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Abstract
We study (strong) first countability of locally solid convergence structures on Archi-
medean vector lattices. Among other results, we characterise those vector lattices 
for which relatively uniform-, order-, and �-order convergence, respectively, is 
(strongly) first countable. The implications for the validity of sequential arguments 
in the contexts of these convergence structures are pointed out.
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1  Introduction

The theory of convergence structures, as set out in [6] and [21], provides a general 
setting for concepts of convergence of nets, filters and sequences which do not nec-
essarily correspond to convergence with respect to a topology. In the theory of vec-
tor lattices there are several natural and important examples of such non-topological 
convergences. For instance, for a vector lattice X there exists a (linear) topology � 
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on X so that the order convergent nets in X are precisely the �-convergent nets if and 
only if X is finite dimensional, see [12]; for relatively uniform convergence this is 
the case if and only if X has a strong order unit, see [11, Theorem 5]. Motivated by 
these and other examples, a general theory of locally solid convergence structures is 
developed in [10], see also [23]. In this paper we consider countability conditions 
in the context of locally solid convergence structures. Our main results characterise 
those vector lattices for which order convergence, �-order convergence, relative uni-
form convergence and their unbounded modifications are (strongly) first countable.

The paper is organised as follows. Section 2 provides general background mate-
rial on convergence structures. In particular, sequential, Fréchet–Urysohn conver-
gences and (strongly) first countable spaces are discussed in Sect. 2.2, and 2.3 deals 
with countability properties of bornological convergence and the bounded modifi-
cation of a convergence structure. Section 3 is dedicated to countability properties 
of the unbounded- and locally solid modifications of a convergence structures. The 
heart of the paper is Sect.  4: Here we characterise those vector lattices for which 
order convergence, �-order convergence, and, unbounded order convergence, 
respectively, is (strongly) first countable. Finally, in Sect. 5 we discuss the validity of 
sequential techniques in the presence of (strong) first countability.

2 � Generalities

2.1 � Convergence structures

Throughout this section, X denotes a nonempty set, unless otherwise stated. By a 
net in X we mean function x ∶ A → X from a pre-ordered, upward directed set A 
into X; we denote such a net by (x

�
)
�∈A . In keeping with [10] we adopt the following 

notational convention: The index set of a net is denoted by the capital Greek letter 
corresponding to the lower-case Greek letter which is used as the subscript for the 
terms of the net. Hence the net (x

�
)
�∈A is denoted simply by (x

�
) . A tail of a net (x

�
) 

is any set of the form {x
�
}
�⩾�0

 with �0 ∈ A . A net (y
�
) is called a quasi-subnet of the 

net (x
�
) if every tail of (x

�
) contains a tail of (y

�
) . Note that every subnet of (x

�
) is a 

quasi-subnet of (x
�
) , but not conversely.

A filter on X is a nonempty collection F  of nonempty subsets of X which is 
closed under the formation of finite intersections and supersets. A filter base on X is 
a nonempty collection B of nonempty subsets of X which is downward directed with 
respect to inclusion. Every filter base B is contained in a smallest filter, 
[B] ∶= {F ⊆ X ∶ B ⊆ F for some B ∈ B} . We note that if B is a filter base and F  is 
a filter so that F ∩ B is a filter base, then [F ∩ B] ⊆ F ∩ [B] ; in general the inclusion 
may be strict. For instance, let X = ℝ , let F  be the neighbourhood filter of 0, and let 
B = {ℝ} ∪

{[
0,

1

n

)}

n∈ℕ
 . Then, F ⊆ [B] but F ∩ B = {ℝ} , hence 

[F ∩ B] = {ℝ} ≠ F = F ∩ [B].
With every net (x

�
) in X we associate a filter on X, namely, its tail filter, 

[x
𝛼
] ∶= {F ⊆ X ∶ F contains a tail of (x

𝛼
)} . Conversely, for every filter F  on X there 

exists a (generally not unique) net (x
�
) in X so that F = [x

�
] . In particular, given a 



Countability conditions in locally solid convergence spaces Page 3 of 37  74

filter F  , define A ∶= {(F, x) ∶ x ∈ F ∈ F} and order A by reverse inclusion on the 
first component. For every � = (F, x) ∈ A let x

�
∶= x . Then (x

�
) is a net in X and 

[x
�
] = F  . Hence we can (and do) work with either nets or filters, as is convenient.
A convergence structure on X is defined by specifying, for every x ∈ X , those 

nets that converge to x, denoted x
�
→ x , subject to the following axioms. 

1.	 Constant nets converge: if x
�
= x for every � then x

�
→ x.

2.	 If a net converges to x then every quasi-subnet of it converges to x.
3.	 Suppose that (x

�
) and (y

�
) both converge to x. Let (z

�
) be a net in X such that 

z
�
∈ {x

�
, y

�
} for every � . Then z

�
→ x.

The set X equipped with a convergence structure is called a convergence space.
Although it is standard in the literature to define convergence structures in terms 

of filters, see for instance [6], for applications in analysis it is often convenient to 
work with nets, and in [21] the above definition of a ‘net convergence structure’ 
is shown to be equivalent to the usual one in terms of filters: Given a convergence 
structure on X as defined above, we declare a filter on X to converge to x if there 
exists a net x

�
→ x so that F = [x

�
] ; this defines a filter convergence structure in the 

sense of [6]. Conversely, given a filter convergence structure as in [6], a net (x
�
) in 

X converges to x ∈ X if the tail filter [x
�
] converges to x; this yields a convergence 

structure as defined above. The procedures for passing between net- to filter conver-
gence structures are inverses of each other.

When simultaneously dealing with more than one convergence structure on X we 
label them � , � , etc., and write x

�

�

�����→ x to denote that a net (x
�
) converges to x with 

respect to � , and likewise for filters. Given two convergence structures � and � on 
X, we say that � is stronger than � (or � is weaker than � ) and write � ⩾ � if for 
every net (x

�
) in X, x

�

�

�����→ x implies that x
�

�

�����→ x ; equivalently, for every filter F  on X, 
F

�

�����→ x implies that F
�

�����→ x.
Most basic concepts from topology, such as continuity of functions, general-

ise in the obvious way to the setting of convergence spaces: a characterisation in 
terms of nets, sequences or filters becomes the definition. Recall that if f ∶ X → Y  
is a function and F  is a filter on X then we write f (F) for the filter generated by {
f (A) ∶ A ∈ F

}
 . For a net (x

�
) in X we have f

(
[x

�
]
)
=
[
f (x

�
)
]
 . A function f between 

two convergence spaces is continuous if x
�
→ x implies f (x

�
) → f (x) for every net 

(x
�
) . Equivalently, if F → x implies f (F) → f (x) for every filter F  . A convergence 

structure on a vector space is linear if the vector space operations are continuous; 
we call such a space a convergence vector space. We refer the reader to [6, 10] and 
[21] for any undeclared concepts.

One important point where the theory of convergence spaces diverges from 
topology concerns the closure of a set. We briefly recall the main points. Let X be 
a convergence space with convergence structure � and A a subset of X. Recall that 
the adherence of A is the set of limits of nets in A, and is denoted A

1,� or just A
1 . 

A is closed if A = A
1 , and the closure of A is the smallest closed subset A

�

 (or just 
A ) of X containing A. Clearly, A

1
⊆ A ; in general the inclusion may be strict. For 
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an ordinal � , we define A
�+1 as the adherence of A

�

 ; thus, in particular, A
2 is the 

adherence of A
1 , etc. If � is a limit ordinal then A

�

 is defined as the union of A
�

 for 
all the ordinals 𝜄 < 𝜅 . It is shown in [10] that A

�

= A , for a large enough ordinal �.
We remark that a slightly different definition of a net convergence structure 

was introduced in [4], there referred to as a ‘convergence’. Every convergence 
structure is a convergence in the sense of [4], but not conversely, as the following 
example shows, see also Remark 4.5.

Example 2.1  On ℝ2 , declare x
�

�

�����→ x if there exists �0 ∈ A so that �1(x�) = �1(x) for 
all � ⩾ �0 , or �2(x�) = �2(x) for all � ⩾ �0 , with �1 and �2 denoting the coordinate 
projections. It is easy to see that � is a convergence in the sense of [4]. However, it 
does not satisfy axiom (iii) in the definition of a convergence structure. Indeed, let 
xn ∶= (1, 0) and yn ∶= (0, 1) for every n ∈ ℕ . Let zn ∶= xn if n is even, and zn ∶= yn if 
n is odd. Then xn

�

�����→ (0, 0) and yn
�

�����→ (0, 0) , but (zn) is not �-convergent to (0, 0). 	�  ◻

2.2 � Various countability properties of convergence spaces

One motivation for studying countability properties of convergence spaces is that 
under such conditions sequential arguments often suffice. We briefly recall two 
relevant ‘sequential’ properties of convergence spaces.

Let X be a convergence space. Every closed subset B of X is sequentially closed; 
that is, if xn ∈ B for every n ∈ ℕ and xn → x then x ∈ B . The converse is false even 
in topological spaces. We call X sequential if every sequentially closed set in X is 
closed. If the adherence of every set coincides with its sequential adherence, X is 
called Fréchet–Urysohn; that is, X is Fréchet–Urysohn if for every x ∈ X , the range 
of every net (x

�
) converging to x contains a sequence (x

�n
) that converges to x. It is 

easy to see that every Fréchet–Urysohn convergence space is sequential.

Proposition 2.2  Let X be a convergence space, and A ⊆ X . If X is sequential, then 
A = A

�1 ; that is for every x ∈ A there is a countable successor ordinal m such that 
x ∈ A

m
.

Proof  Let 
(
xn
)
 be a convergent sequence in A

�1 . For every n there is a countable 
ordinal mn such that xn ∈ A

mn . Let m = supmn , which is a countable ordinal. It 
follows that 

{
xn
}
n∈ℕ

⊆ A
m
 so that the limit of (xn) is in A

m+1
⊆ A

𝜔1 . Hence, A
�1 is 

sequentially closed in a sequential space, thus closed. 	� ◻

Remark 2.3  We note that the proof of Proposition 2.2 actually yields a slightly 
stronger result: If X is sequential, then every sequence in A is contained in A

m
 , for 

some countable ordinal m. 	�  ◻
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The definition of a first countable topological space has been generalised to con-
vergence spaces in two ways. According to [6, Definition 1.6.3], a convergence 
space X is first countable if F → x implies that there exists a filter G ⊆ F  with a 
countable base such that G → x . We say that X is strongly first countable if for every 
x there exists a countable collection H of subsets of X such that if F → x then there 
exists a filter base B with B ⊆ F ∩H and [B] → x , see [6, Definition 1.6.5]. Such an 
H is called a countable local basis of X at x. Clearly, every strongly first countable 
convergence space is first countable. In the case of a linear convergence structure 
on a vector space, it suffices to assume that x = 0  in the definition of (strong) first 
countability. The definition of strong first countability can be improved as follows.

Proposition 2.4  Let X be a convergence space. Then X is strongly first countable if 
and only if for every x ∈ X there exists a countable filter base Hx with the following 
properties: 

	 (i)	 Every H ∈ Hx contains x;
	 (ii)	 For every G,H ∈ Hx we have G ∩ H ∈ Hx;
	 (iii)	 [Hx] → x;
	 (iv)	 For a filter F  we have that F → x if and only if [Hx ∩ F] → x.

Proof  We only need to prove necessity. Let X be a strongly first count-
able convergence space, x ∈ X , and H a countable local basis at x. Let 
Hx ∶= {H1 ∩⋯ ∩ Hn ∶ x ∈ H1,… ,Hn ∈ H} . It is clear that the first two conditions 
are satisfied for Hx.

Let F  be a filter on X. If [Hx ∩ F] → x , then F → x due to the fact that 
[Hx ∩ F] ⊆ F  . Conversely, if F → x , then F ∩ [x] → x , and so there is a filter base 
B ⊆ [x] ∩ F ∩H such that [B] → x . Then, B ⊆ Hx ∩ F  , and so [Hx ∩ F] → x . In 
particular, taking F ∶= [x] yields [Hx] = [Hx ∩ [x]] → x . 	�  ◻

We will call a filter base with the properties listed in Proposition 2.4 a fixed 
intersection-closed local basis at x.

The definition of first countability may be restated in terms of nets as follows: X 
is first countable if for every x

�
→ x there exists a net (y

�
)
�∈Γ → x such that (x

�
) is a 

quasi-subnet of (y
�
) and Γ contains a countable cofinal set, see [21, Proposition 6.1]. 

We call X weakly first countable if for every x
�
→ x in X there exists an increasing 

sequence (��
n
) in A so that if �n ⩾ �

′
n
 for every n ∈ ℕ then x

�n
→ x . It was proven in 

[21, Proposition 6.2] that first countability implies weak first countability. Clearly 
every weakly first countable convergence space, in particular every first countable 
space, is Fréchet–Urysohn. For topological spaces, strong first countability and first 
countability both reduce to the usual definition of a first countable topological space. 
More generally, a pretopological convergence space (see [6, Definition 3.1.5]) is first 
countable if and only if it is strongly first countable, see [6, Remark 1.6.6]. Let us 
show that, in this case, weak first countability is also equivalent to first countability.

Proposition 2.5  Let X be a convergence space. Consider the following statements. 
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	 (i)	 X is strongly first countable.
	 (ii)	 X is first countable.
	 (iii)	 X is weakly first countable.

Always, (i) implies (ii) and (ii) implies (iii). If X is pre-topological then all three 
statements are equivalent.
Proof  As mentioned, (i) implies (ii), and (ii) implies (i) if X is pretopological; that 
(ii) implies (iii) is proven in [21, Proposition 6.2]. Assume that X is pretopological 
and (iii) holds.

