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ARTICLE INFO ABSTRACT

JEL classification: This paper studies discrete time finite horizon life-cycle models with arbitrary discount functions
D15 and iso-elastic per period power utility with concavity parameter . We distinguish between
D91 the savings behavior of a sophisticated versus a naive agent. Although both agent types have
E21 identical preferences, they solve different utility maximization problems whenever the model is
Keywords: dynamically inconsistent. Pollak (1968) shows that the savings behavior of both agent types is

Life-cycle model nevertheless identical for logarithmic utility (0 = 1). We generalize this result by showing that the
Discount functions sophisticated agent saves in every period a greater fraction of her wealth than the naive agent if
Dynamic inconsistency and only if & > 1. While this result goes through for model extensions that preserve linearity of
Epstein-Zin-Weil preferences the consumption policy function, it breaks down for non-linear model extensions.

Income risk

1. Introduction

How time preferences and beliefs about the future affect consumption savings decisions are a classical economic question. The
workhorse model of inter-temporal allocation is the life-cycle model of Modigliani and Brumberg (1954) and Ando and Modigliani
(1963). Standard deterministic models assume an additively separable per period utility function, where future utility is discounted
exponentially (Samuelson, 1937). Models with survival beliefs express those as additive probability measures. Standard discounting as
the combination of exponential time-discounting with additive survival beliefs result in dynamically consistent life-cycle models in
which the future selves of the economic agent have no incentives to deviate from her ex ante optimal consumption and savings plan.
This paper instead analyzes life-cycle models with arbitrary effective discount factors which are, in general, dynamically inconsistent.

We follow the literature since Strotz (1955) and Pollak (1968) and compare a naive agent—who is not aware that her future
selves might have deviating preferences—with a sophisticated agent—who correctly anticipates the consumption choices of her
future selves. As our main research question we investigate how the underlying effective discounting process impacts on the question
whether the naive or the sophisticated agent saves a greater fraction of her wealth in any given time-period. From an economic
policy perspective this question is relevant because governments worldwide look for ways to induce more prudent savings behavior.
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If it was the case that a sophisticated agent will always save more than a naive agent under an empirically relevant discounting
scenario, awareness campaigns about people’s dynamic inconsistencies may usefully complement financial incentives schemes.

Intuitively, one may expect that the nature of the effective discounting processes has some impact on the question whether
a sophisticated agent saves more than her naive counterpart or vice versa. This intuition is typically based on preferences with
quasi-hyperbolic time-discounting (QHD) for which discount factors take on the simple form 1, g6, ﬂ62, ..., Where 6 > 0 stands for
the (standard) exponential long-term time-discount factor and f > 0 denotes a short-term time-discount factor. The agent exhibits a
presence bias if f < 1 whereas she exhibits a future bias if §# > 1. A naive agent will save ‘too little’ in hindsight if she has a presence bias
whereas she saves ‘too much’ if she has a future bias. Allowing this agent to understand her bias, i.e., turning her into a sophisticated
agent, might therefore suggest that a sophisticated agent with presence (resp. future) bias will save more (resp. less) than her naive
counterpart. This intuition is, however, flawed as it implicitly assumes that today’s sophisticated agent reacts against the savings
behavior of naive future selves. But the decision situation of today’s sophisticated agent is strategically more complex because she
reacts against her sophisticated future selves.

We address our research question within a class of life-cycle models with a per period iso-elastic power utility function for
which the consumption policy functions will be linear in wealth for our baseline cake-eating model. We denote the concavity
parameter of the per period utility function by @, which we also refer to as a measure of resistance to inter-temporal substitution.
For this preference class we find that irrespective of the effective discount process, the sophisticated agent saves more than her naive
counterpart in any given time period if and only if 6 > 1. We regard this finding as surprising because the effective discount process
is the sole reason for why the model might be dynamically inconsistent to begin with.

Our result thereby extends Pollak (1968)’s finding for the class of preferences with iso-elastic power per period utility that
for 6 =1 the naive and the sophisticated agent save exactly the same fraction of their wealth in every period irrespective of their
effective discount function. We thus show that 6 not only measures the strength of resistance to inter-temporal substitution but also
the sign of consumption differences between naive and sophisticated agents in models with non-standard discounting.

