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In this thesis, we investigate the flux-ratio anomaly of the cusp gravitational lens sys-
tem CLASS B2045+265 with the aim of gaining insight into dark matter distributions
within the galactic halo. CLASS B2045+265 has a radio-loud background galaxy that
is being gravitationally lensed by a radio-loud foreground galaxy to form four lensed
images. The flux-ratios of the four lensed images are known from previous observa-
tions to be inconsistent with the predictions from a simple singular isothermal ellip-
soidal model for the foreground mass distribution. Here, we investigate the possible
causes of the flux-ratio anomaly within CLASS B2045+265, which include a popu-
lation of low mass dark matter haloes, as predicted by various dark matter models,
variability from the background active galactic nucleus (AGN), or a propagation ef-
fect as the light passes through the foreground lensing galaxy. For this, we have
used monitoring data taken with the Karl G. Jansky Very Large Array at frequencies
between 12 and 18 GHz. Firstly, we introduce a pipeline for use with the Common
Astronomy Software Applications (CASA) package, which allowed us to calibrate
large quantities of radio interferometric data. We have also modified a python script
to automate the process of self-calibration and model fitting using the Difference
Mapping (DIFMAP) package. We use the aforementioned pipelines to perform a
spectral analysis of CLASS B2045+265 over a 63-day monitoring period between
2022 March and May. The spectral indices of the three brightest lensed images A, B
and C between 12 and 18 GHz are found to be aA = 0.945 � 0.003, aB = 0.954 � 0.006
and aC = 0.962 � 0.005, respectively, which are consistent at the 2s-level. We find
the flux densities of these components to be varying over time, but the change is
not significant enough to contribute to the anomalous flux ratios. We find a 0.97%
variation in the Rcusp parameter (0.5137 � 0.0003) between day 0 and day 63 which
quantifies the deviation from perfect symmetry in the ratios of a cusp lens system
where a system with perfect symmetry has Rcusp = 0 . Based on our an analysis
of the radio spectra, we do not observe any variations as a function of frequency,
which allows us to rule out any frequency dependent effects, such as free-free ab-
sorption. Therefore, we believe the flux-ratio anomaly present in CLASS B2045+265
is most likely caused by a perturbation to the mass model by means of a combination
between complex mass structures and sub-haloes present within the system. How-
ever, given the large mass-fraction in sub-haloes that we find is needed to explain the
extreme Rcusp parameter for this system, it is most likely that these sub-haloes are
along the line-of-sight towards the distant AGN, as opposed to being purely within
the lensing galaxy. Further analysis with with high angular resolution telescopes or
next gen (ngVLA, SKA, etc.) will be needed to determine whether this is the cause
of the flux-ratio anomaly in CLASS B2045+265.
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Chapter 1

Introduction

Galaxies are thought to reside in near spherical structures, known commonly as
haloes, which consist of both baryonic matter, in the form of dust, gas, and stars,
and an unknown type of matter that is called dark matter. The existence of the latter
has been hypothesised (mainly) due to the observed (luminous) mass of galaxies be-
ing unable to account for their inferred dynamical mass, which can be determined
through, for example, the rotation curves of atomic hydrogen (H I). Also, massive
galaxies are thought to form hierarchically through mergers, which is also depen-
dent on the nature of dark matter. Therefore, understanding the properties of dark
matter is fundamental for our understanding as to how our Universe formed and
evolved.

Dark matter has been perplexing astronomers since its inception. There is clear
evidence for its existence; gravitational effects have been observed and studied on
numerous scales. However, the properties of dark matter and ultimately its compo-
sition are still widely debated. The astrophysical phenomena of gravitational lensing
has proven to be an invaluable tool in the pursuit of constraining the properties of
dark matter since it does not depend on the type of matter that is causing the light
deflection. Gravitational lensing is a property of gravity whereby light propagat-
ing through space travels along a straight geodesic line. This geodesic can become
curved under the influence of gravity, as described by Einstein’s Theory of General
Relativity (see Section 2.8). If the surface mass density of the intervening gravita-
tional body is sufficiently high, then the light from the distant object is bent and
distorted, and multiply-imaged by the foreground mass distribution. Through the
study of the properties of these multiple images, it is possible to recover information
on the mass distribution of the foreground gravitational body, which in our case
will be a massive galaxy. Therefore, gravitational lensing is an invaluable tool in
constraining the mass distributions of galaxies and investigating the level of dark
matter that they contain.

In a recent review, Vegetti et al. (2023) discuss a wide-range of dark matter model
theories (i.e. cold dark matter, warm dark matter, self-interacting dark matter and
fuzzy dark matter) that can be investigated using gravitational lensing. This is be-
cause the various dark matter models alter the observed properties of the lensed
images in different ways. It is theorized that dark matter sub-haloes either within
the lens or along the line-of-sight to the distant lensed object may result in a lo-
cal perturbation in the mass distribution that can be identified in the data. These
"aberrations" in the lens can in principle be identified relative to what is predicted
for a simple "perfectly smooth" lens (Mao and Schneider, 1998). For example, it is
believed that in the context of a cold dark matter (CDM) Universe, dark matter is
not evenly distributed within a galaxy-scale halo, but will contain many thousands
of sub-haloes down to Jupiter-level masses that are able to interact gravitationally
and grow in size through mergers. This leads to an uneven distribution of dark
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matter "clumps" of various masses with a well-predicted mass function and mass
fraction within galaxy-scale haloes, which at distances beyond our Local Group are
best studied using gravitational lensing.

Those gravitational lens systems with observed image properties that strongly
differ with those predicted from a smooth dark matter distribution are called "anoma-
lous". The type of anomaly that is the focus of this thesis is one commonly referred to
as a "flux-ratio anomaly", where the predicted flux-densities of the magnified images
produced by the gravitational lens are at odds with those that we observe. However,
these anomalous flux-ratios can be due to a myriad of reasons beyond dark matter.
For example, a differential absorption or scattering of the light from each lensed im-
age, an intrinsic variability of the emitted flux of the background source over time
(combined with a gravitational time-delay) or an apparent extrinsic change over
time due to low-mass objects passing along the line-of-sight to the lensed images
(microlensing). Therefore, for any inference on dark matter to be made, these other
factors must be ruled-out.

Hsueh et al. (2019) presented a detailed analysis of seven gravitational lens sys-
tems to understand the level of dark matter that is needed to explain the observed
flux-ratios. Using Bayesian inference methods in conjunction with Markov Chain
Monte Carlo (MCMC) modelling, Hsueh et al. (2019) were able to constrain the
abundance of dark matter sub-haloes, providing a stringent test of both cold and
warm dark matter models. In Figure 1.1, we see the probability distribution func-
tions that those authors obtained for the mass-fraction in dark matter clumps. They
found a higher mass fraction in sub-haloes for this sample than had previously been
found by Xu et al. (2015) (black vertical line). However, Hsueh et al. (2019) comment
that the inclusion of line-of-sight haloes would decrease the predicted abundance of
sub-haloes within the main lensing halo, and thus, could be comparable with the
numbers predicted by numerical simulations. These galaxies, having a predicted
fractional mass in sub-haloes that is comparable with that from CDM numerical sim-
ulations is critical to the research done in this project, as this high fractional mass in
sub-haloes may be able to account for the flux-ratio anomalies.

The system we focus on throughout this thesis is CLASS B2045+265, which has
the most anomalous flux-ratios of any known gravitational lens. The discovery
of CLASS B2045+265 was presented by Fassnacht et al. (1999), where the system
was introduced as having four lensed images, whereby a flat-spectrum radio source
was gravitationally lensed by another flat-spectrum radio source (see Figure 1.2). It
was found that simple lens models could reproduce the image positions of CLASS
B2045+265, but not the image fluxes. A further study of CLASS B2045+265 was
done by McKean et al. (2007); high angular resolution radio along with optical and
infrared imaging were used to argue against propagation and scintillating affects,
that is, interstellar scattering (see Figure 1.3). This leaves open the question as to
whether the observed anomaly is due purely from dark matter sub-haloes or lumi-
nous CDM substructure from a potential dwarf galaxy within the Einstein radius.
Understanding the source of the flux-ratio anomaly in CLASS B2045+265 forms the
basis of this project, whereby we use the Karl G. Jansky Very Large Array (VLA)
to conduct a high angular resolution broad-band spectral and temporal analysis.
Using these data, we are able to investigate whether propagation effects or source
variability play a roll in the observed anomaly, and whether these factors have a
strong enough affect to explain the observed anomaly. If not, then further explana-
tions, such as a complex mass model with dark matter sub-haloes would be more
likely. Further study into the mass distribution would also allow us to gain a deeper
understanding of the structure of the foreground galaxy of CLASS B2045+265.
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FIGURE 1.1: The probability density distribution of the fractional
mass in sub-haloes ( fsub) using seven gravitational lens systems with
four lensed images, as well as the joint constraints (triangles and thick
curve). The black vertical line shows the upper limit expected from
CDM models (Xu et al., 2015). Image taken from Hsueh et al. (2019).

FIGURE 1.2: Very Large Array (VLA) imaging of CLASS B2045+265,
showing four lensed images (A, B, C and D), and a fifth component
that is associated with the lensing galaxy (E). Image taken from Fass-

nacht et al. (1999).
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FIGURE 1.3: Very Long Baseline Array (VLBA) high angular resolu-
tion imaging of the individual components of CLASS B2045+265 at 5
GHz. The lensed images (A, B, C and D) and the lensing galaxy (E)

are detected. Image taken from McKean et al. (2007).

This Masters in Science (MSc) project will aim to account for the observed flux-
ratio anomaly by answering the following questions:

• What can we learn about flux-ratio anomalies from data of similar quality to
that obtained with the SKA-MID in Band 5?

• Can a propagation effect or source variability explain the flux-ratio anomaly in
CLASS B2045+265?

• Is the mass fraction in sub-haloes needed to explain the flux-ratio anomaly in
CLASS B2045+265 consistent with theoretical expectations?

This MSc thesis is arranged as follows. In Chapter 2, we discuss the history of radio
astronomy and give a detailed introduction to the VLA and the scientific theory be-
hind radio continuum emission sources. Here, we also present the relevant theory
on gravitational lensing as pertaining to our target. Later, in Chapter 3, we dis-
cuss the nature of the flux-ratio anomaly in CLASS B2045+265. These introductory
chapters will give the context as we progress through our data analysis. In Chapter
4, we outline the procedures developed and applied to obtain, reduce and analyse
the data collected for this project. In Chapter 5, the results from this data analysis
are presented in the context of our scientific goals. Finally, in Chapters 6 and 7, we
conduct a more in-depth discussion on our results and summarize our conclusions,
respectively, in terms of testing dark matter models with broad band spectral imag-
ing of radio-bright gravitationally lensed radio sources.
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Chapter 2

Radio Astronomy & Gravitational
Lensing

In this chapter, we introduce the field of radio astronomy including its historical
background. This also includes a review of the scientific background of the instru-
mentation and science concepts needed to understand the research described in this
thesis. The main concepts that we will introduce are radio interferometry (Section
2.4), synchrotron radiation from celestial radio sources (Section 2.6) and gravita-
tional lensing (Section 2.8), which forms the basis for the research conducted on our
target CLASS B2045+265.

2.1 Radio Astronomy

The field of radio astronomy essentially dates back to 1932, which is fairly late in
comparison to optical astronomy. This was due to two main reasons; first, it was
expected that the thermal emission from radio sources (stars) would be too faint to
be seen, and second, because the technology needed to make observations at radio
wavelengths had still to be developed. This changed when Karl G. Jansky, a radio
engineer at Bell Laboratories in the United States, noticed a noisy radio signal at 20.5
MHz. This noise was noted to vary across the sky every 23 hours and 56 minutes
(a sidereal day), which led Jansky to conclude that the signal was extraterrestrial in
origin. In 1933 Jansky published his paper titled “Radio Waves from Outside the Solar
System”, which outlined what we now know, that he had in fact detected emission
from the Galactic Centre of our own Milky Way. Jansky’s discovery caught the at-
tention of Grote Reber, who in his own backyard, built a 10 m radio telescope that
would go on to create the first radio map of the sky and would ultimately show that
the emission was non-thermal in origin.

Radio astronomy has since grown considerably and is now a widely researched
field of astronomy. Using both single dish telescopes and multi-dish interferome-
try, which is discussed later in this chapter, radio astronomy allows us to observe
what would otherwise be hidden aspects of our Universe in unprecedented sensi-
tivity and angular resolution. Celestial objects that are typically observed at radio
frequencies (between 10 MHz and 1 THz) for ground based telescopes are thermal
and non-thermal continuum sources, and also spectral line sources, such as masers
or atomic hydrogen and molecular transitions. This observing window for radio
sources is set from the reflection of low frequency radio waves by our ionosphere
and from absorption and emission effects at high frequencies from molecules in our
atmosphere.
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FIGURE 2.1: Diagram of parabolic dish antenna radio telescope re-
ceiving an incoming radio signal. Image taken from Christian and

Roy (2017).

2.2 Radio Telescopes

Radio telescopes come in a myriad of shapes and sizes, all with the intention of turn-
ing weak radio waves into voltages induced in a conductor that we can measure; it
is these voltages that encode the information about the celestial radio sources. These
telescopes typically consist of an antenna that gathers the incoming radio waves.
Throughout this thesis, the VLA is used for our observations, which consists of 27
dish-shaped telescopes that are 25 m in diameter. The angular resolution of a filled
aperture is given by,

q = k �
l
D

, (2.1)

where q is the angular resolution of the single dish telescope (in radians), l is the
observing wavelength and D is the diameter of the dish. Note that the constant of
proportionality, k, is related to the illumination pattern of the aperture. A single dish
radio telescope is limited in its angular resolution because even though the diameter
can be very large, for example, around 15 to 500 m, the wavelengths of the light
are also very long (few metres to mm). Therefore, the angular resolution of a radio
telescope at GHz frequencies is typically a few to a few tens of arcmin. For example
the angular resolution of the HartRAO telescope (26 m) at 15 GHz is approximately
9.4 arcminutes.

As seen in Figure 2.1, the parabolic dish reflects radio waves in phase to a focal
point where they arrive at the same time, after which the signal is sent to a receiver
that amplifies, filters and converts the input voltage to a measurable signal. This
process is discussed in more detail in the next section where we focus on the design
of the VLA.

2.3 VLA

The VLA has been in operation since 1980, but was upgraded in the early 2000s to
improve its overall sensitivity. The array consists of 27 parabolic dish-shaped tele-
scopes (with one extra that is typically undergoing maintenance). The 27 telescopes
all work in conjunction with each other to form an interferometer, discussed in more
detail in Section 2.4, which provides a larger effective collecting area with respect to
a single-dish. The maximum distance between the antennas is 36 km, which results
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FIGURE 2.2: The VLA located on the Plains of San Agustin in New
Mexico. Credit: NRAO/AUI/NSF.

in improving the angular resolution of the data, such that,

q =
l
B

, (2.2)

where q is the angular resolution of the interferometer (in radians), l is the observ-
ing wavelength and B is the distance between two dishes, which is called the base-
line length. Given that the dishes of an interferometer can be placed far apart, this
technique allows astronomers to produce high angular resolution images of celestial
objects. In this thesis, the data is collected with the VLA in its largest configuration,
which provides an angular resolution of around 0.15 arcsec.

The VLA is situated on the Plains of San Agustin in New Mexico (see Figure 2.2).
Away from major cities, ringed by mountains and coupled with a desert climate,
the location of the VLA is ideal for radio astronomy with minimal radio frequency
interference and low humidity that would affect the incoming signals at both low
and high frequencies.