Fix x ∈ X and let N  denote the neighbourhood filter at x. Let 
Γ ∶= {(U, x) ∶ x ∈ U ∈ N} , ordered by reverse inclusion of the first component. 
For � = (U, x) ∈ Γ let x

�
= x . Then (x

�
) is a net in X and, since X is pretopologi-

cal, [x
�
] = N → x . By assumption, there exists an increasing sequence (� �

n
) in Γ 

so that if �n ⩾ �
′
n
 for all n ∈ ℕ then x

�n
→ x . For every n ∈ ℕ let � �

n
= (Un, xn) . Let 

F ∶= [{Un ∶ n ∈ ℕ}] ⊆ N  . Since X is pretopological,

Since N  is the least (w.r.t. inclusion) filter converging to x, we have N ⊆ F  . There-
fore N = F  , hence N  has a countable base so that X is first countable. 	�  ◻

The property of being (strongly) first countable is stable under certain opera-
tions. By [6, Corollary 1.6.8], a subspace of a (strongly) first countable convergence 
space is again (strongly) first countable. More generally, if {Xn}n∈ℕ is a sequence of 
(strongly) first countable spaces and for every n ∈ ℕ , fn ∶ X → Xn is a map from 
some set X to Xn , then the initial convergence structure on X with respect to this 
sequence of maps (i.e. x

�
→ x if fn(x�) → fn(x) , for every n ∈ ℕ ) is again (strongly) 

first countable; see [6, Proposition 1.6.7(i)]. Furthermore, let {Xi}i∈I be a family of 
convergence spaces and, for every i ∈ I , fi ∶ Xi → X a map from Xi to some set X. If 
the Xi are all first countable, then the final convergence structure on X with respect 
to the family of maps {fi}i∈I , that is, the strongest convergence structure on X that 
makes all the fi ’s continuous, is again first countable. If I is countable, each fi is 
injective, and every Xi is strongly first countable, then X is strongly first countable; 
see [6, Definition 1.2.9 and Proposition 1.6.7(iii)].

For completeness, we establish analogous permanence results for weak first 
countability. Clearly, this property passes down to subspaces. We now consider ini-
tial and final convergence structures.

Proposition 2.6  Let X be a nonempty set. 

	 (i)	 Let {Xn}n∈ℕ be a sequence of weakly first countable spaces and for every 
n ∈ ℕ , fn ∶ X → Xn a map from X to Xn . Then the initial convergence structure 
on X with respect to this sequence of maps is weakly first countable.

F =
⋂{

[x
�n
] ∶ �n ⩾ �

�
n
, n ∈ ℕ

}
→ x.
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	 (ii)	 Let {Xi}i∈I be a family of weakly first countable convergence spaces, and fi a 
function from Xi to X for every i ∈ I . Then the final convergence structure on 
X with respect to the family of maps {fi}i∈I is weakly first countable.

Proof  (i): Let x
�
�→ x in the initial convergence structure on X with respect to {fn}n∈ℕ . 

It follows that fn(x�) → fn(x) , for every n ∈ ℕ . For every n ∈ ℕ the assumption of 
weak first countability of Xn yields a sequence (�n

m
)m∈ℕ such that whenever �m ⩾ �

n
m
 , 

for every m ∈ ℕ , then fn
(
x
�m

)
→ fn(x) in Xn . Find �m ⩾ �

n
k
 , for every k, n = 1,… ,m . 

Assume that �m ⩾ �m , for every m ∈ ℕ . Then, for every n ∈ ℕ we have �m ⩾ �
n
m
 , for 

m ⩾ n , and so fn
(
x
�m

)
→ fn(x) in Xn . We conclude that x

�m
�→ x.

(ii): Let x
�
�→ x in the final convergence structure on X with respect to {fi}i∈I . If 

(x
�
) is eventually constant, then we are done. Hence, suppose that this is not the 

case. It follows from [6, Definition 1.2.9] and the correspondence between nets and 
filters that there exists m ∈ ℕ and i1,… , im ∈ I so that for every k = 1,… ,m there 
exists xk ∈ Xik

 and a net xk
�
�→ xk in Xik

 so that fik (xk) = x and for every �0 ∈ B there 
exists �0 ∈ A so that {x

𝛼
}
𝛼⩾𝛼0

⊆

⋃m

k=1
{fik (x

k
𝛽
)}

𝛽⩾𝛽0
.

By the weak first countability of the spaces Xi1
,… ,Xim

 there exists an increasing 
sequence (��

n
) in B so that if �n ⩾ �

′
n
 for every n ∈ ℕ , then xk

�n
�→ xk in Xik

 for every 
k = 1,… ,m . Select and increasing sequence (��

n
) in A so that 

{x
𝛼
}
𝛼⩾𝛼�

n
⊆

⋃m

k=1
{fik (x

k
𝛽
)}

𝛽⩾𝛽�
n
 for every n ∈ ℕ . Let �n ⩾ �

′
n
 for every n ∈ ℕ . For each 

k = 1,… ,m , define a sequence (zk
n
) in Xik

 as follows: If there exists � ⩾ �
′
n
 so that 

x
�n
= fik (x

k
�
) , let zk

n
∶= xk

�
 ; otherwise let zk

n
∶= xk

�
�
n

 . Then zk
n
�→ xk in Xik

 for every 
k = 1,… ,m . Since x

�n
∈ {fik (z

k
n
) ∶ k = 1,… ,m} for every n ∈ ℕ , it follows that 

{x
𝛼n
}n⩾n0 ⊆

⋃m

k=1
{fik (z

k
n
)}n⩾n0 for each n0 ∈ ℕ . Therefore x

�n
�→ x in the final conver-

gence structure on X with respect to {fi}i∈I . 	�  ◻

In conclusion, let us come back to the hierarchy of the countability properties. 
We call a convergence space monotone Fréchet–Urysohn if for every x

�
→ x 

there exists an increasing sequence (�n) of indexes so that x
�n
→ x . Clearly, this 

property implies the Fréchet–Urysohn property. It is also easy to see that every 
weakly first countable convergence space is monotone Fréchet–Urysohn.

Question 2.7 

	 (i)	 Does there exist a Fréchet–Urysohn convergence space which is not monotone 
Fréchet–Urysohn?

	 (ii)	 Does there exist a monotone Fréchet–Urysohn convergence space which is not 
weakly first countable?

	 (iii)	 Does there exist a weakly first countable convergence space which is not first 
countable?

	 (iv)	 Do there exist examples for parts (i) and (ii) in the class of topological spaces?
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Remark 2.8  After posting a preprint of the pre-review version of this paper the 
authors were contacted by Omer Cantor who was able to provide solutions to all 
parts of the question. These will be published elsewhere. 	�  ◻

2.3 � Bornological convergence and the bounded modification

If (X, �) is a convergence space and B is a bornology on X, then the bounded modi-
fication of � by B is defined as follows: x

�

�B

���������→ x if x
�

�

�����→ x and a tail of (x
�
) belongs 

to B . In terms of filters, F
�B

���������→ x if F
�

�����→ x and F ∩ B ≠ ∅ . This is the strongest con-
vergence on X that agrees with � on sets in B . We call � locally B-bounded if � = �B . 
Note that if � is locally B-bounded, and H is a local basis for � at x ∈ X , then B ∩H 
is also a local basis at x.

The following characterisation of �B-closed sets is used below.

Proposition 2.9  Let (X, �) be a convergence space, B a bornology on X with base 
D , and A ⊆ X . Then A is �B-closed if and only if A ∩ D is �-closed in D for every 
D ∈ D.

Proof  Assume that A ∩ D is �-closed in D for every D ∈ D . Let (x
�
) be a net in A so 

that x
�

�B

���������→ x . Then there exists �0 ∈ A so that {x
�
}
�≥�0

∈ B . Therefore, there exists 
D ∈ D so that {x} ∪ {x

𝛼
}
𝛼≥𝛼0

⊆ D . By assumption, A ∩ D is �-closed in D. Since 
x
�

�

�����→ x ∈ D it therefore follows that x ∈ A , hence A is �B-closed.
The converse follows immediately from the fact that � and �B agree on members 

of B . 	�  ◻

Proposition 2.10  Let (X, �) be a convergence space and B a bornology on X. The fol-
lowing statements are true. 

(i)	 If � is first countable then so is �B.
(ii)	 If � is weakly first countable then so is �B.
(iii)	 If � is Fréchet–Urysohn then so is �B.
(iv)	 If � is sequential and B has a base consisting of �-closed sets, then �B is sequen-

tial.
(v)	 If � is strongly first countable and B has a countable base, then �B is strongly first 

countable.

Proof  (i):  Assume that � is first countable, and let F
�B

���������→ 0 . Then F
�

�����→ 0 and there 
exists a set B ∈ B ∩ F  . By assumption, there exists a filter G ⊆ F  with a countable 
base {Gn}n∈ℕ so that G

�

�����→ 0 . Let D = [{B ∩ Gn ∶ n ∈ ℕ}] . Then G ⊆ D ⊆ F  and 
B ∈ D ∩ B so that, in particular, D

�B

���������→ 0 . Hence �B is first countable.
(ii):   Assume that � is weakly first countable. Let x

�

�B

���������→ 0 . Then x
�

�

�����→ 0 , and 
there exists ��

0
∈ A so that {x

�
}
�≥��

0
∈ B . Since (x

�
)
�≥��

0

�

�����→ 0 , there exists an increas-
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ing sequence (��
n
) in A so that �′

n
≥ �

′
0
 for every n ∈ ℕ , and, if �n ≥ �

′
n
 for every 

n ∈ ℕ then x
�n

�

�����→ 0 . For any such sequence (�n) we also have 
{x

𝛼n
}n∈ℕ ⊆ {x

𝛼
}
𝛼≥𝛼�

0
∈ B so that {x

�n
}n∈ℕ ∈ B . Therefore x

�n

�B

���������→ 0 whenever 
�n ≥ �

′
n
 for all n ∈ ℕ.

(iii):  A similar argument as in (ii) shows that �B is Fréchet–Urysohn whenever � 
is.

(iv):  Let � be sequential and assume that B has a base D consisting of �-closed 
sets. Suppose that A ⊆ X is sequentially �B-closed. Let D ∈ D . Since � and �B agree 
on members of B , it follows that A ∩ D is sequentially �-closed in D. But D is �
-closed, so A ∩ D is sequentially �-closed, hence �-closed, in X. Consequently, A ∩ D 
is �-closed in D so that A is �B-closed by Proposition 2.9.

(v):   Suppose that � is strongly first countable and B has a countable base, 
{Bn}n∈ℕ . It is easy to see that �B is the final convergence structure on X with respect 
to the inclusions jn ∶ Bn → X , n ∈ ℕ . Therefore �B is strongly first countable. 	�  ◻

We now assume that X is a vector space, that � is a linear convergence structure 
on X, and that B is a linear bornology. In this case �B is a linear convergence. Denote 
by N0 the usual base of zero neighbourhoods in the scalar field. A subset B of X is 
bounded if [N0B] → 0 . The collection of all bounded sets in X is a vector bornology 
on X. We call X locally bounded if it is locally B-bounded, where B is the collection 
of all �-bounded sets. This means that every convergent net x

�
→ 0 has a bounded 

tail; equivalently, every filter F → 0 contains a bounded set.

Proposition 2.11  Let � be a locally bounded linear convergence structure on a vector 
space X and let B be the bornology of all �-bounded sets. Then � is strongly first 
countable if and only if there exists a (increasing) sequence (Bn) in B such that {
mBn

}
m,n∈ℕ

 is a base of B , so in particular X = span
⋃

Bn , and the restriction of � to 
spanBn is strongly first countable for every n ∈ ℕ.

Proof  Suppose that � is strongly first countable and let H be a countable, intersec-
tion-closed local basis for � at 0. Enumerate B ∩H as {Bn}n∈ℕ . Replacing Bn with 
B1 +⋯ + Bn if needed we may assume that (Bn) is increasing.

We claim that 
{
mBn

}
m,n∈ℕ

 is a base for B . Fix B ∈ B . Since 
[
N0B

] �

�����→ 0 , 
[[
N0B

]
∩H

] �

�����→ 0 . As � is locally bounded there exists A ∈
[
N0B

]
∩H ∩ B . The 

fact that A ∈ H ∩ B implies that there exists n ∈ ℕ so that A ⊆ Bn , and since 
A ∈

[
N0B

]
 , there exists m ∈ ℕ so that 1

m
B ⊆ A . We conclude that B ⊆ mBn , so {

mBn

}
m,n∈ℕ

 is a base for B.
Since a subspace of a strongly first countable convergence space is strongly first 

countable, it follows that the restriction of � to spanBn is strongly first countable for 
every n ∈ ℕ.

We now prove the converse. For every n, let jn ∶ spanBn → X be the inclusion 
map; it is clearly (�|spanBn

)-to-� continuous. To complete the proof, it suffices to show 
that � is the final convergence structure with respect to {jn}n∈ℕ . To see that this is so, 
let � be a convergence structure on X such that each jn is (�|spanBn

)-to-� continuous. 
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Let x
�

�

�����→ x . Since � is locally bounded we may assume, after passing to a tail of (x
�
) 

if necessary, that (x
�
) is bounded. It follows that there exists n ∈ ℕ such that (x

�
) and 

x are contained in spanBn . This yields x
�

�|spanBn
������������������������→ x and, therefore, x

�

�

�����→ x . We con-
clude that � ⩾ � ; this proves the claim. 	�  ◻

Let X be a vector space and B a vector bornology on X. We define the bornologi-
cal convergence structure induced by B on X as follows: x

�

�B

����������→ 0 if there exists (a 
circled) set B ∈ B such that for every 𝜀 > 0 the set �B contains a tail of the net (x

�
) ; 

we define x
�

�B

����������→ x if x
�
− x

�B

����������→ 0 . In terms of filters, F
�B

����������→ 0 if F ⊇ [N0B] for some 
B ∈ B . Clearly, the �B-bounded subsets of X are precisely the members of B ; there-
fore �B is locally bounded.

Proposition 2.12  Let B be a linear bornology on a vector space X. Then �B is first 
countable. It is strongly first countable if and only if B has a countable base.

Proof  Suppose F
�B

����������→ 0 . Then there exists a circled set A ∈ B such that 1
n
A ∈ F  for 

all n ∈ ℕ . It follows that the filter generated by { 1

n
A ∶ n ∈ ℕ} is contained in F  and 

�B-converges to zero. Hence �B is first countable.
If �B is strongly first countable, then B has a countable base by Proposition 2.11. 

