Positivity (2026) 30:31 ege o
https://doi.org/10.1007/511117-026-01188-6 POSItIVIty

n

Check for
updates

Classical theorems from analysis for locally band preserving
functions on Dedekind complete ®d-algebras

RESEARCH

Eder Kikianty' - Luan Naude? - Mark Roelands3 - Christopher Schwanke?

Received: 25 August 2025 / Accepted: 26 March 2026 / Published online: 14 April 2026
© The Author(s) 2026

Abstract

In this paper we explore the concept of locally band preserving functions, introduced
by Ercan and Wickstead, on Dedekind complete ®-algebras. Specifically, we show
that all super order differentiable functions are locally band preserving. Furthermore,
some foundational results from classical analysis are proved in this setting, such as
the Intermediate Value Theorem, the Extreme Value Theorem, and the Mean Value
Theorem. Moreover, we show that these generalisations can fail for functions that are
not locally band preserving. With the goal in mind to further develop the theory of
complex differentiation in Dedekind complete complex ®-algebras, a complex version
of the Mean Value Theorem is also provided.
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1 Introduction

The theory of complex analysis on Banach spaces enjoys a long, well-known, and
fruitful history, which is summarised in the text [7]. This theory generalises the classical
theory of functions of a complex variable by using norms as an abstraction of the
ordinary modulus on the complex plane.

Recently, the papers [8, 9] took an alternative approach to complex analysis in
abstract spaces: an order-theoretic approach. Indeed, [8] began this journey by proving
an nth root test for the absolute order convergence of series in universally complete
complex ®-algebras (unital f-algebras). From this result, Cauchy-Hadamard formulas
for calculating the radius of convergence for power series in this setting were obtained.

This order-theoretic complex analysis was furthered in [9], where the authors intro-
duced two notions of differentiability built from the notion of order convergence in
Dedekind complete ®-algebras: order differentiability and the much stronger super
order differentiability.

Such results enable one to meaningfully investigate analytical properties of certain
spaces which do not have a natural norm, such as C2”(X). They furthermore illustrate
how fundamental concepts in vector lattice theory, such as weak order units and band
projections, have purposeful roles to play in complex analysis. Thirdly, this theory,
through analogue, sheds light on an order-theoretical real analysis counterpart. It is to
this real analysis complement that we devote much of our attention in this paper.

In Sections 2 and 3 we introduce ¢-6 reformulations of order continuity, order
differentiability, and super order differentiability, with the goal in mind to have the
results in this paper resemble the classical theory.

Using these reformulations, the objective of Sections 4 and 5 is to prove analogues
of a Boundedness Theorem, an Intermediate Value Theorem, an Extreme Value The-
orem, and a Mean Value Theorem in Dedekind complete real ®-algebras. It turns out,
however, that order continuity on order intervals is insufficient to prove these ana-
logues. Therefore, in Section 4 we consider locally band preserving functions, which
were introduced by Ercan and Wickstead in [5]. The reader can also infer the sim-
ilarities between locally band preserving functions and functions with the so-called
local property, introduced by Avilés and Zapata in [2], where ®-algebras of measur-
able functions are considered. These locally band preserving functions prove to be a
natural class of functions to consider, since it will be shown that all super order differ-
entiable functions are locally band preserving. Furthermore, it is also demonstrated
that the Boundedness Theorem, the Intermediate Value Theorem, and the Extreme
Value Theorem can fail for functions that are not locally band preserving.

In Section 5 we prove the analogues of the aforementioned classical theorems for
order continuous and locally band preserving functions defined on a order closed
interval. Using our Extreme Value Theorem, we then provide an analogue of Rolle’s
Theorem and of the Mean Value Theorem. As a consequence, a locally band preserving
and order differentiable function that has derivative identically zero on an order open
interval is constant on said interval. Additionally, we illustrate through example that
(1) this last result can fail for functions that are order differentiable but not locally
band preserving, and (ii) that an order differentiable function need not be locally band
preserving.
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Finally, in order to further develop the theory of complex differentiation in Dedekind
complete complex d-algebras, a complex version of the Mean Value Theorem is
proved. Consequently, any complex super order differentiable function with zero
derivative on an order neighbourhood must be constant.

2 Preliminaries

The reader is referred to the standard texts [1, 3, 6, 11] for any unexplained terminology
or basic results in vector lattice theory.

A ®-algebra is an f-algebra with a multiplicative unit, which will be denoted by
e. Given a real vector lattice F, the vector space complexification £ := F + i F is
equipped with a modulus

|x +iy| := sup{(cos0)x + (sinf)y: 6 € [0,2x]} (x,y € F), @))

that extends the absolute value on F, provided that F is closed under the supremum
in (1). In this case we call E a complex vector lattice. See e.g. [4, Section 2] for more
details. Naturally, we say that a complex vector lattice E = F + i F is Dedekind
complete (respectively, has the projection property, respectively has sufficiently many
projections) if F is Dedekind complete (respectively, has the projection property,
respectively has sufficiently many projections). In the case that F is a ®-algebra, the
multiplication on F canonically extends to all of E. Thus, it is fitting for E to be called
a complex ®-algebra. Note that the multiplication on Archimedean ®-algebras is
commutative by [1, Theorem 2.56]. We call F' thereal partof E and also write E, := F'.
Furthermore, we define ET := E;. For x,y € E,, we define Re(x +iy) := x and
Im(x +iy) := y, as usual. It immediately follows from (1) that, for z € E, we have
|Re(z)], | Im(z)] < |z|. The reader can refer to [8, 9] for more information about
complex ®-algebras. The bands in E are defined to be the complexifications of the
bands in F, that is, B + i B where B is a band in F, see [11, Chapter 6]. For x € E,
the band generated by x in E is the smallest band in E that contains x and is denoted
by B,. We note that B, equals the complexification of the band generated by |x| in F'.

Often in this paper, we will consider a Dedekind complete ®-algebra E that can
either be real or complex. In the case that £ is taken to be real, we set E,, := E, and
for x € E, the modulus |x| is the ordinary absolute value of x.

2.1 Band decompositions from inequalities

Because Dedekind completeness implies the projection property, every band B in E
is a projection band. This fact means that E = B & B4, and, associated with B, there
is a band projection P: E — B. The reader may assume that any notation used to
denote a band carries over to its band projection (replacing the B with P), e.g. the
band projections of B, By, and By will be written as P, P1, and PP, respectively.

We record some basic facts about bands, band projections, and weak order units
in Proposition 2.1 below that we will repeatedly use throughout this paper. The proof
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of (i) follows from [1, Theorem 2.37], and statement (ii) is a consequence of (i).
Statement (iii) follows from the observation that if y € B and y L nP(r), then
P(y Anr) = 0, hence y A nr € B? for all n, which implies that y € B¢. Thus,
y = 0. Statement (iv) is a consequence of (iii). Statement (v) follows from [1,
Theorem 1.45], and a proof of statement (vi) can be found in [11, Theorem 32.5].
Since the band generated by x contains the band generated by r whenever 0 < r < x,
statement (vii) is evident. Since every band is a projection band in E, statement (viii)
follows. Statement (ix) holds, because the sum of two bands is a band when E has
the projection property by [6, Theorem 30.1(ii)], and the fact that the bands form a
distributive lattice by [6, Theorem 22.6].

