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Chapter 1

Introduction

\Take the rst step, and your mind will mobilize all its forces to your aid.
But the rst essential is that you begin. Once the battle is startled, all that is
within and without you will come to your assistance.”

{ Robert Collier

Computational intelligence (Cl) researchers have shown an increasing interest into solv-
ing optimisation problems where the objective function changes over time. This the-
sis refers to these problems as dynamic optimisation problems, or dynamic environ-
ments (DE). Evolutionary algorithms (EA) and particle swarm optimisation (PSO)
have been applied to dynamic problems in recent years. This work focuses on PSO,
a technique that is known to perform well on numerous static optimisation problems
[17, 18, 19, 30, 39, 42, 92] but shows limitations when applied to a changing objective
function [29].

A number of PSO algorithms have been developed for dynamically changing envi-
ronments, and there exist several types of DEs. The main objective of this work is to
conduct an empirical analysis of the various adaptations of PSO to solve dynamic op-
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Chapter 1. Introduction

timisation problems and to evaluate the e ectiveness of these approaches for di erent
types of DEs. In reaching this goal, existing classi cations of DEs are analysed and an
alternative characterisation scheme is proposed, the PSO algorithms designed for DEs
are reviewed, and after critically examining existing performance measures, performance
measures specialised for DEs are selected and designed.

Section 1.1 presents an overview of the thesis, section 1.2 and 1.3 describe respectively
the objectives and the contributions of this work, and section 1.4 outlines the various
chapters.

1.1 Overview

Many e cient optimisation algorithms have been developed to solve complex optimisa-
tion problems. This is speci cally the case for computational intelligence (CI) research

elds such as EAs and swarm based algorithms. However, most of these algorithms were
developed for solving static optimisation problems where the objective function, and
therefore the search landscape, does not change over time.

Many real-world optimisation problems are, however, dynamic in that the optimal so-
lution varies over time. Timetable optimisation, routing in a telecommunication network,
and tra c control optimisation, are examples of such problems. Recently, algorithms
have been developed to solve dynamic optimisation problems. These include EAs [15],
PSO [29], and ant colony optimisation (ACO) [37]. These algorithms have shown various
levels of success for speci ¢ DE types.

The focus of this thesis is on PSO algorithms and their applicability to solve dynamic
optimisation problems. In a static environment, an optimisation algorithm must only
attempt to nd the best solution as fast as possible. However, when the environment
is dynamic, the algorithm must not only nd the optimal solution but must also keep
track of the optimum as it moves through the search space as well as detect new optimal
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solutions as they appear. The original PSO algorithm struggles to optimise dynamic
functions. To overcome the standard PSO’s limitations, several approaches have been
developed and variations of the PSO algorithm have been designed [6, 8, 9, 10, 11, 12,
27, 32, 38, 52, 54, 57, 59, 70, 71].

However, these research e orts generally focused on optimising one particular algo-
rithm for one particular type of DE. Little e ort has been made so far to develop a
comprehensive view of the variations of PSO specialised for DEs and their applicability
to solve di erent types of dynamic optimisation problems. The modi ed PSO algo-
rithms make use of several approaches to adapt the standard PSO for DEs. Because
these approaches were developed to optimise diverse dynamic problems, they should
show a di erent level of e ciency depending on the type of DE the algorithm is applied
to. Unlike previous research, this work does not aim at the optimisation of a speci ¢
algorithm for a speci ¢ problem but attempts to provide a better understanding of the
e ectiveness of the various approaches with regard to the various types of problems.
This thesis is concerned with the de nition and characterisation of dynamic optimisa-
tion problems, the measuring of the performance of PSO in DEs, the various approaches
that can be considered for applying particle swarm algorithms to DEs, the e ectiveness
of these approaches, and the swarm behaviours that are observed for the di erent types
of DEs.

1.2 Objectives

The main objective of this work is to provide an empirical analysis and comparison of a
panel of PSO algorithms developed to solve dynamic optimisation problems. The purpose
of this empirical study is to obtain a better understanding of dynamically changing
environments and of the strengths and weaknesses that the various PSO algorithms
demonstrate when applied to a variety of DEs. In reaching this goal, the following
sub-objectives are identi ed:
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To study the existing classi cations of DEs and to develop a characterisation system
that can be used to de ne the main types of DEs.

To identify the limitations that the standard PSO algorithm exhibits when applied
to dynamic optimisation problems.

To investigate how to optimise the standard PSO algorithm for maximum perfor-
mance in DEs.

To survey the various approaches taken to modify the PSO algorithms to overcome
the PSO’s limitation.

To select, describe and implement a representative sample of PSO algorithms de-
veloped for DEs.

To determine what qualities an algorithm should possess to perform well in DEs.

To examine existing performance measures for swarm algorithms optimising dy-
namic functions.

To select the most appropriate performance measures and design new performance
measures if necessary.

To de ne various test cases of DEs to e ciently assess the modi ed PSO algorithms.

To de ne an experimental procedure that can highlight the strengths and weak-
nesses of the algorithms.

To analyse the behaviours and performance that the standard PSO algorithm ex-
hibits when applied to various DEs.

To analyse the behaviours and performance that the PSO algorithms exhibit when
applied to various DEs.

To identify which algorithm is better suited for which type of DE based on the
experiments conducted.
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1.3 Contribution

The novel contributions of this work include the following:

A new characterisation system for DEs is proposed.

New performance measures are proposed to evaluate the various qualities of PSO
algorithms applied to DEs.

Implementations of the selected PSO algorithms, the selected performance mea-
sures, and the moving peak benchmark in Cllib [74].

A descriptive list of approaches taken to adapt the PSO algorithms to dynamically
changing environments is provided.

An analysis of the behaviours and performances that a number of modi ed PSO
algorithms demonstrate when applied to di erent kinds of DEs is given.

A comparison between the dynamic algorithms tested which identi es the strength
and weaknesses of each algorithm with regard to a variety of dynamically changing
environments is provided.

Suggestions regarding the most e ective approach to take to optimise the various
types of dynamic problems are given.

1.4 Thesis Outline

Chapter 2 begins the theory part of the thesis by discussing DEs and their characteri-
sation. First the concepts related to dynamic function optimisation are explained. Then
the existing categorisations for dynamically changing environments are investigated and
a new system of characterisation is proposed. The base function that generates the test
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environments used to evaluate the algorithms, the moving peaks benchmark (MPB), is
described in detail.

Chapter 3 describes PSO. The original PSO algorithm is explained and the various
parameters in uencing the behaviour and performance of the algorithm are discussed.

After identifying the limitations shown by the PSO algorithm when applied to DEs,
chapter 4 investigates several techniques researchers have used to overcome these lim-
itations. A number of variations of the PSO algorithm designed to be e ective in dy-
namically changing environments are also described in this chapter.

Chapter 5 covers the performance measures that are used in the experimental part
of this work. Firstly, the limitations of the performance measures used to evaluate PSO
algorithms applied to static environments are discussed. Secondly, the performance
measures used in the past to assess evolutionary and swarm based algorithms applied to
DEs are critically analysed. Thirdly, a guideline for measuring the ability of an algorithm
to be e cient in solving dynamic optimisation problems is presented. Finally, a number
of performance measures that can evaluate the various qualities of a dynamic algorithm
are proposed.

Chapter 6 describes the experimental procedure used in this thesis. The test en-
vironments and evaluation methods are selected and described in detail. Additionally,
values are assigned to these parameters that are common to all the algorithms evaluated
during the experiments.

Chapter 7 provides an evaluation of the standard PSO and the re-evaluating PSO
against the test environments to serve as benchmarks against which the modi ed PSO
algorithms can be assessed. The behaviours that the swarms of these algorithms demon-
strate on the various test environments are also analysed in this chapter.

Chapter 8 assesses the variations of the PSO algorithms that were described in
chapter 4. Each algorithm is evaluated against the test environments described in chapter
6, using the stated experimental procedure and evaluation method. The algorithms are
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then compared with each other to identify the strengths and weaknesses of the various
algorithms.

Chapter 9 brings this thesis to a conclusion with a summary of the major experi-
ments and ndings. This chapter also suggests a number of related research topics and
experiments that can be conducted in the future.

The following appendices are also included:

Appendix A provides the pseudocode for creating a rotation matrix. This rotation
matrix is used to generate rotating DEs.

Appendix B lists XML code snippets that were used to generate simulations within
Cllib.

Appendix C lists the p-values obtained from Mann-Whitney U-test that determine
if two sets of results are signi cantly di erent.

Appendix D summarises the acronyms used in this work.

Appendix E lists the symbols used in this work.
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Background and Theory



\Know your enemy and know yourself and you can ght a hundred battles
without disaster."

{ Sun Tzu



Chapter 2

Dynamic Environments

\Nothing remains great without a capacity to change and to accommodate
the conditions of a changing world."

{ John Ashcroft

The rst step towards solving a problem is to understand it. The opening chapter of
this work is therefore dedicated to a theoretical overview of function optimisation and
dynamically changing environments.

2.1 Introduction

The world is ever changing and what is optimal today can be sub-optimal tomorrow.
Hence, solutions to real-world problems often need to be adapted as time goes by. But
before looking for ways to solve dynamically changing problems, it is important to under-
stand how dynamic real-world problems can be represented, de ned, and characterised.
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The rst objective of this chapter is to describe how a static or dynamic problem can
be represented as a mathematical function, and how, through function optimisation, a
solution to this problem can be found. The second objective is to describe the nature
and characteristics of the various types of DEs. Identi cation of the DEs’ characteristics
can lead to a categorisation of these environments. Proposing a characterisation system
for DEs is the third objective of this chapter. Such categorisation opens the door to the
design of pertinent test cases of dynamic optimisation problems. These test cases can
allow a better evaluation of the algorithms designed to optimise dynamic problems. The
fourth objective is to provide a description of an instance of a dynamic function that can
be parameterised to represent a large range of DEs.

Section 2.2 de nes the concepts of function optimisation and dynamic function opti-
misation. Section 2.3 then investigates existing ways of describing and classifying DEs.
Section 2.4 introduces behavioural classes of DEs and proposes a more complete system
of characterisation for these environments. Finally, section 2.5 gives a description of the
MPB, a dynamic function that is used to de ne the test environments of chapter 6.

2.2 Function Optimisation

The simpli ed model of a computer-driven car can be used as an example to explain how
a dynamic problem can be represented as a function.

The software in this example receives information from cameras located on the vehicle
and can send commands to the wheel and pedals of the car. As the car moves, the
software continuously attempts to keep the vehicle on the optimal position on the road,
based on safety and fastest authorised speed. While driving the vehicle, the computer
adjusts the direction of the wheels as well as the pressure on the accelerator or on the
brakes depending on the shape of the road, the behaviour of other vehicles, road signs
etc. At any given time, the objective for the software is to evaluate the situation and to
select the best combination of values that should be assigned to the control parameters

11
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of the vehicle (direction and acceleration or deceleration). Each potential solution to
this problem can therefore be represented as a point in a multi-dimensional space. In
this space, one dimension corresponds to the acceleration/deceleration, i.e. pressure on
the accelerator or brakes, and another dimension represents the angle of the wheels. The
position of the point gives the combination of values characterising the potential solution
to the problem.

To represent how optimal the solution is, a function over all dimensions is used.
Because the visible road changes shape as the car moves forward, and because other
vehicles use the same road, the formula (function) that is used to evaluate the quality
of the position of the car changes over time. The problem can therefore be represented
as an unknown changing mathematical function. Trying to nd the optimum of this
dynamic function is the objective of the software, hence dynamic function optimisation.

This section introduces the concepts necessary to understand static and dynamic
function optimisation. Section 2.2.1 de nes static function optimisation, the types of
static optimisation problems are described in section 2.2.2, section 2.2.3 presents the
types of solution to optimisation problems, and nally section 2.2.4 de nes dynamic
optimisation problems.

2.2.1 De nition of Static Function Optimisation

In mathematics and computer science, the problem of nding the best solution from a
set of feasible solutions is called an optimisation problem. That is, a problem whose
objective is to minimise or maximise a function by systematically choosing the values of
variables within an allowed set. Formally, a maximisation problem is de ned as

maximise
subject to

Xj2F

12
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The function T is the objective function or base function. The domain, S, of f is referred
to as the search space. The elements of S are the candidate solutions to the optimisation
problem. The search space is limited by domain constraints. S therefore consists of the
union of the feasible space F and the infeasible space 1 which is the set of infeasible
solutions. Infeasible solutions are those candidate solutions that are excluded from
the search space by constraints (domain constraints or others) stated in the problem’s
de nition. F is the set of feasible solutions, that is the set of valid solutions according
to the problem’s de nition. A feasible solution that optimises the objective function is
an optimal solution.

2.2.2 Types of Static Optimisation Problems

A static optimisation problem is an optimisation problem where the function to optimise
does not change during the optimisation process. A number of characteristics can be
used to classify static optimisation problems:

The number of variables in uencing the objective function: Univariate problems
have only one variable to be optimised and multivariate problems have more than
one variable to be optimised.

The type of variables: Optimisation problems can be classi ed according to the
type of values the variables of the problem can take. The variables of a contin-
uous problem have continuous, oating-point values, the variables of an integer
problem have integer values, the variables of a discrete problem have discrete (i.e.
non-continuous) values, the variables of a mixed-integer problem can have both
continuous or integer values, and solutions to a combinatorial optimisation prob-
lem are permutations of integer-valued variables.

The degree of nonlinearity of the objective function: Depending on the linear
or quadratic nature of the objective function, problems can be linear, quadratic,
or nonlinear (when other nonlinear functions are used).

13
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The constraints used: In addition to the domain’s constraint, some problems
de ne an extra set of constraints which exclude certain candidate solutions. Such
problems are called constrained problems. Problems that use only boundary con-
straints are generally referred to as unconstrained problems.

The number of optima: A problem is unimodal if there is only one optimum or
multimodal otherwise.

The number of optimisation objectives: A problem that speci es only one
objective that needs to be optimised is called a uni-objective or single-objective
problem. If more than one sub-objective is speci ed, the problem is multi-objective.

This thesis focuses on multivariate, continuous, nonlinear, uni-objective, uncon-
strained problems. In this text, the term optimisation problem refers to this type of
problems unless otherwise speci ed. Both unimodal and multimodal problems are used
in the experiments.

2.2.3 Types of Solutions to Optimisation Problems

Solutions to an optimisation problem can be local or global optima. These types are
formally de ned as follows, considering a maximisation problem, and illustrated in gure
2.1:

The solution x 2 F is the global maximum of the objective function, f, if
f(x)>f(x);8x2F (2.2)
The solution x 2 F is a strong local maximum of the objective function, f, if
f(xy) =T (X);8x 2N (2.3)
where N F is a set of feasible points in the neighbourhood of x.

14
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A d obal maxi mum

\

Strong | ocal mexi num

Weak | ocal maxi mum

Fi t ness

1- D nrensi onal Space
Figure 2.1: Types of solutions to optimisation problems

The solution x 2 F is a weak local maximum of the objective function, f, if
f(xy) T(X);8x2N (2.4)

where N F is a set of feasible points in the neighbourhood of x.

All problems used in this work are maximisation problems. The words optimum and

maximum are therefore interchangeable in this text.

2.2.4 De nition of Dynamic Optimisation Problems

A dynamic optimisation problem is an optimisation problem which has an objective
function that changes over time, formally de ned as [29]:

15
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maximise
TOGW()); X = (X1 05 Xn ) W(t) = (wa(t); 115 wWpy,)

subject to (2.5)
gm(X) 0, m=1;:::;ng
hm(X) =0, m=ng+1;:::;ng + Ny

Xj 2 dom(x;)
where gn, represents the m™ inequality constraint, ngy is the number of inequality con-
straints, h,, represents the mt" equality constraint, n, is the number of equality con-
straints, dom(x;) is the domain of x in dimension j, and w(t) is a vector of time-
dependent objective function control parameters. The objective is to nd

XxX{)=x j f(x)= m)z(:lef(x;w(t))g (2.6)

where X (t) is the optimum found at time step t.

DEs and their characteristics are discussed in the following section.

2.3 Existing Classi cations and Characterisations of
Dynamic Environments

Dynamic optimisation problems can be categorised into di erent classes of problems
based on a number of characteristics. It is important to perform a categorisation of
DEs for several reasons. Firstly, a complete classi cation system de nes a wide range of
dynamic problems and evaluating an optimisation algorithm against these various kinds
of DEs allows to better identify the algorithm’s strengths and weaknesses. Secondly,
after identifying in which category a problem ts, the algorithms known to perform
well for environments of that category can already be expected to perform well for this
problem. Finally, algorithms can demonstrate a speci ¢ behaviour for a speci ¢ type
of environment. For instance, an algorithm can consistently show certain limitations or
achieve a certain performance level when applied to a particular environment type. It is

16
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therefore possible to gather information about the type of an unknown DE by studying
the behaviour of a known algorithm in that environment.

Section 2.3.1 describes the characteristics speci ¢ to dynamic problems and section
2.3.2 to 2.3.5 review the various existing classi cation systems for DEs.

2.3.1 Characteristics of Dynamic Environments

In addition to the characteristics presented in section 2.2.2, DEs can be characterised by
the way in which the base function is modi ed over time. The characteristics of DEs are
listed below:

The direction of change de nes whether a change can modify the location of an
optimum, its value, or both.

The presence or absence of a pattern in the changes to the base function can be
used to characterise a DE. If a pattern is present in the changes, the environment
can also be categorised based on the shape of this pattern, i.e. the trajectory of
the optima. If the pattern repeats itself over time, the number of environmental
states between two consecutive encounters of the same state de nes a cycle length
[15] which is another characteristic of DEs.

The homogeneity of movement describes the coherence of the changes across the
search space. In a homogeneous environment every optimum undergoes the same
transformation when a change occurs and all peaks exhibit the same behaviour
at any given time. In a heterogeneous environment, the optima undergo di erent
transformations when a change occurs and di erent peaks can have completely
di erent behaviours.

The frequency at which an environment changes is referred to as the temporal
severity. Changes can occur continuously, periodically, or at random time in-
tervals. Regular periodic modi cations can be described in terms of an update

17
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frequency [1], which can be measured by the number of iterations, the number
of function evaluations, or even the time (in the case of a real-world application)
between successive changes. In multimodal heterogeneous environments, the tem-
poral severity should be evaluated by considering all changes regardless of what
portion of the search space is a ected. The lowest possible temporal severity occurs
when the environment changes only once. The highest temporal severity occurs
when modi cations to the landscape take place at each time step causing the envi-
ronment to continuously change. A low temporal severity allows the environment
to remain static for a period of time, and gives to the optimisation algorithm
the opportunity to nd a good solution before a change occurs. A higher tempo-
ral severity forces the optimisation algorithm to frequently adjust the solution(s)
found in response to the changes that take place.

Spatial severity refers to the magnitude of the modi cation experienced by the
location or the value of an optimum when a change occurs. The spatial severity is
regular when the intensity of the modi cation to the optimum is always the same
every time a change occurs. Otherwise, the spatial severity can follow a pattern if
the intensity of the modi cations is predictable change after change. The severity
of the changes can also vary randomly within a certain range. In those environ-
ments where the severity of the alteration is di erent each time (non-regular spatial
severity), the spatial severity of an environment can be measured in terms of the
average spatial severity over the entire time period. In environments with multiple
optima, the spatial severity of the environment can be evaluated by considering
only the largest change in tness or location. Alternatively, the spatial severity
can be measured by following the changes to a single, randomly selected peak [16]
or by taking an average of the changes experienced by all optima. Typically, the
more severe the change, the harder it is for the optimisation algorithm to recover
from the change. After a small change occurred, the new optimum can be found
in the area surrounding the old optimum; it is not the case after a severe change
takes place.