Suppose that B has a countable base, {Bn ∶ n ∈ ℕ} . For every n ∈ ℕ we define 
a convergence structure �n on spanBn as follows: x

�

�n

���������→ x if for every 𝜀 > 0 there 
exists �0 such that x

�
− x ∈ �Bn for all � ⩾ �0 . Observe that �n is strongly first count-

able for every n: For every x ∈ X , the collection {x + 1

m
Bn ∶ m ∈ ℕ} is a local base 

for �n at x.
A variation on the argument for the corresponding claim in the proof of Proposi-

tion 2.11 shows that �B is the final convergence structure for the family of formal 
inclusions jn ∶ ( spanBn, �n) → (X,�B) . It follows that (X,�B) is strongly first count-
able. 	�  ◻

We refer the reader to [6, Sections 3.7 & 3.8] and [10, Sections 6, 7 & 8] for more 
details on bornologies, bounded sets in convergence vector spaces, and the bounded 
modification of a convergence vector space.

3 � Locally solid convergence structures

We now turn to (strong) first countability of general locally solid convergence 
spaces. Throughout this section X denotes an Archimedean vector lattice. Recall 
that a subset A of X is solid if for all x ∈ A and y ∈ X , if |y| ⩽ |x| then y ∈ A . The 
solid hull of A is the smallest solid subset Sol(A) of A containing A. The smallest 
solid linear subspace containing A is called the ideal generated by A, and denoted 
IA ; if u ∈ X we write Iu or the ideal generated by {u} . For a set A ⊆ X we denote 
by A∧ the set consisting of infima of finite subsets of X; likewise, A∨ consist of 
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suprema of finite subsets of A. We refer the reader to [1, 2, 20] for undeclared 
notation and terminology.

A locally solid convergence structure on X is a linear convergence structure so 
that if x

�
→ 0 and |y

�
| ⩽ |x

�
| for all � , then y

�
→ 0 . If X is equipped with a locally 

solid convergence structure � , we call the pair (X, �) , or just X, a locally solid con-
vergence space. The following result from [10] gives some useful characterisa-
tions of a locally solid convergence space.

Theorem  3.1  Let � be a linear convergence structure on X. The following are 
equivalent. 

	 (i)	 � is locally solid;
	 (ii)	 If F → 0 then there is a filter G with a base of solid sets such that G ⊆ F  and 

G → 0;
	 (iii)	 If F → 0 then Sol(F) ∶= [{Sol(F) ∶ F ∈ F}] → 0;
	 (iv)	 If y

�
→ 0 and for every �0 there exists �0 such that for every � ⩾ �0 there exists 

� ⩾ �0 with |x
�
| ⩽ |y

�
| , then x

�
→ 0.

In [4], the concept of a full lattice convergence was introduced, using their 
definition of a convergence: A linear convergence structure � on a vector lattice 
X is locally full if 0 ⩽ y

�
⩽ x

�
 for every � and x

�

�

�����→ 0 imply y
�

�

�����→ 0 . As is shown 
in [10, Proposition 3.3], a linear convergence structure is locally solid if and only 
if it is locally full and the modulus operation is continuous. Therefore, a linear 
convergence structure on X is locally solid if and only if it is a full lattice conver-
gence as defined in [4, Definition 2.1].

Remark 3.2  We note that a linear convergence structure � is locally full if and only if 
the following holds: For all nets (x

�
) and y

�

�

�����→ 0 in X+ , if for every �0 there exists �0 
such that for every � ⩾ �0 there exists � ⩾ �0 with x

�
⩽ y

�
 , then x

�
→ 0 . This follows 

from a similar argument to that in the proof of [10, Theorem 3.1]. 	�  ◻

Note that if � is a locally solid convergence structure on X then, as a conse-
quence of Theorem 3.1, if H is a local basis for � at 0, then H ∩ S is also a local 
basis, where S is the collection of all solid sets in X. We may therefore always 
choose a local basis for � at 0 which consists of solid sets.

We call a locally solid convergence structure on X locally order bounded if 
every convergent net has an order bounded tail; equivalently, every convergent 
filter contains an order bounded set. For such a convergence structure, every 
bounded set is in fact order bounded. Using a filter argument and the continu-
ity of scalar multiplication, it is easy to see that converse is also true. Hence, 
in a locally order bounded locally solid convergence space, the bounded sets are 
precisely the order bounded sets. As every order bounded set is contained in an 
interval of the form [−u, u] for some u ⩾ 0 and span[−u, u] = Iu , we arrive at the 
following consequence of Proposition 2.11.
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Corollary 3.3  Let (X, �) be a locally solid, locally order bounded convergence space. 
Then X is strongly first countable if and only if there exists an increasing sequence 
(vn) in X+ such that X = I{vn} and the restriction of � to Ivn is strongly first countable 
for every n ∈ ℕ.

Remark 3.4  Suppose that X admits a completely metrizable locally solid topology. 
Then there exists an increasing sequence (vn) in X+ so that X = I{vn} =

⋃∞

i=1
Ivn if and 

only if X has a strong unit. Indeed, by appropriately scaling the sequence (vn) if nec-
essary, we may assume that 

∑
vn is convergent with respect to the metric topology. 

Then e ∶=
∑

vn is a strong unit since vn ⩽ e for every n ∈ ℕ . The converse is trivial. 	
� ◻

With any locally solid convergence structure � on X we associate its 
unbounded modification u� as follows: x

�

u�
���������→ x if y ∧ |x − x

�
|

�

�����→ 0 for all y ⩾ 0 . 
More generally, if I is an ideal in X we can unbound � with respect to I: x

�

uI�
������������→ x 

if y ∧ |x − x
�
|

�

�����→ 0 for all 0 ⩽ y ∈ I . For any ideal I, the unbound modification 
uI� is a locally solid convergence structure on X, see [10, Section 4]. Next, we 
present a condition that guarantees that (strong) first countability passes to the 
unbounded modification.

Proposition 3.5  Let � be a locally solid convergence structure on X, I an ideal in X, 
and (vn) a sequence in I+ such that I = I{vn} . 

	 (i)	 If � is first countable or strongly first countable then so is uI�.
	 (ii)	 If � is weakly first countable, then so is uI�.

Proof  (i):  Suppose first that � is first countable, and let F
uI�
������������→ 0.

We need to show that there exists a filter G with a countable base such that 
G ⊆ F  and G

uI�
������������→ 0. Since uI� is locally solid we may assume by Theorem 3.1(iii), 

replacing F  with Sol(F) if needed, that F  has a base of solid sets. Let n ∈ ℕ . Since 
|F| ∧ vn

�

�����→ 0 by the definition of uI� , there exists a countable filter base Bn ⊆ |F| ∧ vn 
such that [Bn]

�

�����→ 0 . Enumerate Bn as {Bn,k ∶ k ∈ ℕ} . For every k, it follows from 
Bn,k ∈ |F| ∧ vn that there exists a solid set An,k ∈ F  such that |An,k| ∧ vn ⊆ Bn,k . Con-
sider the set A ⊆ F  of all finite intersections of sets in {An,k ∶ n, k ∈ ℕ} . Clearly, 
A is countable, consists of solid sets, is contained in F  , and is closed under finite 
intersections. Hence, it is a filter base. Let G ∶= [A] . Then G ⊆ F .

For every n ∈ ℕ , [Bn] ⊆ |G| ∧ vn so that |G| ∧ vn
�

�����→ 0 . By [10, Remark 4.6], we 
conclude that

G
uI�
������������→ 0.

Hence uI� is first countable.
Assume that � is strongly first countable. Let H be a countable intersection-closed 

local basis for � at 0. By the comment after Theorem 3.1 we may assume that H 
consists of solid sets. For A ∈ H and k ∈ ℕ , define ̃Ak ∶=

{
x ∈ X ∶ |x| ∧ vk ∈ A

}
.
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Let ̃H0 ∶= {̃Ak ∶ A ∈ H, k ∈ ℕ} , and let ̃H be the set of all finite intersections 
of sets in ̃H0 . Clearly, ̃H is a countable collection of solid sets. We show that it is a 
local basis for uI�.

Let F
uI�
������������→ 0 . Fix k ∈ ℕ and define Bk ∶= H ∩

(
|F| ∧ vk

)
.

Since |F| ∧ vk
�

�����→ 0 , also [Bk]
�

�����→ 0 . We claim that ̃Bk ∈ F  for every B ∈ Bk . 
Indeed, it follows from B ∈ |F| ∧ vk that there exists A ∈ F  such that |A| ∧ vk ⊆ B ; 
this yields A ⊆

�Bk and, therefore, ̃Bk ∈ F .
Let C ∶=

{
̃Bk ∶ k ∈ ℕ,B ∈ Bk

}
 . It follows from C ⊆ F  that finite intersections of 

members of C are non-empty. Hence, the family D of all such intersections is a filter 
base and D ⊆ F  . For every k ∈ ℕ and B ∈ Bk , we have B ∈ H , hence ̃Bk ∈ ̃H0 . It 
follows that D ⊆

�H . It remains to show that [D]
uI�
������������→ 0.

As in the proof for first countability, it suffices to prove that ||[D]|| ∧ vk
�

�����→ 0 for 
every k ∈ N . This follows from the fact that [Bk]

�

�����→ 0 and [Bk] ⊆
||[D]|| ∧ vk . Indeed, 

for every B ∈ Bk , we have ̃Bk ∈ D and |�Bk| ∧ vk ⊆ B,

so that B ∈ ||[D]|| ∧ vk.
(ii):  Suppose that � is weakly first countable. Let x

�

uI�
������������→ 0 so that |x

�
| ∧ vk

�

�����→ 0 
for every k ∈ ℕ . For every k ∈ ℕ there exists an increasing sequence (�k

n
) in A so that 

if �n ≥ �
k
n
 for every n ∈ ℕ , then |x

�n
| ∧ vk

�

�����→ 0 . Let (��
n
) be an increasing sequence 

in A so that for every n ∈ ℕ and k ≤ n , �k
n
≤ �

′
n
 . Consider a sequence (�n) in A so 

that �′
n
≤ �n for all n ∈ ℕ . For k ∈ ℕ , we have �k

n
≤ �

′
n
≤ �n whenever n ≥ k , so that 

|x
�n
| ∧ vk

�

�����→ 0 . Therefore, by [10, Remark 4.6], x
�n

uI�
������������→ 0 ; hence, uI� is weakly first 

countable. 	�  ◻

Remark 3.6  If � is Frechét–Urysohn and I = Iv for some v ∈ X+ , then x
�

uI�
������������→ x iff 

v ∧ |x − x
�
|

�

�����→ 0 . It is then straightforward to show that uI� is Frechét–Urysohn.
Assume that � is idempotent, see [7, 10]. Then, according to [7, Proposition 

3.1(v)], uI� = u
I
� . In this case, if � is Frechét–Urysohn and I = Iv for some v ∈ X+ , 

then uI� is Frechét–Urysohn.
Moreover, under the assumption that � is idempotent, Proposition 3.5 remains 

valid under the weaker assumption that I = I{vn} . 	�  ◻

The following result is a partial converse of Proposition 3.5.

Proposition 3.7  Let � be a locally order bounded and locally solid convergence 
structure on X. 

(i)	 If u� is first countable, then so is �.
(ii)	 If u� is weakly first countable, then so is �.
(iii)	 If u� is Fréchet–Urysohn, then so is �.
(iv)	 If u� is sequential and Hausdorff, then � is sequential.
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(v)	 If u� is strongly first countable and there exists an increasing sequence (vn) in X+ 
so that X = I{vn} , then � is strongly first countable.

Proof  Let B be the bornology of all order bounded sets in X. According to [10, 
Proposition 8.28], (u�)B = � . Therefore the result follows immediately from Propo-
sition 2.10. For (iv), it follows from [10, Proposition 3.4] and the assumption that u� 
is Hausdorff that B has a base of u�-closed sets. 	�  ◻

Let � be a linear convergence structure on X. The locally solid modification s� of 
� is defined as follows: We declare F

s�
��������→ 0 if there exists G

�

�����→ 0 with X+ ∈ G so that 
Sol(G) ⊆ F  ; in general, F

s�
��������→ x if F − x

s�
��������→ 0 . In [4, Definition 2.2] the so-called 

‘fullification’ of � is defined, and in Definition 4.2 of the same paper, the authors 
introduce ‘absolute � convergence.1 The following result encompasses and refines 
[4, Theorems 1 & 5].

Proposition 3.8  Let � be a linear convergence structure on X. 

	 (i)	 Let (x
�
) be a net in X and x ∈ X . Then x

�

s�
��������→ x if and only if there exists a net 

0 ≤ y
�

�

�����→ 0 so that for every �0 ∈ B there exists �0 ∈ A so that for every � ⩾ �0 
there exists � ⩾ �0 so that |x − x

�
| ⩽ y

�
.

	 (ii)	 s� is the strongest locally solid convergence structure on X so that 0 ⩽ x
�

�

�����→ 0 
implies x

�
→ 0.

	 (iii)	 Assume that the absolute value operation is �-to-� continuous at 0. Then s� is 
the strongest locally solid convergence structure which is weaker than �.

	 (iv)	 Assume that � is locally full. For a net (x
�
) in X and x ∈ X , x

�

s�
��������→ x if and only 

if |x − x
�
|

�

�����→ 0 . If � is Hausdorff, then so is s�.

Proof  (i):   Replacing (x
�
) with (x

�
− x) if necessary, we may suppose that x = 0 . 

Assume that x
�

s�
��������→ 0 . There exists a filter base B consisting of subsets of X+ so that 

[B]
�

�����→ 0 and [Sol(B)] ⊆ [x
𝛼
] . Using the correspondence between filters and nets we 

find a net (y
�
) in X+ so that [y

�
] = [B]

�

�����→ 0 , hence y
�

�

�����→ 0 . For every �0 ∈ B there 
exists �0 ∈ A so that {x

𝛼
}
𝛼⩾𝛼0

⊆ Sol({y
𝛽
}
𝛽⩾𝛽0

) . Let � ⩾ �0 . There exists � ⩾ �0 so 
that |x

�
| ⩽ |y

�
| = y

�
.