As seen in Figure 2.3, the telescopes of the VLA are arranged in the characteristic
Y-shape, where each of the individual telescopes are placed on a regular grid with
respect to each other. This means that the "aperture" of the interferometer is not
completely filled, but instead has gaps in it. This has implications for the resulting
imaging that is produced with the VLA. In Figure 2.3, we also show the relative
positions of the VLA antennas for our experiment, which is called A-configuration.
The output data from the VLA is a cross-correlation of signals from each pair of
antennas. Each antenna has eight receivers that collects these signals at different
continuous frequency ranges between 1 and 50 GHz, as seen in Table 2.1. For the
observations carried out in this thesis, we use the Ku-band receiver, which operates
at a frequencies between 12 and 18 GHz.

Electromagnetic waves collected by telescopes like the VLA can occasionally
share the same electric vector position angle (EVPA), in which case the signal is
described as polarised. The VLA is able to detect this polarisation by having or-
thogonal dipole receivers that each detect incoming signals as a voltage at different
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FIGURE 2.3: Layout of 27 VLA dish-telescopes, when in A-
configuration. Created using the data collected for this thesis.

TABLE 2.1: The receivers that provide a continuous frequency cover-
age between 1 and 50 GHz for the VLA. Note that there are also lower
frequency receivers that are sensitive below 1 GHz, but these do not

provide a continuous frequency coverage.

L-band 1–2 GHz
S-band 2–4 GHz
C-band 4–8 GHz
X-band 8–12 GHz

Ku-band 12–18 GHz
K-band 18–26.5 GHz

Ka-band 26.5–40 GHz
Q-band 40–50 GHz

orientations. In the case of the VLA, the receivers measure the R- and L-handed cir-
cular polarisation. The polarisation properties of radio sources is discussed in more
detail below.

2.4 Interferometers

As mentioned in Section 2.3, the use of interferometers in astronomy allows us to ob-
serve the Cosmos at higher angular resolution than is typically possible with single-
dish telescopes (see Equation 2.1). Interferometry works on the basis of constructive
and destructive interference patterns that are created when the incoming electro-
magnetic waves are combined from each dish. This can be best understood by con-
sidering a simple two-element interferometer that is observing a distant source. As
seen in Figure 2.4, the electromagnetic wave arriving at Dish 1 has a longer distance
to travel than that arriving at Dish 2, such that,

~b � ŝ = b cos q, (2.3)
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FIGURE 2.4: Example schematic of a two element interferometer sep-
arated by a baseline~b, combining an incoming signal with a time de-

lay t g.

where~b is the projected baseline length and ŝ is the unit vector towards the source.
As electromagnetic waves travel at the speed of light c, this distance corresponds to
a geometric time delay,

t g =
~b � ŝ

c
. (2.4)

Therefore, the output voltages received from the electromagnetic waves are,

V1 = V cos[w(t � t g)] V2 = V cos(wt) (2.5)

for Dish 1 and Dish 2, respectively. Here, w corresponds to the angular frequency,
w = 2p c/l . These voltages are then multiplied and time averaged using a piece of
equipment that is called a correlator. The resulting output from this process is,

R = hV1V2i =
V2

2
cos(wt g). (2.6)

The sinusoidal fringe pattern created by this process has a period that is directly
proportional to the baseline length b, via the geometric delay t g, and the observing
frequency n, via w. From this we again find, as stated in Equation 2.2, that longer
baselines and higher observing frequencies produce more rapidly varying fringes
across the sky and thus provide information on smaller angular-scales.

Thus far, we have only considered the case for a distant point source. For an
extended surface brightness distribution, we can consider the source as the sum of
independent point sources with sky brightness In( ŝ). The interferometer would thus
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have the response of a real component,

Rc =
Z

Iv( ŝ) cos(2p~b � ŝ/l )dW, (2.7)

and an imaginary component with a 90° phase delay,

Rs =
Z

Iv( ŝ) sin(2p~b � ŝ/l )dW. (2.8)

By expressing these in complex notation, we obtain the definition of the complex
visibility,

V = Ae� if , (2.9)

where A is the amplitude expressing how bright the source is and f is the phase,
which provides information to its position. Both the amplitude and phase encode
information about the surface brightness distribution of the radio source. By com-
bining Equations 2.7, 2.8 and 2.9, we are able to obtain the response of a two element
interferometer to an extended source as,

V =
Z

Iv( ŝ)exp( � i2p~b � ŝ/l )dW. (2.10)

Equation 2.10 can be mapped to a coordinate system which would then allow us to
obtain the response of our interferometer from anywhere in the sky. This response
is the inverse Fourier transform of the sky brightness distribution, and thus, we are
able to easily go from the visibility Fourier plane to the sky plane.

As previously mentioned, we are looking at a case that consists of two dishes
and thus one baseline and one visibility. In the case of the VLA, we have 27 dishes
corresponding to 351 baselines. Each of these baselines corresponds to a visibility
orientated in the direction of the baseline on the UV plane. The UV plane represents
the Fourier space sampled by an interferometer, where each baseline corresponds
to a specific point in this plane. Together, these visibility’s inform us on the power
corresponding to some angular-size on the sky. The Fourier transform of these vis-
ibilities then in turn gives us a sampled image of the sky (the sky plane), based on
the power and angular size observed. Incomplete UV coverage results in distortions
in the sky plane image. These distortions are counteracted by sampling techniques
to improve the UV coverage as well as implementation of cleaning algorithms (dis-
cussed in later chapters) to better represent the sky plane. of However, where are
these signals coming from? In the next section we will discuss radio continuum
emission with a focus on synchrotron emission.

2.5 Radio Continuum Emission

Thermal and non-thermal electromagnetic radiation is emitted with a power that is
described by Larmor’s formula,

P =
2
3

q2a2

c3 , (2.11)

where P is the power produced when a particle of charge q is (tangentially) accel-
erated by a. In the case of thermal emission, an ensemble of accelerated particles
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FIGURE 2.5: Radio spectrum of an HII region, taken from Condon and
Ransom (2016). At low frequencies the spectrum has a spectral index
of a � 2 (due to the Rayleigh-Jeans part of spectrum) until at some
frequency (n) the optical depth becomes < 1 and the slope changes to

� � 0.1.

with a temperature T > 0 K produces radiation that is dependent on their ther-
mal energy and velocity. Whereas in non-thermal emission, the particle accelera-
tion is independent of temperature and is typically dependent on the presence and
strength of magnetic fields (e.g. synchrotron radiation) or gravitational interactions
(e.g.Bremsstrahlung radiation).

Examples of thermal emission include black body radiation from stars, grey body
radiation from heated dust and free-free emission, which is often observed in regions
of ionised plasma (e.g., HII regions). For black body radiation to peak at radio wave-
lengths, then the source must be extremely cold. For example, cold dust (TD � 30 K)
typically radiates in the far-infrared regime, and it is the Rayleigh-Jeans part of the
spectrum that is observed at radio wavelengths. However, this emission would be
very faint, hence at the radio regime we shouldn’t expect blackbody emission from
anything that isn’t nearby. In HII regions, free electrons interact electrostatically with
ions in the plasma. The free electrons do not get captured by the ion and thus the
electron is free before and after the interaction, hence the term "free-free". When
these electrons interact with the ion, they are accelerated via the Coulomb force (F),

jaj =
F

me
=

Ze2

mer2 , (2.12)

where me is the electron mass, Z is the number of electrons removed from the ion,
e is the charge of the electron, and r is the distance between the electron and the
ion. The strength of the emission is related to a number of properties of the interac-
tion, most notably the velocity distribution of the electrons, which is described by a
non-relativistic Maxwellian distribution; this is dependent on the temperature of the
electrons, and hence, determines that this is a thermal process. In Figure 2.5, we see
the spectrum of free-free emission for a typical HII region.

For non-thermal radiation, as mentioned previously, charged particles are accel-
erated by a magnetic field or gravitational interactions (we will focus on particles



12 Chapter 2. Radio Astronomy & Gravitational Lensing

accelerated by magnetic fields), but the type of radiation is defined by the velocity
of the particle, that is,

• gyro radiation, when the particle velocity is much less than the speed of light
(v � c);

• cyclotron radiation, when the particle velocity is less than the speed of light
(v < c); and

• synchrotron radiation, when the particle velocity is close to the speed of light
(v � c).

The magnetic force is given by,

~F =
q(~v � ~B)

c
, (2.13)

where a particle of charge q is travelling with velocity ~v (v � c) through a magnetic
field ~B. This force ~F is perpendicular to ~v such that,

~F � ~v = 0, (2.14)

thus no work is done on the particle. In this set up, the velocity parallel (vk) to
the magnetic field is constant and so is dependent on the total magnitude of the
velocity jvj. Therefore, the magnitude of the perpendicular velocity component (v? )
is constant, but with changing direction. The combination of these velocities results
in the charged particle travelling along uniform magnetic field lines in a helical path
with radius r perpendicular to the field lines and with angular frequency w = v

r (see
Figure 2.6). The angular velocity required to balance the centripetal force,

jFcj = mw2r, (2.15)

and the magnetic force (Fm) from Equation 2.13 is independent of velocity, so long as
v � c. Thus, the gyro frequency (wG) we obtain from equating Equations 2.15 and
2.13 is,

wG =
qB
mc

. (2.16)

For an electron, this gyro frequency equates to a frequency

� nG

MHz

�
= 2.8

�
B

gauss

�
, (2.17)

which requires extremely high magnetic fields, such as found for neutron stars, in
order to have a frequency high enough to propagate through the interstellar medium
(ISM) (Condon and Ransom, 2016). Thus, the more prominent case of non-thermal
radiation is that of synchrotron radiation, which will be discussed in detail in the
next section.

2.6 Synchrotron Radiation

As mentioned in the previous section, synchrotron radiation comes from charged
particles travelling at relativistic speeds (v � c) through a magnetic field. Due to
relativistic effects, the processes in which the particle moves is dictated by special
relativity as it undergoes a Lorentz transformation from the inertial coordinate frame
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FIGURE 2.6: Image of the helical path taken by a charged particle
moving through a uniform magnetic field with example radii of an
ion compared to that of an electron (taken from McCracken and Stott,

2013).

FIGURE 2.7: The coordinate system of two reference frames in which
an event happens. The un-primed inertial coordinate frame and the
primed frame moving with a velocity in the x-direction (taken from

Condon and Ransom, 2016).

to a frame moving at an initial velocity (see Figure 2.7). These frames are related to
each other such that an event can be transformed from one frame to anther via the
following,

x = g(x0+ vt0), y = y0, z = z0, t = g(t0+ bx0/c), (2.18)

x0 = g(x � vt), y0 = y, z0 = z, t0 = g(t � bx/c), (2.19)

where
b � v/c, (2.20)

and
g � (1 � b2)1/2. (2.21)

Due to the relativistic nature of the particle and the conservation of momentum,
the relativistic mass m is different to that of its rest mass m0, such that,

m = gm0. (2.22)

Thus we get the angular frequency,

wB =
qB

(gm0)c
, (2.23)

which for a relativistic particle travelling along its helical path is smaller than that



14 Chapter 2. Radio Astronomy & Gravitational Lensing

of a non-relativistic particle. This means that we would need an even stronger mag-
netic field than that needed to observe a non-relativistic particle. However, there are
more relativistic properties at play.

From Larmor’s equation (Equation 2.11), we find the power in the primed coor-
dinate system to be,

P0 =
2q2a2

?
3c3 , (2.24)

where a0
? is the perpendicular acceleration of the particle in the primed coordinate

frame (see Figure 2.7). To convert this into the inertial frame we apply the chain rule
derivative, such that for

a? = ( a2
y + a2

z)1/2 (2.25)

we get,

ay �
dvy

dt
=

dvy

dt0
dt0

dt
=

1
g

dv0
y

dt0
dt0

dt
=

a0
y

g2 . (2.26)

Similarly,

az �
dvz

dt
=

a0
z

g2 , (2.27)

so,

a? =
a0

?
g2 . (2.28)

By substituting Equation 2.28 into Equation 2.24, we get the prime power of Lar-
mor’s formula in terms of the inertial acceleration,

P0 =
2q2a2

? g4

3c3 . (2.29)

This formula is the same in both the prime and the inertial reference frame, such
that P0 = P, with power being relativistically invariant. To compare this with the
non-relativistic case we use the fact that

a? �
dv?
dt

= wBv? = wBv sin a, (2.30)

where a is the pitch angle between the electron velocity and the magnetic field,
which along with Equation 2.23, we get,

P =
2q2

3c3 g2 q2B2

m2
0c2

v2 sin2 a. (2.31)

This power equation for an electron is however often written in terms of the Thom-
son cross section of an electron sT,

sT =
8p
3

�
e2

m0c2

� 2

, (2.32)

and the magnetic energy density UB,

UB =
B2

8p
, (2.33)
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FIGURE 2.8: In the frame of the electron, the dipole radiation power
pattern is shown by the dotted line. However, in the frame of the
observer, the transformed pattern is shown by the solid line with a
width q = 2/g for g � 1. Taken from Condon and Ransom (2016).

then the instantaneous power emitted for a single electron becomes

P = 2sTb2g2cUB sin2 a. (2.34)

The time-averaged synchrotron power over an electron’s lifetime is found by aver-
aging over all pitch angles, which gives,

P =
4
3

sTb2g2cUB. (2.35)

For relativistic electrons (g � 1) the power emitted is a factor of g2 greater than that
of a non-relativistic electron.

Due to the relativistic nature of the electron, not only is the power greater, but the
power pattern of the radiation is also affected as, in the observers frame, the electron
"catches up" with its own emission in a phenomenon known as relativistic beaming,
as seen in Figure 2.8.

In relativistic beaming, the radiation pattern seen by the observer is a narrow
beam of width q = 2/g for g � 1. This radiation is only seen in pulses due to the
helical path of the electron as it moves through the magnetic field. As can be seen
from Figure 2.6, this means the emission will only be measured by an observer once
a cycle, that is, during the brief period when the electron’s power pattern is directed
towards the observer. By considering Figure 2.9, we are able to determine how long
this pulse lasts by finding the difference in time between the end of the pulse and
the start of the pulse, that is,

Dtp =
Dx
v

+
(x � Dx)

c
�

x
c

=
Dx
v

�
Dx
c

=
Dx
v

�
1 �

v
c

�
, (2.36)

where,
�

1 �
v
c

�
=

�
1 �

v
c

� 1 + v/c
1 + v/c

=
1 � v2/c2

1 + v/c
�

1
2g2 , (2.37)

such that,

Dtp =
Dx
v

1
2g2 =

Dq
wB

1
2g2 =

1
g3wB

=
1

g2wG
. (2.38)

This results in very narrow pulses of power over time, which can be converted via
a Fourier transform into the synchrotron power spectrum. This spectrum is con-
tinuous, but most of the power is emitted at a characteristic frequency, which is
dependent on the energy of the electron and the magnetic field strength, such that,

nc � g2nG (2.39)

where,
E = gmec2. (2.40)
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By differentiating Equation 2.40 in terms of Equation 2.39 we get,

dE
dn

�
1

2(nnG)1/2 mec2. (2.41)

With the emission co-efficient (en) for synchrotron radiation being,

en = �
dE
dt

N(E)
dE
dn

, (2.42)

using Equations 2.35, 2.39 and 2.40. We find for a collection of electrons, whose
energy distribution is described by the power-law,

N(E) = kEd, (2.43)

where N(E) is the number of electrons per unit volume, k is a normalisation constant
and d is the power-law index,

en µ In µ Sn µ na, (2.44)

where a is now the spectral index,

a =
d � 1

2
, (2.45)

In is the specific intensity and Sn is the flux-density. Specifically, we show how the
flux density of a synchrotron emitting radio source varies as a function of frequency
in Figure 2.10. When the optical depth is t � 1 at some frequency n1, the brightness
temperature of the radiation that is emitted has the same temperature of the elec-
trons within the plasma. At frequencies below n1, synchrotron self-absorption occurs
and there is a turnover in the low-frequency spectrum of the source. At frequencies
above n1, the radio source becomes optically thin to the synchrotron emission and
the resulting spectrum is given by the power-law given in Equation 2.44. For a radio
source with a spectral index of a, the synchrotron self-absorption can be described
by the model,

Sn = Sn1(n/n1)2.5(1 � exp[� t (n/n1)a� 2.5]). (2.46)

In this thesis, we study a lensed radio source with a flat-radio spectrum, defined as
having a > � 0.5 at GHz frequencies. Such sources are thought to contain several
synchrotron self-absorbed components where the optical depth is unity at different
frequencies. This results in a combination of radio spectra that when added together
produce an overall radio spectrum that is flatter than a = � 0.7.

