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Abstract. We consider a recently introduced model of mosquito dynamics

that includes mating and progression through breeding, questing and egg-laying
stages of mosquitoes using human and other vertebrate sources for blood meals.

By exploiting a multiscale character of the model and recent results on their

uniform-in-time asymptotics, we derive a simplified monotone model with the
same long-term dynamics. Using the theory of monotone dynamical systems,

we show that for a range of parameters, the latter displays Allee-type dynamics;

that is, it has one extinction and two positive equilibria ordered with respect
to the positive cone R7

+, with the extinction and the larger equilibrium being

attractive and the middle one unstable. Using asymptotic analysis, we show

that the original system also displays this pattern.

1. Introduction. Understanding the life cycle of mosquitoes is of utmost impor-
tance in any attempt to control diseases caused by them, such as malaria, dengue,
zika or chikungunya, see, e.g., [15, 18, 31]. The problem is that it is pretty com-
plex. Broadly, the cycle can be divided into the aquatic and terrestrial stages. In
the aquatic stage, we have eggs, several larval stages and pupae, which hatch into
terrestrial juvenile male and female mosquitoes who mate, and the female fertilized
(breeding) mosquitoes quest for blood necessary for the development of eggs. The
fed female mosquitoes lay eggs and return to the breeding stage.

There is abundant literature on modelling the mosquito life cycle, so the survey
below is restricted to papers we consider to be relevant to our study. Depending
on the needs, models have different levels of resolution, focusing on particular parts
of the cycle and simplifying or discarding the others. For instance, in the series
of papers [26, 27, 28], the authors develop a model with aquatic and terrestrial
stages which is then joined to a malaria model or combined with a sterile insect
population. In these models, the authors do not consider sex differences, while
mating is implicitly included in the form of mating rate. In contrast, [2] deals with
male and female mosquitoes and the aquatic stage but disregards the mating and
questing processes. Sex-structured mosquito populations were considered in [1, 40,
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47]. The first one deals with a general insect population, where males and females
emerge from an ”immature” stage and mate according to a complex mechanism.
In the second one, the authors deal with mosquitoes and consider the aquatic stage
and mating where, assuming that the males are spread according to the Poisson
distribution, see, e.g., [16, Eq. (1)], the mating occurs with the same probability if
there is at least one male in a prescribed vicinity of the female. In the last one, the
authors split the logistic model for the total mosquito population by assuming that
the ratio between male and female offspring produced by a female is constant.

On the other hand, in modelling mosquito-borne diseases, it is essential to recog-
nize that a female mosquito must bite two times, an infected and then a susceptible
human, to transmit the disease. Thus, paying closer attention to the gonotrophic
cycle between the breeding and ovipositing stages becomes important; see [30], but
we shall not pursue this direction here.

Our interest lies in the occurrence of the so-called Allee effect in the model in-
troduced in [31]. The Allee effect, that is, the situation in which populations with
size smaller than a certain threshold die out, is quite common in nature and, in
particular, in insect populations, [16]. The existence of such a threshold proved
to be important in pest management by the sterile insect technique consisting in
introducing sterile individuals into a wild population to change the natural Allee
threshold so that the population finds itself below it and dies out. Several previ-
ously mentioned papers [27, 28, 40, 47] are concerned with the design of a sterile
insect control of mosquitoes and thus of particular interest is the occurrence of an
Allee effect in the population. To achieve this in the wild population, the authors
propose various ways to induce the desired effect in the system. For instance, in [28,
Section 2.2], the adult birth rate (equivalent to the oviposition rate in our model)
is appropriately modified, while in [47, Section 2.2], the authors modify the mat-
ing mechanism by introducing an appropriate mating rate. Similarly, in [40], the
authors use the Poisson distribution, proposed in [16] as one way of relating the
probability of a female mating to the density of males, but they do not consider
separately the wild population. It is also worthwhile to mention the recent paper
[22] discussing discrete versions of the above results.

In this paper, we present an alternative way of deriving models of mosquito pop-
ulations displaying an Allee effect. Our model is based on the ideas of [42, Chapter
7] and uses multi-scale analysis of a larger meta-system with much simpler mating
dynamics given by the mass-action law. While we recognize many shortcomings of
the mass-action law, it is still a widely used tool to model animal interactions, see,
e.g., [39] and the references therein. In our opinion, it is interesting to show that
complex models, developed from the first principles in the papers mentioned above,
can be derived by quasi-steady state approximation from such simple dynamics,
confirming thus the observation in [46] that ”the power-law format is amazingly
rich and that it indeed constitutes a canonical format that permits the design and
analysis of models in a rigorously prescribed manner.” More precisely, we will con-
sider the model introduced in [31], whose flowchart is presented in Fig. 1. The
complexity of the model and lack of a clear structure makes its comprehensive anal-
ysis difficult, so [31] contains only a preliminary description of its dynamics. On
the other hand, the model is driven by several processes with different rates. For
instance, mating occurs quickly after the emergence of female mosquitoes to ensure
the passage of their genes to the next generation, [44]. Consequently, the dynamics
of juvenile mosquitoes can be considered to be much faster than that of aquatic
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State Variables Description of Variables
A Density of aquatic life forms
FB Density of newly emerged (unfertilized) female mosquitoes
MB Density of newly emerged male mosquitoes
B Density of fertilized female mosquitoes
QH Density of fertilized female mosquitoes questing human

blood
QV Density of fertilized female mosquitoes seeking non human

blood
RV Density of mosquitoes that successfully fed from nonhuman

source
RH Density of mosquitoes that successfully fed from humans
H Constant human population density
V Constant vertebrate population density

Table 1. Description of state variables

and adult forms. Also, there is evidence, [13, 19, 44], that the life span of newly
hatched male mosquitoes is much shorter than that of the females. These factors
motivate the possibility of considering the system as a multiscale one and exploit-
ing this property to simplify by using the quasi-steady state (QSS) approximation,
which can be justified, at least for big rates difference, by the methods of the sin-
gular perturbation theory, [7, 21, 25], as done in [8, 9, 32, 33, 34]. Moreover, by
more refined techniques of [4, 23], it is possible to show that the simplified mod-
els have the same long-term dynamics as the original one. We acknowledge that
while not always realistic empirical data make the QSS approximation plausible
from the mathematical point of view, the numerical simulations show its validity.
Hence, QSS approximation approach can serve as a useful guideline for reducing
the complexity of the model.

