) = b(z,v) for allv € V }.

Due to Assumptions E1, E2 and EAW, D(A) = E, x V and A is the infinites-
imal generator of a Cj group of contractions (see [VV02]).

Theorem 2.3.2. Suppose Assumptions E1, E2, E3 and FE4 hold and a is
bounded with respect to the norm in W. Let J be an interval containing zero,
then there exists a unique solution

ue C'Y(J,V)NC*(J, W)

for Problem PG for each ug € Ey, uy € V and each f € C’l(J, X). If f=0
then u € C*((—00,00), V) N C?((—00, 00), W).

Proof. See [VV02] O

Remark

The theorem above is valid for the case where there is no damping, i.e. a = 0.
This is the case in Problem RW (in Section 2.2).
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Next we consider strong damping where the bilinear form a satisfies an
additional condition. In this case it is also possible to improve the conclusion
of Theorem 2.3.1.

Assumption E5S

The bilinear form a is positive definite, i.e. there exists a positive constant
C, such that a(u,u) > C,||lul|? for each u € V.

Note that the operator A is the infinitesimal generator of an analytic semi-
group (see [VV02]).

Theorem 2.3.3. Suppose Assumptions E1, E2, E3, Ej and E5S hold. If f
is locally Lipschitz continuous on (0,7) and ug € V', uy € W, then Problem
G has a unique solution

ue C([0,7),V)NC'([0,7), W) NC*((0,7), W).
If f =0 then u € C([0,00); V) N C*([0,00); W) N C>((0,00); V).

Proof. See [VV02]. O
Remarks

1. Locally Lipschitz may be replaced by f € C'(0,7) in Theorem 2.3.3.
For the corresponding result in [Paz83] f is assumed to be locally Holder
continuous.

2. It is important to note that boundary damping is neither weak nor
strong. (See Chapter 4).

Existence results may also be found in other publications e.g. [Eva98] but
the results in [VV02] are convenient for this dissertation as we explain below.
(The model problems in [Eva98] do not include damping.)

Application to Problem RW

In this problem a = 0 and Assumption E4AW holds trivially. Consequently
we may use Theorem 2.3.2.

It is necessary to show that Assumptions E1, E2 and E3 hold. We will not
do it since Problem RW is a special case of the problem in Chapter 5.

26



Chapter 3

(GGalerkin finite element
approximation

3.1 Galerkin approximation

In this section we consider the Galerkin approximation. Suppose S” is a
finite dimensional subspace of V. The notation is customary, the symbol h
has no meaning at this stage.

Problem G"*

Given a function f : J — X, find a function u, € C?*(J) such that u} is
continuous at 0 and for each t € J, uy(t) € S" and

c(up(t),v) 4+ a(uy,(t),v) + b(un(t),v) = (f(t),v) , for each v € S" (3.1.1)
while u,(0) = ul and u},(0) = ul.

The initial values u! and u are elements of S” as close as possible to uy and
uy. The possibilities for the choices are discussed in Sections 3.3 and 3.4.

Example

Consider Problem RW in Section 2.2. We construct a finite dimensional
subspace S" using piecewise hermite cubics. See Appendix D.
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Problem RW"

Find a function wy, such that for each t > 0, wy,(x,t) = > 7 w;(t)d;(z) and

C(wh('vt)’6i> + b(wh('7t)76i) = (Q('7t)75i)

for i =1,2,--- ,n while u,(0) = u? and u} (0) = ul.

3.1.1 A system of ordinary differential equations

Problem G" is equivalent to a system of ordinary differential equations as we
prove below. This equivalence enables us to prove that the problem has a
unique solution and to derive differentiability properties of the solution.

Suppose that S™ is the span of the set of basis functions {¢1, ¢o, -+, dn}.
It is convenient to introduce the following transformation. For any z € R,
let

Thlf‘ = Z xquz S Sh.
i=1
If the basis functions are linearly independent, the mapping 7}, is a linear
bijection.

For each u in S* let @ = T; 'u. Then, for a function w with values in S* we
define a function w with values in R,, by

w(t) =T, 'w(t).

Consequently w is differentiable if and only if w; is differentiable for each j

and
% (Z wj@)%’) = wi(t)e;.

j=1 j=1

The same is true for the second order derivative.

Now, for u and v in S*,

n n

c(u,v) = Z Z ujv; (i, ¢j).

i=1 j=1

If the matrix M is defined by M;; = c(¢;, ¢;), then c(u,v) = Mu-v. Similarly,
if the matrices K and C are defined by K;; = b(¢;, ¢;) and Cy; = a(¢;, ¢:),
then a(u,v) = Cu -0 and b(u,v) = Ku -0
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Define 4 by @(t) = T}, 'up(t), then

Zu” )e( s, 1),

Zu a(¢j, ¢;) and

Zuj b(¢;, 61)

for each 1.

For the function f in (3.1.1), define a function F' with values in R,, by F;(t) =
(f(-,t), i) x. We find that uy, satisfies (3.1.1) if and only if

Mu"+Ci' + Ku=F.

Problem G-ODE
Find @ € C?(J) such that
Mu" + Cd + Ku= F(t) with @(0)=d and '(0) =9,
where d = T} 'ult and v = T, 'ul.
We have proved the following result.

Proposition 3.1.1. Suppose M, K, C, F, d and © are defined as above.
Then, the function uy, is a solution of Problem G" if and only if the function
w s a solution of Problem G-ODE.

Proposition 3.1.2. If F' € C(J), then Problem G-ODE has a unique solu-
tion for each pair of vectors d and v. If F € C*(J), then u € C***(J).

Proof. Since c is an inner product, the matrix M is symmetric and positive
definite. Consequently M is invertible and the differential equation in Pro-
blem G-ODE may be written in the form @+ M 'Cw/'+ M ' Ku = M~'F(t).
It follows from the theory of linear differential equations that the initial value
problem has a unique solution.

If FeC'(J), then v € C'(J) and hence u € C*(J). The result follows by

induction. O
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Theorem 3.1.1. Let J be an interval containing zero. If f € C(J,X),
then there exists a unique solution u, € C?(J) for Problem G" for each u}
and u? in Sh. If f € C*(J, X), then u, € C*™*(J) and if f = 0 then
up, € C*((—00,00)).

Proof. Since S" is finite dimensional, f € C(J, X) implies that F' € C(J).
It follows that Problem G-ODE has a unique solution (by Proposition 3.1.2)
and hence Problem G" has a unique solution (by Proposition 3.1.1).

Note that F € C*(J) if f € C*(J,X). Then, obviously « € C?**(.J) which
implies that u;, € C?**(J). O

In the next sections we consider the error for the semi-discrete approximation
up. To begin we introduce the projection operator.

3.2 Projection
To find an estimate for the discretization error ||u(t) — us(t)||y, a projection
is used. The projection operator P, has domain V' and is defined by

b(u — Pyu,v) =0 for all v € S
We will write P for P, if no confusion is possible. For a function with values
in V, we define a function Pu by (Pu)(t) = Pu(t) for each t € J.

Consider the error ey (t) = u(t) —up(t). Let e(t) = Pu(t) —un(t) and e,(t) =
u(t) — Pu(t), then

en(t) = ep(t) +e(t). (3.2.1)
Note that

[u(t) — un(@)llv < llep(B)llv + [le()]lv- (3.2.2)

In applications estimates for the norm of e,(¢) are obtained from approxima-
tion theory. The challenge is to find an estimate for the difference between
the projection of u and the Galerkin approximation (e(t)). The estimates
that can be obtained depend on the differentiability of Pu and that depends
on the properties of the solution.
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The usual way to start is to subtract Equation (3.1.1) from the variational
equation in Problem PG and then use the fact that e,(t) is orthogonal to S™.

Lemma 3.2.1. If u is the solution of Problem PG and uy, is the solution of
Problem G", then

(e} (t),v) + a(e,(t),v) + b(e(t),v) = 0 for all v € S™. (3.2.3)

Proof. By subtracting Equation (3.1.1) from the variational equation in Pro-
blem PG we obtain the following identity. For any v € S",

c(u"(t) —uy (t),v) + a(u' (t) — up(t),v) + b(u(t) — ux(t),v) = 0.
The result follows from (3.2.1) and the fact that

b(u(t) — Pu(t),v) = 0 for all v € S™.

We now consider the differentiability of Pu.

Proposition 3.2.1. Ifu € C®(J, V), then Pu € C®(J, V) and
(Pu)®)(t) = Pul(t).

Proof. From the defintion of P, we have
[Poully = b(Puu, Pru) = b(u, Pyu) < ||ullv || Pyullyv-.

Consequently P is a bounded linear operator with norm less than one. It
follows that

1(68)™" (Pu(t + 6t) — Pu(t)) — Pu'(t)|lv < [1(8) " (u(t +0t) —u(t) — ' (t)]|v-

Since the term on the right converges to 0 as t — 0, Pu € C'(J,V) and
(Pu)'(t) = Pu/(t). Now use induction to complete the proof. O

To prove Lemma 3.2.2 below the existence of (Pu)” is required. From the
existence theorem, Theorem 2.3.1, we have that if u is a solution of Problem
G, then v € C'(J, V) and hence Pu € C'(J). However, (Pu)” may not exist.
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Assumption Al

The solution u of Problem G has the property that (Pu) € C?(J).
Assumption A2

The solution u of Problem G satisfies u € C*(J, V).

Remark

If Assumption A2 is used it is possible to prove that Pu € C?*(J). The
assumption is sufficient to prove A1 but not necessary.

Proposition 3.2.2. If u € C*(J,W) and u satisfies Assumption Al, then
e, € CP(J,W).

Proof. Recall that e,(t) = u(t) — (Pu)(t). Since norms in the finite dimen-

sional space S" are equivalent, Pu € C?(J,W). ]

Lemma 3.2.2. If the solution u of Problem G satisfies Assumption A1, then

c(en(t),v)+ale,(t),v) +c(e"(t), v) +a(e'(t),v) +ble(t),v) = 0 for all v € S™.

p

Proof. Since e;, = e, + e, the result follows from Proposition 3.2.1. O]

3.2.1 Projection error

To prove the final convergence results, it is necessary to estimate the projec-
tion errors e, €, and e;. We use interpolation errors.

It is necessary to generalize the approach in the literature to accommodate
systems for example. There exists a subspace H(V, k) of V, a positive con-

stant C and a positive integer « such that for any v € H(V, k)

. o ~ (0%
Ulélsfh |u —v|lv < Ch¥||ul| ),

where || - || (v is a norm or semi-norm associated with H(V, k). This is a
generalization of the assumptions in [Dup73| and [Bak76].

The following generalization (from [Bas14]) is more useful.
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Definition Generalized interpolation operator
n
[Mu = Z dr(u)wy, where {wy} is a basis for S" and ¢y, are linear functionals.
k=1

To formulate an assumption regarding the error when an element of V is
approximated by an element of S”, we suppose h is a parameter related to
the dimension n of S” and h — 0 as n — oo.

Assumption A3

There exists a subspace H(V, k) of V', an interpolation operator II and posi-
tive constants Cp; and « (depending on V' and k) such that for u € H(V, k):

lu = Tully < Cuh®|ullzwp,
where || - || g(vx) is a norm or semi-norm associated with H(V, k).

The following consequence will be used to estimate the projection errors in
the next sections.

Proposition 3.2.3. There exists a subspace H(V, k) of V and positive con-
stants Cp and o (depending on V' and k) such that for u € H(V,k):

|u — Pully < Cuh®||ull g,

where || - | v 15 @ norm or semi-norm associated with H(V, k).

As mentioned before, e needs to be estimated in order to find an estimate for
the error ej,. Estimates for e are in terms of e,. The estimates are obtained

in the following 2 sections, starting with either Lemma 3.2.1 or Lemma 3.2.2.
This idea is from [Bas14].

Different methods are used for different types of damping. For weak damping
the article [BV13] is used (see Section 3.3). The results in this article have
the advantage that less regularity is required from the solution u. For general
damping we investigate the technical report [BV14] (see Section 3.4). For
these results the only assumption on the damping is Assumption E4, and
this holds for boundary damping for example. In this approach an extra
regularity assumption is needed from the solution u however. Finally, in
Section 3.5 the fully discrete approximation is considered, using [BV13].
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3.3 Semi-discrete error estimate for weak
damping

In this section we consider the recent article [BV13]. The authors generalized

the results of Baker [Bak76] and included weak damping. The proofs in

[BV13] are done in detail and we cannot elaborate on it. The objective in
this section is to give the results and convey the main ideas of the proofs.

3.3.1 Fundamental estimate

Recall that, since we consider weak damping in this section, Assumptions
E1l, E2, E3 and E4AW are basic and assumed to hold.

Lemma 3.3.1. If the damping term a satisfies Assumption E4W, then for
t €10,7],

le@lw < \/5(He(O)Ilw+3THe%(0)Hw+3/0 len (@)llw

T
+ETnO + 35, [ Ol ).
0

As mentioned, the proof is done in detail in [BV13] (see proof of Lemma 4.1).
Note that for this Lemma no extra assumption is made on the solution u. In
particular it is not necessary to make Assumption A1l. This is due to the fact
that Lemma 3.2.1 is used in the proof and not Lemma 3.2.2. In [Bak76] the
result in Lemma 3.2.2 is used and he implicitly assumes that Pu € C?[0,T]
without commenting on it. This is an important improvement made in the
article [BV13].

Suppose that a = 0, i.e. there is no damping. Using the same arguments as
for the result above, the following corollary is obtained.

Corollary 3.3.1. If a = 0 in Problem G, then

le®llw < v2[le(0)]lw + 2T le, (0w + 4\/Ttg%0a;<] len (@)l

fort €[0,T].
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In [Bak76] error estimates are obtained “using L£2-projections of the initial
data as starting values”. He considers the undamped case with the additional
assumption that c(u; — u, v(0)) = ¢(e},(0),v(0)) = 0.

Using this assumption the following result, which is a generalization of the
estimate for e = Pu — u in [Bak76], is obtained.

Corollary 3.3.2. Consider Problem G with a = 0. If c(u; — u?,v) =0 for
all v € S", then

le()llw < v2[le(0)[|w + 2\/?53(% llep ()l
fort €10,T].

In [Bak76] The fact that the starting values for the approximation are pro-
jections, is used to derive estimates. But it is not always possible to find the
projections exactly. It is not clear in such an event how the error estimates
can be interpreted. In the approach in [BV13] projections are not used as
initial approximations in the fundamental estimate. The errors for the initial
approximations are dealt with later.

3.3.2 Convergence and error estimates for the
semi-discrete approximation

The error estimates follow from Lemma 3.3.1.

Lemma 3.3.2. Assume that u/(t) € L2([0,T), H(V,k)). If u is the solution
of Problem G and the damping term satisfies Assumption E4W, then

lu(t) —un(®)lw < Ju(t) = Pu(®)lw + V2(| Puo — uollw + 3T |lur — uf|lw
+3/0 I/ () = Pu'(t)llw + (1 + 3K.T)Juo — ugllw
—|—3Ka/ |u(t) — Pu(t)||W) : (3.3.1)
0
for each t € [0,T].

Proof. Recall that ||u(t) —up(t)||lw < |le,(t)||w =+ |le(t)|lw. The result follows
from Lemma 3.3.1 since || Pug — ul||w < ||Puo — uollw + [Juo — ult||w- O
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It is necessary to consider the errors on the right hand side of the Estimate
(3.3.1) in applications.

Initial conditions

The error depends on the unknown initial conditions u} and u}. In applica-
tions uf and uf must be chosen. If we choose Puy = ul, for example, then
| Pug — ult|lv = 0. This is difficult if not impossible in practice. An obvious
choice is to use the interpolants of ug and wu;.

Corollary 3.3.3. Suppose ug and uy are in H(V, k), Assumption A3 holds
and ub = Tluy and u? = luy. If the solution u of Problem G satisfies
u'(t) € £2([0,T], H(V, k)), then

[u(t) — un(t)llw

T
< G 0l + VECCat (3 [ 1Ol
0

T
#38 [ uO)llaay + 2+ 3D ol + 3T||u1||H<v,k>) ,
0

for each t € [0,T].
Proof. The result follows from Lemma 3.3.2 and Assumptions E2 and A3. [

Higher order estimates

As explained in [BV13], the Aubin-Nitche trick can be used to obtain higher
order estimates for the projection error. However, the improved estimates
serve no purpose if the interpolants are used to approximate the initial values.
Additionally, the value of Baker’s theory lies in the fact that convergence is
proved for a weak solution and the Aubin-Nitsche trick requires higher order
regularity which is not always available.

See Subsection 3.4.3 for a discussion on the possibilities to obtain higher
order estimates for general damping.
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3.4 Semi-discrete error estimate for general
damping

In the technical report [BV14] the work of [Dup73] is generalized. The conver-
gence of the Galerkin approximation for a general linear second order hyper-
bolic equation with general damping (i.e. only assumption on the damping
term is Assumption E4) is investigated. This technical report is not pub-
lished and therefore, even though the proofs are done in detail in the report,
it is presented in this section for completeness.

3.4.1 General energy method

Recall that an estimate for e(t) = Pu(t) — up(t) is required.

The following “energy” expression is convenient:

B(t) = Sele(6).¢(0) + 5h(elt),e(t)

= SIWIR + Sl (34.)

Remark Note that Lemma 3.2.2 is used in this proof and therefore Assump-
tion Al is needed, in contrast with the previous section.

Lemma 3.4.1. If the solution u of Problem G satisfies Assumption A1, then

E'(t) < —cle,(t),€'(t)) — ale,(t),€(t)). (3.4.2)

— p

Proof. We have that e € C?[0,T], since u" € C?[0,T] and Pu € C?0,T]
(from Assumption Al). Also, since Pu and uy, are in S e(t) € S*. It
follows that €'(t) € S™.

Choose v = €/(t) in Lemma 3.2.2, then

c(ey(t), €' (1) +c(e"(t), €'(t) +aley(t), €' (1) +ale'(t), €'(t)) +b(e(t), €'(¢)) = 0.

(3.4.3)
Since b and ¢ are bounded, it is easy to prove the “product rule” for differ-
entiation. From (3.4.1):

E'(t) = c(e"(t), €'(t)) + ble(t), €(1)).
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Combining this with (3.4.3) gives us

E'(t) = —c(ey(t), € () — ale,(t), €'(t)) — ale'(t), €'(t)).

The result follows since a(€'(t),€'(t)) > 0. O

Now, the aim is to obtain an estimate for £(t) in terms of projection errors.
This will enable us to find an estimate for e(t), since ||e’(¢)||%, + |le(t)||? =
2E(t), and therefore an estimate for the error e;(¢). As mentioned, in the
technical report [BV14] the work done in [Dup73] is generalized.

3.4.2 Fundamental estimate

Recall Assumptions E1, E2, E3 and E4. We also assume that the unique
solution satisfies Assumption Al.

When trying to obtain estimates from Equation (3.4.2), there is a problem
with the last term since

a(e,(t),€(t)) < Klle,(®)llv e’ ®)llv,

and ||€'(t)]|y is not bounded by E(t). We need the following auxiliary result
to enable us to estimate this term.

Proposition 3.4.1. If e, € C*([0,T],V), then for any t € [0,T],
/0 a(e, (1), €' (1) = aley(t),e(t)) — a(e,(0),e(0)) —/O aen(-).e(-)).

Proof. If {¢1, ¢, ..., ¢n} is a basis for S*, then

n

e(t) =Y eilt)os

i=1
and therefore

a(e,, e) = Zeia(e;, bi). (3.4.4)

i—1
Since e € C0, T, it follows that e; € C[0,T] for i = 1,2,...,n and
a(ey, ¢) =) elale,, 6. (3.4.5)
=1
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Since e, € C*([0,T],V), for any ¢ € [0,T],

la(el(t+h), ;) — al(e,(t), d:) — alen(t), ¢:)|
< Klle,(t +h) — e, (t) — ey (O)llv]gllv

and it follows that, for i = 1,2,...,n, a(e;(-), ¢i) is differentiable and

d e

Using (3.4.4), (3.4.5) and (3.4.6) we have
d ., " ,
0.0 = 3 Gyleitaie o)
= Z e; €y, Gi) + Z e;(t
= a(ep(t), (t)) + a( p(t),e’(t)).

The result follows by integrating both sides and using the fundamental the-
orem of calculus. O

Remark Note that e, € C*([0,7],V) is required in the proposition above
and therefore Assumption A2 is needed.

The following lemma from the technical report generalizes the approach in

[Dup73].

Lemma 3.4.2. If the solution u of Problem G satisfies u € C*([0,T],V)
(Assumption A2), then for any t € [0,T]

lle@®)|lv + [le'(®)]lw < V24e3t Ky,  where

Kr = [y ley()llw + 3Kamax [le(t) v + 3Ka fy eIy + [1€/(0)l|w
+V1 4 Kolle(0 )Hv+\/_“€ O)llv-

Proof. Consider the Inequality (3.4.2) in Lemma 3.4.1. We have to estimate
the terms on the right. The estimate

lee, (1), €O < Nep®llw [l€'@)llw < ;H (Ol + %He’(t)H%v
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follows from the Cauchy-Schwartz inequality and Young’s inequality. Since
e’ ()17 < 2E(t),

Integrating on both sides yields

B0 < BO) +3 [ 10l + [ B0 = [a@one0). 64D

From Proposition 3.4.1 we obtain

B < B0+ [ 1600+ [ B0
~ (ae0)0) ~ e 01.e0) ~ [ atef.e0))

We need estimates for the terms in brackets. Using Young’s inequality and
the definition of F(t) we have

|a(e, (). e®)] < Kalle,@)llv lle®)llv
Kae [l (DI + Kae®[le(t)

Kae—2||e;(t)||2’v + 2K, E(t),

ININ A

with e arbitrary. Also,

[o@oren| < [ lateio.eo)

< K /HJIW+K6/H )2
< /HJ|W+MY€/E%)
Therefore we have that
E(t) / llen ()5 + / E()+2K, sz/tE()+2K 2E(t)
TR0+ a(€)(0),e(0)) + Kue™ /u4|w
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By choosing € such that 2K,&? l we obtain

B < B0+ [ 1408+ [ EO+ B0+ 1RG0

La(e(0), e(0)) + 4K§/O IO (3.4.8)

Note that |a(e}(0),e(0))| < 2K.|le,(0)[|? + $K.|le(0)[|. Rewriting (3.4.8)

we obtain

1 3 [t 1 [t
Yoy < 2 / E()+ 1 / 12O + AR ()%
2 2 Jo 2 J,

t 1 1
+4K3/0 len ()1} + E(0) + §Ka|!e;(0>H€ + §Ka!|e(0>H"’v-

This can be written in the form needed for the Gronwall inequality (see
Appendix B):

t
E(t) < 3/ E(-) + K7, where the constant
0

T T
K;;:/O Heg(.)ugv+8K§maxue;(t)y|2v+8K§/0 len (I

+He' )iy + (1 + Ka)lle(0)]IF, + Kalle, (0)]7-

By applying the Gronwall inequality, we have E(t) < e3 K%, and therefore
1 1 *
SO + eI < K
Finally, using the fact that || - [|3 < n| - |% < n|| - ||3, we obtain
T T
Kio < 0] [ IOl + VBKmax 0y + VEK, [ 1)l
0
HEOlw + v/ Kalle)llv + Vo, 0)v]

and the result follows from the above inequality and the fact that
(a+ b)? < 2a? + 2b%. O

3.4.3 Convergence and error estimates

Lemma 3.4.3. Assume that the solution u of Problem G satisfies u €
C*([0,T),V) (Assumption A2) and v" € L2([0,T], H(V,k)). Then, for any
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t €10,7],

[u(t) = un(®)llv + [lu'(t) — w, ()]lw
< |lu(t) = Pu(®)|lv + ||v'(t) — Pu'(t)||w + V24e3 Kz,  where

Kr = foT [u" — Pu"||w + 3K, max ||u'(t) — Pu/'(t)|v + 3K, foT |u”" — Pu"||yv
+|Puy — ul|lw + V1 + Ka||Pug — ul||y + VEK,||ur — Puq||v.