Conversely, suppose that there exists a net 0 ≤ y
�

�

�����→ 0 so that for every �0 ∈ B 
there exists �0 ∈ A so that for every � ⩾ �0 there exists � ⩾ �0 so that |x

�
| ⩽ y

�
 . Then 

[y
�
]

�

�����→ 0 and contains X+ . By assumption, for every �0 ∈ B there exists �0 ∈ A so 
that {x

𝛼
}
𝛼⩾𝛼0

⊆ Sol({y
𝛽
}
𝛽⩾𝛽0

) . Therefore Sol([y
𝛽
]) ⊆ [x

𝛼
] so that x

�

s�

��������→ 0.
(ii):   Using [6, Proposition 3.2.3] and Theorem 3.1 (ii), it is easy to see that s� 

defines a locally solid convergence structure on X. We remark that condition (iii) in 
[6, Proposition 3.2.3] follows from the fact that Sol(A + B) = Sol(A) + Sol(B) for all 
A,B ⊆ X+.

1  This is done in the context of their slightly different notion of a ‘convergence’.
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It follows immediately from (i) that 0 ⩽ x
�

�

�����→ 0 implies 0 ⩽ x
�

s�
��������→ 0 . Assume that 

→ is a locally solid convergence structure with this property and that x
�

s�
��������→ 0 . Let 

(y
�
) be the net from (i). Since 0 ⩽ y

�

�

�����→ 0 , it follows that y
�
→ 0 . Due to local solid-

ity of → and Theorem 3.1 we conclude that x
�
→ 0.

(iii): In the light of (ii) it is enough to show that s� ⩽ � . Assume that x
�

�

�����→ 0 , and 
so by our assumption ||x�||

�

�����→ 0 . It follows from (ii) that ||x�||
s�
��������→ 0 , and since s� is 

locally solid, we conclude that x
�

s�
��������→ 0.

(iv): Necessity in the first statement follows immediate from (i) and Remark 3.2, 
and sufficiency follows from (ii). For the second statement, let (x

�
) be a net such that 

x
�
= 0 for every � . Suppose that x

�

s�
��������→ x . Then |x − x

�
|

�

�����→ 0 . Since � is Hausdorff 
and |x − x

�
| = |x| for every � , it follows that 0 = |x| = x . Hence {0} is s�-closed so 

that s� is Hausdorff by [6, Proposition 3.1.2]. 	�  ◻

Proposition 3.9  Let � be a linear convergence structure on X. If � is (weakly or 
strongly) first countable, then so is s�.

Proof  Assume that � is weakly first countable, let x
�

s�
��������→ 0 , and let (y

�
) be given 

by part (i) of Proposition 3.8. Since � is weakly first countable, there is 
(
�
′
n

)
 such 

that y
�n

�

�����→ 0 whenever �n ⩾ �
′
n
 , for every n ∈ ℕ . Let (��

n
) be an increasing sequence 

in A such that for every � ⩾ �
′
n
 there exists � ⩾ �

′
n
 so that |x

�
| ⩽ y

�
 . Assume that 

(�n) is such that �n ⩾ �
′
n
 for every n ∈ ℕ . For each n ∈ ℕ , let �n ⩾ �

′
n
 be such that 

|x
�n
| ⩽ y

�n
 . By assumption we have 0 ⩽ y

�n

�

�����→ 0 , hence, by part (ii) of Proposition 
3.8 we have y

�n

s�
��������→ 0 , and since s� is locally solid, we conclude that x

�n

�

�����→ 0.
Suppose that � is first countable, and let F

s�
��������→ 0 . By definition, there exists 

X+ ∈ G
�

�����→ 0 so that Sol(G) ⊆ F  . By the first countability of � , there exists a count-
able filter base B = {Bn}n∈ℕ ⊆ G so that [B]

�

�����→ 0 . Replacing each Bn with Bn ∩ X+ 
if necessary, we may suppose that X+ ∈ [B] . Then Sol([B])

s�
��������→ 0 and so, since 

Sol([B]) ⊆ Sol(G) ⊆ F  , it follows that s� is first countable.
Assume that � is strongly first countable, and let H be a countable fixed intersec-

tion-closed local basis for � at 0. Let H� ∶= {Sol(H ∩ X+) ∶ H ∈ H} . We show that 
H′ is a local basis for s� at 0. Let F

s�
��������→ 0 . There exists a filter X+ ∈ G

�

�����→ 0 so that 
Sol(G) ⊆ F  . It follows from G

�

�����→ 0 that [H ∩ G]
�

�����→ 0 . Since X+ ∈ G , it follows that 
D ∶= {H ∩ X+ ∶ H ∈ G ∩H} is a filter base. Note that if H ∈ G , then H ∩ X+ ∈ G , 
hence Sol

(
H ∩ X+

)
∈ F  . Thus, Sol(D) ⊆ F  . At the same time, Sol(D) ⊆ H� , hence 
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Sol([D]) ⊆ [Sol(D)] ⊆ [H� ∩ F] . Finally, [H ∩ G] ⊆ [D] implies X+ ∈ [D]
�

�����→ 0 . We 
conclude that [H� ∩ F]

s�
��������→ 0 . 	�  ◻

4 � First countability of order and related convergences

Throughout this section we denote by X an Archimedean vector lattice. One of the 
most important examples of a locally solid convergence structure is order conver-
gence: a net (x

�
) in X converges in order to x (written x

�

o
�����→ x ) if there exists a set D 

such that 
⋁

D = 0 and for every d ∈ D there exists �d ∈ A such that |x
�
− x| ⩽ d for 

all � ⩾ �d . By replacing D with D∧ if necessary, one may suppose that D ↓ 0 . In the 
language of filters, F

o
�����→ x if F  contains a collection of order intervals whose inter-

section is {x}.
Closely related to order convergence are �-order convergence and relatively 

uniform convergence. A net (x
�
) in X �-order converges to x, written x

�

�o
����������→ x , if 

there exists a sequence (un) in X+ such that 
⋀

n∈ℕ un = 0 and for every n ∈ ℕ there 
exists �n such that |x

�
− x| ⩽ un whenever � ⩾ �n . We will call (un) a dominating 

sequence for the net (x
�
) . Replacing (un) with (u1 ∧⋯ ∧ un) we may assume that (un) 

is decreasing. In filter language, F
�o
����������→ x if F  contains a sequence of order intervals 

whose intersection is {x} . It is easy to see that �o is a first countable Hausdorff and 
locally solid convergence structure and it is stronger than order convergence. The 
convergence structure �o was investigated in [3]. A net (x

�
) in x converges relatively 

uniformly to x, written x
�

ru
��������→ x , if there exists u ∈ X+ so that for every 𝜀 > 0 there 

exists �
�
∈ A so that |x − x

�
| ⩽ �u for all � ⩾ �

�
 . Relative uniform convergence is 

a locally solid convergence structure, see [23, Example 2.3 & Proposition 2.4] and 
[21, Section  5], which is stronger than �-order convergence. All three introduced 
convergence structures are locally order bounded.

This section contains the main results of the paper, namely, characterisations of X 
for which o , �o , ru and their unbounded modifications are (strongly) first countable. 
We first consider ru and uru , which are the easiest cases to deal with. The following 
result follows immediate from Corollary 3.3 and Proposition 3.5, see also [24].

Proposition 4.1  Relative uniform convergence is first countable. Furthermore, the 
following statements are equivalent. 

	 (i)	 There exists a countable set C ⊆ X+ so that X = IC;
	 (ii)	 ru is strongly first countable.

If either (i) or (ii), and hence both, is true, then uru is strongly first countable.
Note that the converse to the last claim is false. Indeed, on X = c0 uru coincides 

with the pointwise topology which is metrizable, but X does not satisfy condition (i) 
of the Proposition, since it does not have a strong unit (see Remark 3.4).
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We now turn to order- and �-order convergence. Our first result characterises 
when order convergence on X is first countable. Recall that �-order convergence is 
always first countable. We say that X has the countable supremum property (CSP) 
if for every set A ⊆ X such that 

⋀
A = 0 , there is a countable set B ⊆ A such that ⋀

B = 0 . This property is equivalent to the fact that every order bounded, disjoint 
subset of X is countable, see [20, Theorem 29.3] or [8, Theorem 2.23]. In the litera-
ture, this property is sometimes referred to as ‘order separability’, see for instance 
[20, Definition 23.2 (iii)]. However, in the context of topological spaces and, more 
generally, convergence spaces, a separable space is one that contains a countable 
dense set; hence ‘order separable’ may be confused with ‘separable with respect to 
the order convergence structure’ but, in general, these notions are distinct. Indeed, 
if T is an uncountable set then c00(T) has the CSP, but if A ⊆ c00(T) is countable, 
there exists t ∈ T  so that u(t) = 0 for every u ∈ A ; then 

{
v ∈ c00(T), v(t) = 0

}
 is a 

pointwise closed, hence order closed proper subset of c00(T) , which contains A. See 
Remarks 4.42, 4.43 and 4.44 for more details on the connection between the CSP 
and various separability conditions.

Proposition 4.2  The following are equivalent: 

	 (i)	 X has the CSP;
	 (ii)	 o = �o on X;
	 (iii)	 Order convergence is first countable on X;
	 (iv)	 Order convergence is weakly first countable on X;
	 (v)	 Order convergence is Fréchet–Urysohn on X;
	 (vi)	 Order convergence is sequential on X.

Proof  (i)⇒(ii) is straightforward, and (ii)⇒(iii) follows from the fact that �o is 
always first countable. Since every first countable space is weakly first countable, 
every weakly first countable space is Fréchet–Urysohn and every Fréchet–Urysohn 
space is sequential, (iii)⇒(iv)⇒(v)⇒(vi) also hold. For (vi)⇒(i) see [8, Theorem 3.8 
and Remark 3.9]. 	� ◻

Remark 4.3  In the conditions of Proposition 4.2 the clause “(on) X” can be replaced 
with “(on) every order interval of X”. This apparently weakens each of the condi-
tions, but it is easy to see that X has the CSP if and only if each of its order intervals 
does. Furthermore, the proof of (vi)⇒(i) only utilises the fact that if Y is a �-ideal, 
then [0, x] ∩ Y  is sequentially order closed for every x ∈ X . 	�  ◻

In the remainder of this section we investigate strong first countability of order- 
and �-order convergence on vector lattices. We call X strongly first countable if 
order convergence is strongly first countable on X, and �-strongly first countable if 
�-order convergence is strongly first countable. The interrelationship between these 
concepts is described as follows.
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Corollary 4.4  X is strongly first countable if and only if it is �-strongly first count-
able and has the CSP.

Proof  It follows immediately from Proposition 4.2 that if X has the CSP, then strong 
first countability and �-strong first countability are equivalent for X. Since strong 
first countability implies first countability, it follows from Proposition 4.2 that if X is 
strongly first countable, then it has the CSP. 	� ◻

Remark 4.5  The following alternative definition of order convergence used to be 
dominant in the literature (see e.g. [1] and [2]). We say that a net (x

𝛼
) ⊆ X strongly 

order converges to x ∈ X if there are �0 and a net (y
�
)
�⩾�0

 such that y
�
↓ 0 and 

|x
�
− x| ⩽ y

�
 , for every � ⩾ �0 . It is easy to see that this implies x

�

o
�����→ x . Moreover, 

for sequences strong order convergence agrees with �-order convergence.
One can prove that strong order convergence satisfies the requirements for a con-

vergence considered in [4]. Moreover, it satisfies requirements (i) and (iii) of a con-
vergence structure. Let us show that it does not satisfy condition (ii), by providing 
an example of a net which strongly order converges to 0, but has a quasi-subnet that 
is a sequence which does not �-order converge to 0.

Let X ∶= c(ℝ) and let A be the collection of finite subsets of ℝ which contain 1. 
For � ∈ A define y

�
∶= 1ℝ�� and x

�
∶= �

⋁
(�∩ℕ)+1 . It is easy to see that x

�
⩽ y

�
↓ 𝕆 . 

It is well-known that (�n) is not �-order null. However, this sequence is a quasi-sub-
net of (x

�
) . Indeed, for any �0 let n0 ∶=

⋁
(� ∩ ℕ) + 1 ; if n ⩾ n0 , then for 

� ∶= �0 ∪ {n − 1} we have x
�
= �n , and so 

{
𝛿n

}
n⩾n0

⊆

{
x
𝛼

}
𝛼⩾𝛼0

 . 	�  ◻

4.1 � Passing to and from sublattices

Many locally solid convergence structures � , such as order convergence, can be 
defined on an arbitrary Archimedean vector lattice X. If we wish to emphasise the 
underlying space, we write �X . If Y is a sublattice of X, we write �X|Y  to denote the 
convergence structure � on X restricted to Y. In general, �X|Y  is distinct from �Y.

We show next that ( �-)strong first countability is a “local” property: it passes 
down to principal ideals, and can be lifted to the whole space from a suitable 
sequence of principal ideals. The proofs will be given for the “ � ” case, as the other 
case is proven similarly.

Lemma 4.6  Let u ∈ X+ . Then �oX|[−u,u] = �oIu |[−u,u] and oX|[−u,u] = oIu |[−u,u].

Proof  It is clear that �oX ⩽ �oIu on Iu and therefore on A. To prove the converse, 
suppose that x

�

�oX
��������������→ x for some (x

�
) and x in [−u, u] . Then there exists a dominating 
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sequence (yn) in X for this convergence. It follows from |x
�
− x| ⩽ 2u for all � that 

the sequence yn ∧ (2u) is still dominating. Since it is contained in Iu , we conclude 
that x

�

�oIu
���������������→ x . 	�  ◻

It now follows that ( �-)strong first countability passes down to principal ideals.

Corollary 4.7  Every principal ideal of a ( �-)strongly first countable vector lattice is 
( �-)strongly first countable.

