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A B S T R A C T

The vast majority of research on nanofluids only focuses on the heat transfer enhancement and pressure drop 
characteristics of these fluids. But apart from that, there are other intricate and complex phenomena that are very 
critical to the understanding of these fluid’s characteristics. The effects of free convection, entrance effects, and 
the influence of volume concentration on boundary conditions (i.e., laminar start and end, transition and tur
bulence) were often neglected. This limits our knowledge of these fluids. These phenomena were critical to 
understanding and fully utilising nanofluid potentials. Therefore, this research experimentally investigated the 
force and mixed convection of Al2O3 − MWCNT/water hybrid nanofluids. Three different concentrations of 0.30, 
0.20, and 0.10 were prepared using the two-step method. Results show that an increase in volume concentration 
significantly affects nanofluid transition boundaries. Because critical Reynolds numbers for all the volume 
concentrations varied significantly, results show that critical Reynolds numbers of 0.3, 0.2 and 0.1 vol con
centrations are Recr. = 2140, 2200, and 2330, respectively. Thermal entrance influences were found to decrease 
with the increase in volume concentration. Mixed convection effects were increased with a decrease in volume 
concentration. Results also revealed that the Nusselt number of 0.3 vol concentration at Re = 1000 was enhanced 
by about 50 % within the thermal entrance length. In contrast, it was enhanced by about 48.84 % due to mixed 
convection. It was concluded that heat transfer enhancement was much better due to thermal entrance effects 
than with mixed convection. Also, the fluid viscosity depends on transition region boundaries, thermal entrance 
effects, and mixed convection heat transfer characteristics. Also, their characteristics often differ at different 
axial positions.

1. Introduction

Despite the emergence of hybrid nanofluids with better thermo- 
physical properties and improved forced convective heat transfer char
acteristics. Experimental research on these fluid’s mixed convection 
heat transfer characteristics is very limited. These fluids have distinctive 
and very peculiar properties compared to other single or mono- 
nanofluids (i.e., Nanofluids with single nanoparticles) and conven
tional fluids (e.g., water). This is due to the two different and distinctive 
metal- or metal-based oxide nanoparticles dispersed in the base fluids. 
The possibility of having these dispersed nanoparticles in different 
percentage weight compositions gives more flexibility in enhancing 
their thermal and heat transfer characteristics. Properties such as 

viscosity, heat capacity, fluid density and thermal conductivity were all 
affected or varied when the weight composition of the particles in the 
hybrid nanofluid varied [1]. The most important properties that 
significantly impact hybrid nanofluid heat transfer are viscosity, thermal 
conductivity, and density [1,2]. Research on nanofluid thermo-physical 
characteristics shows that their viscosity varies with temperature, and 
its influence on heat transfer characteristics proved very significant [2]. 
The impact of viscosity variation on the nanofluid’s heat transfer char
acteristics was expected to be more significant with mixed convection.

Findings from the research work of Buongiorno et al. [3] revealed 
that adding metallic nanoparticles to the base fluid may influence the 
secondary flow. Because there is a tendency to increase the irregular and 
random nanoparticle motion, which may increase the secondary flow 
strength. An increase in secondary flow significance enhances heat 
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transfer coefficients and affects the critical Reynolds number. Findings 
from Yasuo et al. [4] show that mixed convection (i.e., Buoyancy effects) 
affects the critical Reynolds number. Yasuo et al. [4] explained that if 
there are no disturbances, the critical Reynolds number decreases with a 
rise in the Rayleigh number value. This was believed to be due to the 
secondary flow (i.e., Buoyancy), which induced the turbulence and, as 
such, resulted in the flow transitioning to turbulence.

The presence of buoyancy-induced secondary flow typically causes 
free convection in tubes. The existence of these phenomena with forced 
convection heat transfer is termed mixed convection [5]. The effects of 
free convection on heat transmission behaviour often depend on the 
buoyant force’s directions and the main flow [5]. The direction of the 
buoyant force in tube flow is critical to mixed convection heat transfer. 
Oliver et al. [6] explained that mixed convection can only improve the 
tube’s heat transfer if the direction of the buoyant forces is the same as 
the main flow direction. Otherwise, the heat transfer coefficients would 
deteriorate. Li and Feng [7] revealed that mixed convection effects can 
be so significant that they can be comparable to forced convection, 
especially in situations where the flow rate is very low and there is a 
large heat flux. Oliver et al. [6] and Bergles et al. [8] explained that 
mixed convection effects in horizontal tubes can improve the heat 
transfer by about three to four times higher than values predicted by any 
theoretical forced convection correlations. Shome et al [9] state that the 
effects of the mixed convection phenomenon in the horizontal tube 
include increasing the fluid pressure drops. This was attributed to the 
creation of vortices by the excited fluid vapour. Secondary effects may 

also cause thermal stratification in the tube. Apart from the possible 
enhancement of heat transfer, the free convection effect can cause an 
early laminar flow transition to turbulence.

Early experimental research findings from nanofluids mixed con
vection heat transfer behaviour produced results contrary to the most 
numerically analysed data. The deterioration of the mixed convection 
behaviour of nanofluids has been discussed in a few relevant literatures. 
At the same time, an enhancement in the mixed convection heat transfer 
was noticed with the increase in volume concentration in the experi
mental work of Mansour et al. [10]. However, these findings were 
noticed to be inconsistent with the numerical work of Akbari et al. [11]. 
The work of Akbari et al. [11] shows that volume concentration was 
insignificant in the mixed convection heat transfer of the nanofluid. It’s 
worth noting that both works of Akbari et al. [11] and Mansour et al. 
[10] used an inclined tube. But despite that, they produce different and 
incoherent findings. Tube inclination was also believed to have a 
peculiar and distinctive influence on mixed convection. Because, ac
cording to Derakhshan et al.[12]. The effects of the dispersed particles 
on mixed convection diminished with an increase in inclination angle. 
But the experimental work of Putra et al. [13], Wen et al. [14], Mansour 
et al. (Ben Mansour et al., 2011), and Li et al. [7] all reported that 
volume concentration decreases the mixed convection influence on the 
heat transfer.

Research on the mixed convection aspects of hybrid nanofluids has 
not been thoroughly investigated, especially with hybrid nanofluids. A 
literature survey shows that the numerical and experimental 

Nomenclature

A Constants
As Surface Area [m2]
Cbf Specific heat capacity of base [J/kgK]
Chnf Specific heat capacity of Hybrid [J/kgK]
cp Specific heat capacity of Particles [J/kgK]
Dsi Internal Tube diameter [m]
Dso Outer Tube Diameter [m]
g Acceleration due to gravity
Gr Grashof Number
Gz Graetz Number
h(x) Local Heat transfer coefficient [W/m2K]
havg Average Coefficient of Heat Transfer [W/m2K]
I Current [A]
J Colburn J Factor
k Thermal Conductivity [W/Mk]
kcu Thermal conductivity of the copper [W/Mk]
L Test Section Length [m]
ṁ Mass flow Rate [kg/s]
Nu(x) Local Nusselt Number
Nuavg Average Nusselt Number
P Perimeter of the tube [m]
Pr Prandtl Number
Q̇e Electric Energy Supply Rate [W]
q̇in Heat flux [W/m2]
Q̇f Heat Transfer Rate [W]
Ra Raleigh Number
Re Reynold Number
Ri Richardson Number
Recr Critical Reynold number
Ta Ambient Temperature [oC]
Ti Inlet Temperature [oC]
Tf(x) Local Mean Fluid Temperature [ oC]
Tsi(x) Inside wall temperature [oC]
Tso(x) Outside wall temperature [oC]

V Voltage [V]
x distance from the tube inlet [m]

