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Much can be learned about molecular aggregates by modeling their fluorescence-type spectra. In this study, we system-
atically describe the accuracy of various methods for simulating fluorescence-type linear spectra in a dimer system with
a complex system–environment interaction, which serves as a model for various molecular aggregates, including most
photosynthetic light-harvesting complexes (LHCs). We consider the approximate Full Cumulant Expansion (FCE),
complex time-dependent Redfield (ctR), and time-independent Redfield and modified Redfield methods and calculate
their accuracy as a function of the site energy gap and coupling, excitonic energy gap, and dipole factor (i.e., type of
spectrum). We find that the FCE method is the most accurate method for couplings smaller than 300 cm−1 at 300 K,
but this method fails for very strong couplings or low temperatures due to inaccurate modeling of the equilibrium initial
state. The ctR method performs well for the calculation of fluorescence and linear anisotropy spectra but poorer for
circularly polarized fluorescence spectra or for all spectra when the coupling is strong (∼ 100 cm−1). The Redfield and
modified Redfield methods generally perform much more poorly than the ctR and FCE methods—especially for small
excitonic energy gaps and strong couplings. We show that accurate modeling of the Stokes shift is crucial and present
a version of the ctR method that treats both the Stokes shift and initial state correctly for the parameter ranges in plant
LHCs. Apart from the application to LHCs, our results will be useful for the spectral characterization and design of
organic molecular aggregates.

I. INTRODUCTION

Linear optical spectra are relatively easy, fast, and afford-
able to measure and provide a wealth of information about a
sample if analyzed efficiently and effectively1–6. The main
mode of analyzing experimental linear spectra is to compare
them with accurately simulated spectra. In a recent article7,
we described the accuracy of various methods for simulating
linear absorption-type spectra. The focus of the current arti-
cle is on describing and characterizing methods for simulating
fluorescence-type spectra.

Fluorescence spectroscopy does not, strictly speaking, be-
long to the family of linear spectroscopies, as even in the sim-
plest techniques its signal depends on the square of the ex-
citation field. From a theoretical point of view, the sponta-
neous emission process can be well understood as a first-order
perturbation of an excited system by the light-matter interac-
tion, and hence even the simplest fluorescence spectroscopy
is of third order in the light-matter interaction. However, it
is also well-known that most of the fluorescence occurs after
the quasi-equilibration of the excited molecular system during
which most of the information about the nature of the exciting
fields is lost. The fluorescence signal then depends effectively
only on the first-order perturbation of the equilibrated excited
state. This linear treatment makes the problem of fluorescence
formally similar to the problem of light absorption and makes
the techniques suitable for simulating absorption spectra also
applicable to the case of fluorescence.

Fluorescence-type linear spectra can be calculated exactly
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using the stochastic path integral (PI) approach8, variants of
the hierarchical equations of motion (HEOM)9–11, or, in the
low-temperature limit, numerical diagonalization of the ex-
plicit vibronic Hamiltonian12. Exact spectral calculations are
extremely slow even for small model systems without inho-
mogeneous disorder, and they would be infeasible for real,
disordered, multichromophoric systems with realistic system-
environment coupling. For this reason, approximate meth-
ods are employed when calculating the spectra of real com-
plexes. Various theoretical approaches have been used to de-
rive approximate expressions for the calculation of fluores-
cence spectra13–16, with the most common approaches rely-
ing on the second-order cumulant expansion4,5,17,18. With-
out additional approximations, the second-order cumulant ex-
pansion yields the full cumulant expansion (FCE) method17.
A computationally less expensive method can be obtained
from the FCE method by applying the secular approxima-
tion. For calculations of absorption-type spectra, this sec-
ular method is called the complex time-dependent Redfield
(ctR) method19. We will use the same name for the corre-
sponding fluorescence-type method in this article. The stan-
dard and modified Redfield methods are obtained from the
ctR method by phenomenologically accounting for exciton re-
laxation broadening using the time-independent standard and
modified Redfield population decay rates18–20.

For information to be extracted effectively from a com-
parison of experimental and simulated spectra, the simula-
tion must be sufficiently accurate. Since the most accurate
methods are generally computationally the most expensive,
it is important to understand the dependence of accuracy on
molecular parameters, so that cheaper methods may be ap-
plied when they suffice. The accuracy of various approxi-
mate second-order cumulant-derived methods for calculating
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absorption-type spectra has been the focus of a number of
studies7,17,19,21–24, but less attention has been given to using
these techniques for fluorescence-type calculations—although
spectra calculated using other techniques have recently been
compared with exact HEOM-spectra13–16. Ma et al.17 com-
pared the second-order cumulant-derived FCE fluorescence
spectra with exact PI-spectra and found the former to perform
well except when the excitation is significantly delocalized,
the coupling to the bath is strong, and the thermal energy is
small. These authors found the correct modeling of the ini-
tial electronic-nuclear state, which, in general, is an entangled
state (unlike for absorption modeling, where the initial state is
separable7) to be crucial for accurate simulation. By calculat-
ing the reduced electronic initial state exactly, in the so-called
Hybrid Cumulant Expansion method, significantly more ac-
curate fluorescence spectra could be obtained24.