Proof. Note that

[u(®) = un(®)llv + [lu'(t) — up()llw
< lle@®llv + les®)llv + €' ®)llw + lle, @)lw

The result follows from Proposition 3.2.1 and Lemma 3.4.2. O]

To obtain the final theorem we substitute the estimates for the projection
errors.

Theorem 3.4.1. Suppose Assumption A8 holds for the space V. Assume also
that the solution u of Problem G satisfies u € C*([0,T],V) (Assumption A2)
and u" € L*([0,T], H(V,k)). Then, for anyt € [0,T],

[u(t) = un(®)llv + llu'(t) — u, (D)llw

T
< Cruh® ([Ju()||rvy + Collt' )l mvw ) + V24e3Crh® {/ Collw” ()| mrvipy

0

T
+3K, max || (t)|| vy + 3Ka/ Hu”(‘)HH(V,k)}
0

+ V24 (|| Puy = bl + VT Kol Puo = wlly + v/Kollus = Puslly ]

Proof. The result follows from Lemma 3.4.3, Assumption E2 (||ullw < Cy||ullv)
and Proposition 3.2.3. O]

Initial conditions
For a discussion on initial conditions, see Subsection 3.3.

Corollary 3.4.1. Suppose Assumption A3 holds for the space V' and ug and
up are in H(V,k). Let u} = Tug and u? = Tu,. Assume also that the
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solution u of Problem G satisfies u € C?*([0,T],V) (Assumption A2) and
u” € L2([0,T], H(V,k)). Then,

[u(t) = un(®)llv + llu'(t) — up (D)llw

T
< Cuh® ([[u(®)||r vy + Collu' Ol mv) + V24e3Cph® [/ Cyllu” ()| zevir)
0

T
43K, max [ () srvy + 3K / " (Y v
0

+ 2C||lur || vy + 2/ 1 4+ Kal|luo||l aeve + v KaHUIHH(V,k)} .

fort €10,T7].

Proof. We have that

[ Puo — Hugllv [Puo — uollv + [[uo — Hugllv
2Cuh™||uol| vy and

Cyl|| Puy — Ty ||y

Cpl|Puy — uy|ly + Cpllur — ||y

2C,Crth™ Ju || vy

HPu1 — HU1HW

VAN VAN VAN VAN VAN

using the triangle inequality and Proposition 3.2.3. The result follows from
Theorem 3.4.1. ]

Higher order inertia norm estimate

The Aubin-Nitsche trick can be applied to find higher order estimates in the
inertia norm for the discretization error for general damping. The results are
not new and proofs can be found in [SF73], [Zie00] and [Bas11].

The regularity of the weak solution u is the main factor that determines
the rate of convergence of the solution w;, of Problem G" to the solution
u of Problem G as h tends to zero. However, from Theorem 2.3.1 only
u € CY(J, V) can be guaranteed.

Recall the definition of the set E} in Section 2.3.2.
Assumption A4

E, ¢ H(V,k) and for any u € E, there exists a constant ¢, such that
lullavey < Gllyllw, where

b(u,v) = (y,v) Vv eV
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Lemma 3.4.4. Suppose that Assumptions A3 and AJ hold for the space V.
Then, for all u € Ey,

lu = Pullw < Ch*Glullmv.
where ¢, is the constant from Assumption A4.
To obtain higher order estimates, the initial values u! and u? must be chosen

appropriately. Either u?! = Puy and v = Pu; or a sufficiently accurate
approximation must be used.

Following [Dup73], if we assume ||[Pug — uf|ly + ||Pui — uf||w < Coh®* the
result below is obtained.

Corollary 3.4.2. Assume that

a) Assumptions A3 and A/ hold for the space V,
b) the solution u of Problem G satisfies u € C*([0,T],V) (Assumption A2),
c) v € L2([0,T),H(V,k)) and

d) ||PUO — Ug'“v + ||PU1 — U}fHW S C()hQOé.

Then, for anyt > 0,

T
lu(t) = un(t)llw <Cah** S |lu(t)llnee + V24e*CCRA* G, ( / Collu" ()l vary

0

T
+3K, max ||u/(t)|| vy + 3Ka/ " (v + V Ka||u1||H(v,k))
0
+ v/ 24e3tCy, K h*e,

where K depends on Cy and K,.

The special case where u! = Pug and u? = Pu; are considered by some
authors.

Corollary 3.4.3. Assume ul = Puy and u?' = Pu; and that Assumptions A3
and A4 hold for the space V. Assume also that the solution u of Problem G
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satisfies u € C*([0,T],V) (Assumption A2) and u" € L*([0,T], H(V,k)).
Then, for anyt > 0,

u(t) — un(t)||w

T
< CER B |[ut) | vy + V24HCLCER* G, (/ Collu" () | mviey

0

T
+3 0K max [/ (6) || s vp) +3Ka/ lu" (W mvey + \/KallulllH(v,k)) :
0

3.5 An implicit fully discrete scheme for weak
damping

In this section we introduce Baker’s algorithm. In [BV13] it was shown that
it can also be used for weak damping and the authors generalized the proofs
in [Bak76] and included the damping term.

The results of this section are from [BV13] and are completely general. The
spaces and norms are as in Section 2.3 and the additional assumption of weak
damping, i.e. Assumption E4W, is made. The proofs are done in detail in
[BV13] and therefore some of it will be omitted.

3.5.1 Baker’s fully discrete Galerkin scheme

Notation
For any sequence {z;} C R,, :

S = 7 Happ — o) and

Tpel = §[$k+1 + ).
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Problem G"-D-Baker

Find a sequence {u'} C S" such that for k =0,1,2,..., N — 1,

Soup = Uy L (3.5.1)
(B, ) + 0l ) by, 0) = S(UF0) + Fltaa)h0)x (352)

for each ¢ € S”, while ul = u;(0) = d" and vy = u},(0) = v".

Adapting the proof in [Bak76], it is proved in [BV13] that the solution of
Problem G”-D is well defined. In the process an algorithm is derived. If
confusion is not possible we write uy, for ull.

Proposition 3.5.1. Problem G"-D-Baker has a unique solution for any pair

of vectors d" and v" in S".

Proof. For any v € S,

2

%b(ukﬂ +ug, ) = %b(Tfl[UkH — ug), ) + %b(uk, V) + %b(ukv ¥)
2
= Dbk vl )+ mh(us, )
7_2 2

= ke, ) + (s, )+ bl )

Substitution into (3.5.2) yields

2

2
(U 11,18) = (v, ) + £ Atk + vy ) + T b(owsr, ¥) + 7 b(ve, )

+7b(ug, V) = %([f(tk) + f(tr1)], ¥)x-

Consider

2

c(Vit1, ) + %G(’Ukua V) + sz(vkﬂa V)

2

= (v, 1) = Ga(vn, ) = Th(ve ) = mb(ue ) + 5 (1 (1) + fltn)], ¥)x
(3.5.3)

(\V]

for each ¢ € S”". The bilinear forms b and ¢ are positive definite and as a
consequence ¢ + 7 a + % b is positive definite. Therefore vy, ; is uniquely
determined by (3.5.3) (using a special case of Riesz’s theorem). Lastly,
Uk41 = Uk + TV 1 from (3.5.1). O
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The following algorithm may be used for simulation.
Problem FD
Find a sequence {u;} C R, such that for each £,

2 2
<M + g C+ %K) A (M - %c - TZK) T — 7Kg + % [F(t) + F(trs)]
with @y = d and 7y = .

Truncation

Consider Problem G"-D-Baker. Substituting ¢t = ¢, and ¢ = ;. respectively
into Equation (3.5.2), we have that

ofr ontisn) — on(te)] 0) + 5 afonltins) + vnlte)] )
b5 bl (i) + ()], ) = 5 (F(teen) + £ )5+ o) (35.4)
where va(t) = ), (t) and
= 7 entrn) = (8] = 5 [0 ) + 0]
The errors are denoted by e and g:

e = up(te) —uwp and g, = uy(tg) — g
Note that in the approach in [BV13], ¢y = 0 and ¢y = 0.

Subtracting (3.5.2) from (3.5.4) results in

(7 Mgk — au)s ¥) + CL(%[%H +qrl,¥) + b(%[ekJrl +ex], ¥) = clpw, V),

which can be rewritten as follows

c(Spqr, V) + a(qk+§v¢) + b(ek+%, V) = clpr, V). (3.5.5)
Substitution of uy, and v, into (3.5.1) yields
1
7 un(Ben) = un ()] = 5 ([on () + on(te)] + 0%, (3.5.6)
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where (obviously)

ox = 7 funtien) — un()] — 5 ([onltrc) + vnt)]

It follows from (3.5.1) and (3.5.6) that
e = eyt + Ok (3.5.7)

3.5.2 Stability

Using the truncation above and adapting the proof in [Bak76] (which is for
the wave equation), [BV13] obtained the general result.

Lemma 3.5.1. Stability
N-1

max [lea|[fy < 877 Y lleallfy + 27" [lpolliy + (872 + 20" K)oy

n=0

where en:%pn+722;é pr+ o, form=12...N—1.

The proof in [BV13, Section 6.3] is long and in sufficient detail.

3.5.3 Error estimates

In this subsection we present the estimate for the error uy,(t;) —uf in [BV13].
Recall that it must be with respect to || - ||w-

It remains to find estimates for p; and oy in the stability result. To find an
estimate for py, we consider the following two parts separately

-
pa = T’l[vh(tkﬂ) — vp(ty)] — v, (t + 5) and

1 T
pB = —3 [, (trr1) + o3, ()] + 03, (tr + §)~

Recall that vy, (&) = >, vi(tr)¢;. Using Taylor expansions we obtain

T oi(tran) — vilts)] — vt + %)

1 tet1

1 tet+3
(s = 0)'(0)d0 + / (tx — )20 (6)d6.
tk

47— tk‘i’%
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From the Cauchy-Schwartz inequality

tht1 2 tet1 Tt
/‘ (b — 0)%"(6)d0 | < /‘ (b — 0 d0 [ (o(6)) a6
t t

#+3 v+ ot

T5 bt " 2
= 160 (v;"(6))" do and
t

tht3g ) 2 75 tktg )
tr, — 0)7v"(0) db — 7(0)) de.
| terwem) < g5 [T ere)

A

Using the estimate above and assuming that {¢,} is orthonormal, we have

2

-
lpalliy = H [n(te1) — vn(te)] — v (tr + 5)
w

Y 2 Lo 0)20" (9)de 2
< L . "
=2 4t /tk+2 (trs1 )70 (0)
T 2
o (L [T ey
2 . _ ///
#32( g [

7'3 th1 " 2 tk+7 " 2
<1380 |, KO o+ | WO do

ty

S 1280 max ||U”/||W7

where 6?m[ax is denoted by max.
€0

To find an estimate for pg, the same steps are followed. From Taylor expan-
sions we have

1
S[0i(ten) + vi()] = vi(t + 3)
1 th+1 1 tpt+35
_1 / (bos1 — O)0!"(6)d0 — ~ / (b — 00" (6)dD.
2 tet+g 2 i
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Using the Cauchy-Schwartz inequality again, we obtain

tht1 2 tit1 tet1
/ (s — 0)(0)d0 | < / (i1 — 0)° d6 / (v (6))? d6
tpt+3 tet+3 tet+3

_T [ rezde and
24 tet+3 '

tet+3g 4 2 3 tet+g
/ (te — 020 (0)do | < 5 / (V" (6))2 db.
tr ti

Therefore

4
.
loslli < g max v -

Combining the estimates for p4 and pp yields

4 n

loellfy < 7" max [|o|I3- (3.5.8)

Finally consider oy, = 7~ up (tr41) — un(te)] — 5[, (tes1) + ), (t)]. Following
the same method as for pj, we obtain

lowlliy < 7% max[Jug |5 (3.5.9)

The estimate for €, in the stability result is then obtained from (3.5.8) and
(3.5.9):

lealliy < 5T*7" max [l [}y + 47" max [l |5

Using the result in Lemma 3.5.1 yields

max ||e, |5 < 4077 max ||lv) |5, + 32727 max ||u)||3

+27% max ||v ||5 + 87° max ||u} |3, + 27° K, max [Ju)||3.

Note that if f € C*([0,T7], X), then u, € C*([0,T], W) and consequently the
following error estimate is obtained.

Theorem 3.5.1. Error estimate.
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If f € C*([0,T), X), then
Il (te) — UZHW < TT?*7% max ||u§t4)||w + 777 max ||u)||w
+v/ 2K, 7 max ||u) ||w (3.5.10)

for each t, € (0,T).

3.5.4 Convergence of the fully discrete approximation
for weak damping

Finally, by combining the semi-discrete estimates from Section 3.3 with The-
orem 3.5.1, error estimates for the fully discrete approximation of the solution
of Problem G are obtained.

Recall that from Corollary 3.3.3 we have: If u} = ITuy and u? = Tlu;, then
[[u(t) = un(t)[|w

T
< CyCuh® ()]s + VECHCrh (3 [ @l
0

T
+3Ka/ Nlu()| vy + (2 4+ 3KLT)||uol| zreviey + 3T||U1||H(v,k)) :
0

for each ¢t € [0, 7.

Using the triangle inequality we combine this with the result of Theorem
3.5.1, and obtain the final estimate.

Theorem 3.5.2. Suppose

1. the damping term satisfies Assumption EJ,
Assumption A3 holds for the space V,

ug = Iy and u? = Tluy,

u e C%*([0,T),V) (Assumption A2),

u”"(t) € L2([0,T], H(V, k)),
feC*0,T],X) and

NS v e

the sequence {ul} is a solution of Problem G"-D-Central.
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Then
[u(ty) — ugllv
T
< Cuh® (lu®)l vy + Collt' () lavr) + V2463 Crh® [/ Gl Ol
0
T
3K, max || (8) || svgy + 3K / " ()| rr vy
0
20 ||ur]| zvey + 2V 1 + Kalluol| zviey + v KGHUIHH(W“)}
+ Cr (7‘2 max Hu,(f)(s)H + 77 max Huxl(3)||w> ;
w

where Cr is a constant depending on T

Remark

Other semi-discrete estimates can also be combined with Theorem 3.5.1.
Note that if the energy estimates from Section 3.4 are used, Assumption A2
(uw € C*([0,T],V)) must be made.
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Chapter 4

Timoshenko cantilever beam
with tip body and boundary
damping

4.1 The model problem

The model problem was introduced in [ZVV04] where the finite element
method is used to compute natural frequencies and modes of vibration. In
[Bas14, Section 8.2] the model problem is considered briefly. Aspects covered
are existence and convergence of the finite element approximation.

The equations of motion and constitutive equations (in dimensionless form)
are in Subsection 1.2.4, equations (1.2.16), (1.2.17), (1.2.21) and (1.2.22).
For convenience they are repeated here:

O*w =0,V +q, (4.1.1)
é&¢=V+@M, (4.1.2)
A4:%@Q (4.1.3)
V = 0,w — ¢. (4.1.4)

The boundary damping (or control) is considered in [ZVV04]. The authors
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proposed the following interface conditions:
motw(l,t) = =V (£, 1) — kOaw(l, 1),
I,02(0,t) = —M (0, ) — kaOs (€, 1).

Dimensionless form

I
Let m* = - and I* = —"— then the interface conditions in dimension-
pAl lpAl

less form are
mofw(1l,t) = =V (1,t) — yOw(1,t) and (4.1.5)
Imatz (Lt) = _M(lut) _728t¢<17t)7

here ht and ka
where v, = n =——.
T TAGe T AGkuT

Returning to the original notation we present the model problem.
Problem TB
The mathematical model consists of

the equations of motion (4.1.1) and (4.1.2),

the constitutive equations (4.1.3) and (4.1.4),

the boundary conditions w(0,t) = ¢(0,t) = 0 and

the interface conditions
mofw(l,t) = =V (1,t) — yOw(1,t) and (4.1.7)

The initial conditions are w(-,0) = wy, ¢(-,0) = ¢g, w(-,0) = wy and
0r9(+,0) = da.

4.2 Variational form

Consider equation (4.1.1), multiply by an arbitrary test function v.

1
/ Otw(-, t)v
0
1

- —/0 V(-,t)v’+/01q(-,t)v+ V(1 t0(1) — V(0,0)0(0). (4.2.1)
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(4.1.2) multiply by .
1
| 5 oot

/ M-, t)y -I—/ V(- t)+ M(1,t)(1) — M(0,t)(0). (4.2.2)

[ ot w+/1 020(-, 1)
B PV R

+ V(1,t)v(1) — V(0,t)v 0) + M(1 (1) — M(0,t)1(0). (4.2.3)

Add

Test functions
T00,1] = {v € C' | v(0) = 0}.

Using (4.1.7) and (4.1.8) we find that

/ 2w / ORO(- 1)+ mofu(1,1)o(1) + LR (1, (1)
_ /Eaﬂs o / Guntt) = 9C.0) 0~ )+ [ aCt

$(0) - vlatw(l t)v(1) = 120i6(1, t)¥(1)

— _/O 3 L0 -,m/;—/o (Bpw(-,t) — -,t)(v—¢)+/01Q(-7t)v

—n0w(1, t)u(1) — 12001, t)(1),
if v e T[0,1] and ¢ € T10,1].

Problem TBV

Find a pair of functions (w, ¢) such that w(-,t) € T[0,1], ¢(-,t) € T0,1]
and

/1 8fw(-,t)v+/l 1 02 (-, 1) +mdPw(1, t)v(1) + 1,02¢(1,t)(1)
0 0o «

! ]' / ! /
:—/0 5 2u0( )0 —/0 (B, (- 1) — B(- 1)) () — 1)

B (1, 0)0(1) — 3aB(1, (1) + / o

0
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for each pair (v,1) € T[0,1] x 1[0, 1].

4.3 Product spaces

Note that existence of solutions was not considered in [ZVV04] and we are not
aware of any existence result for this problem except in [Bas14, Section 8.2].
However the presentation is rather brief and could be considered incomplete
in places. To apply the existence theory in Section 2.3, we need the following
product spaces:

X = £%(0,1) x £%0,1) x R?,
H™ — H™(0,1) x H™(0,1) x R2,

Recall that (-, -) is used for the inner product in £2(0,1).

Notation
An element y € X is written as y = (y1, Y2, Y3, Y4)-
A natural inner product for X is

(@, y)x = (z1,91) + (22, Y2) + T3ys + Taya,
and the corresponding norm is denoted by || - || x.

The natural inner product for the product space H™ is

(@, 9)am = (T1,Y1)m + (T2, Y2)m + T3Y3 + TaYs

and the corresponding norm is denoted by || - || gm.
For the weak variational form, we define the following bilinear forms:

For v and v in X

1 1y
c(u,v) = / uLvy + / o UgUy + Musvs + L,usvy.
0 0
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For u and v in H!

! 1 ! ! ! ! !
b(u,v) = / E UVl —i—/ (uy — ug)(vy — v9),
0 0

where the derivatives are weak derivatives.

For w and v in V

a(u,v) = yui (1, t)vy (1, 1) + youa(l, t)va(1,t).

Remark

Since u;(+, t) is not necessarily continuous, u;(1,¢) should be understood in the
sense of trace, i.e. u;(1,t) = T'u;(+,t). Consequently dyu;(1,t) = LTu(-,t).
(See Appendix C on trace.)

Note that the bilinear forms a, b and ¢ are symmetric.

Proposition 4.3.1. The bilinear form c is an inner product for the space X .

Proof. Since ¢ is a symmetric bilinear form, it is an inner product if ¢(u, u) =
0 implies u = 0. Now,

1 1
1
c(u,u) = /u%—ir—/ uy + muj + Lyuj
0 0

(6%
> (2 + a2+ o + ) (43.1)
where ¢* = min{1, é, m, I, }. Consequently v = 0 if ¢(u,u) = 0. n

Definition Inertia space W

We refer to the vector space X equipped with the inner product ¢ as the
space W. The norm || - ||w is defined by ||ul|lw = \/c(u, u).

Proposition 4.3.2. The norms || - ||w and || - ||x are equivalent.

Proof. From (4.3.1) ||ullw > ¢*||u||x. Now,

1 1
1
clu,u) = /O uf + E/O uj + mui + Lyui < ey ([Jugl]? + [Juel? + uj + uf)

where ¢; = max{1, X, m, I,,}. The result follows. O
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Let V(0,1) be the closure of T[0,1] in H(0,1).
The energy space for this problem is
V ={yeV|[0,1] x V[0,1] x R?| y3 = Ty1, ys = Ly},
In the next Proposition we prove that W is dense in V. The proof in [Bas14]

is incomplete. In the proof below we use an idea from [BDV14], see Chapter
5 of this dissertation.

Proposition 4.3.3. V is a dense subset of W.
Proof. Consider any y € W. Since C§°(0,1) is dense in £2(0,1) there exist

sequences {¢,} C C§°(0,1) and {¢,} C C§°(0,1) such that ||¢, — yi|| — 0
and ||, — yaf| — 0.

We construct a sequence {n,} in H'(0,1) with the following properties

I'n, = 1 and |5,/ — 0.

For any natural number n > 1, let 7, () = 0 for z < 1 — = and n,(z) =

n(x + % — 1), then 7, has the desired properties.