The paper has the following structure. In Section 2, we introduce the model and
discuss its multiscale versions and resulting simplified, cooperative systems, allowing
for a reasonably complete description of their long-term dynamics. We focus on the
case with a large death rate of the juvenile males and provide a detailed description
of its dynamics in Section 3. In particular, we show the existence of a saddle-node
bifurcation of equilibria. An interesting feature here is that the bifurcation leads to
the creation of three equilibria, the trivial and two positive ones, which, moreover,
are ordered (with respect to the positive orthant of the state space). Furthermore,
the trivial and the largest equilibria are globally asymptotically stable in adjoining
order intervals. In contrast, the middle equilibrium is unstable, which shows that
the model exhibits a vector Allee effect. In Section 4, we apply the results of [3, 4]
to discuss the relevance of the analysis of the simplified model to the long-term
dynamics of the original one and in Section 5, we present simulations showing, in
particular, that the former provides a good approximation to the latter even for
relatively small differences between the juvenile male and female mosquitoes death
rates. Finally, Section 6 contains conclusions.

2. The model and its asymptotic reduction. To describe the model, we in-
troduce the state variables in Table 1 and their interactions in the flow chart in
Figure 1. The total mosquito population is divided into two broad groups: the
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aquatic forms denoted by the symbol A and the terrestrial forms denoted by one
of the symbols FB ,MB , B,Qh, QV , RH , RV whose description is given in Table 1.
The aquatic stage, A, is a class comprising the eggs, larvae, and pupae, which are
interpreted as aquatic biomass from which terrestrial forms emerge. The terrestrial
forms are further divided into compartments, where we base the compartmental-
ization on the fact that the mosquito undergoes a reproductive cycle called the
gonotrophic cycle so that at each time each adult female mosquito’s physiological
state (well fed with a sugar meal, well nourished with a blood meal, rested after
blood feeding, oviposited, nulliparous, mated/fertilized, etc) on this cycle can be
characterized. The male mosquitoes, FB , are eventually counted as a fraction of
the aquatic biomass, A. The adult forms of the mosquito mature from the aquatic
habitat either as males, MB , or females, FB . Reproductive success of mosquitoes
requires a newly emerged adult female mosquito to locate a mating partner followed
by proper mating. For the Anopheles sp mosquito, mating occurs within the first
3-5 days of the adults life. There is a controversy over which event comes first:
mating before the first blood feeding episode or taking the first blood meal before
mating and whether the female mosquito re-mates at all, [45]. Here, we assume
that the female Anopheles sp mosquito mates once and stores the spermatozoa in
spermatheca after mating so that during each subsequent oviposition, the eggs can
be fertilized during their transit through the oviduct [10, 11, 14, 20, 24]. We assume
for this paper that mating takes place before the mosquitoes enter the blood-feeding
phase so that the class B comprises female mosquitoes that are fertilized and ready
to begin blood questing. Further, we assume that the encounters between male and
female mosquitoes follow the mass action law. As mentioned earlier, other forms
of mating models have been proposed in [40, 47], but, as we shall see below, they
lead to the same long-term dynamics. Fully fertilized females become the breeding
site mosquitoes. When they leave the breeding site, they can either quest for blood
meal within non-human populations, the QV or quest for blood meals within human
populations QH . Mosquitoes of type QH interact with humans, H, with mass ac-
tion contact parameter τH , while mosquitoes of type QV interact with non-humans,
V , with mass action contact parameter τV . Mosquitoes that successfully take blood
meals, with success probability p, from humans become resting mosquitoes of type
RH , while those that harvest blood meals, with success probability q, within non-
human populations become resting mosquitoes of type RV . Mosquitoes of type
R ∈ {RH , RV }, after their resting period, return (at respective rates aH and aV
per RH and RV ) to the breeding site as type B mosquitoes to lay eggs. Eggs, laid
at rate λ(R) per reproducing mosquito of type R, enter the aquatic environment
to repopulate A. Each mosquito, of type Q ∈ {QH , QV }, can quest for blood from
human or non-human sources depending on its blood preference and the availabil-
ity of the source, and it can change its preference after each oviposition. Thus, the
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original model from [31] can be written as

A′ = (aHRH + aVRV )λ(R)

(
1− A

LP

)
− (γ + µA1 + µA2A)A,

M ′B = (1− θ̂)ξ̂γA− µ̂MB
MB ,

F ′B = θ̂ξ̂γA− SMBFB − µ̂FB
FB ,

B′ = SMBFB + aHRH + aVRV − bB − µBB,
Q′H = bωB − τHHQH − µQH

QH ,

Q′V = b(1− ω)B − τV V QV − µQV
QV ,

R′H = pτHHQH − aHRH − µRH
RH ,

R′V = qτV V QV − aVRV − µRV
RV ,

(1)

where R = RV + RH . Most terms are self-explanatory with the rates described in
Table 2. Transfers between stages are linear except for the oviposition, the density-

Figure 1. Compartments of the model.

dependent death process at the aquatic stage, see [2], and the mating, modelled
using the mass action law. In the oviposition rate, given by

Λ(RH , RV )

(
1− A

LP

)
= (aHRH + aVRV )λ(R)

(
1− A

LP

)
, (2)

λ(R) is the change in the oviposition per capita due to overcrowding. A compre-
hensive function description λ can be found in [31]. In general, if it is defined for
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all R, it should be a non-increasing function for large R and such that Λ(RH , RV )
has a finite limit as R→∞. It is, however, possible that λ is only defined for some
interval [0, L] if a certain level of overcrowding prevents the female mosquitoes from

laying eggs, [31]. Similarly, the factor
(

1− A
LP

)
is specific to some mosquito species.

