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ABSTRACT
Success rates of living annuities within the South African retirement landscape are examined through 
portfolio modelling that includes domestic equities, cash, and international exposure, via the S&P 500 
index. We define success rates based on Cooley’s framework, emphasising financial sustainability 
throughout retirement. Our approach incorporates foreign exposure by converting S&P 500 gains to 
South African Rand, accounting for stochastic foreign exchange rate fluctuations. Additionally, US and 
South African inflation rates are integrated to assess success rates in real terms, ensuring the impact of 
inflation on retirees’ income is accurately captured. This study incorporates stochastic correlation and 
stochastic volatility modelling to capture dynamic asset relationships under varied market conditions. The 
S&P 500 and JSE Top 40 equities are modelled with stochastic volatility, calibrated through the Efficient 
Method of Moments (EMM), enhancing volatility estimation for equity assets. These techniques support 
the analysis of optimal portfolio compositions and withdrawal strategies to maximise annuity success 
rates, providing evidence-based insights for retirement planning in South Africa.
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1.	 INTRODUCTION
1.1	 In South Africa, many retirees struggle to maintain their pre-retirement standard of 
living due to inadequate savings, the lack of mandatory preservation of retirement funds 
(Rusconi, 2020), and economic conditions that exacerbate financial insecurity. National 
Treasury policy papers highlight low retirement savings and economic volatility as key 
challenges, further limiting retirees’ ability to sustain their income. These structural and 
macroeconomic factors underscore the need for strategies that enhance retirement outcomes 
and long-term financial stability.

1.2	 Figure 1 illustrates a shift in the annual withdrawal rates amongst South African 
retirees in 2017 compared to 2022, particularly in the 15%–17.5% bucket. The large increase 
in the proportion of retiree’s withdrawing between 15% and 17.5% of their retirement 
savings may be attributed to the economic difficulties experienced as a result of the Covid-19 
pandemic and subsequent lockdowns. High inflation, increased unemployment and sluggish 
economic growth have further intensified the financial pressure that many South African 
retirees experience.1

1.3	 There are several other factors which exasperate the financial strain of individuals 
seeking to retire comfortably:

1	 ASISA (2022). The Association for Savings and Investment South Africa. https://www.asisa.org.
za/media/hfvhoous/20231128_asisa-living-annuities-drawdown-survey-statistics-report-2017-
to-2022.xlsx&ved=2ahUKEwjW6trp_sGFAxUN-AIHHaELAbAQFnoECBUQAQ&usg=AOvVa
w01xN-pn. Viewed 10 March 2024

FIGURE 1. Withdrawal rates from South African retirement policies
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	— Insufficient savings: Many South Africans delay saving for retirement, often due to low 
incomes and the prevalence of the informal labour market.
	— Debt in retirement: A large portion of the population is weighed down by debt, including 
credit cards, personal loans, and home loans.
	— Lack of financial knowledge: Many South Africans do not fully grasp the importance of 
retirement planning, leading to poor investment choices and insufficient savings.

1.4	 Proactive retirement planning is essential for ensuring financial security in the latter 
stages of life, as it helps retirees manage their assets to support a sustainable income stream 
over potentially decades of retirement. By carefully planning withdrawal rates and asset 
allocations, retirees can significantly increase the success rates of their portfolios, reducing 
the risk of outliving their savings and maintaining their desired standard of living. Several 
research papers have contributed to literature on retirement planning and the associated 
success rates of a retiree’s portfolio (Cooley et al., 1998; Pfau, 2011; Finke et al., 2012; Butler 
& Van Zyl, 2012b; Maré, 2016; Rusconi, 2020; Klein & Sarpa, 2020; Van Appel et al., 2021; 
Anarkulova et al., 2023; Daraei & Sendova 2024).

1.5	 Regulation 28 of the Pension Funds Act (1956), as set out by the South African 
government, indicates that a retiree may invest a maximum of 45% of their retirement savings 
in foreign assets, 25% in property, 15% in private equity, 10% in commodities, 10% in hedge 
funds and 2.5% in other excluded assets. Regulation 28 also has a limit on the total equity 
exposure a retiree may have in their portfolio, which is capped at 75%. Further, current South 
African regulation allows retirees to withdraw between 2.5% and 17.5% of their retirement 
savings annually—which can be paid out monthly or annually.

1.6	 Living annuities provide retirees with autonomy—allowing them to select a variety 
of different investment options and withdrawal rates to sustain their required lifestyle. This 
flexibility makes living annuities attractive for retirees that are comfortable with investment 
risk and those that desire more control over their retirement savings. However, these annuities 
also involve higher risks due to market volatility and the onus on the retiree to manage 
their investments prudently. Typically, living annuities are preferred by retirees with greater 
investment expertise, who derive utility from the potential growth of their retirement savings, 
despite the associated risks, and seek to leave an inheritance for their heirs.

1.7	 The success rate metric, which evaluates the likelihood of a retirement portfolio 
sustaining withdrawals over a specified period, is employed by Cooley et al. (1998) to assess 
the performance of living annuities across various portfolio compositions and time horizons. 
They concluded that an inflation-adjusted withdrawal rate of 4% to 5% is considered safe 
for portfolios comprising at least 75% equities and 25% bonds over a 30-year period. By 
adjusting withdrawals for inflation, initial withdrawals are significantly reduced, allowing 
for larger nominal withdrawals in the future to safeguard retirees from the effects of inflation. 
This ensures that a retiree’s drawdown rate has the same purchasing power over time.
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1.8	 Maré (2016) observed that spending patterns, mortality rates, and asset returns in 
South Africa differ from those in other markets, a view we share. Notably, Maré’s (2016) 
findings indicate that a 5% withdrawal rate is sustainable over a relatively short period of 
15 years or less in South Africa when investing in local bonds and local equities. For longer 
investment horizons, the results align with those of Cooley et al. (1998).

1.9	 Van Appel et al. (2021) investigated the effect of fees and longevity on success 
rates using a dataset that spans from 1900 to 2020 for South African equities, bonds, cash 
and inflation. They determined the average time until a living annuity depletes for various 
withdrawal rates, termed the ‘fugit’ of the portfolio. Van Appel et al. (2021) concluded that the 
asset allocation has an insignificant impact on portfolio success rates for low withdrawal rates 
and the risk inherent in living annuities may be hedged by taking short positions in call options 
and long positions in put options on a rolling one-month basis to increase success rates.

1.10	 The ‘4% safe withdrawal rate’ is frequently used by financial advisors as a general 
guideline for determining safe inflation-adjusted spending for retirees. The consensus among 
the research done by Cooley et al. (1998), Finke et al. (2012), Maré (2016), Van Appel et 
al. (2021), and Daraei & Sendova (2024) is that staying within the 4%–5% spending band 
significantly increases the sustainability of a retiree’s retirement portfolio.

1.11	 Portfolio success rates can be determined by employing either bootstrap sampling of 
historical returns or Monte Carlo methods. For example, Cooley et al. (1999) determined safe 
withdrawal rates in the US using Monte Carlo simulation, and Maré (2016) determined safe 
withdrawal rates for South African retirees using random sampling with replacement.

1.12	  When conducting a Monte Carlo simulation for various market risk factors, accounting 
for the correlations between these factors is essential for accurate modelling. The convention 
is to assume a constant correlation structure when utilising a Monte Carlo simulation model, 
as seen in Cooley et al. (1998). Maré (2016) and Van Appel et al. (2021) used bootstrap 
modelling with replacement, which assumed constant point-in-time correlation structures 
when sampling from asset return populations. However, the financial markets move in cycles, 
and these correlation structures tend to differ significantly through the cycle as evidenced in 
Figure 2.

1.13	 The 30-day correlation is obtained by applying a 30-day sliding window to historical 
JSE Top 40 and South African Rand/United States Dollar (ZAR/USD) foreign exchange (FX) 
returns. Similarly, the 252-day correlation is obtained by applying a 252-day sliding window 
to historical JSE Top 40 and ZAR/USD FX returns. We observe that when the sliding window 
is small (30 days), the historical correlations exhibit a lot of volatility with large swings 
between positive and negative correlations. When the sliding window is approximately one 
year (252 business days), the historical correlations are more stable and do not exhibit large 
swings, but better capture cycles within the financial markets.
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1.14	 Research by Markus & Kumar (2020) investigates the relationship between two stock 
prices, using stochastic correlation to model their interdependence through Wiener processes 
and the Heston model. After comparing a constant correlation model and two stochastic 
correlation models (the Jacobi model and hyperbolic tangent Ornstein–Uhlenbeck model), 
Markus & Kumar (2020) conclude that both stochastic correlation models are better suited 
for capturing tail dependence and correlation risk, as they can describe potentially riskier 
scenarios compared to the constant correlation model, which lacks tail dependence. Teng 
et al. (2016) found that the correlation risk inherent when pricing a quanto put option with 
stochastic correlation cannot be neglected.