NOW; let Up = <fn7gnarfnargn>7 where fn - (bn + Y3n and an = Ys, and
Jn = Un + yan, and I'g, = y4. It follows that v, € V.

lvn —yllx = IIfo —v1l® + llgn — %2l)?
+(ys — f2(1))* + (y2 — ga(1))?
— 0.

]

The next result differs from [Basl4] where Corollary 4.3.2 was stated first
and the proof of it is incomplete.

Proposition 4.3.4. The norms || - ||y and || - ||g1 are equivalent on V.
Proof. From the definition of b(u,u) we have for each u € H!
1
b(u, u) < EK2HU'2||2 + 20|y | + 2lual® < Kyllullzp, (4.3.2)
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when K = max{%, 2}.
It remains to show that || - || g1 is bounded below by || - ||y. To start, use
Jus| = [Tur| < Jualy and fua| = [Tug| < JJuzfs,

(Appendix C). It follows that

ullFn < 2l ]I + 2lusf7.
Next, if v € V(0,1), then |jv]] < ||¢'|| (Poincaré inequality, see Appendix B).
Therefore

luill§ = [huil® + [lui]* < 2]l |*.

and consequently

ullFm < 4l |I* + 4| .
Now,

e+ lluall® < fluy — uoll® + [Jua||* + [lus]®

<

<y = el + 2l (4.3.3)

using the Poincaré inequality again. From the definition of b we have
b, w) > ko (|l — wall? + [l ]?) (43.4)

where k, = max{1, %}

Combining

—~

4.3.3) and (4.3.4) we have

b(u,u) > 2 ([luy — ual® + [[us)|*) > [l |* + [lua

EN )

and hence 8
Cb(a,u) = el

Remark

Regarding the constants Kj and kj, note that for a real beam > 1, hence
szlandkb:%.
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Corollary 4.3.1. The bilinear form b is an inner product for V.

Proof. Since b is a symmetric bilinear form, this follows from Proposition
4.3.4. [

Corollary 4.3.2. There exists a constant C' such that

blu,u) > Cllu|% for eachu € V.

Proof. This is trivial since |lul|x < ||u||g. O

Corollary 4.3.3. There exists a constant C' such that

b(u,u) > Cllullz, for each u € V.
Proof. The norms || - ||x and || - ||y are equivalent. ]

Definition Energy space V'

We refer to the space V' equipped with the inner product b as the energy
space. The norm || - ||y is defined by ||ul|y = \/b(u,u).

4.4 Weak variational form and existence

In this section we show how the existence and uniqueness of a weak solution
for the model problem follow from Section 2.3. The approach followed is
the same as that in [BDV14] and [Bas14]. We are not aware of any other
existence results for this problem.

Notation

Let ¢ be the mapping t — ¢(+,t) and gx = (¢, 0,0, 0).

Problem TBW

Find u such that for each t > 0, u(t) € V, v/(t) € V, u”(t) € W and
c(u"(t),v) + ap(u'(t),v) + b(u(t),v) = (gx(t),v)x for each v €V,

while u(0) = ug = (wo, ¢, Twe, T'dp) and v/ (0) = ug = (wa, ¢g, Twa, Tg).
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Remark
The initial states ug and ugy is formulated incorrectly in [Bas14].

Proposition 4.4.1. There exists a constant K such that, for all u and
vinV,

[a(u,0)] < Kllullv[lv]lv.

Proof.

la(u,v)| < a(u,u)a(v,v)

= (n(u(1)* +72(u2(1))) (71 (01(1))* +72(v2(1))?)
< Kl + luzl) Qo + floall*) < B2 lull, ol

where K = max{vy,72}. Since the norms || - ||y and || - ||z, are equivalent,
the result follows. O

Theorem 4.4.1. Suppose ¢ € C1([0,T),£L*(0,1)). Ifug € V, ug € V and
there exists a y € W such that

b(ug,v) + a(ug,v) = c(y,v) for each v €V,
then Problem TBW has a unique solution,

we C([0,T):V) N CH([0,T); W) N CH((0,T): V) n C2((0,T): W).

Proof. Clearly qx € C'([0,7),X). The result follows from Theorem 2.3.2.
O]

4.5 Convergence of the semi-discrete
approximation

Galerkin approximation

Suppose the space S”(0, 1) consists of piecewise Hermite cubic basis functions
(see Appendix D) such that the functions are zero at x = 0. Let S be the
subspace of S"(0,1) x §"(0,1) x R? such that uz = u;(1) and uy = uy(1) for
each u € S".
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Problem TBW"

Find a function u;, € C%(0,T) such that u}, is continuous at 0 and for each
t >0, up(t) € S" and

c(u) (t),v) + a(u} (t),v) + b(uy(t),v) = (gx,v)x for each v e S", (4.5.1)
while uy,(0) = uff = (wl, of, Twl, Tel) and ), (0) = ult = (wh, ¢h, Twh, Teh).

The existence of a unique solution follows from Theorem 3.1.1 provided that
¢x is continuous w.r.t. the norm of X, which requires ¢ to be continuous
with respect to the norm of £2(0,1).

In [ZVVO04] it is shown how to construct the relevant matrices for the semi-
discrete problem and derive the system of ordinary differential equations.
However, the paper is concerned with modal analysis and the system ordinary
differential equations is not considered.

Interpolation

Instead of Assumption A3 regarding the existence of an interpolation opera-
tor, we now construct an interpolation operator.

The interpolation operator II is defined on the product spaces H* by
Mu = (I, uy, Houg, us, ug)  for u € H,

where I, is the usual interpolation operator for piecewise Hermite cubic basis
functions. A seminorm for H™ is defined by

ulk,am =/l + |ualf,

with |« ¢ the seminorm in H™ ().
Proposition 4.5.1. If u € H*, with k > 2, then
= Iully < Ch* ulapm, (4.5.2)

where a =k for 2 <k <4 and o =4 for k > 4.

Proof. Since u; € H*(0,1) for i = 1,2,

llui — ol < acha_1|ui|a, (4.5.3)
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where av = k for 2 < k <4 and o =4 for k > 4 (see Appendix E).
From the definition of IT we have that v — Iu = (uy; — Iuy, ug — ous, 0, 0),
therefore

lu =Tl < K (lun = Mew [+ [lus — Tous|[7) (4.5.4)

by (4.3.2). We combine (4.5.4) and (4.5.3) to obtain the result, using the
definition of the semi-norm above. O

In the applications below we apply the results for general damping (Sec-
tion 3.4). We assume that the solution u satisfies Assumption A2 and use
the estimate (4.5.2). Note that the symbol a does not have the same meaning
as in Assumption A3. Also, note that for Problem TBW, H(V, k) = H*NV.

Application of Corollary 3.4.1

Let uf = Iug and v}y = Iuy and assume that u” € £2([0,7], H* N V) with
k > 2. Then, for any t € [0, 7],

Ju(t) — un(t)lv + [Ju'(t) =, (t) lw
< CRO(|u(t) | g.r + O (8)] g 1)

+ V123 Ch ! {/ Clu" () |a.mr + 3K, max [t/ (t)] o zr + 3K, / U (4)|pre
o+ 2C gl v+ 20/ T+ Koltolo s + v/ Kaltalo s | (4.5.5)

where a« = k for 2 < k <4 and o = 4 for k > 4.

As discussed before, Assumption A4 is satisfied in some cases and a higher
order estimate can be obtained. Recall the definition of the set Ej in
Section 2.3.2.

Assumption A4

E, ¢ H(V,k) and for any u € E, there exists a constant ¢, such that
lull e < Gllyllw, where

b(u,v) = (y,v) Vv eV

If B, C H* NV, then Assumption A4 is satisfied.
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Application of Corollary 3.4.2

Assume that || Pug—uf ||y + || Pug—uj||w < Coh** and v’ € £*([0,T], H*NV)

with &k > 2. Then, for any ¢ > 0,

T
lu(t) = un(t)[lw <C*h**Cur(t)]asz + V1263 CC*h*C (/ Clu (+)]a+2

0

T
+3K, max |t} (t)|as2 + 3Ka/ Uy ()]at2 + vV Ka|ud|a+2>
0

+V12e3tC K h*®,
where o = k for 2 < k <4 and o = 4 for k > 4.

Remarks

1. Results on the regularity of weak solutions for the Timoshenko beam
equations are not common knowledge and further study of the literature

is required.

2. In theory, piecewise linear basis functions are suitable for the Timo-
shenko beam. However, due to the phenomenon of “locking”, the rate
of convergence in practice is not as predicted by the theory. For the
Timoshenko beam locking can be avoided by using cubics according to

[Bra01, p.302]. This fact is confirmed in [VVRI10].

4.6 Fully discrete approximation

Suppose an approximation for the solution is required on the time interval
[0,T]. The interval is divided into N steps resulting in a step length 7 = T'/N.

The approximation of uy(t) is denoted by u}.

Consider central differences for the fully discrete approximation.
Problem TBW"-FD

Find a sequence {u'} € S" such that for k =1,2,..., N — 1,

(T2 [u 4y — 2ui + wi_y],v) + a((27) M ugy — ) v) + b(ug, v)

h

for each v € S, while ul! = d" and u?' — v, = 270"
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We aim to prove convergence of the solution of Problem TBW"-FD to the
solution of Problem TBW and derive error estimates. Consider the error

u(tk) — UZ = [u(tk) - Uh(tk)] + [uh(tk) - UZ] (462)
In Section 4.5 an error estimate was derived for [u(tg) —un(t)]. We still need

to derive an estimate for [uy(#1,) — u}]. The final estimate follows trivially by
the triangle inequality.

We consider central differences for this problem. It is conditionally stable
but has the advantage that it is “almost” explicit. In [Basl4] a generalized
version of the theory in [OR76] can be found. It has not been published. The
theory was also modified to include damping. In parts [Basl4] was difficult
to read and we changed the presentation in those parts.

If confusion is not possible we write uy, for uf. Denote the error by ey:

Cr — uh(tk) — U

Truncation

Substituting ¢ = t; into Problem TBW", we obtain

c(up (), v) + a(uy(t), v) + blua(te),v) = (f(tr), v)x- (4.6.3)

Subtract (4.6.1) from (4.6.3) to obtain:

(T2 [ers1 — 2ex + €x—1],v) + % aler+1 — ex-1,v) + b(ex, v)
= c(eg,v) + a(pg, v), (4.6.4)
where
er = 7 2fup(tesr) — 2un(ty) +un(tr1)] — uj(t,) and
pr. = (27) 7 un(terr) — un(ti-1)] — ujp(te)-

Note that ey = 0 and u; — u_y = 27u/(ty). Therefore e; — e_; = 27py and
hence (4.6.4) reduce to

cle; +e_1,v) = T2c(eg,v) for each v € S™.
Since c(e; — e_1,v) = 27¢(po, v), it follows that
1
cleg,v) = 5720(5071)) + 7¢(po,v) for each v € S™.
Consequently
L,
lexllw < Smlleoll + 7llpoll
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4.6.1 Stability

The following inverse property follows from the one in [OR76]
Jullv < Crh™|ullw (4.6.5)
This is so since || - ||y is equivalent to || - || g1 and || - || is equivalent to || - || x-

Next it is shown that a sufficient condition for stability is

2ht < 01_1
o 1 2C
TUr
(5 S ) -0, (4.6.6)

Most of the proof is clear in [OR76] and therefore little has been changed.
However, after Equation (4.6.14) the proof is rather confusing and incom-
plete.

Lemma 4.6.1. If 72h~t < C;', then

_ 1
Rl en —enallliv + 5llenlls

1Ot 1 N-2
§(1+ R) 2|7 e[y + ||e1||v+r||el|lw+72HEkHw

k=2

N-2
7_2€C'T

7 2 llexlly + 7llen-ali,

k=1

r2C
where R = (— — 2h1>.

+

Proof. Let v =7""[exs1 —er] +7 er —ex_1] in (4.6.4). Since a > 0 it follows
that

( [6k+1 — 2€kz + Cl— 1] [6k+1 — Gk] + T_l[ek — ek_l])
( T w1 —en] + 7 e — 6k71])
= (Ek, [€k+1 — ek] + 7 [ek — ek_l]) . (467)
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But

b(en, 7 Mers — ex]) = — §b (77 ewsr — ex), 7 Hensr — ex))
1
+ ;[b(ek’—kla ek’-i-l) - b(€k7 ek)]
T 1
= - §||T_1(€k+1 — e[y + ;[||€k+1||3/ — el
(4.6.8)
Similarly,
b (ek, T ex — 6k-1]) = —b ( Yew — ex—1], 7 ex — 6k-1])
1
+ Z[b(ek, er) — b(ep—1,ex—1)]
T, 1
=5l Hew — el + Z[H%H%/ — llex-all¥] (4.6.9)
and

¢ (7_2[€k+1 — 2ep, + e_1), 7_1[6k+1 —ex] + T_l[ek — ek_l])

1 _ _
== 17 ewsr — el lliy — 17 ew — ex1]lliy] - (4.6.10)

Substituting the results from (4.6.8), (4.6.9) and (4.6.10) into (4.6.7), we
obtain the following

N

_ _ Ty —
7 lewrn = eallliy — 77w — exallliv] — ST (ensn — ex)lly

T, 1
+5lr Hew — eIy + o= [lewralld = llexlls] + 5= [llexll? — lex—all¥]

2T
=c (ek, 7 Hewsr —en] + 7 e — ek_l]) )

2r

Summing from 1 ton —1 < N — 1, we find

2
— — T —
I en = enallliy = 77 [er = eo]lliy = 77" (en = enn)llv

T2 1
+ 5l Hew —eo)ll + 3 lenlls + llen-1llF = llexlls — lleoll?]

<Tc (51, _1[61—60])—|—7'C (5n 1, T _1[6 — €n— 1])

n—2
+ 7 Z €6, T ertr — ek + 7 Z c(epp1, T Hertr — ek]) (4.6.11)
k=1
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Using the Schwartz inequality and Young’s inequality (see Appendix B), it
follows that

c(u,v) < Jlullwlv]lw

N

iz 4 2z
Sl + ol

We apply this to (4.6.11) for various choices for e:

2
— — T —
I en = enalliy = 7 [er = eollliy = S 177" (en — ena)IIY

B 1
+ [l e — o)l + 5 leall? + llen1llZ = llealls = lleoll]
T
< -
- 2K

SIS

_ TR, _
(lexllfy + 7 er = eollliv) + - llenlliy + -7 [en — enalliy

n—2 n—2
T _ T T T
423 2l ewes — exl By + 25 Sleulll + Slleally + Sllen
k=1 k=2

If we choose r such that TF = %, then we have

1. -~ A
Sl en = eacallBy = 7~ er = eollBy = Tl en = en i)l

T _ 1
+ §HT Her —eo)[ly + 5 [lenlld + llen-alli = llexll — lleoll?/]
T 2 -1 2 7 2 = -1 2
< 5 (lealli + 17 ex = eo]lliw) + < llen-lliv + 7Y I ewi — el
k=1
2 T T
+7Y llerlliy + §y|51H%V + QHeHH%V. (4.6.12)
k=2
Since
HT_l(en - en—l)H%/ < Olh_IHT_l(en - 6n—l)HIQ/V (4.6.13)
from the inverse property (4.6.5), (4.6.12) can now be written as
1 7'20] _ —
(5 50 ) 17 len = eacally = I~ = clly
o 2 1 2 2 2 2
+ 5 lI77 (er =€)y + 5 [llenlli + leaalli = llexlly: = lleoll?]
T 2 -1 2 7 2 - -1 2
< 5 (ledlliy + lI77"[er = eollliv) + S lenalliw + 7Y I eni — el
k=1
=2 T T
+7Y llerlliy + §y|el\|%V + QHenle%V. (4.6.14)
k=2
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Note that R = (% - %) > 0 in (4.6.14), due to the assumption (4.6.6).
From (4.6.14),

_ _ 1 T _
R||m  en — ena]lliy < 7 ellfy + —||61||2v t3 (lelliy + 7" ealliy)

—H€n 1l +TZ ekl + !élew Hffnle%v
n—2
+7 > lI7 enn — el lliy-
k=1

Using the discrete Gronwall inequality (see Appendix B) and 7 < 1, we
obtain

I7 en — en-allliy < BT, €7,

where

2 1 2 2 4T 2 2
K, =1+ )HT 61HW+§H€1HV+TH€1HW+Tusnflnw"i_TZHngW

n—2

< 2llr el + Hele +rlleally +7lenlfy 7 lerllfy- (4.6.15)
k=2

Now, going back to (4.6.14) and rewriting it again we obtain

1
Rl en = enallliv + 5lleally
< Nl |I2 1 2 T 2 —1, 12 7'_2 2
< I eulliv + 5llenlly + 5 (leally + 17 exlliv) + S llenalliv
n—2
+ TZ lex Il + |€1||w ||€n—1||§v +7 ) [l fewr — el
k=1

<2llr el + §||€1||€' +7llealiy + Tllen— iy

n—2 n—2
+7 ) llerlliy +7 ) I ews — el
k=2 k=1
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Therefore

_ 1 _ 1
Rl en = enaallliy + 5lleallv < 217 erlliy + Sllenlly + 7llealliy + 7llena i

orT n—2

n—2
TE
+7 ) llexlly + I > K
k=2 k=1

(4.6.16)

Using the fact that 7N = T and substituting (4.6.15) into (4.6.16), we find
that

_ 1
Rlm " en = enallliy + 3lleally

TeT 12 1 2 2 ey 2
<\1+—% 2|7 61||W+§||61||V+TH51”W+TZ||5k||W

k=2
20T N2
+t— D lerllfy + Tllen1lly-
k=1
[
Corollary 4.6.1. If 72h~' < C;*, then
-1 s 1 2
Rllm len — en—lllw + 5llewlly
TeCT _ 1 =
<(1+7%) (2\17 terlly + gegllediy + Tl + 73 el
k=2
20T N2
+t—F > llexlliy + Tllen-1llfy-
k=1
1 T2C
where R = (5 — #)
Proof. From (4.6.5) we have that |le;[|? < C?h™?||e1||%,, and therefore
lexlli < 77 lealliy,
since 72h7! < O []
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Corollary 4.6.2. If 72h~' < C;*, then

1
Rl ex —enallliv + 5llenlliv

N-2

TeCT 12 1 2 2 2
<15 ) (20 el + Slealiy + el + 7 el

k=2

N-2
7_2€CT

+ 5= D llelliy + Tllen-allf-
k=1

where R = (% — TQCI).

2h

4.6.2 Error estimate

In this subsection t; is often denoted by ¢ to simplify the notation.

To start it is necessary to estimate 5 and pg. Consider u,(t) = 377, u;(t)¢;,

where {¢;} is an orthonormal basis. Using Taylor expansions on the real
valued functions u; we obtain the following.

2 3

T T I
wi(t +7) = u(t) + Tuj(t) + Eu;'(t) + 5“3”(75) + 5/ (t+71— s)3u§4)(s) ds
. . . t

(4.6.17)
and
2 3 1 t—T
uj(t — 1) = uy(t) — Tuj(t) + %u;’(t) — %u;”(t) + 3 / (t—71— s)3u§4)(s) ds
! ! .
(4.6.18)

Adding (4.6.17) and (4.6.18) yields
7% (uy(t+7) — 2u,(t) + uy(t — 7)) — uj(t)

1 t+1 3 (4) t 3 (4)
:@(/t (t+7—s)u, (s)ds—/t_T(t—T—s) u; (s)ds)

= Ek,j-
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Note that ), = > 7, €y, ¢;, therefore

L= Ly ([Tesr-oi@as- [ - pudieas) o

672
j=1

t+7

1 o 1 [
@ t+T ZU ¢]d _62 t—T

Zu s)g;ds

t+T1 t
= % (/ (t+7— s)gu%)(s) ds — / (t—1— s)3ué4)(s) ds) :
T 3 t—T

Using the above, we obtain

1 t+T1 t
lerll® < [6 5 (t—l—T—s)BuglA‘)(s)ds—l—/ (t—T7—25)
T t—7
L e s +]
< t+7—5)% (s)ds|| +
3674 |||/ h

<

1 B t+7
3674 | /t

t
(t+71— s)3u24)(s)H ds + /
t—7
1 i t+1 2
< T 2 (/ (t—l—T—s)?’uﬁf)(s)Hds)
t

L t )
+2 (/ ‘(t -7 = 5)3u24)(s)H ds) ]
t—1
1 t+T7 6 t+7
t+7—5 ds/
1874 [/t ( ) .
¢ t
+/ (t—T—s)Gds/
t—7 t—7

(4)

uy, (s)|| ds

IN

‘ 2

2
uf‘)(s) H ds]

3u§14) (s)ds

t
/ (t =7 — s)'u® (s)ds
t—T

(t—71—

T

T

s)2ul(s) H ds} 2

1 7'7 T 4 2 1 7'7 t 4
= g1 <7>/ ug)(s) ds + 8 <7>/ ug)(s) ds
t t—T1
3 t+7’ 2
= 1%6 Dis)| ds. (4.6.19)
t_

Using similar arguments we have

27—t (uj(t +7) —u(t — 7')) — u(t)

:%([M(HT— s)*ul' (s )ds—l—/ttT(t—T—s)

= Pk,
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ufl'(s) ds)



n

Now, pr = Z pr,;@; and therefore

j=1
1 t+7 t 2
loel® < {E / (t+7 — 5)uy (s )ds—/ (t—7—s)*uy/(s)ds ]
t t—7
1 Tl st ) t ) 2
< + i "(s\d P "0s\d
<o || [ @) | [ e
1 [ /ttr 2 t 2 2
< t _ /// d t— _ /// d
<z | [ Nesrmorglds e [ o) ol
- _2(/t+TH(t+ (s Hds)g
< T —
167’2_ ¢
t 2
+2(/ It =7 = s)2u(s Hds>]
t—1
1 t+1 t+ 5
<o | [ wrr-aras [ ok
872 | ), ¢

w [ s [ el
o (5) [ merass 1 (5) [ ek

3 t+T1 9
OIS (4.6.20)

T_
40
Theorem 4.6.1. Error estimate.
If f € C*([0,T), X), then, for each t;, € (0,T),
un(t) = wflly < CoR~F (7 max [ (s)]| 47 mae Juf/ ()] )

where Cp depends on T

Proof. Recall that [le1||w < 5 72||eo| + 7| pol|. From (4.6.19) and (4.6.20) we
have that

3
2 7—
ool < 155 [ [l

Therefore

el < 5 [ [

7.3
D s and fl < 55 [ ds

S

a5+ T / u”(s)| ds. (4.6.21)
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Substitution of (4.6.19), (4.6.20) and (4.6.21) into Corollary 4.6.1 yields

TeCT A2+ 1 ([ 17 T

2. <1 —/

= [ (5 |
2T

R
T W, )12 N=2 3 pttr
ds) +2r$°
* (126/ “h (S)HW S> N T; 126 /t_T

6] s 2o [ Il as)

2
) s) st]

97207 N22 3 pter 5 pe )
7 06 ug)(s) ds+2T 126/ ug)(s) st
k=1 tN—1—T
4t +T 4 2 47' +7 2
<(1+7 ){QM 0] s+ T [ ol o
ot 9 T4 N=2 otyr . 9
+53 ul? (s) st+@2/t ul?(s) | ds
k=2 YT
75eCT N-2 47 @ 4 1+7 @ 9
+ SR ;/t_T uy,) (s) ds—i-@ L w, (s)|| ds
T CcT 4 6 4 2 4 4
< (1+ —eR ) { T1;3T maXHugf)(s) W—l-Tl——ngaxHu’”( )HI%V
N-2
27‘ (4) 2 27’5 (4) 2
+E maXHuh (s) Y 2 maxHuh (s) w
2 6,cT N 5 2
2 S o+ [0
Te® 476 4 74 2 A4+ 72
< (1+ I ) { 156 maXHugf)(s) W—l—l—oma x ||luy' (s )Ha,
2 2 2774 2
+6_T?> maXHugl)(s) + 6; maXHugl)(s) }
w w
2T 5,CT 2 o1 5
om0, + G e i
Since 7 < 1,
TeCT\ 117* + 4T  2T75%¢“T + 27°R 4 2
len |} < {(1—1— 7 ) 196 + SR } maxHugl)(s) v
TeCT 5T 2 " 2
(14 T ) B mex 0l
where max denotes the maximum over the entire interval [0, 7. O
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4.7 Convergence of the fully discrete
approximation for general damping

Finally, error estimates for the fully discrete approximation of the solution
of Problem TBW is obtained by combining results from Section 4.5 with
Theorem 4.6.1.