E.g., Aedes albopictus (and even Aedes aegypti) are capable of selecting their breed-
ing sites, seeking those with high food content and low intraspecific competition
pressure. Thus, if breeding sites in a given area already contain too many larvae,
the females will not deposit eggs there, see [15]. The only parameters that require

explanation are γ and ξ (and ξ̂). The need to introduce both follows because the
aquatic stage is described by its biomass, while MB and FB are the number of indi-
viduals (or densities). Thus, γ is the rate of depletion of the aquatic biomass by the
hatching of juvenile mosquitoes, and ξ is the conversion factor of the unit of aquatic
biomass into individual mosquitoes. We note that in (1), we use ”hatted” notation

ξ̂, µ̂MB
, µ̂FB

and θ̂ to indicate the parameters which can be considered large (or
small) in asymptotic analysis.

To complete the formulation of the above system, we complement (1) with initial
conditions

A(0) = Å, MB(0) = M̊B , FB(0) = F̊B , RV (0) = R̊V , RH(0) = R̊H ,

B(0) = B̊, QV (0) = Q̊V , QH(0) = Q̊H ,
(3)

where Å, . . . , Q̊H are all non-negative.

2.1. Asymptotic reduction. In this section, we formally simplify system (1) us-
ing an asymptotic approach based on the existence of multiple time scales in it.
Then, the reduced systems allow for a detailed mathematical analysis, which can
be translated back to the level of (1). To identify the different time scales, we refer
to biological considerations.
1. There is evidence, [13, 19, 44], that the life span of newly hatched male mosquitoes
MB is much shorter than that of the females FB , that is, µ̂MB

is much larger than
µ̂FB

. To ensure that despite the high mortality of the males, their population does
not vanish, the recruitment rate of the males must be of a comparable magnitude.

Since θ̂ ∈ (0, 1) and making γ large would drive A to extinction, the only possibility

is that ξ̂ is also large. However, if we want to keep µFB
and S at the slow-time

scale, the recruitment of FB must also be slow, which yields that θ̂ must be small.

Thus, we re-label the parameters as εµ̂MB
= µMB

, εξ̂ = ξ and θ̂ = εθ, where ε is a
small positive parameter and µMB

, ξ, θ are O(1) quantities.
This argument results in the singularly perturbed system

A′ = Λ(RH , RV )

(
1− A

LP

)
− (γ + µA1 + µA2A)A,

εM ′B = (1− εθ)ξγA− µMB
MB ,

F ′B = θξγA− SMBFB − µFB
FB ,

B′ = SMBFB + aHRH + aVRV − bB − µBB,
Q′H = bωB − τHHQH − µQH

QH ,

Q′V = b(1− ω)B − τV V QV − µQV
QV ,

R′H = pτHHQH − aHRH − µRH
RH ,

R′V = qτV V QV − aVRV − µRV
RV .

(4)
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Parameter Description of Parameters Quasi-
dimension

θ, θ̂ Proportion of aquatic forms that develop into
female mosquitoes.

1

γ Rate of the aquatic forms transition into ter-
restrial forms.

T−1

ξ, ξ̂ Biomass transition factor from aquatic into
terrestrial forms.

MA−1q

µy, µ̂y Natural death rate of the mosquitoes of type
y, where y denotes one of the adult mosquito-
types.

T−1

aV , aH Return rates of reproductive females to the
breeding site from to the from, respectively,
vertebrates (aV ) and human (aH) habitats.

T−1

b Rate at which mosquitoes leave the breeding
site for questing.

T−1

ω The human blood preference factor. 1
τV Effective mass action contact parameter be-

tween zoophilic mosquitoes and vertebrates.
V −1T−1

τH Effective mass action contact parameter be-
tween anthropophilic mosquitoes and humans.

H−1T−1

p, q Probabilities that a mosquito successfully har-
vests a blood meal from a human (p) or ver-
tebrate (q) population. 0 ≤ p, q ≤ 1.

1

µA1 Natural death rate per aquatic life form. T−1

µA2 Additional death due to overcrowding of
aquatic forms.

A−1q T−1

S Constant mass action contact parameters be-
tween female and male mosquitoes.

M−1T−1

LP Carrying capacity of the pond. Aq
Table 2. Table of parameters, their descriptions descriptions and
quasi-dimensional units. The ”hatted” parameters are rescaled in
the process of multiscale analysis, and the ”unhatted” versions are
the reference values. In the quasi-dimension, Aq represents aquatic
density, M mosquito density, H human density, V vertebrate den-
sity, T represents time and 1 identifies a dimensionless parameter.

Note that (4) is the same as (1) if ε =
µMB

µ̂MB
= ξ

ξ̂
= θ̂

θ , so ε is small if µ̂MB
and ξ̂ are

large and θ̂ is small. We emphasize that this does not restrict ε as we can choose
µB , ξ and θ as long as they are of the same magnitude as the other parameters.