1.15	 Normally, correlations are assumed to be constant when modelling market risk 
factors. However, from Figure 2, it is evident that the correlation is dynamic and may better 
be captured by a stochastic correlation process. To understand what a density function for 
a stochastic correlation process may look like, we plot the historical density of the 30-day 
correlation in Figure 3.

1.16	 Upon inspection, we make similar observations to van Emmerich (2006), where the 
aim is to model correlation such that:

	— The correlations are bounded between [–1,1]
	— The stochastic correlation process is mean-reverting
	— The probability mass function approaches zero at the boundaries.

FIGURE 2. Historical JSE/ZAR USD correlation plots
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1.17	 While numerous studies have contributed to the work that investigates safe withdrawal 
rates across various asset allocations, the authors have not come across any literature that 
investigates the impact of foreign equity exposure on success rates or the effect of stochastic 
correlation modelling. Therefore, the aim of our research is to:

	— Provide a scientific basis for the influence of foreign equity exposure on living annuity 
success rates—given that the consensus among asset managers is that foreign exposure is 
a key factor in the long-term success of retirement portfolios.
	— Determine the impact of stochastic correlation modelling on retirement portfolio success 
rates given that market risk factor correlations tend to change with market cycles, and 
retirement portfolio modelling is typically performed over long time horizons.

1.18	 In the rest of the paper, Section 2 provides details of data used to calibrate our simula
tion models. Section 3 provides a quantitative framework of the various stochastic models 
with the results of the calibration of each model. Results for the portfolio success rates and 
fugit are given in Section 4, followed by concluding comments and areas for further research.

2.	 METHODOLOGY
We model living annuity success rates using a Monte Carlo simulation approach, which 
requires both calibration and simulation of various risk factors that affect the value of a living 
annuity. We consider the following risk factors in our portfolio modelling, which is made up 
of riskier assets (equities) and assets that are fairly risk-free (cash). We model local equities 
based on the JSE Top 40 Index, foreign equities based on the S&P 500, the cash-component is 
modelled using 90-day ZAR Treasury bills (T-bills). Given exposure to both local and foreign 
equities, we also model ZAR Consumer Price Index (CPI), US CPI and the ZAR/USD FX rate.

FIGURE 3. Density of historical 30-day correlation plot
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2.1	 Data
2.1.1	 Details of the associated historical data used in the risk factor calibration 

procedure are provided in Table 1.

TABLE 1. Historical data description

Description Data period Frequency

S&P 500 Index2 14-Jan-2003 to 01-Nov-2023 Monthly

JSE Top 40 Index3 14-Jan-2003 to 01-Nov-2023 Monthly

USD/ZAR foreign exchange rate4 14-Jan-2003 to 01-Nov-2023 Monthly

RSA 3-month T-bills5 14-Jan-2003 to 01-Nov-2023 Monthly

RSA inflation6 Jan 2003 to Nov 2023 Monthly

USA inflation7 Jan 2003 to Nov 2023 Monthly

2.1.2	 We plot the daily returns associated with the S&P 500 and JSE Top 40, and 
the monthly returns associated with the USD/ZAR FX rate, 3-month T-bills, RSA CPI and 
USA CPI in Figure 4. Our calibration period includes two stress events, the global financial 
crisis of 2008 and the Covid-19 crisis. Large swings in the returns are observable during both 
these stress periods.

2	 https://za.investing.com/indices/us-spx-500-historical-data
3	 https://za.investing.com/indices/ftse-jse-top-40-historical-data 
4	 https://za.investing.com/currencies/usd-zar-historical-data
5	 https://www.resbank.co.za/en/home/what-we-do/statistics/key-statistics/selected-historical-rates
6	 https://fred.stlouisfed.org/tags/series?t=cpi%3Bsouth+africa
7	 https://fred.stlouisfed.org/series/CPIAUCSL

FIGURE 4. Historical risk factor returns
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2.1.3	 A summary of the annualised mean and standard deviation for each risk 
factor is provided in Table 2. We note that the average annualised returns from the JSE Top 40 
are greater than that of the S&P 500, which is expected due to the well-known ‘risk vs. return’ 
dilemma, where the JSE Top 40 has a higher risk premium. It is also important to observe 
that inflation in South Africa is typically higher than that in the USA, meaning that the real 
returns obtained from investing in the S&P 500 are actually higher than those obtained from 
investing in the JSE Top 40.

TABLE 2. Annualised data statistics

Mean Standard 
deviation Skewness Kurtosis

S&P 500 Index 0.08 0.19 –0.51 15.82

JSE Top 40 Index 0.10 0.20 –0.20 8.10

USD ZAR foreign exchange 0.04 0.16 0.42 4.02

RSA 3-month T-bills 0.07 0.07 0.01 11.34

RSA inflation 0.05 0.01 0.19 4.06

USA inflation 0.03 0.01 –0.60 6.26

2.1.4	 The Pearson correlation coefficient is used to determine the historical 
correlation between the various assets considered in our analysis. The Pearson correlation 
coefficient is determined as

( )( )
( ) ( )2 2

.
( )( )

i i
xy

i i

x x y y

x x y y
ρ

∑ − −
=

∑ − ∑ −

2.1.5	 The historical correlations between asset class returns are presented in 
Table 3. We observe a fairly strong positive correlation between the S&P 500 and JSE Top 40, 
which is expected.

TABLE 3. Historical asset class correlations

S&P 500 JSE Top 40 T-bills RSA CPI US CPI USD/ZAR S&P vol JSE vol

S&P 500 1.00 0.63 –0.06 –0.04 0.02 –0.46 –0.75 0.00

JSE Top 40 0.63 1.00 –0.06 –0.15 –0.03 –0.16 0.00 –0.87

T-bills –0.06 –0.06 1.00 0.31 0.07 0.08 0.00 0.00

RSA CPI –0.04 –0.15 0.31 1.00 0.38 –0.01 0.00 0.00

US CPI 0.02 –0.03 0.07 0.38 1.00 –0.07 0.00 0.00

USD/ZAR –0.46 –0.16 0.08 –0.01 –0.07 1.00 0.00 0.00

S&P vol –0.75 0.00 0.00 0.00 0.00 0.00 1.00 0.00

JSE vol 0.00 –0.87 0.00 0.00 0.00 0.00 0.00 1.00
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2.2	 Modelling approach, calibration and simulation
We outline the methodology to calibrate and simulate the various risk factors that are required 
to model future portfolio values below.

2.2.1	 INTEREST RATE MODELLING
2.2.1.1 	 The Cox–Ingersoll–Ross (CIR) model, introduced by Cox, Ingersoll, and 

Ross in 1985, is a stochastic differential equation used in finance for modelling the dynamics 
of interest rates. Its formulation encapsulates the essential characteristic of mean reversion.. 
The CIR model is mathematically represented by the Stochastic Differential Equation (SDE):

	 ( )t t t tdr r dt r dWκ θ σ= − + 	 (1)

where rt denotes the instantaneous spot rate at time t, κ represents the speed of mean reversion, 
θ indicates the long-term mean level of interest rates, σ signifies the volatility of the process, 
and dWt is the increment of a Wiener process.

2.2.1.2	 The square root term  tr  in the discretisation ensures that the simulated 
rates remain positive as long as the Feller condition is met. This feature renders it particularly 
well-suited for applications in interest rate modelling in economies where interest rates 
remain positive (Cox et al., 1985). Specifically, the Feller condition stipulates that (Cox et 
al., 1985)

22 ,κθ σ≥

which guarantees that the process will not hit zero with positive probability (Feller, 1951).

2.2.2	 INTEREST RATE CALIBRATION
2.2.2.1	 To calibrate the CIR model, we first discretise the SDE in (1) by applying 

the Euler–Maruyama scheme

	 ( ) ( ) 0, ,t t t tr r r r Nκ θ σ+∆ − = − ∆ + ∆ 	 (2)

where ∆ represents the time step and N(0,∆) is a normal random variable with mean 0 and 
variance ∆.

2.2.2.2	 We can re-write the discretisation in (2) as

	 ( )0,1 , t t
t

t t

r r
r N

r r
κθ κ σ+∆ − ∆

= − ∆ + ∆  	 (3)

where N(0,1) is a standard normal random variable.

2.2.2.3	 Equation (3) can be expressed as

1 1, 2 2, ,i i i iy x xβ β= + + 
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where

	 1.	 t t
i

t

r r
y

r
+∆ −=

	 2.	 1,  i
t

x
r
∆

=

	 3.	 2,   i tx r= ∆

	 4.	 ( )0,1i Nσ= ∆ 

	 5.	 1β κθ=

	 6.	 2  β κ=− .