Proposition 2.1 Let E be a real (or complex) vector lattice, put x,y € E, suppose r
and s are weak order units of E, and let B be a band with projection P. The following
hold.

(@) If E is a ®-algebra, then P(xy) = P(x)P(y) = P(x)y = P(y)x,
(ii) if E is a -algebra, then B = P(e)E,
@iii) P(r) is a weak order unit of B,
@iv) if P(r) =0, then B = {0},
(v) if P is another band projection, then PP’ = P'P,
(vi) r A s is a weak order unit of E,
(vii) if x > r then x is a weak order unit of E,
(viii) if E has the projection property, x is a weak order unit of B, and y a weak
order unit of B, then x + y is a weak order unit of E,
(ix) if E has the projection property, then the collection of bands forms a distribu-
tive lattice where the supremum and infimum of two bands is given by their
sum and intersection, respectively.

Proposition 2.3 is [6, Theorem 30.5 (ii)] for real vector lattices. We add that this
result easily extends to the complex case as well.

Notation 2.2 Let E be a real (or complex) vector lattice. The notation By 1 B means
that (By)q 1s an increasing net with supremum B in the distributive lattice of bands.

Proposition 2.3 Ler E be a real (or complex) vector lattice with sufficiently many
projections. If By 1 B holds, then Py, (u) 1 P(u) forallu € E™.

We introduce a band decomposition of E that will allow us to use classical arguments
that rely on the law of trichotomy for the real numbers. This aim motivates the following
notation.

Notation 2.4 Let E be a real (or complex) vector lattice with the projection property,
and consider x,y € E,. We write the band generated by (y — x)T as B, .y, and
write By<, for B;’q. Finally, B,—y is defined to be the band Bx<, N By<,. The
corresponding band projections will be written as Py -, P, <, and IP,_,, respectively.

Example 2.5 Consider E = RI%!! and x, y € E. Then the bands By, By—y, and
By y correspond to the subsets of [0, 1] where these inequalities hold pointwise. The
following graphic illustrates this fact.
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B>y

Proposition 2.6 Let E be a real (or complex) vector lattice with the projection property,
and put x,y € E,. Then we get the following band decompositions of E:

E = Bx<y ® Byﬁx = Bx<y 5> By<x @ Bx:y-
Proof Since By<, = B;’<y, we know that £ = B,., ® By<,. For the second
decomposition, we show that By<y, = By, ® By—y. To this end, we know that
By=y C By<y = S0 By<y N By=y = {0}. Since (y —x)* L (x — y)*,

By<y = By_x)+ © Bgc_y)Jr = By <. Putting the last two facts together gives us

d
x<y?

By<y @ Bx=y = Bx<y + (By<y N By<y)
= (Bx<y + Bxfy) N (Bx<y + Bygx)
== Bxsy N E

= Buigy.

O

Lemma 2.7 Let E be a real (or complex) vector lattice with the projection property,
and assume that x,y € E,. Then

IP)x<y(y —x) = ]Pxfy(y —x)=(— x)+ and Px:y(y —x)=0.
Proof Since we have that (y — x)T € By.y and (y — x)” € By<y, it follows that
Pioy(y—x) = — x)T and Py<x(y —x) = —(y — x)~. By interchanging x and y,
we obtain Py<y,(y —x) = (x —y)~ = (y —x)". Now,
]Px:y(y —Xx) = nyxpry(y —x) = ]nyx(y - -x)+ > 0.
Similarly, Py—y,(x — y) > 0. Hence, Pr—y(x —y) = 0. m]

Proposition 2.8 Let E be areal (or complex) vector lattice with the projection property,
and consider x,y € E,. Then
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(i) Bx<y isthe largest band for which the corresponding band projection P satisfies
P(x) < P(y),
(ii) By=y is the largest band for which the corresponding band projection IP satisfies
P(x) = P(y), and
(ii1) By<y is the largest band for which P(y — x) is a weak order unit in B.

Proof It is immediate from the previous lemma that the above bands have the claimed
properties. It remains to be shown that they are the largest such bands. To this end, let
B be a band with band projection P.

(i) Suppose P(x) < P(y). Then P((x — y)*) = P(x — y) — P((x — y)7) < 0, but
we must have that P((x — y)*) > 0. Hence, P((x — y)™) = 0. Since (x — y)* isa
weak order unit of By, this means B L By .,. We conclude that B C B, <.

(ii) Suppose P(x) = IP(y). By (i), we have that B C By<y N By<x = Byi—y.

(iii) Suppose P(y — x) is a weak order unit of B. Then

0<P(y—x)=Pry—-x)VO=P(y-x)v0) =Py —0)") <y —0)".

Thus, P(y — x) € By~ and hence B C B, . O

2.2 An g£-6 reformulation of order continuity

The notation f: dom(f) — E refers to a function whose domain dom( f) is a subset
of E. We define what it means for such functions to be order continuous in terms
of order convergence, and reformulate the definition to resemble the classical ¢-§
definition.

Notation 2.9 Given a real (or complex) vector lattice E, the notation A \ 0 means
A C E, and inf A = 0. If additionally A is downwards directed, we write A | 0.

Definition 2.10 Let E be a real (or complex) vector lattice. A net (xq), in E is said
to converge in order to x € E, written x, — x, if there exists an & N\ 0 such that for
every ¢ € & there is an o satisfying

o>y = |xg —x| <e.

This convergence is the only one on E that will be considered in this paper.

Remark 2.11 In Definition 2.10, the set & can be replaced by the set of finite infima of
its elements, making it downwards directed, but without changing the infimum. Note
that using downwards directed sets is the standard way to define order convergence.

Definition 2.12 Let E be areal (or complex) vector lattice. A function f: dom(f) —
E is called order continuous at ¢ € dom( f) if whenever x, — ¢ in dom(f), we have
f(xq) = f(c). The function f is called order continuous if it is order continuous at
every point in dom( f).

In order to make the similarity with classical theory in this paper explicit, the above
definition is reformulated to resemble the classical ¢-6 definition.
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Proposition 2.13 Let E be areal (or complex) vector lattice. A function f: dom(f) —
E is order continuous at ¢ € dom(f) if and only if for every A | O there exists an
& \\ 0 with the property that for all ¢ € & there exists a § € A satisfying

x edom(f)and|x —c|<§ = |f(x)— f(o)] <e.
Proof Suppose f is order continuous at c¢. Let A |, 0. The set
A:={(x,8): x edom(f),§ € A, and |x — c¢| < §}

is directed by (x1, 81) < (x3, 82) if and only if §; < ;. Define, for any & = (x, §) in
A, xo:=x so that x, — c in dom( f). By order continuity, f(xy,) — f(c), so there
exists an & Y\ 0 with the property that for every ¢ € & there exists an «gp = (x¢, o)
such that for ¢ > g, we have | f(xy) — f(c)| < e.If x € dom(f) with |[x — ¢| < do,
then (x, 80) > (xo0, 69) = g, and so we have | f(x) — f(c)| < e.

Conversely, suppose f satisfies the condition in the proposition. Suppose that x, —
¢ in dom( f). Then there exists a A | 0 such that for all § € A there exists an o for
which |x, — ¢|] < § for all @ > «g. For this A, there exists an & Y\ 0 that satisfies our
assumption. Let ¢ € & with corresponding § and «g. Then, for all @ > «p, we have
[x¢ —c|] <8 s0|f(xq) — f(c)| < e. Therefore, f(xq) = f(c). ]

In this characterisation, it is immaterial whether &€ is required to be directed or
not (as explained in Remark 2.11). However, it is essential that we only consider
downwards directed A. The following example shows how our reformulation of order
continuity fails for A N\ 0.