Although the FCE method is much faster than exact cal-
culations, it may be too slow to be used effectively when
a large number of realistic spectra are to be calculated (e.g.
in the optimization loop of spectral fitting procedures). The
secular ctR method offers a great improvement in speed, but
to our knowledge, has not previously been used to calcu-
late fluorescence-type spectra. The secular and Markovian
Redfield and modified Redfield methods (or variants of these
methods) have been used frequently for the calculation of flu-
orescence spectra18,20,25–27, but no systematic discussion of
their accuracy has yet been presented.

For absorption-type methods, the accuracy of calculated
spectra depends to a high degree on their type (isotropic
absorption, linear dichroism, or circular dichroism)7. Al-
though fluorescence anisotropy and circularly polarized fluo-
rescence (CPF)—the analogs of linear and circular dichroism,
respectively—are utilized less often than their absorption-type
counterparts, these techniques may provide important infor-
mation about molecular aggregates. Fluorescence anisotropy
has been used, for instance, to characterize the organization of
self-assembling porphyrin microrods28 and the energy trans-
fer dynamics in a single molecule of the purple bacterial light-
harvesting complex LH229. CPF has provided information
about the macro-organization of grana in chloroplasts30 and,
by way of comparing simulated spectra with experimental
spectra, has been used to evaluate published exciton Hamil-
tonians of the plant light-harvesting complexes CP4331 and
CP4732. Note that CPF is sometimes referred to as circularly
polarized luminescence (CPL). Since the term ‘luminescence’
includes processes such as phosphorescence, which we do not
consider here, we will use the term CPF. Principles under-
lying fluorescence anisotropy and CPF could also be applied
to measure the reaction kinetics of some reactions33 and effi-
ciently generate polarized light34. To our knowledge, the ac-
curacy with which linear anisotropy and circularly polarized
fluorescence (CPF) spectra can be simulated has not yet been
investigated.

The correct treatment of high-frequency (hf) nuclear modes
is crucial for calculating linear spectra accurately—especially
for fluorescence-type spectra, where contributions from low-
energy excitons dominate and signatures from these excitons’
hf-modes are therefore not obfuscated by fluorescence from

higher-energy exciton states. Unlike in the low-temperature
limit, where the exact calculation of fluorescence spectra with
a full complement of hf-modes is tractable12, the computa-
tional cost of exact calculations at higher temperatures in-
creases drastically with the number of hf-modes. For this rea-
son, the characterization of accuracy for linear spectra is usu-
ally performed without the inclusion of hf-modes15,16,19,35.

In this article, we describe the accuracy of approximate
fluorescence-type spectra calculated with methods derived
from the second-order cumulant expansion. To quantify the
accuracy of spectra, we compare the approximate spectra with
exact spectra calculated using the stochastic path integration
(PI) method. This is the first use of the PI method for cal-
culating fluorescence spectra since the method’s description8.
We consider the FCE, ctR, Redfield, and modified Red-
field methods and various fluorescence-type spectra (includ-
ing anisotropy and circularly polarized fluorescence) calcu-
lated from them. Second-order cumulant-based methods are
often used for calculating spectra of photosynthetic light-
harvesting complexes (LHCs)20,25,36–38 and their application
to LHCs will be the focus of this article. In order to deter-
mine the effect of complex system–environment interaction,
we therefore use a realistic model spectral density for plant
light-harvesting complexes that includes the first eight high-
frequency modes of chlorophyll (Chl) a. As an example sys-
tem, we consider the plant light-harvesting complex CP29 and
discuss the spectral accuracy expected for this complex. Al-
though our discussion is tailored to LHCs, many of the re-
sults in this article may apply to other molecular aggregates,
for instance organic polymers used in organic light-emitting
(OLED) displays and research-phase solar panels. The opti-
cal spectral characteristics of these materials are determined to
a high degree by the arrangement of their monomers—in fact,
polymers are often classified as J or H-aggregates depend-
ing on the arrangement of the dipole moments in a dimeric
unit cell (head-to-tail for J-aggregates and sandwiched for H-
aggregates). A discussion of spectral accuracy for a dimeric
model system, as presented here, is therefore topical for spec-
tral modeling of organic polymer materials.