Greek Letters
ρhnf density of the Hybrid nanofluids [kg/m3]
ρbf Base fluid density [kg/m3]
ρp Density of Particles [kg/m3]
μ Viscosity [kg/m. s]
ν Kinematic viscosity [m2/s]
ρ Density [kg/m3]
φ Volume concentration

Subscripts
b Bulk
w Wall
p Particles
O Outlet/Out
i Inlet
f Fluid
s Surface
a Ambient/ Atmospheric
avg Average
cr Critical
hnf Hybrid nanofluids
bf Base fluid.
P Particles
β Coefficient of Thermal expansion
Φ Free convection effects
Ω Heat transfer Parameter (another form of Nusselt number)

Abbreviations
PWC Percentage weight compositions
HTC Heat Transfer coefficient
HNF Hybrid Nanofluid
UWT Uniform wall temperature
UHF Uniform Heat flux“
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investigations only considered single nanofluids (i.e., nanofluids con
taining only one type of nanoparticles). Even with the single nanofluids, 
there are some significant discrepancies between the reported results, as 
cited earlier. The general hybrid nanofluid force convective heat transfer 
characteristics are still far from being fully understood. There are still 
some vital points that are not fully addressed. One of these areas is the 
transition region boundary condition. Research has shown that transi
tion region boundary conditions depend on several important factors. 
Among these factors are inlet geometry, tube configurations, tube sur
face conditions, heat flux, mixed convection, etc. [15–19]. These were 
not the only ones; we just cited the most common ones. It’s worth noting 
that most of the factors we have listed are related to one common aspect, 
which researchers believe to have been the main cause affecting the 
starting and ending of the transition flow regimes. This aspect is the flow 
disturbances. Nagendra et al. [20] believed that the transition from 
laminar to turbulent flow is mainly due to flow disturbances. The larger 
the disturbances, the greater the chances of the transition occurring. 
This was also the opinion shared by Ghajar et al. [15], Evert et al. [21] 
and Obot et al. [19]. They all explained that with the increase in fluid 
flow disturbances, the transition occurs much earlier than when the flow 
disturbances were low. Research work of Zontul et al. [22] and Tokgoz 
et al. [23] also indicates that tube geometry has a significant effect on 
the convective heat transfer characteristics. The interesting question 
here is the effects of the dispersed nanoparticles on the transition 
boundary. It’s obvious that the presence of dispersed particles in the 
base fluid altered the fluid’s thermal characteristics and its convective 
heat transfer behaviour. Another vital research question that needs to be 
considered is the effects of increased or decreased nanofluid volume 
concentrations on the transition boundaries. This question has also not 
been investigated with nanofluids. Ibrahim et al. [24] investigated the 
effects of particle size combination in the hybrid nanofluid mixture, and 
the results show that the transition boundary condition was significantly 
affected by the particle sizes. However, this research only considered 
one volume concentration (i.e., 0.3 vol) and the research focus was 
mainly on the particle’s sizes. In a similar work, Ibrahim et al. [25] also 
reported that when the weight concentration of particles in the hybrid 
nanofluid varied, it affected the transition boundary. Therefore, in this 
research, we intend to investigate the influence of volume concentra
tions on the boundary conditions of hybrid nanofluids.

The entrance effect is another aspect of a hybrid nanofluid’s forced 
convection heat transfer that has not been investigated thoroughly. This 
aspect was often neglected by the majority of researchers. Therefore, in 
most cases, this resulted in large discrepancies in experimental results 
from different researchers. Sometimes, entrance effects are mistaken for 
forced convection [25]. Because of the peculiar nature of nanofluids (e. 
g., high viscosity and presence of nanoparticle motions within the 
fluids), these effects tend to be more significant than they were with the 
base fluid. As such, neglecting or assuming their influence is negligible 
would be wrong. Under thermally developing flow, at the entrance re
gions, the thermal boundary layer is believed to be very thin [26]. 
Therefore, entrance effects can be noticed in the local Nusselt number. 
Because of the entrance effects on the local Nusselt number, we believe 
it’s important to investigate its characteristics with regard to nanofluids. 
It’s important to note that another critical issue that forces researchers to 
neglect the entrance effects or assume their effects are negligible is that 
it’s very difficult to differentiate the entrance influence from mixed 
convection. Therefore, this aspect was often considered mixed convec
tion in most cases [26]. Therefore, this research investigates the mixed 
conventions and entrance effects. We also investigate the best possible 
way to differentiate these two important phenomena.

Research by Shome et al [9] stresses that fluid properties like vis
cosity are often critical to its characteristics, especially with mixed 
convection. He specifically suggested that neglecting the effects of fluid 
viscosity on the fluid heat transfer is wrong. Especially when the tem
perature difference is significant, this effect of viscosity is important 
with nanofluids. Research findings show that viscosity increases with 

nanofluid volume concentration [27–29]. Therefore, it’s paramount to 
investigate and quantify how this increase in viscosity due to volume 
concentration affects the mixed convection, entrance effects, and fluid 
flow boundaries of the hybrid nanofluid. Therefore, in this research 
work, we aim to investigate, characterise, and analyse the effects or 
influence of volume concentrations on the nanofluid’s mixed convection 
heat transfer behaviour. Also, the research investigates the thermal 
entrance effects and transition boundaries characteristics of the nano
fluid. Hybrid nanofluids of alumina oxide and multi-walled carbon 
nanotubes (i.e., MWCNT) were used (i.e., with water as the base fluid). 
Three volume concentrations of 0.3 %, 0.2 % and 0.1 % were prepared 
using a two-step method of nanofluid preparation and the experiments 
were conducted in a horizontal copper tube at a constant heat flux.

1.1. Hybrid nanofluid preparation

To investigate the effects of volume concentration on the heat 
transfer characteristics of this hybrid nanofluid (i.e., Al2O3 – MWCNT / 
water). Three-volume concentrations were prepared (i.e., 0.3 %, 0.2 %, 
and 0.1 % volume concentrations), using a two-step method. To prepare 
these fluids, nanoparticles, which are in powder form, were weighed and 
then dispersed into the base fluid (DI Water). To improve the fluid sta
bility, a surfactant was added to the mixture, and the Surfactant used in 
this experiment was Sodium Dodecylbenzene Sulfonate (SDBS). To 
eliminate the nanoparticle agglomerations and have them properly 
disperse in the base fluid. Magnetic stirring and sonication processes 
were used. The mixture of dispersed nanoparticles and base fluids was 
subjected to 30 min of magnetic stirring, followed by a sonication pro
cess for about 90 min. This procedure was adopted from Anoop et al. 
[30], Nadooshan et al [31] and Ibrahim et al. [24]. Fig. 1a and 1b below 
show the hybrid nanofluid’s SEM (i.e., Fig. 1a) and TEM images (i.e., 
Fig. 1b).

Hybrid nanofluid Stability was examined by measuring and moni
toring its viscosity at a constant temperature of 25 ◦C. The viscosity 
readings were taken using the SV–10 Vibro Viscometer (A&D, Japan), 
which is set to record and log data in at an interval of 10 min for about 6 
hr 30 min, as shown in Fig. 1c. The results indicate that the prepared 
nanofluid (Al2O3 – MWCNT / water) has shown good and satisfactory 
stability during the period. The time duration of 6 h, 30 min was chosen 
because it takes roughly between 3 and 3.5 h to complete the experi
ments. This indicates that the fluid would maintain a very good and 
satisfactory stability throughout the experiments. A similar method was 
also used by Osman et al.[32] and Giwa et al. [33,34] and Ibrahim et al. 
[35]. Fluids were also visualised for 10 days without any visible sedi
mentation, which reaffirmed their good stability.

Eqs. (1) and (2) were applied to determine the heat capacity and 
density of the hybrid particles [35,36]. 