Example 2.14 Consider f: R?> — R? defined by f(x, y) := (x 4y, 0). It is clear that
f is order continuous at (0, 0). Consider A:={(1, 0), (0, 1)} N\ 0. Since f(0,0) =
(0,0), f(1,0) = (1,0),and f(0, 1) = (1, 0), there can be no & \ O that satisfies our
characterisation of order continuity for this set A, since & would have to be bounded
below by (1, 0).

3 Order differentiability

We define what it means for a function to be differentiable on subsets of E, as was
first done in [9], for complex ®-algebras. Note that this definition can also be used for
real ®-algebras.

Definition 3.1 Let E be a real (or complex) vector lattice, and suppose that x, y € E,,.
We write x < y (or y > x) to mean y — x is a weak order unit of E. In particular,
r > 0 means that r is a weak order unit.

Definition 3.2 Let E be areal (or complex) vector lattice. For ¢ € E and r >> 0, define

N(c,r):={z€ E:|z—c| <r}, and ]\_!(c, ry={ze E:|z—c|<r}.
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If E isreal and a, b € E, we define
(a,b)={x e E:a<kx Kb} and [a,b]:={x € E:a <x <b}.

In this case, N(c,r) = (c —r,c +r) and N(c, ry=[c—r,c+r]

There are two natural notions of differentiability introduced in [9, Definitions 3.5
and 4.1]. Using similar arguments as in the proof of Proposition 2.13, these can be
given equivalent ¢-§ definitions.

Definition 3.3 Let E be an Archimedean real (or complex) ®-algebra. A function
f: dom(f) — E is called order differentiable at c € dom( f) with derivative f/(c)
if there exists an r >> 0 such that N(c,r) € dom(f), and, for every A | 0, there
exists an & \ 0 with the property that for all ¢ € & there exists a § € A satisfying

zeN(,nand|z—c| =8 = [f@) — fl©) = E@—of () =lz—cle

Definition 3.4 Let E be an Archimedean real real (or complex) ®-algebra. A function
f: dom(f) — E is called super order differentiable at c € dom(f) with derivative
f/(c) if there exists an r >> O such that N (c, r) € dom(f), and, for every A | 0, there
exists an & N\ 0 with the property that for all ¢ € & there exists a 6 € A satisfying

zedom(f)and |z —c| <8 = [f(2) = f(0) = (=) f () < |z —cle.

The above definitions differ in whether the implication is required to hold only for
z € N(c,r) orforall z € dom( f). These definitions are not equivalent because, for a
given r > 0, it is possible to have a net (z4), in dom( f) converging to ¢ that never
enters N (c, r). Therefore, to determine whether a function is order differentiable at c,
one can ignore how f acts on certain nets converging to c. However, all nets converging
to ¢ must be considered to determine super order differentiability.

Remark 3.5 In [9, Notation 3.2], x < y is defined to mean that y — x is a positive
invertible element. Every positive invertible element is a weak order unit [10, The-
orem 142.2 (ii)], and the converse holds when E is universally complete but not in
general [8, Remark 3.3]. For example, (%)nEN is a weak order unit in £°°(N) but is not
invertible. Changing this definition is necessary for the techniques used in Section 5,
where it is needed that Py, (x) < Py, (y), when seen as elements of B, ..

The results in [9] remain true when the positive invertible element r is replaced by
a weak order unit, except for the argument showing that the derivative is unique in [9,
Remark 3.6]. A modified proof is given in Proposition 3.7.

For m € N and a weak order unit r, we have that P Lo -, (r) must be invertible in

Loy by [3, Theorem 11.1], as it is larger than the 1nvert1ble element P | e<r( e).
The following lemma therefore allows us to still use invertibility arguments for weak

order units.
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Lemma 3.6 Let E be a real (or complex) vector lattice with the projection property,
and assume that r is a weak order unit of E. Then B1,_. 1 E as m — 00 and hence

P, _ (u)tuasm — ooforallu € EV.

me=r

Proof Let By be a band such that Bi,.. € By for all m € N. Then, for any m € N,

m-—

Bj C Bi,., and so P{(r) < P{(;;e). Therefore, Pf(r) = {0}, so Bf = {0} and
hence By = E. Now Proposition 2.3 completes the proof. O

Proposition 3.7 Let E be a real (or complex) ®-algebra with the projection property.
If f: dom(f) — E is order differentiable at ¢ € dom(f), there is a unique f'(c)
that satisfies Definition 3.3.

Proof Let r be as in Definition 3.3. For A:={%r : n € N}, let & be as in Definition 3.3.

Fix m € N. Since %e is invertible, 1 ,_ . (r) is invertible in B, ,_,.. Let s denote its
m-— m

inverse.
For a given ¢ € & with corresponding § = %r, we have that for all n > M,

Zni=cC + ﬁr satisfies z, € N(c, r) and |z,, — c| < §, so that

£ = f© = s @] < e,
and hence
4 DB, () F@) B, ()| < P o)

Therefore, (n + 1)sP 1 e<r(f(zn) — f(c) — Ple<r(f (¢)). Hence the derivative is
unique in B1,_, for allm e N. By Lemma 3.6, it is uniquely determined in E. O

We recall the sum and product rules for order differentiable and super order differ-
entiable functions from [9, Theorems 3.15 and 4.3], where the reader may also find
chain and quotient rules.

Proposition 3.8 Let E be a real (or complex) ®-algebra with the projection property,
and assume that f: dom(f) — E and g: dom(g) — E, and let f and g be (super)
order differentiable at ¢ € dom(f) Ndom(g). Then,

(i) f + g is (super) order differentiable at c with (f + g)'(¢) = f'(c) + g'(c), and
(ii) fg is (super) order differentiable at ¢ with (fg) (c) = f'(c)g(c) + f(c)g’ (c).

Example 3.9 For any E, it is routine to verify that f(x) := x and g(x) := ¢, for some
¢ € E, are both super order differentiable everywhere with f'(x) = e and g’(x) = 0.
It follows from Proposition 3.8 that any polynomial on E is super order differentiable
with the expected derivative.

The following proposition shows that order differentiability, as opposed to super
order differentiability, is a local property.
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Proposition 3.10 Let E be a real (or complex) ®-algebra with the projection property,
and additionally suppose that f: dom(f) — E isorder differentiable at c € dom(f).
If g: dom(g) — E is defined on, and equal to, f on N(c,r) for somer > 0, then g
is order differentiable at ¢ with g'(c) = f'(c).

Proof Since f is order differentiable at c, there exists an r; > 0 such that N(c, r;) C
dom(f), and for every A | O, there exists an & Y\, 0 with the property that for all
¢ € & there exists a § € A satisfying

zeN(e,randlz—c[ =8 = |f@) — fle) == f'(©] =lz—cle.

Define rp:=r A ry, then N(c,r;) € dom(g). Let &, be as above. Then, for all
z € N(c,rp) with [z — ¢| <6,

18(2) =8 =@ = f (O =1f@) — fl©) == f ()] < |z —cle.