II. THEORY

A. Hamiltonian

In order to describe the quantum dynamics that give rise to
spectroscopic signals in a molecular aggregate, we consider a
fully quantum Hamiltonian

Ĥ = Ĥmol + Ĥrad-mat(t); (1)

with Ĥmol describing the molecular degrees of freedom and
Ĥrad-mat(t) representing the interaction with light. We follow
an open quantum systems approach and partition the molecu-
lar Hamiltonian into a system (S), bath (B), and system–bath
interaction (SB) part:

Ĥmol = ĤS + ĤB + ĤSB: (2)
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For an aggregate with N pigment molecules, the system part of
Eq. (2) is given by the so-called Frenkel exciton Hamiltonian

ĤS =
N

å
n=1

en |n⟩⟨n|+
N

å
n=1

N

å
m=1
m ̸=n

Jmn |m⟩⟨n| ; (3)

with |n⟩ =
N
Õ

m=1
m ̸=n

|gm⟩ |en⟩ denoting the single-excitation state in

which only molecule n is in its excited state (|en⟩) and all the
other molecules are in their ground state (denoted by |gm⟩ for
molecule m). We will assume that the overall ground state,

|g⟩ =
N
Õ
m
|gm⟩, has zero energy. The transition energy corre-

sponding to |n⟩ is denoted by en and the coupling between two
different states m and n is denoted by Jmn. To a good approxi-
mation, the states that are interrogated during a spectroscopic
measurement are the eigenstates of ĤS—these states are called
exciton states. In the exciton basis, ĤS has the diagonal form

ĤS =
N

å
a=1

ea |a⟩⟨a| ; (4)

with ea the eigenvalue, or exciton energy, corresponding to
exciton state a . We model the bath as an infinite set of inde-
pendent harmonic oscillators:

ĤB =
¥

å
k=1

wk

2
(p̂2

k + q̂2
k )⊗ ÎS; (5)

where wk, p̂k, and q̂k denote the frequency, momentum, and
position of oscillator k, respectively, and ÎS is the identity op-
erator in the system’s Hilbert space. We assume ĤSB to be
linear in both system and bath operators:

ĤSB = −
¥

å
k=1

N

å
n=1

wkdk;nnq̂k |n⟩⟨n| ; (6)

with dk;nn denoting the coupling strength between the vibra-
tional mode k and the electronic transition from |g⟩ to state |n⟩.
A measure that is often used to describe the total influence of
the bath on the system, is the reorganization energy

ln =
¥

å
k=1

wk

2
d2

k;nn (7)

associated with each electronic transition.
To treat the process of spontaneous emission, one has to

consider the light–matter interaction Hamiltonian fully quan-
tum mechanically:

Ĥrad-mat(t) = −�̂ · Ê(t); (8)

with Ê(t) representing the electric field operator in the inter-
action picture with respect to the radiation field Hamiltonian.

The transition dipole moment operator is given by

�̂=
N

å
n=1

mn(|n⟩⟨g|+ |g⟩⟨n|); (9)

where mn is the transition dipole vector corresponding to the
transition from |g⟩ to state |n⟩.

Treating the problem in the interaction picture with respect
to the radiation Hamiltonian effectively removes the need to
consider it explicitly in the Hamiltonian, Eq. (1), and al-
lows one to apply time-dependent perturbation theory. The
fluorescence spectrum can then be formulated in terms of the
first-order response functions just like the absorption spectrum
(see, e.g., Chapter 14 of Ref. 5).

B. Fluorescence-type linear spectra

During linear spectroscopic measurements, fluorescence
signals arise from the interaction of electronic degrees of free-
dom with the quantum states of light. The spectrum of emitted
light can be expressed in a form analogous to the absorption,
i.e., as fluctuations in the molecular polarization. These fluc-
tuations, and consequently the shape of the spectrum (i.e., the
line shape), are characterized by the transition dipole-dipole
correlation function

⟨m(t)m(0)⟩ = Tr[eiĤmolt�̂e−iĤmolt�̂r̂
eq]; (10)

where Tr[• ] denotes the trace operation and r̂eq is the equi-
librium density state. Based on Eq. (10), we define the fluo-
rescence tensor (see Appendix B for the derivation) as

IE(t) = TrB[e−iĤgteiĤet
r̂

eq]; (11)

where Ĥg and Ĥe are the ground-state and excited-state block
of Ĥmol, respectively (see Eqs. (B5) and (B7)), and r̂eq is the
equilibrium density state for the combined system and bath,
with the system in the excited state. In terms of the fluores-
cence tensor, fluorescence-type spectra are calculated as

SE(w) µ w
3

N

å
m=1

N

å
n=1

f m;E
mn

h
2Re

¥Z
0

dt e−iwt IE
mn(t)

i
; (12)

with the dipole factor for isotropic fluorescence spectra given
by

f m;Iso
mn = �m ·�n; (13)

and for CPF spectra by23

f m;CPF
mn =

√
emen(Rm −Rn) · (�m ×�n); (14)

where Rn denotes the position vector of pigment n. Fluores-
cence anisotropy spectra, with a single exciton state excited
initially, can also be calculated using Eq. (12) with the dipole
factor

f m;Ani
mn = 3|�m||�n|cosbm cosbn −�m ·�n; (15)

where bm is the angle between �m and the dipole moment of
the absorbing exciton (see the discussion in Appendix A).
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C. Fluorescence tensor