Fig. 1a. SEM image of the Hybrid Nanofluid.
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ρ(Al2O3 − MWCNT) =

(
ρAl2O3

PWCAl2O3

)
+ (ρMWCNTPWCMWCNT)

(
PWCAl2O3 + PWCMWCNT

) (1) 

C(Al2O3 − MWCNT) =

(
CAl2O3 PWCAl2O3

)
+ (CMWCNTPWCMWCNT)

(
PWCAl2O3 + PWCMWCNT

) (2) 

Using mixture rules as given in Eqs. (3) and (4) by Naik et al. [37], the 
hybrid nanofluid’s specific heat capacity and density (i.e., Al2O3 – 
MWCNT) were estimated. 

ρhnf = (1 − φ)ρbf +φρp (3) 

chnf = (1 − φ)cbf +φcp (4) 

1.2. Nanofluids thermal conductivity

The thermal conductivity of the prepared nanofluids was measured 
using a KD2 pro thermal conductivity meter. The measurements were 
taken between the temperatures of 10 

◦

C and 30 
◦

C.
Measurement was conducted within an error limit of less than 0.1 for 

all the volume concentrations prepared. Results show that (i.e., Fig. 2) 
the thermal conductivity decreases with the decrease in volume 
concentration.

1.3. Nanofluid viscosity

Hybrid nanofluid viscosity measurement was taken between 20 ◦C 
and 50 ◦C temperatures. Sv–10 Vibro Viscometer, manufactured by 

A&D, Japan, was used. At its full capacity, this instrument has an 
average uncertainty value of less than 0.05 (i.e., 5 %). Results indicate 
that hybrid nanofluid viscosity depends on both temperature and vol
ume concentration. 0.3 vol concentration has the highest viscosity, 
followed by 0.2 and 0.1. Research has already shown that hybrid 
nanofluid viscosity decreases with the increase in temperature [38], 
which corresponds to our research findings in Fig. 2.

1.4. Experimental setup

This research was conducted with the same experimental set used in 
Ibrahim et al. [24] and Ibrahim et al. [25]. But for clarity, a brief 
description of the key component of the setup will be given here.

The setup was equipped with high-precision equipment like a Cori
olis flow meter (4) (i.e., CmFs015) with an operation capacity between 
0.204 kg/min to 4.09 kg/min which has an accuracy of about 0.05 % at 
full operation state, gear pump (1), Thermal bath (Thermostatic water 
bath) (6), power supply (i.e., KIKUSUI PWR800M) and Data acquisition 
system DAQ. The system also has a storage tank with a capacity of 10 L 
for storing nanofluids during the experiment. The diagram of the 
experimental setup is presented in Fig. 3. The test section was made from 

Fig. 1b. TEM image of the nanofluid.

Fig. 1c. Al2O3 – MWCNT / water Nanofluids Stability Test at 25 ◦C for 6 hr 
30 min.

Fig. 2. Thermal Conductivity and Viscosity of the Hybrid Nanofluids.

I. Umar Ibrahim et al.                                                                                                                                                                                                                         Experimental Thermal and Fluid Science 172 (2026) 111626 

4 



copper materials. The test section was connected to the power supply, 
which supplied a constant heat flux that heated the fluid to a tempera
ture. Ti (i.e., inlet temperature) to Te (i.e., output temperature). The fluid 
exited the test section via the flow meter (4). The hot fluid, or nanofluid, 
heated from the test sections (3), was cooled using a tube-in-tube heat 
exchanger (5). Water from a thermal bath (6) was made to circulate 
through the tube-in-tube heat exchanger (5), and the heat from the 
nanofluids was absorbed, maintaining a steady temperature at the inlet. 
The system had a data-capturing device that processed the signals and 
information it received from the power supply, flowmeters, thermo
couples, and other sources with the aid of a desktop computer (9). The 
computer uses a LabVIEW program that was set up to log data at 20 Hz.

1.5. Test section

The schematic design of the test section used in this experiment is 
given in Fig. 4. The test section has two mixers positioned at the inlet 
and outlet of the heat exchanger. The heat exchanger section of the test 
section has a total length of 1000 mm, while the hydrodynamic entrance 
length of the test section is 500 mm. The hydrodynamic length of the test 
section was calculated using the correlation of Dust et al. [39] given in 
Eq. (5). 

L
D
=
[
(0.619)1.6

+ (0.0567Re)1.6
] 1

1.6 (5) 

A copper tube with external and internal diameters of 9.5 mm and 8 mm 
was used to construct the test sections (i.e., both the hydrodynamic 
length and heat exchanger). A total of about 28 T-type thermocouples 
were used on the heat exchanger. These thermocouples were positioned 
at seven measuring positions on the test section wall. (i.e., each position 
with a total of four thermocouples). The seven thermocouple positions 
are 120 mm, 250 mm, 380 mm, 510 mm, 640 mm, 770 mm, and 900 mm 
from the test section inlet. Also, a thermocouple was placed at the test 
section inlet and outlets, which measured the fluid inlet and outlet 
temperatures (i.e., Ti and To). The heat exchanger part of the test section 
was insulated with six layers of insulation material. This helps minimise 
heat loss in the surroundings. This helps to minimise heat loss to the 
barest minimum. The calculated heat lost to the surroundings is main
tained at about 4 %. For heating the heat exchanger, a Constantine wire 
was used. A total of 8.67 kW/m2 heat flux was supplied to the heat 
exchanger during the experiments.

Fig. 3. Schematic Diagram representing the experimental setup layout.

Fig. 4. Schematic Diagram of the Test Section.
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1.6. Experimental procedure

To reach a steady state condition, the system must be allowed to 
operate for at least ninety minutes (i.e., 90 min). A steady state is said to 
have been achieved when there are no discernible temperature, pres
sure, or flow rate changes. When the system was stabilised, a new flow 
rate for data capturing was obtained by making very small adjustments 
to the flow rates. After altering the flow rate, the system takes around ten 
minutes to stabilise and capture new readings. Readings were taken 
from the higher to the lower flow rate. This was done to reduce the 
amount of leftover heat that might be stored in the insulation, which 
may affect the subsequent readings to be taken. 200 measurement 
readings were taken for every data point by the DAQ system and aver
aged for analysis.

1.7. Data analysis

Data analysis used in this research was adopted from the work of 
Meyer et al. [40] and Ibrahim et al. [25].

1.8. Heat transfer

The nanofluid coefficient of heat transfer h(x) was computed from 
the relation given in Eq. (6). 

h(x) =
qin
•

Tsi(x) − Tf (x)
(6) 

qin
•

is the supplied heat flux to the system, calculated from the heat 

transfer rate Q
•

f . 

q
•

in =
Qf
•

As
(7) 

The heat transfer rate Qf
•

to the nanofluid were determined using mass 
flow rate, inlet temperature, outlet temperatures and specific heat ca
pacity of the hybrid nanofluids at bulk temperature. The relation was 
given in Eq. (8). 

Q•
f = m

•
cp(Tout − Tin) (8) 

As is the internal tube surface area, and its expression was given in Eq. 
(9). 

As = πDL (9) 

1.9. Energy supplied

Q
•

e = VI (10) 

Internal tube surface temperature Tsi(x) and Tf (x) nanofluid’s (i.e., local 
fluid’s temperature) were computed using outer wall temperature Tso(x)
measured at bulk fluid temperature (i.e., Eqs. (11) and (13). (Rw) is the 
resistance through the tube wall, and its expression is given in Eq. (12). 

Tsi(x) = Tso(x) − q
•

inRw (11) 

Rw =
ln Dso

Dsi

2πkcuL
(12) 

Tf (x) = Ti +
q
•

inxp
m
•
cp

(13) 

Where:

kcu The thermal conductivity of the tube material (i.e., copper) is 
defined by [41] and applied by Meyer et al. [28], While p it is the 
perimeter.