18
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Branke et al. [16] have proposed a number of measures to help characterise DEs by
quantifying the spatial severity of the changes and the homogeneity of the changes across
the search space. These measures are listed below:

Change severity is the normalised Euclidian distance between the current loca-
tion of the optimum and the location of the optimum before the change divided
by the maximal distance between any two points of the search space.

Estimated change severity is the Euclidian distance between the best solution
before and after a change.

Fitness correlation measures the correlation coe cient of the tnesses of a num-
ber of randomly selected position samples before and after a change.

LHC Fitness correlation is the correlation of tness obtained by performing lo-
cal hill climbing (LHC) before a change and performing LHC again after a change.
LHC is a mathematical optimisation technique [78]. The LHC algorithm starts
with a random solution, and iteratively makes small changes to the solution, im-
proving the solution during each iteration. When the algorithm cannot detect any
improvement anymore, it terminates.

Fitness change correlation of similar points measures the correlation with
distance d by picking n random pairs of positions in the search space separated by
distance d, and observing the correlation of tness change between these n pairs.
This measure evaluates how homogeneous the changes are throughout the search
space.

Estimated value of last-stage local optima compares the tness obtained by
performing LHC from the best position sample of one of the previous environmental
states (referred to as stage) to the tness obtained by LHC from a random sample.

Value of past optima keeps the optima of the m previous stages and checks how
much the solution found by LHC from a previous optimum improves compared to
starting LHC from a random solution.

19
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Estimated value of past optima replaces the optimum in the previous measure
by the point obtained from LHC on the best sample.

There are other aspects of a problem one could consider when describing a DE such
as the necessity to change the representation of the problem after a change, the in uence
of the algorithm on the environment [15], the presence of noise in the data, or the fact
that the system is noti ed of when a change occurs or not. However, these characteristics
are more related to the interaction between the algorithm and the environment than to
the environment itself.

2.3.2 Eberhart et al.’s Classi cation of Dynamic Environments

Three types of unconstrained, single objective, DEs were identi ed by Eberhart et al. [27,
40]. These types classify the di erent ways in which an optimum can be modi ed when
the base function changes shape, i.e. the direction of change. The di erent categories
are outlined below, and discussed in reference to equation (2.7):

DL &
FoGw®) = (5 wi(D)? + wa(t) (2.7)

j=1

where ny is the number of dimensions and the control parameters w; and w, can be used
to change the shape of the function. According to Eberhart et al., DEs can be classi ed
as follows :

Type | environments, where the position of the optimum changes but its value
remains the same. Type | environments can be obtained by transforming the
coordinates of the landscape components. That is, peaks, plateaus and hills that
compose the landscape are translated to a di erent location. An example of a
type | environment is illustrated in gure 2.2(b). The function from equation
(2.7) behaves like a type | environment if w; & 0 and w, = 0. For this kind
of environments, algorithms need only to be able to track the position of the
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optimum after nding it. This is because no new optimum appears elsewhere in
the search space, neither can an existing local optimum become better than the
global optimum.

Type Il environments, where the position of the optimum stays unchanged but
its value varies over time. Type Il environments can be obtained through tness
rescaling of the landscape components [101]. In an environment where multiple
peaks are present, the decrease of the global maximum’s value or the growth of a
local maximum may lead to a change of global optimum. Algorithms applied to
this type of environments must therefore be able to detect the emergence of new
optima. The function from equation (2.7) behaves like a type Il environment if
w; = 0 and w, & 0. An example of a type Il environment is illustrated in gure
2.2(c).

Type 111 environments, which are a combination of type | and Il environments
where both the location and the value of an optimum are subject to change. The
function from equation (2.7) behaves like a type Ill environment if w; & 0 and
w, & 0. An example of a type Il environment is illustrated in gure 2.2(d).

Unimodal problems and homogeneous multimodal problems can easily be charac-
terised by this classi cation system because all optima in the search space behave in
the same way. In the case of a heterogeneous multimodal problem, the di erent peaks
can have di erent behaviours. If some peaks behave in a type | manner and others in
a type Il manner, or if any peak behaves in a type 111 manner, the environment is of
type 11 because both the location and the value of the optimum can change. Eberhart
et al.’s classi cation system provides an unambiguous way of dividing the DEs between
type I, 11 and 111 but focuses solely on the direction of the changes the environment
undergoes. The other characteristics listed in section 2.3.1 also in uence the di culty of
the problems and a more complete classi cation system for DEs should incorporate the
other characteristics to obtain a ner characterisation.
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Figure 2.2: Types of DEs according to the Eberhart et al. classi cation

2.3.3 Angeline’s Classi cation of Dynamic Environments

The presence or absence of a pattern in the changes that occur in the environment is an
alternative approach to classify DEs, as proposed by Angeline [1]. The trajectory of the
optima de nes the dynamics of an environment. According to Angeline’s classi cation,
problems are categorised into di erent classes of DEs based on the trajectories of the
optima over a number of iterations [1]. Angeline’s classi cation scheme identi es the
following environment types [1, 2, 15]:
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Environments with linear peak trajectories where the optima always move in a
straight line as illustrated in gure 2.3(a) for the moving parabola,

>
fx) = (x5 +4(0)° (2.8)

=1
where t denotes the index for the environmental state; t is increased by one every
time the environment changes. Equation (2.8) has linear dynamics when 4;(t) is
de ned as

0 8j21;:::;n, ift=0

. (2.9
4;t 1)+sS ift=>0

4j (t) -

where S represents the spatial severity and s; is a constant de ned for each dimen-
sion j which gives the direction of the linear trajectory.

Environments with circular trajectories where the optima move on the circum-
ference of a circle with radius S and the base function is translated in a circular
manner as illustrated in gure 2.3(b). The parabola de ned in equation (2.8) has
circular dynamics when

8
%0 ift=0and j is odd
S ift=0andj i
a;(t) = T e e (2.10)
§4j(t 1) +Ssin&! ift>0and j is odd

T 4t 1)+ScosZt ift>0andj iseven

where % is the fraction of the circumference that has been travelled through so
far. If T remains constant through the simulation, the base function returns to its
original position after T modi cations. Spatial severity is therefore de ned using
S,tand T.

Environments with random dynamics, where the base function is translated ran-
domly as illustrated in gure 2.3(c). The function de ned in equation (2.8) has
random dynamics when noise is added to the o set 4;(t) as follows:

0 8j21;:::;ny ift=20

4= 4;(t 1)+s;SN(0;1)

(2.11)
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Figure 2.3: Types of DEs according to the Angeline classi cation

where N (0; 1) is a Gaussian random variable with 0 mean and a deviation of 1,
and s; multiplied by S gives the spatial severity for dimension j.

Environments where the optimum alternates between several positions and where
the landscape periodically returns to previous states [101] can be classi ed as circular
environments. Even though the trajectory depicted by the optimum might not be an
exact circle in these cases, alternating and periodic environments can be said to have
circular dynamics since the optimum is expected to be found repetitively at speci ¢
locations. So, if S is replaced by s; in equation (2.10) the environment’s dynamics
remain classi ed as circular.
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More environment types could be added to this classi cation scheme to include non-
random, non-circular trajectories that do not follow an exact straight line and are there-
fore non-linear. But these extra types of dynamics can be hard to detect and make the
classi cation of environments more ambiguous. Any environment with non-linear and
non-circular pattern in the changes can therefore be classi ed as an environment with
random dynamics although the pattern in the change is not random per say.

Multimodal, heterogeneous environments should always be considered to have ran-
dom dynamics since the entire landscape never shifts in a linear manner nor describes a
circular trajectory as a whole. Although, the di erent peaks can be said to have linear
or circular trajectories when considered individually.

Algorithms that use memory of the position of old optima or a hall of fame could
potentially take advantage of the presence of a pattern by \expecting"™ an optimum in
areas where the optimum has been found previously (in the case of circular trajectories).
Predicting the next position of the optimum based on its past moves (linear or circular
trajectories) might also be possible although a swarm based algorithm with such capacity
has not been encountered during the writing of this thesis.

As with Eberhart et al.’s classi cation, Angeline’s types do not overlap and clearly
separate DEs in three distinct categories, although, Angeline’s classi cation focuses on
a single characteristic of the environment, namely the trajectory of the optimum.

This said, Angeline’s and Eberhart et al.’s classi cation focus on di erent character-
istics of the environment. When categorising a DE, it is therefore relevant to provide the
environment’s type according to Angeline and its type according to Eberhart et al. as
each of these classi cations o ers information about a di erent feature of the changes the
environment undergoes. However, neither Angeline’s nor Eberhart et al.’s classi cation
gives explicit information about the severity { either spatial or temporal { of the changes
which allows for the classi cation of a DEs to be further re ned.
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2.3.4 Weicker’s Classi cations of Dynamic Environments

Weicker [15, 101, 102] proposed a classi cation framework for DEs where an environment
is characterised based on

the stationary or dynamic nature of the environment;
the spatial severity of change that is either constant or variable;

whether the environment is periodic, that is the environment returns to previous
states, or not;

whether the environment is alternating, that is the global optimum can be relocated
to a di erent element (peak) in the environment, or not; and

whether the environment is homogeneous or heterogeneous.

This characterisation provides more information about the environment than either
Angeline’s or Eberhart et al.’s classi cations as Weicker takes into consideration the
presence of a circular pattern in the changes, the constant or variable nature of the spa-
tial severity, the homogeneity of movements, and the alternation of the global optimum
which gives an indication on the direction of change. However, the alternating nature of
the environment is redundant if the problem is known to be unimodal or homogeneous
as these environments cannot be alternating. Also, in a type | or type Il environment,
the global optimum can be relocated while remaining on the same peak as the peaks
themselves are moving. For these reasons, Eberhart et al.’s classi cation is more de-
scriptive regarding the direction of change. Regarding the presence of a pattern in the
change, Weicker only identi es circular (periodic) or random (non-periodic) trajectories
while Angeline’s classi cation also includes linear trajectories. Also, Weicker does not
characterise the spatial or temporal severity of the changes.
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2.3.5 De Jong’s Classi cation of Dynamic Environments

De Jong [25] proposed a classi cation scheme for DEs where the categories are moti-
vated by real-world problems with similar characteristics. Referring to environments as
landscapes, De Jong classi es DEs as follows:

Drifting landscapes, where the environment does not change much over time. The
optima gradually move though the search space. The severity of change is low
in these environments, but changes should occur frequently enough to allow a
progressive change of the landscape.

Landscapes that are undergoing signi cant morphological changes over time, where
regions of high tness emerge from previously uninteresting areas while the tness
of other regions decreases. The severity of the changes is higher in these environ-
ments than in drifting landscapes.

Landscapes that exhibit cyclic patterns, where the landscape repeatedly visits a
number of states.

Abrupt and discontinuous problems, where the environment’s landscape is funda-
mentally modi ed after a change, i.e. the severity of the changes is higher than in
signi cantly changing landscapes.

The rst, second and fourth categories De Jong described are distinguished by the
spatial severity of the changes. Drifting landscapes have a low spatial severity, problems
with signi cant morphological changes have a medium spatial severity, and abrupt and
discontinuous problems have changes with high spatial severity. Unfortunately, the dis-
tinction between the three severity levels appears blurry. Furthermore, an environment
can change signi cantly after a number of subsequent minor changes or after one single
severe change, but this classi cation scheme does not di erentiate between these two
types of signi cantly changing environment. Also, as illustrated in gure 2.4, the tem-
poral severity can only be inferred for the drifting landscapes category and it appears
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Spatial Severity

Temporal Severity

Figure 2.4: De Jong’s categories could be re ned based on the temporal severity.

that De Jong’s classi cation could be further re ned based on the temporal severity.
It might therefore be pertinent to consider both spatial and temporal severity together
when characterising the behaviour of DEs.

The category of problems with cyclic patterns is similar to Angeline’s circular type
and is based on the trajectory of the change instead of the spatial severity. This category
and the other three categories of De Jong are therefore not mutually exclusive. For
instance, a DE that would undergo signi cant morphological changes following a cyclic
pattern could be classi ed simultaneously in the second and the third of De Jong’s
categories.

The fact that this scheme was inspired by real-world dynamic problems emphasises
the importance of spatial severity in these problems. However, temporal severity is also
an important aspect and the above analysis of De Jong’s categories suggests that a better
description of DEs could be obtained by considering spatial and temporal severity jointly.
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Table 2.1: Summary of classi cation schemes for DEs

Direction of Trajectory of Homogeneity Spatial and Temp-
change change of movement oral Severity
Eberhart et al. | Type I, type Il
or type Il
Angeline Linear, circular
or random
Weicker Alternating or Periodic or Homogeneous or Constant or
non-alternating non-periodic heterogeneous variable
De Jong Cyclic or Drifting, signi -
non-cyclic cant or abrupt
Behavioural Progressive, abr-
Classes upt or chaotic

2.4 Proposal of a More Complete Classi cation Sys-
tem

As illustrated in table 2.1, the existing classi cation systems described in the previ-
ous section only focus on speci ¢ characteristics of DEs. Describing a DE using all
classi cation systems would be cumbersome and redundant. However, a more accurate
characterisation of DEs can be obtained by combining the existing classi cation systems
that provide the most descriptive types of environment and do not overlap with each
other. New classes of dynamic problems that consider the frequency and severity of the
changes the environment undergoes can also be designed to re ne the characterisation
of these problems.

The purpose of this section is to propose a more complete classi cation system for
DEs. Section 2.4.1 de nes new classes of DEs based on the behaviour of the environment
which, in this thesis, refers to the combination of the temporal and spatial severity. Sec-
tion 2.4.2 presents a classi cation system that combines Eberhart et al. and Angeline’s
types to the new behavioural classes.
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2.4.1 New Behavioural Classes

In addition to the direction and trajectory of the optima, the severity and the frequency
of change are also important characteristics of a DE. As observed in section 2.3.5, it
is relevant to consider both spatial and temporal severity together to characterise the
di erent types of behaviours a DE can have. This thesis proposes a new set of envi-
ronment classes based on the temporal and spatial severity of the alterations that the
environment undergoes.

Figure 2.6 illustrates the categorisation proposed in this paper. Each class is described
in more detail below:

Static and quasi-static environments: If either the spatial or temporal severity
is null, the environment’s behaviour is static (non-dynamic). If modi cations to
the environment are irrelevant compared to the scale of the problem and do not
a ect the performance of the algorithm for the duration of the simulation, the
environment can also be classi ed as static or quasi-static.

Progressively changing environments: If the alterations are frequent but
small, the environment changes progressively and smoothly. An algorithm can
take advantage of this fact by keeping track of the locations of previous optima
and focusing the search in the surroundings of these locations. Also, if a new opti-
mum emerges in an environment with such behaviour, the algorithm has a certain
amount of time to nd this new optimum before it becomes the global optimum.

Figure 2.5(a) shows the progression of the optimum’s tness in a progressively
changing environment de ned in the domain [-20,20] as

<
f(x;t) =40 4() Xj (2.12)

i=1
where ny, the number of dimensions is set to two, t is incremented by one after
every change and equation (2.12) is updated every iteration with 4(t), de ned as

4(t) =6+ N(0;1) (2.13)
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where N (0; 1) is a Gaussian random variable, with 0 mean and a deviation of 1.

Abruptly changing environments: If the changes are rare but severe, the
environment stays static for a while, giving time for the algorithm to nd a good
solution, and then changes abruptly, relocating the optima to possibly distant
locations and/or changing their tness signi cantly.

An example of an abruptly changing environment is obtained by updating equation
(2.12) every 25 iterations in the domain [-20, 20] with

A(t) = 20 + N (0; 40) (2.14)

Figure 2.5(b) illustrates the progression of the optimum’s tness in the above
abruptly changing environment.

Chaotic environments: If both the spatial and temporal severity are high, the
behaviour of the environment is chaotic. In this context, \chaotic" does not refer to
the randomness of the changes { which is described by Angeline’s type { but to the
chaotic nature of the behaviour, frequently and severely changing. In extreme cases
where the optimum is randomly repositioned in a di erent area of the search space
at every iteration, the optimisation process may prove to be extremely di cult.
In a chaotic environment, an algorithm must be able to simultaneously adapt to
frequent and severe changes.

An example of a chaotically changing environment is obtained by updating equation
(2.12) every iteration in the domain [-20, 20] with

4(t) = 20 + N (0; 40) (2.15)

Figure 2.5(c) illustrates the progression of the optimum’s tness in a chaotically
changing environment.
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Figure 2.5: Progression of the global optimum’s tness in DEs
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Figure 2.5: (continued)

The size of the search space should be taken into consideration when measuring the
spatial severity since the perceived severity of a change is relative to the size of the
environment. Similarly, the duration of the simulation should be considered when dif-
ferentiating between frequently and infrequently changing environments. Unfortunately,
there is no absolute value that can be used to unambiguously distinguish a severe change
from a non-severe change, and there is also no obvious way to decide if an environment
changing every 50 iterations, for instance, should be considered as frequently changing
or not. A crisp classi cation of the temporal or spatial severity is therefore not possible,
as it is problem dependent.

This said, the behaviours of speci ¢ problems can be compared in terms of the degree
to which they belong to any of the classes. In [58], progressively, abruptly and chaotically
changing environments have been used as experimental test cases. In the context of an
experiment with a given dynamic problem test case whose spatial and temporal severity
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Figure 2.6: Behavioural classes for DES

can be set, variations of the problem belonging to the di erent classes can be de ned.
Testing an algorithm on these di erent variations of the problem allows the analysis of
the in uence of the environment’s behaviour on the performance level of the algorithm.

The behavioural classes provide more information about the environment compared
to De Jong’s categories as not only the spatial but also the temporal severity of the
changes is described by the classes. These classes do not overlap with Eberhart et al. or
Angeline’s types. These three classi cation schemes can therefore be used simultaneously
to provide information about the direction, trajectory, frequency, and severity of the
changes in a given DE.
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2.4.2 More Complete Classi cation System

As it has been shown, there are several approaches to characterise DEs. A truly complete
classi cation system, if possible at all, would be complex and therefore hard to use.
However, from the review of the existing classi cation systems examined in section 2.3,
it appears that a more comprehensive characterisation of DEs can be proposed.

The categories of environment should be descriptive, and mutually exclusive. Eber-
hart et al.’s classi cation is the most descriptive of the direction of change, Angeline’s is
the most descriptive of the patterns in the changes and the behavioural classes proposed
describe both the temporal and spatial severity of the changes. De Jong’s cyclic class is
replaced by Angeline’s circular type and the behavioural classes propose an alternative
way of classifying the spatial severity to De Jong’s drifting, signi cant and abrupt classes.
As discussed in section 2.3.4 Eberhart et al.’s and Angeline’s types are more descriptive
than Weicker’s regarding respectively the direction and trajectory of change. By com-
bining Eberhart et al. and Angeline’s types of environments to the behavioural classes
from section 2.4.1, a more complete classi cation system is obtained. For instance, an
environment can be characterised as an \abruptly changing environment of type | with
circular dynamics™ or, for short, \abrupt, circular, type I"". This characterisation de nes
27 kinds of DEs based on the direction, the trajectory and the severity of the changes
they undergo. The categories from Weicker’s classi cation that are not redundant can
be used, if relevant, to further describe the environment: the constant or variable nature
of the severity can be mentioned, and for multimodal problems, the homogeneous or
heterogeneous nature of the environment can also be stated. If the experiments are to
be reproducible, the frequency of change and the spatial severity should be mentioned
along with the other parameters of the problem.