We start with a cake-eating baseline model with finite horizon T < co. In this model, households have age-dependent effective
discount factors pj,,, with p,, >0 and p,, = 1, where £ is the current age of the household and ¢ is the age with the respective
future period consumption delivery. We are agnostic about the nature of the discount process. In deterministic models it reflects pure
time-discounting and in models with survival uncertainty a combination of pure time-discounting and survival beliefs.? Because the
discount factors of the h-old agent, h =0,...,T — 1, can be any strictly positive real-numbers, our life cycle model is very general and
it encompasses relevant extensions of the standard model such as hyperbolic as well as quasi-hyperbolic time-discounting models
which are characterized by p,, , = 6’ ~h for t > h with > 0 denoting a short-term and & > 0 denoting a long-term time discount factor
(cf. Phelps and Pollak, 1968; Laibson, 1997, 1998; O’Donoghue and Rabin, 1999; Harris and Laibson, 2001) and Choquet expected
utility or/and Prospect theory life-cycle models with non-additive subjective survival beliefs (cf. Bleichrodt and Eeckhoudt, 2006;
Ludwig and Zimper, 2013; Drouhin, 2015; Groneck et al., 2016; Grevenbrock et al., 2021 and references therein). To make this latter
point explicit, one can show that the discount factors of an h-old Choquet expected utility decision maker are p;, , = 6, ,vj,,;, where
oy, stands for pure time-discounting between present age h and future age ¢ and v, , stands for the decision maker’s non-additive
belief to survive from age 4 to age t.°

We solve this baseline model for the savings behavior of the sophisticated agent and her naive counterpart, respectively. For
interpretational reasons, we describe each agent type’s utility maximization problem in terms of a best response function against the
anticipated consumption choices of her future selves. Although both agent types share at every age the same preferences—and thereby
the same best response function—, they solve different utility maximization problems whenever the model is dynamically inconsistent
due to their different anticipations about future consumption choices. The naive agent chooses her per-period consumption under
the anticipation that her future selves will stick to the consumption choices that would be optimal from her ex ante perspective. In
contrast, the sophisticated agent correctly anticipates the consumption choices of her future selves and thus chooses her per-period
consumption in accordance with a subgame-perfect Nash equilibrium.

Turning now to our main result, denote by m;l, for i € {n, s} the marginal propensity to consume (=MPC) out of total wealth w), at
age h of the naive and the sophisticated agent, respectively. We derive Theorem 1, which states that for all (arbitrary) specifications
of the effective discount factors, (i) 8 < 1 implies mz < mil and (ii) 6 > 1 implies m;'l > m;l If the model is dynamically inconsistent, the
respective MPC inequalities are strict for all but the last two periods of life. This result is directly derived from a comparison of the
respective MPCs, thus it holds globally and hinges on the linearity of the consumption policy function. In a quantitative illustration
we further show that the differences in MPCs across the two types of agents can be large for plausible values of 6.

We extend our main finding to models with uninsurable return risk, a portfolio choice and homothetic Epstein-Zin-Weil (EZW)
preferences (Epstein and Zin, 1989, 1991; Weil, 1989) nesting standard CRRA preferences as a special case, again for the multi-period
model where T > 2. Our main result therefore holds in a broad class of economic models as long as the linearity of consumption
policy functions in wealth is preserved. With the extension to Epstein-Zin-Weil preferences we also formally establish that it is

! In deterministic time consistent models the parameter’s inverse, 1/0, is conventionally referred to as inter-temporal elasticity of substitution (IES), which describes
how an agent’s realized consumption growth responds to changes in the interest rate. Using the closed form expressions for marginal propensities to consume we
show that this IES interpretation of 1/ also applies in our context of dynamically inconsistent models irrespective of whether the agent is naive or sophisticated.

2 Compare, e.g., Halevy (2008), Epper et al. (2011), Saito (2011), Chakraborty et al. (2020) who discuss the relationship between pure time-preferences and
preferences under uncertainty or/and risk.

