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Abstract

We study the character amenability of semigroup algebras. We work
on general semigroups and certain semigroups such as inverse semigroups
with a finite number of idempotents, inverse semigroups with uniformly
locally finite idempotent set, Brandt and Rees semigroup and study the
character amenability of the semigroup algebra I'(S) in relation to the
structures of the semigroup S. In particular, we show that for any semi-
group S, if £(S) is character amenable, then S is amenable and regular.
We also show that the left character amenability of the semigroup alge-
bra £'(S) on a Brandt semigroup S over a group G with index set J is
equivalent to the amenability of G and J being finite. Finally, we show
that for a Rees semigroup S with a zero over the group G, the left char-
acter amenability of £*(S) is equivalent to its amenability, this is in turn

equivalent to G being amenable.

1 Introduction

The notion of amenability in Banach algebra was initiated by Johnson in [16].
Since then, a substantial amount of research has been done to link amenability
and other notions of amenability to various properties of Banach algebras, see
[19].
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Let A be a Banach algebra over C and ¢ : A — C be a character on
A, that is, an algebra homomorphism from A into C, and let ®4 denote the
character space of A (that is, the set of all characters on A). In [22], see also
[15], Monfared introduced the notion of character amenable Banach algebras.
His definition of this notion requires continuous derivations from A into dual
Banach A-bimodules to be inner, but only those modules are concerned where
either of the left or right module action is defined by characters on A. As such
character amenability is weaker than the classical amenability introduced by
Johnson in [16], so all amenable Banach algebras are character amenable.

Approximate version of character amenability for Banach algebras was first
introduced by Aghababa, Shi and Wu in [1] and further studied by the first
author and Okelo in [21] for algebras defined over locally compact groups and
second dual of Banach algebra.

Module character amenability of Banach algebras which defines the notion
of invariant functional with respect to a Banach Bimodule with compatible
actions and application to the semigroup algebras of inverse semigroup is also
introduced by the authors in [3].

Various aspects of cohomologies of semigroup algebras have been studied by
several authors, most notably are Duncan and Namioka [9], Duncan and Pa-
terson [10], Gronbaek [12], Sadr and Pourabbas [24], Lashkarizadeh and Samea
[6], Mewomo [18], Mewomo and Ogunsola [20] and Dales, Lau and Strauss [8].

It is shown in [9] that the amenability of semigroup algebra £1(S) implies
that the semigroup S is amenable. The authors in [24] characterized the ap-
proximate amenability of Brandt semigroup algebras. In particular, they showed
that for a Brandt semigroup S over a group G with nonempty index set J, the
semigroup algebra £1(S) is approximately amenable if and only if G is amenable
and J is finite.

No much work has been done to date on the character amenability ver-
sion for semigroup algebra £1(S) on a semigroup S, as in the other notions of
amenability. It will be good to study this and see how the character amenability

of £1(8S) affects the structure of S. Thus, in this work, we study the character



amenability of semigroup algebras. We focus on certain semigroups such as
inverse semigroup with a finite number of idempotents, inverse semigroup with
uniformly locally finite idempotent set, Rees Semigroup, Clifford semigroup and
Brandt semigroup and study the character amenability of £1(S) in relation to

the semigroup S.

2 Preliminaries

First, we recall some standard notions; for further details, see [7], [8] and [19].
Let A be an algebra. The character space of A is denoted by ® 4. Let X be

an A-bimodule. A derivation from A to X is a linear map D : A — X such that
D(ab) = D(a) - b+a - D(b) (a,be A).

For example, for x € X, the map 4, : A — X defined by
dz(a) =a-x—x-a (a€ A)is a derivation; derivations of this form are called
the inner derivations.

Let A be a Banach algebra, and let X be an A-bimodule. Then X is a
Banach A-bimodule if X is a Banach space and if there is a constant k& > 0 such

that
la -z <klallzl, [z-al<klallz] (a€A zeX).

By renorming X, we can suppose that £k = 1. For example, A itself is Banach
A-bimodule, and X', the dual space of a Banach A-bimodule X, is a Banach

A-bimodule with respect to the module operations specified for by
(,a-N=(@-a, A, (&, A-a)=(a- -z, N (xeX)

for a € A and X € X’; we say that X' is the dual module of X.