This is a simple and intuitive system that can characterise variations of a dynamic
problem and help de ne a diverse set of test cases.
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2.5 The Moving Peaks Benchmark

In order to evaluate the performance of optimisation algorithms on the di erent classes of
DEs, a problem generating function that can be used to generate problem instances of the
di erent environment classes is necessary. A number of benchmarks that have been used
to evaluate optimisation algorithms in DEs can be found in [13, 15]. As previously stated,
this thesis focuses on multivariate, continuous, nonlinear, uni-objective, unconstrained
problems. The list of potential benchmarks is therefore reduced to simple functions such
as those described by equations (2.7) and (2.8) but these functions do not cater for
multimodal problems. Branke [13, 14, 15] developed the MPB as a candidate problem
generator.

The MPB has one or several independent peak(s) moving through a multi-dimensional
landscape in a fashion that is controlled by a number of parameters. The tness at any
given location is the maximum over all peak functions. The MPB function is de ned as

FOG1) = maxtB (x);, max TP O pry(0): Pus(1); Ppy ()09 (2.16)

where F (x; t) is the moving peak function, B(X) is the time invariant \basis" landscape,
N, is the number of peaks, P is the function de ning a peak’s shape, py is the peak’s
height, p, is the peak’s width and p, is the peak’s location. P can be a number of
di erent peak functions, the cone function that is used in the experimental part of this

work is de ned as:
\V4
}éx
P (X; Pho(1); Pwp(); Ppyp (D) = Prp(t)  Pws(t) (Ppy(D ;)2 (2.17)

ji=1

A single peak is fully characterised by its

height, pn,(t) = pny(t 1) + height_severity

width, py,(t) = pw,(t 1) +width_severity
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and location, pp, (t) = pp,(t 1) + pyy(t),

where N (0; 1) and the shift vector p,(t) is de ned as

S
jpr + puy(t 1)j((1 )Pr+ Pyp(t 1)) (2.18)

where the random vector p, is created by generating random numbers for each dimension

Pvp(t) =

and normalizing its length to s. The variable determines if the peak’s move is random
( = 0:0) or if the peak tends to keep moving in the same direction as previously
( 60:0). If =10, the peak moves in a straight line until it bounces o like a billiard
ball when it reaches the limit of the search space. The spatial severity is therefore
controlled by s, height_severity and width_severity.

The location of each peak is modi ed at a regular change frequency measured in
number of iterations (the original formula [15] implemented a change after a speci ed
number of function evaluations). An instance of MPB is illustrated in gure 2.7.

Li and Yang and Li et al. [53, 55] have criticised the MPB for not being capable of
generating binary or combinatorial problems. This limitation is not an issue here since
the scope of the thesis only includes real space problem. But to be a suitable benchmark
function to evaluate optimisation algorithms, the MPB must be able to simulate all types
of DEs described in section 2.4.2. The MPB can behave as

a type | environment when height_severity = 0 and s & 0,

a type Il environment when height_severity & 0 and s = 0,

a type Il environment when height_severity & 0 and s & 0,

a linear environment when = 1.0 and s & 0,

a circular environment when s = 0 and the function is rotated on its centre,

a random environment when = 0:0 and s & 0,
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a progressively changing environment if s, height_severity and width_severity are
low relative to the size of the search space and the change frequency is high relative
to the maximum number of iterations,

an abruptly changing environment if s and/or height_severity and/or width_severity
are high relative to the size of the search space and the change frequency is low
relative to the maximum number of iterations,

a chaotically changing environment if s and/or height_severity and/or width_severity
are high relative to the size of the search space and the change frequency is high
relative to the maximum number of iterations.

Therefore, all of Eberhart et al.’s and Angeline’s types and all behavioural classes can be
simulated using the MPB. It can be seen from the list above that the parameter settings
to generate Eberhart et al.’s types, the behavioural classes, and Angeline’s random type
are not con icting. The settings for the behavioural classes and Angeline’s circular and
linear types are also not mutually exclusive. Circular type | and Il can be generated
even though s = 0 since the rotation relocates the peak. A linear type Il can be gener-
ated by having the peaks always grow (or always reduce in size), and a circular type Il
can be obtained by having the peaks grow and shrink in a repetitive sequence of states.
Consequently, the MPB can generate environments characterised by any combination
of Eberhart et al.’s types, Angeline’s types, and the behavioural classes. Furthermore,
the number of peaks can be set to generate both unimodal and multimodal environ-
ments. Homogeneous and heterogeneous multimodal environments can be generated by
programming all peaks to have the exact same behaviour or not. The MPB can there-
fore simulate all dynamic types of environments described in the classi cation system
proposed in this thesis.
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Figure 2.7: Two-dimensional MPB with four peaks in the domain [0, 100]

2.6 Summary
This chapter provided background on dynamically changing environments. A formal

de nition of dynamic optimisation problems was given, di erent classi cation schemes
for DEs have been discussed, and an alternative classi cation scheme was proposed.

The MPB that is used in the experimental part of this work was described as a means
to generate the dynamic optimisation problems considered. The next chapter provides

background on PSO.
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Chapter 3

Particle Swarm Optimisation

\Men are like sheep, of which a ock is more easily driven than a single
one."

{ Richard Whately

The previous chapter described how mathematical functions can represent static and
dynamic problems. This chapter presents the original algorithm for PSO, an algorithm
capable of optimising static functions.

3.1 Introduction

PSO is a swarm-based search algorithm where a swarm of interconnected particles travels
through a search space looking for an optimal solution. This chapter presents PSO and
explains the concepts relevant to the understanding of the experiments conducted in part
I1. The original PSO algorithm is discussed in section 3.2, while section 3.3 describes the
various parameters and strategies applicable to PSO.
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3.2 Original PSO Model

A large group of students go out on a Friday night, all hoping to have a great time. Some
go to the club, some go to a house party, some go to the pub etc. From time to time
one of the students gives a phone call to some of his best friends in the group to nd
out who is having more fun. People nding out that a better party is going on elsewhere
are tempted to join it. At the same time, the students tend to go to their usual hangout
which always remains an attractive option. As the night goes, the grapevine is likely to
gather everyone at the same place, hopefully the party with the best atmosphere and the
cheapest drinks.

This metaphor illustrates the functioning of a PSO algorithm where individuals with
only limited information about the search space interact to try to nd the best solution
to the optimisation problem. PSO is a simple and e cient optimisation algorithm whose
concept evolved from an attempt of Eberhart and Kennedy [49] to graphically simulate
the choreography of a bird ock. During the execution of a PSO algorithm, a population
or swarm of interconnected particles \ ies" in a hyper-dimensional search space looking
for an optimal solution.

Every particle represents a potential solution. If the problem to solve has n variables,
the particles evolve in an n-dimensional search space. The position of a particle in a
dimension de nes the value of a variable of the potential solution this particle represents.
Each particle has a tness value which indicates the quality of the solution. The tness
value can be calculated in various ways depending on the problem to solve. In the case of
function maximisation, the tness is simply the value obtained by passing the particle’s
position as argument to the function. The particle of the swarm with the highest tness
is referred to as the global best (ghest).

When the algorithm starts, each particle is positioned randomly and its velocity is
set to null. Then, each particle’s velocity is determined by a combination of the cognitive
component and the social component. The cognitive component is in uenced by the best
position ever visited by the particle, referred to as the personal best (pbest), a constant
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and a random vector. Each particle keeps track of its pbest position. The tness at pbest
is compared with the tness at the particle’s current position during each iteration of
the algorithm, and the pbest is updated if the current position’s tness is higher. The
social component is in uenced by the best position occupied by a connected particle, a
constant and a random vector. The neighbourhood of a particle de nes to which other
particles in the swarm that particle is connected. Typically, the neighbourhood is based
on the numerical indices of the particles and not on the proximity of the particles. In
the original gbest PSO, all particles are interconnected.

Iteration after iteration, the particles tend to return to previously successful regions
of the search space while being attracted to the best occupied position in their neigh-
bourhood and the swarm progressively converges. Convergence refers to the fact that
the magnitude of the changes in particle positions becomes smaller and the swarm pro-
gresses towards a stable state also called an equilibrium state. At convergence, velocities
tend to zero. Theoretical work [90, 105] has proven that the original gbest PSO has all
its particles converge on a weighted average of the pbest and the gbest positions.

The PSO algorithm is summarised in algorithm 3.1, where ¥;(t) is the neighbourhood
best (nbest), of particle i at iteration t, that is the best position found in the neighbour-
hood N;. The nbest of i is de ned as

9i(t + 1) 2 FN; jF (i (t + 1)) = maxFF(x)g; 8x 2 Nig (3.1)

where f : R™ § R is the tness function. If x;(t) denotes the position of particle i
at iteration t and v;(t + 1) represents the velocity of that particle, the position of the
particle at iteration t+ 1 is

Xij(t+1) = xi(t) +vi(t+1) (3.2)
If vij (t) denotes the velocity of particle i in dimension j at iteration t then
Vij (t+ 1) = vy (1) + cory (Olyi (1) X35 (0] + corg (O (1) X35 ()] (3:3)

where ¢; and c, are constants, r; and r, are random vectors with values in the range
[0 1] sampled from a uniform distribution, y;; is the position of particle i’s pbest in
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Create and initialise an ny-dimensional swarm, S of S:ng particles;
repeat:
for each particle i =1;:::;S:ng do
// set the pbest position
if £(S:x;) > f(S:y;i) then
Syi = SiX;j;

end

// set the nbest position

if £(S:y;) = £(S:¥i) then

S:9i = Syi;
end
end
for each particle i =1;:::;S:ng do

update the velocity using equation (3.3);
update the position using equation (3.2);
end
until stopping condition is true;

Algorithm 3.1: PSO algorithm with synchronous update

dimension j, ¥; is the position of particle i’s nbest in dimension j and x;; is the current
position of particle i in dimension j.

If yi(t) denotes the pbest of the particle i at iteration t then

C .
pen= VO TRGEED) i) -
xi(t+1) if Fxi(t+ 1)) > Fi()

3.3 Parameters of the PSO Algorithm

A number of parameters a ect the swarm’s behaviour and e ciency [66, 84, 86, 87, 88,
93]. These parameters have interconnected in uences on the algorithm’s performance.
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(a) Ring topology (b) Star topology (c) Wheel topology

Figure 3.1: Examples of social network structure

The best value for each of parameter is problem dependant. The roles of each parameter
are discussed below:

Neighbourhood structure
Particles are grouped into overlapping neighbourhood of any number of particles.

There exist various neighbourhood topologies or social structures as illustrated in
Figure 3.1. An example of tightly connected social structure is the star topology
where all particles are connected. The ring topology is an example of loosely
connected social structure where a particle is only connected to two others in a
ring like fashion. PSO algorithms are sometimes de ned by the social structure
they use. For instance, the ghest PSO is de ned by its use of the star topology
and the Ibest PSO is de ned by its use the ring topology. Algorithm 3.1 de nes a
ghest PSO if the neighbourhood size is equal to the swarm size and an Ibest PSO
otherwise. In the case of a gbest PSO, the same ¥;(t) is shared by all particles.

The speed at which information travels through the population depends on how
the particles are connected to each other [47]. A very connected swarm converges
faster towards a good solution but might leave some areas of the search space
unexplored and is therefore more likely to settle in a local optimum. Since the
neighbourhoods are overlapping, a swarm with fewer connections is also likely to
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converge, although at a slower pace as the particles \spend more time" to explore
the search space. A fast converging swarm which concentrates the search on a
promising area to re ne a candidate solution is said to focus on exploitation. A
swarm that visits more regions of the search space to nd a good optimum before
converging focuses on exploration, followed by an exploitation step to re ne the
found optimum.

Acceleration coe cients

In equation (3.3), ¢; and ¢, are the acceleration coe cients also called trust pa-
rameters because they represent how much trust a particle has in its pbest (c;)
and in its nbest (c;). The coe cient cy, referred to as nostalgia, is modi ed by the
random vector r; and determines the in uence of the cognitive component on the
velocity of the particles. The coe cient c,, referred to as envy, is modi ed by the
random vector r, and determines the in uence of the social component.

Although the best values for the acceleration coe cients are problem dependant,
good performances are often achieved when the values of nostalgia and envy are
close [29]. An algorithm where ¢, is much larger than c, leads the particles to ex-
cessive wandering and an algorithm with ¢, much larger than c, leads to premature
convergence of the swarm.

The trajectory of the particles is smoother and the particles explore far from the
good regions before being pulled back if both acceleration coe cients have low
values [29]. High values cause higher acceleration and more abrupt movement
around the good regions. Eberhart and Shi [26] empirically found ¢; = ¢, = 1:49618
to be a good parameter choice in general. This was later con rmed by Van den
Bergh [92].

Swarm size

Having more particles in the swarm increases the computational complexity per
iteration, but permits a higher initial diversity and allows more areas of the search
space to be investigated at the same time. Although empirical studies have shown
that even a small swarm can nd optimal solution [18, 93], smooth search spaces
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require less particles to locate an optimal solution than rough surfaces and the
minimal number of particles required to nd an optimal solution is problem de-
pendant.

Termination conditions

The stopping conditions are the conditions that have to be met for the PSO algo-
rithm to terminate. If the number of iterations is the stopping condition, the
algorithm runs until that number is reached, and then stops. The swarm does not
have the time to nd and to exploit a good solution if the value is too small and for
static environments, too large values unnecessarily add computational complexity.
In DEs, the swarm has to be exposed to a su cient number of environmental states
for an experiment to be meaningful. Hence the maximum number of iterations has
to be the stopping condition with a limit set reasonably high. Other stopping con-
ditions include to terminate when an acceptable solution is reached, when there is
no improvement in the tness of the best solution found, when the radius of the
swarm is too small, or when the objective function slope approximates zero [29].

Velocity clamping

If unchecked, particles tend to have larger and larger position updates. This ac-
celeration can lead the particles to diverge and leave the search space [28]. The
velocity of a particle can therefore be clamped to a maximum velocity if it exceeds
a certain value thereby limiting step sizes. Let Viaxj denote the maximum velocity
allowed for dimension j:

Vi) VD) Vinaxg

vi(t+ 1) = |

(3.5)

where v?j is calculated using equation (3.3).

Vmax:j controls the granularity of the search and its value must therefore be cho-
sen carefully. A large Vimaxj encourages exploration, while a small Vinax:j favours
exploitation. If the value is too large, particles may jump over an optimum and if
the value is too small, particles may take longer to nd a good solution or become
trapped in a local optimum.
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Velocity clamping also has some disadvantages. If through clamping, the particle’s
velocity is reduced by di erent amounts for several dimensions, the direction in
which the particle moves isa ected. Also, if all velocities are equal to the maximum
velocity, particles only search on the boundaries of a hypercube de ne by [x;(t)
Vmax; Xi() +Vmax] [29]. Introducing an inertia weight or reducing Vmax:j over time
can solve this problem.

Inertia weight

The inertia weight introduced by Shi and Eberhart [86] helps controlling the ex-
ploration and exploitation capacity of the swarm by adjusting the importance of
the previous velocity on the new velocity.

The introduction of an inertia weight modi es equation (3.3) as follows:

Vij (T + 1) = wv;i (1) +cargy (D[ (1) X (D] + carg (O (D x50 (3.6)

where w is the inertia weight. Giving a large value to w promotes exploration, but
if w is higher than 1, the particles accelerate towards the maximum velocity and the
swarm diverges. A small value encourages exploitation but limits the exploration
ability of the swarm.

The value of the inertia weight can be varied over time. In static environments,
the weight would usually start with a higher value and decrease progressively to
improve exploration rst and exploitation later. There are several approaches to
weight adjustment, including random adjustment [75], linear [87] or non linear
decreasing [65, 76, 98, 99], fuzzy adaptive inertia [89] and increasing inertia [104,
105].

Eberhart and Shi [26] empirically found that the value 0.7298 works very well in
general. However, the value of w should be chosen in conjunction with the value of
¢, and ¢, as they have interconnected e ects on the behaviour of the swarm. Van
den Bergh [92] demonstrated that the trajectory of the particles converges if

+
W > (c1+¢cy)

. 1 (3.7)
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Constriction coe cient

Using a constriction coe cient [22, 23] is an alternative to the inertia weight that
removes the need for velocity clamping, although using constriction with velocity
clamping can lead to a faster convergence rate [26]. If constriction is used, equation
(3.3) is modi ed as follows:

vij(t+1) = [vi(0)+ 2(y;5(0)  xi0)) + 20050 xi;(1)] (3.8)

where

[0

(3.9)

j2 ( 9
with = 1+ ,, 1 =cir,and 5 = core. A swarm with a constriction coe cient
is guaranteed to converge if 4 and 2 0;1].

Synchronous and asynchronous updates

The pbest and nbest positions can be updated synchronously or asynchronously.
With synchronous updates the pbest and nbests are updated once per iteration,
separately from the position updates, as shown in the algorithm 3.1. With asyn-
chronous updates, the best positions are re-calculated after each particle’s position
update which allows immediate feedback.

Neighbourhood best update strategy

There are di erent ways in which the nbest of a particle can be selected. With
a memory based update strategy, the nbest of a particle is selected based on the

tness of the pbest of the neighbouring particles. With iteration based update strat-
egy, the nbest is selected based on the tness at the positions currently occupied
by the neighbouring particles). Since the pbest positions changes less frequently
than the particles’ positions, the particles can be attracted towards the same lo-
cation for several consecutive iterations when a memory based update strategy is
used. A memory based update strategy therefore favours exploitation more than
an iteration based strategy, which favours exploration.

Velocity model
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Equation (3.3) can be modi ed in several ways to create new velocity models [46].

The cognition-only model excludes the social component from the original velocity
formula, replacing equation (3.3) by

Vij (T + 1) = v (D) + cargy (O[yi (1) x5 ()] (3.10)

This model promotes exploration as it allows the particles to climb di erent optima
independently. However, Kennedy [46] reported that the cognition-only model is
more vulnerable to failure and slower to reach a good solution than the full model.

The social-only model excludes the cognitive component from equation (3.3) as
follows:

Vij (t+ 1) = vij () + corgi (D[ (D) x5 (1)] (3.11)

With this model, the particles are only attracted towards their nbest and converge
faster towards a single peak. Kennedy [46] has also shown that the social-only
model can outperform the full and cognition only models in static environments.

The sel ess model is a social-only model where a particle is not allowed to pick
itself as nbest. The sel ess model has shown to be faster than the social-only model
on some problems [46].

3.4 Summary

This chapter described the original PSO algorithm and explained the in uences of the
various parameters on the performance of the algorithm. The original PSO and its
variants were developed for static optimisation problems, and the next chapter discusses
consequences for applying PSO to DEs.
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Particle Swarm Optimisation and
Dynamic Environments

\Adapt or perish, now as ever, is nature’s inexorable imperative."
{ H. G. Wells

Chapters 2 and 3 have introduced PSO and DE, the two major concepts necessary to
the understanding of this work. These concepts can now be put together by investigating
the outcomes of applying PSO algorithms to DEs. This chapter presents a number of
observations and ndings from previous research and describes the variations of the PSO
algorithm designed for DEs that are used in the experimental part of this thesis.