2.2.2.4	 We can calculate the estimates 1β  and 2β  by employing ordinary least-
squares regression.

2.2.2.5	 The parameters are then calibrated by


2ˆ  ,κ β=−



1ˆ
ˆ

,βθ
κ

=

and 2
2ˆ .sσ =

∆

2.2.2.6	 The parameters obtained from fitting the CIR process to historical T-bill 
data is provided in Table 4.

TABLE 4. Calibrated T-bill parameters for the CIR model

T-bill estimates Estimate

κ̂ 0.24

θ̂ 0.06

σ̂ 0.03

2.2.3	 INTEREST RATE SIMULATION
2.2.3.1	 After calibrating the parameters of the CIR model, we make use of the 

Euler–Maruyama scheme to discretise the SDE in (1) as

( ) ,t t t tr r r Zκ θ σ+∆ = + − ∆ + ∆
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where Zt ~ N(0,1) is a sequence of independent and identically distributed standard normal 
random variables, representing the discretised increments of the Wiener process.

2.2.3.2	 We illustrate the percentiles of the simulated interest rate (using the 
calibrated parameters) and the historical T-bill data in Figure 5. We observe that the simulated 
percentiles fit the historical data well and revert to a long-term mean of approximately 6%. 
We do however note that the calibration period does include two stress periods, the global 
financial crisis which saw high interest rates and the Covid-19 pandemic which gave rise to 
very low interest rates and then a sharp increase in interest rates to tame inflationary pressure.

2.2.4	 FX AND INFLATION MODELLING
2.2.4.1	 The Geometric Brownian Motion (GBM) model is one of the fundamental 

models in finance for forecasting stock price trajectories. Its appeal stems from its ability 
to capture asset prices’ multiplicative growth and inherent randomness in a mathematically 
tractable way.

2.2.4.2	 The GBM model describes asset price dynamics through a SDE that 
assumes asset prices follow a continuous path with proportional growth and volatility. The 
GBM model is mathematically represented by the following SDE (Hull, 2018):

	 ( ) ( ) ( ) ( )    ,dS t S t dt S t dW tµ σ= + 	 (4)

where ( )S t  is the asset price at time t, μ is the drift of the process, σ represents the standard 
deviation of the log returns, and ( )W t  is a standard Brownian motion.

FIGURE 5. ZAR 90-day T-bill simulated percentile fit
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2.2.4.3	 The well-known analytical solution of this SDE provides the asset price at 
time t as:

( ) ( ) ( )210 exp    ,
2

S t S t W tµ σ σ  = − +  
  

where 21 
2

tµ σ − 
 

 is the deterministic component of the exponential function and ( ) W tσ  

represents the stochastic component within the exponential function. This expression implies 
that asset prices follow a lognormal distribution, making the logarithm of the price, ( )log tS , 
normally distributed (Black & Scholes, 1973).

2.2.4.4	 Although commonly used to model stock prices, the GBM model ensures 
that asset prices cannot become negative, which is also a desirable feature when modelling 
the CPI and FX rates.

2.2.5	 FX AND INFLATION CALIBRATION
2.2.5.1	 To calibrate the GBM model to historical asset price data, Maximum 

Likelihood Estimation (MLE) is used. Assume that we have historical asset prices, 
1 2, , , nS S S… , sampled at regular intervals ∆. The log-returns of the asset prices are defined as

1
log .t

i
t

SX
S −

 
=  

 

2.2.5.2	 The likelihood function of the observed log-returns is (Hull, 2018)

	
( )

22

2

2

2
1 21

1, | , ,  .
2

iX
n

n
i

L X X e

σµ

σµ σ
π σ

  
− − ∆      −

∆

=

… =
∆

∏
	 (5)

2.2.5.3	 By maximising the likelihood function in (4), μ and σ can be estimated as



2
2

1 1

1 1 
n n

i j
i j

X X
n n

σ
= =

 
 = −
 ∆  

∑ ∑

2

1
ˆ 1

2

n

i
i

X
n

σµ
=

= +
∆∑ .

2.2.5.4	 The results from calibrating the GBM model to historical USD/ZAR FX 
rates, ZAR CPI and US CPI are provided in Table 5.

TABLE 5. Calibrated estimates for the USD/ZAR FX rate, ZAR CPI and US CPI

Description μ̂ σ̂
USD/ZAR FX rate 0.05 0.16
ZAR CPI 0.05 0.01
US CPI 0.03 0.01
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2.2.5.5	 We observe that the calibrated drift of the ZAR CPI is higher than its US 
counterpart. This is expected as inflation is typically higher in South Africa than it is in the 
United States.

2.2.6	 FX AND INFLATION SIMULATION
2.2.6.1	 We make use of the Euler scheme to discretise the GBM SDE in (4) as

21
2 ,

tZ

t tS S e
µ σ σ − ∆+ ∆ 
 

+∆ =
where
	 Zt ~ N(0,1).

2.2.6.2	 We illustrate the percentiles of the simulated FX rate, ZAR CPI and US CPI 
(using the calibrated parameters) and the historical prices in Figures 6, 7 and 8 respectively.

FIGURE 6. ZAR/USD simulated percentile fit

FIGURE 7. ZAR CPI simulated percentile fit
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2.2.6.3	 The simulated percentile plots illustrate that the calibrated parameters are 
adequate in capturing the historical time series across all risk factors where the GBM model 
is used. We do, however, note that the simulated percentiles of the ZAR CPI process do 
not capture the lower CPI growth observed from 2004 to 2008. However, the mean of the 
simulations follows the historical data closely, indicating an adequate fit.

2.2.7	 EQUITY MODELLING
2.2.7.1	 The Heston model is a widely used stochastic volatility model in financial 

mathematics, specifically developed to describe the evolution of stock prices with volatility 
that varies over time. Introduced by Steven Heston in 1993, this model allows the volatility 
itself to follow a random process, which helps capture features of market prices, such as the 
volatility smile often observed in options markets (Heston, 1993).

2.2.7.2	 The Heston model assumes that stock prices and their volatility are driven 
by two coupled SDEs:

( ) ( ) ( ) ( ) ( )     ,sdS t S t dt v t S t dW tµ= +

	 ( ) ( )( ) ( ) ( )    ,v vdv t v t dt v t dW tα β σ= − + 	 (6)

( ) ( )   ,s v svdW t dW t dtρ=

where the ratio of 
α
β  is the long run mean of the observed variance, μ denotes the expected 

rate of return, β is the speed of mean reversion of the variance, σν is the volatility of the 
variance and ρsv denotes the correlation between the stock and the variance processes.

FIGURE 8. US CPI simulated percentile fit
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2.2.8	 EQUITY CALIBRATION
2.2.8.1	 The Efficient Method of Moments (EMM) technique was introduced by 

Bansal et al. (1993, 1995) and Gallant & Tauchen (1996). The EMM method is a derivative of 
the work of Duffie & Singleton (1993) which investigated the Simulated Method of Moments 
(SMM), and combines two procedures, namely, MLE and General Method of Moments 
(GMM).

2.2.8.2	 Recently, Levendis & Maré (2023) used the EMM to calibrate the Heston 
and Bates model to historical South African stock price data. A detailed exposition of the 
EMM procedure is outlined in Anderson et al. (1999). Assume a time-series of historical 
stock prices { }1 2x ,  x ,  ... , x  k , and that the parameters of the stochastic volatility model are 
given by the vector δ. The EMM technique is deployed in two stages.

2.2.8.3	 The first stage involves choosing an auxiliary model 1( | ; )k kx X ϕ−  which 
is parameterised by the pseudo parameter vector φ. The purpose of the auxiliary model is to 
closely fit the original model such that maximum likelihood estimation is possible. The semi-
nonparametric density of Gallant & Nychka (1987) is a popular choice as it is characterised 
by a leading parametric term that captures the majority of the dependency of the conditional 
mean and variance. Hermite polynomials are added to capture any residual non-Gaussian 
features. The density of the auxiliary model is given by

( )
( )

( ) ( )
( )

2

1 2
( | ; ) 1 T k k

k k
kT k

P z z
f x X v v

hP z u du

φ
ϕ

φ
−

    = + −     ∫
,

where ν is chosen to be a constant to avoid any instability in the EMM procedure when 
( ) 0T kP z = . Therefore, ν = 0.01 and ( ).φ  is the standard normal density function, and zk is 

defined as

k k
k

k

xz
h
µ−

= ,

with 0kµ = , and
2

 0 1 1 1    k k kh x hω γ γ− −= + + ,

where
( ) ~  1,1 ,  kh GARCH 8

and where μk and hk represents the conditional mean and variance, respectively.
2.2.8.4	 In this context, Hermite polynomials are employed to approximate 

deviations from normality, capturing higher-order moments such as skewness and kurtosis. 
Specifically, the probabilists’ Hermite polynomials ( ), nHe x  defined by the recurrence 
relation:

8	 Generalised Autoregressive Conditional Heteroskedasticity model with one lag for both the auto
regressive term and the moving average term
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( ) ( ) ( ) ( ) ( )0 1 1 11, ,  n n nHe x He x x He x x He x nHe x+ −= = = − ,

In the model, the polynomial expansion takes the form:

( )
0

 
zU

i
T k i k

i
P z a z

=

= ∑ ,

where we define a0 = 1 and Uz denotes the order of the Hermite polynomial.
2.2.8.5	 The EMM technique requires the dimension of the pseudo parameter 

vector, φ, to be at least as large as the vector of parameters required for the stochastic volatility 
model, δ. The pseudo parameter vector, φ, can now be estimated by maximum likelihood 
estimation, where the score function of the auxiliary model is