Nanofluid’s average heat transfer coefficient havg was computed 
using the average local heat transfer coefficient h(x) (i.e., Eq. (6). 

havg =
(h(x1) + h(x2) + h(x3) + ........h(xn))

n
(14) 

Where n = 7, which signifies the number of measurement positions on 
the heat exchanger.

Nanofluid’s Reynolds number and Prandtl number were obtained 
from the relations in Eqs. (15) and (16).

Reynolds Number (i.e., Re) 

Re =
4m

•

πDL
(15) 

Prandtl Number (i.e., Pr). 

Pr =
μcp

k
(16) 

Average Nusselt (i.e., Eq. (17) was computed from the average 
convective heat transfer coefficient (havg relation given in Eq. (14)). 

Nuavg =
havgD

k
(17) 

k It is the thermal conductivity of the fluids. For the base fluid (i.e., DI 
water), the thermal conductivity was calculated using the Popiel et al. 
[42] correlations at bulk temperature, i.e.. While the thermal conduc
tivity of the nanofluids was estimated at bulk fluid temperature Tb using 
the Pak and Cho [43] correlations in Eq. (18). Meanwhile, for viscosity, a 
similar procedure was followed by Sharma et al. [38], Osman et al. [39], 
and Ibrahim et al. [31]. That is, using a regression Eq. (19). 

knf = kw(1 + 7.47φ) (18) 

μnf = μw(1 + 2.5φ + 6.2φ2) (19) 

Colburn J factors 

j =
Nu

RePr1

/3
(20) 

1.10. Mixed convection analysis

The method used to evaluate the mixed convection heat transfer 
analysis was adopted from Feng et al. [44] and Ibrahim et al. [25] This 
method used Eqs. (21) and (22) to calculate the nanofluids Graetz 
Number and Grashof Number, respectively. Raleigh Number (Ra) and 
Richardson Number (Ri) were obtained from Eqs. (23) and (24), 
respectively. 

Gz =
π
4

RePr
D
L

(21) 

Gr =
gβ(Ts − Tm)D3

υ2 (22) 

Ra = GrPr (23) 

Ri =
Gr
Re2 (24) 

The hybrid nanofluid natural convection influence was analysed using 
the procedure followed by Feng et al. [44]. In this method, Feng et al. 
[44] expressed that based on the supplied heat flux to the heat 
exchanger (i.e., Uniform wall temperature condition (UWT) or Uniform 
Heat flux conditions (UHF)). A simplified average Nusselt number of 
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relations can be expressed as given in Eq. (25). 

NuF

(
μw

μb

)0.14

=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1.75Gz1 /3..........................(UWT)

2.11Gz1 /3..........................(UHF)
(25) 

While the expression of Gz It can be summarised as given in Eq. (26). 

Gz ≥ 26.2
(

RePr
D
L
≥ 33.3

)

(26) 

As suggested by Shome et al. [9], the influence of viscosity is very sig
nificant on mixed convection, especially when the temperature differ

ence is significant. Therefore, it has to be considered. Therefore 
(

μw
μb

)0.14 

was added, which accommodates the radial variation of viscosity. 
[6,45,46]. The generalised equation is given in Eq. (27). 

Nu
(

μw

μb

)0.14

= A(Gz + Φ)
1 /3 (27) 

From Eq. (27), ϕ can be expressed in terms of the Grashof, Prandtl and 
Graetz numbers. This was given in Eq. (28). 

Φ =

[
1

2.11
Nu
(

μw

μb

)0.14
]3

− Gz (28) 

According to Feng et al. [44], parameter ϕ, or ϕ /Gz, signifies the impact 
of the free convection. The higher the ϕ or ϕ /Gz, the greater the sig
nificance of natural convection.

However, Yang et al. [29] explained that, when analysing mixed 
convection influences on the Reynolds and Nusselt numbers, using a 
parameter, Ὠ, would be more appropriate. The mathematical expression 
of Ὠ was given in Eq. (29) [29,44]. 

Ω = Nu
(

μw

μb

)0.14(

Pr
D
L

)−
1 /3

(29) 

Using Eqs. (21) and (29), Eq. (25) was rewritten and given in Eq. (30). 
Yang et al. [29]. 

ΩF = Nu
(

μw

μb

)0.14(

Pr
D
L

)−
1 /3

= 2.11
(

Re
π
4

)1 /3
= 1.95Re1 /3 (30) 

Therefore, in this research, Eq. (30) will serve as the benchmark by 
which we assess the strength of the mixed convection. This was in 
accordance with Yang et al. [29], Ibrahim et al.[25] and Feng et al. [44]. 
The higher the deviations of the research data from Eq. (30), the higher 
the influence of the natural convection [29].

Eqs. (23), (24) and (28) also assessed the volume concentration ef
fects on the mixed convection, especially at the transition region.

1.11. Validations of the experimental setup

This setup was validated under both forced and mixed convection 
conditions. Ibrahim et al. [22] and Ibrahim et al. [23] gave a detailed 
analysis of the validation process. But for clarity, a brief description of 
the results is given here.

The setup was validated according to the procedure analysis used by 
Feng et al. [44] and Osman et al. A base fluid was used to validate the 
system. This experiment validated the setup within the Reynolds num
ber range of 1000 and 6000. This range covers the Reynolds number 
range that is of interest in this research. Verified correlations from the 
Cengel and Ghajar [47] and Osman et al. [32]. Along the turbulent re
gion, correlations of Notter and Rouse, and Dittus–Boelter [47] were 
used. They validated the experimental data from the setup within an 

average deviation of about 8 %, as shown in Fig. 5a. The correlation 
between Morcos and Bergles and Depew and August was used to validate 
the data in the laminar region. Depew and August’s correlations vali
dated the result with a maximum deviation of about 10 % Fig. 5b. while 
the correlation of Morcos and Bergles validates the result within a 
maximum deviation of 11 %. These two correlations (i.e., Morcos and 
Bergles, and Depew and August correlations) were specifically devel
oped for laminar mixed convection conditions. These results show that 
the setting and setup function reasonably well. 

(1) Dittus – Boelter Correlation

Nu = 0.023Re0.8Pr0.4 (31) 

(2) Correlation of Depew and August

Nu = A
(

μb

μw

)0.14
⎡

⎢
⎣Gz + C

⎛

⎝GzGr1

/3Pr0.36

⎞

⎠

0.88 ⎤

⎥
⎦

1 /3

(32) 

Fig. 5. A) experimental Nusselt data for DI-water (i.e., base fluid) compared to 
the standard correlations. b) Percentage deviation of the laminar experimental 
water data (i.e., base fluid) with mixed convection correlations.
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Parameter A has a value of 1.75 or 2.11, depending on the heat flux 
conditions. In contrast, parameter C has a constant value of 0.12. 

(3) Morcos and Bergles’ correlations

Nu =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
⎡

⎣(4.36)2
+

⎡

⎣0.145

(
Gr*Pr
pw0.25

f

)0.265
⎤

⎦

2 ⎤

⎦

√
√
√
√
√ (33) 

Were.
Gr* = GrNu is the modified Grashof Number,
Pwf is given as. 

pwf =
hd
kwt 

(4) Notter and Rouse’s relations

Nu = 0.015Re0.856Pr0.347 (34) 

1.12. Uncertainty analysis

Experimental uncertainties were estimated using a method adopted 
from the work of Osman et al. [32], Everts et al. [48], and Dunn et al. 
[49]. This method used Eqs. (35)–(40) to determine the experimental 
data uncertainties for the convective coefficient of heat transfer, Nusselt 
number, and Reynold number (Re). It was discovered that the average 
uncertainties for the Nusselt number, coefficient of heat transfer, and 
Reynolds number were approximately 4 %, 6 %, and 5 %, respectively. 
The average uncertainty of Gr was found to be approximately less than 6 
%. While that of Ra, and Ri were found to be less than 5 %. 