3 A formal proof can be found in the earlier version of this paper (Groneck et al., 2021).
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the deviation of the measure of resistance to inter-temporal substitution 6 from unity which governs the direction of the relative
consumption-savings response of the two agent types to deviations from standard discounting and not risk aversion.*

In contrast, our main result does not extend to models with standard additive risky labor income and borrowing constraints.
These model extensions have in common that they violate linearity of the consumption policy function. We provide a tentative
game-theoretic interpretation for this finding. Linearity of the policy function in the baseline model means that ex ante MPC choices
have no impact on future MPC choices because these future choices are independent of handed-down wealth levels. For logarithmic
utility the identical savings behavior of the sophisticated agent and her naive counterpart is supported by a (subgame-perfect)
Nash equilibrium in spite of the fact that the naive agent bases her choices on incorrect anticipations, which, for purely technical
reasons, result in the same best responses as the correct anticipations of the sophisticated agent. In model extensions with non-linear
consumption policy functions, however, the strategic situation becomes more complex because handed-down wealth levels matter for
future MPC choices. Whereas the sophisticated agent’s utility maximization problem captures this new strategic complexity, the naive
agent remains unaware of the strategic dimension of her decision problem. Due to this added strategic complexity, it does not come
as a surprise that Pollak’s (1968) observational equivalence result breaks down for model extensions with non-linear consumption
policy functions.

Related literature There exists a large behavioral and decision-theoretic literature which argues that human decision making is
typically prone to violations of dynamic consistency. Dynamic inconsistencies arise, for example, within the following three modeling
classes: (i) deterministic models with a presence bias induced by hyperbolic or quasi-hyperbolic time-discounting (Laibson, 1997,
1998; O’Donoghue and Rabin, 1999); (ii) non-deterministic models with expected utility maximizing agents who violate Bayes’
rule®; (iii) non-deterministic models with Choquet expected utility decision makers (Schmeidler, 1989; Gilboa, 1987) or/and Prospect
theory decision makers (Tversky and Kahneman, 1992; Wakker and Tversky, 1993; Wakker, 2010) who form conditional non-additive
beliefs that may or may not be updated in accordance with some Bayesian update rule (Gilboa and Schmeidler, 1993; Eichberger et
al., 2007, 2012). Within the context of life-cycle models with time-discounting and survival uncertainty, our model with arbitrary
effective discount factors contains these modeling classes as special cases.

How the strategic game of a sophisticated QHD agent against her future selves affects in a subgame-perfect Nash equilibrium
the growth rate of marginal utility is reflected in the “generalized Euler equation” (Harris and Laibson, 2001). The main difference
between QHD preferences considered in Harris and Laibson (2001) and our model with arbitrary discount factors is that from the
perspective of any model period £, the continuation problem at ages 4+ 2,h +3, ... for current self 4 and future self 4 + 1 for almost
all specifications of the discounting process does not coincide with standard discounting (as long as period 7 < T — 2). This implies
that the “generalized Euler equation” must feature for non-QHD preferences an “adjustment factor” (Groneck et al., 2016), which, as
a side result of our paper, we characterize analytically.

For the special case of the three-period model, our main result (Theorem 1) is already implied by the comparative statics analysis
in Salanié and Treich (2006) (henceforth ST).® The three-period model allows for a very simple characterization of dynamic incon-
sistency through a single real-valued parameter. We show in Appendix B.1 that therefore the three period model can be analyzed by
a first-order approach with respect to this parameter’s deviation from the dynamic consistency benchmark case. The closely related
comparative statics analysis in ST uses a single-crossing condition to look at one parameter deviations from the dynamic consistency
benchmark case (cf. Appendix B.2). The problem with such first-order analysis—and with the, more general, comparative statics
analysis—is that it becomes intractable for models with T > 2 because the number of parameters that are needed for capturing all
possibilities of dynamic inconsistency blows up. In contrast, our recursive analysis avoids this limitation as we solve the problem for
arbitrary T' < oo from the start.

The extension of our main result to EZW preferences with uninsurable return risk is relevant for macroeconomic models such as
the analytically tractable model with uninsurable investment risk developed by Angeletos (2007). Our findings also extend to a model
with (additional) uninsurable human capital risk as developed in Krebs (2003). We further argue that with an according calibration
of the rate of return process, this model gives rise to self-imposed borrowing constraint if there exists a strictly positive probability
of losing the wealth endowment from a risky investment. This extension may thus deliver a relevant quantitative environment with
robust policy functions (Laibson and Maxted, 2023)” to investigate the utility costs of dynamic inconsistency stemming from different
specifications of discount functions in a model with uninsurable human capital income and return risk. We leave an investigation of
this aspect for future research.