4.1 Intoduction

In spite of its capacity to solve optimisation problems, the original PSO has shown some
limitations when working in DEs. The objectives of this chapter are to describe these
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limitations and to introduce a number of approaches that have been used to overcome
these issues. Section 4.2 presents the strengths and weaknesses exhibited by the PSO al-
gorithm when PSO is applied to dynamic optimisation functions, section 4.3 investigates
how to optimise the parameters of the PSO algorithm to obtain better performance in
DEs, and sections 4.4 to 4.7 describe various strategies that can be used to modify PSO
in order to overcome the limitations of the algorithm. Finally, section 4.8 describes a
number of variations of the PSO algorithm that have been designed to optimise dynamic
problems.

4.2 Strengths and Limitations

PSO has a natural capacity to adapt to minor modi cation of the landscape [20, 27, 40].
As a swarm converges, particles oscillate around the global optimum, getting progres-
sively closer to the global best position [68, 69, 92, 94]. In a type | environment, if the
optimum moves to a nearby position within the converging swarm, a particle may \land"
near the new optimum and attract the other particles towards the new best position.
However, if the optimum moves to a remote location, away from the converging swarm,
the PSO algorithm is less likely to detect the new optimum as no particle is exploring
that section of the search space. PSO demonstrates the same limitation in a type Il
environment when a new peak emerges. A new peak appearing far from the converging
swarm is less likely to be detected than a peak appearing in an area surrounded by
particles. As the swarm converges, the degree of dispersion of the particles in the swarm
(diversity) decreases [92], which reduces the area where a new optimum can be detected.
Diversity loss is therefore a major limitation of the PSO algorithm applied to DEs. To
adapt to a changing environment, diversity is extremely important and must either be
maintained at all time or re-introduced after a change.

In type | or type Il environments, the pbest of a particle may attract this particle
towards an area of the search space that only contains poor solutions because the op-
timum that used to be located in this area has now moved to another location. This
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phenomenon is known as outdated memory and is the other major limitation of PSO
in DEs. In a type Il environment, the performance of the algorithm is not a ected by
outdated memory if the value of the optimum is increasing, since the optimum remains
in the same location and the previously attractive positions have weaker values than that
of the optimum. But, if the value of the optimum is decreasing, the cognitive compo-
nent can lead the particles towards a formerly good position instead of towards the new
optimum. Figure 4.1 illustrates what happens: the particles are converging towards the
maximum when a change occurs, bringing the maximum’s value down. Particle A’s pbest
is now higher than the current maximum. A’s inertia weight may push A further up the
hill but its pbest cannot possibly be updated to a position of higher tness which leads
A to be attracted towards the location of the outdated pbest. For the other particles, the
global best is A’s pbest (if a memory based neighbourhood best update strategy is used),
and no matter where they go, no particle can ever nd a better position. Even though
particle B is closer to the maximum, the particles are destined to oscillate between their
outdated phest and outdated nbest. Figure 4.2 shows a swarm in an abruptly changing
environment of two dimensions and ve peaks. Initially, the swarm converges towards
an optimum but after the environment has changed, the swarm remains in place because
of outdated memory. The pbest of the particles stays unchanged and the particles keep
oscillating between their nbest and their pbest. Figure 4.2(a) shows that before the rst
change occurs, the swarm exploits the peaks. After a change, the particles remain in
the same area of the search space and exploitation stops. Figure 4.2(b) shows that 200
iterations after the change, the particles have stayed in the same area.

4.3 Parameter Optimisation

The limitations of PSO can be partially overcome by adjusting some of the parameters
described in section 3.3. The following list describes how the standard PSO algorithm
can be optimised in order to achieve a better performance level in DEs:

The selection of the neighbourhood best update strategy in uences outdated
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Figure 4.1: Outdated memory limitation

memory. Indeed, if the iteration based strategy de ned in section 3.3 is used, each
particle updates its nbest with the position in the neighbourhood that currently has
the highest tness. Therefore the nbest of the particles is not a ected by outdated
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Figure 4.2
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memory. However, because the pbests are still potentially outdated, particles can
nonetheless be attracted to poor solutions that formerly had a high tness.

Carlisle and Dozier [20] have studied the in uence that the various velocity mod-
els from section 3.3 have on the performances of PSO in DEs. They have shown
that the sel ess and cognition-only models do not perform well in changing envi-
ronments. Carlisle and Dozier also showed that the social-only model outperforms
the full model in environments with low temporal severity, although the perfor-
mances of the social-only model deteriorate faster than that of the full model as
the speed at which the optimum moves through the search space is increased. The
better performance of the social-only model can be explained by the fact that this
model does not have a cognitive component, hence does not experience outdated
memory problems. Outdated memory can therefore be avoided but only at the
cost of losing the information contained in the phest of the particles.

For static problems, the inertia weight can be initialised to a large value and de-
creased over time to promote exploration rst and exploitation later [29]. However,
in DEs, new peaks may appear after a change and optima may go undetected if the
diversity of the swarm has dropped too much. Therefore w should be reinitialised
to its original larger value every time a change is detected. As an alternative so-
lution, Eberhart and Shi [27] proposed using a randomly selected inertia weight in
the range [0:5;1] to ensure a good mix of exploration and exploitation. In their
study Eberhart and Shi used ¢; = ¢, = 1:494. However, to select the optimal value
for w in DEs, the value of ¢; and ¢, should be taken into consideration due to their
dependencies and in uence on convergence behaviour. A swarm having a constant
or randomly selected inertia weight does not converge as fast as a swarm having
a decreasing inertia weight, but as long as convergence takes place, diversity loss
cannot be avoided.

Velocity clamping with small Viaxj reduces exploration which can lead the
swarm to be trapped in an old optimum. The value of Vimax:j should therefore be
carefully chosen. Removing velocity clamping completely can also be considered
as it promotes exploration [27]. Although, as previously stated, slowing down the
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convergence of the swarm cannot fully overcome the issue of diversity loss.

Selection of the social network structure also in uences diversity loss. In en-
vironments with multiple optima, the pbest and the nbest of a particle can be
located on di erent peaks. This can lead particles to jump back and forth between
unattractive positions until either a particle’s pbest or nbest is updated. Such par-
ticles can prevent the propagation of information from one neighbourhood to the
next if a topology with loosely coupled particles is used [31]. This phenomenon
is illustrated in gure 4.3 where particles B and D can exploit di erent peaks be-
cause they are separated by A and C. This has the bene t of allowing di erent
parts of the swarm to exploit di erent peaks simultaneously as shown in gure 4.4
where the swarm in a static environment has not converged after 500 iterations
and particles are visible on four of the peaks.

A ne-grained PSO is a PSO algorithm where the particles are mapped onto a
two dimensional grid. On the grid, the last particle of a row is connected to the

rst particle of that row, and similarly the rst and last particles of a column are
connected. Each particle’s neighbourhood, known as a Von Neumann neighbour-
hood, therefore includes four other particles as illustrated in gure 4.5. Kennedy
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to leave the search space)

and Mendes [50] have shown that the Von Neumann topology outperforms other
neighbourhood topologies for a large number of static problems. Li and Dam’s
experiments in DEs [58] demonstrated that the Von Neumann social topology
maintains better diversity than the more connected topologies since a particle’s
in uence can only propagate gradually through the swarm.

Jansen and Middendorf [43] also reported improvement over the standard PSO
when using a hierarchical neighbourhood structure. In this network structure,
the particles are arranged in a hierarchical tree where each node contains a single
particle, and the nbest of a particle is the position of the particle directly above.
If a particle at a child node is better than the pbest of the particle at the parent
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Figure 4.5: Von Neumann neighbourhood topology

node, the two particles are exchanged.

Because they maintain diversity longer, the ne-grained PSO and the hierarchical
PSO are more e cient in DEs than PSO’s using other, more connected social
network structures. Yet, the neighbourhood topologies used by these algorithms
convey information through the swarm at a faster pace than the ring topology,
therefore o ering a good trade-o between exploitation and exploration.

As described above, research has shown that through parameter optimisation, diver-
sity loss can be slowed down but not fully avoided. It was also shown that, at the cost of
losing the information contained in the cognitive component, outdated memory can be
eliminated. The following sections describe ways to modify the standard PSO algorithm
to further improve the performance of PSO in DEs.
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4.4 Re-evaluation of the pbest

In this thesis, pbest re-evaluation refers to the fact that, before the pbest is updated, the

tness of the pbest of a particle is re-calculated using the current state of the environ-
ment. When using the full velocity update model, re-evaluating the pbest of the particles
Is imperative to avoid outdated memory. If tness evaluation is computationally inex-
pensive, the pbest of each particle can be re-evaluated every iteration. Although, if the
time of change is known, the pbest should only be re-evaluated after a change occurs to
avoid unnecessary computations. If tness evaluation is computationally expensive and
if the time of change is unknown, a detection and response strategy (described in the
next section) can rather be used to decide when a re-evaluation should take place. A
periodic re-evaluation is also an option if no detection mechanism is used.

4.5 Detection and Response

The rst approach that can be taken to overcome diversity loss is to reintroduce diversity
when a change is detected. This section investigate this approach.

In abruptly changing environments, a detection and response strategy can save com-
putation time by only re-evaluating the pbest of the particles when a change occurs.
Detection and response strategies also allow the algorithm to change behaviour to focus
on exploitation when the environment is static and on exploration when the landscape
changes. In environments with high temporal severity, changes happen too frequently for
a detection and response strategy to be e ective as the response is triggered too often.
To avoid this problem, a threshold can be set so that the detection mechanism ignores
small changes.

Section 4.5.1 discusses change detection and describes various detection mechanisms,
and section 4.5.2 discusses how swarm algorithms can respond to an environmental
change.
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4.5.1 Change Detection

If the algorithm is informed of when the changes occur, or if the changes are periodic and
the system can calculate the time of the next change, no detection mechanism is needed.
If the algorithm has no prior knowledge about the time of change, di erent techniques
can be used to detect a modi cation in the environment.

Deterioration of the performance of the current best particle is an indicator that the
landscape has changed [24, 95, 96, 97], but that is assuming that the quality of the old
solution decreases which may not be the case.

An approach used with genetic algorithms (GA) is to re-evaluate several individuals
every generation [14]. If at least one tness has changed, the environment has been
modi ed. Hu and Eberhart [40] proposed to monitor changes in tness at the position of
the global best particle based on the assumption that a change in the optimum’s location
leads to a change in tness of the current best solution. The second-best particle (and
possibly the third-best, etc) can also be monitored to increase accuracy and prevent false
alarms [41]. In a unimodal environment, this approach is likely to detect all changes, but
it may fail to do so in a multimodal, heterogeneous environment. Monitoring particles’
position allows only to detect changes that take place inside the radius of the swarm and
as the swarm converges, the area covered by the population becomes smaller and smaller.
The appearance of a new peak, for instance, could go undetected if the environment stays
static in the area where the swarm has converged. This option should only be considered
for algorithms constantly maintaining a high level of diversity, i.e. algorithms that do
not rely on a detection and response mechanism to reintroduce diversity.

A better option is to use a number of sentry points [19, 21]. Sentries store a copy of
the tness value at a random location. At the start of every iteration, the stored value
is compared to the new tness at that point. Using a large number of sentries can be
computationally expensive { depending on the cost of evaluation { but is more accurate
since several parts of the environment are monitored. Sentries can be re-evaluated at
every iteration or periodically if the computational cost of tness calculation is high. Itis
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also possible to set a threshold to only detect severe changes or, in progressively changing
environments, to wait until the landscape has considerably changed before triggering a
response. It is important to uniformaly distribute the sentries across the environment to
assure a good monitoring of the search space. Alternatively, the sentries can periodically
be randomly relocated.

If a threshold is used to avoid responding to insigni cant changes, the sentries (or
particles, if particles are used as sentries) should not update their stored tness until
a response has been triggered. In this way, an accumulation of small changes to the
landscape can be noticed.

Other techniques can also be used when dealing with real-world problems. Fogarty
et al. [33] suggested using a validation module to evaluate the algorithm’s performance.
Maintaining a model of the environment and regularly checking its consistency with the
real environment is yet another possibility [35, 44, 45, 77].

4.5.2 Response to Change

When an environmental change is detected, the algorithm can respond to the change in
several ways. If the detection and response strategy is used only to save unnecessary
re-evaluation of the pbest, the algorithm does not change its behaviour when a change is
detected but only re-evaluates the particles’ pbest. In other cases where the objective of
the response is to overcome diversity loss, diversity can be re-introduced in the swarm,
typically by randomly reinitialising the position of some particles or even the whole
swarm [27]. The details of such a reinitialisation strategy are discussed in section 4.8.1.
Various other approaches to re-introduce diversity are discussed in the remainder of this
chapter.
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4.6 Diversity Maintenance

The second approach that can overcome diversity loss is to maintain diversity at all time.

To overcome premature convergence in static optimisation problem, Krink et al. [51]
designed a PSO model with Spatial Particle Extension (SEPSO) where particles have a
volume (spatial extension) so that two particles cannot share the same space. If two
particles collide, the particles bounce away and thus the clustering does not occur. To
make already discovered optima unattractive to the swarm, Parsopoulos and Vrahatis [73]
used function stretching, a technique which transforms the original objective function.

Using inter-particle repulsion, that is, having particles repel each other based on
their proximity is a repulsion technique that has been used to maintain diversity in DEs
[6, 8, 9, 10, 32]. Applying repulsion strategies can be computationally expensive if the
distance between all particles must be measured. Also, repulsion methods may require

ne tuning of the parameters to prevent particles from leaving the search space and allow
exploitation while maintaining a su cient level of diversity.

Alternatively, Blackwell and Branke [11] have proposed to have a number of particles
being randomly re-located within a radius centered on the ghest instead of having their
position updated using equation 3.2. This approach avoids the need for calculating
inter-particle distance and allows control over the dispersion of the particles.

4.7 Swarm Sub-division and Parallel Tracking of Op-

tima

The third approach to overcome diversity loss is to track every local optimum individually
with a subset of particles from the swarm. In this way the algorithm already monitors
areas of interest in case a local optimum becomes the global optimum after a change.
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Speciation or niching was rst developed to nd all optima in multimodal problems
[3, 4, 18, 48, 56, 72, 80, 81, 82] and later adapted and applied to DEs for its capacity
to track multiple peaks simultaneously [54, 57, 70, 71, 83]. When speciation is used, the
particles are allowed to leave the main swarm and form sub-swarms (also called species,
niches, or clusters) based on inter-particle proximity. Each niche exploits a separate peak
while the other particles continue exploring the search space. Niches are also allowed to
merge or further divide.

An alternative approach to niching is to use multiple populations. Multiple popula-
tions (multi-swarm) also permits simultaneous tracking of several optima, but typically
uses xed-size sub-swarms instead of dynamically forming them [57].

Both speciation and multiple populations require that some level of diversity is kept
within the sub-swarms to allow peak tracking, as well as between the sub-swarms to
allow peak detection. To maintain diversity within the sub-swarm, diversity maintenance
techniques can be used.

There exists other strategies to sub-divide the swarm and track the optima in parallel.
One approach is to divide the search space into sub-parts or cells, and to distribute the
particles among the cells [38]. Another approach is to have di erent types of sub-swarms
collaborate [52, 59]. This way, a sub-swarm focuses on the detection of new peaks while
one or more other sub-swarm(s) exploit(s) each peak independently.

4.8 Swarm Algorithms Designed for Dynamic Envi-
ronments

A number of variations of the PSO algorithm have been developed to solve dynamic
optimisation problems. These variations have proven to perform better in DEs than the
standard PSO [6, 8, 9, 10, 11, 12, 27, 32, 38, 52, 54, 57, 59, 70, 71]. Discussing the
e ciency of each variation of every algorithm is outside the scope of this work. However,
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it is important to select speci ¢ instances of algorithms and problems that can give a
general idea of the entire range of existing algorithms. In the experimental part of this
work, it is then possible to match the selected algorithms against a range of DE test
cases and to analyse the results of these experiments.

A representative panel of PSO algorithms, namely the reinitialising PSO, charged
PSO (CPSO), APSO, QSO, multi-swarm, and SAMS, are described in this section.
These algorithms make use of the approaches presented in section 4.4 to 4.7 to improve
their e ciency on dynamic optimisation problems. An algorithm that uses a detection
and response strategy is presented in section 4.8.1, section 4.8.2 and 4.8.3 describe algo-
rithms that use diversity maintenance. Sections 4.8.4 and 4.8.5 describe algorithms that
use swarm sub-division and parallel tracking of optima. All the algorithms described
implement re-evaluation of the pbest of the particles.

4.8.1 Reinitialising PSO

Eberhart and Shi [27] suggested reinitialising all or part of the swarm after an environ-
mental change to reintroduce diversity. When the environment is static, the reinitialising
PSO behaves like the standard PSO. When a change occurs, all or a percentage of the
particles of the swarm are randomly repositioned in the search space in order to detect
the new position of the optimum. If only part of the swarm is reinitialised, the particles
that are reinitialised are selected randomly among the particles of the swarm. To keep
track of the best known position(s), Eberhart and Shi also suggested to reinitialise all
but the best particle or to only keep in place the particles that are the best in their neigh-
bourhood. Since the aim of the reinitialisation is to increase diversity, the reinitialised
particles should also have their velocity reset and their pbest set to the particle’s current
position to avoid being immediately attracted towards their former position. The values
of Vimax:j, W, €1 and c, are constant and remain una ected by the reinitialisation process.
In addition, the pbest of the other particles should be re-evaluated. The reinitialising
PSO algorithm is summarised in algorithm 4.1.
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Reinitialisation introduces more diversity into the swarm, which prevents the swarm
from converging within a small area. Among the algorithms presented in this section, the
reinitialising PSO is the only one making use of a detection and response strategy. The
reactive nature of the algorithm allows the swarm to use the standard PSO’s capacity
to exploit while overcoming the problem of diversity loss. One of the downsides of the
reinitialising PSO is its dependence on the detection mechanism. If some of the changes
go undetected, the reinitialising PSO may be subject to the limitations of the standard
PSO. Also, if the environment has a high temporal severity, frequent reinitialisations can
reduce the exploitation capacity of the algorithm.

4.8.2 Charged PSO and Atomic PSO

Blackwell and Bentley [6, 9, 10] proposed using inter-particle repulsion to maintain di-
versity at all time and developed the CPSO [9, 10] based on an analogy of electrostatic
energy. The swarm of a CPSO is made of charged particles, a new type of particles that
repel each other if they come too close to one another. Alternatively, the swarm can con-
sist of a combination of charged particles and neutral particles that behave like standard
particles without experiencing or exerting a repulsive force. The atomic PSO (APSO)
[10] contains both charged and neutral particles. The neutral particles exploit the area
around the global best, while the charged particles continue to explore the search space.
The CPSO and APSO algorithms are outlined in algorithm 4.2, where the CPSO is the
special case where all particles have a non-zero charge. Charged particles use equation
(4.1) to update their velocity:

Vij(t+ 1) = vii (D) +cargy (O (1) X5 (O] + cargy O () xi (O] +a55(1)  (4.1)

where ajj (t) is the acceleration which determines the magnitude of inter-particle repulsion
for particle i in dimension j. The acceleration vector a;(t) is de ned as

3
ai(t) = ajo(t) 4.2)

0=1;i60
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Create and initialise an ny-dimensional swarm, S;

repeat:

// set the pbest position based on the current tness at the pbest’s position
if £(S:x;) > f(S:y;i) then
Syi = SiX;j;
end
// set the nbest position
if £(S:y;) = £(S:¥i) then

S:9i = Syi;
end
end
for each particle, i = 1;:::;S:ng do

update the velocity using equation (3.3);
update the position using equation (3.2);

end
if change is detected then
for a subset of the particles, i = 1;:::;S:ng not including the gbest, do
randomly select a new position
set velocity to zero
set the pbest to current position
end
end

until stopping condition is true;

Algorithm 4.1: Reinitialising PSO

with the repulsion force between particle i and o de ned as

8
3 kxi(t()giEZ(t)_kii (Xi(t) Xo(t)) ifO<R: kxi(t) X, (Dk Rp
ajo(t) = o e if kxi() Xo(Hk R
"0 if kxi(t)  Xo(Dk > R
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where Q; is the charged magnitude of particle i, R is the core radius, and R, is the
perception limit of each particle. The range [R¢; Rp] de nes the range within which
charged particles experience inter-particle repulsion. The purpose of the lower bound,
R¢, is to limit the acceleration of the particles too close to one another. No repulsion
takes place between particles further apart than the upper bound, Ry.

