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Chapter 3

Derivation and properties of
the quasi-elastic equations in
terrain-following coordinates
based on the full pressure field

3.1 Introduction

As mentioned in Chapter 2, the first nonhydrostatic atmospheric flow model
in pressure-based coordinates was formulated by Miller (1974) and Miller and
Pearce (1974). This model employed the full pressure field as vertical coordinate.
The approximations introduced by Miller (1974) to the fully elastic equations in
p coordinates ensured the absence of vertically propagating sound waves from
the equation set. Buoyancy modes remain undistorted by the simplifications,
and horizontally propagating sound waves (Lamb waves) may be removed by
applying the lower boundary condition w = 0 at p = py where pq is a constant.
The complete removal of sound waves yields the equation set to be anelastic.
A sound theoretical basis for these equations (hereafter called the Miller-Pearce
equations, MP equations or MP model) is provided by Miller and White (1984),
and they also transformed the equations to o coordinates. Lamb waves (Lamb,
1932) are present in the o coordinate formulation, where the lower boundary
condition is ¢ = 0 at ¢ = 1 and the upper boundary is defined as p = 0.
The presence of Lamb waves implies a computational penalty compared to the
pressure coordinate formulation (Miller and White, 1984; Room et al., 2001).
Because the MP equations in ¢ coordinates are filtered of vertically propagating
sound waves, but do allow the propagation of sound waves in the horizontal,
the equation set may be called quasi-elastic (or pseudo-anelastic (Room et al.,
2001) .
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The MP model has been applied successfully in pressure coordinates in numer-
ous studies of systems where the initial state is fairly uniform. These include
studies of cumulonimbus and other convective systems (Miller and Pearce, 1974;
Moncrieff and Miller, 1976; Miller and Betts, 1977; Thorpe and Miller, 1978;
Thorpe et al., 1982; Brugge and Moncrief, 1985). The MP model in ¢ coordi-
nates was used in two spatial dimensions to simulate mountain waves (Xue and
Thorpe, 1991) and for studying gravity wave drag and critical level resonance
in three-spatial dimensions (Miranda and James, 1992; Miranda and Valente,
1997). Room et al. (2001) modified the MP model in o coordinates by filtering
out the Lamb waves. The filtering was achieved by choosing the lower boundary
of the model domain to have a fixed pressure distribution in space and time,
and deducing proper vertical boundary conditions for the nonhydrostatic geopo-
tential height-equation (Room et al., 2001; also see Chapter 2). The anelastic
o coordinate equations allow the use of significantly larger time-steps during
numerical integration compared to the corresponding MP equations (Room et
al., 2001). A potential disadvantage of the anelastic equations derived by Room
et al. (2001) is that the surface pressure fluctuation is calculated by assuming
hydrostatic balance at the lowest model level, and by approximating the latter
with the hydrostatic balance in terms of a reference state temperature profile.
If the actual surface pressure is lower then the fixed background pressure, cal-
culations in the model are performed below the actual terrain geometric height
(see Chapter 2). Still, in a set of numerical experiments involving airflow over
orographic obstacles, the surface pressure fields obtained from using the MP
equations applied by Miranda and James (1992) and from applying the anelas-
tic equations showed close correspondence (Room et al., 2001). The anelastic
o coordinate equations are called the NHAD model (nonhydrostatic adjusted
dynamics, Room et al. (2001)).

Both the MP and NHAD models are restrictive in the sense that they are
formulated in terms of a reference state that is in hydrostatic equilibrium and is a
function of pressure only. A single reference state may not be typical everywhere
in a given computational domain. In particular, this may be true if the model is
applied in large-scale modelling or in mesoscale simulations of features such as
frontal zones (White, 1989). White (1989) extended the MP model to be able
to represent large temperature variations on pressure surfaces, by avoiding the
explicit use of a reference state. The extended equations imply a p coordinate
analogue of Ertel’s potential vorticity conservation law and conserves energy
(White, 1989). Salmon and Smith (1994) showed that White’s equations have
a Hamiltonian structure and that the conservation properties follow from the
symmetry properties of the relevant Hamiltonian.

This Chapter commences with an overview of the MP model and White’s equa-
tions in pressure coordinates, whereafter the o coordinate analogue of the pres-
sure coordinate equations of White (1989) is derived. In fact, the work in this
chapter represents the first formulation of White’s extended pressure coordinate
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equations in o coordinates. The o coordinate used is based on the full (non-
hydrostatic) pressure field, just as the pressure and o coordinates used in the
MP-model and by White (1989) are based on the full pressure field. Recently
formulated terrain-following nonhydrostatic models mostly make use (as dis-
cussed in Chapter 2) of vertical coordinates based on the hydrostatic pressure
(Laprise, 1992; Juang, 1992; Gallus and Rancic, 1996; Janjic et al., 2001) or on
a hydrostatic reference-pressure field (Dudhia, 1993; Hsu and Sun, 2001; Dudhia
and Bresch, 2002). The o coordinate used by Room et al. (2001) is a type of
hybrid, since it is defined in terms of the full pressure field and a reference sur-
face pressure distribution. The o coordinate used in the present chapter makes
use of the actual surface pressure, such as in the MP model and the equations
of White (1989), and employs a prognostic equation for the surface pressure.
Lamb waves may therefore be expected to form part of the solution set of these
equations, and they are indeed shown to be quasi-elastic.

Numerical solutions of the NHAD and MP equations in p or o coordinates all
make use of an elliptic equation in the geopotential. A similar elliptic equation
is derived for the o coordinate quasi-elastic equations presented in this chapter.
It is shown that the equation may be obtained from a coordinate transformation
of the corresponding pressure coordinate equation derived by White (1989), or
alternatively, directly from the quasi-elastic equations in o coordinates. An
energy equation for the quasi-elastic equations is also derived. Finally, the
characteristics of the gravity and sound waves in the quasi-elastic o coordinate
equation system are discussed. It is shown how the phase speed of these fast
travelling waves depends on the choice of the model top.

3.2 The Miller-Pearce model

3.2.1 Basic concepts
In pressure coordinates, the vertical velocity w may be expressed as:

%—%_’_ %4_ %J’_ % (31)
Dt ot “ox Uay w(?p' ’

Here

0 0

D
Dt
is the material derivative; all partial derivatives with respect to ¢, x and y are

carried out at constant p. The horizontal components of the wind are denoted
by v and v. Note that p represents the full pressure field, and w = Dp/Dt.

In the free atmosphere, that is, away from boundaries which may impose con-
straints on w, the last term on the right-hand side of (3.1) is dominant (Miller,
1974). It is common practice to ignore the contributions of the first two terms in
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(3.1), and to use the hydrostatic aproximation (1.6) to approximate w as —w/gp
(e.g. Miller, 1974; Holton, 1992). It is less obvious that this approximation is
valid when differentiated (Miller, 1974), that is, as

Dwva(w). (3.3)

‘Dt — Dt \gp

It is also not immediately clear to what extent the properties of a given equation
set are changed by the use of approximation (3.3). However, by scale analysis of
the fully-elastic equations based on the full pressure field as vertical coordinate,
it may be shown that (3.3) may be applied to find an approximated form of the
vertical momentum equation that is consistent with other approximations made
to the horizontal momentum and continuity equations (Miller, 1974, also see
Chapter 2). Indeed, the first nonhydrostatic flow model in pressure coordinates
as formulated by Miller (1974) and Miller and Pearce (1974) was based on
approximation (3.3). In the MP-model the true vertical acceleration Dw/Dt is
replaced in the vertical momentum equation by D,.¢/Dt, where

—w  RuwTey
9Pref g p

(3.4)

UN]Tef =

Here g is the gravitational acceleration and R is the gas constant for a unit mass
of air. Tyey = Trer(p) and p = pres(p) are reference profiles of temperature T
and density p. In conjunction with approximations made in the continuity and
horizontal momentum equations, this replacement of Dw/Dt by Dyer/Dt en-
sures the absence of vertically propagating acoustic modes from the solution set
of the MP equations, whilst buoyancy modes remain undistorted (and no spuri-
ous modes are introduced) (Miller, 1974; Miller and White, 1984). Horizontally
propagating acoustic modes (the Lamb modes) may be removed from the pres-
sure coordinate MP equations by applying the lower boundary condition w = 0
at p = po, where p is a constant (Miller, 1974; Miller and White, 1984).