Maxted (2023) considers a continuous time, infinite time horizon model as introduced by Harris and Laibson (2013). Under the
assumption of QHD preferences with a presence bias, this author describes (subgame-perfect) sophisticated decision making through

4 In this extension, the curvature parameter 6 takes (at least) a triple role as a measure of resistance to inter-temporal substitution, a parameter partially controlling
precautionary savings behavior (Kimball and Weil, 2009; Krueger et al., 2021), and a parameter controlling the sign of the naive and sophisticated agents’ savings
response to deviations from standard discounting.

5 The economic literature which considers violations of Bayesian updating includes Rabin and Schrag (1999); Rabin (2002); Epstein (2006); Epstein et al. (2008);
Mullainathan et al. (2008); Gennaioli and Shleifer (2010); Ortoleva (2012). Bayesian updating of additive probability measures is, through the law of iterated
expectations, equivalent to dynamic consistency of expected utility preferences (cf., e.g., Epstein and Le Breton, 1993; Epstein and Schneider, 2003; Ghirardato, 2002;
Siniscalchi, 2011).

6 We thank an anonymous referee for pointing this out. For the reader’s convenience, we discuss in some detail the comparative statics analysis of Salanié and
Treich (2006) in Appendix B.

7 Laibson and Maxted (2023) show that in a standard buffer stock savings model consumption policy functions are “robust”—in a sense that they do not feature
erratic non-monotonicities also labeled as “consumption pathologies”—if the time step with which a standard model is calibrated is less than about two weeks.
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a stationary Markov-equilibrium.® In contrast to our finite horizon model, for which we can establish through backward induction
the existence of a unique subgame-perfect Nash equilibrium for arbitrary patterns of age-dependent discount factors, stationary
Markov-equilibria require the stationarity of preferences in the specific sense that all future selves are simply replicas of an ex ante
agent (as is the case for QHD preferences). But even restricted to QHD preferences with a presence bias, the infinite time horizon
economy of Maxted (2023) is very different from our finite time-horizon economy. Namely, the sophisticated agent of Maxted (2023)
saves in every period the same fraction of the naive agent’s savings, which holds in our model only under dynamic consistency or
logarithmic utility (i.e., non-generic model specifications for which both agent types exhibit the same savings behavior). Given the
substantial difference between the stationary Markov-equilibria in Maxted (2023) and the subgame-perfect Nash equilibria for our
finite horizon model, it is remarkable that Maxted (2023) also obtains that his sophisticated agent saves at every point in time more
than her naive counterpart if and only if 6 > 1.

Finally, our extension to standard income risk in the three-period model relates to Salanié and Treich (2006) who claim that
Pollak (1968)’s observational equivalence result for the three-period model carries over to situations with income risk in the final
period. We show that this claim is incorrect since this model extension implies a non-linear consumption policy function to the effect
that the 0-old agent can strategically influence the choices of her 1-old future self.

The remainder of our analysis proceeds as follows. Section 2 solves the life-cycle model for the sophisticated and naive agent,
respectively. To illustrate our main insights, we provide in Section 3 an in-depth analysis of the three-period model. Section 4 com-
prehensively answers our research question for the general T-period model and Section 5 discusses model extensions to environments
with risk. Section 6 concludes. Mathematical proofs are relegated to Appendix A. Appendix B presents alternative proof ideas for our
main result—based on first-order analysis and the comparative statics analysis in Salanié and Treich (2006), respectively—which are
only tractable for the three-period model. Finally, Appendix C provides information on the calibration of our quantitative models.

2. The life-cycle model
2.1. Baseline model

We start out with an additively time-separable life-cycle model with final period T < co. For each age h > 0, the h-old agent’s
utility over the consumption stream (cy,...,cy ) € RS i+l is given as

U, (ch, ‘..,cT) = 2 Pyl (c,) (€8]
1=h

such that the age-dependent effective discount factors must only satisfy p,, >0 and p, , = 1. In our cake-eating baseline model the
agent can spend over her life-cycle an initial amount of total wealth w;, > 0 so that the budget constraint becomes’