The Banach algebra A is amenable if every continuous derivation D : A — X’
is inner for each Banach A-bimodule X.

We let M’;‘T denote the class of Banach A- bimodule X for which the right

module action of A on X is given by z-a = p(a)r (a € A,z € X,p € Dy),



and Mﬁl denote the class of Banach A- bimodule X for which the left module
action of A on X is given by a -z = ¢p(a)r (a € A,z € X,p € Dy). If
the right module action of A on X is given by = - a = @(a)z, then it is easy
to see that the left module action of A on the dual module X’ is given by
a-f=9la)f (@€ A fe X' pedy). Thus, we note that X € M‘ST (resp.
X € MZ,) if and only if X' € M2, (resp. X' € M2 ).

Let A be a Banach algebra and let ¢ € ® 4, we recall from [15], see also [22]
that
(i) A is left p-amenable if every continuous derivation D : A — X' is inner for
every X € MS‘;‘T;
(ii) A is right p-amenable if every continuous derivation D : A — X’ is inner
for every X € Mﬁl;
(iii) A is left character amenable if it is left p-amenable for every ¢ € ® 4;
(iv) A is right character amenable if it is right p-amenable for every ¢ € ® 4;
(v) A is character amenable if it is both left and right character amenable.

We also recall from [15] that, for ¢ € @4, a left (right) ¢-virtual diagonal
for A is an element M in (A®A)” such that

(i) M-a=¢(@M (a-M=p(a)M) (acA)

(1) (M,p®@¢)=n"(M)(p) =1,

where m: A®A — A defined by m(a ® b) = ab (a,b € A) is the product map.
It was shown in [15, Theorem 2.3] that a Banach algebra A is left [right]
p-amenable for ¢ in @4 if and only if it has a left [right] @-virtual diagonal.
This characterization will be used in the work.
We recall that a semigroup is a non-empty set S with an associative binary

operation

(s,t) > st; SxS—=S (s,teb).

Let S be a semigroup, S is said to be regular if for all s € S, there is s* € S
such that ss*s = s and s*ss* = s*. S is an inverse semigroup if such s* exists

and is unique for all s € S. An element p € S is idempotent if p?> = p. The set



of idempotents in S is denoted by E(S). A semigroup S is semilattice if S is
commutative and E(S) = S.

Let S be a non-empty set. Then

eh(S) = {f eC: ) |f(s) < oo} :

s€S
with the norm || -[|; given by || fll; = Y ,cq|f(s)] for f € £1(S). We write &,
for the characteristic function of {s} when s € S.

Now suppose that S is a semigroup. For f, g € £1(S5), we set

(f*g)(t) = {Zf(r)g(s) ir,s€ 8, rs= t} (tes)

so that fxg € £1(S). It is standard that (¢£1(S),*) is a Banach algebra, called
the semigroup algebra on S. For a further discussion of this algebra, see [7, 8].
In particular, with A = £1(S), we identify A’ with C(3S), where 3S is the
Stone-Cech compactification of S, and (A”,0) with (M (3S),0), where M (B3S)
is the space of regular Borel measures on 35 of S; in this way, (85,0) is a
compact, right topological semigroup that is a subsemigroup of (M (8S),0)
after the identification of u € S with §, € M(BS). £1(S) is commutative if
and only if S is abelian.

There is always one character on the Banach algebra £1(S): this is the

augmentation character

ps:fr > fs), 1'(S)—C.

ses

Let T be a subsemigroup of a semigroup S. Then

Doy = {ps | LH(T) : ps € Ppigs)}-

3 General Results

In this section, we prove some general results which are useful in establishing

our main results on semigroup algebras.



We note that the concept of p-amenable Banach algebra in [17] is the same as
right ¢-amenable in [22], see also [17, Theorem 1.1]. Also, any statement about

right p-amenability turns into an analogous statement about left p-amenability.

Proposition 3.1 Let A be a left character amenable Banach algebra and I a

closed ideal of A. Then A/I is left character amenable.

Proof This follows from the fact that 7 : A — A/I is a continuous homo-

morphism with dense range and [22, Theorem 2.6]. O

Let A®B be the projective tensor product of Banach algebras A and B. For
feA ge B let f®gc (A®B) such that

(f@g)la®b) = fla)g(b) (acAbe B).