3.2.2 The Miller-Pearce model in pressure coordinates

For an adiabatic, frictionless atmosphere the three-dimensional MP model with
pressure as the vertical coordinate consists of the following approximate forms
of the horizontal and vertical momentum equations (3.5) to (3.7), continuity
equation (3.8) and the exact thermodynamic equation for a perfect gas (3.9):

’

Du d¢
Dr It =0 (33
Dv ¢’ B
R D (Wl T gp ¢
- ! — =0 .
g Dt ( p ) * Tref + RTref 8]) ’ (3 7)
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Ju Ov Ow

DT wT

Note that Coriolis terms are included in the horizontal component equations;
f is the Coriolis parameter. The material derivative is defined by (3.2). In
equations (3.5) to (3.9) all differentiations with respect to time and the hori-
zontal coordinates are carried out at constant pressure; v and v are the velocity
components in the z and y directions; kK = R/c, with ¢, the specific heat at

constant pressure and ¢ is the geopotential, gz, z being geometric height. q[)/
and T' are the departures of ¢ and T' from the reference profiles ¢,.¢(p) and

Tres(p): / /
O =ref(p)+ 05 T =Tres(p) + T . (3.10)

The reference state is chosen to be in hydrostatic balance, so that:

d¢raf + RTref _
dp P

0. (3.11)

Time integration of the MP equations makes use of an elliptic diagnostic equa-
tion for ¢ which results when (3.8) is applied to differentiated forms of equations
(3.5) to (3.7) (Johnson, 1978; Miller and White (1984); Brugge and Moncrieff
(1985):

¢ 9% 89 [ ,0¢ B) T W dres
I (P S AR i L 12
0x2 + Oy? + Op "s Op 3 dp Jrref Tref Tref dp (3.12)

in which

oudv Ovou 0vOw  Ow v 8_w % B @ a_w (3.13)
Op Ox  Op Ox )

3 =

dxdy Oz dy dydp dydp
and 9p
Tref = . (3.14)
I RTyes

Boundary conditions on the solution of (3.12) are obtained using equations (%’:5)
to (3.7) and (3.9) together with appropriate specifications of u, v, w and T at
the boundaries (Miller and White, 1984).
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Miller (1974) derived the MP equations for flow independent of one horizontal
coordinate by transforming the geometric-height coordinate equations to pres-
sure coordinates and then neglecting various small terms (also see Chapter 2).
By using a scaling and power series expansion method, Miller and White (1984)
gave a formal justification of the MP equations for flow independent of one hor-
izontal coordinate. Their derivation assumed that the departures of ¢/ and T’
from the reference state profiles were due solely to processes occurring on the
convective scale (White, 1989). They identified the quantity

* _ Dbo daraf

“ eref dp

(3.15)

as the key parameter whose smallness (o« < 1) validates the approximations
made by Miller (1974). In (3.15), 0rcf = Oref(p) is the potential temperature
profile corresponding to Ty (p), that is, O,cf = Tres (po/p)" with po a reference
pressure level. Condition (3.15) is satisfied everywhere in the troposphere. Even
in the extreme case of the Antarctica surface layer o < 0.3 (Miranda and James,
1992).

Equations (3.5) - (3.9) imply an energy equation of the form

D 1 1 1. — 0
E(QUQ + §’U2 + 5’(1172«6.]0 + CpT) = —Vp . ((bV) — 8—p(w¢) (316)

in which V = (9/0z, 9/0y) and v = (u,v) is the horizontal velocity (White,
1989). Equation (3.16) is an extension of the familiar energy equation for the
hydrostatic equations, to include the contribution of the approximate vertical
velocity W,y to the specific kinetic energy (White, 1989). Miller and White
(1984) noted a 2-dimensional case of (3.16). Johnson (1978) carried out a de-
tailed study of the vorticity properties of the MP model, and established the
existence of an anologue of Ertel’s potential vorticity theorem.

The MP model has been applied successfully in pressure coordinates in numer-
ous studies of systems where the initial state is fairly uniform. These were
mostly studies of cumulonimbus and other convective systems (Moncrieff and
Miller, 1976; Miller and Bets, 1977; Thorpe and Miller, 1978; Thorpe et al.,
1982; Brugge and Moncrieff, 1985). The appearence of the reference temper-
ature Ty.r(p) in the definition of w (and elsewhere in the vertical momentum
equation) was not a hampering feature in these studies, since each was con-
cerned with situations in which the initial state is horizontally homogeneous.
Variations of the temperature on pressure surfaces is thus due solely to con-
vection itself, and these turn out to be small. Should the MP model be used
in mesoscale simulations - or, as speculatively suggested by Miller and White
(1984), in larger scale modelling - the use of T..s(p) instead of the true local
temperature, 7', would be less sound. In frontal zones, for example, considerable
variations of temperature may occur on pressure surfaces, and a single reference
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state might not be typical of different parts of the computational domain (White,
1989). However, it should be noted that similar height-based equation sets (e.g.
Ogura and Phillips, 1962; Gal-Chen and Somerville, 1975) have been used to
successfully simulate fronts. The tropopause may be a more problematic region
to apply the MP model to. The tropopause slopes in the horizontal, so that
there will be relatively larger departures in temperature from a reference state
that depends on pressure, on a pressure surface that intersects the tropopause.
A modification of the MP model to represent large temperature variations on
pressure surfaces, and that is independent of the use of a thermodynamic ref-
erence profile, was stated by White (1989). This equation set is described in
section 3.2.4. A normal-mode analysis of the MP and White (1989) equations
(in pressure and o coordinates), following recent work performed in height-based
coordinates (Thuburn et al., 2002a; Thuburn et al., 2002b; Davies et al., 2003),
may provide more clearity on the validity of these equation sets as a function of
different flow regimes.