Proof  Fix u ⩾ 0 and let n ∈ ℕ . It follows from Lemma 4.6 that �oX and �oIu agree 
on [−nu, nu] . Since �oX is strongly first countable on X, it is also strongly first count-
able on [−nu, nu] . Hence �oIu is strongly first countable on [−nu, nu].

Let jn ∶ [−nu, nu] → Iu be the inclusion map, where each [−nu, nu] is equipped 
with the restriction of �oIu or, equivalently, of �oX . We claim that �oIu is the final 
convergence structure with respect to {jn}n∈ℕ , hence also strongly first countable. 
Indeed, for every n ∈ ℕ , the map jn is continuous by definition. Let � be a conver-
gence structure on Iu which makes all the jn ’s continuous. It suffices to show that 
�oIu ⩾ � . Suppose that x

�

�oIu
���������������→ x for some (x

�
) and x in Iu . Passing to a tail, we may 

assume that (x
�
) is order bounded in Iu , hence there exists n ∈ ℕ such that (x

�
) and x 

are in [−nu, nu] . Since jn is continuous, we conclude that x
�

�

�����→ x . 	�  ◻

Proposition 4.8  X is ( �-)strongly first countable if and only if there exists an increas-
ing sequence (vn) in X+ such that X = I{vn} and Ivn is ( �-)strongly first countable for 
every n ∈ ℕ.

Proof  Suppose that X is �-strongly first countable. By Proposition 3.3, there exists 
an increasing sequence (vn) in X+ such that X = I{vn} . By Corollary 4.7, �oIvn is 
strongly first countable for every n ∈ ℕ.

To prove the converse, equip each Ivn with �oIvn , which is strongly first countable 
by assumption, and let jn ∶ Ivn → X be the inclusion map. We claim that �oX is the 
final convergence structure with respect to {jn}n∈ℕ ; this yields that �oX is strongly 
first countable.

It is clear that if x
�

�oIvn
������������������→ x in Ivn then x

�

�oX
��������������→ x in X, hence every map jn is �oIvn-

to-�oX continuous. Now let � be a convergence structure on X which makes all the 
jn ’s continuous. Suppose that x

�

�oX
��������������→ x for some (x

�
) and x in X. It suffices to show 

that x
�

�

�����→ x . Let (ym) be a dominating sequence for (x
�
) . Find n ∈ ℕ such that 

x, y1 ∈ Ivn . It follows that a tail of (x
�
) is contained in Ivn and converges there to x 

with respect to �oIvn . By the continuity of jn , we conclude that x
�

�

�����→ x . 	�  ◻

Corollary 4.9  If X is ( �-)strongly first countable and admits a locally solid com-
pletely metrizable topology, then it has a strong unit.
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We now investigate how ( �-)strong first countability is transferred to variously 
dense sublattices. Recall that a sublattice Y of X is order dense in X if for every 
0 < x ∈ X there exists A ⊆ Y+ so that x =

⋁
A . We call Y super order dense in X 

if for every 0 < x ∈ X there exists 
{
yn
}
n∈ℕ

⊆ Y+ such that x =
⋁

n∈ℕ yn.

Proposition 4.10  Let Y ⊆ X be a majorizing sublattice. 

	 (i)	 If Y is order dense in X, then oY = oX|Y and, moreover, X is strongly first count-
able if and only if Y is strongly first countable.

	 (ii)	 If Y is super order dense in X, then �oY = �oX|Y and, moreover, X is �-strongly 
first countable if and only if Y is �-strongly first countable.

Proof  Since the proofs of (i) and (ii) follow similar arguments, we only prove (ii). 
Suppose that Y is super order dense in X. Observe that since Y is majorizing in X, 
for every x ∈ X there exists 

{
yn
}
n∈ℕ

⊆ Y  such that x =
⋀

n∈ℕ yn . Indeed, let x ∈ X 
and x < y ∈ Y  . Then 0 < y − x so there exists {zn}n∈ℕ ⊆ Y  so that y − x =

⋁
n∈ℕ zn . 

Hence x =
⋀

n∈ℕ

�
y − zn

�
.

Let (y
�
) be a net in Y. Suppose that y

�

�oY
��������������→ 0 . Let (un) be a dominating sequence 

in Y. Since Y is order dense in X, we have un ↓ 0 in X, hence (un) is a dominating 
sequence in X so that y

�

�oX
��������������→ 0.

Conversely, suppose that y
�

�oX
��������������→ 0 . Let (vn) be a dominating sequence in X. 

For every n ∈ ℕ there exists a countable set An ⊆ Y  so that 
⋀

An = vn . Then 
⋀⋃∞

n=1
An = 0 , and this set witnesses y

�

�oY
��������������→ 0.

It now follows immediately that if X is �-strongly first countable then Y is �
-strongly first countable. Let us prove the converse.

Assume that Y is �-strongly first countable. Let H be a countable intersection-
closed local base for �oY at 0. Let H� =

{
Sol(A) ∶ A ∈ H

}
,

where Sol(A) is the solid hull of A in X. We claim that H′ is a countable local 
basis for �oX.

Suppose that F
�oX
��������������→ 0 . Then there exists a sequence un ↓ 0 in X such that 

[−un, un] ∈ F  for every n ∈ ℕ . For each n find a countable set Bn ⊆ Y  such that ⋀
Bn = un , and let B ∶=

⋃∞

n=1
Bn . It follows that 

⋀
B = 0 in X and, therefore, in Y. 

Let G be the filter on Y generated by {
[
−b, b

]
Y
∶ b ∈ B∧} , the subscript Y indicates 

that the intervals are taken in Y. Since B∧ is countable and 
⋀

B∧ =
⋀

B = 0 , it fol-
lows that G

�oY
��������������→ 0 . By assumption, [G ∩H]

�oY
��������������→ 0 . Hence there exists a sequence 

(zk) in Y such that zk ↓ 0 in Y and, therefore, in X, and [−zk, zk]Y ∈ [G ∩H] for all k. 
Therefore, for every k ∈ ℕ , there exists Ak ∈ G ∩H such that Ak ⊆ [−zk, zk]Y.

Let k ∈ ℕ . It follows from Ak ∈ G that Ak contains 
[
−b, b

]
Y
 for some b ∈ B∧ . But 

there exists n ∈ ℕ so that un ⩽ b , so

where the intervals are in X. It follows that Sol(Ak) is in F  and, therefore, in F ∩H� . 
We conclude that [−zk, zk] ∈ [F ∩H�] . Thus, [F ∩H�]

�oX
��������������→ 0 . 	� ◻

(4.1)
[
−un, un

]
⊆

[
−b, b

]
⊆ Sol(Ak) ⊆ [−zk, zk],
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The following two results will be used in Sect. 4.4. The latter is an immediate 
consequence of Proposition 4.10.

Lemma 4.11  If X is a unital norm dense sublattice of C(K), then it is super order 
dense.

Proof  Let f ∈ C(K) and n ∈ ℕ . Find vn ∈ X such that ‖vn − f‖ <
1

2n
 . Let 

yn = (vn −
1

2n
1)+ , then yn ∈ X+ , and f − 1

n
1 ⩽ yn ⩽ f  yields 

⋁
n∈ℕ yn = f  . 	�  ◻

Corollary 4.12  If X is a unital norm dense sublattice of C(K), then it is ( �-)strongly 
first countable if and only if C(K) is ( �-)strongly first countable.

4.2 � A characterisation of �‑strong first countability

We introduce a condition on X that characterises �-strong first countability. Here we 
denote by X� the Dedekind completion of X.

Theorem 4.13  X is �-strongly first countable if and only if there exists a countable 
set C in X�

+
 such that for every xn ↓ 0 in X there exists D ⊆ C so that 

⋀
X� D = 0 and 

for every d ∈ D there exists n ∈ ℕ such that xn ⩽ d.

Proof  Necessity: Let H = {Hn} be a countable local basis at 0 for the �-order con-
vergence on X. According to the comment before Proposition 2.11 we may assume 
that Hn is order bounded, for every n ∈ ℕ . Put

where |H| =
{
|h| ∶ h ∈ H

}
 . Let xn ↓ 0 in X. Let F  be the filter generated by {

[−xn, xn]X ∶ n ∈ ℕ
}
.

Clearly, F
�o
����������→ 0 and, therefore, [F ∩H]

�o
����������→ 0 . Then there is a sequence 

(ym) in X such that ym ↓ 0 and [−ym, ym] ∈ [F ∩H] for every m. For every m, fix 
some nm such that Hnm

∈ F  and Hnm
⊆ [−ym, ym] ; put dm ∶=

⋁
X� �Hnm

� . Let 
D ∶= {dm ∶ m ∈ ℕ} ⊆ C . For every m, Hnm

∈ F  yields [−xn, xn] ⊆ Hnm
 for some n. 

It now follows from [−xn, xn] ⊆ Hnm
⊆ [−ym, ym]

that xn ⩽ dm ⩽ ym . As ym ↓ 0 conclude that 
⋀

X� D = 0.
Sufficiency: Define a convergence structure � on X� as follows: F

�

�����→ 0 if there 
exists a sequence xn ↓ 0 in X so that [−xn, xn]X� ∈ F  for every n ∈ ℕ ; equivalently, 
x
�

�

�����→ 0 if there exists a sequence xn ↓ 0 in X so that [−xn, xn]X� contains a tail of (x
�
) 

for every n ∈ ℕ . For x ∈ X�⧵{0} we let F
�

�����→ x if |F − x|
�

�����→ 0 ; equivalently, x
�

�

�����→ x 
if |x

�
− x|

�

�����→ 0 . Using [7, Theorem 2.1] it is easy to see that � is a locally solid con-
vergence structure on X�.

(4.2)C ∶=

{⋁

X�

|H| ∶ H ∈ H

}
,
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Clearly, �|X = �o , so it suffices to show that � is strongly first countable. Let C 
be as in the statement of the theorem, and let C∧ be the set of all finite infima of ele-
ments of C. Put H =

{
[−c, c]X� ∶ c ∈ C∧

}
.

Then H is countable and closed under finite intersections. Suppose F
�

�����→ 0 . There 
exists a sequence (xn) such that xn ↓ 0 in X and [−xn, xn]X� ∈ F  for every n ∈ ℕ . 
Let D be as in the statement of the theorem. For every d ∈ D , there exists n ∈ ℕ 
such that xn ⩽ d , and, therefore, [−d, d] ∈ F  . Clearly, [−d, d] ∈ H . It follows from 
⋀

D = 0 that [F ∩H]
�

�����→ 0 . 	�  ◻

We proceed with a slight modification of the condition from the preceding result 
which is a convenient sufficient condition for �-strong first countability. This condi-
tion, when applied to a suitable C(K) space, enables us to show that �-strong first 
countability does not imply strong first countability.

In other words C is such that for every sequence xn ↓ 0 in X we have ⋀⋃
n∈ℕ

�
C ∩

�
xn,+∞

��
= 0 . It follows immediately from Theorem  4.13 that ( ⋆ ) 

implies �-strong first countability of X, and the two conditions are equivalent if X is 
order complete. As we show below, ( ⋆ ) is also equivalent with �-strong first count-
ability if X is almost �-complete; that is, there exists a �-order complete space Y 
containing X as a super order dense sublattice.

To verify the claims made above, we require the following results.

Proposition 4.14  Let Y be a super order dense and majorizing sublattice of X. Then 
X satisfies ( ⋆ ) if and only if Y does.

Proof  Assume that Y satisfies ( ⋆ ), and let C ⊆ Y+ be as given by the condition. Let 
xn ↓ 0 in X. As shown in the proof of Proposition 4.10, for every n ∈ ℕ there exists 
a sequence y(n)

k
↓ xn in Y. For m ∈ ℕ let zm ∶=

⋀
n,k⩽m y

(n)

k
⩾ xm . Then, zm ↓ 0 . Let D 

be as in ( ⋆ ); we have 
⋀

D = 0 in Y, hence in X. For every d ∈ D there is zm such that 
xm ⩽ zm ⩽ d . Therefore X satisfies ( ⋆).

Now suppose that X satisfies ( ⋆ ), and let C ⊆ X+ be as in the condition. For every 
c ∈ C there exists a countable set Ac ⊆ Y  so that c =

⋀
Ac . Define A ∶=

⋃
c∈C Ac . 

Clearly, A ⊆ Y+ is countable. Let yn ↓ 0 in Y. Since Y is super order dense in X we 
also have yn ↓ 0 in X. Therefore there exists D ⊆ C so that 

⋀
D = 0 and for every 

n ∈ ℕ there exists dn ∈ D so that yn ⩽ dn . Let B ∶=
⋃

d∈D Ad . Then B ⊆ A , 
⋀

B = 0 , 
and yn ⩽ dn ⩽ b for every n ∈ ℕ and b ∈ Adn

⊆ B . Therefore Y satisfies ( ⋆ ). 	�  ◻

Lemma 4.15  Let X be a set endowed with a strongly first countable Hausdorff con-
vergence structure. Assume that x0 ∈ X is such that any countably-indexed non-ter-
minating net in Y ∶= X�

{
x0
}
 consisting of mutually distinct elements converges to 

x0 . Then X is countable.

There exists a countable set C in X+ such that for every x
n
↓ 0

there exists D ⊆ C so that
⋀

D = 0 and for every d ∈ D there

exists n ∈ ℕ such that x
n
⩽ d. (⋆)
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Proof  For the sake of obtaining a contradiction, suppose that X is not countable. 
Let H =

{
Hn

}
n∈ℕ

 be a fixed intersection-closed local basis at x0 . Let Yn ∶= Y�Hn , 
n ∈ ℕ . Since X is Hausdorff, H is fixed, and [H] → x0 by Proposition 2.4, it fol-
lows that 

⋂
H = {x0} . We may therefore suppose that Y ⊇ Yn ≠ ∅ for every n ∈ ℕ . 