Therefore, g is order differentiable at ¢ with g’(c) = f/(c). O

4 Locally band preserving functions

This section is dedicated to the notion of locally band preserving functions. The main
reason being that order continuous functions on order intervals, in general, do not
inherit the properties real-valued functions on real intervals possess. We start with
Example 4.1, where an example is given of an unbounded order continuous function
on a order closed interval. Example 4.2 shows that the Intermediate Value Theorem
and the Extreme Value Theorem can fail for order continuous and order bounded
functions defined on a order closed interval. These results are recovered for locally
band preserving, order continuous functions in Sect. 5.

Example 4.1 Consider the Dedekind complete ®-algebra L°[0, 1] of Lebesgue mea-
surable functions on [0, 1], with e being the constant one function. Then [0, e] =
L'[0, 11N [0, e]. The space L'[0, 1] is a Banach lattice with order continuous norm
|l - Il1, and for this norm the order interval [0, e] is a metric space that is not compact.
Observe for example that the Rademacher sequence given by

x1 :=10,1/2],
x2 := Ljo, 1741 + 111/2.3/4)
x3 := Ljo,1/81 + 1q1/4,3/81 + 111/2,5/81 + 113/4,7/81

does not have a convergent subsequence as ||x, — x, |1 = % for all n # m. It follows
that there must exist a continuous function f: [0, ¢] — R that is unbounded. Indeed,
for a sequence (x;),en in [0, €] that does not have a norm convergent subsequence,
we can define the function g: {x,,: n € N} — R by g(x,) := n. Since {x,: n € N} is
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a closed and discrete set in [0, e], and g is continuous, the Tietze extension theorem
implies that g can be extended continuously to all of [0, e]. Denote this extension of
g by f, and note that f is necessarily unbounded as well. Note that if x, — x in
order in [0, e], then there is a set & | 0 such that for all ¢ € & there is an «g such
that |x, — x| < & whenever @ > «g. It follows from the fact that |x, — x| < 2e
for all & that we may assume without loss of generality that & € L'[0, 1]. Hence
lxe — x|l1 < |l€]l1, and since inf{||¢]|1: € € &} = 0 as || - |1 is order continuous, this
net converges in norm. Thus | f(x) — f(x4)| — 0, and so f is order continuous. In
conclusion, the function #: [0, e] — L°[0, 1] defined by h(x) := f(x)e provides an
example of an order continuous function which is unbounded.

Example4.2 Let f,g: [(0,0), (1,1)] — R? be given by f(x,y) := (x,x?) and
g(x,y) := (x, 1 —x).Then f and g are both order continuous. Since f (0, 0) = (0, 0)
and f(1,1) = (1, 1) but (%, %) ¢ range( f), the Intermediate Value Theorem fails for
f. The Extreme Value Theorem fails for g, even though g is order bounded, since

sup glx,y)=(1, D),
(x,»)€l(0,0),(1,1)]

but this supremum is not attained.

The shortcomings of Example 4.2 can be rectified by considering only locally
band preserving functions. These functions were first introduced for Archimedean
real vector lattices in [5].

Definition 4.3 Let E be an Archimedean real (or complex) vector lattice, and consider
f: dom(f) — E.We say that f is locally band preserving if for all x, y € dom(f)
and z € E we have that

x =yInlzl =0=[f(x) = fFODIAz] =0.

We next provide a characterisation of locally band preserving functions using band
projections, which we will freely use throughout the remainder of this paper.

Proposition4.4 Let E be a real (or complex) vector lattice with the . A function
f: dom(f) — E is locally band preserving if and only if for every band projection
P and for all x, y € dom(f), we have that

P(x) = P(y) = P(f(x)) =P(f ().

Proof Suppose f is locally band preserving, and let B be a band with corresponding
band projection P. If x, y € dom(f) are such that P(x) = P(y), we have if z € B,
then [x — y| A |z] = 0,50 [f(x) = f(DI A |z] = 0. Hence [P(f(x) = P(f(y)] =
P(|f(x) — f(»)]) = 0, and, therefore, P(f (x)) = P(f()).

Conversely, suppose that for all x, y € dom(f) and for every band projection PP,
we have that P(x) = P(y) implies P(f(x)) = P(f(y)). Let z € E be such that
|[x — y| A |z| = 0. Then for the band B, with corresponding band projection P, it
follows that P (x) = P-(y), so P (f(x)) = P.(f(y)). Hence | f (x) — f(y)|Alz] = 0.

O
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Remark 4.5 Note thatalocally band preserving function f: E — E isband preserving
if £(0) = 0.Indeed, for any band B in E and x € B, we have that P4 (x) = P4 0) =0,
and thus P4 (f(x)) = P?(f(0)), and hence we have f(x) € B. Furthermore, it is
readily checked that a linear function f: E — E is locally band preserving if and
only if it is band preserving. Hence an order bounded linear function f: E — E is
locally band preserving if and only if it is an orthomorphism.

Example 4.6 In R, all functions are locally band preserving, as the only band projec-
tions are the zero and identity mappings. A function on £*° or RY is locally band
preserving if and only if it is defined coordinatewise. Thus, neither of the functions in
Example 4.2 is locally band preserving.

However, if we view these ®-algebras as £*° = C(BN) and RN = €% (BN), then
locally band preserving functions need not be defined pointwise, even if they are order
continuous.

Example 4.7 For each n € N, consider the continuous function &, : R — R such that
kn(t) = 0fort < 5, ky(t) = 1 fort > 1 and k, is linear on [4-, 1].

Define f: £° — £ by f((x(n)yeN) := (kn(x(m))))nen. It is clear that f is
locally band preserving since it is defined coordinatewise. To show that f is order
continuous, let x, — x in £°°. Then, for each n € N, we have that x,(n) — x(n),
and hence (f (xy))(n) = ky(xe (1)) = ky(x(n)) = (f(x))(n), since k;, is continuous.
Thus, f(xq) converges to f(x) in each coordinate. Since f (x,) is bounded between 0
and e, coordinatewise convergence implies order convergence, and so f (xy) — f(x).

Identifying £°° with C (BN), we show that even though f is locally band preserving,
it does not act pointwise on SN. To this end, let x := 0 and y be the extension of
(%)neN to BN. For every t € BN\ N, x(r) = 0 = y(¢). However, f(x) = 0 and
f(y) = e, so f does not act pointwise at any point € SN\ N.

The following lemma is needed for the proof of Theorem 4.9.

Lemma 4.8 Let E be a real (or complex) ®-algebra with the projection property, and
assume that f: dom(f) — E is super order differentiable on its entire domain.
Then, for all § € E™, every x € dom(f), and all band projections P, there exists a
k € R\ {0} satisfying
y € dom(f) and |y — x| < ké and P(x) = P(y) = P(f(y)) = P(f(x)).
Proof Let$§ € E*, x € dom(f), and P be any band projection. Define
A:={ks: k e RT \ {0}}.
Then there exists an & \ 0 such that, for all ¢ € &, there is a k, € R™ \ {0} for which

y €dom(f)and |y — x| < k8 = |f(y) — f(x) = (y =) f/ ()] < |y — xle.

Fix any ¢ € &. Then, for all y € dom(f) satisfying |y — x| < k.6 and P(x) = P(y),
we apply P to both sides of the above inequality to show that

P(fG) = f@D=P(f () = fx) = =x)f'@)]) <P(y—x|e) =0.
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Therefore, P(f (y)) = P(f(x)). m]

It will now be shown that any super order differentiable function
f: N(,r)—>E

is necessarily locally band preserving, which makes locally band preserving functions
a natural class of functions to study in this context.