2.7 Polarisation

As discussed in the previous section, radio waves consist of an electric and magnetic
field component that are orthogonal to each other. The orientation of the electric field
is what describes the polarisation, via the electric vector position angle (EVPA). For a
monochromatic electro-magnetic wave we are able to describe the electric field such
that for a wave travelling in a ẑ direction,

~E = [ x̂Ex exp(if x) + ŷEy exp(if y)] exp[i(~k � ẑ � wt)], (2.47)
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FIGURE 2.9: Illustration taken from Condon and Ransom (2016) de-
picting an electron moving a distance Dx towards the observer.

FIGURE 2.10: Spectrum of an optically thick (t � 1) synchrotron
source, where there is a sharp fall off due to synchrotron self-
absorption (a = 5/2) at frequencies when the object becomes opti-
cally thick. At higher frequencies, the object is optically thin, with a
typical synchrotron spectral index of a = � 0.7. Taken from Condon

and Ransom (2016).
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where the wave vector~k has a magnitude of,

j~kj �
2p
l

, (2.48)

in the direction of travel and w is the angular frequency. The x and y wave compo-
nents have a phase difference (d) such that,

d � f x � f y, (2.49)

and the total magnitude of the electric field is,

E =
q

E2
x + E2

y. (2.50)

Most combinations of phase and amplitude results in an elliptically polarised wave.
Whereas, if the phase difference is 0 the resulting EVPA is linear, and thus, the wave
is linearly polarised. If the magnitude of Ex = Ey, and there is a phase difference
of d = p /2, then the electric field will be circular, and therefore, the wave is cir-
cularly polarised. In terms of synchrotron radiation, which we have been focusing
on in this thesis, the emission from a single electron should be elliptically polarised
(either right handed or left handed polarisation, depending on whether the line-
of-sight of our observation falls inside or outside the pitch angle of the emission).
However, this right- or left-handed disparity for elliptical polarisation would cancel
out in a smoothly varying distribution of multiple particles, and thus, in synchrotron
radiation the elliptical polarisation of each particle will cancel out to form a partial
linearly polarized source, which is either parallel or perpendicular to the sky plane
(Rybicki and Lightman (1985)).

However, in astronomical sources the radiation received is not monochromatic,
but contains multiple varying electric fields. These electric fields can therefore be
characterized by the four Stokes parameters. The radiation from a frequency range
is averaged over time such that the Stokes parameters are,

I = hE2
x + E2

y i /R0, (2.51)

Q = hE2
x � E2

y i /R0, (2.52)

U = h2ExEy cos di /R0, (2.53)

V = h2ExEy sin di /R0, (2.54)

where R0 is the radiation resistance of free space. If the averaged magnitudes of Ex
and Ey are equal and the phase of the electric fields are uncorrelated, it follows that
Q = U = V = 0 and the source is said to be unpolarised. For any polarisation
state, I is the total intensity of the source. The VLA, which is used in this thesis,
has the capability of measuring the polarisation of the source by having two orthog-
onally orientated receivers that detect the L and R directions independently (more
generally referred to as the left- and right-hand receivers, respectively).

Now that we know where the signal from a radio source is coming from and how
it is detected, in the next section we will introduce gravitational lensing, which we
use for our tests of dark matter.
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2.8 Gravitational Lensing

Gravitational lensing was first considered in 1783, with correspondence sent be-
tween John Mitchell and Henry Cavendish. In these papers, John Mitchell postu-
lated a method in which to derive the mass of a star using the reduction in light
speed due to the gravitational field of said star. This lead Cavendish to produce
the first calculation of the deflection angle of light by the Sun (called the Newtonian
deflection angle),

Dq �
2GM
c2R

, (2.55)

where Dq is the level of light deflection, G is the gravitational constant, M is the
enclosed mass within a distance R of the star, and c is the speed of light in a vacuum.
However, this is half of the value we know today. The difference came from the lack
of knowledge at the time about the curvature of space-time around massive objects.
This changed in 1916 when Albert Einstein theorised that the deflection of light can
rather be described by geodesic lines that travel straight in the curvature of space-
time, better known as his General Theory of Relativity (see Meneghetti 2017 for a full
derivation). Therefore, the deflection angle (for a point mass lens) will be dependent
on the light path through the gravitational potential, such that,

~̂a(b) =
2
c2

Z + ¥

� ¥
r ? f dz, (2.56)

where ~̂a is the total deflection angle with impact parameter b. The Newtonian grav-
itational potential f is assumed to be much smaller than c2. This assumption allows
us to expect a small deflection angle and thus we can integrate over the light path as
if it were unperturbed. By assuming the lens as a point mass,

f = �
GM

r
, (2.57)

we find,

~̂a =
4GM
c2b

. (2.58)

Here, we now see that Einstein’s General Theory of Relativity produces a deflection
angle twice that of Newtonian gravity, as proposed in 1783 by Cavendish. This was
verified when the Sun was directly observed in 1919 during a solar eclipse by Arthur
Eddington (and collaborators) who noted that the positions of stars had shifted by an
angle similar to that predicted by Einstein’s deflection angle. This was a spectacular
success for Einstein’s new theory of gravitation.

Thus, with General Relativity we are not only equipped to find the deflection
angle, but to also predict the various paths around a mass that produces multiple
images, which due to the conservation of surface brightness, will be magnified by
the aforementioned mass. It is here where the term "lensing" comes to light, as such
objects of significant mass act as a natural telescope, allowing us to see light from
distant objects that otherwise could not be observed. The magnification of an object
that is lensed is simply the ratio of the intrinsic and observed solid angles, which
due to the conservation of surface brightness, is also the ratio of their intrinsic and
observed flux-densities,

m�
Sn,observed

Sn,intrinsic
, (2.59)

with mbeing the magnification and Sn being the flux density of the source.
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FIGURE 2.11: Sketch of a typical gravitational lens system. Taken
from Bartelmann and Schneider (2001).

2.8.1 Lens Equation

In Figure 2.11 we see a schematic layout of a gravitational lens system, with a source
at an angular-diameter distance DS and a lensing mass at angular-diameter distance
DL. The dashed line is the optical-axis, which is perpendicular to the observer and h
is the projected angular distance between the source and the optical-axis (~h = ~bDS).
Similarly to Equation 2.58, we have a deflection angle ~̂a and an impact parameter
(previously labelled b in the point mass lens case) ~x = ~qDL. As mentioned in Section
2.8, we assume these angles to be small (much smaller than a radian), and thus, we
define the lens equation as,

~qDS = ~bDS + ~̂aDLS. (2.60)

This can be rewritten by defining a reduced deflection angle, such that,

~a(~q) �
DLS

DS
~̂a(~q), (2.61)

giving us the standard form of the lens equation,

~b = ~q � ~a(~q). (2.62)

This, in conjunction with Equation 2.58, forms the basis of lensing as from these two
equations we are able to investigate the properties of lenses based on their image
configuration and mass distributions. For example, lets consider a point-mass as the
lens. From Equations 2.58 and 2.62, we obtain,

~b = ~q �
4GM
c2DLq

DLS

DS
. (2.63)

From this, and setting b = 0, we are able to define the Einstein radius as,

~qE =

s
4GM
c2q

DLS

DSDL
. (2.64)
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By substituting Equation 2.64 into Equation 2.63, we obtain two solutions for q, and
thus two images of the source in the sky are formed at position,

q� =
1
2

�
b �

q
b2 + 4q2

E

�
. (2.65)

Therefore, if b = 0, that is, the source is directly behind the point mass, q would be
� qE. Thus, the images would form a ring with radius qE, which is generally called
an Einstein ring. As b ! ¥ , then q� ! 0 and q+ ! b; in this case the source and lens
have great enough septation that the source is unlensed. These points are referred
to as caustics in the source-plane, or critical curves in the image-plane. They are
regions that define the image multiplicity and the magnification of said images.

2.8.2 Lens Potential

In order to understand the gravitational lens observables used within this MSc project,
we continue by describing the significance of the lensing potential and its role in the
positions, time-delays and magnifications of lensed images.

By combining Equations 2.56 and 2.61, we can define the reduced deflection an-
gle in terms of the Newtonian potential as,

a(q) = r ?

�
DLS

DS

2
c2

Z
f dz

�
, (2.66)

and,

a(q) = r q

�
DLS

DSDL

2
c2

Z
f dz

�
, (2.67)

where we can define a scalar function y (q) as,

y (q) =
DLS

DSDL

2
c2

Z
f dz. (2.68)

This scalar function (y ) is known as the lensing potential and contains all of the in-
formation necessary to find the two-dimensional deflection of the light on the sky.
From Equation 2.67, we note that the gradient of the lensing potential is the reduced
deflection angle. Therefore, the deflections, or positions, of the lensed images are de-
pendent on the first derivative of the lensing potential. Furthermore, the Laplacian
(r 2

q) of the lensing potential simplifies to,

r 2
qy = 2k(q), (2.69)

where k is the convergence, which is related to the surface-mass density of the lens,
and furthermore, is related to the lensing magnification, such that,

m=
1

(1 � k)2 � g2 , (2.70)

where mis the magnification of the lens and g is the shear. Equations 2.69 and 2.70
are derived in full by Bovy, in preparation. Here, we see that the image magni-
fications are related to the second derivative of the lensing potential. Thus, from
both the positions and the magnifications of the lensed images, we are able to derive
information on the lensing potential.
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Above, we introduced the convergence, which is defined in terms of the surface-
mass density of the lens, such that,

k =
S

Scrit
, (2.71)

where

Scrit =
c2

4p G
DS

DLDLS
. (2.72)

S is the surface-mass density of the lens and Scrit is the critical surface-mass
density. When S � Scrit the lens will produce multiple images, depending on where
the source and lens lie in relation to each other.

For a variable source, another important observable from the lens equation and
the lens potential is a geometric and gravitational (Shapiro) time-delay between the
lensed images. The time-delay is used later in this thesis when we analyse the vari-
ability of our anomalous lens system. The geometric time-delay, taking into account
the redshift of the lens, is described as,

Dtgeom =
1 + zL

2c
DLDLS

DS
j q � b j2, (2.73)

and the Shapiro time-delay is described as,

DtShapiro = � (1 + zL)
DSDL

DLS
y (q). (2.74)

Thus, the combined time-delay for a lens system is,

Dtlensing =
1 + zL

c
DLDS

DLS

�
1
2

j q � b j2 � y (q)
�

. (2.75)

Images form at the extremes of such a time delay surface, the number and positions
of these images are determined by the caustics and critical curves of the lens system,
which are discussed in the next section.

2.9 Caustics and Critical Curves

In the previous section, we introduced the lens equation and the caustics that are
formed by a point-mass lens. Here, we expand on this by looking into more realis-
tic cases for galaxy-scale gravitational lenses. In particular, we focus on a smoothly
varying elliptical mass distribution as the lens mass. The simpler case would be
to look at a spherical mass model, but these have been shown to be too symmet-
ric, and therefore, are unable to reproduce many of the lensed image configurations
that have been observed (Narayan and Wallington, 1992). In the case of a singular
isothermal ellipsoid (SIE), we consider the deflection angle (Narayan and Walling-
ton, 1992; Blandford and Kochanek, 1987),

â1,2(x1, x2) = 4p
s2

c2

(1 � e)x1,2)

[x2
c + ( 1 � e)x2

1 + ( 1 + e)x2
2]1/2

(2.76)

where e measures the ellipticity of the lens and the subscripts 1 and 2 correspond
to the components along the axes of the elliptical. We consider the distribution to
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be isothermal when x1,2 < xc , where xc is the core radius of the mass distribution
(Narayan and Wallington, 1992). By using the SIE model, the caustics are no longer a
point at the centre of the lens and a ring at qE, but instead, as seen in the left panels of
Figure 2.12, there is a caustic at the centre, a diamond shape and an elliptical shape in
the outer regions. Also seen in Figure 2.12, the multiplicity of the images is dictated
by the source position relative to these caustics.

2.10 Mass Distribution

The mass distribution of galaxies have been well studied over years of investigation
by astronomers. Through the study of galaxy rotation curves, it has been concluded
that galaxies are not only formed with baryonic matter that emits light, but they also
contain an encompassing halo structure of satellite galaxies and a dark matter halo.
It is this halo that gravitationally holds galaxies together as they spiral at speeds
higher than those physically capable if they were only simply composed of their
galactic bugle and disk components (Gunn, 1977).

There are currently many predictions for the nature of this halo. Although it is
widely accept that simple models of the halo can be described as isothermal and
roughly spherical (Navarro, Frenk, and White, 1996) (thus explaining the single
isothermal ellipsoid model); what is not yet widely accepted is the type of dark mat-
ter mass model that should be applied. Vegetti et al., 2023 discuss these haloes in
detail, from cold dark matter (CDM), warm dark matter (WDM) and self-interacting
dark matter, to more exotic forms, such as fuzzy dark matter. For the research carried
out here, we will focus on CDM haloes, which are predicted to form hierarchically
such that low-mass haloes merge to form higher mass structures (Vegetti et al., 2023).
This subsequently leads to a high number of low mass haloes, as seen in Figure 2.13;
we note the suppression in the number of sub-haloes seen at low masses for the dif-
ferent WDM models, when compared to the predictions for CDM. This is important
since these low mass sub-haloes are thought to play a role in our observed flux-ratio
anomalies. Therefore, the level of flux-ratio anomaly provides information on the
abundance of low mass haloes within lensing galaxies (and along the line-of-sight).

As previously discussed in Chapter 1, the aim of this project is to constrain the
properties of dark matter. This can be done through determining the mass-fraction
of a lensing galaxy that is composed of sub-haloes fsub. This is defined as the ratio of
the total mass in sub-haloes within a projected cylinder of radius double that of the
Einstein radius of the lens, and the total mass of the halo within the same cylinder
(Hsueh et al., 2019). By conducting a Bayesian inference, we will produce a posterior
probability distribution under an idealized CDM model, where the half-mode mass
(which is related to the mass of the dark matter particle) is Mhm = 0 (see Figure 1.1).
From this, we derive a mean value of fsub, which will give us an insight into the dark
matter distribution present in the halo of our target lens system.
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FIGURE 2.12: In the left panels are the caustics, which separate the
source-plane into different regions, and in the right panels are the cor-
responding critical curves in the image-plane. The diamond shaped
caustic has two points of interest, the curved lines (called the folds)
and the intercept points (called the cusps). In the top panel we see
the effect of a source moving across the caustics from the centre to
the cusp, as shown by the cross and the triangle (5 image multiplic-
ity) and from the cusp to the outer elliptical, as shown by the circle
(3 image multiplicity). Similarly, in the bottom panel we see a source
moving across the caustics from the fold, as shown by the cross and
the triangle (5 image multiplicity), and from the fold to the outer ellip-
tical, as shown by the circle (3 image multiplicity). Here, we also note
one of the images is always near the centre and this image is strongly
demagnified if the core radius (xc) is small. Taken from Narayan and

Wallington (1992).
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FIGURE 2.13: Sub-halo mass function for CDM and various WDM
models. The number of sub-haloes from WDM models is suppressed
at low masses with respect to the predictions from CDM. Image taken

from Hsueh et al., 2019.
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Chapter 3

Scientific Background

In this chapter, we present the scientific background of the research project by dis-
cussing topics such as anomalous gravitatonal lens systems, cold dark matter sub-
haloes, as well as reviewing previous work in the field and introducing our target
CLASS B2045+265.