( ) 1,   log ( |ˆ ),
ˆ

; ˆf k k k k ks X f x Xϕ ϕ
ϕ −
∂

=
∂

which leads to the following first-order condition for ϕ̂

( )
1

1  0.ˆ,
k

f i k
i

s X
k

ϕ
=

=∑

2.2.8.6	 The second phase of the EMM procedure makes use of the SMM. For a 
fixed parameter vector, δ, and large K, simulate a series ( ) ( ) ( ){ }1 2x ,  x ,  ... ˆ ˆ ˆ, x  Kδ δ δ  from the 
stochastic volatility model and determine the sample moments at the fixed MLE ˆkϕ :

( )  ( ) ( )( )1
1

1, log ( | ,ˆ )ˆ ˆ .
K

K k i i k
i

m f x X
K

δ ϕ δ δ ϕ
ϕ −

=

∂
=

∂∑

2.2.8.7	 The parameter vector δ that best represents the historical data for the 
chosen model is determined by minimising the following objective function

( ) ( )1ˆargmin ,  ,ˆ ˆ ,K k K K km I m
δ

δ ϕ δ ϕ− 
 

′

where ˆ
KI  is a consistent estimator of the asymptotic covariance matrix of the sample pseudo 

score vector and is calculated as the outer product of scores

( ) ( )1 1
1

1  log | ,  log |ˆ ˆ ˆ,  .
K

K i i k i i k
i

I f x X f x X
K

ϕ ϕ
ϕ ϕ− −

=

∂ ∂ ′=
∂ ∂∑

2.2.8.8	 Andersen et al. (1999) note that the simulated series should be large 
enough to ensure that the Monte Carlo error can be ignored. Our observation is that values 
of K greater than 100 000 are sufficient to obtain convergence. The estimates obtained by 
performing the EMM to calibrate the Heston model to historical S&P 500 and JSE Top 40 
data is provided in Table 6. We also provide the Kolmogorov–Smirnov (KS) goodness-of-fit 
test p-value at a 95% confidence level.
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TABLE 6. S&P 500 estimates utilising the Heston Model

Estimates S&P 500 JSE Top 40

µ̂ 0.09 0.11

α̂ 0.07 0.16

β̂ 3.09 5.25

σ̂ 0.33 0.27

KS p-value 0.45 0.22

2.2.9	 EQUITY SIMULATION
2.2.9.1	 By firstly applying the log-transform ( ) ( )( )logx t s t=  and then applying 

Itô’s lemma to the set of equations in (6), we get

( ) ( ) ( ) ( )1    ,
2 sdx t v t dt v t dW tµ = − + 

 

( ) ( )( ) ( ) ( )     ,v vdv t v t dt v t dW tα β σ= − +

( ) ( )    .s v svdW t dW t dtρ=

2.2.9.2	 In order for ( ) 0v t > , the Feller condition must be satisfied:

22   vα σ> .

2.2.9.3	 Applying the Euler–Maruyama scheme to discretise the log-transformed 
Heston SDE yields the following discretisation for the evolution of the stock price and 
variance process, respectively.

1     ,
2t t t t sx x v v Zµ+∆

 = + − ∆ + ∆ 
 

( ) ,        t t t v t vv v v v Zα β σ+∆ = + − ∆ + ∆

2
, ,    1   ,v s v s s v xZ Z Zρ ρ= + −

where
	 ( ), , ~ 0,1 .s v xZ Z Z N

2.2.9.4	This correlation structure ensures that the correlation between the increments of Zs 
and Zv over any time step ∆ is ρs,v. Throughout our analysis, we assume that the correlation 
between the stock price process and volatility process remains constant. We provide plots of 
the simulated percentiles and distributional fits in Figures 9 to 12.

2.2.9.5	 The simulated percentile and distributional plots, for both the S&P 500 and 
JSE Top 40 demonstrate that the calibrated parameters effectively capture the historical time 
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series across all risk factors where the Heston model is applied. However, we observe that 
there is a slight misalignment on the tail end of the distributional plots. These are explained 
by the two significant stress events that are included in our data calibration period. The KS 
goodness-of-fit test p-value indicates a good fit at a 95% confidence level.

FIGURE 9. S&P 500 simulated distributional percentile plot versus observed market data

FIGURE 10. S&P 500 simulated distributional fit versus observed market data
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2.2.10	 STOCHASTIC CORRELATION
2.2.10.1	 It is common market practice to assume that correlations between risk 

factors remain constant. However, as illustrated in Figure 2, the correlation between risk 
factors tends to change over time. Recall that a stochastic correlation process should be 

FIGURE 11. JSE simulated distributional percentile plot versus observed market data

FIGURE 12. JSE simulated distributional plot versus observed market data
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bounded between (–1,1), mean-reverting and the probability mass function should approach 
zero at the boundaries. Keeping this in mind, Teng et al. (2016) propose using the Ornstein–
Uhlenbeck (OU) process given by the following SDE

( )   ,t t tdY Y dt dWκ µ σ= − +

where κ represents the speed of mean reversion, μ represents the long-term mean, σ represents 
the volatility and Wt is a Wiener process.

2.2.10.2	 The OU process defined above can take on any values between ( ),−∞ ∞ . 
Teng et al. (2016) propose the following modified OU process to restrict ( )1,1µ∈ −

	 ( )tanh( )   ,t t tdY Y dt dWκ µ σ= − + 	 (7)

where
, 0κ σ >  and ( )0, 1,1Yµ ∈ − .

2.2.10.3	 The hyperbolic tangent function proposed by Teng et al. (2016) is bounded 
between ( )1,1−  as illustrated in Figure 13. We note that the hyperbolic tangent function only 
approaches the extremities –1 and 1, representing perfect negative and positive correlation, 
respectively, which is very rarely seen in financial markets.

2.2.10.4	 Applying the transformation ( ) ( )tanh  : tanh  t tY yρ = =  to (7) and applying 
Ito’s Lemma, we obtain the following:

FIGURE 13. Plot of the hyperbolic tangent function
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( )( )
2

21tanh  
2

t t t t
t td y dt dW

t y y y
ρ ρ ρ ρρ κ µ σ σ

 ∂ ∂ ∂ ∂
= + − + +  ∂ ∂ ∂ ∂ 

		    ( )( ) ( )( )2tanh 1 tanhy yκ µ= − −

	 ( )( ) ( )( ) ( )( )2 2 21 2 1 tanh tanh 1 tanh
2 ty y dt y dWσ σ+ − −


− +

		    ( )( ) ( ) ( )2 2 21  1 1t t t t t tdt dWκ µ ρ ρ σ ρ ρ σ ρ = − − − − + − 

		    ( ) ( )2 21 t t t tdt dWρ κµ κρ σ ρ σ = − − − +  	 (8)

		    ( ) ( )( )2 21 t t tdt dWρ κµ ρ κ σ σ = − − + +  

		    ( ) ( )2 2
21

 t t tdt dWκµρ κ σ ρ σ
κ σ

  = − + − +  +  

		    ( ) ( )2 # # #1 ,t t tdt dWρ κ µ ρ σ = − − + 

where
	 # 2 κ κ σ= + , #

2 
κµµ

κ σ
=

+
 and # .σ σ=

2.2.10.5	 We can rewrite (8) so that the RHS resembles that of the OU process

( )# # #
2    , 

1
t

t t
t

d dt dWρ κ µ ρ σ
ρ

= − +
−

where
	 ( ) ( )# # #

00,  1,1 ,  ,  0  1,1 .t andρ κ σ µ≥ ∈ − > ∈ −

2.2.11	 STOCHASTIC CORRELATION CALIBRATION
2.2.11.1	 To calibrate the stochastic correlation model in (1) to historical correlation 

data, Teng et al. (2016) first determines the transition density function by making use of 
the Fokker–Planck equation (Fokker, 1914). Assume that the transition density function 

0( , | )f t ρ ρ  satisfies the following Fokker–Planck equation

	 ( ) ( ) ( )( ) ( ) ( )( )
2

2
2

1, , , ,ˆ , 0
2

ˆ ,f t a t f t b t f t
t t

ρ ρ ρ ρ ρ
ρ

∂ ∂ ∂
+ − =

∂ ∂ ∂
    



	 (9)

where
	 ( ) ( )( )# # 2ˆ , 1  a t ρ κ µ ρ ρ= − −    and ( ) ( )2 #, 1 .b̂ t ρ ρ σ= − 

2.2.11.2	 Teng et al. (2016) note that for the purpose of calibration, only the stationary 
density should be considered, i.e.

( ) ( )0: lim , | .
t

f f tρ ρ ρ
→∞

= 
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2.2.11.3	 Since the stochastic correlation process in (7) is mean-reverting, every two 
solutions of (9) are the same as t →∞ , i.e. a unique stationary solution exists.