W =w,—c¢; >0 forte{0,1,...,T —1}. 2

We restrict attention to period-utility functions belonging to the family of iso-elastic power utility functions, that is, u(c) must be
differentiable on R, such that

cl-0
1-0

and v’ (¢) = 0‘9 for concavity parameter 0 < 6 < co. For the special case of the three-period model, we will also investigate the limit
cases 6 — 0 (linear utility) and 6 — oo, respectively.

u(c) =

2.2. Sophisticated versus naive utility maximization problems

The existing literature on life-cycle models typically characterizes dynamically inconsistent discount factors first before it intro-
duces sophisticated versus naive decision making as two different benchmark ways of how to deal with dynamic inconsistency. This
approach is in particular the case for (i) quasi-hyperbolic time-discounting models, where dynamic inconsistency is characterized
by the inequality g # 1 for the short-term discount factor, as well as for (ii) three-period models, where dynamic inconsistency is

characterized by the inequality ’70—2 # 1. Such simple characterizations of dynamic inconsistency are no longer available for our

life-cycle model with arbitrary T < 0 and arbitrary age-dependent discount factors. For our general model it is conceptually more
rigorous to define at first sophisticated versus naive decision making. In a next step we use these definitions to offer a plausible
definition of age-dependent dynamic consistency versus inconsistency.

8 When discount factor values become greater one, the contraction mapping theorem is no longer applicable to the effect that stationary Markov-equilibria with
positive per-period consumption do not necessarily exist for QHD agents with a future bias.

9 In Section 5 we will consider several extensions of the baseline budget condition (2). Whereas our main findings will readily go through for budget extensions that
preserve linearity of the consumption policy function (e.g., deterministic interest rates or random returns with portfolio choice), the situation will be more complex
for budget extensions with income risk and borrowing constraints.
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2.2.1. Consumption choices defined through a best response function
For fixed period consumption ¢, and wealth w;, let
¢, =mw, 3

where m, denotes the agent’s marginal propensity to consume (MPC). Using the notational convention (3) for the periods ¢,...,T we can
equivalently rewrite the utility (1) of the h-old agent from the consumption stream (ch, cT) as follows

T -1
Uy, (my, .omp,wy) = u(wpymy) + Z P whm,H (1-m;)
1=h+1 j=h

For the (homothetic) power-period utility function this utility representation is, by a monotone transformation, equivalent to

R U, (mp,.ccymp, w T =
U, (my,.omp) = % =u(my) +I%1Ph,ru mz_ll (1=m;) |. )
h = J=

That is, the size of the wealth level w,, in period h does not matter for the utility maximization problem, which can exclusively
be expressed in terms of MPCs. This observation corresponds to the well-known fact that the optimal period consumption is linear
in total wealth for homothetic period utility functions.'’ The game-theoretic analysis of the extensive form game that corresponds
to our baseline model is therefore particularly simple: because current optimal MPC choices are independent of past consumption
choices, we can describe the utility maximization problem of the A-old agent through a best response function against anticipated
future MPC choices only.!!

Denote by mZ’h 2 [0,117" > [0, 1] the h-old agent’s best response function that maximizes the utility function (4) against anticipated
future MPCs

(Mpyysenmp) €10,11777

Proposition 1. The MPC that is the best response of the h-old agent against the anticipated future choices my,...,my is given as the
following value of her best response function:

* 1
mh’h (mh+1,..,,mT) = . 5)

]
1-6\ o
T -1
1+ (Zr=h+1 Phi (m, II;=h+1 (1 - mj)) )

In what follows we distinguish between an agent who is either sophisticated or naive throughout her whole life-cycle. The actual
choice of an h-old agent of either type—i.e., their realized MPCs m; and m;, respectively—will be pinned down as their respective
values of the best response function (5). Because both agents have identical preferences, they share the same best response function
mZ’h (+). The difference between the two agent types is of cognitive or/and psychological nature: whereas the sophisticated agent uses
correctly anticipated future choices as arguments in (5), her naive counterpart uses anticipated future choices that are optimal from

her current perspective.

2.2.2. The sophisticated agent

Definition 1. The “sophisticated agent” uses at every age h the actually realized MPCs of her future selves (mjl e m;) as argument
in the best response function (5); that is,

h =y (Mo m) ©

We solve for the realized MPCs of the sophisticated agent through backward induction so that the life-cycle consumption choices
of the sophisticated agent correspond to the subgame-perfect Nash equilibrium (SPNE) path of the underlying extensive form game.
By Proposition 1, we obtain the following recursive characterization of the realized MPCs of the sophisticated agent.