When a non-fully connected neighbourhood topology is used, the charged and the
neutral particles should be randomly positioned in the topology so that the charged and
neutral particles are interconnected and can exchange information more easily.

Blackwell and Bentley [10] found that atomic swarms outperform the charged swarms
and empirical evaluations have found the CPSO and APSO to be very e cient in DEs
[6, 7, 10].

The main drawback of CPSO and APSO is their computational complexity of O(n?)
since the calculation of the inter-particle repulsion requires that the distance between all
charged particles be computed.

4.8.3 Quantum Swarm Optimisation

In the quantum model of the atom, orbiting electrons are replaced by a quantum cloud
which is a probability distribution governing the position of the electron upon measure-
ment [85]. QSO was developed by Blackwell and Branke [11, 12] as a simpli ed and
less computationally expensive version of the CPSO. As an atomic swarm, a quantum
swarm contains neutral particles and charged particles, also called quantum particles.
Instead of repelling each other, the quantum particles are randomly placed within a
multi-dimensional sphere, B, of radius r¢.uq centred on the current global best particle
of the swarm as follows:

X-(t+1)_ Xi(®) +vi(t+1) ifQi=0 (44)
I - Bn(rcloud) if Qi &0 .
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Create and initialise an ny-dimensional swarm, S;

A percentage of the particles have their charge set to a non-zero value (charged particles),
and the rest of the particles have their charge set to zero (neutral particles);

repeat:

// set the pbest position based on the current tness at the pbest’s position
if £(S:x;) > f(S:y;) then
S:yi = S:Xi;
end
// set the nbest position
if £(S:y;) = £(S:¥;) then

Sy = Syi;
end
end
for each particle 1 =1;:::;S:ns do

update the velocity using equation (4.1);
update the position using equation (3.2);
end
until stopping condition is true;

Algorithm 4.2: APSO

QSO is summarised in algorithm 4.3.

4.8.4 Multi-swarm

The idea behind the multi-swarm algorithm introduced by Blackwell and Branke [8, 11,
12] is to divide the swarm into a number of sub-swarms each tracking a di erent peak.
Although the dynamics governing the position and velocity updates of a particle in a
particular sub-swarm are speci ed only by the parameters of that sub-swarm, the sub-
swarms interact locally via an exclusion operator and globally via an anti-convergence
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Create and initialise an ny-dimensional swarm, S;

A percentage of the particles have their charge set to a non-zero value
to identify them as quantum particles, and the rest of the particles
have their charge set to zero (neutral particles);

repeat:

// set the pbest position based on the current tness at the pbest’s position
if £(S:x;) > f(S:yi) then
Syi = SiXi;
end
// set the nbest position
if £(S:y;) = £(S:¥i) then

S:9i = Syi;
end
end
for each particle i =1;:::;S:ng do

update the velocity using equation (3.3);
update the position using equation (4.4);
end
until stopping condition is true;

Algorithm 4.3: QSO

operator.

Exclusion prevents multiple sub-swarms from clustering around a single peak, the
sub-swarms have an exclusion radius, rey, centred on their global best particle. If a
sub-swarm enters the exclusion radius of another sub-swarm, the weaker sub-swarm, i.e.
the sub-swarm whose best particle has the lower tness, is reinitialised. The best particle
of a sub-swarm is referred to as swarm attractor and denoted p.

Multi-swarm convergence occurs when all sub-swarms have converged on di erent
peaks. In such a state, multi-swarm algorithm cannot detect the appearance of new
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Figure 4.6: Multi-swarm with four QSO sub-swarms in a progressively changing environment

peaks. Anti-convergence guarantees that the multi-swarm algorithm keeps its peak-
detection capabilities by reinitialising the weakest swarm when all sub-swarms have
converged. The diameter of a swarm is the maximum distance between two particles
[12]. In this context, the radius of the swarm is half that distance. A sub-swarm is
considered converged if its radius is smaller than the convergence radius, reny. If the
sub-swarms make use of CPSO/APSO or QSO, the radius of a sub-swarm is calculated
using only the neutral particles of that sub-swarm as the charged or quantum particle
cannot, by design, converge.

The multi-swarm algorithm is summarised in algorithm 4.4. To allow a sub-swarm
to track a moving peak, diversity must be kept within the sub-swarm. CPSO/APSO or
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QSO are therefore used as sub-swarms because of their capacity to maintain diversity.
Blackwell and Branke [11] have demonstrated the superiority of multi-swarm that use
QSO as sub-swarms over multi-swarm using CPSO’s or APSO’s. Choosing the optimal
number of sub-swarms requires knowledge of the number of peaks that are present in
the environment. If the number of peaks varies with time, selecting the optimal number
of sub-swarms can be di cult.

Create and initialise C ny-dimensional swarms, S;

repeat:
if all swarms have converged then
Reinitialise the worst swarm
end
for each sub-swarm, Sy do
Perform one iteration of sub-swarm Sy using the corresponding algorithm
end
for each sub-swarm Sy do
for each sub-swarm S, & Sy do
if swarm attractor py is within reyg of p; then
if f(p)  f(p1)
Reinitialise Sk
else
Reinitialise S,
end
end
end
end
until stopping condition is true;

Algorithm 4.4: Multi-swarm
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4.8.5 Self-adapting Multi-swarm

To avoid selecting a maximum number of sub-swarms for the multi-swarm algorithm,
Blackwell and Branke [8] developed SAMS which regulates the number of sub-swarms
by itself. The SAMS algorithm is similar to the multi-swarm algorithm except for the
following:

A new sub-swarm is created and initialised in the search space when all sub-swarms
have converged. There is therefore no need for the anti-convergence operator since
the new swarm can detect appearing peaks.

Instead of a xed convergence radius, the convergence radius is calculated as fol-

lows:
X

r(t) = 2C1=nx

where X is the length of the domain range, C is the current number of sub-swarms

(4.5)

and ny is the number of dimensions of the search space. The dynamic convergence
radius r(t) replaces both rex and reony in the multi-swarm algorithm, and therefore
determines both convergence and exclusion.

If the diameter of a sub-swarm is smaller than 2r(t), the sub-swarm has converged.
The SAMS algorithm introduces an extra parameter Neycess, Which is the maximum
number of free (i.e. not converged) sub-swarms allowed. If the number of free
sub-swarms, Ceree, €XCEEAS Neycess, the worst free sub-swarm is removed. SAMS
therefore eliminates two control parameters from the multi-swarm algorithm (rexc
and reny) but introduces a new parameter (Nexcess)-

The number of sub-swarms at any iteration t is given by

c() =
C(t 1) +1 if Ceree =0 (4.6)

c) = .
C(t 1) 1 if Cfree = Nexcess
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Blackwell [8] argues that Neyxeess Should not be set to 1 for it can cause repetitive
addition and removal of a sub-swarm and waste function evaluations. A very large value
for Nexcess Provides good results when the number of peaks is large, but may cause the
generation of too many un-removable free sub-swarms as the convergence criterion can
on occasion count a sub-swarm as converged even though the sub-swarm is not associated
with a peak [8].

Since the number of particles in a sub-swarm is xed, the number of particles in
SAMS grows as more sub-swarms are created. The algorithm can therefore become
computationally expensive if a large number of sub-swarms are present simultaneously.
SAMS algorithm is summarised in algorithm 4.5.

4.9 Summary

This chapter presented the limitations of the original PSO algorithm when applied to
DEs, namely outdated memory and diversity loss. A number of approaches to reduce
or eliminate the e ect of these limitations have been discussed. First, the optimisation
of certain parameters of the standard PSO (section 4.3), then approaches that can be
taken to modify the PSO algorithm (section 4.4 to 4.7), and eventually variations of the
PSO algorithm (section 4.8) that make use these approaches have been described. These
algorithms are empirically evaluated in the experimental part of this work, and the next
chapter inspects ways to measure their performance in DEs.
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Create and initialise one ny-dimensional swarm, S;

repeat:
if all swarms have converged then
Create and initialise a new ny-dimensional sub-swarm
else if Cgree = Nexcess then
remove the worst free sub-swarm
end
for each sub-swarm Sy do
Perform one iteration of sub-swarm Sy using the corresponding algorithm
end
for each sub-swarm Sy do
for each sub-swarm S; & Sy do
if swarm attractor py is within r of p; then
if f(p) F(p1)
Reinitialise Sk
else
Reinitialise S
end
end
end
end
until stopping condition is true;

Algorithm 4.5: SAMS
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Chapter 5

Performance Measures for Dynamic
Environments

\Trying to improve something when you don’t have a means of measure-
ment and performance standards is like setting out on a cross-country trip in
a car without a fuel gauge. You can make calculated guesses and assumptions
based on experience and observations, but without hard data, conclusions are
based on insu cient evidence."

{ Mikel Harry

A number of swarm algorithms have been discussed in the previous chapters. To allow
empirical evaluation of these algorithms, the way in which the algorithms’ performance
is measured must be de ned. This chapter presents performance measures tailor made
for population-based algorithms applied to dynamically changing environments.
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5.1 Introduction

Although performance measures are well de ned for population-based algorithms solving
static problems [29], it is not the case for algorithms working in DEs. Several measures
are in use but there is no universal agreement on how the e ciency of dynamic algorithms
has to be evaluated. This chapter outlines some of the limitations of existing measures
and contains a proposal for a new approach to quantify the performance of algorithms
in DEs. It is worth noting that some of these measures have been used in GAs, but are
equally applicable to PSO.

Section 5.2 discusses the limitations of the performance measures used to evaluate
swarm algorithms applied to static problems, section 5.3 describes the qualities required
from algorithms applied to dynamic problems and critically discusses the measures that
have been used to evaluate such algorithms, section 5.4 describes guidelines for the
selection of performance measures that evaluate PSO algorithms applied to DEs and
section 5.5 discusses the selection of performance measures that can be used to assess
the qualities required from swarm algorithms applied to DEs.

5.2 Limitation of Classic Performance Measures

In static environments, the qualitiy of a standard PSO can be measured in terms of the
following [29]:

Accuracy, i.e. the quality of the best solution obtained at the end of a simulation;
Reliability, i.e. the percentage of simulations that reach a speci ed accuracy;

Robustness, also referred to as stability, i.e. the variance in performance over a
number of simulations which indicates how reliable the algorithm is at providing a
given performance level; and
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E ciency, i.e. the number of tness evaluations needed to reach a speci ed
accuracy.

Unfortunately, these measures only take into account the values obtained at the end of
the simulations. In DEs, performance has to be assessed over a time period, and therefore
these measures are insu cient to quantify the performance level of algorithms applied
to DEs. Algorithms working in DEs must not only be able to nd the optimum, but
also to keep track of the known optimum and to detect new optima as they appear. The
performance of the algorithm must therefore be measured during the entire simulation
to represent the performance through all the environmental states.

5.3 Existing Measures for Dynamic Environments

To design an adequate approach to performance measurement, it is important to know
what qualities of the algorithm are to be assessed. Weicker [102] suggested evaluating
algorithms applied to dynamic problems based on the following:

Accuracy, i.e. how close to the optimum the best particle is on average;

Stability, i.e. how much the current best solution’s accuracy decreases on average
after a change; and

Recovery time or reactivity, i.e. how long does the algorithm take on average to
recover to an acceptable accuracy after a change occurred.

These three characteristics give a reasonable indication of the algorithm’s capacity to
detect and keep track of peaks since the undetected appearance of a new optimum and
the loss of the current optimum are re ected by a drop in accuracy.

In the context of DEs (and for the remainder of this work), stability indicates the
robustness of the solutions found, that is, the capacity of a solution to remain good after
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an environmental change. For instance, solutions located on a high plateau have a better
chance to keep a good tness after a change (hence a higher stability) than solutions on
a thin peak. Figure 5.1 illustrates the concept of stability. In this gure, solution B is
more stable than solution A because, after the change, the drop in B’s tness is smaller
than the drop in A’s tness. After optimisation has stopped, solutions such as B can
potentially keep a higher tness for longer periods of time. In real-world situations where
there are costs associated with adaptation, the algorithm aims to nd these solutions
that are likely to remain good after an environmental change [15]. In addition to the
accuracy, stability and reactivity, it can be of interest to look at the exploitation capacity,
which is the maximum accuracy the algorithm can reach, on average, before the optimum
is modi ed. Indeed, in an environment where the algorithm is given a certain amount
of time to produce a solution, algorithms producing the best solution at the end of the
period may be preferable to algorithms providing a more accurate solution on average.

In order to evaluate the accuracy, stability, reactivity and exploitation capacity of an
algorithm, several performance measures have been used. These measures are critically
discussed in the following list:

The online performance is the average of all tness evaluations of all particles over
the entire simulation [15]. Formally, online performance is de ned as

: 1 X
online performance = — e, (5.1)

n
& v=1

where e, is the vi" tness evaluation and n, is the number of evaluations considered.
This performance measure provides little information about the best values found,
which are the only important values for a practical implementation of an algorithm
[62]. Furthermore, in DEs diversity is essential but a diverse swarm is likely to have
a number of particles with poor tness and therefore have a low online performance.

The average over all iterations of the Euclidian distance between the best solution
and the optimum [103], called the mean tracking error [63] when taken over a large
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Figure 5.1: lllustration of stability in DEs

number of simulations, is formally de ned as
an P;‘;1 pD}Zl(gbestj (tm) max;(t;m))?2

m=1 N¢
mean tracking error = - (5.2)
m
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Figure 5.2: Limitations of mean tracking error

where gbest;(t; m) is the position in dimension j of the best particle at iteration t
in simulation m, max;(t; m) is the position of the global optimum in dimension j
at iteration t in simulation m, n¢ is the maximum number of iterations, n,, is the
maximum number of simulations and ny is the number of dimensions.

The mean tracking error requires knowledge of the exact position of the optimum
at all times { information that may not be available. Also, this approach can make
a bad solution \geographically" close the optimum look good as only the distance
from the optimum is measured while the tness of the solution is ignored. Figure
5.2 illustrates the limitations of the mean tracking error: solution A has poor
quality but is close to the optimum, while solution B, which has better quality,
shows a larger error.

Weicker measured accuracy for a small window of iterations by taking the di erence
between the best and the worst tness of an iteration over the di erence of the
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best and the worst tness in the window [102] or, formally,

f(ghest(t)) window_worst

window accuracy(t) = max window_best window_worst (5-3)

with
window_best = maxff(gbest(t))jt W t' tg (5.4)
window_worst = minff(gworst())jt W t tg (5.5)

where gbest(t) is the best particle of the swarm at iteration t, gworst(t) is the
worst particle of the swarm at iteration t and W is the window size in number of
iterations.

This technique o ers an alternative to the average error when the optimum’s value
is unknown but is based on the assumption that the best tness value does not
change much within a small number of iterations. This assumption is correct only
in progressively changing environments. In an abruptly or chaotically changing
environment the optimum’s value can be heavily modi ed from one iteration to
the next.

Figure 5.3 illustrates what happens when Weicker’s measure is used on an algorithm
applied to an abruptly changing environment. As the best tness increases, the
window accuracy is equal to one because the current best is equal to the window’s
best. When a change occurs, the window-accuracy drops to zero since the window
now contains both the high tness from before the change and the low tness
from after the change. After a number of iterations, equal to the window size, the
high tness from before the change is excluded from the window and the window-
accuracy becomes once again equal to one. In this context, the window-accuracy
fails to provide information on the accuracy of the solutions found by the algorithm.

The modi ed o ine performance takes the average of the best values found so far
at each evaluation, with a reset of the best-so-far after a change occurs [15]. This
technique provides information about how quickly the algorithm adapts to a change
but requires knowledge of when a change occurs. It also requires consideration of
the progression of the best-so-far value through the simulation instead of providing
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Figure 5.3: Limitation of the window-accuracy for an abruptly changing environment. The
black line sketches the window-accuracy over a number of iterations, while the dotted line
sketches the progression of the best tness over the same period of time.

a single average value. Alternatively, the values obtained before every change
can be averaged to obtain a single value that represents the performance of the
algorithm, or formally

. 1
0 ine performance = — e, (5.6)
with
e, = maxfec; €ct1; €c+2; 105 €0 (5.7)
where c is the iteration during which the last change occurred.
Bird and Li [5] proposed the best known peak error (BKPE) to measure the con-
vergence speed of an algorithm after a peak has been found. BKPE is computed

in a similar fashion to the modi ed o ine performance except that the o ine er-
ror is computed per iteration and for each peak individually. The o ine error of
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a peak is calculated using only the particles located on this peak and the peak’s
optimal value. Just before a change occurs, the peaks that have not been covered
by at least one particle every iteration since the last change are discarded. The
o ine error of the peak with the best particle among the peaks left is then added
to the total. At the end of the simulation, the total is averaged per iteration. A
full description of the BKPE can be found in [5]. Although this measure gives
insight into the exploitation capacity of the algorithm, the measurements can be
inaccurate if few or no peaks are constantly covered by particles.

Trojanowski and Michalewicz [91] measured the di erence between the optimum
value and the best solution’s tness just before a change. Using this measure entails
knowing when the changes occur, as well as the value of the optimum, but o ers
some information on the exploitation capacity of the algorithm no other measure
can provide. The average best error before change (ABEBC) is formally described

as
>

1
ABEBC = . (errcr 1) (5.8)

c=0
where r is the number of iterations between two environmental changes, ny is the
number of environmental changes, err..; is the di erence between the best tness
and the optimal tness at iteration t after the last change ¢c. Change zero marks
the beginning of the simulation. ABEBC is described further in section 5.5.

One of the most commonly used measures is the best-of-generation average [2, 34,
36] which is the average over all iterations of the best solution of each iteration.
Morrison [62] criticized this approach for its inability to measure the statistical
signi cance of the result and to compare performance across the full range of land-
scape dynamics. He proposed the collective mean tness (CMF) which is a best-
of-average exposed to a representative sample of all possible landscape dynamics,

formally de ned as
P P?;lf(gbest(t;m)))

CMF = ™=t . Nt (5.9)
m

where f(gbest(t; m)) is the tness of the best particle at iteration t of simulation
m.
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The main disadvantage of the CMF is the large number of simulations required.

5.4 Guidelines for Performance Measures

When designing performance measures for algorithms applied to changing environments,
certain guidelines should be considered. These guidelines are listed below:

1. First of all, the measures should always be an average of a collection of values sam-
pled during the whole simulation and not a single value. There may be problems
where tness of a particle can be positive or negative. For such cases, one must
take the absolute value of the tnesses to make sure the elements of the average
do not cancel each other out.

2. If the value of the optimum is known at all times, this information can be used to
calculate the error, that is the di erence between the tness of the best particle
in the swarm and the value of the optimum. Performance measures using the error
are indeed always preferable to those using the tness since, for every problem, the
optimal error is always zero while the optimal tness value varies with the value
of the optimum. Using the error therefore allows for better comparison between
algorithms working on di erent problems.