3.2.3 The Miller-Pearce model in sigma coordinates

The o coordinate version of the MP equations was derived by Miller and White
(1984) by means of a coordinate transformation of the equations in pressure
coordinates. Here the o coordinate form of the equations is defined by (2.6) in
terms of the full pressure field. The o coordinate equations, here stated in three
spatial dimensions, are:

% ~ o+ (‘?%) o (‘?%) % —0, (3.17)
DY 4 fust (%) o (%) 81“(;’% o, (3.18)

g % [Tref (D gltps . %)] N ngif N R;{fef ‘Z_i —0,  (3.19)
%+g_z+g_;f %:o, (3.20)

%z;/ - (Dllgotsurf N g) (pmfgsref n KT/) —0. (3.21)

In these equations partial differentiations with respect to x and y are carried out
at constant o. Note that s,.; denotes — (Tyes/0res) (drer/dp), the mean static
stability function (Miller and White, 1984). As stated before in (3.10), 7" and
¢/ denotes departures from a hydrostatic reference state (2.25) that is a function
of pressure only. The surface pressure is denoted by ps.,s as in Chapter 2, and
all the other variables and constants are defined as before.
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The MP model in o coordinates was used in two spatial dimensions to simulate
mountain waves (Xue and Thorpe, 1991) and for studying gravity wave drag
and critical level resonance in three spatial dimensions (Miranda and James,
1992; Miranda and Valente, 1997). The MP model in ¢ coordinates was also
successfully applied in the “cold bubble test” (see Straka, 1993 and Chapter 5) to
simulate a descending cold bubble in an isentropic environment (Xue, 1989; see
also Gallus and Rancic, 1994). Note the use of a reference profile that depends
on pressure in the equations, which may restrict the application of the model
to situations where the atmospheric state is fairly uniform on isobaric levels
(White, 1989).

3.3 White’s extension of the MP model in pres-
sure coordinates

3.3.1 The momentum, continuity and thermodynamic en-
ergy equations

Choosing to avoid the formulation in terms of a reference state used in the MP
model, White (1989) stated the following set of pressure coordinate equations:

’

% — fo+ % =0, (3.22)

% + fu+ %—i =0, (3.23)
g%(ﬂ) QT% %%ﬁ —0, (3.24)
%JFZ—SJFZ—;:Q (3.25)

% - n% =0. (3.26)

Here (3.22) and (3.23) are the horizontal momentum equations, (3.24) is the
vertical momentum equation, (3.25) is the continuity equation and (3.26) the
thermodynamic energy equation. These equations are independent of the choice
of hydrostatic reference state (3.16) (White, 1989). They could be written with
gb, and T replaced by ¢ and T, but White (1989) argued that the subtraction
of reference profiles ¢, (p) and Ty (p) is desirable in computational practice.
Thus, equations (3.22) to (3.26) differs from the MP model in pressure coorid-
inates (3.5) to (3.9) only in the replacement of the reference state temperature
Trer (p) by the true temperature 7. This appears not to be a trivial exten-
sion: The vorticity and potential vorticity dynamics of the extended set (3.22)
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to (3.26) are algebraicly different from the MP equations (3.5) to (3.9) (White,
1989). Equations (3.22) to (3.26) imply the energy equation

D 1 1 1~ - 0
E(EU2 + 51)2 + sz + CpT) = _vp : ((bV) - a_p(w¢)v (327)
where RT
W= (3.28)
gp

Equation (3.27) is a generalization of (3.16) of the MP equations. White (1989)
also showed that (3.22) to (3.26), as the MP equations, imply a pressure coor-
dinate analogue of Ertel’s potential vorticity conservation law.

In this study it is preferred not to make use of the reference profile (3.16) in
White’s equations (3.22) to (3.24). This decision is based on the belief that
the use of perturbation quantities in (3.22) to (3.24) instead of the full fields
does not imply significant advantages in computational practice (McGregor,
personnel communicaton). In fact, the elliptic equations that are eventually
derived for White’s equations (see sections 3.3.2 and 3.4.7), can be most conve-
niently solved numerically if they are formulated in terms of the full geopotential
field (see Chapter 4). Formulating the elliptic equation in terms of perturbation
quantities of the hydrostatic reference profile (3.16) requires a more complicated
specification of the lower boundary conditions needed during the numercial so-
lution of the elliptic equation (see Xue, 1989; also see Chapter 4). Using (3.10)
to write the perturbation quantities qS/ and T’ in terms of the full fields ¢and T,
and substituting into (3.22) to (3.24), a statement of the momentum equations
in terms of the full ¢ and T fields is obtained:

Du 0o
_Dt — fv + % - O, (329)
Dv oo}

R D T gp 09

p Dt( » )+g RTOp 0. (3.31)

Equations (3.29) to (3.31) is the form of the momentum equations of White
(1989) that is used in the present study. It may be noted that White’s equations
(3.29) to (3.31), (3.25) and (3.26) were derived from a Hamiltonian perspective
by Salmon and Smith (1994).

3.3.2 A diagnostic equation for ¢ in pressure coordinates

Following the procedure suggested by Miller and White (1984) for the two-
dimensional MP-equations, a diagnostic equation for ¢ may be derived from
equations (3.22) to (3.26).
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Differentiating (3.22) with respect to z and (3.23) with respect to y, and forming
D (0u/0zx) /Dt and D (9v/0y) /Dt from the resulting two equations, gives

D [ou ou\> owou Owdu v 3%
E<%>+<%> +%6_y+%8_p_f (91‘2_0 (3.32)

and

D (ov\ Oudv [ov\® Owov ou df 0%
S G R e ) I R R R BUCED
It may be noted that

D T TDw wDT 2T TDw 1w?T

el - e 34
Dt( )= th+th 2 p Dt v p? p2 (3.34)

by the use of (3.26). Here v = ¢,/c,. After substituting (3.34) in (3.24) and
differentiating to p it follows, by forming D (0w/dp) /Dt from the resulting
equation, that

B(a_w) 4 @a_w 4 @(Q)_w 4 ((9_441)2
Dt 0op Op Ox  Op dy Op
0 w? L, 00

+—(rg——+r"=—)=0. 3.35
59— Sl (3:35)

Here r = gp/RT. Adding the terms D (0u/0x) /Dt, D (9v/dy) /Dt, and D (0w /dp) / Dt,
and applying (3.25) leads to the required diagnostic equation for ¢:

P9 %9 209,
o o o)
ov  Ou df 0 w?
203+ f(5 — a_y) Uiy 8—p(7”9 - %) (3.36)

in which J3 is given by (3.13). Equation (3.36) is mathematically equivalent to
the elliptic equation stated by White (1989) in terms of perturbation quantities
¢ and T

3.3.3 Two-dimensional equations in pressure coordinates

The two-dimensional version of White’s equations in pressure coordinates (ne-
glecting the Coriolis effect) is:

Du 8¢

7 =0 (3.37)
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R D [wT gp 09
th<p>+g+RT6p_O’ (3.38)
ou Ow
—_— —_— = O .
g + ap , (3.39)
DT wT
—k— =0. 4
T ) 0 (3.40)

These equations may be compared to (2.35) to (2.38), the two-dimensional MP
equations in presure coordinates. In two spatial dimensions, the elliptic equation
assumes the form:

¢ 0 [ ,0¢

Owodu  Oudw 0 w?
2(Z5 - ma) (7 5) (340

3.4 Derivation of White’s equations in o coordi-
nates by a coordinate transformation

3.4.1 Transformation relations

In the following sections the equations derived by White (1989) in pressure
coordinates are transformed to o coordinates, with
R p—pr _P_Pr (3.42)
Psurf — PT Ds

Here p represents the full (nonhydrostatic) pressure field, pr is the prescribed
pressure at the model top (a constant), psy, s is the actual surface pressure and
Ps = Psurf — PT- Note that Psurf = psurf(xu Y, t) and Ps = ps(‘ru Y, t)

Let A be any scalar (or vector) dependent variable. The required transformation
relationships btween o and pressure coordinates (Phillips, 1957; Kasahara, 1974;
Haltiner and Williams, 1980) are:

0A 0A 0A 8p)
— ) =(=) += (= 3.43
(&z)g (3Q>p 3p<3qg (3.43)
with ¢ =z, y or t, and
O0A  OAOp
— = .44
o  Op do (3.44)
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Alternatively, oA oAd
5 = %a_; (3.45)
If equation (3.45) is substituted into equation (3.43), the result is
(e = o+ 5o 5 (G (3.46)
It is worthwhile to note that
g_; B % pszu?r; fTpT - psurj‘pTg_i - pis (3-47)
or, alternatively,
% ~ pe (3.48)
and op 9 Op.
(6—(1)0 = a—q(o’ps +pr)e = 0of 94 )o- (3.49)

Equations (3.47) and (3.49) can now be substituted into equation (3.46) to
obtain the transformation relationship

04\ _ % %g s\ _ % % Olnp,
(3Q>g_(8q)p+8gps(3(1)6—(8(1)]04’800( 34 )U, (3.50)

whilst substituting equation (3.47) in (3.45) gives

0A 10A

3.4.2 The horizontal momentum equations
From equations (3.50) it follows that
o ¢ 0¢ (0lnpg
(8z)p (8:0)0 o0 ( Ox )U' (3.52)

The equation for momentum conservation in the x direction in pressure coordi-
nates (3.29) therefore transforms to o coordinates as

Du_ 96 060mp,
Dt v ox 080 ox

= 0. (3.53)
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Similarly, the pressure coordinate equation for momentum conservation in the
y-direction (3.30) may be tranformed to ocoordinates to obtain

Dv oles dp Olnps
_+fu+8_y_080 dy

(3.54)
3.4.3 The vertical momentum equation
From equations (3.51) it follows that

0 0¢ 0 10
9¢ _0¢00 _ 104 (3.55)
Op 0Oodp psdo

From this, the vertical momentum equation in pressure coordinates (3.31) trans-
forms to

R D [wT p g 0¢
—— | — —— L =0
ngt<p)+g+

T o (3.56)
3.4.4 The continuity equation

From the transformation relationship (3.50) it follows that

ou\ _(u) _ ou(omp,
8:cp_ 8:00080 "

o (3.57)
and Ov Ov Ov (Olnp,
5),- (), 5 (5), 5%
Noting the relationship between ¢ and w
ME% = %—f—u%—i—vg—z—i—dg—i
05;?: + uo %I;S + vo %I;S + ops, (3.59)

from the use of equations (3.48) and (3.49), it follows from equation (3.51) that
0w _ 10w
Ip ps 0o
_ i Ops +u3p5 +v<9p5 to Ops Ou  Ops Ov oo
ps | Ot or

oy or 90 "oy 00 ) TagPe|r (360
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From the use of equations (3.57), (3.58) and (3.60) the continuity equation (3.25)
transforms to o coordinates as follows:

ou @ 8_0 3lnp5+ 81nps+v<91nps

il = .61
oz "oy Tae T ot Y on oy 0, (3.61)
or, in a more compact form:
. DlInpg
Ou v 95 NPs ), (3.62)

9z "oy "0 " D
3.4.5 The thermodynamic energy equation

The form of the thermodynamic energy equation in ¢ coordinates is the same

as for the pressure coordinate equation (3.40):
DT T
el |} (3.63)
Dt P

3.4.6 The extended nonhydrostatic equation set

For the sake of convenience and future reference, the set of equations derived in
o coordinates based on the full pressure field is restated and renumbered:

Du oler 0 dIlnp,
Dv oles 0¢dlnp,
E+fu+6_y_(j% oy (3.65)
R D [wT p g 09
th<p)+g+psRT60_0’ (3.66)
Ou Ov 96 Dlnps
%+8_y+%+ i =0, (3.67)
DT _ @I (3.68)
i Kp =0. .

It is convenient to introduce the quantity Q by using relation (3.59) between
the variables ¢ and w:

S Dl S .
o=2"-_27 (a e —I—a). (3.69)

p  ops+pr Dt
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3.4.7 A diagnostic equation for ¢ in o coordinates

Note that from this point in the text and onwards, partial derivatives with
respect to x, y and ¢ are taken on constant o levels, unless when stated other-
wise. From the transformation relationships (3.50) and (3.51) it follows that:

99°\ _ (04*\ _ 0lp, 9% _ 99 9 (dlp.\ __dlp, ¢
0x2 ) — \ 9x2 O0xr 0Ox00 60 oz oz Oxr 0Oxz0o

9 (299 9ps\ o 9ps
do \Odo ps 0x ) ps Ox

2
= (5). 2 %5 e i (75e) (5) et 670

el 0z 0z0o oo \’ oo oz ) 00 012

The last two terms in equation (3.70) can be written in alternative forms:
9 ( 9¢\ (9lnp,\ 208\ (0lnp.\* 99 (9lnp,
o— o= = - (3.71)
Jo \ Oo Ox 80 7 0 ox 790 ox

and

_0%821np57_ _¢i82p5+ 8¢(81np5)
Jo 0x2 0o ps Ox2 Oo" 0

(3.72)

Substituting (3.71) and (3.72) into (3.70) gives the required coordinate trans-
formation for the term(9%¢/ 6w2)p:

(@) 7(@) _2031111)5 0?%¢ ( 28¢)(8lnp5) _Uad) 1 0?ps
0x2’? tox2’? or 0z0c ' do° do’' Ox 0o ps Ox2°
(3.73)
Similarly, it can be shown that
0%¢ 0% Olnp, 0%¢ L 0, 5,00 0lnps., 0o 1 02p,
(2 ( s

(8—y2)p=(8—y2)a— o dy Oydo ' o 80)( dy ) _Uaaps oy*
(3.74)

To complete the tranformation of terms on the left-hand side of (3.36), trans-
formation relationship (3.51) can be used to show that

206, _ 0 500

3( 3p) 80( 80) (3.75)

Here r = gp/RT as before and s = (0 + pr/ps) (9/RT) = (p/ps) (9/RT).
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The Jacobian terms (3.13) on the right-hand side of (3.36) transforms to o coor-
dinates using transformation relationships (3.50) and (3.51) as follows:

Owdu Oudw 1 Ow <6u Ou 81nps> 1 ou ((%J Ow Blnps)

Opdr Opdx p.0o \dx 0o 0x ) p.do\ozx 0o 0z
~ Ou 0 P 1 0u 9

and similarly,

Qwdv D0s_ 00 (op) 1000
opdy 0Opdy Oyodo

o) " 3.90 9y (Qp) . (3.77)

The remaining terms in the Jacobian transform to:

Ouds _Dvou\ _oudv 0vou
Oxdy Oz dy p_(?z@y Ox Jy

(3.78)

Oy 0o 0Oy do

[61nps ((9u ov  Ov 8u) N Olnp, (61} Oou Ou Bv)]
o .

Ox y 0 do Oz do

The Coriolis terms transform as follows:

ov  Ou\ @_@ @ O0lnpg _a_v OJlnp,
f(az ay>p‘f(az ay>+fa[aa< By ) aa( P ﬂ
(3.79)

whilst the term —udf /dy remains unchanged by the coordinate transformation.