3.1 Anomalous Lenses

In this section, we will be using the tools introduced in Chapter 2 to discuss those
gravitational lens systems whose observed properties are inconsistent with a smooth
ellipsoidal mass distribution. Here, we focus on so-called "cusp lenses", as seen in
the top panel of Figure 2.12, where the source lies close to the cusp of the caustic, and
thus produces 5 images (although one of these images is strongly de-magnified). As
first suggested by Mao and Schneider (1998), point-sources that are multiply imaged
can be well-modelled using a simple elliptical mass distribution. However, for al-
most all gravitational lenses that produce four images, the observed flux-ratios do
not agree with the model-predicted flux-ratios, even though the models are able to
accurately predict the image positions.

As can be seen from Equation 2.59, the magnification is directly related to the
flux-density of the lensed images, and with this in mind, Narayan and Wallington
(1992) derived the following relation for the magnifications of a cusp lens system
with a smooth mass distribution,

m(1) + m(2) + m(3) = 0, (3.1)

where,

jm(2) j = jm(3) j =
1
2

jm(1) j. (3.2)

Here, the super-scripts 1, 2 and 3 correspond to the three images with the largest
flux-densities. As seen in Figure 3.1, these images correspond to the three squares
on the right-hand-side of the right panel, with the central image having the super-
script 1, the two outer images having super-scripts 2 and 3 and for completeness
the image on the left side of the right panel would have super-script 4 . Here it is
important to note that the images within the caustic would have negative magnifi-
cations (negative parity) denoting that these images are reversed in one dimension
with respect to the images outside the caustic.

Therefore, with all three images having the same intrinsic flux density, we are
able to obtain the observed flux ratios. For simplicity, lets call the observed flux
density of the central image B, and the observed flux densities of the outer images
A and C (in descending order from top to bottom), and the intrinsic flux density of
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FIGURE 3.1: A simulated singular isothermal ellipsoid (SIE) lens
model for a cusp lens system, where we see the source-plane and the
caustics with the source represented by a square (left) and the sky
plane with the lensed images represented by squares (right). Note
that an SIE does not produce a 5th lensed image. This image is repro-

duced from Keeton, Gaudi, and Petters (2002).

the source I. Therefore, from Equations 2.59 and 3.2, we obtain the following,

jm(2) j
jm(1) j

=
A/I
B/I

=
A
B

= 0.5, (3.3)

jm(3) j
jm(1) j

=
C/I
B/I

=
C
B

= 0.5, (3.4)

and,
jm(2) j
jm(3) j

=
A/I
C/I

=
A
C

= 1. (3.5)

We would therefore expect flux-ratios of A/B and C/B � 0.5, and A/C � 1. How-
ever, this does not hold true for most cusp lens systems that have been observed. The
first lens system where this flux-ratio anomaly was presented is JVAS B1422+231,
which we discuss in the next section.

3.2 The First Case: JVAS B1422+231

JVAS B1422+231 is a quadruply-imaged quasar with a characteristic cusp configura-
tion, similar to that seen in Figure 3.1. This lens system was discovered as part of
the Jodrell Bank-VLA Astrometric Survey (JVAS) by Patnaik et al. (1992). Since then,
there have been multiple unsuccessful attempts to model this system (Hogg and
Blandford, 1994; Kormann, Schneider, and Bartelmann, 1994; Keeton, Kochanek,
and Seljak, 1997). The general consensus is that although the positions can be re-
covered, the high-magnifications and the flux-ratios have yet to be reproduced by a
model. It has therefore lead to many debates on what could be causing these anoma-
lous fluxes. Some of the current theories include are as follows.

1. Intrinsic variability of the source coupled with a time-delay between the lensed
images introduced by the light-path of travel and the gravitational potential
may be able to account for the flux-ratio anomaly (Kormann, Schneider, and
Bartelmann, 1994). The idea here is that images A and C are observed at a time
when the source was brighter as compared to the light coming from image B
(Images A, B, C and D of B1422+231 as shown in Figure 3.2). This has essen-
tially been ruled out through monitoring of the system at 5 GHz by Koopmans
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FIGURE 3.2: JVAS B1422+231 observed at 15 GHz with the VLA. The
lensed images of the system are labeled A, B, C and D, as per Section

3.1. This image is provided by John McKean.

et al. (2003), and at 8.46 and 15 GHz by Patnaik and Narasimha (2001); see also
a recent re-analysis by Biggs (2023).

2. Light attenuation from absorption or scattering affects. As the light from each
of the images travels through space, they may separately encounter perturba-
tions along their line of sight. This may differentially affect one image more
than the others and produce anomalous flux-ratios. This also seems unlikely,
given the similar radio spectra that the lensed images have (Patnaik et al.,
1992).

3. Dark matter sub-haloes, as predicted by cold dark matter models may be present
in the system (Mao and Schneider, 1998; Nierenberg et al., 2014). These sub-
haloes would locally effect the magnification of the individual components.
An example of this is shown in Figure 3.3, which is a conceptual visualization
of how CDM sub-haloes could effect the flux-ratios of JVAS B1422+231.

The flux-ratio anomaly seen in JVAS B1422+231 is not unique and has been seen
in multiple lens systems. For example, CLASS B0128+437, MG J0414+0534, CLASS
B0712+472, CLASS B1555+375 and CLASS B2045+265; together with JVAS B1422+231,
these five lens systems comprise the Lensing over Frequency and Time (LoFT) sam-
ple. Through the research done in this project, we have focused on CLASS B2045+265,
where we have taken into account the aforementioned possibilities of intrinsic vari-
ability, light attenuation and cold dark matter sub-haloes. We now give a summary
of the properties of this system.
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FIGURE 3.3: A visual representation of what a possible CDM model
may look like, with the contours of JVAS B1422+231 overlayed. Here
we see a strong concentration of dark matter in the centre of the im-
age where we would expect the lensing galaxy to be, but also smaller
clumps with a random distribution spread around the field-of-view.
These clumps have a distribution such that some are close to the
lensed images. These CDM sub-haloes will locally effect the mag-
nification of the individual components. This image is provided by

John McKean.
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3.3 Our Target: CLASS B2045+265

Between 1994 and 1998, the Cosmic Lens All-Sky Survey (CLASS; Browne et al. 2003;
Myers et al. 2003) was carried out with the VLA in A-configuration at 8.46 GHz over
three observing seasons. The goal of CLASS was to image a sample of 16 503 flat-
spectrum radio sources to search for gravitational lenses. From a complete sample
of 11 685 sources, 22 gravitational lenses were discovered. As part of the second
phase of CLASS, in September 1995, CLASS B2045+265 was clearly identified as a
gravitational lens system with four lensed images, and a fifth radio-loud component
that has since turned out to be associated with an AGN within the lensing galaxy
(Fassnacht et al., 1999). The radio spectra of the four lensed images between 1.4
and 15 GHz were found to be very similar. From optical spectroscopy, the lensing
galaxy redshift was found to be zl = 0.8673 � 0.0005. However, only a single broad
emission line was detected from the background source, and so, its redshift remains
uncertain. Follow-up high angular resolution imaging in the near infrared, using the
adaptive optics system of the W. M. Keck Telescope by McKean et al. (2007), found
a possible luminous sub-halo associated with the system. This is now thought to
be a foreground star in the Milky Way due to it no longer being seen in the system
due to its proper motion (John McKean, private communication). VLBI imaging
with the VLBA (see Figure 1.3) found that the lensed images, and the emission from
the lensing galaxy to be dominated by a compact component, but with a hint of
extension seen in lensed images A and C (McKean et al., 2007).

Gravitational lensing mass models for CLASS B2045+265, in which a smooth
mass distribution in the form of a singular isothermal ellipsoid (SIE), have been
successful in reproducing the positions of the lensed images and their VLBI de-
tected components, but these models are unable to explain the observed flux ratios.
McKean et al. (2007) and Koopmans et al. (2003) quantify the level of the flux-ratio
anomaly using the Rcusp parameter (Bradac, M. et al., 2002; Keeton, Gaudi, and Pet-
ters, 2003),

Rcusp =
mA + mB + mC

jmAj + jmBj + jmC j
, (3.6)

where mA, mB and mC are the magnifications of images A, B and C, respectively. Here,
it is again important to note the parities of the images, where mB would have a neg-
ative parity. For a true-cusp lens system, we expect Rcusp to tend to 0. However,
CLASS B2045+265 has a value of Rcusp = 0.501 � 0.035, which is actually the most
extreme flux-ratio anomaly within the LoFT sample (Koopmans et al., 2003). CLASS
B2045+265 thus has a similar issue as JVAS B1422+231, where we have yet to accu-
rately model the lens system with a smooth mass distribution. This is why, as part of
this project, we have observed CLASS B2045+265 over a large time-range and large
frequency bandwidth. This has allowed us to investigate the nature of the flux-ratio
anomaly in CLASS B2045+265 deeper, and allowed us to rule-out possible causes, as
postulated in Section 3.2.
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FIGURE 3.4: 8.46 GHz image of CLASS B2045+265 taken with the
VLA in December 1996. The lensed images are labeled A, B, C and
D, and the lensing galaxy, which is also radio-bright, is labeled as E.

Taken from Fassnacht et al. (1999).
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Chapter 4

Data

In this Chapter, we present the observational data that are used throughout this
thesis, and the processes applied to produce science ready images and visibilities
that could be used to measure the flux-ratios of our target CLASS B2045+265.

4.1 Observations

The data used in this thesis were collected between 2022 March 15 and 2022 May
17 using the VLA in A-configuration. We monitored six gravitationally lensed radio
sources in total between 12 and 18 GHz for 20 epochs as part of the observing project
22A-388 (PI: McKean). In this thesis, the data for three of the lensed radio sources
are analysed, although our final results are based on one of them. The two other
lenses that were analysed are the subject of a BSc thesis (Vrints; RuG) and a PhD
thesis (Ndiritu; RuG and MPA) of two other students working as part of the Lensing
over Frequency and Time (LoFT) team. The lensed radio sources that we worked
on here are JVAS B1422+231, CLASS B1555+375 and CLASS B2045+265; all of which
are known to exhibit a flux ratio anomaly. For this thesis, we will be focusing on the
results for CLASS B2045+265.

For each epoch, JVAS B1422+221 was observed for 6.7 min, whereas CLASS
B1555+375 and CLASS B2045+265 were observed 8 min each as part of an observ-
ing block that lasted for one hour to aid scheduling. The Ku-band receiver was
used in 3-bit mode, which provided a continuous bandwidth between 12 and 18
GHz. This bandwidth was divided into three base-bands that each contained 16
spectral windows, with 64 channels each that were 2 MHz in width. The visibil-
ity integration time was 2 s. The data were recorded in left (L) and right (R) cir-
cular polarisations, which were correlated to produce the RR, LL, RL and LR cor-
relations (full-polarisation). 3C 286 was observed as the (primary) absolute and
polarisation flux density calibrator and as the polarisation position angle calibra-
tor, and J1407+2827, J1625+4134 and J2023+3153 were observed as the (secondary)
phase, delay and bandpass calibrators of JVAS B1422+231, CLASS B1555+375 and
CLASS B2045+265, respectively. Note that only one observation of each phase ref-
erence source was carried out to maximise the amount of time on each target, and
because phase self-calibration could be employed later. Finally, a longer observation
of J1407+2827 was carried out since it was also used to determine the polarisation
leakage.

4.2 Data Reduction: Stokes I

We used the Common Astronomy Software Applications (CASA; CASA Team et al.
2022) package to produce calibrated data. In Figure 4.1, we present the standard
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FIGURE 4.1: Workflow of a general CASA data reduction pipeline
taken from CASA Team et al. (2022).

CASA work flow diagram, which formed the basis of the pipeline implemented for
calibrating our data for JVAS B1422+231, CLASS B1555+375 and CLASS B2045+265.

As mentioned above, our data set was taken using the VLA in A-configuration
(see Figure 2.3). Since interferometers are sensitive to the relative phase differences
between the visibilities, a reference antenna is normally used from which all cali-
bration solutions are determined relative to. We chose antenna ea10, which is near
the centre of the array and hence had many short baselines (with the highest signal-
to-noise ratio and simplest source model), as our reference antenna for 19 of the 20
epochs; in the 16th epoch, antenna ea10 was offline, and we therefore chose ea23 as
an alternative reference antenna. Following the work flow, after importing our data
sets into CASA and doing an apriori calibration with the task gencal (corrections
done for opacity, antenna elevation, the sampler quantisation and the antenna po-
sitions, based on data collected by the VLA), an examination was done on the data
where we manually flagged any bad antennas, time-ranges or channels that were
obviously outliers using the flagdata task. In addition, the "quack" flagging process
within flagdata was employed to remove the set of visibilities at the beginning of each
scan due to the movements of the VLA dishes. Finally, (automatic) flagging in time
and frequency, based on the visibility statistics, was used to remove any residual
and frequent radio frequency interference that was difficult and/or time-consuming
to identify and remove manually.

3C 286, which is a known calibrator with a well defined model, was used to
calibrate the flux-density scale of our observations. The nature of 3C 286 whereby
there is no detectable variations in total flux density or polarized emission makes
it uniquely valuable as a calibrator as noted in Perley and Butler, 2017. By com-
paring the observed visibility amplitudes to the known model visibility amplitudes
for 3C 286 (which in the case of our pipeline we used the Perley and Butler 2017
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model at Ku-band) we can derive the calibration solutions with respect to some ab-
solute flux-scale. These calibration solutions can then be compared with those for
the phase-reference calibrators in order to obtain the correct flux-density scale and
spectrum for our target object. In terms of CASA, the function setjy is used to gener-
ate the model visibilities for 3C 286 (see Figures 4.2 and 4.3 for an example of the raw
and model visibilities of 3C 286 for one of the visits). This is followed by a short (sin-
gle integration; 2 s) phase-calibration step where, using a small frequency interval of
8 MHz to minimize delay errors, we create a correction table for the time-dependent
and frequency-independent complex gains on short time-scales. This is done using
gaincal, with gain type G in phase-only calibration mode. Next, another gaincal cal-
ibration is done with gain type K, which solves for residual delays to our reference
antenna, that is, solves for the phase as a function of frequency. Once this is done,
we correct for the spectral response of each spectral window using the task bandpass.
This solves for the amplitude as a function of frequency.

At this point, we have derived corrections for the phase and amplitude as a func-
tion of frequency, which now allows us to solve for these as a function of time, us-
ing the full bandwidth of each spectral window. Again, using the function gaincal
with gain type G, we create phase-only calibration tables for every visibility inte-
gration for 3C 286, as well as for each of the phase-reference calibrators (J1407+2827,
J1625+4134 and J2023+3153). This is followed by creating the amplitude gain tables
using gaincal with gain type G and using the amplitude and phase calibration mode.
Here, we used a solution interval that is equal to the scan time since the solutions
are expected to vary slowly in time and to maximise the signal-to-noise ratio.

Our next step was to determine the model for the phase-reference calibrators,
which up until now had been assumed to be point sources with an amplitude of
1 Jy. Using the task fluxscale, we compare the solutions of 3C 286 and the phase-
reference calibrators to determine their flux-density as a function of frequency, that
is, their spectrum (see Figure 4.4). Again, using the task setjy, we generate a set of
model visibilities, but now for the phase-reference calibrators. We then repeat the
steps we used above for our phase-reference calibrators to derive better amplitude
and phase solutions. These new gain tables are then applied to create the corrected
data, with 3C 286 having its own tables applied, and the phase-reference calibrators
J1407+2827, J1625+4134 and J2023+3153 having their respective calibration tables ap-
plied to themselves and the targets JVAS B1422+231, CLASS B1555+375 and CLASS
B2045+265, respectively. Finally, a radio frequency interference flagging step is ap-
plied to the corrected data. From this we obtain the final calibrated data for 3C 286,
as presented in Figure 4.5, and our target sources, as presented in Figure 4.6. Al-
though the results shown are based on the first visit from our data, this process was
repeated for all 20 visits.