δNu =

[(
δNu
δh

δh
)2

+

(
δNu
δD

δD
)2

+

(
δNu
δk

δk
)2
]1 /2

(35) 

δh =

[(
δh

δq
• δq

•
)2

+

(
δh
δTS

δTS

)2

+

(
δh
δTb

δTb

)2
]1 /2

(36) 

δRe =

[(
δRe
δm

• δm
•
)2

+

(
δRe
δD

δD
)2

+

(
δRe
δAc

δAc

)2
]1 /2

(37) 

δGr =

[(
δGr
δβ

δβ
)2

+

(
δGr
δp

δp
)2

+

(
δGr
δTs

δTs
)2

+

(
δGr
δTm

δTm
)2 

+

(
δGr
δD

δD
)2

+

(
δGr
δμ δμ

)2
]1 /2

(38) 

δRa =

[(
δRa
δGr

δGr
)2

+

(
δRa
δPr

δPr
)2
]1 /2

(39) 

δRi =

[(
δRi
δGr

δGr
)2

+

(
δRi
δRe

δRe
)2
]1 /2

(40) 

2. Results and discussion

2.1. Effects of volume concentration on the start and end of the transitions

Different methods were suggested or used in determining the critical 
Reynolds number. For example, Meyer and Bolarin [50] used a line 
method to identify the critical Reynolds on the Colburn-Reynolds graph, 
where a curve fit method is used to draw a line through the laminar and 
transition points. In this method, the point where these two lines 

intersect was regarded as the critical (Rcr), Reynolds number (i.e., the 
start of the transition regime). But Ghajar and Strickland [51] suggested 
another method for estimating the critical Reynolds number, as repre
sented in Eq. (41). This method was also used by Everts and Meyer [26] 
and Andrade et al. [52]. In this current research work, both the two 
methods of Meyer and Bolarin [50] and Ghajar and Strickland were 
considered and discussed. In Fig. 6, the Everts and Meyer [26] method 
was presented. In this procedure, the Critical Reynolds number (Recr) is 
defined as the Reynolds number where the gradient of the Colburn J 
factors with respect to the Reynolds number changes from negative to 
positive.

Mathematically, this was expressed in Eq. (41).
Re= Recr, When 

Re =

(
dj

dRe

)

= 0 (41) 

The critical (Recr.) The Reynolds number of the three-volume concen
trations 0.3, 0.2, and 0.1 was identified using Eq. (41) and represented in 
Fig. 6. Results show that the transition started at different critical Rey
nolds (Recr) numbers for the three fluids (i.e., 0.3, 0.2, and 0.1). Tran
sition starts at an approximate critical Reynolds number. ≈ 2020 for 0.3 
concentration, while 0.2 and 0.1 concentration at an approximate crit
ical Reynolds of 2050 and 2300, respectively. Fig. 6b and c. The dif
ference in the critical Reynolds number (Recr) of the fluids can be due to 
the different concentrations of the dispersed particles in the base fluid. 
This affected the fluid properties and increased the fluid disturbances, as 
explained by Nagendra et al. [20]. Compared to the base fluid, the 
transition occurred earlier with the nanofluid (i.e., 0.3 % volume con
centration) than with water. Because with the base fluid transition has 
started at the Reynolds number of Recr. = 2540 Fig. 6d. The transition 
was delayed the most with 0.1 % volume concentration (Recr. = 2300) as 
compared to the other volume concentrations (i.e., 0.2 and 0.3 %). This 
shows that an increase in the particle concentration results in the earlier 
occurrence of the transition.

From Fig. 7. The line method was used to identify the start of the 
transitional flow for the three-volume concentration. One important 
reason for using this method is that it’s much easier than Eq. (41) and 
gives an approximate value of the critical Reynolds. From Fig. 7a, Col
burn J factor data for 0.3 vol concentration were plotted against the 
Reynolds number. Using the line method, results show that the critical 
Reynolds number of 0.3 % volume concentration is 2140 (Recr ≈ 2140). 
From Fig. 7b and c, the respective critical Reynolds numbers of 0.2 % 
and 0.1 % volume concentration were found to be Recr ≈ 2200 and Recr 
≈ 2330, respectively.

When compared to the value of the critical Reynolds number iden
tified using equation (41) and the line methodTable 1 shows that the 
values differ slightly, especially with the 0.3 % and 0.2 % volume con
centrations. The critical Reynolds values using Eq. (41) differ by 5.6 % 
compared to the value obtained from the line method for 0.3 % con
centration. And with a 0.2 % concentration, it only differs by 6.95 %. 
However, with 0.1 % volume concentration, the deviation from Eq. (41)
was only 1.3 %.

The flow regime boundary has been a subject of discussion for quite a 
long time. Conventionally, laminar, transition, and turbulent boundaries 
were identified qualitatively or based on visual observation, making it 
very difficult to objectively produce consistent results on the flow 
boundaries [53]. However, these two methods have something in 
common: we can objectively categorise the flow regimes with a certain 
degree of accuracy.

2.2. Effects of volume concentration on the range of transition

The range of the transitions can easily be described as the Reynolds 
numbers or the length of the Reynolds numbers, which takes the flow 
before it becomes fully turbulent. To identify the range of the 
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transitions, we must first identify the end of the transitional flow. The 
end of the transition is the Reynolds number at which the flow becomes 
fully turbulent. This point was also subjected to a discussion from 
different research views. Some researchers are of the opinion that there 
is another flow regime after the transitional regime. Where the flow is 
not fully turbulent, and its characteristics differ significantly from those 
of the transition regime [26]. This region is considered as the quasi- 
turbulent flow regime [26]. The most significant feature of this flow 
regime is that the theoretical turbulent correlations largely failed to 
predict its Nusselt number value. Empirical correlations often over
predicted the Nusselt values at this flow region (i.e., Quasi-turbulent 
regime). However, this region is often considered a section or part of 
the transition regime in most research. Because there are no clear dis
tinctions between the regime and the transition regime, for example, 
Meyer and Bolarin [50] could only distinguish the quasi-turbulent re
gion from the transition region using the average frequency fluctuation. 
In the transition region, the average fluctuation frequency was 1/20 Hz, 
while in the quasi-turbulent region it was 1/10 Hz.

However, one crucial factor that was raised regarding this region (i. 
e., quasi-turbulent) was that the regime properties are not very different 
from those of the transition region. But Everts and Meyer et al. (Everts & 
Meyer, 2018) insisted that the flow characteristics along the quasi- 
turbulent regime are very similar to the turbulent regime rather than 
the transition regime. Their findings show a slight difference between 
their temperature standard deviation (Everts & Meyer, 2018). Similar 

findings were reported by Meyer et al. [50]. However, in most of the 
research works that involved highly viscous fluids like ethylene glycol 
and molten salt, this regime was hardly noticed [7,44,54]. Everts et al. 
[26] said it is very hard to identify the start and ending points of the 
quasi-turbulent region [26]. This can be seen clearly from Meyer and 
Bolarin [50], where the regime was not considered as a separate region. 
But it was rather included in the transition region. This was also in 
accordance with Abraham et al. [55], Yasuo et al. [4], Andrade et al. 
[52] and Sieder et al. [56], who all included this region as part of the 
transition region.

In this research, the results of the line method will be adopted to 
categorise and classify this hybrid nanofluid flow boundary. Using the 
line method, the end of the transition regime will be regarded as the 
point at which the turbulent flow fully starts. Meyer and Bolarin [50] 
describe this point as the point where the line of best fit from the tur
bulent regime (line T–T) intersects with the line of best fit from the 
transition region (i.e., line L–L). The end of the transition regime of the 
three different concentrations of this hybrid nanofluid is identified in 
Fig. 7. Results show that the transition with 0.3 % volume concentration 
ended much earlier than the other volume concentrations (i.e., 0.2 and 
0.1). The transition appeared to have ended at a Reynolds number of 
2580, with 0.3 % concentration.