Then ® o5 ={p @9 : @ € ®a,9 € ®p}. The following result is from [17]:

Proposition 3.2 Let A and B be Banach algebras with ¢ € ® 4 and ¢ € dp.
Then ARB is (p ® v)-amenable if and only if A is p-amenable and B is -
amenable. In particular, AQB is left character amenable if and only if A and

B are left character amenable.

Let A be a Banach algebra and let J be a non-empty set. We denote by

M ;(A) the set of J x J matrices (a;;) with entries in A such that
(ai)ll = llai;ll < oo.
ij€d

Then M ;(A) with the usual matrix multiplication is a Banach algebra that
belongs to the class of [!-Munn algebras introduced in [11]. The map
7 My (A) = A@M;(C) defined by 7((ai;)) = 3 o s aij @ Eij
((a;j) € My(A)), is an isometric isomorphism of Banach algebras, where (E;;)
are the matrix units in M ;(C). With this identification and Proposition 3.2, we

have the next result.

Corollary 3.3 Let A be a Banach algebra and J a non-empty set. Then M j(A)

is left character amenable if and only if A is left character amenable.



Proposition 3.4 Let G be a group and n € N. Then M,,(((Q)) is left char-

acter amenable if and only if it is amenable.

Proof Suppose M,,(£1(G)) is left character amenable, then ¢1(G) is left
character amenable by Corollary 3.3. Also, using [22, Corollary 2.4], ¢1(G) is
left character amenable if and only G is amenable and G is amenable by the
classical result of Johnson in [16] if and only if £1(G) is amenable. Finally, by
[8, Theorem 2.7(i)], M, (£1(G)) is amenable. ]

Recently, Amini, Essmaili and Rostami in [2] introduced the notion of left
[right] ¢-biflatness for a Banach algebra A and ¢ € ® 4. We recall from [2] that a
Banach algebra A is left [right] ¢-biflat if there exists a bounded linear operator
p:A— (A®A)" such that

(i) plab) = p(a)p(b) = p(a) xb [p(ab) = ¢(b)p(a) = a - p(b)]

(i) (whop(a))(p) =¢(a) (a,be€ A peEdy).

It was remarked in [2], that p-biflatness of A in the sense of Sahami and Pourab-
bas in [25] implies left ¢-biflatness in the sense of [2].

Helemskii in [13] showed that a Banach algebra A is amenable if and only
if it is biflat and has a bounded approximate identity. We give the character
amenability version of this result.

The next result is [2, Proposition 2.2].

Proposition 3.5 Let A be a Banach algebra with ¢ € ® 4.
(i) If A is left p-amenable, then A is left p-biflat;
(is If A is left p-biflat and has a bounded approximate identity, then A is left

p-amenable.

The definition of p-biflatness in [2] can be generalized as follows:
We say that a Banach algebra A is
(i) left [right] character biflat if it is left [right] o-biflat for every ¢ € ® 4;
(ii) character biflat if it is both left and right character biflat.



Theorem 3.6 Let A be a Banach algebra. Then the following are equivalent:
(i) A is character amenable

(ii) A is character biflat and has a bounded approximate identity.

Proof This clearly follows from Proposition 3.5 (i) and (ii) and the above

definition. O

4 Results on semigroup algebras

In this section, we shall consider the character amenability properties of semi-
group algebras.

Let S be a semigroup, for each ¢ € ®g, the map ¢ : £1(S) : C defined by
@(Z 05568) = Z Oéng(S)
ses ses

is a character on £1(S), and every character on £1(S) arises in this way. Also,
we often regard an element s € S as an element of £1(S), See [8] for details.

For a semigroup S, £1(S)®¢1(S) is isometrically isomorphic to £1(S x S),
and so, we identify (£1(S)®¢1(S))” with £1(S x S)”. Under this identification,
the bimodule operations are defined as follows: Let M €(£*°(S x S))',s € S.
Then for all f € £°°(S x 5),

Ms(f) = M(sf), sM(f) = M(fs),

where
fs(u,v) = f(su,v), sf(u,v)= f(u,vs).

Also, for all U €£°°(S), we have
7' M(V) = M(x'¥), where 7'¥(u,v) =T (uww) (u,v€S).