The remaining two terms on the right-hand side of (3.36) transform as follows:

0 w2) 6( 1 gp>
g — ) = — L (sg— 22 L) . 3.80
Bp(g P o0 \*? Y P (3.80)

Combining the above transformation relationships (3.73 to 3.80) yields an ellip-
tic equation for ¢ in o coordinates:

¢ 0% 9 ( 23¢> o (81nps 9?6  dlp, a%)

822 " 9y? ' do or 0xdo dy Oydo

dn p, 2+ dlnp,\*| [0 200\] o (OPps, ps 06 _
Ox Oy Oo oo ps \ Oz2 oy? ) do
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Oou Ov\ 0 P

:{ (% +5) 7 (oF)

L[ gy Py D gy ] L OuDe dvou
ps | Ox ) be Oy P)5q Ox dy Oz Jy
Olp, (Oudv _Dvou)  Olp. (Ovou _ dudv
7170z \Byoo ~ dyao dy \9zxds 0zd0

ov  Ou <8u81np5 (?v(?lnps>} df 0 < P 21)
ol — — sg——Q°— .

%_B_y do Oy 9o Oz dy 0o Ps

+ { a udy do
(3.81)

Equation (3.81) may also be derived directly from equations (3.64) to (3.69).
This tedious derivation can be found in Appendix A.

3.4.8 Two-dimensional version of White’s equations in o
coordinates
In two spatial dimensions, the pressure coordinate momentum, continuity and

thermodynamic energy equations of White (1989) transform to the following o
coordinate equations:

Du oles 0¢\ Olnps
E + <%> — 0 <%) 6m = 0, (382)
R D [wT p g 09
th<p)+ +p5RT80_O’ (3.83)

Oou 06 Dlnp;

Ou 96 _ 84
P P TR (3.84)
DT wT
D8 Yt 3.85
ot (3.85)

The two-dimensional diagnostic equation for ¢ in o coordinates is:

¢ 0 [ ,00 dnp, 9%¢  (dlnp,\> 0 [ ,00\ o [82ps\ 0¢
—+— | s"=— |20 + — 0" — ) — | == =
0x?  Oo Oo Or 0Oxdo Ox Oo 0o ) ps \ 02 ) Oo

ou 0 P 1 0 ou 0 1p o
2[5 (08) - rm 5] - [ - 20 s
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3.5 Properties of the nonhydrostatic ¢ coordi-
nate equations based on the full pressure field

In the following sections, the properties of the derived o coordinate formulation
of the equations of White (1989) are studied. Links and differences with respect
to the MP equations in o coordinates are pointed out.

3.5.1 Physical implications of the approximated vertical
momentum equation

The unapproximated vertical momentum equation, for motion on an f plane, is

Dw 19p
DrtItoE; =0 (3.87)

Here w is the Cartesian vertical velocity Dz/Dt. Following the discussion of
White (1989) for the extended pressure coordinate equations, (3.87) may be
written as

190¢ Dw = 0¢ B
90 DL " 30 RT— —0. (3.88)

Note that the reference state relation (3.11) transforms to o coordinates as

a(bref
oo

+ %RTm ;=0 (3.89)

on the use of (3.51). Subtracting the reference state relation from equation
(3.88), and rearranging the terms, gives

Dw oo} B
ot t935 <— + RT) =0. (3.90)

Substituting for 9o /0¢ from equation (3.88) leads to
Dw ¢’
- T | =0. 91
+ 9%4 " < + 2 R ) 0 (3.91)

From considering (3.91) possible approximations become apparent. Upon intro-
ducing the approximations
Dw/Dt < g (3.92)

and
w~w=-—w/pg=—wRT/gp, (3.93)
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(3.91) reduces to (3.67), the o coordinate form of the extended MP vertical
momentum equation. It does not contain the further replacement of 7" by T;..¢,
from which the MP vertical momentum equation is obtained.

3.5.2 Energetics of the o coordinate equations

In order to obtain an equation for the energy budget of the o coordinate equa-
tions (3.64) to (3.68), multiplying (3.64) by u, (3.65) by v, (3.66) by w, (3.68) by
¢p and adding the equations give:

D /1 1 1~ oo} d¢ 0¢ [ Odlnps 0lnpg
2 — gy 5 _
Dt< ut vt gw +C”T)_ Yoz Yoy 0. \"Tar TV gy
. g 0¢ wT
-l—w( +pSRTa)+Rp' (3.94)

From multiplying (3.94) by ps, it follows that

D /1 1 1 - ¢ ole 0¢ [ Ops Ops
2 T) = _ oe
Dt< ut gt +C”> p5<a v (9y>+ aa<“ax+”ay
. 9 o wT
+Wps (g—i— T 90 ) +psR P (3.95)

By using (3.93) it can be shown that (3.95) reduces to:

2 1 2 1 2 l 2 _ 6_¢ aps Ops
psDt(2u Tauitav +CPT) 790 "oz Ty
6(psu¢) _¢a(ups) + a(psv¢) . ¢a(’l)ps) . (9(;5
Ox ox Jy y Yoo
__O(psug)  O(psvo) Ips . Ops 8u v
B or dy tou Ox v oy +ops + dy
9  9¢ ( Ips  Ops
waa—i—oaa (uaz +v8y>' (3.96)

From the use of the continuity equation (3.67) and relationship (3.69) it is finally
obtained that:

D <1 + 11} + ;wQ +cpT> = _a(psugb) — 9 (psv9) - i (pso )

Pspy 2 or oy do
9 Ops
5 (¢0) e (3.97)
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Equation (3.97) corresponds to the energy equation found by Miller and White
(1984) for the two-dimensional MP equations in o coordinates, with the differ-
ence that the aproximated “vertical” specific kinectic energy per unit mass is
evaluated in terms of a reference temperature in the MP equations, by using
(3.4). As pointed out by Miller and White (1984) for the energy equation cor-
responding to the MP equations, (3.97) is similar to the total energy equation
implied by the usual hydrostatic o coordinate equations (e.g. Haltiner, 1971).
The main difference with respect to the energy equation of the hydrostatic o
coordinate equations, is that the contribution of vertical velocity to the specific
kinetic energy is present in approximated form in (3.97), whilst it is neglected
in the hydrostatic form of the equation.

3.5.3 Linearized equations

Knowledge of the types of motion described by a given equation set is essential
not only for understanding the dynamical properties of the system, but also for
practical purposes when numerical computations are carried out and a suitable
algorithm is to be chosen (Miller, 1974).

The linear analysis presented in this section closely follows that of Miller and
White (1984). However, the use of the modified o coordinate (3.42) with pp > 0
requires a more complicated treatment than the case of pr = 0 (as used by
Miller and White, 1984). The two-dimensional o coordinate equations (3.82) to
(3.85) are studied in order to keep the analysis compact, but the extension to
three dimensions is obvious. Equations (3.82) to (3.85) are linearized around a
reference state of no motion, that is u,.y = 0 and ¢,y = 0. The reference state
is chosen to be isothermal and in hydrostatic balance:

d¢raf RTO
—_ = 3.98
a0 » (3.98)
which by the use of transformation relation (3.51) translates to
a re Vs
Oref _ ZPs ppy (3.99)
do D

Here Ty is the temperature of the reference state and ¢,cf = ¢ref(p). The
reference surface pressure pg,rf_rcf is constant. Note that the reference state is
a function of pressure only, which implies that the reference state geopotential
depends on the horizontal position at levels of constant ¢. In fact it is useful to
note that, from the transformation relation (3.50),

a(bref _ a(bref i 6¢7‘ef g aps
Ox o Oz p Jo Ps ox .