As is the case for absorption-type spectra7, all the infor-
mation about the bath that is necessary for the calculation of
fluorescence-type spectra is included in the correlation func-
tion of the energy-gap operator contained in ĤSB(t)5—this is
true provided that the bath is harmonic and the system–bath
coupling is linear, as they are in our model. Based on Eq. (6),
this correlation function for pigment n is given by the bath-
coordinate correlation functions as

Cn(t) =
¥

å
k=1

w
2
k d2

k;nn

D
q̂k(t)q̂k(0)

E
: (16)

The correlation function can be calculated from its corre-
sponding spectral density Cn(w) as

Cn(t) =
1
p

Z
¥

0
dw Cn(w)

cosh(bTw=2− iwt)
sinh(bTw=2)

; (17)

where bT = 1
kBT with kB the Boltzmann constant and T the

temperature.

1. Full cumulant expansion (FCE)

A second-order cumulant expansion of IE(t) yields17

IE(t) =
e−(bT+it)HS e−KRR(t;bT)+iKRI(t;bT)+KII(bT)

Tr
�
e−bTHS eKII(bT)

� ; (18)

where the Hamiltonian is henceforth considered as a matrix,
with

KII
ab

(bT) =
N

å
d=1

Z
bT

0
dt ewab t

Z
t

0
dt

′ ewbd t ′Caddb (−it ′); (19)

KRR
ab

(t;bT) = ebTwab

N

å
d=1

Z t

0
dt eiwab t

Z
t

0
dt

′ eiwbd t ′Caddb (t ′); (20)

and

KRI
ab

(t;bT) =
N

å
d=1

ebTwad

Z t

0
dt

Z
bT

0
dt

′ eiwad t−wbd t ′

Caddb (−t − it ′); (21)

where wad = ea −ed is the exciton energy gap. In this article,
we will assume that the energy gap fluctuations on different
pigment molecules are independent but are described by the
same correlation function (i.e., Cn(t) = C(t) ∀n). The corre-
lation functions in Eqs. (19–21) can then be written as

Caddb (t) = gaddbC(t); (22)

with the coefficient gaddb =
N
å

n=1
cnacnd cnd cnb composed of

the basis-transformation coefficients cna = ⟨n|a⟩. The reor-
ganization energy can be calculated from the spectral density
as20

labgd =
1
p

Z
¥

0
dw

Cabgd (w)

w
: (23)

2. Equilibrium reduced system states

The fluorescence tensor, Eq. (11), depends on the equilib-
rium entangled system–bath state req. It is clear from this
equation that, at t = 0,

IE(0) = TrB[r̂eq]: (24)

This quantity is called the equilibrium reduced density oper-
ator for the system (r̂eq

red) and describes the equilibrium state
of the system after averaging over the environmental degrees
of freedom. For the FCE fluorescence tensor in Eq. (18), it is
easy to see that the reduced system density operator is given
by

r̂
eq
red =

e−bTHS eKII(bT)

Tr[e−bTHS eKII(bT)]
: (25)

As an approximation, we often assume that no coherence
exists between excitons in the equilibrium state. With this
assumption, the equilibrium state of the system is described
by the Boltzmann distribution

r̂
eq
red =

e−bTHS

Tr[e−bTHS ]
: (26)

3. Complex time-dependent Redfield theory (ctR)

For the calculation of absorption-type spectra, the com-
plex time-dependent Redfield expressions are obtained from
the FCE expressions by making the secular approximation
(i.e., by setting ⟨a|e−iĤet |b ⟩ = 0 for a ̸= b )7. Here, we fol-
low the same approach to determine the ctR expressions for
fluorescence-type spectra. To improve the speed and range
of applicability (see Section IV B) of the ctR method for
fluorescence-type spectra, we will additionally approximate
the equilibrium state (where spontaneous radiative decay oc-
curs from) not by the secular version of Eq. (25), but by the
Boltzmann distribution, Eq. (26). Since, by the secular ap-
proximation, the exciton-basis off-diagonal elements of the
fluorescence tensor are zero, we may represent the equilib-
rium state in terms of the equilibrium exciton populations, Pa ,
and exciton energies:

Pa =
e−bTea

N
å

g=1
e−bTeg

: (27)
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The ctR fluorescence tensor is then given by