Thus, for pg € ®1(g), a left [right] ps-diagonal for ¢ L(S) with all the above
identification and explanation, can be defined as follows:

An element M € £>°(S x S) is a



(i) left pg-virtual diagonal for £1(S) if

Ms=pgs(s)M and (M,ps® ps) = (7" M)s(ps) = 1;

(ii) right pg-virtual diagonal for £1(S) if

sM = pg(s)M  and (M,ps® ps) = (7" M)s(ps) = 1;

(iii) pg-virtual diagonal for £1(S) if it is both a left ¢g-virtual diagonal and
right ¢g-virtual diagonal for £1(9).

For a semigroup S, given f € £°°(S5),t € S, we define the translation func-
tions ft,tf by

ft(s) = f(ts), tf(s)=f(st) (s,t€S).

A continuous linear function p on £°°(S) is called
(i) a mean if (1) = ||p|| = 1, where 1 denotes the constant unit function on S;
(ii) a left invariant if for each f € £°°(S),t € S, we have pu(ft) = p(f);
(iii) a right invariant if for each f € £°°(S),t € S, we have pu(tf) = u(f).

The semigroup S is left [right] amenable if there exists a left [right] invariant
mean on £°°(S), and it is amenable if it is left and right amenable. For an
inverse semigroup, left amenability is equivalent to right amenability, in which

case, amenability is equivalent to left or right amenability. For detail see [9].

Proposition 4.1 Let S be a semigroup and ps € $41(g).
(i) If €1(S) is left [right] ps-amenable, then S is left [right] amenable.

(ii) If £1(S) is character amenable, then S is amenable and reqular.

Proof (i) Since £1(9) is left [right] ps-amenable, then by [15, Theorem 2.3],
it has a left [right] ¢s-virtual diagonal. The rest of the proof follows by simply
using the left [right] - virtual diagonal for £1(S) described above and a simple
modification of the argument used in the proof of [9, Lemma 3], to obtain a left

[right] invariant mean for S.



(ii) That S is amenable clearly follows from (i) and the fact that £1(S) is
character amenable implies it is both left and right character amenable. Also,
by using similar argument in [10, Theorem 1], we show that for each u € S,
sS N [uu=1] # 0, where [uu™1] = {z € S : zu = u} and this shows that S is

regular using [10, Corollary 2]. ]

Corollary 4.2 Let S be a semigroup with E(S) finite. If £1(S) is character
amenable, then it has an identity.

Proof Since £1(S) is character amenable, then it has a left approximate
identity and a right approximate identity by [22, Theorem 2.3]. Also, S is
regular by Proposition 4.1(ii). Since E(S) is assumed to be finite, then ¢1(S)

has an identity using [8, Proposition 4.3]. m|

Remark Proposition 4.1 (i) is true for any semigroup, but the converse is

false. The partial converse is given below.

Proposition 4.3 Let S be a finite inverse semigroup and o5 € ®y1(s). Suppose

S is left amenable, then £1(S) is left ps-amenable.

Proof Since S is finite and inverse, then £1(S) is semisimple and finite

dimensional by [4, Theorem 5.2.6], and so £1(S) is left ¢ g-amenable. m

We recall that a Brandt semigroup S over a group G with index set J is
the semigroup consisting of elementary J x J matrices over G U {0} and a zero
matrix 0. We write S = {(g)i; : g € G,4,j € J}U{0}, with multiplication given
by

(gh)il lfj = k‘

(9)ij (W) = 7
0 ifj#k

The Brandt semigroup is an inverse semigroup.

Proposition 4.4 Let S be a Brandt semigroup over a group G with finite index

set J. Suppose G is amenable, then £1(S) is left character amenable.

10



Proof Let S; be a Brandt semigroup over the trivial group with index set
J. Then ¢'(S;) is semisimple and finite dimensional, and so is left character
amenable. Since G is amenable, then ¢!(G) is left character amenable by [22,
Corollary 2.4], and so £1(G)®¢1(S;) is left character amenable by Proposition
3.2. But £1(S) may be identified with £1(S; x G)/¢(T), where T is the ideal
{(0,9) : g € G} of S x G. Thus £1(9) is left character amenable by Proposition
3.1 ]

Remark It was pointed to the authors by the referee that a generalization
of Proposition 4.4 for Brandt semigroups is already obtained by Essmaili and
Filali in [5, Corrollry 2.7]. Our method and approach is completed different

from those used in [5].