Theorem 4.9 Let E be a real (or complex) ®-algebra with the projection property,
and consider c,r € E withr > 0. If f: N(c,r) — E is super order differentiable,
then f is locally band preserving.

Proof Let I:={t € R: 0 <t < 1}. Suppose x,y € N(c,r) with P(x) = P(y) for
some band projection P. Define x;:=(1—f)x+ty forallt € I,andlet L[x, y]:={x;: t €
I1}. Then L[x,y] € N(c,r),and forall s, € I,

P(x;) = (1 —t)P(x) +tP(y) =P(x), and |x5 —x:| = |s —t]|]x — y|.

Define g: I — E by g(t) := P(f(x;)). Leté := |x — y|and r € I. By Lemma
4.8, there exists a k; € R™ \ {0} such that

z€N(c,r)and |z — x| = ké and P(z) = P(x;) = P(f(2)) =P(f(x:)).

In particular, if s € I and |s — | < k;, then |x; — x/| = |s — t]|x — y| < k6, s0
g(s) =P(f(x5)) =P(f(x;)) = g(t). Thus, g is constant on

Lii={sel:|s—t]| <k}

forallt e 1.
By compactness, I < U?:l I;, for some t1,...,t, € I. Then there exist points
S1,...,8n € I such that s; = 0, s, = 1, and consecutive points lie in the same

interval I;; for some i. This shows that

P(f(x)) =g(s1) = g(s2) = -+ = g(sm) = P(f(y)-

O

Corollary 4.10 Let E be a real (or complex) ®-algebra with the projection property,
and consider c,r € E withr > 0.If f: N(c,r) — E is order continuous on N(c, r)
and super order differentiable on N (c, r), then f is locally band preserving.

Proof Let x,y € N(c,r) with P(x) = P(y). Define x,:=c + (1 — %)(x — ¢) and
Ypi=c + (1 — %)(y —c) foralln € N. Then x, — x, y, — y,and foralln € N,

we have that x,,, y, € N(c, r) and P(x,) = P(y,), so that P(f(x,)) = P(f(yx)) by
Theorem 4.9. Since f is order continuous,

P(f(x) = lim P(f(x) = lim P(f () = P(/ ().

]
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The following proposition shows that if an order differentiable function is locally
band preserving, then so is its derivative. In particular, by Theorem 4.9, the derivative
of a super order differentiable function f: N(c,r) — E is locally band preserving.

Proposition 4.11 Let E be a real (or complex) ®-algebra with the projection property,
and consider c,r € E withr > 0. If f: N(c,r) — E is order differentiable and
locally band preserving, then f' is locally band preserving.

Proof Let x,y € N(c,r) with P(x) = P(y) for some band projection P, and let
m € N. Let r > 0 satisfy the role of  in Definition 3.3 for both x and y. Recall from
the proof of Proposition 3.7 that if we define x,,:=x + —7r and y,:=y + mr then

(n+ DsP1, . (fGn) = f(x) — }P’%esr(f/(x))

and

(n+DsP1, (fGn) = FO)) = P%efr(f’(y)),

where s denotes the inverse of IP 1 Lo<r (r)in B1 Losr: Since f is locally band preserving,

P(x) = P(y), and P(x,) = IP’(yn) for all y € N, we have that P(f(x)) = P(f(y))
and P(f(x,)) = P(f(yn)) for all n € N. Therefore, by uniqueness of order lim-
its, P(Piesr(f/(x)) = P(Piesr(f/(y)). It follows by Lemma 3.6 that P(f’(x)) =

PCf" (D). o

We next record some elementary properties of locally band preserving functions
defined on [a, b] that we require in Section 5. The recurring idea is that one can restrict
properties of f (such as being order bounded or order continuous) to individual bands.

Proposition 4.12 Let E be an Archimedean real vector lattice. Suppose thata, b, c,d €
E satisfya <c <d <b. Let f: [a,b] — E be locally band preserving. The follow-
ing statements hold.

(@) If f is order bounded above on [c,d] by M, then P(f(x)) < P(M) holds for
all x € [a, b] and all band projections P such that P(c) < P(x) < P(d).
@ii) If f is order bounded below on [c, d] by m, then P(f (x)) > P(m) holds for all
x € [a, b] and all band projections P such that P(c) < P(x) < P(d).
(iii) Let x € [a,bl and &,6 € E*. Ifforall y € [a,b], |x — y| < 8 implies
| f(x)— f(y)| < & then, for any band projection P, P(|x — y|) < IP(§) implies
P(f(x) — fF() < P(e).

Proof To prove (i), let x € [a, b] and IP a band projection satisfying P(c) < P(x) <
P(d). Let y:=P(x) + P?(c). Then P(y) = P(x), and P?(c) = P4(y) < P4(d).
Together, these statements show that y € [c, d] and hence f(y) < M. Since P(y) =
P(x), we have P(f(x)) = P(f(y)) < P(M). The argument for (ii) is similar.

We now prove (iii). Let ¢,8 € E T and x € [a, b] be such that for all y € [a, b],
|x —y| < éimplies | f(x) — f(y)| < e.Lety € [a, b] and P be any band projection
such that P(|x — y|) < IP(8). Define z:=P(y) + P4 (x), then |x — z| < 8, so we know
that | f(x) — f(2)| < e. Since P(y) = P(z), we have that P(f(y)) = P(f(z)), and so
PUfx) = fOMD=PUf(x) — f@]) < P(e). o
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5 Classical theorems for continuous and differentiable functions

In this section, we generalise some classical results for continuous and differentiable
real-valued functions to a Dedekind complete real ®-algebra E, but, in light of Exam-
ple 4.1 and Example 4.2, adding the requirement that the functions are locally band
preserving.

Lemma 5.1 Let E be a real vector lattice with the projection property and consider
a,b,c,d € Ewitha <bandc <d. Let f:[a Nc,bV d] — E be locally band
preserving, order bounded on [a, b], and order bounded on [c, d]. If [a, b]N[c, d] #
&, then f is order bounded on [a N c,b V d].

Proof Suppose | f(x)| < M, for all x € [a, b] and | f(x)| < M, for all x € [c, d].
Let z € [a, b] N [c, d]. For any x € [a A ¢, b V d], we have that

Ba=x N Besx = Bapesx = {0},
and hence B;~x C B.<x. Now,
Py<Pa<x(x) € Pxr<;Pa<x(la, b)),
and Py . Py-x(x) € Py .Py~x([c, d]). Thus, by Proposition 4.12(i) and (ii),

Py (1f D) = Pr<:Pa<x (1 F (O)]) + Pr<:Pasx (1f (X))
< HD)c<zPa§x (Ml) + ]P)x<z]P>a>x (MZ)
<Py, (M| Vv My).

Similarly, Py> (| f(x)]) < Py>,(M1 V M>), and hence | f(x)| < M| Vv M». O

The fact that order boundedness extends on connected order intervals from the above
lemma, in combination with the property of a function being locally band preserving,
provides a boundedness theorem.

Theorem 5.2 (The Boundedness Theorem) Let E be a Dedekind complete real vector
lattice. Consider a, b € E suchthata < b. If f: [a, b] — E is order continuous and
locally band preserving, then f is order bounded.