Letting ε = 0, we arrive at the equation of the slow manifold (quasi-steady state),
[7, 21, 25],

MB =
ξγA

µMB

, (5)
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and the reduced model

A′ = Λ(RH , RV )

(
1− A

LP

)
− (γ + µA1 + µA2A)A,

F ′B = θξγA− Sξγ

µMB

AFB − µFB
FB ,

B′ =
Sξγ

µMB

AFB + aHRH + aVRV − bB − µBB,

Q′H = bωB − τHHQH − µQH
QH ,

Q′V = b(1− ω)B − τV V QV − µQV
QV ,

R′H = pτHHQH − aHRH − µRH
RH ,

R′V = qτV V QV − aVRV − µRV
RV .

(6)

2. The other natural assumption is that male and young female dynamics are fast.
We argue, as in the previous case, that to prevent both populations from becoming
extinct, we need to have also fast recruitment rates, so we assume that ξ is large, but
here, there is no need to change the sex differentiation factor θ. Thus, we re-label

the parameters as εµ̂MB
= µMB

, εµ̂FB
= µFB

and εξ̂ = ξ, where ε is a small positive

parameter, θ̂ = θ and θ, µMB
, µFB

and ξ are O(1). Hence, the slow manifold is given
by

MB =
(1− θ)ξγA

µMB

, FB =
θξγA

µFB

(7)

and the reduced system is

A′ = Λ(RH , RV )

(
1− A

LP

)
− (γ + µA1 + µA2A)A,

B′ =
Sθ (1− θ) ξ2γ2

µMB
µFB

A2 + aHRH + aVRV − bB − µBB,

Q′H = bωB − τHHQH − µQH
QH ,

Q′V = b(1− ω)B − τV V QV − µQV
QV ,

R′H = pτHHQH − aHRH − µRH
RH ,

R′V = qτV V QV − aVRV − µRV
RV .

(8)

We observe that (5) amounts to a biologically reasonable assumption that the newly
emerging males are proportional to the existing biomass at a given time. Similarly,
(7) translates into the assumption that females and males hatch in the numbers
proportional to the current aquatic biomass. We note that such an assumption for
the female population was used in [40]; similarly, in [47], it is assumed that the ratio
of male and female offspring produced by a female is constant. The advantage of
the multiscale approach is that it explicitly gives us the proportionality constants.
We also note that we can exploit other possible fast processes, e.g., assuming the
additional high female death rate due to the dangers of mating, which leads to even
smaller systems with similar dynamics. Such models, which can also be derived
from first principles, are discussed in [6]. Here, we shall focus on (5) and (6) as the
analysis of (7), (8) can be carried out in the same way.
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3. Analysis of (6). In this section, we shall analyse the dynamics of (6). Our
approach uses extensively the theory of monotone, or cooperative, systems the nec-
essary facts of which can be found in, e.g., [36, 37, 38] or [5, Chapter 8]. To avoid
possible confusion, we begin with relevant notation. We denote open and closed
positive cones in R7 by

Rn+ = (0,∞)n, Rn+ = [0,∞)n.

The latter introduces a partial order in Rn. Accordingly, for any a, b ∈ Rn, we
write (i) a ≤ b when ai ≤ bi, (ii) a < b when ai ≤ bi and a 6= b, (iii) a � b when
ai < bi, where i = 1, . . . , n. For a ≤ b, we introduce order intervals

[a, b] = {x ∈ Rn : a ≤ x ≤ b},
and for a� b,

[a, b) = {x ∈ Rn : a ≤ x� b}.
For future use, denote

x = (A,FB , B,QH , QV , RH , RV ) , x̊ =
(
Å, F̊B , B̊, Q̊H , Q̊V , R̊H , R̊V

)
α =

Sξγ

µMB

, l = L−1P , σH = τHH, σV = τV V, TB = b+ µB ,

TQH
= µQH

+ σH , TQV
= µQV

+ σV , TRH
= µRH

+ aH , TRV
= µRV

+ aV .

(9)

Lemma 3.1. Consider the system represented by (6) and let λ : [0,∞) → [0,∞)
be any oviposition rate. Then the flow of (6) is positively invariant on the set

Ω =

{
x ∈ R7

+ : 0 ≤ A ≤ LP , 0 ≤ FB ≤
θµMB

S

}
. (10)

Proof. The positivity follows as the off-diagonal terms in (6) are nonnegative for
nonnegative x, [38, Theorem B.7]. The other bounds follow from the fact that

A′ (LP ) < 0 and F ′B

(
θµB

S

)
< 0.

Theorem 3.2. Assume that the partial derivatives ΛRH
(RH , RQ) and ΛRQ

(RH , RQ)

are nonnegative on R2

+. Then (6) is a cooperative system on Ω.

Proof. Let

J (x) =



J11 0 0 0 0 (1− lA) ΛRH
(1− lA) ΛRV

J21 J22 0 0 0 0 0
αFB αA −TB 0 0 aH aV

0 0 bω −TQH
0 0 0

0 0 b(1− ω) 0 −TQV
0 0

0 0 0 pσH 0 −TRH
0

0 0 0 0 qσV 0 −TRV


,

(11)
where

J11 = −µA1 − γ − 2AµA2 − lΛ(RH , RV ), J21 = γξθ − αFB , J22 = −αA− µFB
,

(12)
be the Jacobian matrix of (6). By (10) and the assumption, J21 ≥ 0, (1− lA) ΛRH

≥
0 and (1− lA) ΛRV

≥ 0, so that J (x) is a Metzler matrix on Ω and hence (6) is
cooperative, [38, Theorem C.1].
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Remark 3.3. The typical forms of λ satisfying the assumption of Theorem 3.2
are λ(R) = λ0 for some constant λ0, see [2, 15, 30] or a Holing type function with
aH = aV = a

Λ(R) = λ0a
R

c+R
,

see, e.g., [28]. Indeed, for i = H,V ,

ΛRi
(RH , RV ) = λ0

ac

(c+R)2
≥ 0.