4.3 Data Reduction: Stokes Q and U

Our pipeline also includes an additional section for polarisation calibration. Thus
far, we have only been working with the RR (right-hand) and LL (left-hand) corre-
lations, which are combined to form the Stokes I (total intensity). Here, we calibrate
the RL and LR (cross-hand) correlations, which measure light that has been polarised
and can be combined to form the Stokes Q and U. The gain tables that we solve for
are only for 3C 286 (to correct for the polarisation angle) and J1407+2827 (to correct
for the polarisation leakage). First, we use gaincal with type Kcross to correct for
the antenna cross-hand delays of the RL and LR data channels. This is followed by
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FIGURE 4.2: The visibility amplitude as a function of frequency (left),
and the visibility amplitude as a function of time (right) for 3C 286,
based on the first visit (2022 March 15), made using the CASA task
plotms. The top panels are the raw visibilities and the bottom panels
are the model visibilities, from the Perley and Butler (2017) model for
3C 286 at Ku-band. All plots show only the RR and LL correlations,
have been colourised by spectral window, and have been averaged in

time or frequency, and over all baselines, for clarity.
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FIGURE 4.3: The visibility phase as a function of frequency (left), and
the visibility phase as a function of time (right) for 3C 286, based on
the first visit (2022 March 15), made using the CASA task plotms. The
top panels are the raw visibilities and the bottom panels are the model
visibilities, from the Perley and Butler (2017) model for 3C 286 at Ku-
band. All plots show only the RR and LL correlations, have been
colourised by spectral window, and have been averaged in time or

frequency, and over all baselines, for clarity.
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FIGURE 4.4: Second order polynomial model (orange) of the flux-
density as a function of frequency determined using the CASA task
fluxscale for the phase-reference calibrators J1407+2827, J1625+4134
and J2023+3153, based on the bootstrap calibration for the first visit
(blue) (2022 March 15). We see that there is significant scatter in the
data, as a result of using the solutions for 3C 286 to calibrate the flux-
scale. By using the new models for the phase-reference sources, we
reduce this scatter and the variations from spectral window to spec-
tral window. It is noted that J1407+2827 has smaller error bars and a
better fit because it was observed for a longer time (for the polarisa-

tion calibration).
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FIGURE 4.5: The corrected visibility amplitude (top) and phase (bot-
tom) as a function of frequency for 3C 286, based on the first visit
(2022 March 15), made using the CASA task plotms. By comparing
these with the data presented in Figures 4.2 and 4.3, we see that the
calibrated visibilities are a close reflection of the model visibilities. All
plots show only the RR and LL correlations, have been colourised by
spectral window, and have been averaged in time and over all base-

lines, for clarity.
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FIGURE 4.6: The corrected visibility amplitude (left) and phase (right)
for our target sources JVAS B1422+231 (top), CLASS B1555+375 (mid-
dle) and CLASS B2045+265 (bottom), after all the gain tables have
been applied. We see there are offsets in some spectral windows,
which is likely due to residual radio frequency interference that re-

mained throughout the calibration process.
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using polcal to solve for the systematic calibration gains in the polarisation effects.
polcal is used with type Df to solve for the polarisation leakage (where polarisation
for one polarisation channel has been incorrectly detected in another due to imper-
fections, calibration errors, or misalignments in the system) , and then with type Xf
to solve for the cross-hand phases. These tables are then applied to each of the cali-
brators and the target sources. We verify the calibration by inspecting the resulting
polarisation angle and flux for 3C 286 using plotms. We note that the phase-reference
sources are polarised at the few per cent level between 12 to 18 GHz, except for
J1407+2827, which is confirmed to have no polarised flux.

4.4 Self-Calibration

The final step of the our calibration pipeline extracts the calibrated visibilities for the
three basebands using the CASA task split. We then converted them into uvfits for-
mat using the task exportuvfits for the next step in the process, called self-calibration,
which we describe in this section. From this point, we will be exclusively focused
on the target source of this thesis, CLASS B2045+265.

For the self-calibration step, we opted to use the interactive imaging, calibration
and model fitting package, Difmap (Shepherd, 1997). Difmap gets its name from the
process of difference mapping, where a model is produced by iteratively cleaning
the pre-calibrated data and inspecting the residuals. This model is then used for the
calibration of the data; hence the name, self-calibration. In Figure 4.7, we show the
dirty images of each of the three 2 GHz basebands using the pre-calibrated data from
Section 4.2. For each of these images, we have used only the RR and LL correlations
(Stokes I) and have used a uniform weighting of the visibilities. From these images,
we do not see signs of extended structure and only four components of the system
can be seen as fairly uniform "blobs" (these are the three brightest lensed images and
the lensing galaxy). We used the central baseband to derive a starting model for the
data set. For this, we first used a set of delta functions to describe the observed sur-
face brightness distribution. We used the Difmap clean function to build the model
for our data. Cleaning is an iterative process in which we extract a fraction (in our
case 1%) of the peak surface brightness within pre-defined regions, which are called
clean-boxes, until our model is a good representation of the data and we see mostly
noise after removal of the flux. This became our initial model that we calibrated the
data against. This process is repeated several times until we saw no major improve-
ment in the image residuals.

With the improved calibration, we then created a new model that was based
on fitting a single elliptical Gaussian model component to each lensed image and
to the emission from the lensing galaxy. We then iteratively self-calibrated against
this Gaussian model, improving it with additional model fitting. Strictly, the best
calibration will come from the best model, and we have made an assumption that
the source is well-represented by an elliptical Gaussian. Given the VLBI imaging
of McKean et al. (2007), this seems a reasonable approximation. However, we also
found that such a model produced a better rms (root mean square) map noise when
compared to the results using a model composed of delta functions; we note that
the model for each lensed image is certainly not consistent with a set of four delta
functions (20 components in total), as was produced from cleaning. The final self-
calibrated image produced from Difmap for the 14 to 16 GHz baseband data is given
in Figure 4.8. The resulting five-component Gaussian model is what we will refer to
as our base model.
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FIGURE 4.7: Imaging (dirty) of the CLASS B2045+265 pre-calibrated
data from the three basebands at frequencies between 12 to 14 GHz
(left), 14 to 16 GHz (middle) and 16 to 18 GHz (right), after running
our CASA calibration pipeline. Each of these images are for Stokes I,

and use uniformly weighted visibilities.

FIGURE 4.8: Final de-convolved image of CLASS B2045+265 using
the self-calibrated data from the baseband at 14 to 16 GHz. Note that

all four lensed images are detected, as well as the lensing galaxy.
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We next use the base model as a starting point to self-calibrate the individual
spectral windows, called intermediate frequencies in Difmap, for each visit. During
self-calibration, the absolute positional accuracy is lost as the model fits for the rela-
tive positions of the components, which can drift away from the true positions dur-
ing multiple runs of self-calibration. Therefore, to ensure that the different spectral
windows were astrometrically aligned, we fixed the positions for the five elliptical
Gaussian components in our model. Later, when we fit to individual channels, the
low signal-to-noise ratio resulted in poor model fits. Therefore, we also fixed the
model parameters, and allowed only for the flux-density of the model components
to vary.

We started by doing a phase-only self-calibration in Stokes I by loading in our
base-model to Difmap, and running the task selfcal, along with our desired solu-
tion interval. In this case, we used time intervals of 5 minutes and 1 minute, with
additional model-fitting after each self-calibration to update the model. The cor-
rect interval to be used was not intuitive; if too long, we may not correct for all of the
phase variations, and if too short, the signal-to-noise ratio of the data may be too low
to derive good solutions. Thus, we ran this step multiple times with many different
variations to the solution interval to test the results. We tried to avoid either over or
under calibrating the data, and found that the best solutions were produced with a 5
minute and then a 1 minute interval. Through these tests, we did find that it was dif-
ficult to identify when the data were over-calibrated for the Stokes I. However, when
we looked at the resulting polarised images in Stokes Q and U, we could clearly see
when we were over-calibrating the data. This is demonstrated in Figure 4.9, where
we see the difference in the quality of the calibration when 30 seconds is used for the
phase-only self-calibration solution interval, which seems to over-calibrate the data,
when compared to when only a 5 and 1 minute self-calibration solution interval was
used. A test was also conducted using a long solution interval of 30 minutes, but this
had little affect on our results when compared to the 5 and 1 minute strategy, since
it was much longer than the integration time used for the target. After each of these
phase-only self-calibration loops, we used the function modelfit to re-fit our Gaussian
model components to the visibility data; this is done for 10 fitting iterations and out-
puts the flux density, position (radius and angle from the phase centre), axis-ratio,
major-axis and position angle of the Gaussian models, and their errors. As we keep
most of the model parameters fixed, only the flux density and the error are the main
outcomes from this step.

Next, with our best model for the target, we apply amplitude self-calibration us-
ing the Difmap function gscale, which requires no input parameters since it provides
normalised antenna-based corrections with a solution interval that is the length of
the observation. We run this function twice, until all the amplitude corrections for
each telescope are � 1 (i.e. no additional correction needed). As above, modelfit was
run to update the source model after our first gscale.

The final step was to obtain a clean image and retrieve the flux-density of each
component. This was done by reading in the base model we created from our 14 to 16
GHz baseband data (Figure 4.8) and then re-fitting the model to our self-calibrated
data, again using modelfit. The outputted values from this final model-fit are the
flux-density of each component and a final de-convolved (clean) image. This was
done for each spectral window in Stokes I, Q and U, and per channel for Stokes I.



4.4. Self-Calibration 43

FIGURE 4.9: An example of the different results obtained for various
self-calibration solution intervals done with the Stokes I data and ap-
plied to the Stokes Q (left) and U (right) data. In the top panels are
the results of a 30 second phase-only sellf-calibration solution inter-
val, after 5 and 1 minute solution intervals have been used. In the
bottom panels are the results from only using 5 and 1 minute solution
intervals. From these images we note that the beam patterns seen in
the top panels are due to over-calibration from the 30 second solution-
interval step. Therefore, we exclude it in our final calibration and use

only a 5 and 1 minute solution interval.
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4.5 Final Imaging in Stokes I, Q and U

Having a complete data set over the frequency range of 12 to 18 GHz that was taken
over 20 visits provides an extremely deep observation of 160 min over a 6 GHz band-
width for our target. As part of our imaging and self-calibration pipeline within
Difmap, we also produced deconvolved (clean) image at each of the three basebands
(12 to 14, 14 to 16, and 16 to 18 GHz), which are saved as a fits image for the Stokes
I, Q and U, as well as the corresponding residual images (with the Gaussian model
subtracted, in the case of Stokes I). Thus, for each of our 20 visits we have an image
for each polarisation, as well as three images of the residuals, which are combined
to produce a set of stacked images. This process averaged the observed flux-density
and the rms of 60 images for each polarisation, and thus, provides the best possible
image of B2045+265 with the lowest rms.
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Results

From the previous Chapter, we have now successfully completed the calibration and
self-calibration of our data, and the model-fitting to obtain the flux-density for each
component per channel (and spectral window). This corresponds to a flux-density
measurement at 2 MHz intervals between 12 and 18 GHz for each visit. We therefore
have many measurements of the components as a function of frequency and time,
and in this chapter, we present the images of CLASS B2045+265 in Stokes I, Q and
U, and we discuss the radio spectra and the flux-ratios of the lensed images that we
derive from these measurements.

5.1 The Stokes I, Q and U Imaging of CLASS B2045+265

In Figure 5.1, we present the stacked Stokes I image of CLASS B2045+265 between
12 and 18 GHz (central frequency of 15 GHz). This image is made using a natu-
ral weighting of the visibilities, which produces a synthesised beam size of 0.169 �
0.141 arcsec at a position angle of � 26.1 degrees (note that this is the average beam
size of the 20 visits). The rms map noise is 2.6 mJy beam� 1, which is in excellent
agreement with the expectations, given the 6 GHz bandwidth and the 160 mins on-
source integration time (as derived from the VLA Exposure Time calculator). From
Figure 5.1, we see that all four lensed images have been detected at high signifi-
cance, as is the emission from the lensing galaxy. Immediately from this image, we
see that, as previously observed in 1998 with the VLA (see Figure 1.2), the lensed
images present the same flux-ratio anomaly (this will be further quantified below).
Therefore, the flux-ratio anomaly has persisted for almost 25 years.

In a recent analysis of the gravitational lens system JVAS B1422+231 by Biggs
(2023), where monitoring data was similarly stacked together, faint extended emis-
sion was found between the lensed images. Such emission can potentially provide
additional constraints to the gravitational lens mass model. Motivated by this, we
have also stacked the model-subtracted images of the Stokes I emission, which we
show in Figure 5.2. We see that there is no additional emission present in this rather
deep image of the system. Therefore, we confirm that the lensed source is core-
dominated on these scales, and that there is no extended emission present in our
data. We do note that there is some evidence of residual side-lobe emission. This
is either due to low level calibration errors that remain in the visibility data or due
to an imperfect removal of the source emission over the wide bandwidth that we
imaged.

We have also made images of the stacked Stokes Q and U surface brightness for
the target, as presented in Figures 5.3 and 5.4, respectively. As noted during the
calibration process, we see no evidence of any emission in the Stokes Q and U from
CLASS B2045+265 above the 5s-level (SQ,U < 13 mJy; point-source). Given that the
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FIGURE 5.1: The stacked Stokes I image of CLASS B2045+265 at a fre-
quency between 12 to 18 GHz, from the VLA observations taken over
20 visits between 2024 March 15 and 2024 May 17 (160 mins total on-
source integration). The lensed components are labelled A, B, C and
D, with the lensing galaxy labelled as E. Contours are at (5, 10, 20, 40,
80,...)� smap, where smap = 2.6 mJy beam� 1 is the residual image rms.
The restoring beam size is 0.169 � 0.141 arcsec at a position angle of
� 26.1 deg, and is shown in the bottom left hand corner of the image.

polarisation fraction is

Pfrac =
p

Q2 + U2

I
, (5.1)

we find Pfrac < 0.2%. Therefore, we conclude that CLASS B2045+265 is not polarised
at frequencies between 12 and 18 GHz, when observed at � 0.15 arcsec angular
resolution.

5.2 The Radio Spectra of CLASS B2045+265

From Section 2.6, the flux density (Sn) of each radio component is related to the
frequency (n) via a power law, Sn µ na, where a is the spectral index. Thus, in order
to quantify the results from our data, the important information we can parametrise
from our many flux-density measurements is the reference flux-density (S0) and the
spectral index for each component on each visit. This is done by fitting, via python
polynomial fitting, our data to the power law,

Sn = S0

�
n
n0

� a
, (5.2)
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FIGURE 5.2: The stacked Stokes I residual image (model subtracted)
of CLASS B2045+265 at a frequency between 12 to 18 GHz, from the
VLA observations taken over 20 visits between 2024 March 15 and
2024 May 17 (160 mins total on-source integration). For comparison,
the labelling and contours of the Stokes I emission are also shown
(see Figure 5.1). There is no evidence of any faint extended emission
associated with the lensed images, although low-level residual side-

lobe emission from the lensed images remains.
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FIGURE 5.3: The stacked Stokes Q image of CLASS B2045+265 at a
frequency between 12 to 18 GHz, from the VLA observations taken
over 20 visits between 2024 March 15 and 2024 May 17 (160 mins total
on-source integration). For comparison, the labelling and contours
of the Stokes I emission are also shown (see Figure 5.1). There is no
evidence of any Stokes Q emission associated with the lensed images.
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FIGURE 5.4: The stacked Stokes U image of CLASS B2045+265 at a
frequency between 12 to 18 GHz, from the VLA observations taken
over 20 visits between 2024 March 15 and 2024 May 17 (160 mins total
on-source integration). For comparison, the labelling and contours
of the Stokes I emission are also shown (see Figure 5.1). There is no
evidence of any Stokes U emission associated with the lensed images.
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TABLE 5.1: The spectral index between 12 and 18 GHz for lensed
images A, B, C and D, and lensing galaxy E taken from the power-

law polynomial fits to each individual visit.