Estimate (4.5.5) is presented for convenience.

[[u(t) - un(t)|lv + [ () =y (t)[lw
< CRH([u() o, + Ol (1)t

+ V1263 Che! U Clu" (Yaprx + 3Ka max [0/ () |o. v + 3K / U (Y]t
o+ 2C o s + 23/ T+ Kaltolo, s + v/ Kaltalo ] (4.7.1)
where « = k for 2 < k <4 and o = 4 for k > 4.
From Theorem 4.6.1, if f € C*([0,T], X), then
llun (ts) — ult ||y < CrR™2 <7’2 max “u%4)(s)))w + 7max ||uj (s )||W> , (4.7.2)
for each t € (0,7).
Theorem 4.7.1. Suppose

(a) ul = Tuy and ul = Tu,,

(b) ue C[0,T],V) (Assumption A2),
(c) u"(t) € L2[0,T], H*NV),

(d) f e C2(0,T),X) and

(e) the sequence {ul'} is a solution of Problem T BW"-FD.
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Then

lu(tr) — uilly

< ChH ([u(t) o prr + Ol (8)] v

T
N T { / I (Yo g + 3K u ma [ (£)] o ze
0

T
+3Ka/ |u”(')|a,H’“ + 20|ud|o¢,Hk +2 V 1+ I(a|u0|oz,H’C + v ](a|ud|oz,H’C
0
+CrRb (P max | (s)| |+ 7 max ur ()]l )
w

where a =k for 2 <k <4 and o =4 for k > 4.

Proof. Use (4.7.1) and (4.7.2) and the triangle inequality. O
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Chapter 5

Beam with a damping tip body

5.1 Model problem

In the article [AS02] the authors model and analyze the damped vibration of
a cantilever beam with an attached hollow tip body that contains a granular
material. The Euler-Bernoulli theory for a beam with Kelvin-Voigt damping
is used. The beam is clamped at one end and the tip body is attached to
the other end. The existence of a unique solution for the model problem is
established.

The model is more realistic than other models discussed in articles: the fact
that the center of mass of the rigid body is not at the endpoint of the beam
is taken into account.

In [BDV14] the authors present a complete analysis of the model. Firstly
they derive a correct linear approximation for the model problem. Next they
also prove the existence of a unique solution. Their approach differs from
that in [AS02]: they write the model problem in variational form and use
results from [VV02] where general linear vibration models in variational form
are considered.

In this chapter we study [BDV14], but we show that it makes virtually no
difference if the Rayleigh model is used instead of the Euler-Bernoulli model.
The Rayleigh model for the transverse vibration of a beam is derived in
Subsection 1.2.4, equations (1.2.20), (1.2.23) and (1.2.24). For convenience
the dimensionless equations of motion and constitutive equation is repeated
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here.

Pw = 0,V + Py, (5.1.1)
lafaxw = V+0.M, (5.1.2)
«

1
M = Bagw. (5.1.3)

Remark

It is convenient to use (5.1.1) and (5.1.2) to derive the variational form and
in the process eliminate the shear force V.

The usual constitutive equation is (5.1.3) above. In [AS02] the authors in-
clude Kelvin-Voigt damping in the model. Equation (5.1.3) changes to

1
B

where A denotes a dimensionless damping parameter.

M = =0%w + \o;0%w, (5.1.4)

In [AS02] and [BDV14] the authors used the Euler-Bernoulli model instead
of the Rayleigh model. So (5.1.2) reduce to

O, M +V =0. (5.1.5)

In Section 5.3 we discuss how this affects the theory.

The constitutive equation for the moment M and the relation between the
moment and shear force V' are also used to model the interface conditions.

The left endpoint of the beam is clamped where the boundary conditions are
the usual

w(0,t) = J,w(0,t) = 0. (5.1.6)

The interface conditions at the other endpoint are determined by the inter-
action between the beam and the rigid body. This is explained in [AS02] in
some detail. It is necessary to consider the equations of motion for the rigid
body carefully when deriving these conditions.

The position of the center of mass of the tip body relative to the endpoint
of the beam is

dcosf i+ dsinf j,
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where 6 is the angle of the neutral plane with the horizontal. Therefore the
velocity ve and acceleration agc of the center of mass are given by

vo = duw(l,t)j—dfsinb i+ dfcosb j,

ac = Pw(l,t)j—dfsing i+ dfcosf j— db*cosh i— df*sinb j,
where ¢ denotes the length of the beam. For the linear approximation it
is assumed that the term 6?sin6 j may be neglected, § ~ 9,0,w((,t), 0 ~

020, w(l,t) and cos § =~ 1. Using these approximations, we have the following
expressions for the vertical components of the velocity and acceleration:

Ow(l,t) + do,0,w(l,t) and O*w(l,t) + doO?0,w(l,t).
The explanation above follows [BDV14].

In [AS02] the term dd;0,w({,t) in the expressions for the vertical component
of the velocity is neglected. This should not be done. This point of view is
motivated in the next section where we discuss the decay of energy for the
system.

An external force fp(t) may act on the rigid body, e.g. gravity. Using
Newton’s second law for the motion of the center of mass we have

mofw(l,t) +md 020,w(l, 1)
= -Vl t)+ fs(t) — vouw(l,t) — vdOO,w(L, ). (5.1.7)

Taking moments about the center of mass we have
JO?O,w(l,t) = —M(L,t) + dV (¢, t) — dy*0:0,w(l, t). (5.1.8)
Combining Equations (5.1.7) and (5.1.8) results in

md 07w (l,t) + (J +md*)020,w(l,t)
=—M((,t) —ydoyw(l,t) — (yd + ~*)doo,w(l, t) + df 5(t)(5.1.9)

It is convenient to rewrite Equations (5.1.7) and (5.1.9):

V(lt) = —mdPw(l,t) —md 0}0,w(l,t)
—youw(l,t) — vdo O, w(l,t) + fp(t), (5.1.10)
Mty = —md fw(l,t) — (J +md*)0t,w(l,t)

—ydoyw(l,t) — (vd + v*)do O, w(l,t) + dfg(t).(5.1.11)

Problem Beam-DB

The mathematical model consists of
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the Equations of motion (5.1.1) and (5.1.2),
the Constitutive equation (5.1.4) for the beam and
the Boundary conditions (5.1.6) and the Interface conditions (5.1.10)
and (5.1.11).
Initial conditions w(-,0) = wy and dyw(-,0) = w;y need to be specified.

It is interesting that the Timoshenko theory is not considered in [AS02] and
[BDV14] as in [ZVV04]. However, here the interface conditions are more
realistic.

The variational form and weak variational form are derived in Sections 5.2
and 5.3. Auxillary results are proved in 5.4 and the existence theorems
are in Section 5.5. Finally we present convergence analysis of the Galerkin
approximation in Section 5.6.

5.2 Variational form

Exactly as in Section 2.1 we find that

[ ottt [ oo

/ Mt + [V, (@)} + [M(z, 0 (@)]} + / F(atyo

Test functions

A function v is a test function if v € C?[0,1] and
v(0) = v/(0) = 0. The space of test functions is denoted by 70, 1].

It follows that
/ Otw(- v+ — / 070, w(
- _/0 Mt + V(1 )0(1) + M(1, ) / e
for each v € T[0, 1].
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We now use the constitutive equation M = %&%w + A0;0%w and the interface
conditions (5.1.10) and (5.1.11) to derive the variational form of the model
problem.

It is convenient to introduce the following bilinear forms:

T . bl o //
b(u,v) = v

0 [
eon(u,0) = /1 v + mu(DYo(1) + mdi (1o(1) + mdu(1)v'(1)
0(J + md®)u' (1)v'(
enluv) — / uv+—/01uv1—|—mu o(1) + mdu (1)o(1)
+mdu(1)v'(1) + (J + md*)u'(1)v'(1),
a(u,v) = /0 " 4 yu(1)o(1) + ydu (Do(1) + vdu(1)y'(1)
(yd 4 7 (1) (1).

Q»—t

Notation

The bilinear forms ¢gp(u,v) and ¢g(u,v) correspond to the Euler-Bernoulli
and Rayleigh models respectively. The notation ¢(u,v) will be used with the
understanding that it can be either ¢gp(u,v) or ¢g(u,v).

We now have the variational form of the model problem.
Problem Beam-DBV

Find w such that for each t > 0, w(-,t) € T(0,1) and

E(afw("t)7v)+a(atw('ut) ) (w 7t)7 )
= (f(.1),0) + fo(t)o(1) + dfs(t)v'(1)

for each v € T(0,1) with w(-,0) = wy and dyw(-,0) = wy.
Remark

Note that the bilinear forms @, b and ¢ are symmetric. The additional
term ydu/(1)v(1) in the definition of a is necessary for symmetry. Pro-
blem BeamDBV may be used to compute finite element approximations.
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Mechanical energy

The mechanical energy (kinetic energy plus elastic potential energy) of the
system is

1-

B(t) = 5 a0 (-,t), (- 1) + 5 bw(-),w(-,#).

1
2
Using the symmetry of b and ¢ and assuming that w is sufficiently smooth,
we have

E'(t) = &(0?w, Ow) + b(w, Ow) = —a(dw, dyw)

for the homogeneous case. It is obvious that b(u,u) is nonnegative and not
difficult to show that a(u,u) and ¢(u,u) are nonnegative.

a(u,u) = /O A@")? 4+ [u(D)]? + 2ydu(1)u' (1) + (yd +~")d[u' (1))
= [ AR () + da (1) (1) 0,
cep(u,u) = /0 w? + mfu(1))? 4+ 2mdu/ (Du(1) + (J + md*)[u/(1)]?

= /01 u? + mfu(1) + du'(1)]* + J[u'(1)]* > 0.

Since cr(u,u) > cgp(u,u), it follows that cg(u,u) is also nonnegative. As a
result £'(t) < 0. This result is to be expected from Physics. The fact that a
is symmetric and a(u, u) nonnegative, is due to the additional term.

5.3 Weak variational form

Consider Problem Beam-DBYV. We start of as usual by considering the closure
of the space of test functions. Let V (0, 1) be the closure of T'[0,1] in H%(0,1),
then V'(0,1) is a Hilbert space (being a closed subspace of a Hilbert space).

We require the trace operator which we denote by I', see Appendix C.
Clearly Tt/ is defined for u € H?(0,1).

The following product spaces are necessary for the abstract problem.
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Product spaces

X =/L%0,1) x RxR
H™=H™0,1) x RxR

VP =V(0,1) x Rx R
V:{UGVp‘vng‘vl, vy =Tv] }

An element y € X is written as y = (y1, 92, y3). An obvious inner product
for X is

1
(u,v)x = / UV + UV + U3V3,
0

and we denote the corresponding norm by || - || x.
Definition Bilinear forms

For w and v in X
1
cep(u,v) = / U1 + Maugvy + md(usvs + ugvs) + (J + md*)usvs,
0

1 1
cr(u,v) = u v + o U] + Mugve
0 0

+ md(usvy + ugus) + (J + md®)uzvs,
and for u and v in H?

—uv! and

511

ATV + Yugvs + yd(ugvs + ugvs) + (vd + *)dusvs.

b(u,v) =

a(u,v) =

S— —

Remarks

L. cg(u,u) > cpp(u,u).
2. The bilinear forms a, b and ¢ are symmetric.

3. For uw and v in V, a(u,v) = a(uy,v1), b(u,v) = b(uy,v;) and
c(u,v) = ¢(uy, v1).
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To apply the existence theory and prove convergence of the finite element
approximation, we need to prove that c(u,u) > Klju|%. In the rest of the
chapter we will show that the theory is the same for both models. From a
theoretical perspective this is an improvement on both articles ([AS02] and
[BDV14]). In practical applications it does not matter much which model is
used.

For the weak variational form of the model problem we need to show that the
bilinear forms ¢ and b are inner products for X and V respectively. We use
the well known Poincare type inequalities, see Appendix B, the boundedness
of I' is also required.

Proposition 5.3.1. For each u € V(0,1),
lul < W/l <"l and

Pl < [luff]

Proof. Using the fundamental theorem of calculus, the inequalities are easy
to prove for the space of test functions 770, 1]. Since V'(0, 1) is the closure of
T[0, 1] with respect to the norm of H?(0, 1) the result follows (see Appendix
B). O

Proposition 5.3.2. There exists a constant K such that
cep(u,u) > K(u,u)x for eachu e X.
Proof. From Young’s inequality
1
m(ug + dus)® > m(1 — e)ui +m(1l — =)d*u3.
€

By the definition of the moment of inertia of a rigid body, J > fmd? for
some (3 > 0. Therefore

1
m(uy + duz)® + Juz > m(1 — €)us +m(1 — =)d*ui + Bmd*u3.
€
Now choose 0 < ¢ < 1 and € < (1+3)7!, it follows that there exists a constant

K such that m(ug + duz)? + Ju3 > Ki(u3 + u3) for each (ug,u3) € Ry and
the result follows. O

Remark

The result above also holds for cg since cg(u,u) > cpp(u,u).
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Corollary 5.3.1. The bilinear form c is an inner product for the space X.

Definition Inertia space

The norm || - || is defined by ||u|lw = /c(u,u). We refer to the vector space
X equipped with this norm as the inertia space and denote it by W.

Proposition 5.3.3. There exists a constant K such that

blu,u) > Kllui|3 for eachu € V.

Proof. We use Proposition 5.3.1.
ludlly = lual® + llul* + [lui]?

< 3|

= 30 b(u,u).

Corollary 5.3.2. The bilinear form b is an inner product for V.

Proof. Clearly b(u,u) = 0 implies that u; = 0 and therefore us = I'uy = 0
and ug = I'u} = 0. O
Definition Energy space

The space V' equipped with the inner product b is referred to as the energy
space. The norm || - ||y is defined by |Jully = /b(u, u).

We proceed to determine a weak variational form of the model problem.
Denote the function ¢ — f(-,t) by f and let fx(t) = (f(t), fs(t),dfs(t)),
uy = (wo, Uy, to3) and ug = (wi, g2, Uaz), With g, oz, Uge and g3
arbitrary.

Problem Beam-DBW

Find u such that for each t > 0, u(t) € V, u/(t) € V, v (t) € W and
c(u"(t),v) + a(u'(t),v) + b(u(t),v) = (fx(t),v)x foreachv eV

with u(0) = up and v/ (0) = ug.

Remark

The restrictions to g2, o3, Uq2 and g3 are discussed in Section 5.5.
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5.4 Auxiliary results

We need the results of this section to apply the existence theorem in Sec-
tion 2.2.

Proposition 5.4.1. The space V is a dense subset of X.

Proof. Consider any y € W. Since C§°(0, 1) is dense in £2(0,1) there exists
a sequence {¢,} C C§°(0,1) such that ||¢, — y1] — 0.

It is not difficult to construct sequences {n,} and {¢,} in H?(0,1) with the
following properties

I'n, = 1, T'y,=0 and |n,| — 0,
I'¢, = 0, T'¢,=1 and [|.]| = 0.

For example, let n, = 0 on [0,1 — %] and equal to a cubic polynomial on
(1-— %, 1] where 7, (1 — %) =n,(1— %) =0, n,(1) =1 and 7/,(1) = 0.

Now, let v, = ¢, + yonn + y3(p, then v, € V(0,1), T'v, = yo and '), = ys.
Consequently u,, = (v, v,(1),v,(1)) € V and ||u, — y||x — 0. O
Proposition 5.4.2. There exists a constant K such that

b(u,u) > Kcg(u,u) for eachu €V.

Proof. We use Proposition 5.3.1.

1 1
1
cr(u,u) = / ui + a/ (u})? 4+ m(ug + dug)® + Juj
0 0
1 1 1
:/0 u§+a/0 (W) + m(Tuy + D)2 + J(Tu,)?
1
= lwal* + ~fla[* + m(Twy + dl)” + J (T )?
1
< Jluil* + a\lu’l’HQ +2m(Tuy)® + 2md*(Tuy)? + J (Duf)?
1
< || (1 + =+ 2m + 2md* + J)
«
1
< w3 (1+ ~+2m+ 2md* + J)

Now apply Proposition 5.3.3. ]
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Remark
Since cg(u,u) > cpp(u,u), the estimate above also holds for cgp.

Proposition 5.4.3. There exists a constant K such that
la(u,v)] < Kllullv [[v]lv.

for each uw and v in V.

Proof. We use Proposition 5.3.1.

la(u,v)| < Alfuf[] [[V7]| + vlugva| + vd|ugve| + vd|ugvs]
+(vd + v*)d|ugvs|
= Ml ]+ ~ICurTen] + 4| Ton] + 7| Dus T}
+(vd + ") d|TuyTv, |
< Nurll2florfl2(A + v+ 2vd + (vd +77)d ).

Now use Proposition 5.3.3. O

The result above is true for A > 0. If A > 0, the bilinear form a is positive
definite on V' and this has implications for existence results.

Proposition 5.4.4.
au,u) > AB|lull3

Proof. From the definitions of a and || - ||y

a(u,u) = Alluf||* = ABulfy-

5.5 Existence

Theorem 2.3.1 is applied to the case where A = 0 and Theorem 2.3.3 to the
case where A > 0. Note that the Assumptions E1, E2, E3 and E4 are satisfied
due to Propositions 5.4.1, 5.4.2, 5.3.2 and 5.4.3 respectively.
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Theorem 5.5.1. Suppose A\ =0 and
(a) feCH0,7),£%0,1)) and fz € C'([0,7),R),
(b) uo €V, uqg €V and there exists a y € W such that
b(ug,v) + a(ug,v) = c(y,v) for each v € V.
Then Problem PW has a unique solution

we C([0,7), V)N Y0, 7), W) N CL((0,7), V) N C2((0,7), W).

Proof. Clearly fx € C'([0,7),X). The result follows from Theorem 2.3.1.
]

Now consider the case A > 0. The bilinear form a satisfies Assumption E5S
(Proposition 5.4.4).

Theorem 5.5.2. Suppose A > 0 and

(a) f is locally Lipschitz on [0, 7) with respect to the norm of £2(0,1) and
fB is locally Lipschitz on [0,T),

(b) up €V andug € W.

Then Problem PW has a unique solution
u € O([0,7), V) nCH([0,7), W) N C2((0,7), W).
If f=fg =0, thenu € C([O,oo);V) N C’l([O, oo);W) N C‘X’((O, o0); V).

Proof. Clearly fx is locally Lipschitz on [0, 7) with respect to the norm || - || x
and the bilinear form a is positive definite by Proposition 5.4.4. The result
follows from Theorem 2.3.3. ]

Sufficient conditions for existence

The case A > 0 is trivial. It is sufficient that f and fz have continuous
derivatives.

If A = 0 sufficient conditions on uy = (wo, Uo 2, Uo,3) and ug = (w1, Uaza, Ua3),
are required to satisfy Condition (b) in Theorem 5.5.1. It is obviously neces-
sary to assume that ug and ug are in V' which implies that vy = (wq, T'wg, T'wy)
and ug = (wy, Twy,Tw}). First, suppose wy € C*[0,1] and w; € C?[0,1].
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From the definition of the bilinear form b, using integration by parts we
obtain

1
bmm:/m%%pﬂmmumn+m%mmm.
0

From the definition of a, we have
b(u,v) + a(u,v)
:/dﬂmﬁm—ﬂmmnmm+Emwnmm
+'(;w1(1)v1(1) + ydw (i (1) +ydwi (1)oy (1) + (vd + ") dwi (1) (1).

Therefore
1
b(u,v) + a(u,v) = / E]w(()4)vl for each v € V
0

if and only if

0 = —FElwy(1)vi(1) + ETw)(1)vy(1)
+yw (v (1) + vdw) (D)o (1) + vdw (1)v](1) + (yd + v*)dw) (1)v} (1)

for each v € V. Since v;(1) and v{(1) are arbitrary, it follows that

—ETwy (1) + ywy (1) + ydwi(1) = 0;
ETwy(1) + ydw; (1) + (vd + ~*)dwi(1) = 0.

Therefore a sufficient condition for existence is wy € C*[0,1], w; € C?[0,1]
and

wo(0) = wh(0) = wi(0) = w}y(0) =
V(L0) = —Elu/(1) = —yuy(l) - vdwl()
1,0) = BlIuj(1) = —ydw(1) — (vd +7*)duw](1).

Up to this point we followed [BDV14]|. But it is still sufficient that uy, €
H?>NV and vy € V. Taking limits we see that the equations above are
satisfied in the sense of trace.