In addition, it follows that Y =
⋃

n∈ℕ Yn . There exists a countable set Z1 ⊆ Y  so 
that Z1 ∩ Yn ≠ ∅ for every n ∈ ℕ . We inductively construct a disjoint sequence (
Zm

)
m∈ℕ

 of countable, nonempty subsets of Y with the following property: For all 
m, n ∈ ℕ , Zm intersects Yn�

⋃m−1

k=1
Zk , provided that the latter is not empty. Assume 

that Z1,… , Zm−1 have been constructed. Since Z1,… , Zm−1 are countable and 
Y =

⋃
n∈ℕ Yn is uncountable, the existence of Zm follows from the axiom of count-

able choice.
Let Γ ∶=

{
(n, z), n ∈ ℕ, z ∈ Zn

}
 be ordered by the first component, and for every 

� = (n, z) ∈ Γ , define x
�
∶= z . Then 

(
x
�

)
 is a countably-indexed non-terminating net 

in Y consisting of mutually distinct elements. By assumption, x
�
→ x0 , and so the tail 

filter F  of 
(
x
�

)
 converges to x0 . It is easy to see that F =

��⋃
k⩾n Zk ∶ n ∈ ℕ

��
 . Let 

N ∶=
{
n ∈ ℕ ∶ Hn ∈ F

}
 . By our assumption 

[
{Hn ∶ n ∈ N}

]
= [F ∩H] → x0 . 

Since X is Hausdorff and H is fixed, 
⋂

n∈N Hn =
�
x0
�
.

For every n ∈ N there exists m ∈ ℕ such that 
⋃

k⩾m Zk ⊆ Hn , hence 
Zm ⊆ Hn , so that Zm ∩ Yn = ∅ . It therefore follows from the construction of (
Zm

)
m∈ℕ

 that Yn�
⋃m−1

k=1
Zk = ∅ so that Yn is countable. It now follows that 

Y = Y�
⋂

n∈N Hn =
⋃

n∈N

�
Y�Hn

�
=
⋃

n∈N Yn is countable, a contradiction. 	�  ◻

Lemma 4.16  If X is �-order complete, then o and �o agree on countably indexed 
nets.

Proof  Since o ⩽ �o we only need to prove that if Γ is countable, and x
�

o
�����→ 0 , then 

x
�

�o
����������→ 0 . WLOG we may assume that 

(
x
�

)
 is order bounded, and so v

�
∶=

⋁
�⩾�

x
�
 

and w
�
∶=

⋀
�⩾�

x
�
 exist and satisfy 

⋀
v
�
= 0 =

⋁
w
�
 . For every � we have 

v
�
⩾ x

�
⩾ w

�
 , hence |||x�

||| ⩽ w
�
− v

�
 . Then w

�
− v

�
↓ 0 witnesses x

�

�o
����������→ 0 . 	�  ◻

Proposition 4.17  If X is �-order complete and �-strongly first countable, then it has 
the CSP and is order complete.

Proof  It is well-known that any order bounded disjoint non-terminating net is order 
null, hence by Lemma 4.16 any order bounded disjoint countably indexed non-ter-
minating net is �-order null. Let 0 ∉ A ⊆ X+ be disjoint and order bounded. Then, 
A ∪ {0} with x0 = 0 satisfy the conditions of Lemma 4.15, and so A is countable. 
Thus X has the CSP which, together with �-order completeness, yields order com-
pleteness, see [20, Theorem 23.6] or [8, Corollary 2.11]. 	�  ◻

We can now relate strong first countability to �-strong first countability.

Theorem 4.18  The following are equivalent. 
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	 (i)	 X is strongly first countable.
	 (ii)	 X is �-strongly first countable and has the CSP.
	 (iii)	 X is �-strongly first countable and almost �-order complete.
	 (iv)	 X is almost �-order complete and satisfies ( ⋆).
	 (v)	 X� is �-strongly first countable.
	 (vi)	 X� is strongly first countable.

Proof  (i)⇔(ii) was proven in Corollary 4.4, (i)⇔(vi) follows from part (i) of Propo-
sition 4.10. (ii)⇒(iii) follows from the fact that the CSP implies almost �-order com-
pleteness, see [1, Lemma 1.44]. (v)⇒(vi) follows from Proposition 4.17 and Corol-
lary 4.4. (iv)⇒(iii) follows from the fact that ( ⋆ ) implies �-strong first countability.

(iii)⇒(iv),(v): Assume that X embeds as a super order dense sublattice in a �-
order complete vector lattice Y. By replacing Y with IX if needed we may assume 
that X is majorizing in Y. Hence, according to part (ii) of Proposition 4.10 it fol-
lows that Y is �-strongly first countable. Proposition 4.17 yields that Y is order com-
plete and so X� = Y  is �-strongly first countable. In particular, Y satisfies ( ⋆ ), and so 
according to Proposition 4.14, X satisfies ( ⋆ ) as well. 	� ◻

As is shown in Example 4.22, �-strong first countability does not imply strong 
first countability. However, it follows immediately from Theorem  4.18 that these 
notions are equivalent for order complete spaces.

Corollary 4.19  Let X be almost �-order complete. Then the following are equivalent. 

	 (i)	 X is strongly first countable.
	 (ii)	 X is �-strongly first countable.
	 (iii)	 X satisfies ( ⋆).

We illustrate the usefulness of the condition ( ⋆ ) by considering some concrete 
spaces. Recall that c stands for the sublattice of �∞ consisting of all convergent real 
sequences.

Proposition 4.20  c and �∞ are �-strongly first countable, hence also strongly first 
countable.

Proof  We prove the result for c; the proof for �∞ is similar. For each n ∈ ℕ , set

Let C = {vn ∶ n ∈ ℕ} . Suppose that xk ↓ 0 . Take D =
�
vn ∶ n ⩾ ‖x1‖

�
 . Then ⋀

D = 0 , and for every d ∈ D there exists k ∈ ℕ such that xk ⩽ d . By Theorem 4.13, 
c is �-strongly first countable. Since c has the CSP, it follows from Corollary 4.4 that 
it is strongly first countable. 	�  ◻

(4.3)
vn =

(
n times

⏞⏞⏞

1

n
,… ,

1

n
, n, n,…

)
.
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This result may be generalised. A collection of non-empty open subsets of a topo-
logical space is said to be a �-base if every non-empty open set contains a mem-
ber of the collection. We also say that a topological space satisfies the countable 
chain condition (CCC) if every disjoint collection of open sets is countable. It is 
well known, see for instance [16] or [8, Theorem 2.37], that if K is compact, then 
it satisfies the CCC if and only if C(K) has the CSP. It is also easy to see that the 
existence of a countable �-base implies the CCC. We present a simple proof that the 
existence of a countable �-base implies strong first countability; for the converse see 
Corollary 4.31.

Proposition 4.21  Let K be a compact Hausdorff space with a countable �-base. Then 
C(K) is �-strongly first countable and strongly first countable.

Proof  It follows from the discussion above that C(K) has the CSP so that o and �o 
coincide on C(K). It therefore suffices to show that condition ( ⋆ ) is satisfied. Let 
{Un}n∈ℕ be a countable �-base in K. For each n ∈ ℕ , pick a point tn ∈ Un . For every 
pair m, n ∈ ℕ , we use Urysohn’s Lemma to find fm,n ∈ C(K) such that fm,n(tn) =

1

m
 , 

1

m
1 ⩽ fm,n ⩽ m1 , and fm,n(t) = m for all t ∉ Un . Let C ∶= {fm,n}m,n∈ℕ . Suppose that 

gk ↓ 0 in C(K). Let D be the set of all f ∈ C such that f ⩾ gk for some k ∈ ℕ.
Fix a non-empty open set U in K and m ∈ ℕ with m ⩾ ‖g1‖ . Since gk ↓ 0 , [9, 

Lemma 3.1] asserts that there exist a non-empty open set V and k ∈ ℕ such that 
V ⊆ U and gk(t) ⩽

1

m
 for all t ∈ V  . Find n such that Un ⊆ V  . Then gk ⩽ fm,n because 

if t ∈ Un then gk(t) ⩽
1

m
⩽ fm,n(t) and if t ∉ Un then gk(t) ⩽ ‖g1‖ ⩽ m ⩽ fm,n(t) . It 

follows that fm,n ∈ D . Furthermore, since tn ∈ U and fm,n(tn) ⩽
1

m
 , we conclude by 

[9, Lemma 3.1] that 
⋀

D = 0 . 	�  ◻

Note that [0, 1] has a countable �-base, hence �-order convergence on C[0, 1] 
is strongly first countable. More generally, if K is metrizable, it has a countable 
base, hence a countable �-base. Furthermore, both c and �∞ may be represented 
as C(K) where K has a countable �-base, so Proposition 4.20 is a special case of 
Proposition 4.21.

We now present an example of a compact Hausdorff space K so that C(K) is �
-strongly first countable, but not strongly first countable.

Example 4.22  Let K be a compact, Hausdorff almost P space, a.k.a. a P’ space; that 
is, every closed and nowhere dense G

�
 set in K is empty, see [25]. As is shown in 

[25, Theorem  2], this condition is equivalent to the fact that �-order convergence 
coincides with norm convergence on C(K) . Taking C ∶=

{
1

m
1, m ∈ ℕ

}
 we see that 

C(K) satisfies the condition ( ⋆ ), and so is �-strongly first countable.
According to [25], �ℕ∖ℕ is an almost P space, hence C(�ℕ�ℕ) satisfies ( ⋆ ) and 

is therefore �-strongly first countable. On the other hand, C(�ℕ�ℕ) does not have the 
CCC, since disjoint clopen sets in �ℕ∖ℕ correspond to almost disjoint families in ℕ , 
which can be uncountable, see [18, p. 80]. Therefore, ( ⋆ ) does not imply the CSP, 
and in particular strong first countability. 	�  ◻
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4.3 � The case of Boolean algebras

In this section we consider order- and �-order convergence on Boolean algebras. 
Transitioning from vector lattices to Boolean algebras allows us to better see the 
combinatorial aspects of the properties under consideration, and in particular to 
“distill” the opposite properties.

Throughout this section we denote by B a Boolean algebra. For basic notation, 
we follow [18, Chapter 1]. The least and greatest elements of B are denoted 0 and 
1, respectively. For b ∈ B , we write 1 − b for the complement of b in B; that is, 
1 − b is the unique element of B so that b ∨ (1 − b) = 1 and b ∧ (1 − b) = 0 . More 
generally, if a ∧ b = 0 we say that a and b are disjoint, and write a ⟂ b.

Observe that for every b > 0 in B, the order interval [0, b] is a Boolean algebra 
with respect to the order it inherits from B. We call b > 0 an atom if [0, b] = {0, b} . 
If a ⩽ b , we denote by b − a the complement of a in the Boolean algebra [0, b]; so 
(b − a) ∨ a = b and (b − a) ∧ a = 0 . More generally, for 0 < b and a ∈ B , we denote 
by (b − a)+ the complement of a ∧ b in [0, b].

The definitions of ( �-)order convergence in Boolean algebras are analogous to 
the ones for vector lattices. As for vector lattices, we call B ( �-)strongly first count-
able if ( �-)order convergence on B is strongly first countable. We will take advan-
tage of the fact that Theorem 4.13, Proposition 4.17 and Theorem 4.18 remain valid 
for Boolean algebras, as well as the fact that a principal ideal in a ( �-)strongly first 
countable Boolean algebra is ( �-)strongly first countable.

We call A ⊆ B�{0} a �-base if for every b > 0 there is a ∈ A ∩ (0, b] . Analo-
gously, a �-base of a vector lattice X is set A ⊆ X+ so that A ∩ (0, x] ≠ ∅ for every 
nonzero x ∈ X+ . Let us prove the analogue of Proposition 4.21.

Proposition 4.23  If B has a countable �-base, then it is strongly first countable, 
hence also �-strongly first countable.

Proof  Since B has a countable �-base it satisfies the CSP, and so it suffices to 
show that condition ( ⋆ ) holds. Let 

{
bm

}
m∈ℕ

⊆ B�{0} be a �-base for B. We 
show that C ∶=

{
1 − bm

}
m∈ℕ

 has the required property. Assume that xn ↓ 0 , 
and let D =

{
1 − bm ∶ 1 − bm ⩾ xn for some n ∈ ℕ

}
 . If 

⋀
D ≠ 0 , then there is 

b > 0 such that d ⩾ b for all d ∈ D . Since 
⋁

n∈ℕ

�
1 − xn

�
= 1 , there is n ∈ ℕ with (

1 − xn
)
∧ b > 0 . It follows that there is m ∈ ℕ such that 

(
1 − xn

)
∧ b ⩾ bm , in par-

ticular, 1 − xn ⩾ bm , hence 1 − bm ∈ D so that 1 − bm ⩾ b . We have b, 1 − b ⩽ 1 − bm , 
hence bm = 0 , a contradiction. 	�  ◻

Let C = {c
�
}
�∈A be a subset of B⧵{0} . According to [5, Def. 0.1], a disjoint 

refinement of C is a collection D = {d
�
}
�∈A of mutually disjoint elements of B⧵{0} 

so that d
�
⩽ c

�
 for every � ∈ A . For a cardinal number � , we say that B satisfies 

the disjoint refinement property for systems of cardinality at most � , in short, B has 
Rp(�) , if every C = {c

�
}
�∈� has a disjoint refinement, see [5, Def. 1.0]. We will be 

interested exclusively in  B satisfying Rp(�) . The relationship between the existence 
of a countable �-base and Rp(�) is given in the following result.
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Proposition 4.24  B satisfies Rp(�) if and only if for every b > 0 the Boolean algebra 
[0, b] does not have a countable �-base.