In the first case, the per capita oviposition rate is unaffected by the overcrowding,
but the pond’s carrying capacity constrains the growth of the resulting aquatic
forms, so the aquatic population cannot exceed LP irrespective of the number of
ovipositing females. On the other hand, the Holling type rate models the situation
when the average per capita oviposition rate decreases with overcrowding, but the
total number of laid eggs does not decrease to zero.

For the rest of this work, we shall assume that the mosquito population belongs
to Ω. To proceed with the analysis, we assume that

Λ(RH , RA) = λ0(aHRH + aVRV ). (13)

Next, we consider the existence of equilibria. The equation for equilibria can be
written as

0 = Λ(RH , RV ) (1− lA)− (γ + µA1 + µA2A)A,

0 = θξγA− αAFB − µFB
FB ,

0 = Ly +G,

(14)

where

L=


−TB 0 0 aH aV
bω −TQH

0 0 0
b(1− ω) 0 −TQV

0 0
0 pσH 0 −TRH

0
0 0 qσV 0 −TRV

 , y =


B
QH
QV
RH
RH

 , G =


αAFB

0
0
0
0

 .

We have

F ∗B(A) =
θξγA

µFB
+ αA

and, using the fact that L is a nonsigular Metzler matrix,

y∗(A) = −L−1


θξγαA2

µFB
+αA

0
0
0
0

 =: −L−1


f
0
0
0
0

 ,

and the coordinates of
b(A) := (F ∗B(A),y∗(A)) (15)

are increasing functions of A. In particular,

F ∗B(A) ≤ lim
A→∞

θξγA

µFB
+ αA

=
θξγ

α
=
θµMB

S
.

To derive the equation for A∗, we need parameters related to L−1. First,

L := detL = TRH
TRV

TQH
TQV

TB(R− 1),
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where

R :=
b

b+ µB

(
(1− ω)qaV
aV + µRV

τV V

τV V + µQV

+
ωpaH

aH + µRH

τHH

τHH + µQH

)
=

b

TB

(
(1− ω)qaV

TRV

σV
TQV

+
ωpaH
TRH

σH
TQH

)
gives the average number of reproducing females produced from one breeding female.
We observe that in this model, we have R < 1. Then,

RH = −f bTRV
TQV

ωpaHσH
aHL

= f
bωpaHσH

aHTRH
TQH

TB(1−R)

RV = −f bTRH
TQH

(1− ω)qaV σV
aV L

= f
b(1− ω)qaV σV

aV TRV
TQV

TB(1−R)
.

(16)

Hence,

aHRH + aVRV = f
R

1−R
, (17)

and further

B = f
1

(b+ µB)(1−R)
, QH = f

bω

TQH
TB(1−R)

, QV = f
b(1− ω)

TQV
TB(1−R)

.

(18)
We shall need

ρD :=
λ0θξγ

µA2

D =
λ0θξγ

µA2

R
1−R

, (19)

and

Γ :=
γ + µA1

µA2
, ∆ :=

µFB

α
.

Then, substituting (17) into the first equation of system (14), after some algebra,
we obtain the equation determining the equilibrium values of A as

A
(
(lρD + 1)A2 + (Γ + ∆− ρD)A+ Γ∆

)
= 0. (20)

To analyze the nonzero equilibrium values, we see that at any non-zero equilib-
rium of A we have

ρD =
A2 + (Γ + ∆)A+ Γ∆

A(1− lA)
=: F (A), 0 < A < LP .

We see that lim
A→0,l−1

F (A) =∞ and F (A) is monotonically decreasing on (0, A12)

and monotonically increasing on (A12, l
−1), where the minimum of F is given by

A12 =
lΓ∆ +

√
l2Γ2∆2 + Γ∆ + Γ∆(1 + (Γ + ∆)l)

1 + (Γ + ∆)l
.

We define

N∗ = F (A12),

and let A1 and A2 be, respectively, the smaller and the larger root of F (A) = ρD if
ρD > N∗.

To find N∗, it is easier to use the fact that for ρD = N∗, the quadratic equation
in (20) has one double root, that is, its discriminant must be zero. This gives

N∗ = Γ + ∆ + 2lΓ∆ + 2
√

Γ∆ + l(Γ + ∆)Γ∆ + l2Γ2∆2
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N*

1 2 3 4 5
A

20

40

60

80

ρD

A2 + (Γ+Δ) A + ΓΔ

A (1- lA)

Figure 2. Saddle-node bifurcation in the model.

In the special case l = 0,

N∗ =
(√

Γ +
√

∆
)2
, A12 =

√
Γ∆. (21)

We define

x(A) = (A, b(A)).

We can now summarize our considerations in the following theorem.

Theorem 3.4 (Existence of Steady State Solutions). 1. If ρD < N∗, then there
is only a trivial steady state.

2. If ρD = N∗, then the trivial steady state coexists with one strictly positive
steady state x(A12)� 0.

3. If ρD > N∗, then there are the trivial steady state and two strictly positive
steady states x(A2)� x(A1)� 0.

Furthermore, for ρD > N∗, A1(ρD) monotonically decreases from A12 to 0 and
A2(ρD) monotonically increases from A12 to LP as ρD increases from N∗ to ∞.
Thus, the smaller equilibrium x(A1) monotonically decreases to 0 and the larger
equilibrium x(A2) monotonically increases to (Lp, b(LP )) as ρD →∞.