3. If the optimum’s value is unknown, the error cannot be calculated and the tness
of the best particle must therefore be used instead of the error. If the number of
iterations and simulations are high enough and if the algorithm is exposed to a suf-

cient number of changes, the average tness should permit a suitable comparison
between di erent algorithms as long as they work on identical problem instances.
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5.5 Selection of Performance Measures

Based on the di erent approaches described in section 5.3, it becomes apparent that
the performance measure to use depends on the intent of the practitioner, the amount
of information available about the optimum and, to a lesser extent, on the class of DEs
tested. Indeed, the more information available about the landscape dynamics, the more
accurate the assessment can be. Depending on what the objective of the algorithm is,
a single measure can sometimes be enough. However, for a complete evaluation of an
algorithm’s capacity to work in a changing environment, several performance measures
may be needed in order to assess the accuracy, stability, reactivity and exploitation
capacity of the algorithm.

Di erent performance measures designed to evaluate speci ¢ qualities of an algorithm
are listed below. Some of the methods from section 5.3 that provide useful information
are reintroduced here:

The collective mean tness de ned in equation (5.9) [62] (or collective mean
error (CME)) is typically a useful performance measure. It provides measurements
similar to the averaged o ine error and gives a good general idea of the stability,
reactivity, detection capacity, tracking capacity and accuracy of an algorithm since
a drop in any one of these characteristics translates into a drop in CMF (or a rise
in CME).

In a progressively or chaotically changing environment, the high frequency of
change causes the best tness before a change to be very close or equal to the
best tness after a change, which means that the exploitation capacity of an al-
gorithm is hardly distinguishable from its stability. In such environments, the
CME/CMEF is therefore the only measure needed. However, in an abruptly chang-
ing environment, the exploitation capacity can be measured using the average
best error before change (ABEBC) de ned in equation (5.8) or average best

tness before change (ABFBC)) (if the optimum value is unknown). Figure 5.4
represents the change in error value for algorithms ALG1 and ALG2 over a sample
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A change change

Error

\ AL&G's Error iALGZ’s Error

¢ ALGl's Error ALGL' s Error
s

| terations

Figure 5.4: ABEBC.

of iterations (the sample does not start at the beginning of the simulation). Algo-
rithm ALG1 has a better average error than algorithm ALG2, but ALG1 continues
to approach the optimum until a change occurs, while ALG2 stagnates at a certain
accuracy level. If the objective of the problem is to nd the best possible solution
within a given time (the time between two environmental changes), then algorithm
ALG1 performs better.

To measure the stability of an algorithm in an abruptly changing environment more
accurately, the average best error after change (ABEAC) or the average best

tness after change (ABFAC) can be used. These measures average the best
values (' tness or error) after a change and therefore promotes algorithms that nd
more stable solutions. The ABEAC is formally de ned as

1 X
ABEAC = K (errco) (5.10)

c=1

86



Chapter 5. Performance Measures for Dynamic Environments

Measuring the di erence between the error/ tness before and after a change would
make solutions located on low plateaus look good and is therefore an unreliable
measure. As illustrated in gure 5.5, the di erence in tness before and after
the change is smaller for solution B than for solution A. Although, solution A is
preferable to solution B even after the environment has changed.

The recovery time is only applicable in abruptly changing environments as only a
low change frequency can allow the algorithm to \recover™. In such environments
the average number of iterations needed to reach an acceptable error
after a change, or iterations to error limit (ITEL), can be used to measure
the average recovery time of an algorithm as illustrated in gure 5.6. ITEL is
formally de ned as

ITEL= — (5.11)

where C
MiNgterre.< Ftg if 9errgy <

= ) (5.12)
r otherwise

where r is the number of iterations between two changes, s the target error the
algorithm must reach, and err¢. is the di erence between the best tness and the
optimal tness at iteration t after the last change c. The value of the optimum
must be known at all times to calculate the error by taking the di erence between
the optimum and the best particle’s tness. Once an acceptable error level has
been de ned for the problem, it is possible to count how many iterations { or func-
tion evaluations { are needed to reach an acceptable error after an environmental
change. Knowledge about the time of change is therefore also required. The reac-
tivity cannot be measured without information about the optimum’s value since it
is not possible to de ne an acceptable tness level without knowing if such tness
is actually reachable within the search space. Figure 5.7 shows what can happen
when a tness threshold is used: after change 2, the recovery time is equal to
zero because the tness of the best individual (black line) does not drop below the
threshold (dotted line), although the algorithm never becomes close to the opti-
mum (thick line). After change 3, the algorithm performs well, but because the
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optimum is lower than the threshold, the best tness never reaches an acceptable
level.

Although an algorithm’s capacity to detect a new optimum is shown to some
extent by the CME, the average diversity of the population throughout the
simulation can give an extra indication of the detection capacity of the algorithm:
the larger the diversity of the population, the higher the probability of detecting
the appearance of a new peak. Diversity can be measured by taking the largest

distance between any pair of particles as follows:
8v o
o 1 X <}.‘%x =
average diversity = — max
N¢ =1 (i60)2[1;ns] =

(Xij  Xoj)? _ (5.13)
=1 7

where X;;j is the position of particle i in dimension j, ny is the dimensionality of the
problem and ng is the size of the swarm. Alternative ways to calculate the diversity
can be found in [67]. Also, the diversity can be measured using peak cover [5, 15].
Peak cover is the ratio of the number of peaks covered with at least one particle
over the total number of peaks in the environment. Using only average diversity
and/or peak cover is not enough to determine the performance of an algorithm,
but can provide useful complementary information.

In the case of an abruptly changing environment with known change time, the
average diversity level after change (ADAC) can be calculated instead of a
general average of the diversity. ADAC is formally de ned as

> C x )

1
ADAC = — max  sqrt  (Xij = Xoj)? (5.14)

Nk, (80)2[Liny] i1

where ni is the number of environmental changes. Indeed, the only time a peak can
appear is right after a change and the diversity of the swarm is therefore relevant
only at that speci c time. However, this measure is only applicable to algorithms
that arti cially reintroduce diversity when a change is detected. For cases where
the diversity level of the swarm increases progressively after a change, an average
of the maximum diversity levels achieved between changes can be used.
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This section’s list can be thought of as a toolbox containing the various measurement
tools that can be used depending on the purpose of the algorithm and the kind of dynamic
problem the algorithm is applied to. The CME (or CMF) can always be used to evaluate
how the algorithm performs in the DE. For progressive environments of type Il and Il
the average diversity can also be used to measure the algorithm’s detection capacity.
All the other measures in the above list are applicable solely to environments with a
relatively low change frequency, but allow an evaluation of the stability, reactivity, and
exploitation capacity of the algorithm. The evaluation of these qualities is not possible
using the measures discussed in section 5.3.

5.6 Summary

After studying the existing performance measures for evolutionary and swarm based
algorithms applied to dynamically changing environments and identifying the qualities
such algorithm should possess, evaluation guidelines and speci ¢ performance measures
have been discussed. The background and theory part of this work is now complete.
The experimental setup and result analysis part of the thesis begins in the next chapter
with a description of the experimental procedure.
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Figure 5.5: lllustration of how the tness di erence before and after a change as measure of

stability can be misleading.
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Figure 5.6: Average number of iterations needed to reach an acceptable error after a change.
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Figure 5.7: Limitation when using a tness threshold to measure the reactivity.
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Part 11

Experimental Setup and Results
Analysis
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\Now this is not the end. It is not even the beginning of the end. But it
is, perhaps, the end of the beginning."

{ Sir Winston Churchill
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Chapter 6

Experimental Procedure

\Not everything that can be counted counts, and not everything that counts
can be counted."

{ Albert Einstein

The experimental part of this work begins with the de nition of the experimental
procedure used to evaluate the algorithms. To obtain meaningful results, it is necessary
to narrow down a potentially limitless number of experiments to a representative panel
of test cases. This chapter selects the problems, performance measures and settings
common to all algorithms to allow the isolation of the main features of the algorithms
and environments.

6.1 Introduction

The aim of this thesis is to provide a better understanding of the strengths and weak-
nesses of the various swarm algorithms and to investigate how the di erent approaches
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taken by the PSO algorithms from section 4.8 in uence the performance of PSO. To reach
this goal, standard values are selected for the parameters of the original PSO model which
are shared by all algorithms. Having a common base for all modi ed PSO algorithms
permits isolation of the e ect that a particular approach has on performance and makes
the algorithms easier to compare to each other. Similarly, the environments used to test
the algorithms share a number of characteristics, but each environment presents a unique
feature. The in uence of that feature on the performance of the various algorithms can
then be studied.

Section 6.2 describes the various problems the algorithms are applied to. Section 6.3
de nes the experimental method and speci es which performance measures are used to
evaluate the algorithm, and section 6.4 selects standard values for the parameters that
are common to all algorithms.

6.2 Description of the Test Environments

Section 2.3 listed numerous types of DEs and the many ways in which dynamic problems
can di er from one another. From the multitude of potential test cases, ve environments
with speci ¢ characteristics are selected to assess certain qualities of the algorithms. All
environment test cases are created using the MPB described is section 2.5. The domain
of the MPB is set to [0, 100]. The peaks never go outside the domain of the search space
but particles are free to leave the domain if their velocity leads them to do so. Boundary
constraints are deliberately not enforced because the repositioning of the particles inside
the domain can improve the peak detection capacity of the swarm. Since the aim of
this work is also to investigate the weaknesses of the algorithms, external factors that
in uence the performances { such as repositioning of particles that leave the domain {
should be eliminated.

To study the e ect that modality and dimensionality have on the performance of
the algorithms, instances of the ve environment test cases are created with 1, 5 and 15
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peaks, each of these in 2, 5, 10, 30 and 50 dimensions. This means that for each set of
parameters, an algorithm is tested against 75 test environments.

Ideally, environment test cases should be created for all combinations of Eberhart
et al.’s types, Angeline’s types, a range of values for temporal severity, and a range of
values for spatial severity. However, evaluating the algorithms on such a large number of
test environments would require an astronomical number of computer simulations and
is not possible in practice since every con guration of each algorithm would have to be
evaluated for each of these test cases. Therefore, a subset of test cases has to be selected.
The test environments are selected as follows:

E-STATIC { A static environment:

To measure how much the dynamic nature of an environment in uences perfor-
mance, the algorithms are rst tested on a static environment. Fifteen instances of
this environment varying in modality and dimensionality are created. The peaks
are initialised randomly at the beginning of the simulation (once per environment
instance), but are never changed in position or value. Evaluation of the algorithms
for this environment indicates how close to the optimum an algorithm can get if
given 1000 iterations to optimise the function. A static environment is obtained
using a height_severity of 0 and width_severity of 0 in equation (2.16), and s =0
in equation (2.18).

E-PROGRESS { A progressively changing environment:

This environment test case is classi ed as a progressive, random, type Il envi-
ronment according to the classi cation system of section 2.4.2. The 15 instances
of E-PROGRESS environments are used to evaluate the tracking capacity of the
algorithms. However, because this environment is of type 111, an algorithm with
bad detection capacity that tracks only one peak should show a lower performance
level for the multimodal environments when a di erent peak becomes the global
best. For such an environment, the changes occur at every iteration with a low
spatial severity obtained using a height_severity of 1 and a width_severity of 0:05
in equation (2.16), and s = 1 in equation (2.18).
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Appendix C. Statistical Signi cance

Table C.15: Comparison between re-evaluating PSO and QSO - 70%, radius:

DIMENSIONS 2 5 10 30 50

1p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=)
E-STATIC
(CME) 5p 1.000e 4 (=) 4.103e 3 (<) 6.324e 2 (=) 1.000e 4 (=) 1.000e 4 (=)

15p | 9.952e 2 (=) | 4.003e 4 (<) | 1.774e 1 (=) | 6.047e 3 (=) | 1.000e 4 (=)

1p 2.000e+0 (=) 3.233e 1 (=) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
E-STATIC

5p 2.000e+0 (=) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.366e 3 (<)
(Error)

15 p 3.233e 1 (=) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 5.427e 4 (<)

1p 3.532e 3 (>) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=)
E-PROGRESS

5p 6.868e 1 (=) 1.000e 4 (<) 3.120e 4 (<) 1.000e 4 (=) 1.000e 4 (=)
(CME)

15 p 5.820e 1 (=) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (=) 1.000e 4 (=)

1p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=)
E-ABRUPT

5p 1.504e 1 (=) | 1.000e 4 (=) | 3.446e 2 (=) | 1.366e 3 (=) | 1.000e 4 (=)
(CME)

15p | 2.882e 3 (<) | 1.340e 4 (<) | 6.646e 3 (=) | 1.000e 4 (=) | 1.000e 4 (=)

1p 7.195e 1 (=) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (=) | 1.000e 4 (=)
E-ABRUPT

5p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 7.297e 3 (=) 1.000e 4 (=)
(ABEBC)

15 p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 2.358¢e 1 (=) 1.000e 4 (=)

1p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=)
E-ABRUPT

5p 1.000e 4 (<) 1.000e 4 (=) 3.053e 1 (=) 7.191e 3 (=) 1.000e 4 (=)
(ITEL)

15 p 1.426e 1 (=) | 1.000e 4 (<) | 2.241e 2 (>) | 7.387e 1 (=) | 1.000e 4 (=)

1p 1.000e 4 (<) 1.000e 4 (<) 4.963e 2 (<) 1.000e 4 (=) 1.000e 4 (=)
E-CHAOS

5p 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (=) | 1.000e 4 (=)
(CME)

15 p 1.822e 1 (=) 1.000e 4 (<) 1.000e 4 (<) 3.065e 1 (=) 1.000e 4 (=)

1p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=)
E-CHAOS

5p 5.521e 1 (=) 1.000e 4 (=) 1.004e 2 (<) 1.000e 4 (=) 1.000e 4 (=)
(ABEBC)

15 p 1.424e 2 (=) | 1.000e 4 (=) | 8.896e 1 (=) | 2.025e 1 (=) | 1.000e 4 (=)

1p 1.000e 4 (<) 1.000e 4 (=) 3.233e 1 (=) 2.000e+0 (=) 2.000e+0 (=)
E-CHAOS

5p 1.000e 4 (<) | 1.000e 4 (=) | 2.000e+0 (=) | 2.000e+0 (=) | 2.000e+0 (=)
(ITEL)

15 p 1.000e 4 (<) | 1.000e 4 (=) | 7.925e 2 (=) | 2.000e+0 (=) | 2.000e+0 (=)

1p 3.065e 1 (=) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<)
E-PATTERN

5p 5.040e 1 (=) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
(CME)

15 p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
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Table C.16: Comparison between re-evaluating PSO and QSO - 90%, radius: 5

DIMENSIONS 2 5 10 30 50

1p 1.000e 4 (=) 1.304e 1 (=) 9.011e 1 (=) 1.000e 4 (=) 1.000e 4 (=)
E-STATIC
(CME) 5p 1.000e 4 (=) 5.497e 3 (<) 1.524e 3 (<) 1.000e 4 (=) 1.000e 4 (=)

15 p 1.38le 1 (=) | 2.247e 2 (<) | 3.537e 4 (<) | 8.779¢ 2 (=) | 1.000e 4 (=)

1p 2.058e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<)
E-STATIC

5p 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<)
(Error)

15 p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)

1p 1.421e 1 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=)
E-PROGRESS

5p 5.427e 4 (<) 1.000e 4 (<) 3.714e 3 (<) 1.000e 4 (=) 1.000e 4 (=)
(CME)

15 p 2.860e 1 (=) 1.340e 4 (<) 1.000e 4 (<) 2.420e 4 (=) 8.379% 3 (=)

1p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=)
E-ABRUPT

5p 5.908¢ 2 (=) | 1.000e 4 (=) | 1.894e 3 (=) | 1.000e 4 (=) | 1.000e 4 (=)
(CME)

15p | 3.532 3 (<) | 1.000e 4 (<) | 2.358¢ 1 (=) | 1.000e 4 (=) | 1.000e 4 (=)

1p 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (=) | 1.000e 4 (=)
E-ABRUPT

5p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (=) 1.000e 4 (=)
(ABEBC)

15 p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 4.946e 1 (=) 1.000e 4 (=)

1p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=)
E-ABRUPT

5p 1.000e 4 (<) 1.000e 4 (=) 6.865e 1 (=) 1.000e 4 (=) 1.000e 4 (=)
(ITEL)

15p | 9.61le 2 (=) | 1.000e 4 (<) | 3.205e 1 (=) | 1.169e 1 (=) | 1.000e 4 (=)

1p 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 4.963e 2 (<)
E-CHAOS

5p 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 2.633e 2 (=)
(CME)

15 p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 3.358¢e 3 (<)

1p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 2.078e 1 (=)
E-CHAOS

5p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.050e 2 (=)
(ABEBC)

15 p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 5.497e 3 (<)

1p 1.000e 4 (<) 1.000e 4 (=) 2.000e+0 (=) 2.000e+0 (=) 2.000e+0 (=)
E-CHAOS

5p 1.000e 4 (<) | 6.023e 1 (=) | 2.000e+0 (=) | 2.000e+0 (=) | 2.000e+0 (=)
(ITEL)

15 p 1.000e 4 (<) | 5.373e 1 (=) | 2.000e+0 (=) | 2.000e+0 (=) | 2.000e+0 (=)

1p 3.898e 1 (=) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<)
E-PATTERN

5p 4.231e 1 (=) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
(CME)

15 p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
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Table C.17: Comparison between re-evaluating PSO and QSO - 10%, radius:
DIMENSIONS 2 5 10 30 50

1p 7.229e 2 (=) | 5.514e 2 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
E-STATIC
(CME) 5p 6.024e 1 (=) 5.325e 2 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=)

15p | 3.580e 1 (=) | 3.136e 1 (=) | 6.024e 1 (=) | 2.127e 4 (=) | 1.000e 4 (=)

1p 2.000e+0 (=) 2.000e+0 (=) 2.000e+0 (=) 1.610e 3 (=) 1.000e 4 (=)
E-STATIC

5p 2.000e+0 (=) | 5.914e 1 (=) | 1.109e 1 (=) | 1.727e 1 (=) | 3.353e 1 (=)
(Error)

15p | 2.000e+0 (=) | 1.570e 1 (=) | 1.734e 2 (<) | 8.09l1e 1 (=) | 8.236e 2 (=)

1p 1.922¢ 1(=) | 1.194e 1 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
E-PROGRESS

5p 1.000e 4 (=) | 4.147e 2 (<) | 1.421e 1 (=) | 1.000e 4 (=) | 1.000e 4 (=)
(CME)

15 p 1.000e 4 (=) 4.622e 2 (>) 3.322e 4 (<) 3.280e 1 (=) 1.000e 4 (=)

1p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=)
E-ABRUPT

5p 1.000e 4 (=) | 1.000e 4 (=) | 1.252e 4 (=) | 2.750e 4 (=) | 1.000e 4 (=)
(CME)

15p | 1.000e 4 (=) | 5.708e 2 (=) | 1.000e 4 (=) | 1.194e 1 (=) | 1.000e 4 (=)

1p 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
E-ABRUPT

5p 1.000e 4 (=) | 1.990e 2 (=) | 1.159e 1 (=) | 6.646e 3 (=) | 1.000e 4 (=)
(ABEBC)

15p | 2.580e 4 (>) | 2.738e 2 (<) | 9.593e 1 (=) | 8.504e 2 (=) | 1.000e 4 (=)