Proof Let S:={x € [a, b]: f is order bounded on [a, x]}. Then
c:=sup(S) € [a, b].
It is clear from Lemma 5.1 that S is upwards directed.
Consider A:={(c—x) Vv %(b —c):x € §8,n €N} | 0.Since f is order continuous
atc, thereissomee € ET and§ = (c —x) V rll(b —c),forx € Sandn € N, such that

ye€la,bland|y —c| < = [f()) = fOl=e = |fOWI=[fO]+e.
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This shows that f is order bounded on [x, c] and on [c, ¢ + ,ll(b — ¢)], and we already
know that f is order bounded on [a, x]. By Lemma 5.1, c € S and ¢ + %(b —c)esS.
Therefore, ¢ < ¢ + rll(b — ¢) < ¢ which implies that ¢ = b. O

We next prove an Intermediate Value Theorem for locally band preserving functions.

Theorem 5.3 (The Intermediate Value Theorem) Let E be a Dedekind complete real
vector lattice. Consider a,b € E witha < b. If f: [a,b] — E is order continuous
and locally band preserving, and y € [ f(a) A f(D), f(a) vV f(b)], then there exists
¢ € la, b] such that f(c) = y.

Proof We first assume that y = 0 and f(a) < f(b). Define
S:={x € [a, b]: f(x) <O}

Then § is upwards directed since if x,y € S and z = x VvV y, we have that 7 =
P>y (x) 4+ Py <y (y) from which it follows that

J @) =Przy(f(2)) + Prcy (f(2)) = Pazy (f (1)) + Prcy (f () = 0.

Thus, S 1 ¢ for some ¢ € [a, b] and, by order continuity, f(c) < 0.
Consider A::{%(b —¢) : n € N}. There exists an € Y\ 0 such that for every ¢ € &
there exists a § € A satisfying

x €la,bland [x —c| <6 = |f(x) — f(o)| <e.

Let e € &, and consider § as above. Let x :=P_ ()¢ (c+38) + Pd—f(c)>s (c). Since
P‘i Fo)>e x) = P‘i Fo)>e (c) and f is locally band preserving,

P e (F () =P f0)=e (f(€)) 0.
Also, since |x — ¢| < 6,
P_re)y>e(f(x) = () S P_r(e)se(e) S P_p)se(—f(0)),
so that P_ r()>¢ (f(x)) < 0. Therefore,
o) =P (FO)) + P poe(f(x) <0,
so that x € S. Hence we obtain
c+P_r>e(6) =x <c.
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Combining this inequality with the fact that P_yy-.(6) > 0, we get that
P—f(c)>s (6) = 0. Since

Peep(=f(€)) = Pep(—=f (D)) = 0 < Pe—p(e),

we have that B.—p C B_ ()< by Proposition 2.8(i), hence B_ f(¢)~e C Bc<p. Thus,
since § = %(b —¢) for some n € N and P.;(b — ¢) is a weak order unit of B,
by Proposition 2.8(iii), we have that P_ y()>¢(5) is a weak order unit of B_ r(¢)se.
Hence B_ f(¢)>e = {0}, so that — f(c) < . Since & was arbitrary, — f(c) < 0. As we
already knew that f(c) < 0, this means that f(c) =0 = y.

The case where f(b) < f(a) is similar. Once these two cases are established, we
can find ¢, d € [a, b] for which we simultaneously have that P ¢ 4)< r»)(f(c)) = 0

and P ¢4 ) (f(d)) = 0. Since f is locally band preserving, it then follows that

FPr@=r)(© +Prasrad) =0.
Finally, if y # 0, apply the resultto x — f(x) — y. O

The following lemma will be used in the proof of the Extreme Value Theorem
below. It is a vector lattice analogue of the ¢ characterisation of the supremum and
infimum in R.

Lemma 5.4 Suppose {0} # E is a real vector lattice with the projection property. Let
r > 0, andlet A C E have infimum X (resp. supremum ). Then there existsana € A

such that B, <)y, # {0} (resp. By~ —r # {0}).

Proof If B, = {0}, then A 4+ r < a. Thus, if this inequality holds for all a € A,
we have that 1 47 is a lower bound of A, and hence r = 0, contradicting that E # {0}.
Showing that By, # {0} is similar. O

Theorem 5.5 (Extreme Value Theorem) Let E be a Dedekind complete real vector

lattice. Consider a,b € E such thata < b. If f: [a,b] — E is order continuous
and locally band preserving, then there exist c,d € [a, b] such that for all x € [a, b],

flo) = fx) = fd).
Proof Assume E # {0}, noting that the result is trivial otherwise. We will first show
the existence of d. By Theorem 5.2, M (x):= SUP (g, x] f(y) exists for all x € [a, b].
Assume f(a) < M(b). Since
Pa=p(M(b) — f(a)) = Pa=p(M(a) — f(a)) = Pa=p(f(a) — f(a)) =0,
B,—p = {0}, and hence E = B, ;. By Proposition 2.8(iii), a < b. Let
S :={x €la, b]: M(b) — M(x) is a weak order unit}.

Then d:=sup S € [a, b]. Assume further that f(d) < M (b).
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Consider A::{%(b —a): n € N}. Since f is order continuous at d, there exists an
& \( 0 such that for every ¢ € & there exists a § € A satisfying

x €la,bland |x —d| =6 = [f(x) — f(d)] <e.
By Lemma 5.4, there exists an ¢ € & (with corresponding §) such that

B, _ L(Mb)—f ) # {0}. If we denote the corresponding band projection by P, then
the Dedekind complete real vector lattice B, _ LMY f(d) contains P, (S) and P, (6),

which is a weak order unit of BK%(M(b)ff(d)) since § = %(b — a) is a weak order
unit of E. Thus, it follows from Lemma 5.4 that there exists an s € § satisfying

Bs<%(M(h)—f(d)) N Bysg—s = Pe(Bysa—s) = B]PE(s)>]P’g(d)—]P’s(5) 7é {O}

Now we will obtain a contradiction by showing that

)] BI:ZBE<%(M(;,)_f(d)) N Bs>a—s N Bg<p = {0}, and
(i) BZZZBS<%(M(I,)_f(d)) N Bs>d-5 N By=p = {0}.

These statements combined yield a contradiction, since
Bi+ B = Be<%(M(b)_f(d)) N Bssa—5 # {0}.
We first show (i). To this end, let x € [a, (P1(d + §) + P‘f (s)) A b], then
P1Pr<a—s(@) < PiPr<g—5(x) < P1Pr<g—s(d — 8) < P1Pr<q—s(s).

Thus, by Proposition 4.12(i), we have that

PiPr<a—s(f (%)) = PiPr<a—s(M(s5)) = P1Pr<g—s(M (D) — (M (D) — M(5))).

Since Pyog_s(d — §) < Pyog—s(x) and P (x) < P;(d + &), we have that

P1Pysa—s(d —8) = PiPysq—5(x) < P1Pysg—s(d + ),
and so PPy~ 4-s (|x — d|) < 4. By Proposition 4.12(iii),
PiPrsa—s (1Lf (x) = f(d)]) = PiPysa—s(e)

and so

PiPyod—s(f(x) < P1Prog—s(f(d) + &)
< P\Pyog—s(f(d) + (M) — ()
=P Pyogs (M(b) — 3(M(b) — f(d))).
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Since P’il (x) € Pf([a, s]) and f is locally band preserving,
PL(f () < B{(M(5)) = P{ (M(b) — (M (b) — M(s)))
holds by Proposition 4.12(i). Therefore,

) = (PiPaza—s + P ) (M(B) = (M(b) = M(5)))

+PiPyags (M) — A (M(D) — f(d)))
< M(b) — (M(b) — M(s)) A 3(M(D) — f(d)).