Remark 3.5. The threshold condition ρD S N∗ can be written as

R S
N∗

ρ+N∗
< 1,

where the right-hand side contains only parameters of the pre-mating stages and
R depends only on the post-mating ones. Hence, increasing the productivity of
breeding females allows a positive equilibrium to appear. Similarly, if we increase
the oviposition rate λ0, see (19), we observe the same effect.

Next, we shall focus on the stability of the steady states. The results are similar
to that obtained in [40] in a structurally similar 3-dimensional case. To continue,
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we define the point

η =

(
LP ,

θµB
S

,B0, Q0
H , Q

0
V , R

0
H , R

0
V

)
=

(
LP ,

θµB
S

,y0

)
,

with y0 = −L−1


θξγLP

0
0
0
0

 .

(22)

We see that η ∈ Ω, hence [0,η] ⊂ Ω.

Theorem 3.6. Suppose (13) holds and ρD < N∗, where N∗ is defined by (21).
Then, the trivial steady state is globally asymptotically stable on Ω.

Proof. The proof uses [2, Theorem 6] or [36, Proposition 5.8.2], see also [5, Theorem
8.30]. Let us write (6) as

x′ = f(x). (23)

We have f (η) =
(
− (γ + µA1 + µA2LP )LP ,−

µFB
θµB

S , 0, 0, 0, 0, 0
)

. By (16) and

(18) with f = θξγLP , we have η � 0. Further, f (η) < 0 and f (0) = 0. Since,
by assumption and Theorem 3.4, the trivial steady state is the only steady state in
[0,η], we conclude that the trivial steady state is globally and asymptotically stable
in [0,η], see [2] or [5, Theorem 8.30].

Next, for any m ∈ N, we define

ηm =

(
LP ,

θµB
S

,my0

)
. (24)

Then, since

θξγLP + aHRH + aVRV − bB − µBB = 0,

we get

aHRH + aVRV − bB − µBB < 0.

Hence,

θξγLP +maHRH +maVRV −mbB −mµBB < 0,

and therefore

Lηm +


θξγLP

0
0
0
0

 ≤ 0.

Thus, f (ηm) ≤ 0 for any m ∈ N and therefore 0 is globally asymptotically stable
on Ω.

We precede the analysis of the ρD ≥ N∗ case with the following lemma.

Lemma 3.7. Suppose (13) holds and ρD > N∗. There exist points y, z in Ω such
that 0� y � x∗(A1)� z � x∗(A2), f (y) < 0 and f (z) > 0.

Proof. Steady states of (6) are obtained by solving (14). Dropping the first equation
of (14), we get

0 = θξγA− αAFB − µFB
FB ,

0 = Ly +G.
(25)
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For each A ∈ [0, LP ], we consider the point b(A) defined in (15). If A = A1 or
A = A2, then (Ai, b(Ai)) , i = 1, 2, is a steady state of (6). To ensure that this is
not the case, we consider the first equation of (14) and solve for A the inequality

−AP2(A) > 0, (26)

where P2(A) the quadratic polynomial in (20). Since A > 0, we see that

1. −AP2(A) > 0 if and only if A ∈ (A1, A2) and
2. −AP2(A) < 0 if and only if A ∈ (0, A1) ∪ (A2, LP ].

To complete the proof, we define y = (y, b(y)) and z = (z, b(z)), where y is any
point in (0, A1) and z is any point in (A1, A2) and apply the fact that b(A) is a
strictly increasing function of A.

Theorem 3.8. Suppose (13) holds.

1. Let ρD > N∗. Then [0,x∗(A1)] and {x ∈ Ω : x ≥ x∗(A1)} are positively
invariant and the steady states 0 and x∗(A2) are globally asymptotically stable
on, respectively, [0,x∗(A1)] \ {x∗(A1)} and {x ∈ Ω : x > x∗(A1)}.

2. Let ρD = N∗. Then [0,x∗(A12)] and {x ∈ Ω : x ≥ x∗(A12)} are positively
invariant and the steady states 0 and x∗(A12) are globally asymptotically stable
on, respectively, [0,x∗(A12)] \ {x∗(A12)} and {x ∈ Ω : x > x∗(A12)}.

Proof. Consider statement 1. The invariance of [0,x∗(A1)] follows directly from [5,
Theorem 8.30]. Using the same result, we see that [0,ηm], where ηm was defined in
(24), is invariant, and we obtain the invariance of {x ∈ Ω : x ≥ x∗(A1)} by passing
with m to ∞.

Now, let the points y and z be as constructed in the proof of Lemma 3.7. We
can make y as close to A1 as we wish, and thus b(y) � x∗(A1) can be arbitrarily
close coordinatewise to x∗(A1). Since f(y) < 0, 0 is globally asymptotically stable
on [0,x∗(A1)).

Moreover, for sufficiently large m, we have x∗(A1) � z � x∗(A2) � ηm, with
f(ηm) < 0 and b(z) can be chosen arbitrarily close to x∗. Thus, x∗(A2) is globally
asymptotically stable on {x ∈ Ω : x� x∗(A1)}.