_ a¢ref alnps _ Ps alnps
= oo ( 5 )U_ Ry (=5 R (3.100)

56



University of Pretoria etd — Engelbrecht, F A (2006)

since ¢ ¢ is a function of pressure only.

The perturbation fields o are defined by

O =apef 40 (3.101)

for a particular field variable «. Following the usual linearization procedure, all
variables in (3.82) to (3.86) are written in terms of reference and perturbation
parts. By neglecting the products of perturbations, and by making use of (3.99)
and (3.100), the linearized equations may be shown to be:

ou 0

i S 102
TR 0, (3.102)

o) Po (0 Ips ﬂ T <Up0+pT) 1 98¢
Hyo |20 (2 Sgy (TP 99 ) (3.103
ot Lpo +pr \po Ot o)t Tog+ Po Hy 0o ( )

Oou 0 1 Ops

e =0 104
8z+80+p08t ’ (3.104)
or' Do o Ops .
= S S e Ty = 0. 1
5 K [Upo e <po N +0 0=0 (3.105)

Here Hy = RTy/g and po = psurs_res — pr- Note that in deriving the linearized

equations, the assumptions ‘T/ < Ty and p; < po are made explicitly.

3.5.4 Towards wave-like solutions of the linearized equa-
tions

In order to investigate the presence and characteristics of sound and gravity
waves that form part of the solution set of (3.82) to (3.85), wave-like solutions
of the form

Q (z, t) = Qexpl=ct) (3.106)

are posed for (3.82) to (3.85), for each field variable @ (with the field variables
being u, &, (bl, T  and ps) . Here @ is a function of o at most. It is convenient to
write ps in terms of pg, as ps = po7. Note that kc = v, where v is the frequency
of oscillation, k = 27/L, is the wave number and L, is the wave length. For
propagating waves the phase speed is constant for an observer moving at the
phase speed c. The following equations relating the amplitudes of the posed
solutions are obtained from substituting (3.106) into (3.102) to (3.105):

—cii+ ¢ =0, (3.107)
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. T 1 dé’
Hy {pio [—ikcd—i— (ikc)chfT} } +97 + (M> Lde
0

opo + pr Po Hy do
(3.108)
5
ik + <2 —iker =0, (3.109)
do
. ~r pO T . ~
(—ike) T — K [7 (U — zkcmr)} Ty = 0. (3.110)
opo + pr
Eliminating @ and 7" from (3.107) to (3.110) gives
do k-
i — ket +i-¢' =0, (3.111)
N2 N 2 d N
icH? (K2 — 2 (zf - ikcafr) _(apoter) Ao (3.112)
c2 Do do

where N2 = gr/H,.

Following Miller and White (1984) the best way to proceed is to eliminate &
from equations (3.111 and 3.112) to obtain a second-order differential equation

for ¢':

d . opo+pr . ,dd N? N
e [(T)QE] + Hi(—5 — k)¢’ = 0. (3.113)

Equation (3.113) may alternatively be derived from the linearized version of
the elliptic equation (3.81). This approach is useful in the eventual analysis of
numerical schemes used to solve the system (3.64) to (3.68) (see Chapter 4),
and is presented in Appendix B.

Under the transformations

Z = —Hyln(ZREPTy (3.114)
Po
F = ¢ exp Z/?Ho, (3.115)
(3.113) becomes , ,
%H%_ 2_4%13)}?_0. (3.116)

The algebra involved in deriving (3.116) is discussed in Appendix C.
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For later application, it is useful to find a the relation between 7 and gZ;'. This
is achieved by integrating (3.111) over o = [0, 1] and by applying ¢ = 0 (that
is, 6 =0)at c =0 and 1

R Y
= 0_2/0 @' do. (3.117)

3.5.5 Solutions of (3.116) with exponential variation in
height

3.5.5.1 Form of the sound wave solutions

Solutions of (3.116) with exponential height variation (if they exist) have

1 N?
2 2
= k 0 A1
K 4H? ( c? ) - (3:118)
so that . .
¢ = [A exp "4 +B exp“Z} exp zHo (3.119)

and one may define > 0. Equation (3.118) is the frequency equation for Lamb-
waves described by (3.82) to (3.85) (see the analysis by Miller (1974) and Miller
and White (1984) for the MP equations, also see the following sections 3.5.5.5
and 3.5.5.6).

It may be noted that relationship (3.118) may consistently be obtained by con-
si(Aiering the upper and lower boundary conditions that apply to &, gZ;/, and
d¢' /do. The details of this derivation are given in Appendix D and make use
of results obtained in sections 3.5.5.3 and 3.5.5.4. A second equation relating
and ¢ needs to be obtained, in order to find an expression for ¢ in terms of the
reference state parameters and physical constants. To this end, it is useful to
linearize the term D¢/Dt at o = 1. Note that
D¢y 09 0¢

at 0 = 1. Using (3.50) and (3.51), this may be written as:

Do _ 09 | dires Ops | Ops, 06
Dt~ ot 7 dp (B T o) T V%
99 ~RTy . Ops = Ops ¢’
=5 +o e (Bt “am)“‘ax' (3.121)
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Linearizing (3.121) and requiring that w = 0 at ¢ = 1 (where ¢ = 0 by defini-
tion) gives (at o = 1):

9¢' _ RTy Op. _ gHo Ops
ot py Ot  py Ot

(3.122)

Note that by requiring w = 0 at ¢ = 1 (that is Z = 0), specifies 0 = 1 as a level
surface. Equation (3.122) reduces to

¢ = gHor (3.123)

at 0 = 1, on the substitution of (3.106). The required second equation relating

1 and ¢ may be obtained by substituting appropriate expressions for ¢ and #
in (3.123).

3.5.5.2 Finding an expression for (;g' at 0 =1

Recalling the definition Z = —H ln["mp%], it follows from (3.119) that

d;/ 7A(Up0p'spT)Ho(M—ﬁ) +B(O.pop%)Ho(_M_ﬁ). (3124)

From (3.124) it follows that

. Ho(p—1/2Ho) Ho(—p—1/2Ho)
§o=1)=4 (poz)ri”) +B (L;FPT) . (3.125)
0 0

3.5.5.3 Applying the linearized continuity equation
From substituting (3.124) in (3.117) it is obtained that:

po + pr Ho(p+1/2Ho) pr Ho(p+1/2Ho)
( Po ) _(p_0>

Do + pr Ho(—p+1/2Ho) r Ho(—p+1/2Ho)
( 0] ) _(p_0>

= ciQ {A [Ho (1 +11/2H0)}

1
P [Ho Cnt 1/2H0)]
(37126)

Equations (3.126) and (3.125) may now be substituted into (3.123), in order to
find the required second relationship between ¢ and . However, in order to
eliminate constants A and B from the resulting equation, it is necessary to find
the relationship between the constants. This relationship is derived in the next
subsection.
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3.5.5.4 Utilizing the upper boundary condition on ng;'/da
From differentiating equation (3.124) with respect to o it follows that

A 3
d¢' opo + pr ) oW 7))
& AHy (u—1/2H,) [ 22T
e o (u—1/2Hy) ( o )
+BHy (—p— 1/2Hy) ((’popﬂ) Ho(—n—3) (3.127)
0

Equation (3.112) yields, for the case pr > 0, that dgi;/ /do = 0 at the upper
boundary ¢ = 0 (from noting that ¢ = 0 at 0 = 0 per definition). From this
result an equation relating A and B may be obtained by the use of (3.127):