The conditions for the shear force V(1,0) and bending moment M (1,0) is
important. Comparing them to Equations (5.1.7) and (5.1.9) we see that the
force and moment at the endpoint must match the force and moment due to
damping otherwise there will be discontinuities in the force and moment.
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5.6 Galerkin approximation

Consider the dimensionless form of the model problem, see Section 5.3. To
start, construct a finite dimensional subspace S”(0, 1) of V (0, 1), using piece-
wise Hermite cubic basis functions. Let S” be the subspace of S"(0,1) x RxR
where uy = u(1) and uz = v/(1) for each u € S". It follows that S" is a finite
dimensional subspace of V. Consider the Galerkin approximation.

Problem Beam-DBW"

Find a function u, € C?(0,T) such that u}, is continuous at 0 and for each
t >0, up(t) € S" and

c(ufl (t),v) + a(u} (t),v) + b(un(t),v) = (fx(t),v)x for each v € S"

with up,(0) = ul and ) (0) = u”. The functions uj and u® must be suitable
approximations for vy and ug in S”.

The existence of a unique solution follows from Theorem 3.1.1 provided that

f is continuous w.r.t. the norm of £2(2) and fp is continuous.

5.6.1 Interpolation estimates for the
one-dimensional hybrid models

An interpolation operator on the product spaces H* can now be defined.
Definition
Mu = (Il wy, ug, ug) for u € H”.
Note that v — IMu = (u; — I uq,0,0). From Propositions 5.3.3 and 5.4.2, we
have that ||u|ly and [|u]|o are equivalent. Therefore
lu = Tul[f < Clluy = Te w3

For Hermite cubic basis functions: R
If u e H*(0,1) with k > 3, then there exists a constant C. such that,

[u — Mulls < Coh®[t]aya

where « =1 if k =3 and a = 2 if k > 4. (Appendix E.)
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Using the result above, we obtain an estimate for the interpolation opera-
tor 1I:
If u e H* NV with k£ > 3, then

[ — ||y < Ch®|uy|asts, (5.6.1)
whereao=1if k=3 and o =2 if k > 4.

The above inequality replaces Assumption A3. Assumption 2 is still needed,
i.e. assume that u; € C?([0,7), V(0,1)).

5.6.2 Convergence for the semi-discrete approximation

In a similar way to what was done in Section 4.5, we now apply the results
from Section 3.4 (general damping). In the applications below, we assume
that u € C?([0,T],V) and use estimate (5.6.1).

Instead of Assumption A3 regarding the existence of an interpolation opera-
tor, we now construct an interpolation operator.

The interpolation operator II is defined on the product spaces H* by
Mu = (Il uy, Houg, us, ug)  for u € H,

where II. is the usual interpolation operator for piecewise Hermite cubic basis
functions. A seminorm for H™ is defined by

ulkm = 3S i + u2li

with | - ¢ the seminorm in H™(€2).

Recall that the symbol o does not have the same meaning as in Assumption
A3 and note that for Problem Beam-DBW" H(V,k) = H*N V.

Application of Corollary 3.4.1

Let ul = Tluy and v/ = Tluy and assume that u” € L£2([0,T], H*(Q) NV)
with k& > 3. Then, for t € [0, 7],

lu(t) = un(®)llv + [’ (t) — wn (8)lw
< Ch*([ur ()] a2 + Colu ()]as2)

T T
NPT [ / Colt (s + 3K max [t (#)]osa + 3K, / (s
0 0
+ 23 udlara + 21T+ Kaltolasz + vEaludlasa)
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wherea=1if k=3 and a=21if k > 4.

As mentioned before, in some cases we have that Assumption A4 is satisfied
and therefore it is possible to use the Aubin-Nitsche trick to obtain higher
order estimates in the inertia norm for the projection error.

Assumption A4

E, ¢ H(V,k) and for any v € Ej there exists a constant ¢, such that
ull vy < Gllyllw, where

b(u,v) = (y,v) Vv eV,
If B, C H* NV, then Assumption A4 is satisfied. (Recall the definition of
E} is Subsection 2.3.2)
Application of Corollary 3.4.2
Assume that K || Pug—ul||lv+]|| Pug—ul||lw < Coh®* and u” € L£2([0,T], H*(Q)N
V) with k£ > 3. Then, for any ¢ > 0,

T
Hu(t) — uh(t)HW §02h2a8b|u1(t)|a+2 + vV 12€3t CbCahQa/C\b (/ C’b|u’1'(-)\a+2
0

T
+3K, max |u} (t)]are + SKa/ U () a2 + \/Ka|ud|a+2>
0
+V12e3Cy K h*®,
wherea=1if k=3 and o =2 if k > 4.

Error estimates and convergence for the fully discrete approximation is the
same as in Section 4.6.
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Chapter 6

Vertical structures

6.1 Beam models for vertical structures

6.1.1 Introduction

For industrial chimneys, towers and high-rise buildings the height is large
compared to the diameter. We refer to them as vertical structures.

Clearly, there exist a number of possibilities to model a vertical structure.
Beam models appear to be popular but in the articles considered no justi-
fication was offered. In this chapter we compare Timoshenko, Rayleigh and
Euler-Bernoulli models for vertical structures.

We consider buildings and slender structures separately. When is it slender?
Beam models for chimneys seem reasonable but beam models for buildings
are questionable. (Tall buildings are often modeled as vertical beams, see
e.g. [HVO07] and [WFHO1] and the references in [WFHO1].) We return to this
matter in Subsection 6.1.2.

The oscillation of structures due to steady winds has been studied for a long
time now: “ ... free-standing welded steel structures are prone to oscillate in
the wind.” [New89].

Modeling the effect of wind is for example discussed in [FL10] and [HV07].
The load caused by vortex shedding leads to oscilation of the structure. In
recent years, more and more supertall constructions have been built and these
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are also affected by the wind.
Modeling of earthquakes are considered in [WFHO1].

In [WFHO1] the authors refer to earlier studies where it is recommended
that “ ... for increasing the levels of structural safety, integrity and occupant
comfort, it is necessary to reduce the levels of earthquake- or wind-induced
displacements and accelerations in tall buildings.”

Simulation is necessary to determine displacements, acceleration and stresses
in structures subjected to earthquake loads or wind loads.

6.1.2 Beam models for structures

Recall that our objective is to compare models. To start, consider the most
general linear model. We use the equations of motion (1.2.6), (1.2.7) and
(1.2.8) with constitutive equations (1.2.11) and (1.2.12). From (1.2.6),

0 — 8355 + Pl,
we see that the axial force due to gravity is given by

S(z) = —pAgl(1l — ).

As a consequence we have a moment density (measured in Newton) L =

l
—S0,w and equation (1.2.15) changes to (6.1.4) below. With p = % and
K

using the original notation, the dimensionless moment density is given by

L(z,t) = wu(l—2z)0,w(z,t). (6.1.1)
Note that d,u = % is dimensionless. Now,
S pAgl(l — z) K*G
= = —uy(1 - 2).
AE a5 - M-
Therefore
Oou = —py(l—ux). (6.1.2)

One may now consider Timoshenko, Rayleigh and Euler-Bernoulli models.
In each case 0,u and L are given by (6.1.2) and (6.1.1) respectively. For con-
venience the equations of motion and constitutive equation in dimensionless
form are presented on the following page.
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Timoshenko model

Fw = 9,V +q, (6.1.3)

1
- ¢ = (1+0,u)V +0,M+ L, (6.1.4)
M = % D, (6.1.5)
V o= d,w—¢. (6.1.6)

Rayleigh model
Pw = 9,V +q, (6.1.7)
1

- 020, w = (14 0,u)V + 0, M + L, (6.1.8)
M = % d2w. (6.1.9)

Remark

It is necessary to eliminate the shear force V in the Rayleigh model since
shear strain is not in the mathematical model, see Subsection 6.1.4.

We return to the question: When is a vertical structure slender? As men-
tioned in Subsection 1.2.5, the Timoshenko model compares well to two-
dimensional and three-dimensional models but the Rayleigh model (which
is practically the same as the Euler Bernoulli model) can only be used for
slender structures. Using the articles [VV06] and [LVV09a] it is clear that
a = 1000 is an absolute minimum, preferably a > 5000. There is no clear
threshold for «, it depends on the number of relevant modes and this in turn
depends also on the dynamic load.

6.1.3 Applications

In Section 6.2 we compare beam models for buildings. Simulation of Timo-
shenko and Rayleigh models are carried out. We mention briefly a vertical
Euler-Bernoulli model with damping mechanism on top in [HV07].

In Section 6.3 a vertical Euler-Bernoulli model but with concentrated masses
to represent the floors in [WFHO01] is mentioned. We consider multiple beam
models with concentrated masses to represent the floors, which we believe is
a better model.
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6.1.4 Variational form

In this subsection we derive two general variational forms that are used in
the applications. Consider Equation (4.2.3), the variational form for the
Timoshenko model in Section 4.2. We need to change it to accomodate the
differences between equations ( 4.1.2) and (6.1.4). So, for the most general
linear model we have the following variational form

[ ot [ Lot

/ M-, t)y' / V(-,t)(v’—(l-i—@mu)@b)—f—/o L(-,t)¢+/0 q(-,t)v
+ V(1,t)v(1) — V(0,t)v(0) + M(1,t)y(1)

— M0, £)(0). (6.1.10)

To obtain the variational form for the Rayleigh theory, let ¢ = 0J,w and
1 =v'. The result is

/1y< w+/llyam P
/M v”+/8uv v+/ L(-,t)v’+/01q(-,t)v

F V(L) — V(0,0(0) + M(L v (1) — M0,/ (0).  (6.1.11)

The term fol O,uV (-, t)v is not admissable in the Rayleigh theory since only
one constitutive equation (6.1.9) can be used. However, the parameter p is
extremely small hence 1+ d,u =~ 1.

Using this approximation in (6.1.10), we find that

[ ot [ 2 oot
=~ [ weow - [ veoe o+ [ eoes [

+ V(1,t)v(l) — V(0,t)v(0) + M(1,t)(1) — M(0,t)(0). (6.1.12)
This equation is used for the theory.

To obtain the variational form for the Rayleigh theory, let ¢ = 0,w and
=1
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To do the finite element computations, we split (6.1.12):

/01 Ot w /0 V(- /Olq(-,t)v

FVL ) — VO,000)  (6.1.13)
and
[ Laoenw = = [ wcows [ viows [ o
M1, 0%(1) — M(0,1)1(0). (6.1.14)

6.2 Beam models for high rise buildings

In this section we simulate the vibration of high-rise buildings subjected to
certain dynamic loadings, such as earthquake loads or wind loads.

Our first objective is to compare Timoshenko and Rayleigh models for a
high-rise building. The method to simulate motion with the finite element
method is explained in Subsections 6.2.1 to 6.2.3.

Damping of vibrations is briefly discussed in Subsection 6.2.4. So called
tuned mass dampers is one method ([WFHO01] and [HV07]).

6.2.1 Timoshenko model

The general variational form was derived in the previous section, Equations
(6.1.13) and (6.1.14).

Boundary conditions

At ground level z = 0 we have

w(0,4) = 6(0,1) = 0
and at the top
M(1,t) =0 and V(1,t) =0.

Test functions

T00,1] = {v € C*0,1] | v(0) = 0}.
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Problem HBT

Find functions w and ¢ such that for ¢ > 0, w(-,t) € T[0,1], and ¢(-,t) €

T0,1],
/01 afw(-,t)vz/ol V(.,t)v’+/01 q(-, t)v, (6.2.1)

for each v € T[0, 1].

/0_32 by = - /M IH/ v( ¢+/ L(- 1)y (6.2.2)

for each ¢ € T'[0, 1].

Galerkin approximation

As in Chapter 4 we use Hermite cubics for the Galerkin approximation (Ap-
pendix D).

Ordering of basis functions

The interval [0, 1] is divided in n subintervals of the same length. The basis

functions d; are ordered in such a way that d1,---,d,.1 are Type 1 basis
functions and 9,19, - , 02,12 are Type 2 basis functions. The detail is in
Appendix D.

The approximate solutions are denoted by w” and ¢".

We first consider Equation (6.2.1). Recall that a test function must satisfy
the condition v(0) = 0. From this it follows that the first basis function is
not admissable, i.e. the first Type 1 basis function d; is not admissable.

Set v = 0; in (6.2.1), then

/o1 G, 6)% :/01 V("t)5§+/01 q(-, )i, (6.2.3)

fori=2, -+, 2n+ 2.

If we write w” in terms of the basis functions we have

2n+2

0= G@u)
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where n is the number of subintervals on [0, 1]. Substitute w" into (6.2.3) to
obtain

2n+2 2n+-2 2n+2
> (8, 6:)i; + Z (&, 81)w; + Z (6;,00)0; = (q(-,1),6,)  (6.2.4)
7j=2
for © = 2,---,2n 4+ 2. Next we define the relevant matrices. For i =
2,---.2n+2and j=2,--- ,2n + 2
Mij = (5]',(51'), = ((53,(57{) and L = (5]"5;)7 (625)

see also Appendix D. This means that the first row and column are deleted
from each matrix in Appendix D.

If we approximate g(x,t) by >, q(x;,t)d;(z) then (q(-,t),d;) is approximated
by >~ Mijq(w;, t). From (6.2.13) it now follows that

M+ Kw — Lo = Mq(t), (6.2.6)
where ¢;(t) = q(zi, ).

Next we consider Equation (6.2.2) in Problem HBT. Since v € T[0,1] it
follows that the first Type 1 basis function in (6.2.2) is not admissable.

Set ¢ = §; in (6.2.2), then

/Olia%h /M t)6] + /V(-,t)di
/0 L(-,1)0;, (6.2.7)

fori=2,---, 2n+ 2.

We write ¢" in terms of the basis functions

2n+2

> b(@)s(t)

where n is the number of subintervals on [0,1]. Substitute ¢" in terms of
basis functions into (6.2.7) to obtain

2n+2 2n+2 2n+2 2n+2
Z t 3 Z (5, 8)05 + D (05 00mw5 + D (0,600
=2 j=2

2n+2

_“Z /1—:[:5’ 5i(z)d ) — 0, (6.2.8)
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fori=2,--- 2n+ 2.

The M, K and L matrices are defined in (6.2.5). Now we define

Ny = [ (= a)sta)

As before the corresponding row and column (first row and column) are
deleted from the M, K, N and L matrices. The system of ordinary differ-
ential equations is

1 = 1 - _
~M¢ + 5K¢ — L™w + M¢ — uNw = 0. (6.2.9)
«

It remains to approximate the combined system (6.2.6)-(6.2.9) with finite
differences.

6.2.2 Rayleigh model

Consider the variational form of the Timoshenko model given in (6.1.12). For
the Rayleigh model let ¢ = J,w and 1) = v'. The result is

/1 2w(-,t )v+/1 20,w(-, )0
/M v”+/ L(-,t)v'+/01q(-,t)v

L V(L H0(1) — V0,H0(0) + M1,H0'(1) — M(0,00'(0).  (6.2.10)

From the boundary conditions at = 0 we obtain the space of test functions.

Test functions
Tr[0,1] = {v € C'[0,1] | v(0) = v'(0) = 0}.
At the top of the beam we have M(1,t) = V(1,t) = 0.

Problem HBR

w(+,t) € Tg[0,1] and

2 2 R
/ Oyw / aﬁtaﬁw(,t)v

- _/0 B(‘?QW( t)v”+/01 u(l—g:)axw(-,t)v’+/ol a(-, ), (6.2.11)
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for each v € Tg[0, 1].
Galerkin approximation

We again use Hermite cubics. The ordering of the basis functions are the
same as in the previous subsection. From the definition of the space of test
functions Tx[0, 1] it follows that the first Type 1 and the first Type 2 basis
functions are not admissable. These two basis functions are represented by
01 and d,,,o. Therefore the corresponding rows and columns are deleted from
the M, K and L matrices i.e. the first and (n + 2) row and column are
deleted.

Set v = ¢; in (6.2.11), then

1 1
/8t2wh(-,t)(5i+/ l@famwh(-,t)ég
0 (0]
1 1
/ —62 ")) + /u(1—x)axwh(-,t)5;+/ q(-, )0, (6.2.12)
0 0

foreachi=2,--- ,n+1,n+3,---2n+ 2.

If we write w” in terms of the basis functions we have

2n+2

0= @ u)

where n is the number of subintervals on [0, 1].

Substitute w" into (6.2.12) to obtain

2n+2 1 2n+2 1 2n+2
Z (6]751)wj + - Z (6;75;) Z 5;,75;/
j=2,7#n+2 & j=2,j#n+2 B Jj=2,j#n+2
2n+2
=0 > ([a-asese ), + 0.6
7j=2,7#n+2

(6.2.13)
fori=2,--- n+1,n+3,---2n+2.

Recall the definition of the matrices in (6.2.5). We now define the K, matrix
as follows

[Kz] (5// 5//)

it
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Note that the K matrix as defined in (6.2.5) will be referred to as the K,
matrix.

By following the same procedure as in the previous subsection we obtain

.1 . 1
Mw + —Kyw = —EK2w+uKlw+Mq(t). (6.2.14)
(e

Euler-Bernoulli model

If the term éKlif) is omitted from (6.2.14), we have the Euler Bernoulli
model.

6.2.3 Comparison of models

In this subsection we consider wind induced oscillations in high-rise build-
ings, using the dynamic wind load model in [FL10]. Considering a number
of prominent high-rise buildings a rough calculation yielded a value of less
than 800 for the parameter . In our numerical experiments we compare
the Timoshenko and Rayleigh models. The idea is to use the Timoshenko
model to determine the usefullness of the Rayleigh model. Therefore the
relative errors for the Rayleigh model is calculated using the Timoshenko
approximations as correct values.

A forcing function simulating the wind is applied between z = 0.4 and
x = 0.5. To be precise, the wind is modeled by ¢(z,t) = g(x)f(t) where

1 if 04<2<05
g(z) = .
0 otherwise

and f(t) = Asinwt. This idea is from [FL10].

Figures 6.1 and 6.2 below illustrates the effect of the wind on a building.
The Timoshenko model with w = 2 is used for both figures. In Figure 6.1,
a = 4800 which corresponds to a mast or tower, and o = 800 is used for
Figure 6.2 which is realistic for a high-rise building.
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Figure 6.1: Timoshenko with a = 4800 for different ¢ values
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Figure 6.2: Timoshenko with a = 800 for different ¢ values
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Note that initially the displacement is mainly localized to the position where
the wind is applied. The wave then moves towards the top of the building.
For the tower (o = 4800) the top of the building moves significantly between
times 4 and 5, and for the high-rise building (o = 800) something similar
happens between times 2 and 3. The acceleration there is of interest and
should be considered in future experiments. Note that the scales on the axis
are not the same, the displacements are very small.

We now consider the displacement of the top of the structure to compare the
two models. At ¢t = 5 the following results are obtained for different values
of @ and angular frequency (w).

At t=b5
o} w | Relative error at the top
w7 o
e
wo |77 oo

It appears that for large values of a the two models are very similar. However,
as mentioned before, for a building a realistic value of « is less than 1000. For
these values of o the Rayleigh model does not give accurate approximations.
This should be considered as a preliminary investigation, further experiments
are required for a scientific conclusion.

6.2.4 Tuned mass damper

By ignoring the rotary inertia term in (6.2.9), the Euler Bernoulli model in
variational form is obtained:

/01 / M(-, t)w / L(-,t)v'+/01q(~,t)v

+ V(L,Hu(l) — V(0,0)v(0) + M(L, )0 (1)
— M(0,t)0(0). (6.2.15)

Using our notation we derive the model from the equations of motion together
with the constitutive equation. In (6.1.8), since d,u is small, 1+0,u ~ 1. Use
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(6.1.7), (6.1.8) together with the constitutive equation in (6.1.9) to obtain

1
Otw = —Baﬁw + 0, L +q. (6.2.16)

However in the article [HV07] by Hijmissen and Van Horssen they make use of
the partial differential equation for the Euler Bernoulli model without given
any justification for their choice. The mass damper is modeled as a simple
linear spring, mass, dashpot system. In their model the load ¢ = Fp + F},
where Fp and FJ, refer to nonlinear drag and lift forces acting on the structure
due to a uniform wind-flow.

Their aim is to find asymptotic solutions for the problem.
Boundary conditions

At ground level x = 0 we have
w(0,t) = J,w(0,t) =0
and at the top

M(1,t) = 0.

Test functions

T10,1] = {v € C*0,1] | v(0) = 2'(0) = 0}.

If the displacement of the damper is u(t), then

mii(t) = —V(1,t) — cu(t) — k(u(t) — w(1,t)).

Dimensionless form

Due to the mass of the damper the moment density L in (6.2.15) and (6.2.16)
changes to

L = u(l—2x)0,w—wplyw,

where
mg
Gr2’
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Variational form of the model problem

For each ¢ > 0, w(-,t) € T'0, 1] and

/01 (-, 1) /M v"+/0 L(- /Olq(-,t)v

i(t) — cu(t) — ku(t) + w(1,t))v(1),

for each v € T[0, 1].

6.3 Multiple beam models for
high rise buildings

To study the dynamic behavior of a building it is suggested in [WFHO01] that
a more realistic model should be used. In the article a building is modeled as
a beam with several lumped masses. The author used Hamilton’s principle
to derive the partial differential equation for the Euler Bernoulli theory and
uses the finite element method to analyze the dynamic behavior.

We consider an alternative model which is more realistic in several ways.
First of all an Euler Bernoulli or Rayleigh model should not be used for
a building but a Timoshenko model. Secondly, rather than one beam we
use a number of beams in series linked by rigid bodies. The diagram below

illustrates the setup.
)
“ Beam
/
\
y4
— N

Ny \/\«

7
Beam Beam I Beam I
2 3

Using the result of Section 6.1, we start directly with the variational formu-
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lation. For each beam we use (6.1.12)

1 1
| dtutoos [ 2 kot
1 1
M(- L(- .
=~ [ weo = [ veow-us [ oo o
+ V(1,t)v(l) — V(0,t) (O) + M(1,t)Y(1) — M(0,t)1(0).
Follow the procedure in Section 4.2, let
L* = £2(0,1) x £2(0,1),
H™ = H™(0,1) x H™(0,1).

Recall that (-,-) is used for the inner product in £2(0,1).

Notation

An element y € L? is written as y = (y, ya).

A natural inner product for L? is

(@, y)r2 = (z1,91) + (22, 92),
and the corresponding norm is denoted by || - || z2.

The natural inner product for the product space H™ is

(,y)am = (T1,Y1)m + (T2, Y2)m

and the corresponding norm is denoted by || - || gm.
For the weak variational form, we define the following bilinear forms:
For u and v in L?