1p 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 2.992e 1 (=) | 2.419e 3 (<)
E-ABRUPT

5p 1.000e 4 (=) 1.000e 4 (=) 2.327¢ 1 (=) 9.534e 1 (=) 2.000e+0 (=)
(ITEL)

15p | 1.000e 4 (=) | 6.210e 2 (=) | 4.533e 2 (>) | 1.084e 1 (=) | 3.233e 1 (=)

1p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=)
E-CHAOS

5p 1.998e 3 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
(CME)

15p | 5.134e 1 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)

1p 1.680e 1 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
E-CHAOS

5p 4.991e 3 (>) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
(ABEBC)

15p | 5.514e 2 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)

1p 1.000e 4 (=) 1.173e 1 (=) 2.000e+0 (=) 2.000e+0 (=) 2.000e+0 (=)
E-CHAOS

5p 1.000e 4 (>) | 1.049e 2 (=) | 2.000e+0 (=) | 2.000e+0 (=) | 2.000e+0 (=)
(ITEL)

15p | 1.589 1 (=) | 8.169e 3 (=) | 2.000e+0 (=) | 2.000e+0 (=) | 2.000e+0 (=)

1p 6.546e 1 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
E-PATTERN

5p 2.434e 2 (<) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
(CME)

15p | 1.000e 4 (=) | 1.252e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
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Table C.18: Comparison between re-evaluating PSO and QSO - 30%, radius:
DIMENSIONS 2 5 10 30 50

1p 3.136e 1 (=) | 6.54le 2 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
E-STATIC
(CME) 5p 2.132e 1 (=) | 5.720e 1 (=) | 3.428¢e 1 (=) | 1.000e 4 (=) | 1.000e 4 (=)

15p | 5.423e 1(=) | 1.910e 2 (<) | 8.780e 1 (=) | 1.000e 4 (=) | 1.000e 4 (=)

1p 2.000e+0 (=) 2.000e+0 (=) 2.000e+0 (=) 1.000e 4 (<) 3.658e 1 (=)
E-STATIC

5p 2.000e+0 (=) | 1.694e 2 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 9.476e 1 (=)
(Error)

15p | 2.000e+0 (=) | 1.000e 4 (<) | 9.480e 4 (<) | 7.229e 2 (=) | 4.853e 1 (=)

1p 8.091e 1 (=) | 7.229e 2 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
E-PROGRESS

5p 1.000e 4 (>) | 1.292e 3 (<) | 1.000e 4 (<) | 1.000e 4 (=) | 1.000e 4 (=)
(CME)

15 p 1.000e 4 (=) 1.687e 2 (=) 1.867e 4 (<) 1.700e 3 (=) 1.000e 4 (=)

1p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=)
E-ABRUPT

5p 1.000e 4 (=) | 1.000e 4 (=) | 6.324e 2 (=) | 1.000e 4 (=) | 1.000e 4 (=)
(CME)

15p | 1.000e 4 (=) | 1.680e 1 (=) | 1.000e 4 (=) | 1.124e 1 (=) | 1.000e 4 (=)

1p 1.000e 4 (=) | 9.205e 4 (=) | 1.610e 3 (<) | 6.324e 2 (=) | 1.000e 4 (=)
E-ABRUPT

5p 1.000e 4 (=) | 8.09le 1 (=) | 1.000e 4 (<) | 2.60le 1 (=) | 1.000e 4 (=)
(ABEBC)

15p | 7.73%e 4 (>) | 2.269e 4 (<) | 1.307e 2 (<) | 1.617e 2 (<) | 1.000e 4 (=)

1p 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (<) | 1.000e 4 (<)
E-ABRUPT

5p 1.000e 4 (=) 1.000e 4 (=) 9.942e 1 (=) 1.050e 3 (<) 2.000e+0 (=)
(ITEL)

15p | 1.000e 4 (=) | 1.124e 1 (=) | 6.659e 4 (=) | 4.111e 2 (<) | 2.000e+0 (=)

1p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=)
E-CHAOS

5p 1.155e 3 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
(CME)

15p | 3.195e 2 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)

1p 2.269e 4 (<) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
E-CHAOS

5p 6.965e 3 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
(ABEBC)

15 p 1.687e 2 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=)

1p 1.000e 4 (=) 1.000e 4 (=) 2.000e+0 (=) 2.000e+0 (=) 2.000e+0 (=)
E-CHAOS

5p 1.000e 4 (>) | 1.000e 4 (=) | 2.000e+0 (=) | 2.000e+0 (=) | 2.000e+0 (=)
(ITEL)

15p | 1.047e 2 (=) | 1.000e 4 (=) | 2.000e+0 (=) | 2.000e+0 (=) | 2.000e+0 (=)

1p 1.000e 4 (<) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
E-PATTERN

5p 1.000e 4 (<) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
(CME)

15p | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
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Table C.19: Comparison between re-evaluating PSO and QSO - 50%, radius:
DIMENSIONS 2 5 10 30 50

1p 2.434e 2 (<) | 4.528¢ 3 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
E-STATIC
(CME) 5p 1.973e 1 (=) 1.252e 2 (<) 3.504e 1 (=) 1.000e 4 (=) 1.000e 4 (=)

15p | 3.737e 1 (=) | 1.000e 4 (<) | 3.998e 2 (<) | 3.192e 3 (=) | 1.000e 4 (=)

1p 2.000e+0 (=) 2.000e+0 (=) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
E-STATIC

5p 2.000e+0 (=) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 2.95% 2 (<)
(Error)

15p | 2.000e+0 (=) | 1.000e 4 (<) | 1.000e 4 (<) | 3.120e 4 (<) | 2.434e 2 (<)

1p 2.633e 2 (<) | 1.000e 4 (<) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
E-PROGRESS

5p 1.000e 4 (=) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (=) | 1.000e 4 (=)
(CME)

15 p 1.000e 4 (=) 8.780e 1 (=) 1.000e 4 (<) 2.737¢ 3 (>) 1.000e 4 (=)

1p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=)
E-ABRUPT

5p 1.000e 4 (=) | 1.000e 4 (=) | 6.231e 1 (=) | 1.000e 4 (=) | 1.000e 4 (=)
(CME)

15p | 1.000e 4 (=) | 2.996e 1 (=) | 2.737e 3 (=) | 3.817e 1 (=) | 1.000e 4 (=)

1p 1.000e 4 (=) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (=)
E-ABRUPT

5p 1.000e 4 (=) | 1.822e 1 (=) | 1.000e 4 (<) | 1.000e 4 (<) | 4.528e 3 (>)
(ABEBC)

15p | 8.769e 3 (>) | 1.000e 4 (<) | 1.000e 4 (<) | 1.748e 4 (<) | 2.269e 4 (=)

1p 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (<) | 1.000e 4 (<)
E-ABRUPT

5p 1.000e 4 (=) 1.000e 4 (=) 5.243e 3 (<) 1.000e 4 (<) 2.000e+0 (=)
(ITEL)

15p | 1.000e 4 (=) | 4.146e 1 (=) | 1.025e 1 (=) | 1.151e 3 (<) | 2.000e+0 (=)

1p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=)
E-CHAOS

5p 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
(CME)

15p | 4.67le 1 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)

1p 1.000e 4 (<) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
E-CHAOS

5p 3.065e 1 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
(ABEBC)

15 p 7.085e 1 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=)

1p 1.000e 4 (=) 1.000e 4 (=) 2.000e+0 (=) 2.000e+0 (=) 2.000e+0 (=)
E-CHAOS

5p 1.000e 4 (>) | 1.000e 4 (=) | 2.000e+0 (=) | 2.000e+0 (=) | 2.000e+0 (=)
(ITEL)

15p | 9.787e 2 (=) | 1.000e 4 (=) | 3.233e 1 (=) | 2.000e+0 (=) | 2.000e+0 (=)

1p 1.000e 4 (<) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
E-PATTERN

5p 1.000e 4 (<) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
(CME)

15p | 1.000e 4 (=) | 2.073e 2 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
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Table C.20: Comparison between re-evaluating PSO and QSO - 70%, radius:
DIMENSIONS 2 5 10 30 50

1p 1.000e 4 (<) | 4.946e 1 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
E-STATIC
(CME) 5p 9.648e 2 (=) 2.247e 2 (<) 9.011le 1 (=) 1.000e 4 (=) 1.000e 4 (=)

15p | 4.404e 1 (=) | 1.155e 3 (<) | 8.780e 1 (=) | 1.547e 1 (=) | 1.000e 4 (=)

1p 2.000e+0 (=) 2.000e+0 (=) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
E-STATIC

5p 2.000e+0 (=) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<)
(Error)

15p | 2.000e+0 (=) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<)

1p 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (=) | 1.000e 4 (=)
E-PROGRESS

5p 1.000e 4 (>) | 1.000e 4 (<) | 1.000e 4 (<) | 9.826e 1 (=) | 1.000e 4 (=)
(CME)

15 p 1.000e 4 (=) 1.266e 1 (=) 1.000e 4 (<) 5.720e 1 (=) 1.000e 4 (=)

1p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=)
E-ABRUPT

5p 1.000e 4 (=) | 1.000e 4 (=) | 2.737e 3 (>) | 6.116e 4 (=) | 1.000e 4 (=)
(CME)

15p | 1.636e 4 (=) | 9.599e 3 (<) | 5.109e 4 (=) | 8.664e 1 (=) | 1.000e 4 (=)

1p 1.292e 3 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<)
E-ABRUPT

5p 1.000e 4 (=) | 1.794e 3 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 3.577e 2 (<)
(ABEBC)

15p | 2.339e 2 (>) | 1.000e 4 (<) | 1.093e 4 (<) | 1.000e 4 (<) | 6.646e 3 (<)

1p 1.000e 4 (=) | 1.000e 4 (=) | 9.98le 3 (=) | 1.000e 4 (<) | 1.000e 4 (<)
E-ABRUPT

5p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (<) 1.000e 4 (<) 2.000e+0 (=)
(ITEL)

15p | 1.000e 4 (=) | 7.290e 3 (<) | 3.706e 2 (=) | 1.000e 4 (<) | 2.000e+0 (=)

1p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=)
E-CHAOS

5p 3.353e 1 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
(CME)

15p | 7.639e 1 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)

1p 1.000e 4 (<) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
E-CHAOS

5p 1.000e 4 (<) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
(ABEBC)

15 p 1.000e 4 (<) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=)

1p 1.000e 4 (=) 1.000e 4 (=) 2.000e+0 (=) 2.000e+0 (=) 2.000e+0 (=)
E-CHAOS

5p 1.305e 2 (=) | 1.000e 4 (=) | 2.000e+0 (=) | 2.000e+0 (=) | 2.000e+0 (=)
(ITEL)

15p | 4.229e 1 (=) | 1.000e 4 (=) | 2.000e+0 (=) | 2.000e+0 (=) | 2.000e+0 (=)

1p 1.000e 4 (<) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
E-PATTERN

5p 1.000e 4 (<) | 3.120e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
(CME)

15p | 1.000e 4 (=) | 4.809e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
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Table C.21: Comparison between re-evaluating PSO and QSO - 90%, radius:
DIMENSIONS 2 5 10 30 50

1p 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 9.01le 1 (=)
E-STATIC
(CME) 5p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 2.860e 1 (=)

15p | 2.468e 3 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 2.728e 1 (=)

1p 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<)
E-STATIC

5p 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<)
(Error)

15p | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<)

1p 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (=)
E-PROGRESS

5p 1.000e 4 (=) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.794e 3 (=)
(CME)

15 p 1.000e 4 (=) 7.719e 2 (=) 1.000e 4 (<) 1.000e 4 (<) 3.980e 1 (=)

1p 1.000e 4 (>) | 1.000e 4 (=) | 6.994e 2 (=) | 1.000e 4 (<) | 1.000e 4 (=)
E-ABRUPT

5p 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (=)
(CME)

15p | 1.524e 3 (=) | 1.000e 4 (<) | 1.000e 4 (<) | 8.769e 3 (<) | 1.000e 4 (=)

1p 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<)
E-ABRUPT

5p 3.904e 3 (=) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<)
(ABEBC)

15p | 4.790e 2 (>) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<)

1p 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<)
E-ABRUPT

5p 1.000e 4 (=) 3.206e 1 (=) 1.000e 4 (<) 1.000e 4 (<) 2.000e+0 (=)
(ITEL)

15p | 1.000e 4 (=) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 2.000e+0 (=)

1p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=)
E-CHAOS

5p 4.809e 4 (<) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
(CME)

15p | 1.000e 4 (<) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)

1p 1.000e 4 (<) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
E-CHAOS

5p 1.000e 4 (<) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
(ABEBC)

15 p 1.000e 4 (<) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=)

1p 1.000e 4 (=) 1.000e 4 (=) 2.000e+0 (=) 2.000e+0 (=) 2.000e+0 (=)
E-CHAOS

5p 1.000e 4 (<) | 1.000e 4 (=) | 3.233e 1 (=) | 2.000e+0 (=) | 2.000e+0 (=)
(ITEL)

15p | 1.000e 4 (<) | 1.000e 4 (=) | 3.233e 1 (=) | 2.000e+0 (=) | 2.000e+0 (=)

1p 1.000e 4 (<) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
E-PATTERN

5p 1.000e 4 (<) | 1.486e 2 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
(CME)

15p | 1.774e 1 (=) | 2.468e 3 (<) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
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Table C.22: Comparison between re-evaluating PSO and multi-swarm with ve sub-swarms

DIMENSIONS 2 5 10 30 50

1p 4.790e 2 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
E-STATIC
(CME) 5p 3.532e 3 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)

15 p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (>) 1.000e 4 (=)

1p 2.000e+0 (=) 2.000e+0 (=) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
E-STATIC

5p 2.000e+0 (=) 3.835e 2 (=) 1.000e 4 (<) 4.459 2 (>) 3.280e 1 (=)
(Error)

15p | 2.000e+0 (=) | 3.233e 1(=) | 3.196e 1 (=) | 3.713e 2 (=) | 4.622e 2 (=)

1p 1.000e 4 (<) 1.000e 4 (<) 2.127e 4 (=) 1.000e 4 (=) 1.000e 4 (=)
E-PROGRESS

5p 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
(CME)

15 p 1.000e 4 (=) | 1.000e 4 (=) | 1.524e 3 (=) | 1.000e 4 (=) | 1.000e 4 (=)

1p 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
E-ABRUPT

5p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (>) 1.000e 4 (=)
(CME)

15 p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=)

1p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (>) 1.000e 4 (>)
E-ABRUPT

5p 1.000e 4 (=) 8.664e 1 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=)
(ABEBC)

15p | 2.882e 3 (=) | 2.158¢ 2 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)

1p 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
E-ABRUPT

5p 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
(ITEL)

15 p 1.000e 4 (>) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (>) 1.000e 4 (>)

1p 1.000e 4 (=) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (=) 1.000e 4 (=)
E-CHAOS

5p 1.000e 4 (>) 1.000e 4 (<) 1.759% 2 (<) 1.000e 4 (>) 1.000e 4 (=)
(CME)

15 p 1.000e 4 (=) | 1.000e 4 (<) | 2.599e 3 (=) | 1.000e 4 (=) | 1.000e 4 (=)

1p 1.000e 4 (=) 1.000e 4 (=) 7.471e 2 (=) 1.000e 4 (=) 1.000e 4 (=)
E-CHAOS

5p 1.000e 4 (=) | 1.000e 4 (=) | 1.340e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
(ABEBC)

15 p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=)

1p 1.000e 4 (>) | 1.000e 4 (=) | 2.000e+0 (=) | 2.000e+0 (=) | 2.000e+0 (=)
E-CHAOS

5p 1.000e 4 (=) 1.000e 4 (=) 2.000e+0 (=) 2.000e+0 (=) 2.000e+0 (=)
(ITEL)

15 p 1.000e 4 (=) 1.000e 4 (=) 2.000e+0 (=) 2.000e+0 (=) 2.000e+0 (=)

1p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 6.868e 1 (=) 1.000e 4 (<)
E-PATTERN

5p 1.000e 4 (<) 8.003e 3 (=) 2.127e 4 (<) 1.292e 3 (=) 2.107e 3 (<)
(CME)

15 p 1.000e 4 (=) | 1.000e 4 (=) | 5.230e 1 (=) | 6.440e 1 (=) | 1.748e 4 (<)
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Appendix C. Statistical Signi cance

Table C.23: Comparison between re-evaluating PSO and multi-swarm with 10 sub-swarms

DIMENSIONS 2 5 10 30 50

1p 1.366e 3 (<) | 2.132e 1(=) | 4.317e 1(=) | 7.63% 1 (=) | 6.047e 3 (<)
E-STATIC
(CME) 5p 6.231e 1 (=) | 1.000e 4 (=) | 4.755e 3 (=) | 1.617e 2 (=) | 1.000e 4 (=)

15 p 7.300e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (>) 1.000e 4 (=)

1p 2.000e+0 (=) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
E-STATIC

5p 2.000e+0 (=) 1.724e 1 (=) 1.000e 4 (<) 1.381le 1 (=) 3.817e 1 (=)
(Error)

15p | 2.000e+0 (=) | 1.000e 4 (<) | 6.646e 1 (=) | 9.176e 3 (=) | 5.708e 2 (=)

1p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 2.300e 1 (=) 7.865e 1 (=)
E-PROGRESS

5p 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
(CME)

15 p 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)

1p 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
E-ABRUPT

5p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (>) 1.000e 4 (=)
(CME)

15 p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=)

1p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (>) 1.000e 4 (>)
E-ABRUPT

5p 1.000e 4 (=) 1.006e+0 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=)
(ABEBC)

15p | 3.904e 3 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)

1p 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
E-ABRUPT

5p 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=)
(ITEL)

15 p 1.000e 4 (>) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (>) 1.000e 4 (>)

1p 1.000e 4 (=) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
E-CHAOS

5p 1.000e 4 (>) 1.000e 4 (<) 1.000e 4 (<) 4.622e 2 (>) 1.000e 4 (=)
(CME)

15 p 1.000e 4 (=) | 1.000e 4 (<) | 1.000e 4 (<) | 6.127e 1 (=) | 5.109e 4 (=)

1p 1.000e 4 (=) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
E-CHAOS

5p 1.000e 4 (=) | 1.000e 4 (<) | 1.000e 4 (<) | 1.304e 1 (=) | 1.000e 4 (=)
(ABEBC)

15 p 1.000e 4 (=) 1.000e 4 (<) 1.000e 4 (<) 4.317e 1 (=) 8.690e 4 (=)

1p 1.000e 4 (>) | 1.246e 2 (>) | 2.000e+0 (=) | 2.000e+0 (=) | 2.000e+0 (=)
E-CHAOS

5p 1.000e 4 (=) 5.415e 2 (=) 2.000e+0 (=) 2.000e+0 (=) 2.000e+0 (=)
(ITEL)

15 p 1.000e 4 (=) 1.000e 4 (=) 2.000e+0 (=) 2.000e+0 (=) 2.000e+0 (=)

1p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (>) 2.882e 3 (=)
E-PATTERN

5p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (=) 1.867e 4 (=)
(CME)

15 p 1.000e 4 (=) | 1.021e 4 (<) | 1.000e 4 (<) | 1.000e 4 (=) | 1.000e 4 (=)
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Table C.24: Comparison between QSO - 50%, radius: 5 and multi-swarm with ve sub-swarms

DIMENSIONS 2 5 10 30 50

1p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)