Meanwhile, for other concentrations (i.e., 0.2 % and 0.1 %), the 
transition end was found to be around the Reynolds number of 2700 and 
2750, respectively. Several factors may be responsible for these 

Fig. 6. Graph of Colburn J Factor gradient against Reynolds number.
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differences. The most obvious are viscosity and mixed convection. Yasuo 
et al. [4] found that mixed convection or the presence of the secondary 
flow may also affect the start and end of the transition flow regime. 
Dispersing nanoparticles in the base fluid proves to have altered the base 
fluid’s heat transfer characteristics in every aspect. These variations of 
the transition endpoint can be largely attributed to the increase in vis
cosity due to volume concentration and temperature gradient.Table 2

Table 3 provides the boundary ranges for the three-volume concen
tration considered in this research. These ranges were determined using 
the line method (i.e., Critical Reynolds number of the flow) from Fig. 7. 
It is also important to note that the data in Fig. 7 are based on the 

average Colburn J (i.e., Jave). Therefore, the effects of axial positions are 
not considered.

2.3. Influence of axial position

Fig. 8 shows the effects of the tube axial position on both the laminar, 
transition and turbulent regimes. Many conditions are believed to have 
made the axial tube position very influential on the heat transfer. One of 
which is the temperature gradient along the tube. The temperature 
gradient is essential, especially regarding nanofluids, because of their 
high viscosity, thermal conductivity, and specific heat capacity. This 
resulted in the variation in heat transfer properties along the tube. From 
Fig. 8 it can be seen that the transition appeared to have started at 
slightly different critical Reynold for a particular tube position, for 
example at an axial distance of x/d = 15, the transition critical Reynold 
number is 2209, while at X/D = 112.5, the critical Reynold number is 
2250, as we explained earlier this was basically due to the influence of 
the temperature gradient and thermal entrance effects.

Ghajar and Tam [53] explained that the increase in temperature 
gradient along the tube length decreases fluid viscosity along the tube 
because viscosity decreases as the temperature increases. Decreasing 
viscosity results in increased particle motion, which may facilitate the 
formation of free convection. Therefore, this increase in the temperature 

Fig. 7. Identifying Critical Reynolds Number Using the Line Method.

Table 1 
Comparison of the start of the transition regime from the two methods.

Vol. 
Con.

Line Method Eq. (41)

S/ 
N

Fluid Vol. 
conc.

Start of the 
Transition

Start of the 
Transition

1 Hybrid Nanofluid 
Al2O3 and 
MWCNT

0.3 2140 2020
2 0.2 2200 2047
3 0.1 2330 2300

Table 2 
Range of transition regime using line method.

Line Method

S/N Fluid Vol. conc. Start of the Transition End of the Transition

1 ​ 0.3 2140 2580
2 ​ 0.2 2200 2700
3 ​ 0.1 2330 2750

Table 3 
Range of laminar regime for the three-volume concentration.

S/N Volume Concentration Laminar Range Critical Reynolds Number

1 0.3 1000 to 2140 2140
2 0.2 1000 to 2200 2200
3 0.1 1000 to 2330 2330
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gradient with the increase in X/D along the tube increased the fluid 
critical Reynolds number (i.e., transition lower limit). Ghajar and Tam 
[53] also explained that these transition limits are inlet dependent. Their 
findings show that the start and end of the transitions were varied with 
the use of different inlet configurations. It was also gathered that free 
convections dominate the flow over forced convection at the lower 
transition and laminar regions (i.e., depending on the tube and inlet 
configurations). The free convection effects have a significant impact on 
the lower transition and laminar regions. Together with the rise in the 
temperature gradient and reduction of the fluid viscosity, the critical 
Reynolds number increases along the tube as presented in Fig. 8. 
Research also indicates that it’s not only the start of the transition that is 
affected, but also the transition width decreases from Fig. 8 (i.e., 0.3 vol 
concentrations).

However, one important point to be noted here is the influence of the 
axial position on this experiment. The effects of axial position appeared 
to be decreasing with the decrease in concentration. As the concentra
tion decreases, the influence of fluid viscosity is reduced. Same with its 
effects on heat transfer, too. Concerning the end of the transition, some 
significant changes were noted for 0.3 % and 0.2 % volume concentra
tion. However, for a 0.1 % volume concentration at X/D = 15, the end of 

the transition was at 2950, while at X/D = 112.5, the transition ends at 
2700. The end of the transitions was harder to analyse for all the axial 
positions because of the scattered data points. Everts and Meyer also 
reported a similar situation [50] and attributed it to a lower temperature 
difference. The lower temperatures at the end of the transition also in
crease the uncertainties. This was also noticed to be reduced as the 
volume concentration decreased.

2.4. Heat transfers in the laminar and transition region

This part presents a general overview of the research results. That is 
without considering the influence of mixed convection and the thermal 
entrance effects. This was to have an idea of how these three-volume 
concentrations performed if those effects were not taken into 
consideration.

Fig. 9 shows a graph plot of the hybrid nanofluid Nusselt number 
against the Reynolds number for the three-volume concentration. The 
volume concentrations examined are 0.3 %, 0.2 %, and 0.1 % concen
tration. The results indicate that a 0.3 % concentration has improved the 
heat transfer performance better than the two lower concentrations of 
the same hybrid nanofluid (i.e., 0.2 % and 0.1 %). 0.1 vol concentration 

Fig. 8. Local Colburn J factor data against the Reynolds number.

I. Umar Ibrahim et al.                                                                                                                                                                                                                         Experimental Thermal and Fluid Science 172 (2026) 111626 

11 



has lower heat transfer performance than the 0.2 % volume concentra
tion. These findings were in agreement with the findings of [37,57,58], 
where they all reported similar results. Fig. 2: The Hybrid nanofluid 
thermal conductivity value increases with the increase in the concen
tration. This important parameter also appeared to increase with tem
perature. The influence of volume concentration cannot only be 
attributed to thermal conductivity. Because the specific heat capacity of 
the fluid was also related to the fluid volume concentration, as shown in 
Eq. (4). The essence of adding these particles to the base fluid was based 
on the fact that these nanoparticles have better thermal conductivity 
than the base fluid. They were dispersed in the base fluid to harness 
these capabilities to form a nanofluid [7], giving them distinguished 
properties and characteristics that improve their heat transfer charac
teristics. Therefore, it’s not surprising that thermophysical properties 
were varied with volume concentrations.

In this experiment, heat transfer performance with 0.3 % volume 
concentration, at a laminar Reynolds number of Re = 1350, has 
improved to about 8.3 % percent as compared to 0.2 % volume con
centration. When comparing 0.3 % volume concentration to 0.1 % 
volume concentration, an improvement of about 12 % was recorded at 
the same Reynolds number.

A better-enhanced heat transfer was experienced in the transition 
region with all the volume concentrations. With a 0.3 % volume con
centration, an improvement of about 21 % was recorded when 
compared to the 0.2 % at a transitional Reynolds number of 2550. This is 
much higher than the improvement recorded in the laminar region be
tween the two concentrations. A similar enhancement was also noticed 
between 0.3 % and 0.1 % volume concentrations at the same Reynolds 
number of 2550 over the laminar region. A much higher improvement 
between the two concentrations was recorded compared to what we 
have noticed in the laminar regime. Because 0.3 % volume concentra
tions have an improvement of about 32 % compared to the 0.1 % in the 
transition region. 0.2 % volume concentration has also shown a 
remarkable heat transfer improvement in the transition. The Nusselt 
number value improved as compared to the 0.1 % volume concentra
tion, which was raised to about 23 % higher than the 0.1 % volume 
concentration. However, along the turbulent regime, the Nusselt num
ber improvement was reduced drastically compared to the transition 
regime. But it’s still better than the laminar regime.