Date A B C D E
15/03 � 0.97 � 0.01 � 1.12 � 0.02 � 1.00 � 0.02 � 0.8 � 0.2 � 0.58 � 0.04
25/03 � 0.95 � 0.01 � 0.94 � 0.02 � 1.00 � 0.02 � 0.8 � 0.1 � 0.22 � 0.03
30/03 � 1.01 � 0.02 � 1.11 � 0.04 � 1.07 � 0.03 � 1.1 � 0.2 � 0.49 � 0.06
02/04 � 0.96 � 0.01 � 1.01 � 0.02 � 0.98 � 0.02 � 0.9 � 0.1 � 0.32 � 0.03
04/04 � 0.91 � 0.01 � 0.94 � 0.03 � 0.96 � 0.02 � 0.9 � 0.1 � 0.40 � 0.04
07/04 � 1.00 � 0.01 � 1.02 � 0.03 � 1.07 � 0.02 � 0.8 � 0.2 � 0.34 � 0.04
13/04 � 0.93 � 0.01 � 0.93 � 0.02 � 0.98 � 0.02 � 1.1 � 0.1 � 0.31 � 0.03
15/04 � 0.85 � 0.01 � 0.85 � 0.02 � 0.87 � 0.02 � 0.7 � 0.1 � 0.37 � 0.03
18/04 � 0.97 � 0.01 � 1.03 � 0.02 � 1.02 � 0.02 � 0.7 � 0.1 � 0.17 � 0.03
23/04 � 1.06 � 0.01 � 1.03 � 0.03 � 1.05 � 0.03 � 1.1 � 0.1 � 0.32 � 0.03
26/04 � 1.02 � 0.01 � 0.98 � 0.02 � 0.96 � 0.02 � 0.8 � 0.1 � 0.24 � 0.03
28/04 � 1.00 � 0.01 � 0.96 � 0.03 � 0.98 � 0.02 � 0.6 � 0.2 � 0.37 � 0.03
30/04 � 0.84 � 0.01 � 0.83 � 0.02 � 0.80 � 0.02 � 1.0 � 0.1 � 0.27 � 0.03
02/05 � 0.91 � 0.01 � 0.90 � 0.02 � 0.88 � 0.02 � 0.7 � 0.2 � 0.15 � 0.03
05/05 � 1.01 � 0.01 � 0.96 � 0.02 � 0.98 � 0.02 � 1.1 � 0.1 � 0.24 � 0.03
07/05 � 0.88 � 0.01 � 0.89 � 0.02 � 0.95 � 0.02 � 0.7 � 0.1 � 0.12 � 0.04
10/05 � 0.96 � 0.01 � 0.89 � 0.03 � 1.00 � 0.02 � 0.7 � 0.1 � 0.60 � 0.03
12/05 � 0.90 � 0.01 � 0.90 � 0.02 � 0.90 � 0.02 � 0.6 � 0.2 � 0.22 � 0.03
15/05 � 0.91 � 0.01 � 0.94 � 0.02 � 0.93 � 0.02 � 0.8 � 0.1 � 0.29 � 0.03
17/05 � 0.90 � 0.01 � 0.87 � 0.02 � 0.90 � 0.02 � 0.7 � 0.1 � 0.31 � 0.03

where n0 is the frequency at which the reference flux density is measured. For our
data, we chose the central frequency of 15 GHz as our reference frequency. The
python function polyfit fits a polynomial to a data set that minimises the squared
error, via a least squares fitting, by the order of the polynomial.

In Figure 5.5, we show the flux-density of the lensed images A, B, C and D, and
the lensing galaxy E as a function of frequency for each visit. We note that the un-
certainties of the flux-densities on 2022 March 30 are particularly large (almost 50 %
larger; see also Figure 5.6 for a measure of the quality of the data per channel), and
we take this into account in our analysis. Furthermore, in Figure 5.5, we also show
the fitted radio spectra to each component, as defined by Equation 5.2. From these
fits, we extract the spectral indices and reference flux-densities for each visit, which
are presented in Tables 5.1 and 5.2, respectively. Also, we have determined the av-
erage spectral index and reference flux-density of each component of the system by
combining the data from all visits, which we present in Tables 5.3 and 5.4, respec-
tively.

From Figure 5.5 and Table 5.1, we see that the spectral indices of lensed images
A, B and C remain fairly similar over all 20 visits, as we would expect since lensing
is achromatic and we are observing the same source multiple times. The spectral
indices of lensed image D and the lensing galaxy E are noted to vary more sub-
stantially. These variations are believed to come from the lower signal-to-noise ratio
of these components. Furthermore, we do see several outliers between each of the
lensed images A, B and C per visit, where the difference in spectral index can be up
to Da � 0.1; this is much larger than the relative individual uncertainties on any
given visit. In addition, when we compare the average spectral index of each lensed
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FIGURE 5.5: The radio spectra from all 20 visits between 2022 March
15 and 2022 May 17. In each panel we show the spectra of the four
lensed images A, B, C and D, in red, green, blue, and purple, respec-
tively, and the spectra of the lensing galaxy E in orange. The spectra
of each component are shown as the flux-density at 2 MHz intervals
between 12 and 18 GHz, with the channel rms shown by the lighter
shade. The power-law fits are shown as the black dotted lines for
each of the spectra. The grey lines represent overlapping baseband
channels, which due to the loss in sensitivity have a larger rms (as

presented in Figure 5.6).
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FIGURE 5.6: The average rms per channel over all 20 visits, with over-
layed grey lines that represent the overlapping baseband channels.
The large increase in the rms is coincident with the edge channels of
each spectral window. We also see a loss in sensitivity towards the

edges of the full bandwidth.
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TABLE 5.2: The flux density at the reference frequency of 15 GHz for
the lensed images A, B, C, and D, and lensing galaxy E taken from the
power-law polynomial fits to each individual visit. Note that the un-
certainties do not include the absolute flux-density scale uncertainty
(� 5%), which will be important when considering any visit-to-visit

comparison.

Date A B C D E
(mJy) (mJy) (mJy) (mJy) (mJy)

15/03 4.684 � 0.007 2.594 � 0.007 3.217 � 0.007 0.462 � 0.007 1.818 � 0.007
25/03 4.738 � 0.007 2.613 � 0.007 3.334 � 0.007 0.501 � 0.007 1.851 � 0.007
30/03 4.560 � 0.010 2.540 � 0.010 3.210 � 0.010 0.460 � 0.010 1.780 � 0.010
02/04 4.647 � 0.007 2.558 � 0.007 3.234 � 0.007 0.485 � 0.007 1.853 � 0.007
04/04 4.654 � 0.008 2.531 � 0.008 3.296 � 0.008 0.494 � 0.007 1.763 � 0.008
07/04 4.556 � 0.008 2.461 � 0.008 3.205 � 0.008 0.468 � 0.008 1.851 � 0.008
13/04 4.658 � 0.006 2.598 � 0.006 3.270 � 0.006 0.461 � 0.006 1.829 � 0.006
15/04 4.732 � 0.006 2.634 � 0.006 3.298 � 0.006 0.470 � 0.006 1.984 � 0.006
18/04 4.774 � 0.007 2.604 � 0.007 3.332 � 0.007 0.472 � 0.007 1.789 � 0.007
23/04 4.826 � 0.008 2.580 � 0.007 3.373 � 0.007 0.457 � 0.007 2.085 � 0.007
26/04 4.598 � 0.007 2.465 � 0.007 3.228 � 0.007 0.459 � 0.007 1.766 � 0.007
28/04 4.715 � 0.007 2.519 � 0.007 3.269 � 0.007 0.458 � 0.007 1.910 � 0.007
30/04 4.753 � 0.006 2.554 � 0.006 3.227 � 0.006 0.483 � 0.006 1.967 � 0.006
02/05 4.761 � 0.007 2.569 � 0.007 3.265 � 0.007 0.489 � 0.007 1.864 � 0.007
05/05 4.614 � 0.007 2.479 � 0.007 3.159 � 0.007 0.481 � 0.007 1.695 � 0.007
07/05 4.701 � 0.007 2.566 � 0.007 3.301 � 0.007 0.478 � 0.007 1.769 � 0.007
10/05 4.558 � 0.007 2.452 � 0.007 3.183 � 0.007 0.438 � 0.007 1.930 � 0.007
12/05 4.739 � 0.007 2.578 � 0.007 3.248 � 0.007 0.452 � 0.007 1.877 � 0.007
15/05 4.689 � 0.007 2.576 � 0.007 3.271 � 0.007 0.501 � 0.007 1.721 � 0.007
17/05 4.633 � 0.007 2.536 � 0.007 3.246 � 0.007 0.465 � 0.007 2.005 � 0.007
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TABLE 5.3: The spectral index between 12 and 18 GHz for each lensed
image (A, B, C and D) and the lensing galaxy (E), taken from the

power-law fit to the data averaged over all visits (see Figure 5.7).

A B C D E
� 0.945 � 0.003 � 0.953 � 0.005 � 0.962 � 0.004 � 0.825 � 0.040 � 0.321 � 0.008

image over all visits (see Figure 5.7) with those obtained during each individual
visit, we see that for image A, 65% (13/20 visits) of the individual measurements are
not consistent with the average value at the 2s-level; for image B this is 50% (10/20
visits) and for image C this is 45% (9/20 visits). It is not clear whether this is due to
some frequency dependent variability of the background source or a possible cali-
bration error. In the case of the former, the frequency dependent variability would
need to be significant since it is happening over very short (� days) time-scales. We
note that the spectral indices of the lensed images are indicative of non-thermal syn-
chrotron radiation (see Section 2.6), although the spectral indices are much steeper
than expected for a flat-spectrum radio source (a > � 0.5) and for a typical radio
source (a � � 0.7). This could be due to the higher energy electrons dissipating
their energy faster than at lower energies, and thus, the higher frequency part of the
spectrum produces steeper spectral indices (see Section 2.6). Such a steep spectrum
radio source is not expected to be variable over such small time-scales. In the case of
the latter, a calibration error could manifest as a mis-match between the measured
spectrum of the phase-reference calibrator and its true spectrum (which is used to
define the spectrum of our target on any given day). This will be investigated fur-
ther once all of the lensed objects from LoFT have been analysed, since it should be
a systematic effect that is seen for all targets.

Also from Figure 5.5 and Table 5.2, we see the variation in the flux-density of
each component at the reference frequency. From Equation 5.2, S0 is essentially a
normalization of the spectrum, and thus, can be used as an estimate of the level
of variability for each lensed image (and for the emission from the lensing galaxy).
However, from Table 5.2, we see that the visit-to-visit variations in the flux-density of
each lensed image are significant, relative to the measurement uncertainty on each
day, and compared to the average flux-density for each component presented in
Table 5.4 and shown in Figure 5.7. As for the spectral indices above, this could be
due to either source variability or an unaccounted for systematic in the measurement
of the flux-densities. What we observe is almost certainty related to the latter, since
the day-to-day absolute flux-density calibration of the VLA is around a few per cent,
when done correctly (we will assume a conservative 5%). We find that the systematic
uncertainty in the average flux density of the lensed images A, B, C, and D should be
(systematic) 0.23, 0.13, 0.16 and 0.02 mJy, respectively. In the case of lensed images
A, B and C, these systematic uncertainties are significantly larger than the statistical
uncertainties given in Tables 5.2 and 5.4. When we take this systematic uncertainty
into account, there is no evidence of variability in the lensed images A, B and C over
our observing period.

5.3 Flux Ratios

Figure 5.8 shows the flux ratios of the lensed images as a function of frequency for
each visit. These have been produced by dividing the channel data for lensed images
B, C and D by those of lensed image A; as component E is known to be associated
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FIGURE 5.7: The average radio spectra from all 20 visits combined,
showing the four lensed images A, B, C and D, in red, green, blue,
and purple, respectively, and the lensing galaxy E in orange. The
spectrum of each component is shown as the flux-density at 2 MHz
intervals between 12 and 18 GHz, with the channel rms shown by the
lighter shade. The power-law fits are shown as the black dotted lines
for each spectrum. The grey lines represent overlapping baseband
channels, which due to the loss in sensitivity have a larger rms (as

presented in Figure 5.6).

TABLE 5.4: The flux density at the reference frequency of 15 GHz for
each lensed image (A, B, C and D) and the lensing galaxy (E), taken
from the power-law fit to the data averaged over all visits (see Figure

5.7).

A B C D E
(mJy) (mJy) (mJy) (mJy) (mJy)

4.684 � 0.002 2.552 � 0.002 3.260 � 0.004 0.472 � 0.002 1.856 � 0.002
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with the foreground lensing galaxy, it will not be subject to a flux-ratio analysis.
In principle, taking the flux ratios should allow us to divide out any frequency-
dependent gain errors remaining in our data after the calibration process, since these
would contribute equally to each image. The ratio-spectra presented in Figure 5.8
have been fitted with a linear polynomial, in python, and the flux-ratios determined
from these fits to each visit are presented in Table 5.5.

From Figure 5.8, we see that the flux ratios of the lensed images remain fairly
constant over 12 to 18 GHz, which suggests that there is no strong variation of the
flux-ratios as a function of frequency. This is expected for gravitational lensing as the
phenomenon is achromatic. We also see that the ratios of lensed images C/A is the
highest, followed by the ratios of B/A and D/A. This is consistent with the results
from previous monitoring at, for example, 5 GHz by Koopmans et al. (2003). From
looking at the individual ratios given in Table 5.5 for each visit, we see that there
is some evidence of a variation in the flux-ratios from visit-to-visit. For example,
in the case of the flux-ratio of lensed images B and C with respect to lensed image
A, we see that the maximum change in the ratio over the 20 visits is of order 6%.
In the case of the flux ratio of lensed image D with respect to lensed image A, this
variation is closer to 12%. These visit-to-visit variations are much larger than the
uncertainty of the flux-ratios on any given visit. This is also demonstrated in Fig-
ure 5.9, where we show the flux ratios of lensed images B, C and D with respect to
lensed image A over the 63 days of our monitoring campaign. Here, the variability
is not immediately apparent since the flux ratios appear globally flat as a function of
time. However, by normalising the flux ratios by their average value, as is presented
in Figure 5.10, we see that there is clear time-dependent variations in the flux-ratios
of each lensed image with respect to lensed image A. The variance on the flux-ratios
has been quantified using,

s =

s
å (Ri � mean)2

N � mean
, (5.3)

where Ri is the flux-ratio for each visit i, and N is the total number of visits. From
this, we find that the flux ratios have an rms scatter of 1.6%, 1.4% and 3.5 % for B/A,
C/A and D/A, respectively.

In Figure 5.11, we have averaged our flux ratios over time and by again conduct-
ing a linear polynomial fit to the data we obtain the flux ratios as seen in Table 5.6;
these are our best estimates of the true flux ratios of CLASS B2045+265. We confirm
that these flux ratios are extreme for a cusp-like lens systems. However, since the
lensed source is not exactly at the cusp, it is more appropriate to compare with the
expectations for the best macro-model for this system. Here, we use the predicted
values for the flux ratios of CLASS B2045+265, based on a power-law mass model,
with an external shear component (Jacob Cohen; private communication). These
model-predicted flux-ratios are B/A = 1.445 � 0.020, C/A = 0.504 � 0.018, and D/A
= 0.012 � 0.004. These values are in strong contention to those presented in Table 5.6,
and it is here we see the nature of the extreme flux-ratio anomaly present in CLASS
B2045+265.