E-STATIC
p .000e < .000e > .244e = .000e < .047e <

(CME) 5 1.000e 4 1.000e 4 9.244e 1 1.000e 4 6.047e 3

15 p 1.000e 4 (<) | 2.132e 1(=) | 1.922e 1 (=) | 2.468e 3 (=) | 1.170e 4 (<)

1p 2.000e+0 (=) 2.000e+0 (=) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
E-STATIC

5p 2.000e+0 (=) | 1.000e 4 (=) | 8.374e 1 (=) | 1.000e 4 (=) | 7.229¢ 2 (=)
(Error)

15 p 2.000e+0 (=) 1.000e 4 (=) 2.13% 3 (=) 1.000e 4 (=) 1.000e 4 (=)

1p 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<)
E-PROGRESS

5p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 5.134e 1 (=) 1.000e 4 (<)
(CME)

15 p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.342e 1 (=)

1p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
E-ABRUPT

5p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (<) 1.000e 4 (<)
(CME)

15 p 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.050e 2 (=) | 1.000e 4 (<)

1p 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<)
E-ABRUPT

5p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 9.205e 4 (=)
(ABEBC)

15 p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 4.459e 2 (=)

1p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
E-ABRUPT

5p 1.000e 4 (>) 8.087e 1 (=) 1.000e 4 (=) 1.000e 4 (>) 7.195e 1 (=)
(ITEL)

15 p 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 3.856e 1 (=)

1p 1.000e 4 (=) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<)
E-CHAOS

5p 1.000e 4 (=) | 1.000e 4 (<) | 5.720e 1 (=) | 8.504e 2 (=) | 1.000e 4 (<)
(CME)

15 p 1.000e 4 (=) 1.000e 4 (<) 6.868e 1 (=) 2.358e 1 (=) 4.762e 1 (=)

1p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
E-CHAOS

5p 1.000e 4 (=) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
(ABEBC)

15 p 1.000e 4 (=) 1.000e 4 (<) 1.000e 4 (<) 2.300e 1 (=) 1.124e 1 (=)

1p 1.000e 4 (=) 1.000e 4 (<) 2.000e+0 (=) 2.000e+0 (=) 2.000e+0 (=)
E-CHAOS

5p 1.000e 4 (=) 1.000e 4 (<) 2.000e+0 (=) 2.000e+0 (=) 2.000e+0 (=)
(ITEL)

15 p 1.000e 4 (>) | 1.000e 4 (<) | 2.000e+0 (=) | 2.000e+0 (=) | 2.000e+0 (=)

1p 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (=) | 1.000e 4 (=)
E-PATTERN

5p 1.000e 4 (<) 8.236e 2 (=) 1.000e 4 (<) 1.000e 4 (=) 1.000e 4 (=)
(CME)

15 p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (<) 1.000e 4 (=) 1.000e 4 (=)
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Table C.25: Comparison between QSO - 50%, radius: 5 and multi-swarm with 10 sub-swarms

DIMENSIONS 2 5 10 30 50

1p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
E-STATIC
(CME) 5p 1.000e 4 (<) 1.000e 4 (=) 1.006e+0 (=) 1.000e 4 (<) 1.000e 4 (<)

15 p 1.000e 4 (<) | 3.428¢ 1(=) | 1.872e 1 (=) | 2.996e 1 (=) | 1.000e 4 (<)

1p 2.000e+0 (=) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
E-STATIC

5p 2.000e+0 (=) | 1.000e 4 (>) | 1.006e+0 (=) | 1.748¢ 4 (>) | 2.633e 2 (>)
(Error)

15 p 2.000e+0 (=) 7.207e 3 (>) 2.707e 4 (=) 1.000e 4 (=) 1.000e 4 (=)

1p 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<)
E-PROGRESS

5p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.894e 3 (<) 1.000e 4 (<)
(CME)

15 p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 5.908e 2 (=)

1p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
E-ABRUPT

5p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (<) 1.000e 4 (<)
(CME)

15 p 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 9.011e 1 (=) | 1.000e 4 (<)

1p 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<)
E-ABRUPT

5p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 7.471e 2 (=) 1.000e 4 (<)
(ABEBC)

15 p 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (=) 1.000e 4 (<)

1p 1.000e 4 (=) 8.772e 2 (=) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
E-ABRUPT

5p 1.000e 4 (=) 2.972e 2 (<) 1.000e 4 (=) 1.000e 4 (<) 1.000e 4 (<)
(ITEL)

15 p 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (<)

1p 1.000e 4 (=) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<)
E-CHAOS

5p 1.000e 4 (=) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<)
(CME)

15 p 9.599e 3 (=) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)

1p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
E-CHAOS

5p 1.000e 4 (=) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
(ABEBC)

15 p 1.000e 4 (=) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)

1p 1.000e 4 (=) 1.000e 4 (<) 2.000e+0 (=) 2.000e+0 (=) 2.000e+0 (=)
E-CHAOS

5p 1.000e 4 (=) 1.000e 4 (<) 2.000e+0 (=) 2.000e+0 (=) 2.000e+0 (=)
(ITEL)

15 p 1.000e 4 (>) | 1.000e 4 (<) | 2.000e+0 (=) | 2.000e+0 (=) | 2.000e+0 (=)

1p 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (=) | 1.000e 4 (=)
E-PATTERN

5p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (=) 1.000e 4 (=)
(CME)

15 p 1.000e 4 (=) 2.342e 3 (<) 1.000e 4 (<) 1.000e 4 (=) 1.000e 4 (=)
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Table C.26: Comparison between Re-evaluating PSO and SAMS

DIMENSIONS 2 5 10 30 50

1p 4.003e 4 (<) | 6.868e 1 (=) | 8.205e 1 (=) | 1.222e 3 (=) | 6.54le 2 (=)
E-STATIC
(CME) 5p 7.73% 4 (<) | 8.779e 2 (=) | 1.421e 1 (=) | 1.366e 3 (=) | 1.000e 4 (=)

15 p 1.093e 4 (<) 1.000e 4 (<) 7.974e 2 (=) 1.833e 2 (>) 1.000e 4 (=)

1p 2.000e+0 (=) 2.000e+0 (=) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
E-STATIC

5p 2.000e+0 (=) 2.023e 1 (=) 1.000e 4 (<) 6.324e 2 (=) 6.341e 3 (<)
(Error)

15p | 3.233e 1 (=) | 1.000e 4 (<) | 7.747e 1 (=) | 3.446e 2 (=) | 2.794e 1 (=)

1p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
E-PROGRESS

5p 7.305e 1 (=) | 1.000e 4 (<) | 4.103e 3 (<) | 1.000e 4 (<) | 1.000e 4 (<)
(CME)

15 p 1.000e 4 (=) | 1.000e 4 (=) | 8.504e 2 (=) | 1.006e+0 (=) | 1.170e 4 (<)

1p 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 4.404e 1 (=) | 4.003e 4 (<)
E-ABRUPT

5p 1.000e 4 (=) 3.737e 1 (=) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
(CME)

15 p 2.222e 3 (=) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)

1p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 2.927e 1 (=) 1.973e 1 (=)
E-ABRUPT

5p 1.000e 4 (=) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
(ABEBC)

15 p 1.759e 2 (=) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<)

1p 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 4.064e 1 (=)
E-ABRUPT

5p 1.000e 4 (=) | 1.000e 4 (=) | 1.000e 4 (=) | 3.503e 1 (=) | 2.034e 2 (=)
(ITEL)

15 p 1.000e 4 (>) 8.428e 4 (=) 1.000e 4 (=) 7.506e 4 (=) 2.329e 3 (>)

1p 1.610e 3 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
E-CHAOS

5p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
(CME)

15 p 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<)

1p 7.719e 2 (=) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
E-CHAOS

5p 4.062e 1 (=) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<)
(ABEBC)

15 p 7.974e 2 (=) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)

1p 1.000e 4 (<) | 6.629e 2 (=) | 2.000e+0 (=) | 2.000e+0 (=) | 2.000e+0 (=)
E-CHAOS

5p 1.000e 4 (<) 4.614e 2 (<) 2.000e+0 (=) 2.000e+0 (=) 2.000e+0 (=)
(ITEL)

15 p 1.000e 4 (<) 1.000e 4 (<) 2.000e+0 (=) 2.000e+0 (=) 2.000e+0 (=)

1p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
E-PATTERN

5p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
(CME)

15 p 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<)
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Table C.27: Comparison between multi-swarm with ve sub-swarms and SAMS

DIMENSIONS 2 5 10 30 50

1p 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 2.127e 4 (<) | 1.000e 4 (<)
E-STATIC
(CME) 5p 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<)

15 p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)

1p 2.000e+0 (=) 2.000e+0 (=) 2.104e 1 (=) 3.065e 1 (=) 1.617e 2 (<)
E-STATIC

5p 2.000e+0 (=) 2.870e 1 (=) 5.374e 1 (=) 2.860e 1 (=) 1.000e 4 (<)
(Error)

15p | 3.233e 1 (=) | 1.000e 4 (<) | 1.774e 1 (=) | 2.728¢e 1 (=) | 1.998e 3 (<)

1p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
E-PROGRESS

5p 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<)
(CME)

15 p 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<)

1p 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<)
E-ABRUPT

5p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
(CME)

15 p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)

1p 5.720e 1 (=) 2.728¢e 1 (=) 2.417e 1 (=) 1.000e 4 (<) 1.000e 4 (<)
E-ABRUPT

5p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
(ABEBC)

15p | 6.884e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<)

1p 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<)
E-ABRUPT

5p 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<)
(ITEL)

15 p 3.376e 2 (<) 1.000e 4 (<) 1.090e 4 (<) 1.000e 4 (<) 1.000e 4 (<)

1p 1.610e 3 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
E-CHAOS

5p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
(CME)

15 p 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<)

1p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
E-CHAOS

5p 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<)
(ABEBC)

15 p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)

1p 1.000e 4 (<) | 1.000e 4 (<) | 2.000e+0 (=) | 2.000e+0 (=) | 2.000e+0 (=)
E-CHAOS

5p 1.000e 4 (<) 1.000e 4 (<) 2.000e+0 (=) 2.000e+0 (=) 2.000e+0 (=)
(ITEL)

15 p 1.000e 4 (<) 1.000e 4 (<) 2.000e+0 (=) 2.000e+0 (=) 2.000e+0 (=)

1p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
E-PATTERN

5p 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<) 1.000e 4 (<)
(CME)

15 p 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<) | 1.000e 4 (<)
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Acronyms

This appendix provides brief descriptions for acronyms and commonly used terms in this
thesis. Acronyms are listed alphabetically and typeset in bold, with the meaning of the
acronym alongside.

gbest global best

nbest neighbourhood best

Nnbest personal best

ABEAC Average Best Error After Change
ABEBC Average Best Error Before Change
ABFAC Average Best Fitness After Change
ABFBC Average Best Fitness Before Change
ADAC Average Diversity After Change

Al Arti cial Intelligence

APSO Atomic Particle Swarm Optimization
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BKPE Best Known Peak Error

Cl Computational Intelligence

CME Collective Mean Error

CMF Collective Mean Fitness

CPSO Charged Particle Swarm Optimization
DE Dynamic Environment

GA Genetic Algorithm

ITEL Iteration To Error Limit

LHC Local Hill Climbing

MPB Moving Peak Benchmark

PSO Particle Swarm Optimization

QSO Quantum Swarm Optimization
SAMS Self-Adapting Multi-Swarm

SEPSO PSO model with Spatial Particle Extension
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Symbols

This appendix de nes all the symbols used throughout the thesis. The symbols are
re-de ned in the chapters in which they are introduced. A separate list of symbols,
ordered alphabetically, is given for the di erent chapters containing symbols. For each
chapter, only newly introduced symbols are de ned, or those symbols whose meaning is
overloaded.

E.1 Chapter 2: Dynamic Environments

b peak index

B(x) basis landscape

dom(X;) the domain of x in dimension j
T objective function

F feasible space

F(x;t) moving peak function

Om mt™" inequality constraint

hm mt" equality constraint
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N (0; 1)
Ph

Pp

Pr
Pvp(t)

nw n v T

w(t)

Wi, W»

X (t)

infeasible space

dimension index for solution vector
variable determining peak direction
number of inequality constraints
number of equality constraints

number of peaks

number of dimensions

set of feasible points in a neighborhood
Gaussian random variable with 0 mean and a deviation of 1
peak height

peak location

random vector

shift vector for peak b at time step t
peak width

function de ning peak shape

moving distance for peak

spatial severity

search space

random variable N (0; 1)

time step index

trajectory circumference

vector of time dependent control parameters
control parameters for shape of function
candidate solution

optimum found at time step t
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E.2 Chapter 3: Particle Swarm Optimisation

C1,Co acceleration coe cients
constriction coe cient
I particle index

constant in constriction model

Ng number of particles

ry;ra random vectors

S:ng number of particles of swarm S

t iteration index

Vi(t) velocity of particle i at iteration t
Vmax:j maximum velocity for dimension j
W inertia weight

Xi(t) position of particle i at iteration t
Yi personal best of particle i

¥i(t) neighbourhood best

E.3 Chapter 4: Particle Swarm Optimisation and
Dynamic Environments

ai(t) acceleration vector for particle i at iteration t
Bn guantum cloud

C current number of sub-swarms

Ctree number of free sub-swarms

K, | swarm indices

M number of sub-swarms

Nexcess maximum number of free sub-swarms
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0 particle index

P swarm attractor

Qi charge magnitude of particle i
r(t) dynamic convergence radius
Icloud guantum radius

Fexcl exclusion radius

R. core radius

Rp perception limit

X domain length

E.4 Chapter 5: Performance Measures for Dynamic

Environments
c iteration during which the last change occurred
ev vth evaluation
erre: best error at iteration t after change ¢

T(gbest(t;m))  tness of the best particle at iteration t of simulation m
gbest(t) best particle in the swarm at iteration t

gbest;(t; m) position the gbest in dimension j at iteration t in simulation m

gworst(t) worst particle in the swarm at iteration t

m simulation index

max; (t; m) position of the ghest in dimension j at iteration t in simulation m
Ne number of evaluations

Nk number of environmental changes

Nm number of simulations

Nt number of iterations

r number of iterations between two changes
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\Y; evaluation index
W window size

target error

E.5 Chapter 6: Experimental Procedure

X (1) average positions of the particles in dimension j at time t

E.6 Chapter 8. Evaluation of Swarm algorithms De-

signed for Dynamic Environments

Cm maximum number of sub-swarms for simulation m

Cm:t number of sub-swarms at iteration t of simulation m
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Index

ABEAC, see Average best error after change

CME, see Collective mean error

ABEBC, see Average best error before changeCMF, see Collective mean tness
ABFAC, see Average best tness after changeCollective mean error, 85, 100
ABFBC, see Average best tness before chang€ollective mean tness, 83, 85

Accuracy, 77
ADAC, see Average diversity after change
Angeline’s types

Circular, 23

Linear, 23

Random, 23
APSOQO, see Atomic PSO
Atomic PSO, 65
Average best error after change, 86
Average best error before change, 83, 85,

100

Average best tness after change, 86
Average best tness before change, 85
Average diversity after change, 88

Best-of-generation average, 83
Boundary constraint, 96

Charged particle, 65

Charged PSO, 65

Cl, see Computational intelligence

Cllib, see Computational intelligence library
Clustering, 63

Computational intelligence, 1
Computational intelligence library, 100
Coordinate translation, 20

CPSO, see Charged PSO

Cycle length, 17

DE, see Dynamically changing environment
De Jong’s types
Abrupt, 27
Cyclic, 27
Drifting, 27
Signi cant, 27
Detection and response, 59
Direction of change, 17
Diversity loss, 51
Diversity maintenance, 62
Dynamic environment, see Dynamically chang-
ing environment
Dynamic function optimisation, 12
Dynamically changing environment, 15

Environment characteristics, 26
Environment classes
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Index

Abruptly changing environment, 31

Chaotic environment, 31

Modi ed o ine performance, 81
Multi-population algorithm, 62

Progressively changing environment, 30 Multi-swarm, 68

Quasi-static environment, 30

Static environment, 30
Environment dynamics, 22
Environment types, 20

Type I, 20

Type II, 21

Type 111, 21
Environmental behaviour, 29
Envy, 45

Exploitation capacity, 78
Exploration capacity, 85

Fine-grained PSO, 56, 102
Fitness rescaling, 21
Function optimisation, 11
Function stretching, 62

Gbest PSO, 44
Global optimum, 14

Homogeneity, 17
Homogeneous environment, 17

Inter-particle repulsion, 62, 65
ITEL, see Iterations to error limit
Iterations to error limit, 87, 100

Lbest PSO, 44
Local hill climbing, 19

Mean tracking error, 78

Anti-convergence, 68
Exclusion, 68
Exclusion radius, 69

Neutral particles, 65
Niching PSO, 63

Online performance, 78

Optimisation problem
Base function, 13
Candidate solution, 13
Combinatorial problem, 13
Constrained problem, 14
Continuous problem, 13
Discrete problem, 13
Feasible solution, 13
Feasible space, 13
Infeasible solution, 13
Infeasible space, 13
Integer problem, 13
Linear problem, 13
Mixed-integer problem, 13
Multi-objective problem, 14
Multimodal problem, 14
Multivariate problem, 13
Nonlinear problem, 13
Objective function, 13
Optimal solution, 13
Quadratic problem, 13
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Search space, 13 Nostalgia, 45

Single-objective problem, 14 Number of iterations, 46

Unconstrained problem, 14 Particles, 41

Uni-objective problem, 14 Personal best, 41

Unimodal problem, 14 Population, 41

Univariate problem, 13 Social component, 41
Outdated memory, 52 Swarm, 41

) o Swarm size, 45, 103
Particle swarm optimisation, 41
) ] Synchronous updates, 48, 103
Acceleration coe cients, 45, 103 . o
Termination conditions, 46, 103
Asynchronous updates, 48
Trust parameters, 45

Velocity clamping, 46, 55, 102
Velocity model, 48, 55, 102
Cognition-only, 49
Sel ess, 49
Social-only, 49

Cognitive component, 41

Constriction coe cient, 48, 103

Convergence, 42

Diversity, 51

Equilibrium state, 42

Exploitation, 45 :
] Pattern in the changes, 17

Exploration, 45

Fitness, 41

Global best, 41

Inertia weight, 47, 55, 102

Maximum velocity, 46

Performance measure, 75

PSO, see Particle Swarm Optimisation

PSO model with spatial particle extension,
62

Neighbourhood best, 42 QSO, see Quantum swarm optimisation
Neighbourhood best update strategy, 48, Quantum particle, 67
52, 103 Quantum swarm optimisation, 67
Iteration based, 48
Memory based, 48
Neighbourhood structure, 44, 56, 102
Hierarchical topology, 57

Re-evaluation, 59
Reactivity, 77
Recovery time, 77

. Robustness, 77
Ring topology, 44

Star topology, 44 SAMS, see Self-adapting multi-swarm
Von Neumann topology, 56 Self-adapting multi-swarm, 72
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Index

Dynamic convergence radius, 72
Free sub-swarm, 72
SEPSO, see PSO model with spatial parti-
cle extension
Spatial severity, 18
Random, 18
Regular, 18
With pattern, 18
Speciation, 63
Stability, 77
Strong local optimum, 14, 15
Swarm diameter, 70
Swarm radius, 70
Swarm sub-division and parallel tracking of
optima, 62

Temporal severity, 17
Continuous, 17
Periodic, 17
Random, 17

Weicker’s types
Alternating, 26
Constant, 26
Heterogeneous, 26
Homogeneous, 26
Periodic, 26
Variable, 26
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