Ho(p—58=)
1 pr *Mo
H __t ) (PT
0 (M 2H0> (po>

Ho(—p—358=)
1 pT 2H(
A +B | H, (— —_> (_> =0,
o\TH 2Hy Po
(3.128)
which reduces to
1
" — 55 2Hop
B= A@ (p—T) . (3.129)
Do

1
(n-+5i5)

3.5.5.5 A second relationship between p and ¢

From substituting (3.125) and (3.126) into (3.123) and applying (3.129) we
obtain that:

1 — =L
(Po +PT>H°(“ 2H0)+ = ﬁ (79_T>2H0H (Po -H?T)HO( #img) _
Po ;H—ﬁ Po Po
g 1 <p0+pT)Ho(#+ﬁ)_ <p_T)H0(#+ﬁ)
2\ \ 1+ 5 Po Po
(e (P_T)QHW 1
p+ 5= ) \po i+ 5t

which reduces to

<M+ 1 ) (po_’_pT)HO(H_ﬁ)—i_(M_ 1 ) (]E)QH()M (po_’_pT)HO(_N_ﬁ) _
2H, Do 2H, Do Do

. — .
(po +pT)H°(“+2H°) _ <Z£>2H°“ <po +pT)H°( ”+2H°)] (3.131)
0

(po_i_pT)Ho(quﬁ) - (@)Ho(qum
Po Po
(3.130)

9

c? Po p Po
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It may be noted that in the limit, when pr approaches 0, (3.131) reduces to

1 g

This corresponds exactly to the result obtained by Miller and White (1984), for
the MP equations, as formulated originally with p = 0. It is not clear how the
simultaneous equations (3.118) and (3.131) may solved for the general case of
pr > 0, in order to obtain an expression for ¢ in terms of the reference state pa-
rameters and physical constants. However, an approximated relationship may
be obtained by making use of a Taylor series expansion for ¢? in (3.131). To this
end, note that from (3.131) it follows that

]Ho(p:i»l/?Ho) _ ( )2Hop, [( ]Ho(*llrkl/QHo)}/

F=g {[(po +p1) /Po pr/PO po +pr) /Po

{0+ 1/20) [(po + pr) /po] 007112

+ (= 1/2Ho) (pr/po)”™" [(po + pr) /PO]HU(_”_l/QHO)} : (3.133)

From (3.133) the function dc?/dpr may be calculated, and ¢ may be approxi-
mated with a Taylor series expansion around pr = 0 as

@ pr) = 0.0) + (50 (. 0)) () + 0 (43) (3.134)

Evaluating ¢? and 0c¢?/0pr at pr = 0 and substituting in (3.134) leads to the
approximated relationship

2 g gHy u—1/2Ho>
o9 (90 (K20, 3.135
YT 1/2H, < 0 ) ( u+1/2H, ) T (3.135)

3.5.5.6 The influence of the height of the model top on the phase
speed of the Lamb waves

Equations (3.118) and (3.135) may be used to obtain an approximated expres-
sion for ¢ in terms of the reference state parameters and physical constants. To
this end, note that ¢? may be eliminated from (3.135) by the use of (3.118), to
give

2 _
N g +(9_Ho) (1 p—1/2H,

= - . .].
1/4HZ + k> —p?> p+1/2H, Do u+1/2H0>pT (3.136)

Rearranging the terms in (3.136) gives

g(L+pr/po) > + N?p— (1/4HZ + k) g (1 + pr/po) + N?/2H,,  (3.137)
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which has solutions

—N? £ /N + 49 (1 + pr/po) [(1/AHG + k?) g (1 + pr/po) — N?/2Hy]
29 (14 pr/po)

’LL:

(3.138)

Equation (3.138) gives the relationship between p and the reference state pa-
rameters and physical constants. It may be noted that only the positive root
represents a physical solution, since p > 0 by definition. From (3.118) it follows
that

¢ = £N/\/(1/AHE + k2 — p22). (3.139)

Equation (3.138) may be used to eliminate p from (3.139) to give a relation-
ship between ¢ and the reference state parameters and physical constants. The
dependency of ¢ on wave number and the height of the model top is depicted
in Fig. 3.1, by the use of (3.138) and (3.139), for the choice of pr = 0hPa
(yellow line), pr = 135 hPa (green line) and pr = 442 hPa (black line). The
true sound wave speed is depicted by the red line. Formulas (3.138) and (3.139)
were applied for Ty = 300 K; all the other constants have been defined earlier.

It is clear from Fig. 3.1 that for the choice pr = 0 the Lamb wave phase speed
is retarded at all wave lengths. The retardation is the strongest at the shortest
resolvable scales, whilst the Lamb wave phase speed approaches the true sound
wave speed in the long wave length limit. For the case pr = 135 hPa and pr =
442 h Pa, the Lamb waves are also retarded at the shortest resolvable scales.
However, at lower wave numbers the Lamb waves are accelerated, reaching
almost 400 m/s in the long wave length limit for the case pp = 442 hPa.

In boundary layer modelling, air pollution studies and numerical tests designed
to test the performance of numerical schemes, it is common practice to choose
the model top well below 0 hPa. With these and meso-scale applications in mind,
more insight into the Lamb wave behaviour may be obtained from considering
Fig. 3.2. Here the Lamb wave phase speed is displayed as a function of horizontal
wave length, for 0.2km < L, < 200.2 km. Note that Lz = 0.2 km represents
the shortest resolvable wave for the choice 2Axz = 200 m. The colour code used
is as stated for Fig. 3.1. Close to the limit of the shortest resolvable waves,
the retardation of the Lamb waves are considerable for all the choices of pr,
being about 50 % for wavelengths of about 20 km. Thus, for micro- and meso-
scale applications over relatively small domains, the equations (3.82)-(3.85) offer
significant computational advantages over the fully-elastic equations. It may be
noted that for the choice of pr = 442 hPa, Lamb waves travelling faster than
the true sound wave speed are only present for wave lengths longer than about
140 km.
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Lamb wave phase speed
g

0.1 0.2 0.3 0.4 05 0.6 0.7 08 s
kd/pi

Figure 3.1: Lamb wave phase speed as a function of the normalised wave number,
for various choices of the height of the model top: pr = 0hPa (yellow line);
pr = 135 hPa (green line); pr = 442 hPa (black line). The true sound wave
speed is depicted by the red line.
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Lamb wave phase speed
g
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Figure 3.2: Lamb wave phase speed as a function of horizontal wave length,
for various choices of the height of the model top: pr = 0hPa (yellow line);
pr = 135 hPa (green line); pr = 442 hPa (black line). The true sound wave
speed is depicted by the red line.
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3.5.6 Solutions with sinusoidal variation in height
3.5.6.1 Form of the gravity wave solutions

Solutions of (3.116) with sinusoidal height variation (if they exist) have

1 N2
2 2
e (5 - ) >0 14
m 12 +( 3 ) > (3.140)
so that . ‘ ‘ .
¢ = [Aexp ™% 4 Bexp™?] exp?o (3.141)

and one may define m > 0. Equation (3.140) corrresponds to the frequency
equation obained for gravity waves in the fully-elastic equations (see, for ex-
ample, Eckart, 1960; Miller, 1974). The fully-elastic equations additionally
describe horizontally and vertically propagating acoustic modes (e.g. Eckart,
1960; Miller, 1974), which are not present in (3.82) to (3.85), except for the
Lamb waves described in section 3.5.5.