10 Linearity of consumption policy functions in models with a deterministic labor income stream and no borrowing constraints is a well-established result in the
consumption literature, cf., e.g., Deaton (1992).

11 Such ‘path-independence’ of best responses breaks down for model extensions with non-linear consumption policy functions (cf. Appendix A3 in Groneck et al.
(2016) as well as Section 5.2 in this paper). In such model extensions an additional strategic dimension arises because an ex ante agent has to consider the impact of
her choices on the choices of her future selves.
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Proposition 2. The realized MPCs of the sophisticated agent are given as follows:

1 forh=T

my=3—"1  — forh<T-1 %

2
]+(ﬂh,h+l§;’:+]>

where { t" scales the marginal valuation of wealth of self h in period t and is recursively defined as

" 1 fort=T
ST e e (O o<
! Phi ! 1+1 -

Interpretation in terms of generalized Euler equations To interpret the marginal propensities to consume against the literature on
hyperbolic discounting, it is instructive to derive a variant of the generalized Euler equation (Harris and Laibson, 2001) with an
adjustment factor (Groneck et al., 2016), which as shown in Appendix A follows from the expressions for MPCs in Proposition 2 as

h
Ph,h+2 éwh+2

Phh+1Ph+1hv2 £ Z:zl

ue(h) = Prprr | My + (T=mjp) Juelesy) ®

Equation (8) is the deterministic model analogue to the “generalized Euler equation with adjustment factor” we derived in a model
with idiosyncratic productivity risk in Groneck et al. (2016). It reflects two effects on the consumption growth rate from dynamically
inconsistent preferences. The first is through term

p
hht2 # 1 (in general),

Ph,h+1Ph+1,h+2
1

5 where g is the short-run discount factor. The second is

which in the familiar quasi-hyperbolic time discounting model is equal to
through the ratio

h

h+2
h+1
h+2

# 1 (in general),

which captures the difference in the marginal valuation of wealth in period 4 + 2 from the perspective of the sophisticated agent h

and her next period counterpart 4+ 1. In the quasi-hyperbolic time discounting model Ci’lfl = 1, because continuation value functions
h+2

from period & + 2 onwards are the same for sophisticated agents 4 and 2 + 1 in that model.

2.2.3. The naive agent
n,h
Denote by (mz, My
MPC m;‘l then maximizes (1) over all admissible MPCs at age h.

. m?h the maximizer of the utility function (4). Obviously, for fixed ‘planned’ MPCs (mzl’i'l, s m;’h> the

n,h n,h

Definition 2. The “naive agent” uses at every age h the most preferred future (i.e., planned) MPCs (m PUSTRE ) as argument in

the best response function (5); that is,
n_ . %h n,h n,h
my, =my, (mh+1""’mT ) 9

The h-old sophisticated agent and her naive counterpart can only arrive at different solutions to their respective utility max-
n.h

s My

imization problems if the most preferred (i.e., planned) MPCs (m"h

1’ ) do not coincide with the actually chosen MPCs

s N foti 12
<m 1t mT) of the sophisticated agent.

Proposition 3. The realized MPCs of the naive agent are given as follows:

12 The converse statement will only be true for 6 # 1 but not for # = 1 (cf. our Lemma 1). As a matter of fact, Pollak’s (1968) famous behavioral equivalence result
establishes for logarithmic utility that the best response function m;'h (+) gives identical values

m;‘h (miH_], ,m;.) = m;'h (m;‘_:_’l,...,m;'h)
in spite of (miH_I, ,mj) # (m:'l':_'l,...,mfl':h).
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(i) Recursive characterization:

1 forh=T
! = ! - forh<T -1
n. _ n, 1-0\ 9
1+<Z;r:h+lph.l(mt hH;'=lh+l<l_mjh)) )
with planned MPCs
1 fort=T
= 1] = ! - fort<T -1
' 7 7
gl
(ii) Closed form:
mfl:;forhsT—l.