2.2.11.4	 The stationary density function ( )f ρ  satisfies

	 ( ) ( )( ) ( )( ) ( )( ) ( )
2 22 # # 2 #
2

11   1
2

f fρ κ µ ρ ρ ρ σ ρ
ρ ρ
∂ ∂

− − = −
∂ ∂

    





,	 (10)

which is an elliptic equation, for which Teng et al. (2016) provide the following solution

	  

( ) ( ) ( )

( )

# #2 # # # #2 # #

#2 #2 #2 #2

#

#2

#2 #

#2

2 2

2 # # #2#2 #

2 #2 #2

 1 1

2

1 21 2 2 1 1, , ,  
2 2 21

mf

n F

κ σ κ µ κ σ κ µ
σ σ σ σ

κ
σ

σ κ
σ

ρ ρ ρ

µ κ σσ κ ρ
ρ σ σ

   − −
+ −   

      

 −
 
  

= + −

 − − +−   + +   −  
 

  





,

	 (11)

where ,m n∈ and the hypergeometric function F is defined as follows:

( ) ( ) ( )
( )0

, , ,  ,  1
!

k
k k

k k

a bxF a b c x x
k c

∞

=

= <∑

where ( ). k  denotes the Pochhammer symbol,

( ) ( )( ) ( ) ( )01 2 1 ,            1.ka a a a a k a= + + … + − =

2.2.11.5	 Note that due to the mean-reversion property, the stationary density 
function, ( )f ρ , must satisfy the following property

( )
1

#

1

.f dρ ρ ρ µ
−

=∫   

2.2.11.6	 Choosing # 0µ = , Teng et al. (2016) observe that the first term in (11) 
becomes

	 ( ) ( )
# #2 # #2

#2 #2

#

#2

2 2

 1 1

2

m
κ σ κ σ

σ σ
κ
σ

ρ ρ

   − −
   
      + −  ,	 (12)

which is symmetric around 0ρ = . Therefore, condition (12) will be fulfilled for 0n =  in (11).
2.2.11.7	 Now assuming 0n ≡  for all general ( )# 1,1µ ∈ − , the transition density 

function (11) can be written as (Teng et al., 2016)

	 ( ) ( ) ( )
# #2 # # # #2 # #

#2 #2 #2 #2

#

#2

2 2    
  1 1

2

mf
κ σ κ µ κ σ κ µ

σ σ σ σ
κ
σ

ρ ρ ρ

   − −
+ −   

      = + −   .	 (13)
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2.2.11.8	 To solve the unknown, m, in (13), we use the basic property of a density 
function

	 ( )
1

1

1.f dρ ρ
−

=∫   	 (14)

2.2.11.9	 To determine m, we require (14) to hold. We set the following (Teng et al., 
2016):

# #2

#2
2a κ σ

σ
−

=  and 
# #

#2 .b κ µ
σ

=

and substitute into (13)

( ) ( )[ ] ( )[ ]
#

#2

  1 1

2

a b a bm
κ
σ

ρ ρ ρ+ −= + −  

.

2.2.11.10	 For any values of a and b such that  1a b± >− , Teng et al. (2016) show that 
the integral,

( )[ ] ( )[ ]
1

1

1 1  a b a b dρ ρ ρ+ −

−

+ −∫    ,

has a solution

( ) ( )
( )

( ) ( )
( )

1 1, , 2 , 1 1 1, , 2 , 1
:  

2 2
a b F a b a b a b F a b a b

M
a b a b

Γ + − − − + − − Γ + + − + + + −
= +

Γ + − Γ + +
,

where Γ and F define the gamma and hypergeometric functions, respectively.
2.2.11.11	 The final step in the derivation involves ensuring that the condition 
 1a b± >−  holds. Recall that ( )1,1µ∈ − , and a and b are defined as

# #2 2 # #

#2 2 #2 2
2     ,   .a bκ σ κ σ κ µ κ µ

σ σ σ σ
− −

= = = =

2.2.11.12	 If we consider the following boundary conditions

( )
2

2 2
   1  1 0    1 1a bκ σ κ µµ κ µ

σ σ
−

>− ⇒ + > ⇒ + > − ⇒ + > − ,

( )
2

2 2
  1  1 0    1 1a bκ σ κ µµ κ µ

σ σ
−

< − ⇒ − > ⇒ − > − ⇒ − > − .

2.2.11.13	 Therefore, the required condition that  1a b± >−  will always hold since 
( )1,1µ∈ − . The constant m can now be determined as (Teng et al., 2016)

#

#22 .m
M

κ
σ

=
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2.2.11.14	 The closed form solution of the transition density function is given by

( ) ( ) ( )1 1
 .

a b a b

f
M

ρ ρ
ρ

+ −+ −
=

 



2.2.11.15	 The stochastic correlation model can now be calibrated by minimising the 
squared error between the historically observed density for each correlation pair and the 
closed form solution to the transition density function.

2.2.11.16	 To calibrate our stochastic correlation model, we make use of a 12-month 
sliding window to calculate historical correlations between risk factors, shifting the window 
one month at a time. Given that the data used to calibrate the stochastic correlation model are 
monthly, a sliding window shorter than 12 months yields correlations that jump too erratically 
because fewer than 12 values are used to obtain the point-in-time correlation.

2.2.12	 STOCHASTIC CORRELATION SIMULATION
2.2.12.1	 To simulate the stochastic correlation, recall that the hyperbolic tangent 

stochastic correlation model defined by Teng et al. is given by the SDE

( ) ( )( )2 # # #1   .t t t td dt dWρ ρ κ µ ρ σ= − − +

2.2.12.2	 There is no solution for the SDE, thus we use the Euler-Maruyama method 
to approximate the SDE
	 ( )( ) ( )# # 2 2 #1 1 ,t t t t t Zρ ρ κ µ ρ ρ ρ σ+∆ = + − − ∆ + − ∆ 	 (15)
where
	 ( ) ~ 0,1 . Z N

2.2.12.3	 Caution should be applied when simulating SDEs with no solution due to 
the discretisation error that occurs when simulating the SDE directly. To ensure that the SDE 
in (15) is simulated accurately, we set the time step, ∆, to be infinitesimally small and sample 
points that are congruent with the necessary simulation dates.

2.2.12.4	 The simulated stochastic correlation percentiles (red) are plotted against 
the historical data (black) used to calibrate the models in Figure 14. We observe that the 
simulated percentiles capture the historical correlations well for all combinations of risk 
factors. Further, the mean of the simulations (white line) appears to capture the ‘average’ 
correlation over the period for each risk factor couple.

2.2.12.5	 We illustrate the distributional fits of the simulated correlations and the 
empirical correlations in Figure 15. We observe that the distribution of simulated correlations 
fit the distribution of empirical correlations well.

2.2.12.6	 It is important to note that when simulating portfolio values using 
stochastic correlation, a new correlation matrix needs to be constructed for each simulation 
and time step. For example, performing a 30-year simulation with monthly time steps and 
10 000 simulations produces 3.6 million different correlation matrices. To ensure that each 
correlation matrix is a valid correlation matrix (i.e. positive semi-definite), Higham’s (1989) 
eigenvalue raising is used for each correlation matrix.
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FIGURE 14. 5th and 95th simulated percentile plots

FIGURE 15. Simulated and empirical distributional fits
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2.2.13	 PORTFOLIO CONSTRUCTION
2.2.13.1	 Monte Carlo methods are used to simulate future portfolio values to 

analyse the success rate for different portfolio compositions. The advantage of using a 
Monte Carlo simulation is that valuable insights into the range of possible outcomes can be 
obtained, and the distributional characteristics of our asset price process can be determined. 
The technique was first introduced by Metropolis & Ulam (1949). Monte Carlo simulation is 
a computational technique used to model the probability of different outcomes in processes 
that involve random variables.

2.2.13.2	 A living annuity typically constitutes various compositions invested in 
bonds and equities. A retiree who has opted for a living annuity is required to select the com
position of bonds and equities based on their risk tolerance, investment goals and lifestyle 
requirements. Every retiree is unique and will need to decide on their required drawdown 
rate to match their specific needs. Further, a retiree will need to decide on how much of their 
savings they want to invest in risky assets (equities) and less risky assets (bonds generally 
and short-term bonds like Treasury Bills in particular).

2.2.13.3	 We employ 10 000 Monte Carlo simulations  to build the distributional 
characteristics of our returns path process. Each individual path constitutes a random scenario 
based on the monthly simulated returns. Furthermore, a retiree is also required to decide on 
an income drawdown rate (the withdrawal rate) to suit their specific spending requirements. 
Each individual retiree would be unique in this case and would have a desired income and 
investable assets available to support their lifestyle in retirement.

2.2.13.4	 We first define a mathematical framework for the value of the portfolio, Π. 
At inception, the value of the portfolio is given by

	 ( ) &0     Tbills JSE S PN N Nω ω ωΠ = + + ,	 (16)

where
1.	 N denotes the initial investment;
2.	 Tbills denotes the weight invested in T-bills;
3.	 JSE denotes the weight invested in the JSE Top 40;
4.	 S&P denotes the weight invested in the S&P 500; and
5.	 Tbills + JSE + S&P = 1.