To understand the improvement in the heat transfer capabilities of 
this hybrid nanofluid of Al2O3 – MWCNT. Nanofluid experimental data 
were compared to the DI-water, the base fluid. This was to discover the 
impacts of dispersing these nanoparticles in the base fluid. Results 
indicate that dispersing these particles in DI water has remarkably 
improved in both regimes (i.e., laminar, transition, and turbulent). 

Especially with the higher volume concentration (i.e., 0.3 and 0.2). At 
Re = 3380 in the turbulent regime, a 0.3 % volume concentration has 
recorded a Nusselt number improvement of 24 %. In the transitional 
region, where the hybrid nanofluid has shown much better improve
ments than we discussed earlier, the improvement over water data was 
about 50 % at the transitional Reynolds number Re = 2550. While in the 
laminar regime at a Re = 1260, Nusselt was enhanced by 25.6 % 
compared to water. Similar findings were also noticed with a 0.2 con
centration in all three regimes. It recorded an improvement over the 
water of about 11.2 %, 36.77 %, and 19.2 %, in turbulent, transitional, 
and laminar regimes, respectively. However, in the case of 0.1 % volume 
concentration, significant improvement was only recorded at the 
laminar and transitional regimes. There is an improvement in Nusselt 
number data compared to water, which has risen to about 27.6 % in the 
transition regime (Re = 2550), while in the laminar region (i.e., Re =
1260) it’s Nusselt data was enhanced by about 17 %. However, in the 
turbulent region, the heat transfer characteristics of these volume con
centrations appeared to have deteriorated. At some point around the 
turbulent Reynolds Number of 3700, the Nusselt number of 0.1 % 
concentration was even lower than that of water, with about 0.6 %. 
Osman et al. also reported a similar result [39], where lower-volume 
concentrations have very low improvement compared to water.

From Fig. 7, we discussed the start of the transition regimes for this 
hybrid nanofluid. It can be noticed that the laminar flow ranges of the 
three-volume concentration are given in Table 3.

2.5. Mixed convection heat transfer characteristics and effects of axial 
position

Figs. 10–12 show the plots of Ὠ against the Reynolds number at three 
axial tube positions (X/D = 15, 63.75, 96.25). From the plots, experi
mental data were compared to the ʹΩF (i.e., Eq. (30). Yang et. al. [29] 
explained that the higher the values of the Ὠ in the above Eq. (30), the 
more significant the influence of the secondary flow is on the regime. 
This also indicates how Reynolds’ number influenced this phenomenon. 
It is important to investigate the effects of this phenomenon with regard 
to the Reynolds number. It was noticed that important fluid properties 
like viscosity and density, etc., varied as the Reynolds number increased 
or decreased, and also fluid temperature varied with both increases and 
decreases in Reynolds and X/D distance. These factors or parameters 
affect the secondary flow. Their characteristics or behaviour are directly 
related to the secondary flow significance in the tube.

From Fig. 10. It was noticed that the secondary flow significance 

Fig. 9. Nusselt Number against the Reynolds Number.

Fig. 10. Graphs of Ὠ and ὨF against the Reynolds number at three different 
tube Axial distances of X/D = 15, 63.75 and 92.25 for 0.3 vol Concentration.
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reduces as the X/D position from the inlet increases. According to Eq. 
(30), for 0.3 vol concentration, at X/D = 15, the experimental data at a 
Reynold number of 1945 deviate from Eq. (30) (i.e.,) by 50 % while at 
the same Reynold number but at an X/D = 63.75, Ὠ and X/D = 96.25 
values deviate from ʹΩF by an approximate percentage of 38 %. How
ever, what is uniquely different between these three axial positions is 
that, at X/D = 15, the Nusselt number appeared to increase with the 
increase of Reynolds. While at the axial positions of X/D = 63.75 and 
96.25, this was not the case, as the Nusselt number appeared to have 
slightly decreased as the Reynolds number increased. This might likely 
be due to the entrance effects, which we will discuss later. Natural 
convection influences also show a greater strength at a lower Reynold 
number than at the higher Reynold number at the axial positions of X/D 
= 63.75 and 96.25. Because at Reynold’s number of 1000, Ὠ deviates 
from the ὨF by about 41 % and 42.6 % respectively, as compared to the 
values at Re = 1945 (i.e., where Ὠ and ὨF only differ by about 38 %). 
This makes it even more obvious that axial position is significant con
cerning heat transfer characteristics.

Figs. 11 and 12 show the plots of the Ὠ and ὨF for concentrations of 
0.2 and 0.1. 0.3 vol concentration data at three axial positions were also 
considered, which are 15, 63.75, and 96.25. The results show that the 
effects of mixed convection are reduced with the decrease in volume 
concentration. That is when compared to Fig. 10, which presents the 0.3 

vol concentration. For a 0.2 vol concentration, at a lower Reynolds 
number, mixed convection strengths were much stronger at X/D 63.75 
and 96.25 than at X/D = 15. A deviation of Ὠ from ὨF was about 43.23 
% and 46.3 % at X/D = 63.75 and 96.25, respectively, as against the 
value at X/D = 15, which was only about 39.9 %. This shows that at a 
very low Reynolds number, mixed convection effects are increasing with 
the increase in the axial position. However, at a much higher Reynolds 
number, such as Re = 2000, mixed convection appeared to have 
decreased with the increase in the X/D distance from the inlet. With 0.2 
vol concentration, Ὠ deviates from the ὨF with an approximate per
centage of 38.95 %, 29.42 % and 23.595 % for X/D = 15, 63.75 and 
96.25 %, respectively.

A similar trend of results was also shown by 0.1 vol concentration, 
where mixed convection at a Reynolds number of Re = 2000 appeared to 
have decreased with increasing X/D distance from the inlet. At X/D =
15, 63.75 and 96.25, Ὠ differs from the ὨF values with 12.86, 11.20 and 
10.14 % respectively. This is a similar trend of results that were obtained 
with the other two concentrations (i.e., 0.3 and 0.2). Hybrid nanofluid 
mixed convection deteriorates along the tube length and also with the 
increase in the Reynolds number. Because even with 0.1 vol concen
trations, the free convection effects were higher at Re = 1000 than at Re 
= 2000. At Re = 1000, Ὠ and ὨF differ, with 17.43 and 20.311 % at X/D 
= 63.75 and 96.25, respectively. This indicates that the mixed convec
tion’s influence deteriorates with an increase in the Reynolds number 
and X/D from the inlet. The only exception is the X/D = 15, which 
differs by only 11.4 %. Similar results were also noticed with 0.3 and 0.2 
at the same axial distance of X/D = 15, which we regarded as the results 
of the entrance effects. This is interesting because the results analysed 
for 0.3, 0.2, and 0.1 X/D = 15 behave similarly and are distinctive from 
the other two positions. This is because the entrance characteristics and 
their effect are the most significant at that position.

2.6. Thermal entrance effects on the mixed convection heat transfer

In this section, we will examine the results concerning the axial 
position x/d = 15, where the local Nusselt number appeared to have a 
slightly different trend of results (i.e., Fig. 13).

Entrance effects were believed to significantly influence the heat 
transfer behaviour of fluids in the developing regions. The thermal 
entrance region is the region where the thermal boundary layer is still 
developing (i.e., thermally developing flow). Fig. 14 shows a schematic 
diagram of the tube sections with the descriptive representations of the 
tube axial positions and the regions where distinctive characteristics 
were noticed in this research.