5.4 Rcusp of B2045+265

The Rcusp parameter, as defined by Equation 3.6, gives further insight to the ex-
treme nature of the flux-ratio anomaly of CLASS B2045+265. Using the measured
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FIGURE 5.8: The flux-ratio of the lensed images as a function of fre-
quency for all 20 visits between 2022 March 15 and 2022 May 17. In
each panel, we show the flux-ratio of lensed images B, C and D, with
respect to image A, in green, blue and purple, respectively. The flux-
ratios of each lensed image are shown at 2 MHz intervals between 12
and 18 GHz, with the channel rms shown by the lighter shade. The
linear-fits of a first order polynomial are shown as the black dotted
lines for each flux-ratio. The grey lines represent overlapping base-
band channels, which due to the loss in sensitivity have a larger rms

(as presented in Figure 5.6).

FIGURE 5.9: The flux ratios of lensed images B, C and D, with respect
to image A, as a function of time. The flux-ratios at each visit are
obtained via a least squares fit to the flux-ratio spectrum obtained be-
tween 2022 March 15 (day 0) and 2022 May 17 (day 63), as presented

in Figure 5.8.
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TABLE 5.5: The flux-ratios between 12 and 18 GHz for lensed images
B, C and D with respect to image A, taken from the power-law poly-

nomial fits to each individual visit.

Date B/A C/A D/A
15/03 0.557 � 0.002 0.689 � 0.002 0.100 � 0.002
25/03 0.557 � 0.002 0.709 � 0.002 0.105 � 0.002
30/03 0.574 � 0.003 0.723 � 0.003 0.104 � 0.003
02/04 0.555 � 0.002 0.702 � 0.002 0.104 � 0.002
04/04 0.549 � 0.002 0.715 � 0.002 0.108 � 0.002
07/04 0.547 � 0.002 0.712 � 0.002 0.104 � 0.002
13/04 0.562 � 0.002 0.708 � 0.002 0.100 � 0.002
15/04 0.561 � 0.002 0.701 � 0.002 0.100 � 0.002
18/04 0.550 � 0.002 0.701 � 0.002 0.100 � 0.002
23/04 0.539 � 0.002 0.704 � 0.002 0.097 � 0.002
26/04 0.540 � 0.002 0.707 � 0.002 0.101 � 0.002
28/04 0.539 � 0.002 0.699 � 0.002 0.097 � 0.002
30/04 0.542 � 0.002 0.682 � 0.002 0.103 � 0.002
02/05 0.544 � 0.002 0.690 � 0.002 0.103 � 0.002
05/05 0.541 � 0.002 0.689 � 0.002 0.105 � 0.002
07/05 0.550 � 0.002 0.706 � 0.002 0.102 � 0.002
10/05 0.542 � 0.002 0.705 � 0.002 0.095 � 0.002
12/05 0.549 � 0.002 0.690 � 0.002 0.096 � 0.002
15/05 0.553 � 0.002 0.703 � 0.002 0.108 � 0.002
17/05 0.551 � 0.002 0.705 � 0.002 0.100 � 0.002

FIGURE 5.10: The normalised flux-ratio for lensed images B, C and D
with respect to lensed image A. The flux-ratios at each visit are from
a least squares fit to the flux-ratio spectrum obtained with the VLA
between 2022 March 15 (day 0) and 2022 May 17 (day 63). The rms of
the normalised flux-ratios are 1.6%, 1.4% and 3.5% for B/A, C/A and

D/A, respectively.
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TABLE 5.6: The average flux ratios between 12 and 18 GHz for lensed
images B, C, and D with respect to lensed image A, as determined

from the linear fit to the data taken over all visits (see Figure 5.11).

B/A C/A D/A
0.5444 � 0.0004 0.6957 � 0.0004 0.1002 � 0.0004

FIGURE 5.11: The flux-ratio spectrum of the lensed images B, C and
D, with respect to lensed image A with associated uncertainties av-
eraged over time. The grey lines represent overlapping channels that

have a larger uncertainty, as seen in Figure 5.6.



64 Chapter 5. Results

TABLE 5.7: The Rcusp value for each visit, calculated using the flux-
density of each lensed image at the reference frequency of 15 GHz, as

given in Table 5.2.

Date Rcusp

15/03 0.506 � 0.001
25/03 0.511 � 0.001
30/03 0.506 � 0.002
02/04 0.510 � 0.001
04/04 0.517 � 0.001
07/04 0.518 � 0.001
13/04 0.506 � 0.001
15/04 0.506 � 0.001
18/04 0.513 � 0.001
23/04 0.521 � 0.001
26/04 0.520 � 0.001
28/04 0.520 � 0.001
30/04 0.515 � 0.001
02/05 0.515 � 0.001
05/05 0.516 � 0.001
07/05 0.515 � 0.001
10/05 0.519 � 0.001
12/05 0.512 � 0.001
15/05 0.511 � 0.001
17/05 0.513 � 0.001

flux-densities presented in Table 5.2, along with the equation for the magnification
(Equation 2.59), we have calculated the Rcusp parameter for each visit, which are pre-
sented in Table 5.7. In Figure 5.12, we visualize our calculated values for Rcusp as a
function of time. We see that there is evidence of a variation in the Rcusp parameter,
with an rms scatter of 0.97% over the 63 day period of our monitoring campaign.
This is consistent with the variation seen in the flux-density of each lensed image at
the reference frequency, as is to be expected.

Furthermore, we find an average value of Rcusp = 0.5137 � 0.0003, when the
average flux-densities for each lensed image at the reference frequency are used (see
Table 5.4). From Equation 3.1, we would expect the value of the Rcusp parameter for a
true cusp-like lens system to tend towards 0. However, this is in strong disagreement
with our findings, which confirm that CLASS B2045+265 has the largest value of
Rcusp for any gravitational lens system known to date. CLASS B2045+265 is thus
an extreme case of a flux-ratio anomaly and is thus an important case study into the
nature of these anomalies. We note that our obtained value of Rcusp is consistent with
the value determined by Koopmans et al. (2003), who found Rcusp = 0.501 � 0.035
at 5 GHz.

5.5 Complex Mass Distributions and Dark Matter

We have now determined the most precise measurement of the flux-ratios and Rcusp
parameter for CLASS B0245+265 to-date, taking into account whether there is any
significant frequency- and/or time-dependent effects. Although we find no strong
evidence for any frequency dependence, there is some low level time dependence,
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FIGURE 5.12: The Rcusp parameter for each visit between 2022 March
15 (day 0) and 2022 May 17 (day 63). There is an rms scatter of 0.97%

in the Rcusp value between day 0 and 63.

which is likely due to systematic uncertainties in the calibration process. However,
we note that this may also be due to some low-level variability in the lensed source.
Nevertheless, for the remainder of our analysis, we will assume that the derived
flux ratios and their uncertainties are representative of the observed properties of
the system. With these values in hand, we now investigate what the flux ratios can
tell us about the nature of dark matter.

In collaboration with Dr. Jacob Cohen (UC Davis), and by providing him with the
relevant information on the image positions and flux-ratios for CLASS B2045+265,
we have produced Markov-Chain Monte Carlo (MCMC) fits (Cohen et al., 2024) for
an elliptical power-law mass model with an external shear (similar to an SIE), and
with 3rd and 4th order multipole expansions of the mass distribution. In Figures 5.13
and 5.14, we show the fits for the elliptical power-law and multipole mass distribu-
tions, respectively, along with their predicted flux-ratios.

Cohen et al. (2024) postulate that more complex mass distributions than that of
an elliptical power-law (plus and external shear; such as an SIE) could account for
the anomalous flux ratios in gravitational lens systems. This idea has already been
considered for CLASS B2045+265 by Congdon and Keeton (2005), where mass dis-
tributions of multipoles with an external shear were applied to several lens systems.
This multipole fitting procedure is seen as a possible alternative to small-scale milli-
lensing by sub-haloes since more complex structure my result in an uneven mass
distribution, allowing for the observed flux ratios to vary from what we would ex-
pect. However, Cohen et al. (2024) found that low-order multipole fits are unable to
reproduce the physical structures that would be viable mass distributions. On the
other hand, higher order multipole fits are able to account for the flux ratio anoma-
lies in some systems; in the case of CLASS B2045+265, the flux ratio anomalies are
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FIGURE 5.13: The model-predicted flux ratios and image positions for
for an elliptical power-law distribution. These predictions are derived
from an MCMC fitting for 104 iterations. The three panels on the
bottom right show the predicted flux ratios for all 104 iterations, along
with a back vertical line that represents the observed flux ratios found
by this project. The associated uncertainty is represented as the grey
shaded area. The flux-ratios B/A, C/A, and D/A are predicted to
be 1.445 � 0.020, 0.504 � 0.018 and 0.012 � 0.004, respectively, for this

mass model.

so extreme that they have yet to be replicated through these mass models. As seen
in Figures 5.13 and 5.14, these complex mass models alone are not able to reproduce
our observed flux ratios from Table 5.6, and thus, for the next step in our investiga-
tion, we constrain the mass fraction in sub-haloes.

Using Bayesian inference to produce a probability density function (PDF), we
are able to constrain the mass fraction in sub-haloes ( fsub) and construct a similar
distribution to that made by Hsueh et al., 2019, as presented in Figure 1.1. This
Bayesian inference was done in collaboration with Dr. Jacob Cohen (UC Davis) and
Dr. Simona Vegetti (MPA). Our analysis was done by running 32 000 realizations for
multiple fsub values between 0.00055 (0.055%) and 0.05623 (5.623%) for a sub-halo
mass-function that was consistent with CDM. Each of these realizations produced
a simulated model of CLASS B2045+265 with varying fsub values (0.00055, 0.001,
0.00178, 0.00316, 0.00562, 0.01, 0.01778, 0.03168 and 0.05623). For each value of fsub,
a likelihood calculation was conducted by comparing the realization model values
of the image positions to the observed image positions found from VLBA data of
CLASS B2045+265 at 5 GHz (McKean et al., 2007), as our image positions are fixed
during our analysis, and by fixing the flux ratios to those we derived above. This
was done in the form of taking the natural logarithm of the c 2 of the simulated data
compared to our calculated data for flux ratios and positions, such that,

ln(likelihoods) = � 0.5
�

model � observed
sobs

� 2

. (5.4)

Here, the total likelihood, in log space, is the summation of each of these ln(likelihoods)
and subtracting the log value of the number of realizations per fsub value (32 000 re-
alizations). From this, we were able to produce twenty PDFs (one for each visit). We
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FIGURE 5.14: The model-predicted flux ratios and image positions for
for an elliptical power-law distribution with 3rd and 4th-order mul-
tipoles. These predictions are derived from an MCMC fitting for 104

iterations. The three panels on the bottom right show the predicted
flux ratios for all 104 iterations, along with a back vertical line that
represents the observed flux ratios found by this project. The asso-
ciated uncertainty is represented as the grey shaded area. The flux-
ratios B/A, C/A, D/A are predicted to be 1.200 � 0.128, 0.365 � 0.075

and 0.018 � 0.010, respectively, for this mass model.

then fitted a smoothed curve to the likelihood for each value of fsub (see Figure 5.15).
Here, it is important to note that at fsub = 0.0562 none of the 32 000 realizations were
able to reproduce the images of CLASS B2045+265, and thus, data for fsub > 0.0562
were excluded. In Figure 5.16, these values have been averaged together to form a
mean PDF for fsub.

We see that the resulting PDF has a non-normal distribution. Also, the cur-
rent simulation models at fsub = 0.0562 and higher (with the PDF seeming to con-
tinue increasing at � 3%) are not able to reproduce the image properties of CLASS
B2045+265. Therefore, we are unable to constrain fsub from our data. We are how-
ever able to extrapolate that the value of fsub must be larger than the upper limit for
CDM, as predicted by numerical simulations (Xu et al., 2015). Here, we note that
we have been considering an idealized CDM model and have not accounted for any
line-of-sight sub-haloes outside of the bounds of the lens galaxy halo. This would
lower the expected value of fsub since some of the mass (up to two-thirds) can be
accounted for in line-of-sight sub-haloes (Despali et al., 2018).
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FIGURE 5.15: The probability density function for fsub for all 20 visits
of CLASS B2045+265. The vertical black line, similarly to Figure 1.1,
shows the upper limit for CDM, as derived by Xu et al. (2015) from

numerical simulations ( fsub = 0.008).

FIGURE 5.16: The mean probability density function for fsub. The
vertical black line, similarly to Figure 1.1, shows the upper limit
for CDM, as derived by Xu et al. (2015) from numerical simulations

( fsub = 0.008).
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Chapter 6

Discussion

In the previous chapter, we presented the results from our data analysis of the CLASS
B2045+265 multi-frequency monitoring observations with the VLA. Here, we will
be taking a deeper look into the significance of these results and what they tell us
about the nature of the flux-ratio anomaly for our target system. Thus, we will dis-
cuss what the radio spectra of CLASS B2045+265 tell us about propagation effects
along the line-of-sight to the lensed radio source, and what possible causes and im-
plications there are for the low-level variability seen. This chapter will also review
whether a complex macro-model and/or dark matter sub-haloes are the cause of the
flux-ratio anomaly seen for CLASS B2045+265.

6.1 Absorption from Propagation Effects

From Figures 5.7 and 5.11, we are able to assess the nature of the flux-ratio anomaly
in our system as it pertains to frequency. We see the combined spectra and how they
change over the frequency range 12 to 18 GHz. This frequency range was specifi-
cally chosen in order to mitigate, or at least alleviate, any frequency dependent ab-
sorption/scattering effects. At these relatively high radio frequencies, effects from
molecular absorption are expected to be negligible since there are no major transi-
tions (redshifted to the lensing galaxy frame), except for high excitation hydroxyl
(OH; rest-frame 23.8053069 and 32.8435288 GHz). However, from Figures 5.7 and
5.11, no discrete absorption affects are seen in our data, and thus, we can exclude
molecular absorption as a possible cause of the flux-ratio anomaly seen in previous
narrow-band imaging at 15 GHz (Fassnacht et al., 1999). We note that the observa-
tions of Koopmans et al. (2003) at 5 GHz with MERLIN found evidence for extrinsic
variability (see below), which suggested that there may be interstellar scattering by
a molecular cloud along the line-of-sight to the lensed images. Even though we do
not see any evidence of absorption in our frequency range, broad-band observations
at lower frequencies may detect lower excitation OH from the possible molecular
cloud associated with this system.

Another form of absorption prevalent with sources of synchrotron emission is
that of free-free absorption. Similarly to that of free-free emission, free-free absorp-
tion is a result of the interaction between free particles that remain free after the inter-
action. However, in this interaction, a photon would be absorbed rather than emitted
from a free electron. This differs from absorption by molecules; as mentioned previ-
ously, such an absorption from molecules would be at a discrete frequency whereas
free-free absorption is continuous, and thus, can change the flux-density over a wide
frequency range. For example, this can be seen in Figure 2.5 as the turn-over in the
spectra when t > 1. Free-free absorption will be caused when the radio waves pass
through an ionised medium along the line-of-sight, which results in a modification
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to the observed spectrum, such that,

Sn = Sn0(n/n0)a exp[� t (n/n0) � 2.1], (6.1)

where t is the optical depth, n0 is the reference frequency (for this project n0 = 15
GHz) and a is the intrinsic spectral index. Such a propagation effect has been seen
previously in other gravitational lens systems, where one of the lensed images shows
a different radio spectrum at lower observing frequencies (Mittal, Porcas, and Wuck-
nitz, 2007; Winn, Rusin, and Kochanek, 2004). Similarly, the effects of synchrotron
self-absorption, as seen in Figure 2.10, can also result in a similar down turn in the
spectra of a radio source at lower frequencies, but as this should be intrinsic to the
background radio source, we would expect to see this in the spectra of all of the
lensed images. Also, both these absorption effects are prevalent in the low-frequency
regime, and thus, our choice of observing the system in the high frequency range of
12 to 18 GHz was expected to avoid these affects. From the radio spectra presented
in Figure 5.7, we see no evidence of a turnover for any of the lensed images. Also,
from Figure 5.11, we see that the flux-ratios are flat with frequency, thus ruling out
any differential free-free absorption.