1 1
c(u,v) = / UL Uy —i—/ — Ugls.
0 0o @&

For u and v in H!

b(u,v) / 3 uHvh + / (uy] — ug) (v — o) + /01 p(l — x)ujus,

where the derivatives are weak derivatives.
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For beam number k£ we then have

c(uy,v) + blug,v) = (Gt),v)2 + Vi(1,6)v(1) — Viy1(0,)v(0)
+ Mi(1,0)9(1) = Mia(0,4)3(0),

where g(t) = <Q(7 t)a 0>
For the body (the floor) between beam k and k + 1, we have

myg ; (1,1) = Viga (0,8) — Vi(1,1)
Ty o(1,t) = My (0,8) — Mi(1,1).

Consequently,
N N N N
D e(ui(),0) + > blug(t),0) = D (@(t), )2 = > myu (1, 0)vea (1)
k=1 k=1 k=1 k=1

N
- Z Iku%’Q(l, t)?]kg(l) + VN(l, t)UNJ
k=1

+ MN(L t)’UN72 — ‘/1(0715)1)1(0)
— Ml(O,t)UQ(O).

Now consider the structure. For the first beam the boundary conditions are
w(0,t) = ¢(0,t) = 0. For the last beam M(1,t) = V(1,¢) = 0. Boundary
conditions at the top are

VN(l,t) - MN<1,t) = O
Choose v1(0) = v2(0) = 0, then the variational equation is

(@ (1) v) 12 = D mug o (1, o (1)

1 k=1

WE

S e(uf(t),0) + 3 blun(t),v) =

N N
k=1 k=1

=
Il

WE

Tl o (1, t)vga(1).

B
I
—

To formulate the problem for the structure some preparation is necessary.
For the first beam the test functions are zero at x = 0: V;(0, 1) is the closure
of the space of test functions in H'(0,1). Let V4 = V4(0,1) x V;1(0,1). For
the other beams Vj, = H! for k =2,--- N.
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We introduce the product spaces X and V.

X =1 1?x RV,
Vp =1L, Vi x RY,
V= {U S VP|UN+k = Fuk}

We use the trace operator I' on H'(0,1) where I'y = y(1) if y is continuous.
For u € H' let Tou = (Tuy, T'ug).

Let u be a function with values in X. Denote the derivative by @(t). For the
first N components 1 (t) € L? but 1, (t) = dy(Tup_n)(t) for k > N.

Notation

Myuy, = <mkruk,1a [kruk,2>7

N N
cup(u,v) = Z c(ug, vg) + Z My, - vy,

k=1 k=1

WE

bup(u,v) = b(ug, vg).

el
Il

1

The weak variational form is to find a function v € (C[0, 7), L?) such that
N
enn (" (£), 0) + by u(t), v) = S (G@(t), v)1
k=1
for each v € V.

For finite element computations we need a system of differential equations.
For beam number k& we find, as in Section 6.2

My, + Kwy, — Loy, = M,(t), (6.3.1)

where ¢;(t) = q(z;,t) and

1= 1 - -
Mo+ Ko - Loy + M@, — uNw, = 0. (6.3.2)

To simulate the vibration of the structure the Systems (6.3.1) and (6.3.2) are
used where k =1,2,--- | N.
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6.4 Vertical slender structure with resilient
seating

In this section we consider hybrid Timoshenko and Rayleigh beam models
for a vertical slender structure. A Rayleigh model is in [LVV05], where the
origin of the problem is discussed and references are given.

Due to the oscillations a steel structure may be damaged.

“ One method of artificially increasing the damping is to mount the
chimney on a resilient foundation incorporating bearing pads made of
a high-damping material.” [New89, p 129-132]

In [LVVO05] models that correspond to Newland’s lumped parameter system
models [New89, p 129-132] and [New84] are presented. The slender structure
(e.g. a steel chimney) is modelled as a Euler-Bernoulli or a Rayleigh beam
mounted vertically and gravity is taken into account. Modelling the behavior
of the resilient seating and foundation leads to a complex hybrid system with
interface conditions and additional equations.

The modeling is done in greater detail in [Lab06] where the finite element
method is used for a comprehensive modal analysis, and convergence of finite

element approximations for eigenvalue problems is considered. Existence
results can be found in [LVV09b].

6.4.1 The dynamics of the foundation block and
resilient seating

From Sections 6.1 and 6.2 we have the relevant equations of motion for the
Rayleigh and Timoshenko theories in dimensionless form.

To formulate the interface conditions at the base, it is necessary to consider
the equations of motion for the resilient seating and foundation block. Both
are modelled as rigid bodies connected to linear elastic springs and linear
damping mechanisms. In this subsection we present the relevant equations
following [Lab06].
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Figure 1: Simplified sketch of the system

The springs and damping mechanisms in the sketch are schematic.

A A: Vertical slender structure
B: Resilient seating
F: Foundation block

. B H
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Figure 2: Displacements, angles of rotation, moments and forces

M, T wr(t) T wp(t)

—
/ 5 Mpp Mpa Tw(:pyt)
/ GFj kpp, crp] 935 (kpa, cpal
/ 04 ) A
/ Im 2
/ x=0 '
F B

~ T
/ Ve Vin Vs

[KF, CF] [KrB, CrB] (Kna Cpal

Convention: Moments and forces are denoted by the action of right on left.
For instance, Mg denotes the moment exerted by B on F.
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Equations of motion

mrpwrp = Vpp—VF,

mpwp = Vga— Vpp,
Ipbp = Mpg— Mp,
Ipfs = Mpa— Mpg.

Constitutive equations

Vr = Krwr + Cpup,
Vre = Kpp(wp —wr)+ Cpp(ip — W),
Mp = kpbp + cplp,
Mpg = kpp(0p —0p) + CFB(QB - QF)

Interface conditions

Let 04(t) denote the rotation of the end point of the vertical structure.

Mpa(t) = kBA<6’A(t) —eB<t>) +cBA(9A(t) —93(75)>,
Mpa(t) = M(0,¢),

Veat) = V(0,t),

wp(t) = w(0,t),

Op(t) # 04(t) (in general).

The following assumption is made for 64(¢):

04(t) = 0,w(0,t) for the Rayleigh model,
04(t) = ¢(0,t) for the Timoshenko model.

Dimensionless constants

The dimensionless constants for the foundation block and the resilient seating
are

m 1
= — d I"= .
m A’ an Iy
The different elastic and damping constants are
K3 kl o cl
K'=—, kK=—, ("= d ¢ = _
ET’ EI’ Elt, C T El



Returning to the original notation, all the constants in the equations of mo-
tion for the foundation block and resilient seating and the equations for the
interface conditions, are replaced by the corresponding dimensionless con-

stants.

Problem VST

Equations of motion: (6.1.3) and (6.1.4) with (6.1.1) and (6.1.2).

Constitutive equations: (6.1.5) and (6.1.6).

Boundary conditions at x = 1: M(1,t) = V(1,t) = 0.

The interface conditions at x = 0:

mpdiw(0,t)

I505(t)

M(0,1)

sz'[)F(t)

Ip0p(t)

V(0,1) — Kpp (w(O,t) . wF(t)>

~Crp (@w((), 1) — u')F(t)>, (6.4.1)

kpa (qb(O, t) — 93@)) + ¢Ba <(3t¢(0a t) — 93@))
ks <93(t) - Op(t)) —crp <93(t) - 9F(t)), (6.4.2)

ksa(9(0,0) — 05(0))
tena(00(0,6) = On (1)), (6.4.3)

Krs (w(o, £) — wF(t)) + Crp <8tw(0, t) — wF(t))
— Kpwp(t) — Crip(t), (6.4.4)

krp (HB(t) — 0F(t)> + crp (93(25) — éF(t)>
keplp(t) — crlp(t). (6.4.5)

The diagrams and equations in this subsection are from [LVV05] and [Lab06].
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6.4.2 Variational form

Recall the variational equation (6.1.12):

/52( )+/01—a2¢( £)0)
/ M / Vi Ul_¢)+/01 L(vt)l/)‘l‘/olq(-,t)v
(0,

(-, 6)(
+ V(1) — V(0,00(0) + M(1,8)%(1) — M(0,)1(0). (6.4.6)

Remark

The term in (6.1.3) containing L(-,t) is not always taken into account. In
the specific application to a steel chimney from [New84| the effect of gravity
was insignificant. This is due to the fact that M is extremely large and need
not always be the case.

Using the boundary conditions at # = 1 and the notation for the £? inner
product in (6.4.8) yields

(@, 1),0) + —(OF0(+1), ) + (M(0),0/) + (V (-, 0),0/ — )
= (L(0).9) + (gl 0)0) = V(O.00(0) — M(O,66(0). (64.7)

Substite the constitutive equations (6.1.1), (6.1.5) and (6.1.6) into (6.4.7):

%(am(-, D.40) + (s (-, 1) — 31 1), 0" — )

- / (1 — @), tyb(x)dz + (q(-£),0) — V(0,0)0(0) — M(0,£)(0).
(6.4.8)

(@Fu(-,1).0) + ~(GRO(11), ) +

There are no forced boundary conditions on the test functions. Therefore, for
the variational form of Problem VSTV, both v and ¢ are in T'(0,1) = C*[0, 1].

Problem VSTV

t) € T(0,1), ¢(-,t) €

Find w, ¢,0p,wr and O such that for each ¢t > 0, w(-,
1) and ¥ € T(0,1) and

T(0,1) and Equation (6.4.8) holds for each v € T'(0,
Equations (6.4.1) to (6.4.5) hold.
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6.4.3 Weak variational form

Following the procedure in Section 4.2, let

L* = £2(0,1) x £2(0,1),
H™ = H™(0,1) x H™(0, 1).

Recall that (-, -) is used for the inner product in £2(0,1).

Notation

An element y € L? is written as y = (y1, y2).
A natural inner product for L? is

(@, y)r2 = (21, 91) + (22, 92),
and the corresponding norm is denoted by || - || z2.

The natural inner product for the product space H™ is

(x, ) am = (T1,Y1)m + (T2, Y2)m

and the corresponding norm is denoted by || - || gm.

Define a function u with values in L? as follows:
ui(t) = w(-,t) and us(t) = ¢(-, t).
We rewrite Equation (6.4.8) in terms of this notation.

For the weak variational form, we define the following bilinear forms:

For v and v in L?

1 1 1
calu,v) = / ULy —i—/ — UVy.
0 o &

For u and v in H!

1 1 1
1
batwe) = [ 5 s [ - - )+ [ u(l - 2
o B 0 0
where the derivatives are weak derivatives.
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For Problem VST there are no restrictions on the space of test functions
and the solution w must satisfy Equation (6.4.8) for arbitrary functions v €

C'0,1] and 4 € C[0, 1].

For the analysis of the vibration problem we consider the weak variational
form. For the weak variational form we use ¢4 and b4 as defined above.

Let y(t) = w(-,t) and let ¢(¢) denote the derivative w.r.t. the norm of £2(0, 1)
or H™(0,1) (see Section 2.1). We use the dot for the time derivative here to
avoid confusion.

With the new notation, Equation (6.4.8) becomes

ca(ii(t), v) + ba(y(t), v) + mpiip(t)v(0) = =V (0, 1)v(0)
— M(0,£)y(0) + (q(-, ), v). (6.4.9)

Equations (6.4.1) and (6.4.3) are used to substitute for V(0,¢) and M (0,1).
The result is that

ea(i(1). v) + ba(y(t),v) + mpivn(t)o(0) = —Kpa (L (n(t) = we(t) ) Do
— CFB( thyl t — wF(t)>FU1 — kBA <F(y2(t)) — 93(t)>FU2

— cBA<(thy2 ) — éB(t)>Fvg + (q(-,t),v). (6.4.10)

Remark

Note that d,w(0, t) is replaced by d;(I'y)(t) and not I'(j(t)) . This is necessary
for the weak variational form.

The weak variational form of Problem VST is to find functions y, 0g, wg
and 0 such that (6.4.9) holds for any v € H?(0,1) and equations (6.4.2),
(6.4.4) and (6.4.5) are satisfied.

Product spaces

Define the product spaces

X=I?xR® and V = H?x IR’
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Bilinear forms

For v and v in X,

clu,v) = ca((uy,us), (v1,v9)) + mplu vy + Ipugve + mpugvs + Ipugvy,
a(u,v) = Cpp(Tu; —uz) (Tvy — v3) + cpa(Tu) — ug)(Tvy — v7)

+epp(ug — uy)(ve — vyg) + Cpusvs + cpugvy .

For v and v in V/,

b(u,v) = ba((ur,u2), (v1,v2)) + Kpp (l'uy — uz) (TM'vy — v3)
+k’BA(FU,1 — UQ)(FU’l — UQ) + ]{?FB(UQ — U4)(U2 — U4)

+Kpusvs + kpugvy .
Note that a, b and ¢ are all symmetric.

We are now ready to reformulate the weak variational form of Problem VR.
It is no longer necessary to denote time derivatives by dots.

Problem VSTW
Find u such that for each t > 0, «/(t) € V, «"(t) € X, and
c(u"(t),v) + a(u'(t),v) + blu(t),v) = (q(-,t),v;) foreach v eV (6.4.11)
while 4(0) = ug and v'(0) = ug.
Remark

The vector (uy(t), us(t), us(t), us(t), us(t)) represent
(y1(t),y2(t),0p(t), wp(t),0p(t)) and Equations (6.4.10) and (6.4.11) are the
same.

In the next Subsection we consider the Rayleigh theory. For the Timoshenko
theory there is a problem to apply the existence theorem since the bilinear
form b is not symmetric.

6.4.4 Variational form for the Rayleigh model

To start let ¢(-,t) = d,w(-,t) and ¥ =’ in (6.4.8).

117



(G, 8),0) + (@0 (- 0),0) + (Bl 1), ")

:,u/o (1 — 2)0,w(x, t)v' (x)dz + (q(-,t),v) — V(0,t)v(0) — M(0,t)v'(0).
(6.4.12)

Following [LVV09b] and [Lab06], we define the following bilinear forms:
1

ca(u,v) = (u,v)+ - (u', 0",
ba(u,v) = % (u”,0") —,LL/O (1 — 2)u' ()0 (z)dx.

Equations (6.4.12), (6.4.1) and (6.4.3) yield the following equation in terms
of the bilinear forms.

ca(ORw( ), 0) + ba(w(-, ), v) + mpisn(£)o(0)
= Krp(wr(t) = w(0,4))v(0) = Crp (9w(0,2) — tp(t) ) 0(0)
— e (00:0(0,1) = Bp(1) )/ (0) + kipa (85(1) = B (0,))v'(0)
+ (q(-,t),v), (6.4.13)

for each v € C?[0, 1]. It is still necessary to consider Equations (6.4.2), (6.4.4)
and (6.4.5):

Igbip(t) = k;BA<8 w(0,1) —eB@)) +cBA(ata w(O,t)—éB(t)>

kg (93 — 0p(t) ) —crp (93 - éF(t)>, (6.4.14)
mpip(t) = KFB< (0,¢) (t)> 4 Crp <8tw(0 t) — (t))
—Krpwp(t) — Cpuwp(t), (6.4.15)

]F9F<t> = kFB (‘93(t) — QF(t)> + Ccrp (03(t> — 91:(15))
We derived the variational form of Problem VR.
Problem VRV
Find w, 0p, wr and O such that for each ¢t > 0, w(-,t) € C?[0,1],
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Equation (6.4.13) holds for each v € C?[0,1] and
Equations (6.4.14), (6.4.15) and (6.4.16) hold.

Let y(t) = w(+,t) and let §(¢) denote the second order derivative with respect
to the norm of £2(0,1). Recall the definition of c4 and ba but where the
derivatives are weak derivatives.

For the finite element analysis, we reformulate the problem.
ca(ij(t), v1) + mpup(t)v(0) + Iplp(t)vy + mpip(t)vs + Iplp(t)vy
=~ ba(y(t), 1) = K (Ty(t) = we(t) ) (Tor v

+ (q(-,1),v1), (6.4.17)

for each v; € H?(0,1) and any real numbers vy, v3 and v,.

Next we construct the product spaces for the weak form of the variational
problem.

Product spaces
Define the product spaces

X =CL%0,1)x R, W=HY0,1)xR* and V = H?*0,1) x IR*.
Bilinear forms

For v and v in W,

c(u,v) = calur,vr) + mplu vy + Ipugve + mpugvs + Ipugvy,
a(u,v) = Cpp (Tuy —u3z) (Tvy — v3) + cpa(Tu] — uz)(Tvy — vy)

+CFB(U2 — U4)(U2 — U4) + CFU3U3 + CRU4Vy .
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For v and v in V/,

bu,v) = balur,v1) + Kpp (T'uy — ug) (IM'vy — v3)
—I—k?BA(FUII — ’LLQ)(FU/I — ’UQ) + ]{IFB(UQ — ’LL4)(’UQ — U4)
+KFU3U3 + kFU4U4 .

Note that a, b and c are all symmetric.

We are now ready to reformulate the weak variational form of Problem VR.
It is no longer necessary to denote time derivatives by dots.

To formulate the problem, let ¢(t) = ¢(-,t) and gx(¢t) = (G(¢),0,0,0).
Problem VRW
Find u such that for each t > 0, /(t) € V, «"(t) € W, and

c(u"(t),v) + a(d'(t),v) + b(u(t),v) = (¢x,v)x foreachv eV  (6.4.18)
while u(0) = up and «/(0) = ug.
Remark

The vector (uy(t), us(t), us(t), us(t)) represent (y(t),0p(t), wr(t),0r(t)) and
Equations (6.4.17) and (6.4.11) are the same.

6.4.5 Existence of a unique solution for Problem VRW

To apply the existence theorem (Theorem 2.3.1), we need Assumptions E1,
E2, E3 and E4. In this subsection we present results from [Lab06] and
[LVV09b] without proof. The proofs are similar to the proofs in Chapters 4
and 5.

Stability condition

In the following results, it is assumed throughout that the inequalities below
hold for the physical constants.

1>2u, kpa>4p, kpp >8u and kp > 8u.

These inequalities are necessary to ensure the stability of the equilibrium
and are physically realistic, as can be seen in the applications in [LVV05]

and [Lab06].
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Proposition 6.4.1. The bilinear form c is an inner product for the space W .

Definition Inertia space W
The norm || - ||w is defined by ||ullw = v/c(u, uw).
Proposition 6.4.2. There exists a constant C. such that
- llx < Cell - flw
Proposition 6.4.3. V s a dense subset of W and W s dense in X.
Proposition 6.4.4. There exists a constant Cy, such that
bu,u) > Cyllullfy for each u € V.

Corollary 6.4.1. The bilinear form b is an inner product for V.

Definition Energy space V'

The norm || - ||y is defined by ||ully = /b(u,u).

Proposition 6.4.5. There exists a constant K. such that
lull% < Kbe b(u, u)

for eachu e V.

Proposition 6.4.6. There exists a constant Ky, such that for any u € V
andv €V,
|a(u, v)| < Kallullv[lv][y.

Theorem 2.3.1 may now be applied. Note that the Assumptions E1, E2, E3
and E4 are satisfied due to Propositions 6.4.1 to 6.4.6.

Theorem 6.4.1. Suppose

(a) the stability condition is satisfied,

(b) € C([0,7),£20,1)),

(c) up €V, uqg €V and there exists a y € W such that

b(ug,v) + a(ug,v) = c(y,v) for each v € V.
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Then Problem VRW has a unique solution
ue C([0,7),V)nCLY[0,7), W) N CY(0,7),V)NC?((0,7), W).

Proof. Clearly qx = (g,0,0,0) € C'([0,7), X). The result follows from The-
orem 2.3.1. ]

Remark

As in [Lab06] we note that y = u; € C*((0,T); H*(0,1)) and we find for ex-
ample that (y(¢))" = d; (v'(t)) and consequently d; [Ty(t)] = T'y(t). However,
second order time derivatives are not mentioned and from Theorem 2.3.1 we
have u; € C?((0,T); £%(0,1)) which means that I'i; need not exist. This
matter should be investigated further.

6.4.6 Finite element method

Let S"(0,1) denote the subspace of H?(0,1) consisting of piecewise Hermite
cubic basis functions. We define the finite dimensional subspace S” of V' by
Sh = 8h(0,1) x R3.

Problem VRW"

Find a function u;, € C%(0,T) such that u} is continuous at 0 and for each
t >0, up(t) € S" and

c(uy" (t),v) + a(u}(t),v) + b(ux(t),v) = (¢x,v)x for each v € S"
while uy,(0) = u} and ), (0) = uh.

From Theorem 3.1.1 we have the existence of a unique solution, provided
that ¢ is continuous w.r.t. the norm of £2(0,1).

Interpolation

Notation: H* = H¥(0,1) x R®. As before, we need to consider Assump-
tion A3. We have that H(V, k) = H* NV for this problem. An interpolation
operator on the product space H* can now be defined.

Definition
Mu = (I, uy, ug, us, ug) for u € H*(Q),
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where I, is the usual interpolation operator for piecewise Hermite cubic basis
functions (see Appendix E).

From the definition of Ilu it follows that
u — Iu = (u; — .us,0,0,0). (6.4.19)
Proposition 6.4.7. There exists a constant 5;, such that

lu = Tulff < Cyllur — Mo 5.

Proof. Consider v = (v1,0,0,0) where v; € H¥(0,1). Using the definition of
b we have

b(v,v) = ba(vy,v1) + KFB(F01)2 + kBA(Fv’l)Q.

From the definition of b4 and the estimate for the trace operator (see Ap-
pendix C), we obtain

where éb depends on the constants 3, u, Krpp and kga. The result now
follows from (6.4.19). O

Now the results for the piecewise Hermite cubic functions in Appendix E can
be used:
If u e H*(0,1) for k > 3, then

lu = Tl < Coh®[ulasa,
where o« = 1 for k=3 and o« = 2 for k > 4.

Combining Proposition 6.4.7 and the result above, the following estimate for
the interpolation operator II is obtained:
If ue H*(Q) for k > 3

[ — ||y < Ch®|uy|ass, (6.4.20)

where o = 1 for k = 3 and o = 2 for k > 4 and the constant C depends on
Cy and C..
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6.4.7 Convergence of the semi-discrete approximation

We now apply the results for general damping from Section 3.4. We use
estimate (6.4.20) and assume u € C?([0,7],V) (Assumption A2) in the ap-
plications below.

Application of Corollary 3.4.1

Let ul = Tluy and v/ = Tluy and assume that v” € L£2([0,T], H*(Q) N'V)
with & > 3. Then, for ¢ € [0, 7],

[u(®) = un(®)llv + llu'(t) — w, ()llw
< O (lur (D)2 + Cols (1) as2)

T T
NTETe [ / Colt! (Vowsa + 3K max o] (H)]ora + 3K, / (s
0 0

+ 2Cb’ud|a+2 +2v1+ Ka|u0|a+2 + v Ka‘ud|a+2} )
whereao=1if k=3 and o =2 if k > 4.