2.2.13.5	 The total withdrawal is based on the initial investment amount, i.e., Π(0). 
For example, if Π(0) = R1 000 000 and a retiree requires a total annual withdrawal of 4%, then 
an annual income of R40 000, paid monthly. The value of the retiree’s living annuity at any 
time, t, Π(t), is given by
	 ( ) ( ) ( )( ) ( )( ) ( )

( )
( )
( ) ( )( )

& &t t 1 1 1
1

1 ,

JSE JSE S P S P

Tbills Tbills living

X t
r t r t

X t

r t r

ω ω

ω


Π = Π − + + + −


+ + − 





	 (17)
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where
1.	� JSE, S&P and Tbills denote the weight invested in the JSE Top 40, S&P 500 and 

T-bills respectively;
2.	� rJSE, rS&P and rTbills denote the monthly real return from the JSE Top 40, S&P 500 and 

T-bills respectively;
3.	� rliving denotes the monthly withdrawal rate required from the living annuity; and
4.	 X denotes the USD/ZAR foreign exchange rate.

2.2.13.6	 If ( ) 0tΠ ≤ , then the value of the portfolio for all future time points is equal 
to 0. To define the success rate, we first introduce an indicator matrix M NI × , where N denotes 
the number of time points and M denotes the number of simulations. The indicator matrix is 
obtained by populating the elements of I as follows
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2.2.13.7	 The success rate ( )SR  can then be defined as
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M
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where M denotes the number of simulations and t denotes the time horizon for portfolio 
simulations. The success rate metric, which evaluates the likelihood of a retirement portfolio 
sustaining withdrawals over a specified period, is the success metric that we use to track the 
sustainability of the simulated portfolios.

2.2.13.8	 The term ‘fugit’ was first defined by Garman (1989) to represent the optimal 
time to exercise an American option. In the context of retirement modelling, Van Appel et al. 
(2021) defines the fugit as the expected life of the portfolio, or the expected time until ruin.

2.2.13.9	 To define the fugit, we make use of information from the indicator matrix 
defined in (18). We determine the position of the first occurrence of a 0 value across each row 
(time grid). The time until ruin for each simulated path is then the first occurrence of Πn,m < 0 
across all simulations. The fugit can then be determined as the average time until the portfolio 
value becomes 0.

2.2.13.10	 We provide a simple example to aid in the understanding of the success 
rate and fugit. Assume that we simulate three paths of the portfolio over a one-year period, 
i.e. the portfolio has a maturity of one year, with quarterly time steps. The value of the 
portfolio for each time step and simulation is given in Table 7.

TABLE 7. Simulation example

t = 0 t = 0.25 t = 0.5 t = 0.75 t = 1

Simulation 1 100 90 85 60 43

Simulation 2 100 45 20 0 0

Simulation 3 100 61 28 10 0
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2.2.13.11	 The indicator matrix ( 3 5I × ) is then determined to be

1 1 1 1 1
1 1 1 0 0
1 1 1 1 0

 
 
 
  

.

2.2.13.12	 We determine SR as

( )1  1 0 0 33.33%.
3

SR = + + =

2.2.13.13	 The fugit of our simple example is then determined as

( )1  1 0.5 0.75 0.75 .
3

Fugit years= + + =

2.2.13.14	 If the portfolio value were greater than zero across all simulated paths and 
time steps, then the success rate would be 100% and the fugit would just be the maturity of 
the portfolio, or one year in the case of the simple example.

3.	 RESULTS
In industry, ‘safe’ withdrawal rates are largely influenced by the retiree’s life ex

pectancy. To determine a realistic time-horizon over which to perform portfolio values 
and determine success rates, we make use of the South African life tables for assured lives 
(Dorrington & Tootla, 2007:161–184). We consider the ‘mixed’ life expectancy, i.e. both 
male and female, where the conditional median life expectancy given age 60 is approximately 
81 years old. These life tables are based on data sourced from 1996 to 2000, which may not 
be indicative of current mortality rates. The World Health Organization (WHO) suggests 
that the life expectancy for both males and females has increased by approximately 10.2% 
since 2000 to 2021. Therefore, we derive a new conditional life expectancy given age 60, by 
applying a mortality adjustment factor of 10%. The new conditional life expectancy given 
age 60 is approximately 80 and 85 years old, for males and females respectively. This yields 
a combined conditional life expectancy of approximately 82 years old (Van Niekerk et al., 
2024).

3.1	 Portfolio success rates
3.1.1	 Throughout our analysis, we perform portfolio simulations over a 30-year 

period, which we consider to be prudent, to determine portfolio success rates. Results are also 
provided in the Appendix for portfolio success rates over 15, 20, 25 and 30-year periods. To 
ensure stability in the results from the Monte Carlo simulation, we employ 10 000 simulations 
and fix the random seed across all simulations. Further, we assume that withdrawals from 
the portfolio occur annually and are based on the initial amount invested in the portfolio. 
For example, if a retiree requires a 4% withdrawal rate, and the initial amount invested is 
R1 million, then R40 000 will be withdrawn annually. All modelling is performed in the real 
space, i.e. all returns have been adjusted for inflation.
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3.1.2	 We consider the following portfolio compositions when modelling success 
rates:

	— Portfolio 1: investment in the JSE Top 40 and RSA 90-day T-bills (cash),
	— Portfolio 2: investment in the JSE Top 40, S&P 500 and RSA 90-day T-bills.

3.1.3	 Portfolios modelled with a constant correlation are denoted with a 
superscript ‘CC’ and portfolios modelled with a stochastic correlation are denoted with a 
superscript ‘SC’. For example, Portfolio 1CC refers to Portfolio 1 with a constant correlation.

3.1.4	 To aid in interpreting the surface plots, Table 8 provides a breakdown of 
the weights applied to each portfolio. For example, when the equity exposure is 50%, then 
Portfolio 1 will have 50% invested in equity (100% of the allocation is in the JSE Top 40) 
and 50% invested in cash. However, when the equity exposure is 50% for Portfolio 2, 50% is 
still invested in equities and 50% in cash, but the equity allocation is split as 50% in the JSE 
Top 40 and 50% in the S&P 500.

TABLE 8. Breakdown of portfolio weights

Equity exposure
Portfolio 1 weights Portfolio 2 weights

T-bills JSE Top 40 T-bills JSE Top 40 S&P 500

0% 100% 0% 100% 0% 0%

25% 75% 25% 75% 12.5% 12.5%

50% 50% 50% 50% 25% 25%

75% 25% 75% 25% 37.5% 37.5%

100% 0% 100% 0% 50% 50%

3.1.5	 As mentioned in section 2.1 of this paper, we are very cognisant of the fact 
that our data selection period includes not only one but two considerable stress events in a 20-
year period. As a result, portfolio success rates may vary compared to those obtained by Maré 
(2016) and Van Appel et al. (2021), where both analyses were based on a data calibration 
period spanning from 1900 to 2020.

3.1.6	 As a base case, we consider Portfolio 1CC, which consists of only local 
equities and local T-bills, where the success rates are determined assuming a constant 
correlation between all risk factors. Figure 16 illustrates the success rates for Portfolio 1CC 
for varying withdrawal rates and equity exposure. We observe that for low withdrawal rates, 
a portfolio that consists of only T-bills performs better than portfolios that are exposed to 
local equities. However, for withdrawal rates greater than 5%, equity exposure is necessary 
to achieve a higher success rate.

3.1.7	 The success rates obtained appear to be muted compared to those obtained 
by both Maré (2016) and Van Appel et al. (2021). This is largely driven by the different 
calibration periods used and the two stress events included in our calibration period. Further, a 
lacklustre local economy over the past 20 years has also contributed to the underperformance 
of the JSE Top 40. The results from Portfolio 1CC indicate a similar conclusion to that obtained 
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by both Maré (2016) and Van Appel et al. (2021), where ‘safe’ withdrawal rates over a 30-
year period are between 3% to 5%.

3.1.8	 To the authors’ knowledge, South African specific success rates have not 
been investigated when a portfolio is exposed to both local and foreign equities. We now 
consider portfolio 2CC, and superimpose the success rate surface in red over the base portfolio 
(Portfolio 1CC) in Figure 17. We observe that including foreign equity exposure in a South 

FIGURE 16. Portfolio success rates – Portfolio 1CC

FIGURE 17. Portfolio success rates – Portfolio 1CC vs. Portfolio 2CC
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African retiree’s portfolio increases the success rate significantly, where the largest increase 
is observed for lower withdrawal rates and increasing equity exposure. This outcome is 
expected due to the returns obtained from foreign exposure and converting the relevant 
returns to local rand currency.

3.1.9	 The portfolio success rates over a 30-year period increase by approximately 
15% on average when including foreign equity exposure. As expected, the success rate 
decreases for higher withdrawal rates—although portfolios with higher withdrawal rates 
require increased equity exposure to obtain an increased success rate.