Proof  Assume that B satisfies Rp(�) . Applying Rp(�) to any constant sequence in B 
we see that B has no atoms. Suppose that b > 0 is such that [0, b] has a countable �
-base 

{
bn
}
n∈ℕ

⊆ B�{0} . Let 
{
an
}
n∈ℕ

⊆ B�{0} be a disjoint refinement of 
{
bn
}
n∈ℕ

 . 
In particular, an ⩽ bn for every n ∈ ℕ . Since an is not an atom, we can “shrink” it if 
needed and assume that an < bn for every n ∈ ℕ . Since 

{
bn
}
n∈ℕ

 is a �-base for [0, b], 
for every n ∈ ℕ there exists mn ∈ ℕ such that bmn

⩽ an . As an < bn , it follows that 
mn ≠ n . Thus, amn

⩽ bmn
⩽ an , which contradicts disjointness of an and amn

.
Assume that for every b > 0 , [0, b] does not have a countable �-base. Note that, in 

particular, no b > 0 is an atom. Let 
{
bn
}
n∈ℕ

⊆ B�{0}.
Claim. There is 0 < a ⩽ b1 such that bm  a for every m ∈ ℕ . Let 

M ∶=
{
m ≠ 1 ∶ bm ∧ b1 > 0

}
 . If M = ∅ , i.e. bm ∧ b1 = 0 for every m ≠ 1 , take any 

0 < a < b1 . Such an a exists since b1 is not an atom. Clearly, in this case 0 < a ⩽ b1 
and bm  a for all m ∈ ℕ . Suppose M ≠ ∅ . Since {bm ∧ b1}m∈M is not a �-base for 
[0, b1] there exists 0 < a < b1 so that for all m ∈ M , bm ∧ b1  a . If m ∉ M , i.e. if 
bm ∧ b1 = 0 , then since a ⩽ b1 we have a ∧ bm = 0 so that bm  a . If m ∈ M then 
bm ⩽ a implies bm ∧ b1 ⩽ a ∧ b1 = a , a contradiction, so also in this case bm  a.

We will now inductively construct a disjoint sequence 
{
an
}
n∈ℕ

⊆ B�{0} such that 
for all m, n ∈ ℕ , an ⩽ bn and bm 

⋁n

j=1
aj . Existence of a1 follows immediately from 

the claim. Fix k ∈ ℕ and assume that a1,… , ak−1 have been constructed. Let 
B� ∶=

�
0, 1 −

⋁k−1

j=1
aj

�
 , and b�

n
∶=

�
bn −

⋁k−1

j=1
aj

�+

 , for n ∈ ℕ . By the inductive 
hypothesis, we have that 

{
b�
n

}
n∈ℕ

⊆ B��{0} , and according to the claim, there is 
0 < ak ⩽ b′

k
 such that b′

m
 ak , for every m ∈ ℕ . The last condition implies 

bm 
⋁k

j=1
aj , for every m ∈ ℕ . Since ak ⩽ b′

k
 and b�

k
⟂
⋁k−1

j=1
aj it follows that ak ⟂ aj 

for all j = 1,… , k − 1 . 	�  ◻

Proposition 4.25  If B is �-order complete and satisfies Rp(�) , then it is not �
-strongly first countable.

Proof  Assume the contrary. According to Proposition 4.17 there exists 
C =

{
cn
}
n∈ℕ

⊆ B�{0, 1} such that for any xn ↓ 0 there exists D ⊆ C so that 
⋀

D = 0 , 
and, for every d ∈ D there exists k ∈ ℕ with xk ⩽ d.

For every n ∈ ℕ let bn ∶= 1 − cn > 0 and let 
{
an
}
n∈ℕ

⊆ B�{0} be disjoint and 
such that an ⩽ bn , for every n ∈ ℕ . For every n ∈ ℕ let 

{
am
n

}
m∈ℕ

⊆ B�{0} be disjoint 
and such that am

n
⩽ an , for every m ∈ ℕ . For every m ∈ ℕ let xm ∶=

⋁
n∈ℕ a

m
n
 . Then (

xm
)
m∈ℕ

 is a disjoint sequence; defining ym ∶=
⋁

k⩾m xk we get ym ↓ 0 . On the other 
hand ym ⩾ am

n
⊥cn , hence ym  cn for all m, n ∈ ℕ . It is easy to see that we cannot 

find D ⊆ C with the required properties, which leads to a contradiction. 	�  ◻

Example 4.26  Any atomless measure algebra (B,�) is order complete, has the CSP 
and satisfies Rp(�) , see [5, Example 1.5]. 	�  ◻
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We are now ready to characterise strong first countability for Boolean algebras.

Theorem 4.27  B is strongly first countable if and only if it has a countable �-base.

Proof  Sufficiency was proven in Proposition 4.23. Suppose that B is strongly first 
countable. According to Theorem  4.18 and Proposition 4.17 we may assume that 
B is complete and has the CSP. Let A be the collection of b > 0 in B such that [0, b] 
has a countable �-base. Let us show that 

⋁
A = 1 . Assume that this is not true. 

Then there exists 0 < c ∈ B so that c⊥a for every a ∈ A , for instance c ∶= 1 −
⋁

A . 
Clearly, if 0 < d ⩽ c , then [0, d] does not have a countable �-base. Hence, according 
to Proposition 4.24, [0, c] satisfies Rp(�) , and since it is �-order complete, by Propo-
sition 4.25, it is not �-strongly first countable, hence not strongly first countable, a 
contradiction.

As B has the CSP, there exists 
{
an
}
n∈ℕ

⊆ A such that 
⋁

n∈ℕ an = 1 . For every 
n ∈ ℕ , let Cn be a countable �-base for 

[
0, an

]
 . We claim that 

⋃
n∈ℕ Cn is a (count-

able) �-base for B. Indeed, for any b > 0 there is n ∈ ℕ such that 0 < b ∧ an ⩽ an , 
and so there is c ∈ Cn such that c ⩽ b ∧ an ⩽ b . 	�  ◻

Remark 4.28  Assume that B is complete and has a countable �-base. It turns out that 
these conditions leave little room for what B can be. In particular, it is easy to see 
that if B is atomic, then B is isomorphic to 2n , where n ∈ ℕ ∪ {0,∞}.

If B is atomless, it is uniquely determined. Indeed, let A ⊆ B be a countable �
-base, and let B(A) be the Boolean subalgebra generated by A in B. Then, B(A) is 
countable and atomless, and hence isomorphic to Clop(K) , the algebra of clopen 
subsets of Cantor’s space K, see [18, Corollary 5.16 and Example 7.24]. Note that 
B is an order complete Boolean algebra which contains B(A) as an order dense sub-
algebra. It follows that B is the order completion of B(A) , and so B is isomorphic 
to RO(K) , the algebra of regular open sets in K, which in turn is isomorphic to 
RO([0, 1]) , see [18, Proposition 7.17]. 	�  ◻

4.4 � A characterisation of strong first countability

We now return to vector lattices. The following construction provides a bridge from 
the case of Boolean algebras to the vector lattice case. Let K be the Stone space of a 
Boolean algebra B. We may assume that B is the Boolean algebra of clopen subsets 
of K. Let XB ⊆ C(K) be the sublattice of simple functions over B; that is, XB is the 
linear span of all indicator functions of clopen subsets of K. Since the clopen sets 
in K form a basis K, it follows form the Stone-Weierstrass theorem that XB is norm-
dense in C(K). According to Lemma 4.11, XB is super order dense in C(K), and so 
by Proposition 4.10 the inclusion of XB into C(K) is an o - and �o-embedding. Fur-
thermore, B is included into XB via characteristic functions of clopen sets.

Lemma 4.29  The inclusion of B into XB introduced above is an embedding with 
respect to both order- and �-order convergence.
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Proof  As usual, we only provide a proof for �-order convergence. If B ∋ Un ↓ ∅ , 
then 

⋂
n∈ℕ Un is nowhere dense, and it is easy to see that 

⋀
n∈ℕ 1Un

= 𝕆 in XB . Argu-
ing as in the proof of Proposition 4.10 we see that the embedding is �-order continu-
ous. Assume that 

(
U

𝛼

)
⊆ B is such that 1U

�

�o
����������→ 1U , where U ∈ B . Let 

(
fn
)
⊆ XB be a 

dominating sequence for this convergence. Let Vn ∶= f −1
n

[[1,+∞)] ∈ B . We have 
that Vn ↓ ∅ . For every n ∈ ℕ there is �n such that 1U

�
△U =

|||1U
�

− 1U
||| ⩽ fn , hence 

U
𝛼
△ U ⊆ Vn , for every � ⩾ �n . It follows that U

�

�o
����������→ U in B. 	� ◻

In order to formulate the main result of this section we recall some terminol-
ogy and notation. The collection BX of all bands in X is a complete Boolean alge-
bra, see for instance [20, page 326]. A vector x ∈ X+ is a component of y ∈ X+ if 
x ∧ (y − x) = 0 . Note that components of y form a Boolean algebra (this follows 
from [2, Theorem 1.49]), denoted by Cy . We are now ready for the main result of 
the section.

Theorem 4.30  Let X be an Archimedean vector lattice. The following are equivalent: 

(i)	 X is strongly first countable;
(ii)	 There exist 

{
an
}
n∈ℕ

,
{
bn
}
n∈ℕ

⊆ X+ such that X+�{0} =
⋃

n∈ℕ

�
an, bn

�
;

(iii)	 There exists an increasing sequence (vn) in X+ such that X = I{vn} and BX has a 
countable �-base;

(iv)	 There exist 
{
an
}
n∈ℕ

,
{
bn
}
n∈ℕ

⊆ X𝛿

+
 such that X�

+
�{0} =

⋃
n∈ℕ

�
an, bn

�
;

(v)	 There exists an increasing sequence (vn) in X�

+
 such that X� = I{vn} , and Cvn

 (in 
X� ) has a countable �-base for every n ∈ ℕ.

Proof  (i)⇒(v): Suppose that X is strongly first countable. According to Theo-
rem 4.18, X� is strongly first countable. Therefore, by Proposition 4.8, there exists 
an increasing sequence (vn) in X�

+
 so that X� = I{vn} and Ivn is strongly first countable 

for every n ∈ ℕ . Fix n ∈ ℕ . Since X� is order complete, Ivn is isomorphic to C(K), 
where K is the Stone space of Cvn

 . Since Ivn is strongly first countable, Cvn
 is strongly 

first countable according to Lemma 4.29 and the preceding discussion, and so has a 
countable �-base by Theorem 4.27.

(v)⇒(i): By Theorem 4.18 it is enough to show X� is strongly first countable. To 
see that this is so, it suffices by Proposition 4.8 to show that each Ivn is strongly first 
countable. As explained above, Ivn is isomorphic to C(K) with K the Stone space of 
Cvn

 . Since elements of Cvn
 correspond to the clopen subsets of K, which form a base 

for K, it follows that K has a countable �-base, and so Iv is strongly first countable by 
Proposition 4.21.

(v)⇒(iv): By Freudenthal’s Spectral Theorem ( [1, Theorem  1.58]), for every 
n ∈ ℕ we have 

�
0, vn

�
=
⋃

k∈ℕ, c∈Cvn

�
1

k
c, vn

�
 . For n ∈ ℕ let 

{
vnm

}
m∈ℕ

 be a �-base for 
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Cvn
 . It follows that 

�
0, vn

�
=
⋃

m,k∈ℕ

�
1

k
vnm, vn

�
 , from where 

X�

+
�{0} =

⋃
m,k,n∈ℕ

�
1

k
vnm, kvn

�
.

(iv)⇔(ii) follows from the fact that X is order dense and majorizing in X� , and 
Proposition 4.10.

(ii)⇒(iii): For every n ∈ ℕ , let vn ∶= bn ; clearly, X = I{vn} . We show that 
{
add
n

}
n∈ℕ

 
is a �-base for BX . Consider B ∈ BX ⧵ {{0}} and some 0 < x ∈ B . There exists 
n ∈ ℕ so that 0 < an ⩽ x , hence an ∈ B . Since add

n
 is the smallest band containing an , 

it follows that add
n

⊆ B.
(iii)⇒(v): Since X is majorizing in X� it follows that the ideal generated by {vn}n∈ℕ 

in X� is all of X� . Let 
{
Hm

}
m∈ℕ

 be a countable �-base of BX . It is easy to see that, for 
every n ∈ ℕ , 

{
PHm

vn
}
m∈ℕ

 is a �-base for Cvn
 . 	�  ◻

Corollary 4.31  For a compact Hausdorff space K, the following are equivalent: 

	 (i)	 K has a countable �-base;
	 (ii)	 The complete Boolean algebra RO(K) of regular open subsets of K has a count-

able �-base;
	 (iii)	 C(K) has a countable �-base;
	 (iv)	 C(K) is strongly first countable.

Proof  (i)⇔(ii) follows from the fact that every open set contains a regular open set. 
(ii)⇔(iv) follows from Theorem 4.30 and the fact that there is a Boolean isomor-
phism between BC(K) and RO(K) (see [20, Exercise 22.10]). It is also straightforward 
to prove (i)⇔(iii) using the condition (ii) in Theorem 4.30. 	�  ◻

Remark 4.32  It follows from Remark 3.4 that if X admits a complete metrizable 
locally solid topology, then it is strongly first countable if and only if it is order iso-
morphic to C(K) where K is a compact Hausdorff space with a coutable �-base. 	�  ◻

Corollary 4.33  Let K be the Stone space of a Boolean algebra B. Then B is strongly 
first countable if and only if C(K) is.

Using part (i) of Proposition 4.10 we obtain the following result.

Corollary 4.34  Let K be compact Hausdorff and let X ⊆ C(K) be a norm-dense sub-
lattice. Then X is strongly first countable if and only if K has a countable �-base.

Remark 4.35  It is also true that in the context of Corollary 4.33, B is �-strongly first 
countable if and only if C(K) is. The converse implication is a consequence of 
Lemma 4.29, but the proof of the direct implication is rather long and technical. The 
main idea is to follow the scheme of the proof of Proposition 4.10. Namely, start 
with countable fixed intersection closed local basis H and show that 
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H� ∶= {Hm ∶ H ∈ H, m ∈ ℕ} witnesses strong first countability of �-order conver-

gence on X, where Hm ∶=

{
f ∈ X ∩ [−1,1] ∶ supp

(
|f | − 1

m
1

)+

∈ H

}
.