IE
ab

(t) = dab Pae−iea t−gaaaa (t)+iLa (t)−xa (t); (28)

with

La(t) = KRI
aa(t;bT); (29)

gaaaa(t) =
Z t

0
dt

Z
t

0
dt

′Caaaa(t ′); (30)

and

xa(t) =
N

å
b ̸=a

Z t

0
dt

Z
t

0
dt

′ eiwab t ′Cabba(t ′) (31)

and where dab is the Kronecker delta. The term La(t) is a
purely real quantity and is the sum of the terms 2Im[gaaaa(t)]
and a time-dependent function that phenomenologically re-
sembles the reorganization energy shift. The latter contribu-
tion is often approximated20,39 by the time-independent reor-
ganization energy l . Note that the exciton-basis off-diagonal
elements of l were included in Ref. 39 but neglected in Ref.
20. We will follow the approach of Ref. 20 and neglect the
off-diagonal contributions. With this approximation, Eq. (28)
is given by

IE
ab

(t) = dab Pae−iea t−g∗aaaa (t)+2ilaaaa t−xa (t); (32)

where (•)∗ denotes complex conjugation. We will refer to Eq.
(28) as the ctR fluorescence tensor (abbreviated ctR) and to
Eq. (32) as the reorganization-shifted ctR fluorescence tensor
(abbreviated ctR reorg).

4. Standard and modified Redfield theories

In Eq. (32), the term xa(t) accounts for lifetime broaden-
ing due to exciton relaxation. We now discuss two methods in
which the exciton relaxation is incorporated phenomenologi-
cally through the use of time-independent rate constants. In
these methods xa(t) is replaced with Ra t, where Ra is calcu-
lated as

Ra =
1
2 å

b ̸=a

Rba ; (33)

with Rba being the standard time-independent (i.e., Marko-
vian) Redfield rate or the time-independent modified Redfield
rate. The former is given by5:

RsR
ba

= 2Re
Z

¥

0
dt eiwab tCabba(t); (34)

or40, equivalently,

RsR
ba

=
�

1 + coth
�bTwab

2

��
Cabba(wab ): (35)

The time-independent modified Redfield rate is calculated
as41:

RmR
ba

= 2Re
Z

¥

0
dt eiwab t

×exp
�
−gbbbb (t)−gaaaa(t)+ gaabb (t)

+gbbaa(t)−2i(laaaa −lbbaa)t
�

×
�

Cbaab (t)− [ġabbb (t)− ġabaa(t)−2ilabaa ]

×[ġbbba(t)− ġaaba(t)−2ilbaaa ]
�

: (36)

Note that, unlike x (t) in Eq. (28), the Redfield and modified
Redfield rates are real quantities. For absorption-type spec-
tra, the non-complexity of these rates was found to contribute
significantly to the inaccuracy of the Redfield and modified
Redfield methods7.

By using the partial ordering prescription (POP) theory fol-
lowed by the Markov approximation, Renger and Marcus18

derived a method with the time-independent but complex rate-
like terms

RPOP
ba

= RsR
ba

+ iRimag
ba

; (37)

in which RsR(w) = 2Re
R

¥

0 dt eiwtC(t) is analogous to the stan-
dard Redfield rate and Rimag

ba
is calculated from RsR(w) using

the Kramers-Kronig relation

Rimag
ba

= gabba · 1
p

P

¥Z
−¥

dw
RsR(w)

wab −w
: (38)

In Eq. (38), P(•) denotes the Cauchy principal value. We
will refer to the method in which RPOP

ba
is used on the right-

hand side of Eq. (33) to calculate Ra as the time-independent
POP method.

D. Exact stochastic path integral evaluation (PI)

In the PI method, the fluorescence tensor is calculated as8

IE(t) =
⟨rE(t − ibT)⟩x

⟨Z⟩x

; (39)

where Z = Tr[rE(−ibT)], and rE(q) is determined by solving
the stochastic differential equation

d
dt

r
E(q) = −i

�
ĤS +

N

å
n=1

xn(q) |n⟩⟨n|
�

r
E(q); (40)

subject to the initial condition rE(0) = Î, with Î the identity
operator in the system’s Hilbert space. In Eq. (40), xn(q) is a
stochastic process conforming to the statistics of ĤSB, namely,

⟨xm(q)xn(q ′)⟩ = dmnCn(q −q
′)

⟨xn(q)⟩ = 0: (41)
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The averages, ⟨•⟩x , in Eq. (39) are performed over many solu-
tions of Eq. (40)—with each solution determined for a unique
realization of the random process characterized by the rela-
tions in Eq. (41).

Moix et al.8 found that, for the parameters in their study,
Eq. (39) may be accurately approximated by ignoring the
imaginary part of the correlation function in Eq. (16) and
that this approximation leads to much faster convergence. We
discuss the accuracy of this method for our model system in
Section IV B.