3.1.10	  Having investigated the effect of foreign equity exposure on the success 
rate of a retirement portfolio, we now turn our focus to investigate the effect of stochastic 
correlation on portfolio success rates. As evidenced in Figure 2 and Figure 8, correlations 
between risk factors are not constant and varies through cycles. Making use of the stochastic 
correlation process defined in (7), we model a more realistic representation of portfolio 
success rates—increasing a retiree’s ability to make a more informed and accurate decision 
on their retirement portfolio allocation.

3.1.11	 If we now assume Portfolio 2CC to be the baseline, we again superimpose 
the success rates from the stochastic correlation portfolio (Portfolio 2SC) in red over the success 
rate surface of Portfolio 2CC in Figure 18. We observe that employing stochastic correlation 
in future portfolio value modelling increases the success rate over a 30-year period compared 
to the constant correlation portfolio. For example, at a 7% withdrawal rate and portfolio 
composition of 25% S&P 500, 25% JSE Top 40 and 50% T-bills, Portfolio 2CC had a success 
rate of only 30.5% compared to Portfolio 2SC which has a success rate of 78.5%—yielding 
an increase in the success rate of 48%. Overall, including stochastic correlation in portfolio 
modelling results in increased success rates for all portfolio compositions and withdrawal rates.

FIGURE 18. Portfolio success rates – Portfolio 2CC vs Portfolio 2SC
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3.2	 Fugit of the portfolio
3.2.1	 Recall that the fugit of a portfolio is defined as the average expected time 

for the portfolio to reach a state of ruin. We simulate portfolios over a 50-year period and 
calculate the average time that it would take for living annuities to reach a state of ruin. A 
summary of Portfolio 1CC’s fugit (in years) is provided in Table 9 and Figure 19. As expected, 
retirees requiring higher withdrawal rates will reach a state of ruin much quicker than retirees 
requiring lower withdrawal rates. For example, consider the case when Portfolio 1CC has 
50% equity exposure. The fugit of a retiree requiring a 7% withdrawal rate is approximately 
20 years compared to a retiree requiring a 12% withdrawal rate that will reach a state of ruin 
in as little as nine years.

TABLE 9. Portfolio 1CC fugit (years)

Equity exposure
Withdrawal rate

3% 4% 5% 6%  7% 8% 9% 10% 11% 12%

0% 45.0 32.0 24.3 19.5 16.2 13.9 12.1 10.7 9.6 8.7

25% 47.0 37.3 27.7 21.5 17.5 14.8 12.7 11.2 10.0 9.0

50% 45.2 38.2 30.7 24.3 19.5 16.1 13.7 11.8 10.4 9.3

75% 42.6 36.7 30.8 25.6 21.2 17.7 14.9 12.8 11.2 9.9

100% 39.8 34.5 29.6 25.2 21.5 18.4 15.8 13.7 12.0 10.6

Average 43.9 35.7 28.6 23.2 19.2 16.2 13.9 12.1 10.6 9.5

3.2.2	 We now introduce foreign equity exposure into the portfolio, and super
impose the fugit surface of Portfolio 2CC (red) on the fugit surface of Portfolio 1CC (blue) 

FIGURE 19. Portfolio fugit—Portfolio 1CC
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in Figure 20. For ease of reference, the fugit results for Portfolio 2CC are also provided in 
Table 10. We observe a distinct increase in the fugit of Portfolio 2CC compared to Portfolio 
1CC across all portfolio compositions that have exposure to equity. This is expected given 
that we observed increased success rates when exposing our portfolio to foreign equity. On 
average, the fugit of Portfolio 2CC has increased by 8.5% compared to Portfolio 1CC.

TABLE 10. Portfolio 2CC fugit (years)

Equity exposure
Withdrawal rate

3% 4% 5% 6% 7% 8% 9% 10% 11% 12%

0% 45.0 32.0 24.3 19.5 16.2 13.9 12.1 10.7 9.6 8.7

25% 49.4 42.6 31.3 23.5 18.7 15.6 13.3 11.7 10.3 9.3

50% 49.3 45.7 38.6 30.5 23.5 18.7 15.3 13.0 11.3 10.0

75% 48.8 45.7 40.8 34.7 28.6 23.2 18.8 15.6 13.1 11.3

100% 48.0 45.0 40.9 36.0 31.1 26.4 22.2 18.6 15.7 13.3

Average 48.1 42.2 35.2 28.8 23.7 19.6 16.4 13.9 12.0 10.5

3.2.3	 As a final case, we consider Portfolio 2SC and investigate the impact of 
stochastic correlation on the portfolio fugit by comparing it to Portfolio 2CC, which assumes 
a constant correlation. A breakdown of the fugit for different portfolio compositions and the 
respective surface plot can be found in Table 11 and Figure 21 respectively.

3.2.4	 Introducing stochastic correlation in future portfolio modelling increases 
the fugit compared to the constant correlation portfolio for all portfolio compositions. It is 
important to note that an increase is now observed on portfolios that consists of T-bills only, 

FIGURE 20. Portfolio fugit—Portfolio 2CC vs Portfolio 1CC
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due to the stochastic correlation incorporated in the stochastic risks factor modelling. The fugit 
of a retiree who invests 50% into equity and a 7% withdrawal rate is approximately 29 years 
for Portfolio 2SC compared to 24 years and 20 years for Portfolio 2CC and Portfolio 1CC, 
respectively.

TABLE 11. Portfolio 2SC fugit (years)

Equity exposure
Withdrawal rate

3% 4% 5% 6% 7% 8% 9% 10% 11% 12%

0% 49.3 40.6 31.0 24.8 20.6 17.7 15.5 13.7 12.3 11.2

25% 50.0 47.5 39.2 30.2 23.9 19.7 16.9 14.7 13.1 11.8

50% 49.8 48.0 43.2 36.2 29.3 23.6 19.4 16.5 14.3 12.7

75% 49.4 47.4 43.5 38.3 32.8 27.5 22.9 19.3 16.5 14.3

100% 48.7 46.3 42.7 38.3 33.8 29.3 25.2 21.7 18.8 16.3

Average 49.4 45.9 39.9 33.6 28.1 23.6 20.0 17.2 15.0 13.2

4.	 CONCLUDING COMMENTS
4.1	 Generally, risk premia in emerging markets such as South Africa are higher than 
compared to developed markets, such as the United States (Maré, 2016). In South Africa we 
expect higher returns, but this is coupled with higher inflation rates and greater risk. Inflation 
is one of the primary risks that threaten a ‘safe’ retirement by eroding a retiree’s capital base 
faster than the investment growth it achieves in a dwindling economy. Seeking returns in 
foreign markets with a lower risk premium will diversify a retiree’s portfolio and protect 
against adverse local market conditions.

FIGURE 21. Portfolio fugit—Portfolio 2SC vs Portfolio 2CC
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4.2	 Our calibration period for the stochastic retirement portfolio modelling was based 
on 20 years of historical data that included two significant stress events which contributes to 
the low success rates observed when only investing in local equities and T-bills compared to 
those obtained by Maré (2016) and Van Appel et al. (2021) which are based on over 100 years 
of historical data.

4.3	 Diversifying a retirement portfolio by including foreign equity exposure results in a 
dramatic increase in both the success rates and fugit of a retirement portfolio, and a retiree 
is on average 27% more likely to have a ‘safe’ retirement. Our results indicate that retirees 
requiring higher withdrawal rates should include a greater portion of equity exposure to 
increase their chance of not outliving their retirement savings due to the lower returns offered 
from T-bills.

4.4	 Stochastic correlation modelling provides a more accurate approach to modelling 
portfolios over long periods of time, where correlations between assets tend to change through 
cycles. Introducing stochastic correlation in retirement portfolio modelling also resulted in 
an increase in both the success rates and the fugit of approximately 9.26% and 13.03% on 
average, respectively.

4.5	 The authors note that this research is based on the assumption that withdrawal rates are 
constant. According to the Pension Fund Act (1956), a retiree can set/change their withdrawal 
rate from a living annuity once a year. Warring & Siegel (2015) disapproved of the notion 
of withdrawing a fixed amount from an inherently volatile portfolio. Our results indicate the 
same, that a careful and vigilant approach is needed to sustain a successful portfolio over 
a long period of time. Seeking both local and foreign equity exposure might increase the 
success of a retirement portfolio. However, there is no guarantee that historical returns will 
be mimicked in future returns.

4.6	 To conclude, we concur with Maré (2016) and Cooley (1998) that withdrawal rates of 
4% or less are deemed to be ‘safe’ – however, including both foreign and local equities results 
in a diversification benefit that increases the success rates and expected life of a retiree’s 
portfolio.