Note that the proof of the statement, as well as of Proposition 3.5, could be 
greatly simplified if we had a developed theory of “local” convergence, i.e. conver-
gence to a fixed point of the space, as opposed to convergence to every point. For 
example, in the proof of Proposition 4.29 we essentially observe that convergence to 
� in X is initial with respect to maps f ↦ supp

(
|f | − 1

m
1

)+

 into B, which act like 
“pseudo-norms”. Hence, first countability of B implies first countability of X at � , 
thus everywhere. 	� ◻

Corollary 4.36  If � is a finite measure, then L∞(�) is �-strongly first countable if and 
only if L∞(�) is isomorphic to �∞ , or finite-dimensional.

Proof  Sufficiency was proven in Proposition 4.20. Since L∞(�) has the CSP, in 
order to show necessity we may assume that L∞(�) is strongly first countable. The 
atomless part of L∞(�) is a principal ideal, and so to reach a contradiction we may 
assume that � is atomless to begin with. Hence, L∞(�) is isomorphic to C(K), where 
K is the Stone space of the measure algebra B of � . Note that RO(K) ≃ B , and by 
Example 4.26 this algebra does not have a countable �-base which, according to 
Corollary 4.31, implies that L∞(�) is not strongly first countable. 	�  ◻

4.5 � The case of uo convergence

In this subsection we consider (strong) first countability of the unbounded modifica-
tions uo and uσo of o and σo , respectively.

Proposition 4.37  Let X be an Archimedean vector lattice. The following are 
equivalent: 

	 (i)	 X has countable supremum property;
	 (ii)	 uo = uσo on X;
	 (iii)	 uo is Frechet–Urysohn on X;
	 (iv)	 uo is sequential on X.

Proof  (i)⇒(ii) follows from Proposition 4.2, and (iii)⇒(iv) is trivial. (ii)⇒(i) and 
(iv)⇒(i) follow from Remark 4.3 and the fact that uo and uσo agree with o and �o , 
respectively, on order intervals. (i)⇒(iii) is proven in [8, Theorem 3.15]. 	�  ◻

Recall that Xu denotes the universal completion of X, see for instance [1, 
Section 7.2].

Proposition 4.38  (cf. [15], Theorem 6.2) Let X be an Archimedean vector lattice. 
The following are equivalent: 
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	 (i)	 X has the countable supremum property and there is a countable set C ⊆ X 
such that X = Cdd;

	 (ii)	 Disjoint sets in X are at most countable;
	 (iii)	 BX has the countable supremum property;
	 (iv)	 Xu has countable supremum property;
	 (v)	 uo is first countable on X;
	 (vi)	 uo is weakly first countable on X;
	(vii)	 uo is first countable on Xu;
	(viii)	 uo is sequential on Xu.

Proof  For the equivalence of (i)–(iv) and (vi),  see [8, theorems 2.26 and 3.17]. 
(iv)⇔(viii) follows from Proposition 4.37. (i)⇒(v) follows from combining Proposi-
tions 4.2 and 3.5 with [19, Lemma 2.2]. Since first countability implies weak first 
countability, we get (v)⇒(vi). Applying the equivalence of (iv) and (v) to Xu yields 
(iv)⇔(vii). 	�  ◻

Proposition 4.39  If X is ( �-)strongly first countable, then uo ( uσo ) is strongly first 
countable on X. Conversely, if uo ( uσo ) is strongly first countable on X, then every 
principal ideal of X is ( �-)strongly first countable.

Proof  The first claim is a combination of Propositions 4.8 and 3.5.
Let us prove the second claim (as usual only for the “ � ” case). Let u ⩾ 0 and note 

that uσoX and �oIu agree on [−u, u] . Following the proof of Corollary 4.7 we con-
clude that Iu is �-strongly first countable. 	�  ◻

It is often the case that properties of uo convergence have nicer characterizations 
than properties of order convergence. Strong first countability is not an exception.

Theorem 4.40  Let X be an Archimedean vector lattice. The following are equivalent: 

	 (i)	 uoX is strongly first countable;
	 (ii)	 X is almost �-order complete and uσoX is strongly first countable;
	 (iii)	 Every principal ideal is strongly first countable and there is a countable set 

A ⊆ X such that X = Add;
	 (iv)	 There exists an increasing sequence (vn) in X+ such that X = {vn}

dd and Ivn is 
strongly first countable for every n ∈ ℕ , i.e. it is isomorphic to a dense sublat-
tice of C

(
Kvn

)
 , where Kvn

 has a countable �-base;
	 (v)	 X has a countable �-base;
	 (vi)	 BX has a countable �-base;
	(vii)	 uoXu is strongly first countable;
	(viii)	 There exists n ∈ ℕ ∪ {0,∞} so that Xu ≃ C∞(K)⊕ℝn , where K = ∅ or K is 

the Stone space of RO([0, 1]).

Proof  First, (iii)⇒(iv) and (v)⇒(vi) are straightforward. (i)⇒(iii) follows from Prop-
ositions 4.38 and 4.39. (vi)⇔(viii) follows from Remark 4.28. (vii)⇒(i) follows from 
the fact that the embedding of X into Xu is a uo-embedding (see [13, Theorem 3.2]).
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(i)⇒(ii): It follows from Proposition 4.39 that every principal ideal of X is strongly 
first countable, and therefore has the CSP (and hence is almost �-order complete) 
due to Corollary 4.4. Therefore X has the CSP, thus o = �o , which yields uo = uσo . 
We conclude that uσoX is strongly first countable.

(ii)⇒(i): By Proposition 4.39, every principal ideal of X is �-strongly first count-
able and almost �-order complete. Hence, by Theorem 4.18 every principal ideal of 
X has the CSP. It follows that X has the CSP, therefore by Proposition 4.37 uo = uσo 
is strongly first countable on X.

(iv)⇒(v): According to Theorem 4.30, each Ivn has a countable �-base. It is easy 
to see that their union is a �-base for X.

(vi)⇒(vii): Recall that Xu is isomorphic to C∞(K) , where K is the Stone space of 
BX . Since the latter has a countable �-base, it follows that it is strongly first count-
able, hence by Corollary 4.31 C(K) is strongly first countable. Since 1 is a weak unit 
in C∞(K) , uo convergence there is obtained by unbounding order convergence on 
C(K) by 1 . Since the latter convergence is strongly first countable, it follows from 
Proposition 3.5 that the former is too. 	�  ◻

Remark 4.41  We note that if X has a weak unit e, then uo is first countable on X 
if and only if X has CSP, and uo is strongly first countable on X if and only if Ie is 
strongly first countable. 	�  ◻

Remark 4.42  Note that under the conditions of Theorem  4.40, X has a countable 
subset whose order adherence is X. Indeed, let A ⊆ X+ be a countable �-base; we 
claim that Y ∶= spanℚA is o-dense. Indeed, the proof of [2, Theorem 1.34] shows 
that x =

⋁
(Y ∩ [0, x]) , for all x > 0 . Hence, for any x ∈ X , both x+ and x− can be 

order approximated by elements of Y; since Y is a subgroup, it follows that it is o
-dense. 	�  ◻

Remark 4.43  Having a countable subset whose order adherence is X does not imply 
the CSP. Let X ∶= �∞([0, 1)) , which does not have the CSP. Let Y be the set of all 
functions f ∶ [0, 1) → ℚ such that there is n ∈ ℕ so that f is constant on 

[
k−1

n
,
k

n

)
 , for 

every k = 1,… , n . Clearly, Y is countable. It is not hard to show that Y ∩ [−n1, n1] 
is dense in [−n1, n1] with respect to pointwise convergence, for every n ∈ ℕ . Since 
on order intervals in X pointwise convergence agrees with order convergence, it fol-
lows that the order adherence of Y is X. 	�  ◻

Remark 4.44  The conditions in Proposition 4.38 do not imply existence of a count-
able subset whose uo-closure is X. Let (Ω,�) be the product of continuum many 
copies of [0, 1] with Lebesgue measure. It is easy to see that X ∶= L1(�) satisfies 
condition (ii) in Proposition 4.38. Assume that X has a countable subset Y whose uo
-closure is X. Since uo convergence is stronger than convergence in measure, it fol-
lows that Y is dense with respect to the topology of convergence in measure, which 
is metrizable. Note that this topology agrees with the norm topology on [−1,1] , 
and so it follows from our assumption that [−1,1] is separable with respect to the 
norm topology. We thus run into a contradiction, since the coordinate projections 
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constitute a continuum large subset of [−1,1] with equal pairwise distances. For 
more on separability with respect to convergence in measure, see [17]. 	�  ◻

Remark 4.45  Combining Propositions 4.2 and 4.38 as well as Theorems 4.30 and 
4.40 we have the following sequence of implications:

None of these implications are reversible: C0(ℝ) is uo – strong first countable but 
not o – strong first countable, L∞[0, 1] is uo – first countable but not uo – strong first 
countable, and, c00(ℝ) is o – first countable but not uo – first countable.

It follows from Remarks 4.42, 4.43 and 4.44 that

However,

and

  	�  ◻

5 � Sequential arguments

From the point of view of analysis, countability conditions on a topology or conver-
gence structure are useful because they give access to sequential arguments. Indeed, 
as we observed in Sect. 2.2, in a weakly first countable space, hence also in a first 
countable space, the adherence (closure) of a set agrees with its sequential adher-
ence (closure). In this section we recall a few other results of this nature, mostly 
taken from [6], and state some consequences for the concrete convergence structures 
studied in Sect. 4. The reader will easily formulate similar results not stated here.

Let X and Y be convergence space. A function f ∶ X → Y  is sequentially con-
tinuous if xn → x in X implies that f (xn) → f (x) in Y. In general, a sequentially con-
tinuous function may fail to be continuous; this is true even if both spaces are first 
countable, see [6, Example 1.6.12]. A more relevant example for us comes from 
[22].

Example 5.1  Let X be an ru-complete vector lattice, and let Y be an ru-closed sub-
lattice of X. The inclusion map from Y into X is ru-continuous; in other words, the 
identity map on Y is ruY-to-ruX continuous. Furthermore, a sequence (yn) in Y con-
verges ru to 0 in Y if and only if it converges ru to 0 in X, but this is not generally 

o − strong first countability ⇒ uo − strong first countability

⇒ uo − first countability ⇒ o − first countability.

uo − strong first countability ⇒ order separability in the sense of adherence

⇒ uo − separability in the sense of closure.

order separability in the sense of adherence ⇏ o − first countability,

uo − first countability ⇏ uo − separability in the sense of closure.
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true for nets; that is, the identity map on Y is ruX-to-ruY sequentially continuous, but 
not continuous. 	�  ◻

Theorem 5.2  (cf. [6, Theorem 1.6.14 & Proposition 1.6.16]) Let X and Y be con-
vergence spaces with X first countable, and f ∶ X → Y  a sequentially continuous 
function. If Y is countably sequentially determined, in particular if Y is strongly first 
countable, then f is continuous.

Corollary 5.3  Let X be a first countable convergence space and Y an Archimedean 
vector lattice. Assume that there exists a countable set C ⊆ Y  so that IC = Y  . If 
f ∶ X → Y  is sequentially continuous with respect to relative uniform convergence 
on Y, then it is continuous.

Corollary 5.4  Let X and Y be Archimedean vector lattices and T ∶ X → Y  a linear 
operator. Consider the following statements. 

	 (i)	 T is order bounded.
	 (ii)	 T is ru-to-ru continuous.
	 (iii)	 T is sequentially ru-to-ru continuous.

Always, (i) and (ii) are equivalent, and these imply (iii). If there exists a countable 
set C ⊆ Y  so that IC = Y  , then all three statements are equivalent.
Proof  The equivalence of (i) and (ii) is proven in [22, Theorem 5.1], and (ii) clearly 
implies (iii). The remainder of the result follows from Corollary 5.3. 	�  ◻

The reader is invited to formulate an analogous result for the interrelationship 
between order continuity and sequential order continuity using the results of the pre-
ceding section.

Example 5.5  It is not hard to show that the operator T ∶ L1[0, 1] → c0 obtained by 
integrating against the Rademacher functions is sequentially ru-to-ru continuous, but 
not order bounded, and so not ru-to-ru continuous. Note that both Banach lattices in 
question are order continuous, and so ru = o = �o . Hence, the considered operator 
is also sequentially order- and �-order continuous, but not order- or �-order continu-
ous. 	�  ◻

Let X be a convergence vector space. A net (x
�
)
�∈A in X is a Cauchy net if the net 

of differences (x
�
− x

�
)(�,�)∈A2 converges to 0; Cauchy sequences are defined in the 

same way. We call X complete if every Cauchy net in X is convergent, and sequen-
tially complete if every Cauchy sequence is convergent. Clearly, every complete 
space is sequentially complete. The converse is not true even for Fréchet–Urysohn 
topological vector spaces.

Example 5.6  Let Z be a Tychonoff space. It is easy to see that C(Z) is pointwise 
complete if and only if Z is discrete. However, if Z is Lindelöf P-space, then 
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pointwise convergence on C(Z) is sequentially complete and Fréchet–Urysohn, see 
the [14, proof of Corollary 14.2]. An example of such a space which is not discrete 
is the one point Lindelöfication of an uncountable discrete space, that is an uncount-
able set with a selected point z0 such that a set A ⊆ Z is closed if it is either at most 
countable, or contains z0 . 	�  ◻

For first countable spaces, the situation is better.

Theorem 5.7  (cf. [6, Proposition 3.6.5]) Let X be a first countable convergence vec-
tor space. Then X is complete if and only if it is sequentially complete.

Corollary 5.8  Let X be an Archimedean vector lattice. Then the following hold. 

	 (i)	 X is ru-complete if and only if it is sequentially ru-complete.
	 (ii)	 X is �o-complete if and only if it is sequentially �o-complete.
	 (iii)	 If X has the CSP, then X is o-complete if and only if it is sequentially o-com-

plete, if and only if it is �o-complete.
	 (iv)	 If disjoint sets in X are at most countable, then X is uo-complete if and only if 

it is sequentially uo-complete.

Question 5.9  Is it true that every sequentially complete weakly first countable con-
vergence vector space is complete?

After the paper was accepted for publication, an example of a sequentially com-
plete, weakly first countable convergence vector space which is not complete was 
communicated to the authors by Omer Cantor. This example will be published 
elsewhere.
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