III. METHODS

A. Molecular system

As our model system, we consider a Chl a dimer in which
each chlorophyll pigment is treated as a two-level system (i.e.,
we consider only the QY transition). We set the lowest of the
two transition energies equal to zero, such that the excited-
state block of the model system Hamiltonian in the pigment
(or site) basis has the form

HS =

�
e J
J 0

�
; (42)

where e denotes the gap in transition energy between the two
pigments and J the coupling between them. Since calculations
with the PI method are intractable with a full complement of
hf-modes, we consider a spectral density with a continuous
low-frequency phonon contribution and eight hf-modes (from
a total assignment of 4842 for Chl a). The phonon modes are
modeled using the overdamped harmonic oscillator spectral
density

Cph(w) = 2lph
wgph

w2 + g2
ph

; (43)

with the reorganization energy lph = 40 cm−1 and spectral
width gph = 40 cm−1—parameter values used in previous
studies7,20,36 for plant light-harvesting complexes. The high-
frequency modes are incorporated through the use of the un-
derdamped spectral density43

Chf(w) =
8

å
i=1

wi|wi|Sigi

2
�
(|w|−wi)2 +( gi

2 )2
� ; (44)

with gi = 6 cm−1∀ i and the frequencies (wi) and Huang-Rhys
factors (Si) given in Table I.

In this article, we will calculate most of the spectra at the
physiologically-relevant temperature T = 300 K, but some
qualities will also be calculated at T = 200 K. The conver-
gence time of the PI method drastically increases with a de-
crease in temperature, and we found calculations at T = 100 K
(as was performed for absorption-type spectra7) to be pro-
hibitively slow. We will, however, calculate the exact (PI) ini-
tial reduced system states for some parameters at 77 K, since
these calculations have a much faster convergence time than
exact calculations of spectra.

B. Evaluation of spectra

To determine the accuracy of an approximate spectrum, we
use the definition of spectral quality, Q, employed by Gelzinis
et al.19:

Q =

R
¥

−¥
dw min

�
|SPI(w)|; |Sapp(w)|

�R
¥

−¥
dw max

�
|SPI(w)|; |Sapp(w)

��) ; (45)

where SPI and Sapp denote the exact (PI) and approximate
spectra, respectively. When calculating the quality, we con-
sider the spectral window [−3000;3000] cm−1 and normalize
the spectra to the absolute maximum of the approximate spec-
trum within this window. To eliminate small residual oscilla-
tions due to our truncation of the spectral tensors (see Section
III D), we disregard sections of the spectral window in which
the absolute magnitude of the normalized SPI(w) and Sapp are
both smaller than a threshold of 0.025 (chosen arbitrarily; see
Fig. S4).

C. Dipole factors

For the dimer model considered in this paper, the dipole
factors in Eqs. (12–15) can be represented by 2× 2 matri-
ces. A spectrum is then obtained by first calculating an entry-
wise product between the dipole factor matrix and the Fourier-
transformed fluorescence tensor for every time step in the sim-
ulation, and then summing the resulting entries. Since we use
normalized spectra in the calculation of quality, only the ratio
of the four dipole matrix entries is important. For calculations
in Sections IV A and IV B, we will consider the following four
dipole factor matrices:

FL⊥ =

�
1 0
0 1

�
; FL∥ =

�
1 1
1 1

�
; (46)

ANI =

�
1 1
1 0

�
; and CPF =

�
0 1
1 0

�
;

where FL⊥ and FL∥ correspond to isotropic fluorescence
spectra when the two dipole moments of the dimer have equal
strength and are orthogonal and parallel to each other, respec-
tively. Note that, for J > 0, the dipole factor FL∥ corresponds
to a configuration known as an H-aggregate, for which the
dipole strength of the lowest-energy exciton is zero44. For J <
0, this dipole factor corresponds to a so-called J-aggregate.
CPF is the dipole factor for circularly polarized fluorescence.
The dipole factor ANI is valid for a fluorescence anisotropy
measurement on a dimer in which only one of the pigments
(corresponding to index m in the dipole factor fmn being one)
is excited, the dipole moments are at the magic angle relative
to each other, and �m ·�n = |�m|2. This arrangement can be
achieved only if excitons are not significantly delocalized—if
they were, an exciton state, and not a single pigment, would
be excited. Nevertheless, the anisotropy dipole factor ANI can
be achieved for various arrangements, even for delocalized ex-
citons, and it is therefore useful to determine the accuracy of
spectra corresponding to it. As an illustration, this dipole fac-
tor could be achieved, in general, for the arrangement with
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TABLE I. Central frequency w and Huang-Rhys factor S for each of the underdamped modes used in this study. These modes correspond to
the first eight high-frequency modes of LHCII as determined from fluorescence line-narrowing spectra42. The Huang-Rhys factors were scaled
by a factor of 0.8 to better fit experimental spectra20.

ωi (cm−1) 97 138 213 260 298 342 388 425
Si 0.0192 0.0230 0.0240 0.0214 0.0214 0.0483 0.0199 0.0119

pigment n at the magic angle relative to the absorbing exci-
ton, �m ·�n = |�m| = 1, and cosbm = |�n|cosbn—see Eq.
(15).