As mentioned before, it is possible to use the Aubin-Nitsche trick to obtain
higher order estimates in the inertia norm for the projection error in the
cases where Assumption A4 is satisfied. In those instances, we have the
following estimate.

Application of Corollary 3.4.2

Assume that || Pug—ul||y +|| Pug—ul||lw < Coh** and v” € L£2([0,T], H*(Q)N
V) with k£ > 3. Then, for any ¢ > 0,

T
||u(t) — uh(t)HW §02h2a€b|u1(t)|a+2 + V 12€3t CbC'QhZO"C\b </ Cb|ulll(')|a+2

0

T
35, max [y (1) s + 3K, / ! (Yasa + \/Ka|ud|a+2)
0
+V12e3C, K h*e,
wherea=1if k=3 and o =2 if k > 4.

6.4.8 Fully discrete

Consider the algorithm for central differences.
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Problem VRW"-D
Find a sequence {u'} € S" such that for k =1,2,..., N — 1,

(2 [u g1 — 2ui + wgy],v) + a((27) " ug gy —up ), 0)

+b(u2’ U) = (Q(tk)a Ul)?
for each v € S" while u} = d" and u} — u", = 270",

The work done in Chapter 4 for the central difference scheme can be adapted
for this problem. We have the following result.

Suppose ull = Tuy and u? = Tuy and assume u € C*([0,T],V). If " €
L2([0,T), H*(Q) N V) with k& > 3, ¢ € C?([0,T], £3(0,1)) and the sequence
{ul} is a solution of Problem VRW"-D, then

lute) — willv
SC’h“(|u1(t)|a+2 + Cb|ul1(t)|a+2)

T
IVGEETo T [ | GOl + 85 max s
0

T
438y [ Olass + 20l udass + 2015 Kolunlasa + v Kaluglosa|.
0
+OrR7 (7 mas [uf(s) | |+ 7 ma o (5) )
w

for each t;, € (0,T), where a =1 if k=3 and a =2 if k > 4.

125



Chapter 7

Plates and multi-dimensional
solids

7.1 Reissner-Mindlin plate

7.1.1 Model problem in variational form

Problem Plate

In Section 1.3 we have the Equations of motion (1.3.5) and (1.3.6) together
with the constitutive equations (1.3.7) and (1.3.8), all in dimensionless form.
Where the plate is clamped the boundary conditions are w = ¢, = ¥y = 0.
The initial conditions are

w(~,0) = Wo, ¢<70) = ¥y,
Ow(-,0) =w; and Owp(-,0) = 9.

This model problem is considered in [Wu05] and [Wu06]. It is a special case
of a plate-beam system considered in [LVV09c] and [VZV09]. The notation
and layout in Sections 7.1.1 and 7.1.2 follows [LVV09c| and [VZV09] closely.

We make use of the following Green formulas which follows from the diver-
gence theorem: For any scalar valued function v

//Q(din)vdA = _//QQ‘VUdA_{—/aQ(Q‘n)UdS' (7.1.1)
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For any vector valued function ¢ = [¢; ¢o]7,
//divM~¢dA:—//tr(MDgz_5)dA+ Mn - ¢ ds. (7.1.2)
Q Q o9

1 O

O1ga Oapo
that we used the symmetry of M.

where D¢ = } and “tr” denotes the trace of the matrix. Note

Multiply equation (1.3.5) by an arbitrary scalar valued function v and inte-
grate. By using the first Green formula in (7.1.1), we find that

h //QafwvdAJr/QQ-vfudA—/m(Q-n)vds—//qudA. (7.1.3)

From equation (1.3.6) we have
[0} - ¢ =divM-¢ - Q- &,

where ¢ is an arbitrary vector valued function. Using (7.1.2) we find that

I //Qc“)fv,b-qbdA#—//ﬂtr(MDq_S)dA— mMn-qbds
+/QQ-¢dA:0. (7.1.4)

Test functions
Choose two spaces of test functions 77(€2) and T(2):
Ty(Q) = {v e C'(Q) | v=0on 09},
T5(Q) = {¢ = [¢1 )" | ¢1,02 € C'(Q), ¢ =0 on 9N}

h //8fwvdA+/ Q-VvdA://quA, (7.1.5)
Q Q Q

for each v € T1(2).

From (7.1.3)

From (7.1.4)

//82 ¢dA+//tr M Do) dA+//Q ¢pdA =0, (7.1.6)
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for each ¢ € T»(92).
We define a bilinear form bg by
b = MD¢)dA
5(Y, @) //Q tr( o)
— 6(1 1 V2) // ((alwl + V02w2)81¢1 + (82¢2 + Valwl)82¢2) dA
- Q
+_25(11+ ” //Q(aﬂﬂz + Ooth1) (O16p9 + Do) dA,

for each 1, ¢ in H'(Q2)2.

Finally, the second variational equation is given by

I //Qafw~¢dA+bB(¢,¢)+h//Q(Vw+¢)~¢dA:0, (7.1.7)

for each ¢ € To(92).
Problem Plate-V

Find w and % such that, for ¢ > 0, w(-,t) € T1(), ¥P(-,t) € T»(N) and
Equations (7.1.5) and (7.1.7) hold for each v € T1(f2) and each ¢ € T5(2).
The initial conditions are

IU(-,O) = Wo, ’4’(70) = d)07
Oyw(-,0) =w; and Oup(-,0) = ;.

The variational form above is used to apply the finite element method. We
consider the weak form of the variational problem in the next section.

7.1.2 Weak variational form

To see that this problem is of the same form as Problem G, add Equations
(7.1.5) and (7.1.7).

h //QafwvdA+I //Qafzp~¢dA

:—bB(¢,¢)—h//Q(Vw+¢)(W+¢)dA+//qudA
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This is of the form ¢(0%u, z) + b(u, z) = (¢, v) x.
Product spaces
X = L*Q)x L*N)?
H* = H*Q) x H*(Q)?
T = Tl(Q) X TQ(Q)
Let V be the closure of T in H'.
Bilinear forms For v and v in V', define

c(u,v) = hluy,vi)g + [(U27U2)(§)2,2 and

b(u,v) = bpus,vs) + h(Vuy + us, Voi + 02)32~

The norm of £2(f2) is denoted by || - ||. A natural inner product for X is

(,y)x = (z1,y1)0 + (T2, Y2)0,2-

(See Appendix A on Sobolev spaces of vector valued functions.) We denote
the corresponding norm by || - || x.

Proposition 7.1.1. There exist positive constants K; such that

Killullx < e(u,u) < Kolullk.

Proof. Tt follows from the fact that c¢(u, u) = hllu1||§ + I([Juzlli)?. O

Proposition 7.1.2. The bilinear form c is an inner product for the space
X.

Proof. The bilinear form c is clearly symmetric and c(u,u) > Ki|u|% by
Proposition 7.1.1. O

Definition Inertia space

The norm || - ||y is defined by ||u||w = /c(u, u). We refer to the vector space
X equipped with the norm || - ||y as the space W.

Let f(t) = {(q(-,t),0) and J any open interval containing zero.
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Problem Plate-W

Find w such that for each t € J, u(t) € V, @/(t) € V, v"(t) € W and
c(u"(t),v) + b(u(t),v) = (f(t),v)x for each v eV, (7.1.8)

while 4(0) = up = (wo, ¥,) and u'(0) = uy = (wy, Y,).

Before we discuss existence and convergence we need the following results.

Proposition 7.1.3. The norms || - |w and || - ||x are equivalent.

Proof. 1t follows directly from Proposition 7.1.1. O
Proposition 7.1.4. V is a dense subset of W.
Proof. T1(2) is dense in £%(Q) and T() is dense in £2(Q2)?. Consequently
T is dense in X. O
Theorem 7.1.1. There exist a constant K, such that

[b(u, v)| < Kyl[ul| g [|v]] a2,
for eachu e V.

Proof. The terms in bg(ug,vs) are all of the form [ [, diug,; O;vs ; dA.
Therefore

b (uz, v2)| < K||ual12 [[val|1,2-

To the other term in b we apply the Cauchy-Schwartz inequality.
[(Vuy + uz, Vo +v2)o2| < [[Vur + usllog [[Vor + valfo.
Now

IVuy + uslf , < [IVur||g 5 + IVualollualloz + llusllf
< 2|V [[§ 5 + 2]|ual3
< 2|7 + 2||uzlg
< 2fjwn |7 + 2luall§ 2 < 2[|ullF

Next we use Korn’s lemma.
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Theorem 7.1.2. There exists a constant Cy, such that

bp(u,u) > Gyllul|f, for each u e V.

Proof. See [Bra01, p.289]. O

Corollary 7.1.1. The bilinear form b is an inner product for V.

Definition Energy space

The space V' equipped with the inner product b is referred to as the energy
space. The norm || - ||y is defined by ||ul|y = \/b(u,u).

Corollary 7.1.2. The norms || - ||v and || - ||g2 are equivalent on V.

We have shown that Assumptions E1, E2 and E4 hold. (Since the vibration
is undamped, E3 is not relevant.) Recall that J is an interval containing
ZEro.

Theorem 7.1.3. Suppose [ € CY(J, X), then there exists a unique solution
ue C'Y(J;V)NC*(J; W),

for Problem Plate-W for each ug € Ep and uy € V.

Proof. Tt follows from Theorem 2.2.2. m

7.1.3 Finite element method

Let S" be a finite dimensional subspace of V. To construct S” the four-node
Bathe-Dvorkin elements are used in [Wu05]. (They are piecewise bilinear.)
Another possibility is piecewise bicubic basis functions.

Problem Plate-W"
Find u;, € C(J,S") such that ), is continuous at 0 and for each ¢ € J

c(u) (t),v) + bluy(t),v) = (f(t),v)x for each v € S,

while u(0) = ul = (wh, ) and v/ (0) = ul = (wh, P").
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Note that u? and u} are approximations for ug and u; in the subspace S".

Since no damping is present all the results from Sections 4.3 and 4.5 may be
used. If we follow [Wu05] we may only use an explicit scheme but the results
in Section 4.5 are for an implicit scheme. The results for the semi-discrete
approximation in Section 4.3 may still be used but it remains to derive the
estimate for the fully discrete approximation.

Interpolation

In [Wu05] the domain €2 is a rectangle. We must define an interpolation
operator on H* = H¥(Q) x H*(Q)2. To illustrate how this is done, we use
piecewise bilinear basis functions on rectangular elements. ITu for v € H* is
defined by: Iu = (Ilyuq, [1gus) where I, and I are defined in Appendix E.

Proposition 7.1.5. There exists a C > 0 such that
ITTu — ul|gr < 6h||u||Hz for each u € H*.

Proof. From Appendix E we have that
T f — fllie < Ch|flog for f € H*(R) and
s f = flliz < Ch|f|as for f e HA(Q)?.

Therefore, from the definition of I1, we have

M —wllfp = Tus — wllf + [[Tsus — uafi
< CR|wlsq+ C*R2|usf3
< Chjullfe.
O
Lemma 7.1.1. Foru € H?, ||Pu—ullz < Chlul..
Proof. We use Theorem 7.1.1 and Proposition 7.1.5.
1Pu—ulle < VE|Tu—ulm < VEChlu] .
O

Remark

Theoretically convergence follows from Lemma 3.3.2 but in practice locking
may be a problem as observed in the numerical experiments in [Wu05]. How-
ever, with piecewise bicubic basis functions satisfactory results were obtained

in [LVV09c].
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7.1.4 FError estimates for the semi-discrete
approximation

For Problem Plate-W" we have that H(V,k) = H* N'V. Since no damping
is present, the results for weak damping in Sections 3.3 and 3.5 are valid.

Instead of Assumption A3 regarding the existence of an interpolation ope-
rator, we constructed an interpolation operator and derived error estimates
(Proposition 7.1.5 and Lemma 7.1.1).

For inertia norm error estimates (Section 3.3), we apply Corollary 3.3.3.
Initial conditions

The error depends on the choice of initial conditions uf and u’. An obvious
choice is to use the interpolants of ug and wu;.

Theorem 7.1.4. Suppose uy and w, are in H* NV and ug = Ilug and
ul = Tuy. If the solution u of Problem G satisfies u'(t) € L*([0,T], H*NV),
then

[u(t) = un(t)llw

T
< CoCh|u(t)|| g2 + V2C,Che (3/ 1w () || a2
0
T
+3Ka/ [u(®) a2 + (2 + 3KaT) [uol[ > + 3T||U1||H2) :
0
for each t € [0,T].

Proof. The result follows from Lemma 7.1.1 and Corollary 3.3.3. O

7.1.5 Fully discrete approximation

In this section the aim is to obtain an estimate for ey = uy(ty) — uf. First
consider the algorithm in Problem G"-D-Baker.
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Problem Plate-W"-FD
Find a sequence {u}} C S" such that for k =0,1,2,..., N — 1,

Spup = Uy L (7.1.9)
c(Gn, ) + by ) = S0+ Sl ) (1110

for each ¢ € S", while u? = u,(0) and vy = u},(0).
Theorem 7.1.5. Suppose

1. ul = Tug and u? = Ty,

2. u"(t) € L2[0,T], H*N V),

3. feC¥[0,T],X) and

4. the sequence {ul'} is a solution of Problem Plate-W"-FD.
Then

) — uillv

T
< Ch (||u(t) ||z + Col[e/ (1) || =) + V24e3Ch® U Collu” (-)[| 22
0

T
3 mas ()l 3 [ Ol
0

2G|z + 20/ T+ Kol 2 + v/ Bl 2

+ Crp <T2 max Hug)(s)HW + 72 max Hu’,ﬁ'(s)HW) ,

where O is a constant depending on T.

The approach taken by Wu

In the introduction to [Wu06] the importance of the explicit method is
stressed. “The explicit finite element method has been extensively devel-
oped for the transient dynamic analysis to meet the increasing demand of
engineering application.”

The fully discrete problem is formulated in Section 3 and the explicit scheme
explained. The algorithm is vitually the same as central differences. There-
fore the theory is a special case of the theory in Section 4.6 of this dissertation.
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In Section 4 the projection is defined and the decomposition of the errors
introduced as in Section 2.3 of this dissertation. The notation in [Wu05] is
the author’s own and differs from [Dup73] and [Bak76].

7.2 Multi-dimensional elasto-dynamics

Consider the linear vibration problem for a three-dimensional solid in Sec-
tion 1.4. To derive the variational form start with the equation of motion.
Multiply the equation by an arbitrary vector valued function v and integrate.

We make use of the following Green’s formula which follows from the diver-
gence theorem:

/divT-vdV = —/ tr(TV)dV+/ Tv-ndS
Q Q o0

where
Ovr Ovy O3

V =Vv= 811)2 (92?]2 831}2
(911)3 82123 63’03

and “tr” denotes the trace of the matrix. Note that we used the symmetry
of T

Recall from Section 1.4 that the boundary of €2 consists of two parts, > where
the displacements are specified and I" where the traction is specified.

Since T' is symmetric,

/divT'VdV = —/ tr(TV)dV—i—/ Tn-vdS. (7.2.1)
Q Q 20

Test functions

TQ) ={veC(Q)?|v=0onX}

We derive the variational form from the equation of motion, Equation (7.2.1)
and Hooke’s law.
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The variational form of the vibration problem is to find a displacement u
such that the boundary condition on ¥ is satisfied and

/p@fu~vdV

Q

= /ctr(SV)+ktr(8)tr(V)dV+/ pb'vdV+/ Tn -v dS,
Q Q r

for each v in T'(€2).
Remark

The presence of the product Tn - v in the boundary integral suggests that
either T'm or v must be prescribed on the boundary. The two possible boun-
dary conditions are referred to as complementary boundary conditions.

Let
b, v) = / ¢ tr (EV) + k tr(E)tx(V) dV.

Problem EDV

Find u such that for each t > 0, u(t) € T'(Q2) and

(pafu,v):b(u,v)—l—/ pb-VdV—l—/ Tn-v dS for each v € T(Q).
Q r

Weak variational form and existence of solutions

The two-dimensional vibration problem is similar to Problem Plate-W (Reissner-
Mindlin plate) while the three-dimensional problem differs slightly. The ab-
stract formulation is the same and the theory depends on the estimate in
Korn’s inequality (Theorem B.3 in Appendix B). The finite element ap-
proximation for the problem is considered in [Wu03] and [Wu06].
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Chapter 8

Conclusion

8.1 Overview

In the research for the Masters degree, principally a literature study, the focus
was on the Finite Element Method applied to vibrating systems: vibrating
beams, plates, multi-dimensional elastic solids, hybrid models and linked
vibrating solids. The emphasis of this dissertation was on the Finite Element
Method applied to these model problems.

An important aspect was the comparison of different models for the same
structure. The chosen method to compare models is numerical simulation.
Therefore convergence of the finite element approximation is important. Spe-
cific attention was given to:

e determining whether error estimates are available in general and any
conditions necessary for convergence;

e error analysis and convergence of solutions;

e existence of solutions.

A search through the literature revealed that a substantial number of publi-
cations deals with the finite element method applied to the multi-dimensional
wave equation but less on vibrating beams, plates and multi-dimensional elas-
tic solids. Hardly anything has been published on error estimates and finite
element approximations for hybrid models and structures, linked systems or
structures with boundary damping or damping in joints.
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In Chapter 1 we present an introduction to the theory of vibrating beams,
plates and multi-dimensional elastic solids. For beams we start with the most
general linear model. In particular we looked at the differences between the
Euler Bernoulli, Rayleigh and Timoshenko models for the transverse vibra-
tion of a beam. We show how the Reissner-Mindlin plate model is derived
from the equations of motion and how the classical plate model follows by
making additional assumptions.

Also in Chapter 1 we mention briefly comparison results in the literature
concerning the Euler Bernoulli, Rayleigh and Timoshenko models for the
transverse vibration of a beam. In [SP06] and [LVV09a] the Timoshenko
theory is compared to a multi-dimensional model. It was found that the
Timoshenko theory is an excellent approximation in the case of beam appli-
cations, i.e. for transverse loads. In the articles [VV06] and [LVV09a] the
Timoshenko model is compared to Rayleigh or Euler-Bernoulli models. The
Rayleigh and Euler-Bernoulli models can be useful when the parameter « is
large. A value of a of anything between 2000 and 5000 may be sufficient,
but it depends on the initial data or the manner of excitation. This means
that it is not possible to determine beforehand whether the Euler-Bernoulli
or Rayleigh model is suitable for a given application (unless « is extremely
large). The Euler-Bernoulli and Rayleigh models are compared in [VV06].
The values for the first 5 eigenvalues indicate that the difference between the
models is probably not significant.

In Chapter 2 we present general existence results for hyperbolic equations
which may be applied to the model problems. These results are from the ar-
ticle [VV02]. In this article the existence theorems are given in a convenient
form for application to the finite element method. Unfortunately only weak
solutions are guaranteed. For higher regularity properties one may consult
[Eva98] but the model problem does not include damping and only homoge-
nous Dirichlet boundary conditions. Strict compatibility conditions must be
imposed on the initial data and regularity conditions on the forcing function
to yield these higher regularity properties.

In Chapter 3 we study the available convergence theory for hyperbolic equa-
tions to determine whether error estimates are available in general and any
conditions necessary for convergence. A general theory is required that can be
applied to any linear vibrating system. We considered only [OR76], [BV13],
[BV14] and [Bas14] since other important articles (e.g. [Bak76] and [Dup73])
are already considered in these publications. These results were then applied
to each of the different model problems in Chapters 4 to 7.
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In the article [BV13] convergence is proved but with weaker assumptions
than the other articles considered. This is achieved by splitting the error
into semi-discrete and fully discrete errors. In the article semi-discrete and
fully discrete error estimates for the Galerkin approximation of a general
linear second order hyperbolic problem are derived. Viscous type damping is
also incorporated and so the results in [BV13] could be applied to problems
like the Reissner-Mindlin plate model. The results and proofs in the article
[BV13] are mostly given in sufficient detail in the article, hence the focus in
this dissertation was to state the results and apply them. The results can
not be applied to problems with boundary damping.

Hybrid beam models with boundary damping are considered in Chapters
4 and 5 (where the theory in [BV13] is not applicable). The model pro-
blem in Chapter 4 was introduced in [ZVV04] where the finite element
method is used to compute natural frequencies and modes of vibration. In
[Bas14, Section 8.2] the model problem is considered briefly. Aspects covered
are existence and convergence of the finite element approximation. The idea
in this dissertation was to apply the general theory for convergence but this
is only available for the semi-discrete approximation in [BV14]. We present a
complete derivation for the error estimate for the fully discrete approximation

using [OR76] and [Bas14].

In Chapter 5 we study [BDV14] which is based on the work in [AS02]. In
the article [AS02] the authors model and analyze the damped vibration of a
cantilever beam with an attached hollow tip body that contains a granular
material. The model is more realistic than other articles: the fact that
the center of mass of the rigid body is not at the endpoint of the beam is
taken into account. The Euler-Bernoulli theory for a beam with Kelvin-
Voigt damping is used. The beam is clamped at one end and the tip body
is attached to the other end. The existence of a unique solution for the
model problem is established. In [BDV14] the authors present a complete
analysis of the model. Firstly they derive a correct linear approximation for
the model problem. Next they also prove the existence of a unique solution.
Their approach differs from that in [AS02]: they write the model problem in
variational form and use results from [VV02] where general linear vibration
models in variational form are considered. We show that it makes virtually
no difference if the Rayleigh model is used instead of the Euler-Bernoulli
model.

We observe that in [ZVV04] the Timoshenko beam theory is used which is a
better model but the interface condition for the tip body is more realistic in
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[BDV14].

Vertical structures are the focus of Chapter 6. Model problems for high rise
buildings, towers and other vertical “beams” e.g. industrial chimneys are an-
alyzed. Beam models appear to be popular but in the articles considered no
justification was offered. In this chapter we compare Timoshenko, Rayleigh
and Euler-Bernoulli models for vertical structures. Beam models for chim-
neys seem reasonable but beam models for buildings are questionable. (Tall
buildings are often modeled as vertical beams, see e.g. [HV07] and [WFHO1]
and the references in [WFHO01].)

Recall that our objective is to compare models. To start, we consider the
most general linear model for a vertical beam where gravity is taken into
account.

Simulation is necessary to determine displacements, acceleration and stresses
in structures subjected to earthquake loads or wind loads.

In Section 6.2 we compare beam models for buildings. Simulation of Ti-
moshenko and Rayleigh models were done. We did not consider existence of
solutions and convergence since this is done in Section 6.4 for a more complex
model.