Theorem 4.5 Let S be an inverse semigroup with E(S) finite. Then £1(S) is

left character amenable if each mazximal subgroup of S is amenable.
Proof Since E(S) is finite and S is inverse, then S has a principal series
S=0LD>L>I3>...2>1, 1 D1L,=K(S)

of ideals of S, where K (S) is the minimum ideal, see [8, Theorem 3.12]. I;/I;11
is a simple inverse semigroup with a finite number of idempotents, and so is a
group. Also, for i = 1,2,....,.n — 1, I;/I;11 is O-simple with a finite number of
idempotents, and so is a completely 0-simple inverse semigroup, that is a Brandt
semigroup. Thus, by Proposition 4.4 and Proposition 3.1, £1(S) is left character
amenable if and only if £1(S;/S;11) is left character amenable for i = 1,2,..,n.
Fori=1,2,...,n—1, let G; be the group of the Brandt semigroup S;/S;+1 and
let G, be the group S,,/Sn41. Then £1(S;/S;;1) is amenable for i = 1,2,....,n
if G; is amenable for ¢ = 1,2, ...,n. But the groups G; are maximal subgroups
of S.

O

For an inverse Semigroup S, £1(S) has a bounded left approximate identity
if and only if it has a bounded right approximate identity and hence a bounded

approximate identity.

11



Proposition 4.6 Let S be a Brandt semigroup with an infinite index set over

an arbitrary group. Then £1(S) is not left character amenable.

Proof For a Brandt semigroup S with an infinite index set, £1(S) does not
have a left bounded approximate identity by [9, Corollary 17]. Thus it is not
left character amenable by [22, Theorem 2.3]. O

For an inverse semigroup .S, and p € F(S), we set
Gp={s€S:ss ' =s"ts=p}

Then G, is a group with identity p. It is called the maximal subgroup of S
at p. We recall that a Clifford semigroup is an inverse semigroup S for which
ss7! = s71s (s € 9). For a Clifford semigroup S, we have s € G,,-1, and so

S'is a disjoint union of the groups G, (p € E(S)). See [14] for more detail.

Corollary 4.7 Let S be a Clifford semigroup over a finite semilattice Y (i.e.
an inverse semigroup which is a union of groups, see [4, pp. 127, 128]). Then

(1(S) is left character amenable if G is amenable for each o € Y.

Proof This follows from Theorem 4.5. O

Let P be a partially ordered set. For p € P, we define

(W) ={z:x<p} and [p)=fa:p<a}.

Then P is locally finite if (p] is finite for each p € P, and is locally C'— finite for
some constant C' > 1 if | (p] |< C for each p € P. A partially ordered set that is
C— finite for some C' is uniformly locally finite.

Let S be an inverse semigroup. Then S is [locally finite/ C-locally finite/ uni-
formly locally finite] if the partially ordered set (E(S), <) has the corresponding
property.For detail, see [23].

Theorem 4.8 Let S be an inverse semigroup such that (E(S), <) is uniformly
locally finite. Suppose £1(S) is left character amenable. Then each mazimal

subgroup of S is amenable.

12



Proof Since (E(S), <) is uniformly locally finite, then (S, <) is uniformly

locally finite by [23, Proposition 2.4] and so using [23, Theorem 2.18], we have

N(S) =1 — P {Mpp, (L1 (Gpy)) s A€ T},

and so, for each A € J, Mpg(p,)(I*(Gp,)) is a homomorphic image of £1(S5).
Thus, by [22, Theorem 2.6 (i)], we have

MEg(py) (0'(Gpy)) = Mp(n,) (C)B(£H(Gyy))

is left character amenable for each A € J. Also, ¢!(G),) is left character
amenable by Corollary 3.3, and so G,, is an amenable group by [22, Corol-
lary 2.4]. O

Corollary 4.9 Let S be a Brandt semigroup over a group G with index set J.

Suppose £1(S) is left character amenable. Then G is amenable.