As discussed in Ref. 7 for absorption spectra, the secu-
lar approximation is fully valid for the dipole factor FL⊥,
since spectra calculated with this dipole factor is independent
of the (exciton-basis) off-diagonal entries of the spectral (ab-
sorption) tensor. The same argument holds for fluorescence
spectra.

D. Numerical implementation for the calculation of
fluorescence tensors

To calculate the exact PI spectra, the noise trajectories in
Eq. (40) were calculated as described in Ref. 8 and the flu-
orescence tensor was then determined using Eq. (39). Due
to the partition function in the denominator, averaging over
the noise does not commute with ensemble averaging, and
the calculation of exact ensemble fluorescence-type spectra
is consequently considerably slower than for absorption-type
spectra, for which the two averages can be performed simulta-
neously. Due to the large computational cost, and since many
of the observations about inhomogeneous disorder on the ac-
curacy of absorption-type spectra7 can be expected to be valid
for fluorescence-type spectra, we will not include inhomoge-
neous disorder when calculating spectra for the current study.
To solve the stochastic differential equation (Eq. (40)), we
used the second-order weak propagation scheme described in
Appendix C. To ensure convergence, we visually inspected all
fluorescence tensors to confirm that they decay smoothly (in-
adequate convergence would lead to jagged decay). In order
to prevent averaging artifacts at long times, we truncated the
fluorescence tensors at time points where they have decayed
almost fully (186 fs and 218 fs for calculations at 300 K and
200 K, respectively). We then zero-padded the tensors in or-
der to obtain smooth spectra.

Due to the complex time argument in Eq. (21), an economi-
cal single-integral implementation analogous to that presented
for the FCE absorption tensor in Ref. 23, is likely not possible
for the fluorescence tensor (Eq. (18)). Instead, to determine
the FCE fluorescence tensor, we calculated Eqs. (19), (20),
and (21) verbatim. In order to simplify the code used for cal-
culations, the ctR and reorganization-shifted ctR spectra were
calculated using the FCE expression (Eq. (18)) with the ap-
plicable approximations. These results were verified to be the
same as the results obtained when using Eqs. (28) and (32).
The Redfield and modified Redfield spectra were calculated
using the formulas in Section II C 4. All the approximate fluo-
rescence tensors were calculated in the exciton basis and then

transformed to the site basis using the transformation

Isite(t) = LIex(t)L†; (47)

where Lna = cna and (•)† denotes Hermitian conjugation.

IV. RESULTS AND DISCUSSION

A. Dependence of spectral quality on site energy gap and
excitonic coupling

In order to determine the effect of the system’s Hamiltonian
parameters on the spectral accuracy, we calculated the quality
Q as a function of the site energy gap e and excitonic cou-
pling J in the ranges [0;500] cm−1 (ten equally spaced values;
0 cm−1 and 500 cm−1 included) and [−55;55] cm−1 (eleven
values), respectively, as shown in Fig. 1. The spectra of se-
lected coupling-energy pairs are shown in Fig. 2.

It is clear that, for the parameters considered in Fig. 1,
FCE is the most accurate method for the calculation of all
fluorescence-type spectra. This method performs worst for
CPF spectra (Fig. 1 c), but it is still about 90% accurate for
these spectra—somewhat less accurate than the 95% accu-
racy achieved for absorption-type CD spectra7. The relatively
poor performance of FCE for CPF spectra is due to the sig-
nificant relative contribution from off-diagonal system–bath
coupling terms in the exciton basis, as discussed in Ref. 7.
The quality of FCE fluorescence spectra in Fig. 1 is prac-
tically independent of the site energy gap and coupling, and
fluorescence-type spectra may therefore be calculated with a
nearly constant, predictable error for parameters in the ranges
considered in Fig. 1.

The second-order cumulant expansion is exact for
monomeric systems. This exactness is made possible by the
fact that the energy gap fluctuations induced through linear
coupling to the harmonic bath (see Eqs. (5) and (6)) are Gaus-
sian random processes that can statistically be described fully
by their first two cumulants. Since the approximate methods
in this section were derived from the often-used second-order
cumulant expansion, their spectra correspond perfectly with
the exact spectra for a system of isolated monomers (i.e., when
J = 0 in Figs. 1 a, b, and d). This perfect correspondence
between the approximate and exact methods is also seen in
Fig. 2 b, where spectra are shown for the coupling-energy pair
(0;390) cm−1 and the fluorescence dipole factor FL∥. Since
CPF spectra are zero for an uncoupled system of monomers,
the qualities for J = 0 are not shown in Fig. 1 c.