By taking the supremum over all x € [a, (P{(d + 8) + ]P’”ll (s)) A b], we have that
M (b) — M((Pi(d + 8) + P{(5)) Ab) = (M(b) — M(s)) A §(M(b) — [ ().

Therefore, M(b) — M((P1(d + 5) + IP’”l’(s)) A b) is a weak order unit, so (P (d +
8) + ]P’f(s)) A b € §. Then we have (P (d + §) + IP‘li(s)) A b < d, hence

P1(d) = (P1(d) +P1(8)) AP1(b) < P1(d).
Thus P1(d) = (P1(d) + P1(8)) AP1(b), so

Pi(d) = Pp=aqP1 (D) + PgpP1(d + ) =P1(d +9),

as By € Bj.p = Bg:d. Hence P (§) = 0, showing that B; = {0}.
Now we show (ii). To this end, let x € [a, b]. We have that

PrPy<q—s(a) < PaPr<g—s(x) < PaPr<g—s(d — &) < PaPr<q—s(s).
By Proposition 4.12(i),
PoPy<a—s(f (%)) < PoPr<g—s(M(s)) = PoPr<q—s(M (D) — (M (D) — M(s))).
Since
PoPysd—5(d — 8) < PoProg—5(x) < PoPrsyg—5(b) = PoPyrsyg—s(d),

we have that PPy~ 45 (]x — d|) < &, so we can apply Proposition 4.12(iii) to get
that

PoPyod—s(f(x) < PaProy—s(f(d) + &)
< PoProgs(f(d) + 2 (M(B) — f(d)))
=P)Pyogs (M(b) — S(M(D) — f())).
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Therefore,

Pa(f(x)) = P2oPrca—s(f (%)) + P2Prsa—s(f(x))
< PaPrca—s(M(b) — (M(b) — M(5))) + PaPrg—s (M(b) — 3(M(b) — f(d)))
< Py(M(b) — (M(b) — M(s)) A (M (b) — f(d))).

By taking the supremum over all x € [a, b], we have that
P2 (M (b)) < P2(M(b) — (M(b) — M(5)) A (M (b) — f(d))).
This inequality shows that P2 (M (b) — M(s)) A (M (b) — £(d))) = 0. Now
(M) — M(5)) A 3(M(b) — f(d))

is a weak order unit, so By = {0}.

Therefore, the assumptions f(a) < M(b) and f(d) <« M(b) lead to a contra-
diction. If B:=Br@y<m@p) N Bray<mm) 7 {0}, we can restrict ourselves to B by
considering the function g: P([a, b]) — B given by

g(x) := P(f(x + P4 (a))).

Since g(P(a)) < P(M (b)) and, using that f is locally band preserving, g(P(d)) =
P(f(d)) <« P(M(b)) in B, the above argument yields a contradiction. Hence, it
must be that B = {0}, and so we obtain the inclusion Brwy<m@m) S Bfa)y=m®)
which means P ¢y <) (f(d) = Pray<mpy(Mb)). Let dy := Pry=m@)(a) +
P ¢@)<m@)(d). Since f is locally band preserving,

fdo) =Pray=mw)(f(d0)) +Prwy<mp)(f(do))
=Pray=mp)(f (@) + Pray<mp)(f(d))
=Pra)y=mp)(Mb)) + P rwy<mep) (M (D))
= M().

Hence for all x € [a, b] we have shown that f(x) < f(dp). The existence of ¢ follows
by considering — f. O

We now prove analogues of Rolle’s Theorem and the Mean Value Theorem for
locally band preserving and order differentiable functions. Note that by Theorem 4.9
all super order differentiable functions satisfy these conditions. We prove two versions
of the Mean Value Theorem. The first version is weaker as the conclusion holds only
for the endpoints of the interval, but it resembles how the theorem is stated classically.
We then use the first version to prove a stronger result where one can consider any
two points in the interval.

Theorem 5.6 (Rolle’s Theorem) Let E be a Dedekind complete real ®-algebra. Con-
sidera,b € E witha < b. Let f: [a,b] — E be order continuous on [a, b], order
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differentiable on (a, b) and locally band preserving. If f(a) = f(b), then there exists
xo € (a, b) with f'(x9) = 0.

Proof By Theorem 5.5, there exist ¢, d € [a, b] such that f(c¢) < f(x) < f(d) holds
for all x € [a, b]. Then E = By ® B| ® B, where

Bo:=Ba<q N Bi<b,
B1:=Bg N By—c N Bop, and
By:=B{ n BY.

It follows that

By = (Byca N Ba<p)* N (BY N Byce N Becp)*
= (Ba=d + Ba=p) N (Bo + Ba=c + Bc=p)
= (By=d N Ba=c) + (Ba=d N Be=p) + (Ba=p N By=c) + (Ba=p N Be=p)
= (Ba=d + Ba=p) N (Ba=c + Bc=p).

Let xo:=Po(d) + P1(c) + ]P’g(%(a + b)), and note that xo € (a,b). Since
Pa=q(f(d)) = Py=a(f(a)) and

Pi—p(f(d)) = Pa=p(f (D)) = Pa=p(f(a)),

we have that P (f(d)) = P2(f(a)). Similarly, P> (f(c)) = P2(f(a)). Thus Py o f =
Py (e) f is constant, so Pr(f/(x0)) = Pa(e) f'(x0) = (Pale) f) (xg) = 0. We will
show that Py( f/(x0)) = 0. The argument for why P} ( f/(x0)) = O is similar as in both
cases xo equals an extremum on the band.

Since f is order differentiable at xg, there exists anr > O such that (xo—r, xo+r) <
[a, b] and there exists an & N\ O such that for every ¢ € & there exists an N, € N
satisfying for all y € (xo — r, xo + 1),

ly = xol < q-r = [f () = fx0) = (v = x0) [ (x0)| < |y = xole.

For n € N, define y, := xo + ﬁr. Then y, € (xo —r,x0 +r) foralln € N.

Let m € N. Since %e is invertible, we have that I°(r) has an inverse in B:=B . ,_,

by [3, Theorem 11.1]. Denote this inverse by s. Then, for any ¢ € & and n > N,
b — %0l < 77 50

|7 Om = F00) = e 00| = v — xole = e,
and hence, by applying the projection Py’ and multiplying by (n + 1)s on both sides,
[PoP(f (ya) — f(x0))(n + D)s — PoP(f(x0))| < PoP(e).
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Thus, PoP(f (vx) — f(x0))(n + 1)s — PoP(f’(x0)). For all n € N, since we have
Po(x0) = Po(d), and f is locally band preserving,

PoP(f (yn) — f(x0))(n 4+ 1)s = PoP(f (yn) — f(d)(n + 1)s < 0.