Proof It is easy to see that E(S) = {(eq):; : i € J} U{0}. Also, since E(S)
is semilattice, we have
{0} ifxz=0
{0,z} ifxz#0

(2] = {y € B(S) : y = yar} = B(S)a =

for each x € E(S). Thus, (E(S), <) is uniformly locally finite, and so the

result follows by using Theorem 4.8. O

Theorem 4.10 Let S be a Brandt semigroup over a group G with index set J.
The following are eqivalent:

(i) £*(S) is left character amenable

(ii) G is amenable and I is finite

Proof This follows from Proposition 4.4, Proposition 4.6 and Corollary 4.9

Lastly, we give results on Rees Semigroup algebra.
Rees semigroups are described in [14, §3.2] and [8, Chapter 3]. Indeed, let

G be a group, and let m,n € N; the zero adjoined to G is 0. A Rees semigroup

13



has the form S = M(G, P,m,n); here P = (a;;) € M, ,»(G), the collection of
n X m matrices with components in G. For z € G, i € N,,,, and j € N,,, let ()5
be the element of M,, ,(G°) with z in the (,7)™™ place and o elsewhere. As a
set, S consists of the collection of all these matrices (z);;. Multiplication in S

is given by the formula
(x)zj(y)kﬁ = (xajky)iﬁ (xay S Gv 7;7 ke va ],£ S Nn) 5

it is shown in [14, Lemma 3.2.2] that S is a semigroup.

Similarly, we have the semigroup M °(G, P, m,n), where the elements of this
semigroup are those of M(G, P,m,n), together with the element o, identified
with the matrix that has o in each place (so that o is the zero of M °(G, P,m,n)),
and the components of P are now allowed to belong to G°. The matrix P is
called the sandwich matriz in each case. The semigroup M°(G,P,m,n) is a
Rees matrix semigroup with a zero over G.

We write M°(G, P,n) for M°(G, P,n,n) in the case where m = n.

The above sandwich matrix P is regular if every row and column contains at
least one entry in G; the semigroup M °(G, P, m,n) is regular as a semigroup if
and only if the sandwich matrix is regular.

Let S = M°(G,P,m,n). For x € G, (x);; is identified with the element
of M,,.,(¢*(G)) which has 4, in the (i, )" position and 0 elsewhere, and o is
identified with §,. Thus an element of £1(S) is identified with an element of
M, (€1 (G)) U C6,. The sandwich matrix P € M,,,,(G°) is identified with a
matrix P € M, ,,(¢1(G)) as follows: if the first matrix P has a € G in the
(i,§)-position, then the new matrix P has the point mass J, in the (4,5)t" -

)th.

position; if the first matrix P has the element o in the (4, 7)*-position, then

the new matrix P has the element 0 € £!(G) in the (i, j)*-position. Thus, as

in [8], we can write
01(8) = M°(t1(G), Pm,n) = M(L1(G), P,m,n) & Cdy;

the multiplication is given explicitly in [8, pp. 61,62]. £1(S) is called the Rees

semigroup algebra.

14



It was claimed in [8] that the quotient Banach algebra £1(S)/Cd, is iso-
metrically isomorphic to the Munn algebra M(¢1(G), P,m,n), where C§, is
a one-dimensional ideal. ¢1(S)/Cé, = M(LY(G), P,m,n), is unital. With
m = n, since M((Y(G), P,n,n) = M({1(G), P,n), is also unital and so the
Munn algebra M(¢1(G), P,n), is topologically isometric to M, (¢1(G)), With

this identification, we have the next results on Rees semigroup algebra.

Theorem 4.11 Let S = M°(G, P,n) be a Rees matriz semigroup with a zero
over the group G and Sandwich matriz P. Then £1(S) is left character amenable

if and only if it is amenable.

Proof (i) Suppose £1(S) is left character amenable. Then ¢1(S)/CS§, is left
character amenable by Proposition 3.1. Also, since £1(S)/Cd, is isomorphic
to M,,(¢*(@)), then £*(S)/Cd, is amenable by Proposition 3.4. Thus £1(9) is
amenable by [8, Proposition 2.2 (vi)]. O

Theorem 4.12 Let S = M°(G, P,n) be a Rees matriz semigroup with a zero
over the group G and Sandwich matriz P. Then £1(S) is left character amenable

if and only if G is amenable.

Proof This follows from the above isometric isomorphism and the fact that
the left character amenability of M., (£1(G)), is equivalent to its amenability see
Proposition 3.4 and the hereditary property of amenability in [8, Proposition
2.2 (vi)] m]
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