The dependence of the ctR qualities on e and J in Fig. 1
is similar to the dependence observed for the absorption-type
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FIG. 1. Dependence of the quality of fluorescence-type spectra on the site energy gap e and coupling J at 300 K. Spectral qualities, defined by
Eq. 45 and scaled according to the colorbars on the right, are shown for the fluorescence dipole factors (a) FL⊥ and (b) FL∥, (c) the CPF dipole
factor CPF , and (d) the anisotropy dipole factor ANI. The midpoint of each pixel (i.e., colored block) is at the coupling–energy coordinate that
the pixel represents. Note that the calculated approximate CPF spectra are exactly zero when J = 0 (see Eq. (14)), and their quality cannot be
calculated (since the denominator of Eq. (45) would then be zero). Qualities are therefore not shown in panel c for J = 0. No inhomogeneous
disorder was included for the calculation of spectra. The coupling–energy gap pairs for which spectra are shown in Fig. 2 are indicated with
red frames, and the inscribed labels correspond with the respective labels in Fig. 2.

ctR method (Fig. 1 in Ref. 7). Expressions for the latter
were derived from the FCE method by making the secular
approximation. For the calculation of ctR fluorescence-type
spectra, the additional approximation is made that the initial
state can be described by the Boltzmann distribution (see Sec-
tion II C 3). Based on the similarity of fluorescence-type and
absorption-type ctR qualities, we conclude that the secular ap-
proximation, and not the treatment of the initial state, is the
most important reason for the difference in quality between
ctR and FCE spectra for the parameters considered in Fig. 1.
As discussed in Ref. 7, nonsecular FCE terms (characterized
by gabbb ) are smallest for small site energy gaps and weak
coupling, and the secular approximation (and hence the ctR
method) is therefore most accurate in this regime. Since no
inhomogeneous disorder was included for the calculation of
spectra in this article, the good correspondence between FCE
and ctR qualities at small site energy gaps is more evident in

Fig. 1 than for the absorption-type qualities in Ref. 7.
The accuracy of the methods derived from the second-order

cumulant expansion depends on their treatment of the off-
diagonal (in the exciton basis) system–bath interaction terms.
For monomeric systems, these off-diagonal contributions are
zero, and all the methods in this section are exact. CPF
spectra rely only on delocalized contributions, however, and
are zero for monomers. Due to their reliance on delocal-
ization, the off-diagonal system–bath interaction terms con-
tribute significantly to CPF spectra, and they are consequently
impacted considerably by both the secular approximation and
the second-order approximation in the cumulant expansion.
Put differently, fluorescence and anisotropy spectra contain
spectral contributions from monomers, for which the second-
order cumulant expansion is exact, while CPF spectra con-
tain contributions only from delocalized states. For this rea-
son, CPF spectra are the least accurately calculated of all the
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FIG. 2. Fluorescence-type spectra at 300 K for selected coupling–
energy gap pairs and dipole factors, as indicated in Fig. 1. Spectra
are shown for the dipole factors and coupling-energy pairs (a) FL⊥;
(−11;0) cm−1, (b) FL∥; (0;390) cm−1, (c) CPF ; (−11;170) cm−1,
and (d) ANI; (±55;0) cm−1. The same parameters were used for
the generation of spectra as were used in Fig. 1. The spectra for the
coupling–energy gap pairs (55;0) cm−1 and (−55;0) cm−1 refer to
points d and d′, respectively, in Fig. 1. In d, the modified Redfield
qualities coincide with those of the Redfield method, and to avoid
congestion, the former are not shown.

spectra considered in Fig. 1. The results in Refs. 31 and
32, in which literature Hamiltonians of, respectively, CP43
and CP47 were evaluated using the Redfield method, there-
fore likely need to be checked with a more accurate method.

After light is absorbed by pigment molecules, some en-
ergy is lost to the bath during the process of thermal equili-
bration. Radiative decay (fluorescence) occurs from the re-
sulting equilibrium state to different vibrational levels of the
electronic ground state, with probabilities determined by the

FIG. 3. Inhomogeneously-broadened fluorescence-type spectra at
300 K for the coupling-energy pair (55;100) cm−1 representative for
LHCs. Spectra are shown for the dipole factors (a) FL⊥, (b) FL∥,
(c) CPF , and (d) ANI. The same parameters were used for the gen-
eration of spectra as were used in Fig. 1 and a FWHM of 120 cm−1

was used to incorporate inhomogeneous broadening.

Franck-Condon overlap factors45. Due to the equilibration of
absorbed energy and the de-excitation to higher-lying vibra-
tional levels of the electronic ground state, instead of only
to the zero-phonon level, the fluorescence spectrum of a pig-
ment aggregate is red-shifted with respect to the absorption
spectrum. This shift is called the Stokes shift and is of-
ten approximated as twice the reorganization energy—thus
being temperature- and frequency-independent. In Fig. 1,
this approximation is used in the Redfield method and the
reorganization-shifted version of the ctR method (denoted
by ctR reorg and described by Eq. (32)). A more accu-
rate temperature and frequency-dependent description of the
Stokes shift is used in the ctR and FCE methods (see Eqs.