5.	 FURTHER RESEARCH
5.1	 Further research could explore a broader range of withdrawal rate strategies, including 
dynamic adjustments based on market conditions or employing utility functions to optimise 
withdrawal decisions. Another avenue for investigation is the success rates of a hybrid 
strategy that incorporates foreign exposures while accounting for stochastic correlation. 
Additionally, future studies could assess the impact of a dynamic investment strategy that 
adjusts the asset allocation of the retirement portfolio throughout the retirement period to 
comply with Regulation 28.
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5.2	 Further refinements could include varying the term of the historical data used to 
calibrate the model, as results are likely to be highly sensitive to the somewhat arbitrary 
selection of time frames. Another potential extension is to model drawdown as a percentage of 
the remaining fund balance at any given time, though this approach significantly complicates 
the modelling process, as it theoretically implies that funds will never be entirely depleted.
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APPENDIX A
Success rate results tables

Portfolio 1CC

Equity 
exposure 3% 4% 5% 6% 7% 8% 9% 10% 11% 12%

15 years

0% 100.0% 100.0% 100.0% 100.0% 96.6% 21.4% 0.2% 0.0% 0.0% 0.0%

25% 100.0% 100.0% 100.0% 98.6% 85.6% 49.0% 15.1% 2.6% 0.2% 0.0%

50% 100.0% 99.7% 97.4% 89.6% 73.4% 52.0% 31.7% 16.4% 7.4% 3.1%

75% 99.3% 96.8% 90.2% 79.1% 65.6% 50.2% 36.1% 24.6% 15.8% 9.7%

100% 96.6% 90.7% 81.5% 70.7% 58.9% 47.0% 36.4% 27.5% 20.4% 14.8%

20 years

0% 100.0% 100.0% 99.8% 44.9% 0.9% 0.0% 0.0% 0.0% 0.0% 0.0%

25% 100.0% 99.9% 94.2% 62.7% 22.0% 3.6% 0.3% 0.0% 0.0% 0.0%

50% 99.5% 95.4% 82.3% 59.9% 36.9% 19.4% 8.5% 3.1% 1.2% 0.4%

75% 96.0% 87.0% 72.1% 55.7% 40.0% 27.0% 17.2% 10.3% 6.0% 3.3%

100% 89.2% 77.4% 63.8% 50.9% 39.2% 29.4% 21.3% 15.1% 10.4% 7.2%

25 years

0% 100.0% 99.8% 40.6% 0.5% 0.0% 0.0% 0.0% 0.0% 0.0% 0.0%

25% 99.9% 95.2% 63.3% 20.2% 2.9% 0.3% 0.0% 0.0% 0.0% 0.0%

50% 97.0% 84.7% 61.2% 36.7% 17.8% 7.7% 2.9% 1.0% 0.4% 0.1%

75% 89.5% 74.5% 56.7% 39.8% 25.6% 15.9% 9.5% 5.5% 3.1% 1.8%

100% 80.5% 66.0% 51.3% 38.8% 28.3% 20.0% 14.0% 9.7% 6.6% 4.4%

30 years

0% 100.0% 72.5% 2.7% 0.0% 0.0% 0.0% 0.0% 0.0% 0.0% 0.0%

25% 98.9% 78.9% 31.5% 5.5% 0.4% 0.0% 0.0% 0.0% 0.0% 0.0%

50% 91.7% 71.0% 44.3% 22.6% 9.8% 3.8% 1.2% 0.3% 0.1% 0.0%

75% 82.2% 63.7% 44.9% 29.3% 18.5% 11.1% 6.2% 3.5% 1.7% 0.8%

100% 72.6% 56.9% 42.5% 30.7% 21.9% 15.5% 10.6% 7.1% 4.8% 3.1%
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Portfolio 2CC

Equity 
exposure 3% 4% 5% 6% 7% 8% 9% 10% 11% 12%

15 years

0% 100.0% 100.0% 100.0% 100.0% 96.6% 21.4% 0.2% 0.0% 0.0% 0.0%

25% 100.0% 100.0% 100.0% 99.9% 95.6% 66.8% 22.1% 2.9% 0.1% 0.0%

50% 100.0% 100.0% 99.8% 98.0% 90.1% 72.9% 47.9% 25.0% 10.7% 3.4%

75% 100.0% 99.7% 98.5% 94.3% 85.7% 72.8% 56.0% 39.5% 25.3% 15.0%

100% 99.7% 98.8% 95.7% 90.1% 81.9% 70.8% 58.4% 45.9% 34.6% 24.7%

20 years

0% 100.0% 100.0% 99.8% 44.9% 0.9% 0.0% 0.0% 0.0% 0.0% 0.0%

25% 100.0% 100.0% 99.2% 82.5% 34.4% 4.9% 0.3% 0.0% 0.0% 0.0%

50% 100.0% 99.6% 96.0% 82.9% 57.9% 32.8% 13.7% 4.5% 1.2% 0.2%

75% 99.7% 98.0% 92.1% 80.5% 64.1% 46.4% 31.1% 18.3% 9.8% 4.8%

100% 98.7% 94.9% 88.1% 77.5% 65.0% 51.6% 39.5% 28.9% 20.1% 13.0%

25 years

0% 100.0% 99.8% 40.6% 0.5% 0.0% 0.0% 0.0% 0.0% 0.0% 0.0%

25% 100.0% 99.6% 83.9% 33.8% 4.2% 0.2% 0.0% 0.0% 0.0% 0.0%

50% 99.9% 97.5% 85.3% 60.3% 32.7% 13.0% 4.1% 1.1% 0.2% 0.1%

75% 98.9% 94.4% 83.3% 66.8% 48.1% 31.2% 17.5% 9.7% 4.7% 2.1%

100% 97.2% 91.0% 80.4% 67.5% 53.8% 40.3% 28.8% 19.1% 12.9% 8.3%

30 years

0% 100.0% 72.5% 2.7% 0.0% 0.0% 0.0% 0.0% 0.0% 0.0% 0.0%

25% 99.9% 94.4% 52.6% 9.4% 0.5% 0.0% 0.0% 0.0% 0.0% 0.0%

50% 99.3% 92.4% 72.0% 43.0% 19.0% 6.8% 1.7% 0.3% 0.1% 0.0%

75% 97.5% 89.6% 74.8% 56.1% 37.9% 22.9% 12.6% 6.7% 3.0% 1.3%

100% 95.1% 86.4% 74.1% 60.1% 46.4% 34.0% 23.5% 15.8% 10.4% 6.7%
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Portfolio 2SC

Equity 
exposure 3% 4% 5% 6% 7% 8% 9% 10% 11% 12%

15 years

0% 100.0% 100.0% 100.0% 100.0% 100.0% 99.4% 76.4% 21.3% 1.6% 0.1%

25% 100.0% 100.0% 100.0% 100.0% 100.0% 97.6% 83.6% 50.0% 18.0% 3.9%

50% 100.0% 100.0% 100.0% 99.8% 97.8% 91.4% 78.1% 57.8% 37.6% 20.9%

75% 100.0% 99.9% 99.5% 97.7% 93.0% 85.2% 72.6% 59.0% 44.6% 32.0%

100% 99.9% 99.4% 97.7% 93.9% 87.9% 79.1% 68.6% 57.3% 46.6% 36.9%

20 years

0% 100.0% 100.0% 100.0% 99.2% 67.4% 12.7% 0.7% 0.0% 0.0% 0.0%

25% 100.0% 100.0% 100.0% 98.6% 83.8% 46.4% 13.8% 2.6% 0.3% 0.0%

50% 100.0% 99.9% 99.0% 94.2% 80.6% 59.6% 37.5% 19.6% 8.7% 3.4%

75% 99.9% 99.1% 96.0% 88.8% 76.2% 61.6% 45.9% 32.6% 21.3% 13.3%

100% 99.3% 97.0% 91.9% 83.3% 72.1% 60.7% 48.9% 38.5% 29.1% 21.4%

25 years

0% 100.0% 100.0% 97.1% 48.4% 5.2% 0.1% 0.0% 0.0% 0.0% 0.0%

25% 100.0% 100.0% 98.4% 79.5% 36.4% 8.2% 0.9% 0.0% 0.0% 0.0%

50% 100.0% 99.4% 95.1% 80.1% 56.4% 32.6% 15.5% 6.1% 2.2% 0.6%

75% 99.6% 97.3% 90.7% 77.5% 61.1% 44.2% 29.7% 18.4% 10.7% 6.1%

100% 98.2% 93.9% 85.5% 74.1% 61.1% 48.7% 36.7% 27.1% 19.1% 13.0%

30 years

0% 100.0% 99.0% 58.1% 7.0% 0.3% 0.0% 0.0% 0.0% 0.0% 0.0%

25% 100.0% 99.5% 87.4% 45.1% 10.8% 1.3% 0.1% 0.0% 0.0% 0.0%

50% 99.9% 97.6% 86.6% 63.9% 38.3% 18.7% 7.4% 2.5% 0.8% 0.3%

75% 99.0% 94.3% 83.1% 67.1% 50.0% 33.9% 21.5% 12.9% 7.3% 3.8%

100% 96.9% 90.1% 79.4% 66.3% 53.5% 41.1% 30.5% 21.6% 15.5% 10.7%
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APPENDIX B
Success rate and fugit contour plots
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