Thus, we have PoP(f'(x0)) < 0. Replacing y, by z, := xo — #r in the argu-
ment above shows that PoP( f'(xg)) > 0. Therefore, PoP(f”(x9)) = 0. Since m was
arbitrary, by Lemma 3.6, we have that Po(f’(xg)) = 0. O

Theorem 5.7 (Mean Value Theorem 1) Let E be a Dedekind complete real ®-algebra.
Considera, b € E witha < b.Let f: [a, b] — E be order continuous on [a, b], order
differentiable on (a, b) and locally band preserving. Then there exists an xo € (a, b)
such that

(b—a)f'(x0) = f(b) — f(a).

Proof Define g(x):=(b — a) f(x) — (f(b) — f(a))x. Then g is order continuous on
[a, b], order differentiable on (a, b) and locally band preserving since f and x +— x
are. Note that x — x has derivative e everywhere. Also,

gl@a=0B-a)fla)—(fb)— fla)a=b-—a)f®)—(fb)— fla)b=g).
By Theorem 5.6, there exists an xo € (a, b) such that
0=g'(x0) = (b —a) f'(x0) = (f(b) — f(a)e.

Therefore, (b — a) f'(xg) = f(b) — f(a). O

Theorem 5.8 (Mean Value Theorem 2) Let E be a Dedekind complete real ®-algebra.
Consider a,b € E witha < b. Let f: [a,b] — E be order continuous on |a, b],
order differentiable on (a, b) and locally band preserving. For any x, y € [a, b] there
existsac € [x Ay, x V y] such that

=) f'e)=fy) = fx).
Proof Suppose x < y. Let
x0 :=Pyroy(X)+Pr—y(@+1/3(b—a)) and yo :=Py.y(y)+Pi=y(a+2/3(b—a)).

Then xg, yo € (a, b) with x9 < yo. Now, f is locally band preserving, order con-
tinuous on [xg, yo] and order differentiable on (xg, yo). Thus, by Theorem 5.7, there
exists a cog € [xo, yo] such that

(yo — x0) f'(co) = f(y0) — f(x0).
Now, let ¢ = Py.y(co) + Px:y(%(a + b)). Then, since f and f’ are locally band

preserving,

Prey (0 =) f1(©) = 0 = Prety (f () = f (X)),
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and

Proy((y = x) f(©)) = Pry((yo — x0) f(c0))
= x<y(f(y0) — f(x0))
= x<y(f(y) — fx)).

Therefore, (y — x) f/(c) = f(y) — f(x).
Now, without assuming x < y, by the above, there existsac € [x A y, x V y] such
that

@Vy—xANfie)=flaxvy = f&ry.

Then,
Pecy (v =) f(©) =Prcy((x Vy —x Ay) fl(€)
= IEI))c<y(f(x 4 y) - f(x A y))
=Py (f(y) — f(x)),
and
Pesy (v = 2) f(©)) = Pesy((x Ay —x vV y) f/())
=Pesy(fx Ay) = fx VYY)
= Pyxy (f(y) — f(x)).
Therefore, (y — x) f'(¢) = f(y) — f(x). o

Corollary 5.9 Let E be a Dedekind complete real ®-algebra. Consider a, b € E with
a L b.Let f: (a,b) — E be order differentiable and locally band preserving. For
any c,d € (a, b), there exists xo € {c +x(d —c): x € (0, e)} such that

(d—c)f(x0) = f(d) = f(c).

Proof Define g: [0,e] — E by g(x) := f(cx), where c¢y:=c + x(d — ¢). It is
easily verified that g is order continuous on [0, e] and locally band preserving, and
it follows from the differentiation rules that g is order differentiable on (0, ¢) with
g'(x) = (d — ¢) f'(cx). Now we apply Theorem 5.7 to obtain an s € (0, e) such that

(d—c)f'(cs) =g'(s) =gle) — g(0) = f(d) — f(c).
Hence, we may choose xq:=c;. O

Corollary 5.10 Let E be a Dedekind complete real ®-algebra. Consider a,b € E
witha < b. Let f: (a,b) — E be order differentiable with ' = 0 and locally band
preserving. Then f is constant.

Proof For any c,d € (a, b), by applying Corollary 5.9, there exists an xo € (a, b)
such that f(d) — f(c) = (d — ¢) f'(xp) = 0 and hence f(c) = f(d). O
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The following example shows that Corollary 5.10 fails if f is not required to be
locally band preserving. It also shows that while a super order differentiable function
is always locally band preserving, the same need not be true for an order differentiable
function.

Example 5.11 Consider E = RY, and define f: (0, ¢) — R by

if x, —

0
J((xxn)nen) = :e if x, >

D= | —

Letx € (0, e). Define r := (% A (1 —x3) AXxp)nen. It follows that (x —r, x +r) C
0,e),and forany y € (x —r,x +71), |x5 — yp| < 1 < % holds for all n € N,
so that y, — % if and only if x,, — % Therefore, f is constant on (x — r, x + r).
By Proposition 3.10 and the fact that constant functions have derivative 0, f is order
differentiable on (0, ¢) with f' = 0.

To see that f is not locally band preserving, consider e := (1,0, 0, ...) and note
that P, ($e1) = 1e1 = P, (e), but

Pe,(f(Re1)) =Pe () = €1 # 0 =P, (f(3e)).

Remark 5.12 Note that for a Dedekind complete real ®-algebra E, witha, b € E such
thata < b, and f: [a, b] — E thatis order continuous on [a, b], order differentiable
on (a, b) and locally band preserving, Corollary 5.9 implies the following character-
istic properties for f. In statement (i7) it is used that the product of two weak order
units in a ®-algebra is a weak order unit. This fact follows from [10, Theorem 142.3].

(i) If f/(x) > Oforall x € (a, b), then f is increasing on [a, b],
(ii) if f'(x) > Oforall x € (a, b), then for any c, d € [a, b] with ¢ < d we have
that f(c) < f(d),
@ii) if f'(x) > Oforall x € (a, b), then for any ¢, d € [a, b] with ¢ < d, we have
that f(c) < f(d), and
(iv) if f'(x) > O for all x € (a, b), then for any c, d € [a, b] with ¢ < d, we have
that f(c) < f(d).

Finally, we return to the complex case. To prove that a zero super order deriva-
tive implies a function is constant on order open neighbourhoods, we first provide a
complex version of the Mean Value Theorem.

Theorem 5.13 (Complex Mean Value Theorem) Let E be a Dedekind complete com-
plex ®-algebra. Consider ¢ € E and a weak order unit r. Let f: N(c,r) — E be
order differentiable and locally band preserving. Then for any a,b € N(c, r), there
existu,v € {a+x(b —a): x € (0, e)} such that

(i) Re((b —a)f'(u)) =Re(f () — f(a)), and

(ii) Im((b —a) f'(v)) = Im(f (D) — f(a)).

Proof The proof is similar to that of Corollary 5.9. O
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Corollary 5.14 Let E be a Dedekind complete complex ®-algebra. Consider ¢ € E
and r aweak order unit. Let f: N(c,r) — E be order differentiable and locally band
preserving with ' = 0. Then f is constant.

Proof Suppose that a, b € N(c,r). It follows from Theorem 5.13 that there exist
u,vef{a+xb—a): x € (0,e)} such that

Re(f(b) — f(a)) =Re((b —a) f'(u)) =0,

and

Im(f(b) — f(a)) =Im((b —a) f'(v)) = 0.
Thus, f(a) = f(b). o
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