=

1+ ZtT=h+l (Pns)

2.2.4. Dynamic consistency versus inconsistency

We speak of dynamic inconsistency at age & whenever the /-old sophisticated agent and her naive counterpart anticipate different
future choices. Formally, this is the case if and only if there exists any discrepancy between their respective arguments in their shared
best response function mZ’h (+), i.e., if and only if

s s n,h n,h
(mh+1,...,mT) # (mh+1,...,mT )
Definition 3.

(i) The model is “dynamically consistent at age h “if

mS=m"" forallt>h+1.

(ii) Conversely, the model is “dynamically inconsistent at age h” if
m ;ém:"h for some t > h+ 1.

nT

T =2 = 1, the model is dynamically

The model is always dynamically consistent at ages h € {T —1,T}. Because of my, =m
consistent at age h =T — 2 if and only if
_ Pr—
me. = T2 PN Proir = T-2.T

T-1~ "'1r- :
-1 PT-2.T-1

More generally, it is straightforward to show that the model is dynamically consistent at any given age s > 0 if the discount factors
satisfy
Phr+1
Pht

=y forallze (h+1,T -1}, (10)

For the QHD model condition (10) reduces to the familiar expression in terms of the short-term discount factor

ﬁ51+1 —h
ﬂ5r—h

Whereas dynamic consistency in QHD and three-periods models is unambiguously characterized by (10), the situation is more
complex for our more general set-up with arbitrary time periods and discount factors. First, condition (10) might no longer be
necessary for dynamic consistency at age h. Second, alternative concepts of dynamic consistency become perceivable.'®

At this point it is important to emphasize that our subsequent mathematical results about the savings behavior of naive versus
sophisticated agents do not depend on any specific (formal or informal) definition of dynamic consistency versus inconsistency. These
mathematical findings will be exclusively driven by our formal Definitions 1 and 2 of both agent types. We propose Definition 3 of
dynamic consistency versus inconsistency merely for interpretational reasons and for better comparison with the existing literature.

=psep=1

13 In the earlier version of this paper (Groneck et al., 2021) we had defined dynamic consistency as the coincidence between the realized and the anticipated
consumption choices of the naive agent, without any reference to the anticipated consumption choices of the sophisticated agent. This alternative definition is, for
more than three periods and non-QHD preferences, mathematically not equivalent to our present Definition 3.
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3. The simple case of the three-period model

Our main result establishes for arbitrary T' < co that the effective discounting process is completely irrelevant for the question
whether the naive or the sophisticated agent saves more in the presence of dynamic inconsistency. To make this remarkable result
more easily accessible to readers, we here develop it in a three-period model (7" = 2). In the three-period model dynamic inconsistency
comes with a very simple structure. Because of
S n S 1
mh=m’ =1 and mi=m) = ———,

L+ (p12)?

it is sufficient to compare the respective MPCs for the initial period mj and m; whereby dynamic inconsistency is equivalently given
by either of the following inequalities

p
m'l"ogém'l’ & m;"o;ﬁmi =S E9!':,012. 11
Po,1 ’

Our analysis of the three-period model is organized in four parts. The first part illustrates—applied to the simple three-period
model—the recursive structure of the proof for the general T-period model analyzed in Section 4. The main insight of this formal
argument is that the proof of our main result (Theorem 1) boils down to an application of Jensen’s inequality. The second part illus-
trates how a shift from the dynamic benchmark case to dynamic inconsistency simultaneously changes the savings behavior of both
agent types (thereby allowing for an inter-type and not just intra-type interpretation of this shift). The third part comprehensively
discusses limit results for § — 0 and 6 — oo. The main insight of this limit analysis is that the savings behavior of both agent types
does not only converge if # — 1 but also (i) if # - co and (ii) (under some additional restrictions on discount factors) if § — 0. The
fourth part illustrates our general findings through concrete examples in which the agents have quasi-hyperbolic time-discounting
preferences whereby we look at different specifications of presence versus future biases.

3.1. Recursive structure and Jensen’s inequality

The following formal argument—in terms of Jensen’s inequality—carries over to the more complex proof by backward induction
of our main result (Theorem 1). From our recursive characterization (7), we obtain for the three-period model

1 -0 P02 1-0

1+ (poag))? ’
as well as
TR R S B a3
1+("°—*‘>5m”’°_1 1+(”°—'2>§
P00 1 0.1
In period 0, the sophisticated agent 