To shorten notation, we denote

x∗(A1) = x∗ = (x∗1, . . . , x
∗
7)

and show that the stability can be extended to the faces

Ii = {x : xi = x∗i , 0 ≤ xj ≤ x∗j} \ {x∗}, j = 1, . . . , 7,

Ji = {x ∈ Ω : xi = x∗i , xj ≥ x∗j} \ {x∗}, j = 1, . . . , 7.
(27)

We observed that both sets [0,x∗(A1)] and {x ∈ Ω : x ≥ x∗(A1)} are invariant.
We can directly check that no face (27) is invariant. Indeed, consider first I1. Then
f1(x∗1, x6, x7) < 0 if 0 < x6 < x∗6 or 0 < x7 < x∗7 and thus the only invariant
part of I1 can be x1 = x∗1, x6 = x∗6 and x7 = x∗7. But then f6(x4, x

∗
6) < 0 or

f7(x5, x
∗
7) < 0 unless x4 = x∗4 and x5 = x∗5. Hence, the only invariant subset can

be x1 = x∗1, x4 = x∗4, x5 = x∗5, x6 = x∗6, x7 = x∗7. Then, however, f4(x3, x
∗
5) < 0 or

f5(x3, x
∗
5) < 0 unless x3 = x∗3. Arguing as above, f3(x∗1, x2, x

∗
3, x
∗
6, x
∗
7) < 0 unless

x2 = x∗2. But then we are at x∗. The other I ′is and J ′is, i = 1, . . . , 7, follow in an
analogous way.

Hence, trajectories originating from the faces must enter the interior of the re-
spective order intervals and thus converge to the equilibria in them.
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To prove 2., we observe that we can repeat the above considerations for A12 =
A1 = A2.

A standard monotonicity argument gives the following.

Corollary 3.9. Let ρD > N∗. Then [0,x∗(A2)] is invariant and globally attractive
in Ω.

Proof. The first statement follows as in the proof of statement 1 of Theorem 3.8,
[5, Theorem 8.30], since f(0) = f(x∗(A2)) = 0. For the second, we observe that for
any y ∈ Ω, we can find z ∈ {x ∈ Ω,x > x∗(A1)} such that y ≤ z, the respective
solutions satisfy 0 ≤ φ(t,y) ≤ φ(t, z), t ≥ 0 and, since limt→∞ φ(t, z) = x∗(A2),
the ω−limit set of φ(t,y) satisfies ωy ∈ [0,x∗(A2)].

Corollary 3.10. Under assumptions of Theorem 3.8 1., the steady state x∗(A1)
is unstable. If the assumptions of Theorem 3.8 2. are satisfied, the steady state
x∗(A12) is unstable.

Proof. In both cases, the steady states do not attract trajectories of the order
interval extending from 0 to them.

Figure 3. 2-dimensional representation of the case N > N∗. The
horizontal axis represents the aquatic lifeforms, while all other co-
ordinates are combined on the vertical axis. The box shaded in or-
ange represents the basin of attraction for the steady state x∗ (A2),
while the box shaded in blue represents the basin of attraction of
the trivial steady state.

4. Asymptotic equivalence of the dynamics. To formulate the result on the
equivalence of dynamics of (4) and (6), we first introduce the necessary notation.
Let

xε(t) := (Aε(t),MB,ε(t), FB,ε(t), Bε(t), QH,ε(t), QV,ε(t), RH,ε(t), RV,ε(t))

be the solution to (4) with the initial condition xε(0) = x̊, and

x0(t) := (A0(t), FB,0(t), B0(t), QH,0(t), QV,0(t), RH,0(t), RV,0(t)),
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be the solution to (6) with x0(0) = (Å, F̊B , B̊, Q̊H , Q̊V , R̊H , R̊V ), and

MB,0(t) =
ξγ

µMB

A0(t).

We have

Theorem 4.1. Let

(Å, F̊B , B̊, Q̊H , Q̊V , R̊H , R̊V ) ∈{
Ω for D < ρ−1N∗,

([0,x(A∗)] \ {x(A∗)}) ∪ {x ∈ Ω : x > x(A∗)} for D ≥ ρ−1N∗,

where A∗ = A1 if D > ρ−1N∗ and A∗ = A12 if D = ρ−1N∗, and M̊B ≥ 0 be
arbitrary. Then

(Aε(t), FB,ε(t), Bε(t), QH,ε(t), QV,ε(t), RH,ε(t), RV,ε(t)) = x0(t) +O(ε), ε→ 0,
(28)

uniformly for t ∈ [0,∞), and, for any t0 > 0,

MB,ε(t) = MB,0(t) +O(ε), ε→ 0, (29)

uniformly for t ∈ [t0,∞).

Before the proof, we note that (29) is valid only on intervals separated from
zero because we have not included the initial layer to compensate for the fact that
arbitrary initial conditions cannot satisfy (5). As explained in [4, 3], this can be
easily remedied, but we skip this part to shorten the discussion.

Proof. The proof is a standard application of [4, Theorem 1 & Remark 3], see
also [8, Appendices A & B]. It is easy to see that all assumptions of the classical
Tikhonov theorem, [43], are satisfied, with (5) defining the only quasi-steady state
whose all points are uniformly asymptotically stable equilibria of the fast equation
M̃B

dτ = ξγA− µMB
M̃B , τ = t/ε, and any M̊B belongs to the basin of attraction of

M̃B

dτ
= ξγÅ− µMB

M̃B (30)

for any Å (see assumptions a)–d) of [8, Appendix A]). This gives the validity of the
approximation (28) and (29) on bounded time intervals. To extend it to infinite in-
tervals, we use [4, Remark 3], which ensures that it is possible for any Xε(t) emanat-

ing from (Å, M̊B , F̊B , B̊, Q̊H , Q̊V , R̊H , R̊V ) such that (Å, F̊B , B̊, Q̊H , Q̊V , R̊H , R̊V ) is

in the domain of attraction of a (hyperbolic) equilibrium of (6), and F̊B is in the
basin of attraction of equilibria of (30), that is, it is arbitrary. Then, e.g., [4,
Theorem 1] ensures that Xε(t) converges to

(A0(t),MB,0(t), FB,0(t), B0(t), QH,0(t), QV,0(t), RH,0(t), RV,0(t))

uniformly in t on any interval [0,∞), except for MB(t), which converges to MB,0(t)
uniformly on [t0, 0) for any t0 > 0.