In Section 6.3 a vertical Euler-Bernoulli model but with concentrated masses
to represent the floors in [WFHO1] is mentioned. We consider multiple beam
models with concentrated masses to represent the floors, which we believe is
a better model.

A vertical slender structure with resilient seating is the topic in Section 6.4.
We consider hybrid Timoshenko and Rayleigh beam models for the struc-
ture. A Rayleigh model is in [LVVO05], where the origin of the problem is
discussed and references are given. Models that correspond to Newland’s
lumped parameter system models [New89, p 129-132] and [New84] are pre-
sented. The structure is modelled as a beam mounted vertically and gravity
is taken into account. Modeling the behavior of the resilient seating and
foundation leads to a complex hybrid system with interface conditions and
additional equations. The modeling is done in great detail in [Lab06] where
the finite element method is used for a comprehensive modal analysis, and
convergence of finite element approximations for eigenvalue problems is con-
sidered. Existence results can be found in [LVV09b].

In Chapter 7 plate models and model problems for elastic solids are consid-
ered.
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From the introduction to the article [Wu05], we conclude that this is the
first result on convergence of the finite element method for the vibration of
a Reissner-Mindlin plate. With no damping or viscous damping the theory
in [BV13] can be applied. In [Wu05] the fully discrete problem is formulated
in Section 3 and the explicit scheme explained. The algorithm is virtually
the same as central differences. Therefore the theory is a special case of the
theory in Section 4.6 of this dissertation. In [LVV09c| a plate-beam system
is considered. In out opinion the notation is preferable and we followed their
presentation for the plate problem in [Wu05].

Linear elasto-dynamics [Wu03] is also briefly discussed in Section 7.3. The
theory is almost the same as for the plate problem.

8.2 Results

As this is a literature study, there are few results that are really new. The
main conclusion is that there is scope for research in modeling and finite
element analysis and implementation.

Recall that one objective was to compare models. In Chapter 6 vertical
beam models with the effect of gravity were compared. To start, we consid-
ered the most general linear model and then simplified to obtain workable
Timoshenko and Rayleigh models. It turned out that there is a lot more
to do than anticipated. It now seems that a complete dissertation can be
written on beam models for vertical structures. The work done in Section
6.3 is promising and is worth following up. The comparison between the
Timoshenko and Rayleigh beams is only a start. Also, multi-beam models
should be compared to single beam models.

The error estimates obtained in [BV13] require weaker regularity assumptions
than other articles but the assumptions are still too restrictive. Consequently
convergence results for even classical solutions are not available. Note that
the existence theorems in Chapter 2, which are convenient to apply, guarantee
only weak solutions.
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8.3 Further research

The comparison of the Timoshenko an Rayleigh models in Section 6.2 is an
obvious topic for further research. Systematic experiments are required to
reach a conclusion. Simulation of earthquakes is another possibility since the
excitation is different from that caused by wind.

Another topic which should definitely be investigated is the comparison of
multi-beam models with single beam models for buildings. A vertical Euler-
Bernoulli model but with concentrated masses to represent the floors, is used
in [WFHO1]. Our proposed multiple beam model should be compared to the
model in [WFHO1] and single beam models.

Clearly it is essential to have reliable approximations for solutions, and the
problems mentioned with error estimates should be addressed. For a start a
continued search of the literature is indicated.
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Appendix A

Sobolev Spaces

The space L£*(Q)

Consider an open subset 2 of IR". The space £*({) consists of functions f
such that f? is Lebesgue integrable on €. The first result is well known.

Theorem A.1. The space £*(Y) is a Hilbert space with inner product

(f,g)z/Q fgz/Q fg du

where p is the n-dimensional Lebesque measure.
Theorem A.2. The space L2(2) is separable. (See [Ada75, Th 2.15, p 28]).
Theorem A.3. C5°(Q) is dense in L2(Q). (See [Ada75, Th 2.13, p 28]).

Suppose () is a bounded open interval in IR (bounded open subset of IR"
when higher dimensions are required). The Sobolev spaces H™(()) are

subspaces of functions in £2(2) with weak derivatives up to order m in
L£2(Q).

Definition

For f and g in H™(Q2),
£y glm = (f0, g™ for m=0,1,...

For m > 1, the bilinear form [-,-],, has all the properties of an inner product
except that there exist functions f # 0 such that [f, f],, = 0.
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Definition

For f in H™(Q),

\flmw = VIfs flm for m=0,1,...

The function |- |, is a semi-norm for m > 1.

Suppose 2 is a bounded open convex subset of IR2. The Sobolev spaces
H™(Q) are subspaces of functions in £2(£2) with weak partial derivatives up
to order m in L2(Q).

Remark

It is not necessary to require that €2 be convex, but it is sufficient for our
purpose. In the theory it is usually assumed that €2 is star shaped or has the
cone property.

Definition

For f and g in H™(Q2),

[f gl =Y (0i03f,01059) for m=0,1, ...

i+j=m

For m > 1 the bilinear form [, -],, has all the properties of an inner product
except that there exist functions f # 0 such that [f, f],, = 0.

Definition

For fin H™(Q),

| fle = fs flm for m=0,1,...

The function |- |, is a semi-norm for m > 1.
The boundary

Recall that a curve is called smooth if its parametrization has a continuous
derivative. The boundary of € is called piecewise smooth if it consists of
a finite number of smooth curves.

For a vector valued function r such that r; € Cl[a,b] for i =1, 2, the range
C of r defines a smooth curve in the plane.
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Suppose that C' is a part of the boundary of 2. A function f is Lebesgue
integrable on C'if for/(r()? + (15)? is Lebesgue integrable on the interval
[a,b].

A function f is in £*(C) if f? is Lebesgue integrable over C. The inner
product for £2(C) is defined by

(f.9)c = /C fg ds = / (for)(gor) VE+ () .

When necessary, we use the notation (f,g)q and (f, g)r to avoid confusion.
Vector valued functions

Definition

uw€ L2(Q)? if u; € L2(Q) for i=1, 2.
we L2(T)? if u; € £L2(T) for i=1, 2.
u € H*Q)? if w; € HH(Q) for i=1, 2.
(U, V]2 = (U1, V1]m + [u2, Vo], for uw e L2(N)? and v € L2(Q)?.

[Ulmo = /U, ulmae for u e L2(Q)?.

The function |- |,,2 is a semi-norm for m > 1.

When we need to distinguish between domains, we will use superscripts €2
and T in the cases of a double subscript, e.g. || - [}, and || - |1, 5

Definitions

Suppose (1 is a bounded open interval or a bounded open convex subset
of IR%.

Notation
HO(Q) = EQ(Q) and HO(Q)2 = £2(Q)2.
Definition

The inner product for H™(£2) is defined by

m

(f>g)mzz [fyglg for m=0,1,...

k=0
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Definition

The norm for H™(Q) is defined by

W fllm =+ (f,g)m for m=0,1,...

Definition

The inner product for H™(2)? is defined by

NE

(fs@m2 = [f,g9lke for m=0,1,...

b
Il

0

Definition

The norm for H™(2)? is defined by

||f||m,2 = (f7 g)m,Q for m = 0,1,...

Theorem A.4. The space H™(QY) is complete (See [Ada75, Th 3.2, p 45]).
Theorem A.5. C™(Q) is dense in H™()) with respect to the norm of

H™(Q).
(See [OR76, Th 2.10, p 53].)
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Appendix B

Inequalities

Proposition B.1. Consider any u € C'[0,1]. For any two points x and y
in [0, 1],
Ju(@)| < [lW]] + [uy)].

Proof. Assuming that x > y (without loss of generality), we have

u(r) = /; u' + u(y).

But |f;f| < |If|l for any f € L£*(0,1). This follows from the Cauchy-

Schwartz inequality
x 2 z z
(7))
(fs) =([ )]s

by choosing g = 1. The rest is obvious. O

Theorem B.1. For any u € C*[0,1] with a zero in [0,1] we have

[l < [l

Proof. Use by Proposition B.1. m

Proposition B.2. For any u € C*[0,1], |u(0)] < V2 [jull; .
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Proof. Let g(x) =1 —2 and v = gu and consider the fact that
1
u(0) = v(0) = —/ v +o(1).
0
Since v(1) =0,
[u(0)] =

< [l IMlgll + lullllgll < lla'll + [lul]-

1
/ (u'g +ug')
0

Now use Young’s inequality. O

Suppose € is a bounded open convex subset of IR? with a piecewise smooth
boundary. The following result is referred to as the Poincare-Friedrichs ine-
quality.

Theorem B.2. Suppose ¥ is a part of the boundary of 2 with nonzero length.
Denote the set B
{fueCYQ)|u=0onx}

by F (). There exists a constant cgp such that, for each u € F(Q),

Jull < celuls.

Proof. See e.g. [Bra0l, p 30]. O

Corollary B.1. Suppose ¥ and ¥y are parts of the boundary of €2 with
nonzero length. Denote the set

{u € CHQ)? | up =0 on Xy and ug =0 on o}
by F(Q)%. There exists a constant cp such that for each u € F(Q)?,
[ullo2 < erlulia.
Theorem B.3. Korn’s inequality

Suppose bg is the bilinear form for the Reissner-Mindlin plate. There exists
a constant cq such that
Jult s < cobp(u, u)

for each uw € V.

Proof. See e.g. [Bra0l, p 288-289]. O
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Theorem B.4. Gronwall’s inequality

Suppose ¢ € C0,T]. If there exist positive constants ¢ and K such that

@/JSC/Ot@/H—K

then

Y(t) < Ke® for each t € [0,T).

Proof. Let ¢(t) = cfotw + K, then ¢ = ¢ and ¢(0) = K. Since ¢’ < co,
we have
P(t) < e’K from Proposition ?7.

The result follows from the fact that ¢ < ¢. O]
Theorem B.5. Discrete version of Gronwall’s inequality
If ¢(t) and ¥ (t) are nonegative functions with 1(t) nondecreasing and

R-1

$(RT) < P(RT)+CT > _ ¢(n7)

n=0

then

H(RT) < Y(R7)e“™ where C > 0.
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Appendix C

Trace

Definition (Trace operator I)

For v € C(Q2), the function I'u is the restriction of the function u to I'.

Theorem C.1. The trace operator I' can be extended to a bounded linear
operator mapping H' () onto L*(0) and ||Tullsq < K|ul/$.

Proof. This result is a special case of results in [OR76, p 141-142]. m

Definition

For uw € H*(Q)?, we define T'u by

T'u = (Tuy, Tuy).
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Appendix D

Hermite cubics

Hermite cubics

The well-known Hermite piecewise cubics (see [SF73]) are successfully used
as basis functions for the Galerkin approximation in beam problems.

The construction and properties of Hermite cubics are treated in detail in
the book of Strang and Fix ([SF73, p 55-59]). Divide the interval [a, b] into
n subintervals by a partitioning

a = 19 <T1 < -+ < x, = b
This yields n elements, ; = [x;_1,z;], each of length h;, fori=1,2, ... n.
Fori =0, 1, ..., n, we have two piecewise cubics denoted by 5§j ) with j=1

or j = 2 with the following properties:

1. Fork=0,1,...,n, ¢=0,1,...,n and j =1, 2, the restriction of
09 to any € is eith bic polynomial
by y €; is either a cubic polynomial or zero.

2. (5? ) e Clla,b] and D25Z-(j ) is piecewise continuous with possible discon-
tinuities at the nodes.

3. 60 (x) =1, DOV (x)) =0, 6P (2;)=0, D (z;) =1.
4. 6 (zp) =0, DM (z) =0, 6P () =0, D6 () =0 if k #£1i.

5. 61@ is zero on any element € with & # i or i + 1.
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We refer to these two types of functions as Type 1 (j = 1) or Type 2 (j = 2)
functions. Typical graphs of 5§1) and 61.(2) are shown in Figures 1 and 2.

Figure 1: Type 1 Hermite piecewise cubic

5"
1
CIL E—l xz l’z: b
Figure 2: Type 2 Hermite piecewise cubic
ot
02} o o~
—0.2 J{ a Efl\/xz Tit1 b
Ordering of basis functions
The basis functions are ordered such that 01,09, -+ , 0,11 are Type 1 basis
functions and 0,49, 0,43, - , 02,42 are Type 2 basis functions.
Definition Matrices M, K, and L.
For i,7 =1, 2,--- ,n the matrices are defined as

l
M, = / 56,
0
0
0
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Appendix E

Interpolation

The interval I = [0, /] is partitioned into n elements referred to as a finite
element mesh. Using this mesh a finite dimensional space S" is defined. An
interpolation operator II is a transformation from H*(I) to S".

It is first necessary to define interpolation on an element.
Definitions
See [SFT73], [OC83] or [ORT6].

Notation

P;(I.): the set of polynomials on I, of degree at most j is denoted by
P;(1.).

r(II,): the highest degree of polynomials left invariant by II..

s(Il.): the integer s(Il.) is the highest order derivative used in the
definition of II,.

Remark
If k > s(Il.) + 1, then the interpolation operator II, is defined on H*(I.).

Recall that |- |, denotes the seminorm of order k, i.e.
[uli = ™.

(See Appendix A.)
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The interpolation error

Theorem E.1 below is formulated as a special case of a general result. This
result may be found in [SF73, p.144], [OCS83, p.76] and [OR76, p.279].

We will use C to denote a generic constant.

Theorem E.1. Suppose there exists an integer k such that for each element
s(Ily) +1 <k <r(Il,) +1

for the interpolation operator I1. Then there exists a constant C such that
for anyu € HF(I) we have

[T — w|pm s Sé’\hk_mm\k,[ for m=0,1, ... k.

The interpolation operator is denoted by II; for piecewise linear basis func-
tions and by II. for Hermite cubics.

Corollary E.1. Hermite cubic basis functions.
There exists a constant C,. such that if u € H*(I) for

a) 2 <k <4, then
= Tou|m < CRF™uls, m=0,1,..., k.
b) k>4, then

[ — Tett||y < Coh*™uly, m=0,1,..., 4.

Proof. 1t is clear that s(Il.) = 1 and it can be shown that r(Il.) = 3. Con-
sequently Theorem E.1 is applicable with k£ = 2, 3 or 4. O

Corollary E.2. Piecewise linear basis functions
There exists a constant Cp, such that if u € H*(I) for k > 2, then

I u — ull; < Crhluls

Proof. 1t is clear that s(II;) = 1 and it can be shown that r(II;) = 1.
Consequently Theorem E.1 is applicable with k = 2. ]
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The two-dimensional case

Recall that the domain €2 is partitioned into n elements. An interpolation
operator II is a transformation from H*(2) to S", the finite dimensional
subspace.

Definitions
See [SFT73], [OC83] or [OR76].

Notation

P;(€): the set of polynomials on 2. of degree at most j.
r(II.): the highest degree of polynomials left invariant by II..

s(Il): the integer s(Il.) is the highest order derivative used in the
definition of II..

Recall that for a two-dimensional domain €2, |- |; denotes the seminorm of
order k£ and
2 i ) 112
[ulf = > 1055ul.
i+j=k

(See Appendix A.)

Theorem E.2 below is formulated as a special case of a general result. As
mentioned before, this result may be found in [SF73, p.144], [OCS83, p.76]
and [OR76, p.279]. In the theorem, h = max h,, where h, is the diameter of
the element €2..

Theorem E.2. Suppose there exists an integer k such that for each element
s(Ile) +2 <k <r(ll,) + 1

for the interpolation operator I1. Then there exists a constant C such that
for any u € HF(Q) we have

Hu — ) < ahk_m|u|k7g for m=0,1, ... k.

Remark

The constant C depends on the shape of the elements in the finite element
mesh.
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Corollary E.3. Piecewise linear basis functions on triangle elements.
The interpolation operator is denoted by lln. If kK > 2, then there exists a

constant Ca such that for anyu € H*(Q) we have
Tau — tfma < aﬁh2_m|u|k,g for m=0, 1, 2.

Corollary E.4. Piecewise bilinear basis functions on rectangle elements.

The interpolation operator is denoted by 1I,. If k > 2, then there exists a
constant Cy such that for any v € H*(Q) we have

yu — ulpma < éth_m‘u|k-7Q for m=0, 1, 2.

Corollary E.5. Hermite cubic basis functions.

The interpolation operator is denoted by .. If k > 2, then there exists a
constant C, such that for any v € H"(Q) we have

Hew — ulpma < ach2_m]u|k’9 for m=0, 1, 2.

Vector-valued functions

If an interpolation operator II is defined on H¥(2) we may define one on
H*(Q)2. For u = (uy, up) € H*(Q)?, we define

Myu= (TTuy, Muy) .

The seminorm of order k for H*(Q)? is denoted by | - | and
[ulin = i + Juzli -

(See Appendix A.)

Lemma E.1. If |1l v — v|,, < Ch*™[v|), for v € H¥(Q), then

|lu — ou||me < éhk—mmm foru e Hk(Q)2.

Proof.

|u—1_12u|2n72 = |uy — g%, + |ug — Muy|?,
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For piecewise bilinear basis functions on rectangles, let I1g u = (IT, uy, I us).

Corollary E.6. If k > 2, then there exists a constant C such that, for all
u € HF(Q)?
|u — g ulma < Chlulas form =0,1,2.

Proof. The result follows from Corollary 4 and Lemma 1. O]

For piecewise bicubic basis functions on rectangles, let g, u = (Iy. ug, Hpe ug).

Corollary E.7. If k > 2, then there exists a constant C such that, for all
u € H*(Q)?
|u —pet|ma < Chlu|as form =0,1,2.
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Appendix F

Motion of a slender solid

Consider a solid with reference configuration the region B and any point &
in B. Suppose the position of the point at time ¢ is R(z,t). The velocity of

the point at time ¢ is then 0(z,t) = 0, R(Z, t).

It is necessary to consider the conservation laws for each part of the solid.
Suppose R is an arbitrary part of B with boundary ¥. Let tr denote the
traction on R and b the body force (density).

Conservation of momentum
d _ _
— p@dV:/thS—i-/ b dV.
dt Jr b R

Conservation of angular momentum

d

p R(F—ﬁ)Xp@dV:/

(f—p)fodS+/ (F—p) x bdV,
%

R
where p is any fixed point. We may assume that p = 0 without loss of
generality:.

In this appendix we consider the motion of a slender solid B that is straight in
its undeformed state. For the reference configuration we assume the existence
of a straight line in the solid — referred to as the axis — such that every cross-
section perpendicular to this line has its centroid on the line. Stated another
way: the straight line joins all the centroids. We may choose coordinates for
the reference configuration in such a way that the axis is the line y = 2 =0
and the cross-sections are parallel to the yz—plane.
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We assume that the cross-sections are all the same. Such a body is referred
to as prismatic. The length of the axis is the length of the body and the
“diameter” of a cross-section is assumed to be substantially less than the
length for a slender body.

Motion

It is assumed that every cross-section executes a rigid motion. To be specific,
we assume that the position of a point (z,y, 2z) in B at time ¢ is given by

R(ZL’, Y, th) = 770(95,75) + yéy(xat) + Zéz($,t),

where €, €, and e, move with the cross-section. This means that a cross-
section remains plane during the motion.

Clearly 7o(x,t) is the position of the centroid (z,0,0) of a cross section at
time ¢ and the position of (z,y, z) relative to the centroid is 7 = ye, + ze..

In the conservation laws formulated above, R C €2 may be arbitrary. We
now consider a special case where R is the part of the solid between the
cross sections where x = a and x = b. The velocity of the point (x,y, 2) at
time ¢ is

U= aﬂ_’o + 81/77 = 8#0 + yé?téy + z@téz.

Proposition F.1. Momentum

If the density p is constant, then the momentum of R is

b
| ooty v =pa [ are.t) d.
R a

where A is the area of the cross-section.

Proof.
b
/ pudV = p/ / dA Oyro(x,t)dx
R a JD
b
+ p/ / ydA Oey(x,t)dx
a JD
b
+ p/ / 2dA Oe.(x,t)dx.
a JD
Note that [, dA=Aand [, ydA= [, zdA=0. O
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Proposition F.2. Angular momentum

If the density p is constant, then the angular momentum of R about 0 is

/Rxpf)dV = pA/ To(x,t) X Oro(z,t) dx
R

+ / / ) X 07 (-, t) dAdzx,

where D denotes the relevant cross-section.

Proof. Note that R x pv = T x 0,;7¢ + 7o X OF + T X Oy + T x OF. 1If we
integrate to calculate the angular momentum, two terms vanish. Consider

/ To(z,1) / Oy (-, t) dAdx

= / ro(z,t) X (/ ydA 8téy(x,t)d:c+/ zdA 8téz(a:,t)dx).
a D D

As in Proposition F.1, note that [, ydA = [, zdA = 0 and the result is

zero. Similarly,
b
/ / 7(x,t) dA x Oyro(z,t)dx = 0.
a D

Traction

The boundary > of R consists of three parts: the cross-sections at x = a and
x = b and part of the surface of the solid between # = a and x = b — which
we denote by Y.

Force and couple on a cross-section

The traction on a cross-section is equivalent to the force F(z,t) acting at
the centroid and a couple M (x,t). Consequently the forces exerted on R are
F(b,t) and —F'(a,t) and the couples are M (b,t) and —M (a,t).

Traction on the surface

We assume that the traction on the surface X is zero. Due to the assumption
above

/ths Fb,t) — Fla,t)
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and

/ R x tg dS = 7y(b,t) x F(b,t) —7o(a,t) x F(a,t) + M(b,t) — M(a,t).

Equations of motion

From a mathematical point of view we now have a one-dimensional model
for the slender solid and the reference configuration is [0, /]. Due to Proposi-
tions 1 and 2 the conservation laws may be reformulated in a more convenient
form.

It is useful to introduce the following notation

H(z,t) = p/ T x OrdA.
D

The quantity H(z,t) is referred to as the angular momentum density (about
the centroid).

Conservation of momentum

b b
% pAdTo(x,t) do = F(b,t) — F(a,t) +/ P(z,t) dz.

a

Conservation of angular momentum

d [ d [* -
a |, pAFo(x,t)xﬁtfo(x,t)dx—i-a/a H(z,t) dz

= 7o(b,t) x F(b,t) —7o(a,t) x F(a,t) + M(b,t) — M(a,t)

b
+/ 7To(b,t) x P(x,t) dx..

The equations of motion follow from the conservation laws. By a standard
argument we have the first result.

Proposition F.3.
pAO*Fy = 0, F + P.
Proposition F.4.

O H = 0,79 x '+ 0, M.
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Proof. We first prove, using the standard argument that
pAfO X 8t2f0 —i—@tﬁ = (92(% X F) —|—8xM

Now, 0,(Fg X F) = 0,7y X F + 7y x 0,F and hence the result follows from
Proposition F.3. O
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