For later application (in Chapter 4) , it is useful to write (3.140) alternatively
as

1
—wi (B> +m? + — | & + K**N? =0, (3.142)
4H?

with wp = ke the true frequency of the gravity waves.
3.5.6.2 Finding an expression for qg' at 0 =1

From noting that by definition Z = —HyIn [(opo + pr) /po], it follows that

1/2
& = ( A expimHolnl(epo+pr)/po] 4 B exp—imHozn[<apo+pT>/pol) < Po ) ,
opo + pr
(3.143)

From (3.143) it follows that

1/2
(g =1) = imHoln[(po+pr)/po] —imHoln[(po+pr)/Po] Po
¢'(c=1) Aexp +Bexp )
Po + pr
(3.144)

3.5.6.3 Applying the linearized continuity equation
From substituting (3.143) in (3.117) and integrating it may be shown that

1
c? (14 4m?Hg) x

ﬁ':
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1/2 1/2
<Po + PT> expi™Ho Inl(po-+pr) /po] _ <P_T> expimHon(pr/po) | |

{A (2 — 4mHyi)
Po Do

1/2 1/2
B (2 + 4mHyi) (M) exp~imHo Inl(po-+pr) /po] _ (79_T> exp~imHo IH(PT/:DO)‘| } _

Do Do

(3.145)

The details of the derivation may be found in Appendix E. Similar to the ap-
proach used to analyse the sound waves in the linearized equations, equations
(3.144) and (3.145) may be substituted into equation (3.123), in order to find the
required second relationship between ¢ and m. In order to eliminate constants
A and B from the resulting equation, it is necessary to find the relationship
between the constants. This relationship is derived in the next subsection.

3.5.6.4 Utilizing the upper boundary condition on ng;'/da
From differentiating (3.143) with respect to o it follows that

¢’ _ <L) [ 4 (_l +im H0> exp™Ho Inl(opo-+pr) /o]
do opo + pr 2

+B (—% — imH0> exp~ ‘mHo 1“[(Up°+pT)/p°]] (3.146)

Recalling that for the case pr > 0, dqg'/ do = 0 at 0 = 0 (see section 3.5.5.4),
an equation relating A and B may be obtained by the use of (3.146):

A (_% + imHo) expimHo In(pr /po) +B <_% _ imHo) exp*imHo In(pr/Po) — ()
(3.147)

which may be written as

(—2 + 42mH0)
€ex

\Z2 T ®mnio)  i2mHo In(pr /po) 14
@+ dimHy) P (0:145)

B=A

3.5.6.5 A second relationship between m and c

From substituting (3.144) and (3.145) into (3.123) and applying (3.148) it is
obtained that:

. 2
expimHo In[(po+p1)/Po0] + —2+4imHo expimH0{2IH(PT/PO)—ln[(PO‘f‘PT)/Po]} Do _
24+ 4imH, po + pr
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gHo o
c?(1+4m?Hg)

1/2 1/2
(2 — 4mHoi) <po + pT> exp?™Ho Inl(po+pr) /pol _ <ZE> expimHon(pr/po) | |-
Po Po
—2+ 4imH, .
<2-’—Tj’nﬂoo) (2—|—4ZmH0) X

1/2 1/2
<P0 + PT) expi™Ho (200 /o) Inl(po-+p2) /pol} _ <p_T) exp™Ho (w1 /p0)
Po Po

(3.149)

which reduces to

(2 4+ 4imHo) expimHo In[(po+pr)/po] | (=2 + 4imHy) expimHo{2ln(pr/po)—ln[(po+pr)/po]}

_4gH,
==

(expimHo Inl(po+pr)/Po] _ gpyimHo{2 n(pr /po)~Inl(po-+pr) /po] }) . (3.150)

It is not clear how (3.150) and (3.140) may be combined to find an expression
which explicitly describes the phase speed c of the gravity waves as a function
of the reference state parameters and physical constants. However, equation
(3.150) implies the approximated relationship

c* |2 + 4imHy| < 4gH,, (3.151)
which may be written as
< 9Ho (3.152)
~ 1+4m2HZ' )

In the limit, where m approaches zero (the long vertical wave length limit), it
holds that
¢ < \/gH,. (3.153)
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Equation (3.153) indicates an upper limit of the phase speed of the gravity
waves in the quasi-elastic equations. Note that (3.153) is reminiscent of the
phase speed ¢ = /gH of gravity waves in the shallow-water equations, with H
the mean depth of the fluid (see Chapter 4). Equations (3.140) and (3.150) may
possibly be solved numerically in order to describe the relationship between the
gravity wave phase speed ¢ and the reference state parameters more exactly
(similar to the result obtained for the Lamb wave phase speed in section 3.5.5).
Most importantly though, is that the form of the gravity wave solutions (3.140)
correspond to that of the fully elastic equations (e.g. Eckart, 1960; Miller, 1974).
This illustrates that buoyancy modes are left undistorted by the approximations
introduced to obtain the MP equations and the equations of White (1989).

3.6 Discussion

The main objective of the present chapter was to derive the o coordinate equiv-
alent of the extended pressure coordinate equations of White (1989). This was
achieved by a direct transformation of the pressure coordinate equations to o
coordinates (section 3.4). The numerical solution of the o coordinate equations,
as in the case of the pressure coordinate equations of White (1989) and the MP
model, makes use of an elliptic equation in the geopotential. The o coordinate
version of this equation may be derived by means of a coordinate transformation
of the associated pressure coordinate equation (section 3.4) or directly from the
o coordinate equations (Appendix A). Equations (3.64) to (3.68) and elliptic
equation (3.81) represent the first formulation of White’s pressure coordinate
equations in o coordinates. The equations derived make possible the construc-
tion of a numerical model based on the o coordinate equivalent of White’s
pressure coordinate equations. This numerical model is realized in Chapter 4.

When the derived o coordinate equations are linearized around an isothermal
reference state of no motion, the resulting equations correspond exactly to the
linearized MP equations in o coordinates. The equations of White therefore
offers the same advantages as the MP equations with respect to the proper-
ties of fast-travelling waves that form part of the solution set of the equations.
Equation (3.140) obtained for the phase speed of gravity waves in the ¢ coordi-
nate equations, is the same as that obtained for the fully-elastic equations. It
illustrates that the buoyancy modes in the equations remain undistorted by the
simplifications introduced to the unapproximated equations. The linear analy-
sis of the sound waves present in the system, indicates that vertically travelling
sound waves are filtered from the equations. The phase speed of Lamb waves
that are present in the o coordinate equations are significantly retarded at short
wavelengths (Fig. 3.1), although this advantage is reduced when the model top
is chosen to be below 0 hPa (Fig. 3.1). The filtering of the sound waves propa-
gating in the vertical, in combination with the retardation of the Lamb waves,
yields the equation set to be “quasi-elastic”.
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The advantage offered by the extended o coordinate equations, compared to
the MP equations in ¢ coordinates, is that they are formulated independent
of the use of a reference profile. Even the elliptic equation (3.81) is non-linear
and may be numerically solved without applying linearization of any kind (see
Chapter 4). The extended o coordinate equations are therefore likely to remain
applicable to situations where the basic state is not horizontally homogeneous.
The corresponding MP model is likely to be a less accurate description of the
flow in such a situation, because of its formulation in terms of a reference profile
that depends on pressure only.
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