To get the order of convergence in (28) and (29), we use the higher order result,
[3, Theorem 3], and obtain the desired result by retaining only zero-order terms, as
explained in [8, Theorem B.2].
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Parameter Range Source \ Com-
ment

Value used

µMB

1
7 −

1
6 day

−1 [41] 1
6 day

−1

µX = 1
20 X ∈

{FB , QH , QV , RH , RV }
1
28 −

1
14 day

−1 [41] 1
20 day

−1

γ 1
10 −

1
7 day−1

for Aedes ae-
gypti or 1

14 −
1
10

for Anopheles
mosquitoes

[17] 1
10 day

−1

LP Estimated 100000 Aq
b [12] 1

3day
−1

p 0.70-0.95 [12, 29] 0.86
q We assume q ≥ p 0.95
ω We assume that

mosquitoes have a
higher preference
for human blood
than for other
vertebrates.

0.8

τHH, τV V Estimated τH = 1H−1day−1

τV = 1.4V −1day−1

aH [29] aH = 1day−1

aV We assume that
alternative blood
sources are closer
to breeding sites
than humans, so
aV > aH .

aV = 1.2day−1

µA1 Estimated 0.001 day−1

µA2 Estimated 0.0002 A−1q day−1

S Estimated 0.0001 M−1T−1

θ [35] 0.5
ξ Estimated 1
λ0 Bifurcation param-

eter
–

Table 3. Parameters used for numerical experiments presented in
Figures 4, 5 and 6. Parameters such as τHH, τV V, ξ, µA1, µA2,
LP are estimated for the purpose of these simulations.

5. Numerical Simulations. Here, we numerically solve systems (6) and (4), and
compare the results for different values of ε. Our approximations are good even
for relatively large values ε = 0.3, which means that the death rate of the males
is about three times higher than that of the newly hatched females. This is quite
reasonable since male mosquitoes typically live for 6 to 7 days while the females live
for 14 to 28 days, [41].
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Figure 4. The parameter values used are defined in Table 3 with
λ0 = 20. ρD = 11435.5 > N∗ = 2652.86, and we identify three
steady-state solutions corresponding to A∗ = 0, A∗ = 41.872, and
A∗ = 9019.09. The steady-state x(9019.09) is stable, as demon-
strated by the long-term behaviour of the trajectories. This figure
shows the quality of approximation for initial conditions in the
basin of attraction of the stable equilibrium x∗(9019.09) for dif-
ferent values of ε; the case ε = 0 corresponds to the solution of
(6).

6. Conclusions. In this paper, we considered an eight-stage model of a mosquito
life cycle introduced in [31] and briefly compared it with several existing models
describing similar scenarios, [2, 27, 28, 40, 47]. We used the model’s multiscale
character to explore possibilities of reducing its complexity using the quasi-steady
state (QSS) approximation and provided its biological interpretation. Using recent
results in asymptotic analysis, we show that for small scaling parameter values, the
reduced model retains salient features of the original dynamics as long as the initial
condition is in the basin of attraction of a (hyperbolic) equilibria of the reduced
model. Moreover, numerical simulations show that the dynamics of the reduced
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Figure 5. The parameter values used here are the same as those
in Figure 4. Without altering these parameter values, we modify
the initial conditions so that they fall within the basin of attraction
of the trivial steady state. The trajectory for ε = 0 corresponds to
the solution of (6).

model agree well with that of the original system also for larger values of the scal-
ing parameter, confirming the broader validity of the biological assumptions behind
the QSS approximation. Since the latter is monotone, analysing its dynamics is rel-
atively straightforward. In particular, we identify the bifurcation parameter, which
nicely splits into two parts, one containing only post-mating parameters and the
other involving only the parameters of the aquatic and the pre-mating stages. If the
bifurcation parameter is below the explicitly evaluated threshold, only the trivial
equilibrium, which is globally asymptotically stable, exists. When the bifurcation
parameter crosses the threshold, we observe a saddle-node bifurcation, which has
the additional feature that the two new equilibria are ordered (with respect to the

partial order in R7

+), with the smaller being unstable, and the trivial and the larger
asymptotically stable, in the order intervals stretching from 0 to the smaller equi-
librium and from the smaller equilibrium to the boundary of the feasible domain Ω,
respectively. Thus, the dynamics of the model may exhibit a multidimensional Allee
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Figure 6. The parameter values used are defined in Table 3 with
λ0 = 1, ρD = 571.773 < N∗ = 2652.86 so we only have the triv-
ial steady state which is globally and asymptotically stable. The
trajectory for ε = 0 corresponds to the solution of (6).

effect, which is in agreement with results obtained for two- and three-dimensional
models with similar structure in [22, 28, 40, 47]. In particular, when the bifurcation
parameter (for instance, the number of laid eggs per capita λ0) tends to infinity,
the smaller equilibrium tends to zero, destabilizing thus the trivial equilibrium by
shrinking its basin of attraction. In comparison, the larger equilibrium tends to the
boundary of Ω, and thus, the larger equilibrium asymptotically becomes globally
stable on Ω. Using asymptotic analysis, we show that these properties are also the
features of the dynamics of the original problem. We realize that some assumptions
used to obtain the results of this paper are a significant simplification of biolog-
ical reality. Future work will be devoted to validating the conclusions presented
here with experimental data. Another direction being pursued is a comprehensive
analysis of lower-dimensional multistage mosquito life-cycle models aimed at the
identification of possible sources leading to the emergence of the Allee effect and
combining the models with human dynamics to build more comprehensive malaria
models, extending thus the work such as [26].
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