Therefore, from our results, we are able to conclude that absorption affects do
not play any role in the observed flux-ratio anomaly in CLASS B2045+265.

6.2 Variability of The Lensed Images

Another mechanism that could result in an anomalous flux-ratio measurement would
be a single epoch observation coupled with some variability of one or all of the
lensed images. Factors that may influence the flux-density measured over a period
of time include the following.

• Internal variability, where the flux-density of the lensed AGN changes over
time due to internal processes, coupled with the gravitational lensing time-
delay. This should be predictive since the variation should be seen in all lensed
images, after the time-delay has been corrected for (e.g. Biggs et al. 1999; Biggs
2023; Fassnacht et al. 2002).

• External variability (propagation), where the flux-density changes due to prop-
agation effects as the light passes through a turbulent ionised medium. This
will result in an un-correlated variability in one of more or the lensed images
that occurs on different time scales (e.g. Koopmans et al. 2003; Biggs 2023).

• External variability (micro-lensing), where the flux-density changes due to the
light interacting with low-mass objects moving across the path of the lensed
image. This causes either a short or long time-scale change in the flux-density,
which depends on whether the star is moving tangentially or radially with
respect to the lensed image position (e.g. Koopmans and Bruyn 1999).

In this section, we investigate each of these possible scenarios.

6.2.1 Intrinsic Variability

Flares from AGN have been well studied. In the radio regime, these flares are be-
lieved to be due to adiabatic shocks within the AGN that induces synchrotron emis-
sion in phases (Marscher and Gear, 1985). These flares would not only affect the
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TABLE 6.1: The percentage decrease in the flux-density of each com-
ponent of CLASS B2045+265 at 15 GHz, from the VLA data collected
in 1995 and 1996 (Fassnacht et al., 1999) and between 2022 March 15

and 2022 May 17, as part of this project.

Year A B C D E
1995 69.3 � 0.8% 73 � 1 % 72 � 1 % 54 � 14 % 21 � 11 %
1996 55.5 � 0.9% 56 � 2 % 53 � 1 % 47 � 10 % 3 � 8 %

intrinsic flux density of the source, but may also have a direct influence on the flux
ratios we observe. This is due to the time-delay between the light-paths of each
lensed image and also by the different gravitational potential experienced by the
different lensed images as they pass through the lens. When these flares occur, and
if they have a time-scale less than that of the time delay, then each image will be
showing the AGN at different phases of the flare. Therefore, we would observe dif-
ferences in the measured flux density for each image, and thus, a difference in the
flux ratios as a function of time.

Generally, AGN flares have typically a � 2 year time-scale (Hovatta et al., 2008),
whereas the time-delay of galaxy-scale lens systems are on day to month time-scales
(Oguri, 2007). Thus, it is unlikely that intrinsic variability, coupled with a gravi-
tational lensing time-delay are responsible for our observed flux ratio anomaly. A
similar conclusion was drawn by Fassnacht et al. (1999) and Koopmans et al. (2003),
who noted that the time-delays for CLASS B2045+265 could be a fraction of a day, for
example, in the case of lensed images A and B. Furthermore, by comparing our re-
sults for the flux-ratios (see Table 5.6), to those of Koopmans et al. (2003), who found
flux-ratios for B/A, C/A and D/A of 0.578 � 0.059, 0.739 � 0.073, 0.102 � 0.025, re-
spectively, at 5 GHz, we see that our results are completely consistent. The fact that
these results are comparable over a 21 year period (and at two different frequencies)
is also evidence that short time-scale intrinsic variability does not play a substantial
role in the flux-ratio anomaly of CLASS B2056+265.

Interestingly, we have found from comparing our data with those of Fassnacht
et al. (1999) that CLASS B2045+265 is variable over a long time-scale. As shown
in Figure 6.1 and Table 6.1, we see that there is a significant decrease in the flux-
density of the system between 1995 and 2022 (at 15 GHz). For lensed images A,
B, C and D, the drop in flux-density is about 71% since 1995 and about 55% since
1996, whereas the emission from the lensing galaxy is basically consistent with no
variability (thus ruling out a calibration error). From this, we can conclude that there
is intrinsic variability present in CLASS B2045+265, however, as discussed above,
this variability does not provide a significant contribution to the flux-ratio anomaly
given that the time-scale is much larger than the gravitational lensing time-delay.

6.2.2 Extrinsic Variability

An alternative cause of variability in the flux ratios of CLASS B2045+265 could be ex-
ternal factors, such as interstellar scintillation or micro-lensing. These mechanisms
are discussed by Koopmans et al. (2003), who found that the flux ratios of CLASS
B2045+265 varied by up to 40% at 5 GHz on time-scales of several months. Also,
Koopmans and Bruyn (1999) found evidence of extrinsic variability in the gravita-
tional lens system CLASS B1600+434 with the VLA at 8.5 GHz. Those authors dis-
cussed whether scintillation from an ionized ISM or micro-lensing by stars could be
the cause. Therein, it was concluded that scintillation from scattering effects due to
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FIGURE 6.1: A comparison of the flux-densities and broad band ra-
dio spectra of CLASS B2045+265 between 1995 and 1996 (Fassnacht
et al., 1999), and 2022 (this thesis). We see a clear decrease in the flux-
density of the lensed images A, B, C and D, whereas the emission
from the lensing galaxy E remains fairly constant. This is direct ev-
idence for a long-term variability of the lensed radio source CLASS

B2045+265.
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a turbulent ISM could cause a large variability in the emission from compact radio
sources, in what is described as a "flickering" low amplitude variation of more ex-
tended sources (Rickett, 1990). However, such a variability would be due to rapid
variations in the ISM, and thus, would coincide with variability on time-scales less
than a day. As well as short time-scale variability, there has also been evidence of
scattering through high angular resolution observations of lensed images. For ex-
ample, the gravitational lens systems JVAS B0218+357 (Biggs et al., 2003; Mittal, Por-
cas, and Wucknitz, 2007) and CLASS B0128+437 (Biggs et al., 2004) are known to be
scatter-broadened. We note that the latter system is also part of the LoFT project and
shows evidence of scattering even at 15 GHz in HSA imaging (Peters et al., in prepa-
ration). As seen from Figure 5.10, we observe low-level fluctuations (a few per cent)
in the flux-ratios on time scales of weeks. Although these variations do not produce
the required change in the flux-ratios to explain the anomalies, they could point to-
wards evidence of scattering in the ISM of the lensing galaxy. Our VLA monitoring
data are not sufficient to determine if this is the case or not, but the future analysis
of the HSA imaging at 15 GHz of CLASS B2045+265 should allow this to be investi-
gated further. However, we do note that the VLBA imaging of the system at 5 GHz
by McKean et al. (2007) did not find any evidence of scattering in the lensed images
of CLASS B2045+265.

In the case of micro-lensing, Koopmans and Bruyn (1999) show that for compact
radio sources with steep-spectra at high frequencies (such as in the case of CLASS
B2045+265), this mechanism can play a significant role in producing variability on
week to month time-scales. The causes of these micro-lensing events are compact
mass concentrations, such as stars, planets, black holes, molecular clouds etc. This
effect is described in detail for micro-lensing of strongly lensed quasars by Vernar-
dos et al. (2023), which is typically seen at ultra-violet to near-infrared wavelengths
due to the small size of quasar accretion disks relative to the Einstein radius of the
micro-lensing stars. As these compact objects move across the line-of-sight to our
lensed images, they will cause changes to the image magnifications that are inde-
pendent of each other. These changes may account for the variability seen in our
flux ratios as well as account for the different level of variability seen between our
observations and those of Koopmans et al. (2003). This is because the intrinsic source
is likely larger at lower frequencies, and smaller source sizes will have a larger im-
pact on the resulting image magnifications from micro-lensing. Although CLASS
B2045+265 seems to be a good candidate for micro-lensing, which would account
for the variability seen in both this project as well as by Koopmans et al. (2003),
this again would fail to explain our flux-ratio anomaly. As seen in Figure 5.9, the
low-level variations, seen at two different frequencies and separated by over two
decades, are not large enough to globally change the relative flux ratios.

Thus, we conclude that our observed flux ratios can not be explained by scatter-
ing nor micro-lensing of one or more of the lensed images.

6.3 The Gravitational Lens Mass Model

A flux-ratio anomaly exists when the observed flux-ratios significantly differ from
what is predicted from the gravitational lens mass model. Given that we see no ev-
idence that some absorption effect (propagation) or either extrinsic and/or intrinsic
variability (micro-lensing / scattering) are the cause, we now investigate whether
this can be an issue with the gravitational lensing mass model.
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If we recall, in Chapter 3 we introduced the idea of magnification effects from
cold dark matter (CDM) sub-haloes, given the case-study of JVAS B1422+231. We
visually showed what a possible CDM model may look like in Figure 3.3; there, we
noted that the distribution of these CDM sub-haloes may be able to influence our
flux ratios by having magnification effects that affect each image of the lensed source
in a different way. By having these sub-haloes within the lens galaxy or along the
line-of-sight, an observable imprint may be left on the gravitational lensing signal of
these images (Vegetti et al., 2023). These imprints can be seen in the relative image
magnifications, a change in the image positions, or as an additional gravitational
time delay. In particular, these CDM sub-haloes within the lensing galaxy halo or
along the line of sight will induce a magnification of the images similar to that of
micro-lensing (this is referred to as milli-lensing). However, these changes in the
magnification will not be time dependent (due to the rotational velocity of the halo
and the sub-halo being relatively slow) and may account for the consistency in the
flux-ratio anomaly observed by Koopmans et al. (2003) and the results presented
in this thesis. Here, we have focused on the effects on the image magnifications by
measuring the flux ratios, as well as using the Rcusp parameter for CLASS B2045+265;
in doing so, we have shown that the nature of the flux ratio anomaly is indeed quite
extreme. We have also shown that complex mass models (elliptical power-law with
and without multipoles) are unable to reproduce the observed flux ratios. It is seen
that multipole mass distributions have a larger uncertainty than that of an elliptical
power-law, and thus, are closer to our observed results (see Figures 5.13 and 5.14).
However, these results also require a mass fraction in CDM sub-haloes within the
lensing galaxy (see Figures 5.15 and 5.16) that is much larger than is expected for
CDM models. This implies that the CDM model is inconsistent with our data. It is
also important to note that there seems to be little to no change in these expectations
from visit to visit; this is likely due to the predicted flux ratios from the simulations
not being within a reasonable range to those of our observed values, which have
only (at most) at few per cent scatter.

Before concluding that our results rule out the CDM model (note that such a high
mass fraction in sub-haloes would be even more problematic for WDM models), we
need to look at other potential reasons for there being such a large inferred mass
fraction in sub-haloes from our analysis. The discrepancy between the simulated
flux-ratios and the observed values may indicate that a power law model, as pre-
sented in Figure 5.13, along with sub-haloes in the lens is not the correct model. For
example, it may be that the system is dominated by line-of-sight low mass haloes.
Unfortunately, we did not have the time to test this here, since such a calculation
is computationally much more expensive. However, from our results, we suspect
that this would also be insufficient to explain the discrepancy since this effect is ex-
pected to make up around 70% of the sub-halo signal (Despali et al., 2018). Although
significant, this would not be enough to pull our constraints down to the expecta-
tions for CDM. Thus, this leads us to believe that a mix of an additional, and thus
far, unaccounted for component of the complex mass distribution, along with CDM
sub-haloes within the lensing halo as well as outside its bounds, may be able to ac-
count for the observed flux ratio anomaly present in CLASS B2045+265. Searching
for this additional mass structure should be a goal of future research.
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Chapter 7

Conclusions

We now conclude this thesis with a brief look back at our aims and goals, as outlined
in the early chapters. We also review our results and discuss how they impact our
understanding of dark matter, and in particular, the flux-ratio anomaly of CLASS
B2045+265. We also discuss what future research should be done in this field.

7.1 Summary and Future Work

To summarize, we have investigated the quadruple imaged gravitationally lensed
radio source CLASS B2045+265, for which simple mass models are unable to cor-
rectly predict the observed flux ratios. This is an example of a so called flux ratio
anomaly system, which have been instrumental for our understanding of one of
the biggest mysteries in astronomy, that is, the existence and nature of dark matter.
CLASS B2045+265 is an extreme example of a flux-ratio anomaly system where there
is a significant discrepancy between the predicted and observed flux-ratios; this has
been shown most evidently by the calculated Rcusp = 0.5137 � 0.0003 (where the
predicted value of Rcusp should tend to 0 for a cusp lens system). This led to CLASS
B2045+265 being investigated via broadband VLA observations between 12 and 18
GHz, for 20 visits over a 63 day period, as part of the Lensing over Frequency and
Time (LoFT) project. The goal of these observations was to investigate the robustness
of the flux-ratio anomaly of the system, while showcasing an example of what broad-
band observations of gravitational lensing with the SKA and ngVLA can achieve.

In this thesis, we have developed a data reduction, imaging and data extraction
pipeline for analysing such data. This pipeline is being applied by other members
of the LoFT team to the other targets of that project. Our choice of observing in the
high-frequency bands was chosen in order to avoid possible absorption and scatter-
ing affects in the spectra. From these broadband observations, we were able to rule-
out these propagation effects by examining the spectra for discrete and continuous
absorption and scattering effects. Furthermore, as CLASS B2045+265 was observed
for 20 epochs over a period of 3 months (63 days), this allowed us to further investi-
gate whether there was any variability of the flux ratios. From this analysis we found
that the flux-ratios of CLASS B2045+265 varied by 1.6% to 3.7%, which although sta-
tistically significant had no consequential effects on the observed flux-ratio anomaly.
With these results we have been able to rule out variability as a possible explanation
for the observed anomaly. This led us to investigate complex mass models (in col-
laboration with Dr. Jacob Cohen and Dr. Simona Vegetti) for CLASS B2045+265 in
order to reproduce the results of our observed flux ratios. However, we were again
unsuccessful. Our results led us to test whether the cause of our anomaly could be
due to a population of dark matter sub-haloes in the foreground lensing galaxy, as
predicted by CDM mass models. These dark matter sub-haloes are able to change
the fluxes of each image of our system independently (in the form of milli-lensing).
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Using our observed flux ratios and image positions for each epoch, we produced a
probability density function of the mass-fraction in sub-haloes ( fsub). These results
were inconclusive as the value of fsub was poorly constrained by our data, that is,
the mass fraction required to satisfy the flux-ratios was too high, but at these high
levels, the image positions could no longer be well fit. This led us to believe that
combinations of a complex mass model and CDM sub-haloes, both within the lens
and along the line of sight, may be able to account for the extreme flux-ratio anomaly
that we have observed for CLASS B2045+265.

Although our results indicate the presence of an unrealistically high abundance
of CDM sub-haloes within the foreground lensing galaxy halo, further research is
needed to confirm this conclusion. As part of LoFT, Very Long Baseline Interferom-
etry (VLBI) data at 15 GHz is also available for CLASS B2045+265. The analysis of
these data is the natural next step into our investigation of this object. Given the
high resolution of the VLBI data, perturbations of the image surface brightness dis-
tributions may be directly observed, which would further support the requirement
of CDM sub-haloes being present in the foreground lensing galaxy. Also, these data
would further rule out any scattering of the lensed images. ngVLA and SKA-MID
observations would be able to conduct similar wide-band analyses in the future to
rule out time and frequency variability aspects of flux-ratio anomalous systems with
higher sensitivity, faster processing and improved RFI mitigation.

Thus, from the research conducted through this MSc project, we have been able
to rule out many possible effects that could play a role in the anomaly seen in CLASS
B2045+265. However, we were unable to rule-out whether complex mass models or
luminous/dark sub-haloes are the definitive cause. Such sub-haloes are consistent
with those predicted to exist in a CDM Universe. Thus, it is our belief that further in-
vestigation into anomalous lens systems may hold vital information into the nature
of dark matter in our Universe, which has been perplexing astronomers for years.
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