Mixed convection heat transfer conditions along the thermally 
developing region have not been investigated with nanofluids. But 
research in the area with other conventional fluids revealed some 
interesting findings. Example from the research work of Meyer et al. 
[48] identifies and defines these regions as forced convection devel
oping and mixed convection developing regions. While Coetzee et al. 
[59] further classified these regions within the developing flow region as 
forced convection, free convection developing and sustained free con
vection. This shows the existence of a different and unique heat transfer 
characteristics that were experienced within the developing regions. But 
one thing that is common with all these findings is that; It was believed 
that the differences were as a result of developing thermal boundary 
layer. that is why in this research, we defined these regions as just 
thermal entrance and mixed convection regions. Thermal entrance was 
used to signify the region as that part of the tube where the thermal 
entrance effects were most significant. This was also supported by the 
findings of Shome et al. [9] and Everts et al. [26].

For sure, under forced convection conditions. Local Nusselt numbers 
reduce with an increase in X/D distance. This is due to very thin thermal 
boundary layer thicknesses, which are regarded as entrance effects [26]. 
Everts et al. [26] explained that thermal entrance increases as the 
Reynolds number increases; therefore, at a particular axial distance, 

Fig. 11. Graphs Ὠ and ὨF against the Reynolds number at three different Axial 
distances of X/D = 15, 63.75 and 92.25 for 0.2 vol concentration.

Fig. 12. Graphs of Ὠ and ὨF against the Reynolds number at three different 
Axial distances of X/D = 15, 63.75 and 92.25 for 0.1 vol concentration.
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thermal boundary layer thickness decreases, resulting in the Nusselt 
numbers’ rise. Nusselt’s number rise will continue as the Reynolds 
number increases at those axial positions (i.e., where entrance effects are 
significant). From Fig. 13a and 10, which presents the 0.3 concentration 

of the nanofluid, we can see that, at an axial distance of X/D = 15, 
Nusselt’s number is increasing as the Reynolds number is increasing (i. 
e., from the Re = 1000 to Re = 2200). This indicates that the thermal 
boundary layer at X/D = 15 for the 0.3 vol concentration is very thin. 

Fig. 13. Local Nusselt Number as a Function of Reynolds Number at Different Axial Positions.

Fig. 14. Schematics diagram of the tube section.
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This resulted in an increase in the local Nusselt numbers compared to 
Reynolds’s number. But at this point, it is important to stress that the 
deviation of Ὠ with ὨF is not due to the mixed convection effects, but 
rather due to the entrance effects. It’s the entrance effects that influence 
the rise in the Nusselt number. The possibility of mixed convection ef
fects cannot be ruled out completely, but their effects are not as signif
icant as the thermal entrance effects. Fig. 13 (b and c), Figs. 11, and 12
present the results of 0.2 and 0.1 vol concentrations, respectively. We 
notice that thermal entrance effects decrease with a decrease in the 
volume concentrations, but still appear to dominate the mixed convec
tion effects at that particular axial position of X/D = 15. This was 
evident because the Nusselt number value rises with Reynolds’ number 
[26].

It’s very important to differentiate between the points where the 
mixed convection and entrance influences are the most dominant. To 
appropriately differentiate these two important regions, we adopt a 
method from the work of Everts et al. [26]. According to Everts et al. 
[26] , entrance effects are dominant if the gradient of the Nusselt 
number with respect to the Reynolds number is higher than zero. This 
was expressed in Eq. (42). and pictorially presented in Fig. 14. 

dNu
dRe

> 0 (42) 

Fig. 15. It shows that at X/D = 15, Eq. (42) shows that entrance ef
fects are the most dominant for the three concentrations over the mixed 
convection. Its effects enhance heat transfer (i.e., Nusselt Number). 

Because Shome et al. [9] stated that at an axial distance very close to the 
tube inlet, the increase in heat transfer was due to the entrance effects 
and viscosity, which agreed with our research findings.

Mixed convection effects dominate when the thickness of the 
boundary layer (i.e., Thermal boundary layer) develops significantly. 
The thermal boundary layer develops or increases across the tube length 
in the direction of the flow [47]. Its thickness increases as the X/D dis
tance from the inlet increases. As the free convection effects start to 
dominate, the thermal entrance length decreases [26]. Therefore, the 
Nusselt number will decrease at a particular axial position as the Rey
nolds number increases. This is due to increased thermal boundary layer 
thickness (i.e., Entrance effects). However, with the development of free 
convection effects, which increase with the increase in thermal bound
ary layer thickness, the local Nusselt number will start increasing along 
the length of the tube as the free convection effects develop. This was 
normally regarded as the natural convection effects or free convection 
effects, as explained by Everts et al. [26] But in an event where the 
entrance effects are still more significant than the mixed convection, 
despite the development of the thermal boundary layer, the Nusselt 
number will decrease as the Reynolds number increases, and this is 
because of the shorter thermal entrance length. This may also be due to 
the influence of free convection or natural convection. Therefore, the 
condition given in Eq. (42) will prevail. If mixed convection influences 
are more significant than the entrance effects, the gradient of the Nusselt 
number becomes less than zero. This is presented in Eq. (43) and in 
Fig. 16. 

Fig. 15. Nusselt Number gradient against Reynold number at an Axial Position of X/D = 15.
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dNu
dRe

< 0 (43) 

In Fig. 16, the mixed convection condition was evident at the axial 
distance of X/D = 96.25. Unlike the other axial position, where entrance 
effects dominated the heat transfer as indicated in Fig. 15 (i.e., 0.3 
Concentration). In Fig. 16, mixed convection appeared significant be
tween the Reynolds number ranges of 1000 to 1900. While with 0.2 and 
0.1 vol concentration, the influence of the mixed convection effects is 
very significant only between the Reynold numbers of 1000–––2050 and 
1000–––1900, respectively. It is important to note that mixed convec
tion effects may still likely be more significant at Reynolds numbers less 
than 1000, but in this research, our focus was only between 1000 and 
4000.

2.7. Effects of volume concentration on mixed convection

We have already found that the positions in which the free convec
tion effects are more significant in the laminar region are X/D = 63.75 
and 96.25. Now we will try to analyse the impact of hybrid nanofluid 
volume concentration on heat transfer characteristics. This is important 
because, at a laminar region, the rate of flow is normally very slow, and 

also, depending on the heat flux, the radial temperature difference tends 
to be very high in this region. Radial temperature decreases with 
increasing Reynolds number. In an instant where the heat flux is very 
high, the radial temperature rises significantly across the tube length. 
This results in the development of thermal boundary layer thickness, 
and the fluid viscosity will be reduced accordingly. Because of this rise in 
temperature, the dispersed nanoparticles in the base fluid get excited, 
and particle motions within the fluid also increase. Fluids that are 
exposed to high temperatures will start to move, resulting in the for
mation of secondary flow effects.

Fig. 17 shows that the hybrid nanofluid’s 0.3 and 0.2 vol concen
trations have lower Nusselt numbers than 0.1. It is important to note that 
Fig. 17 shows Nusselt numbers plotted as a function of the dimensionless 
parameter called the Rayleigh number. Similar results were noticed at 
axial positions X/D = 63.75 and X/D = 96.25. The results of the two 
cases show that mixed convection effects are more significant in the 
lower concentration (i.e., 0.1 vol concentration). Similar results were 
reported in the experimental work of Mansour et al. [60] where volume 
concentration effects on the mixed convection heat transfer were 
investigated. The results show that, with an increase in volume con
centration, natural convection influences are reduced. This is due to the 
increase in viscosity, which reduced or suppressed the buoyancy- 

Fig. 16. Nusselt Number gradient against Reynolds’ number at Axial distance of X/D = 96.25.
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induced secondary flow, even though the increase in radial temperature 
is the main cause of the mixed convection. However, viscosity and 
density change with the rise of temperature, affecting the intensity of the 
mixed convection. High viscosity and density reduce the buoyancy- 
induced secondary flow motion.

Fig. 17 shows that the Raleigh number increases with the decrease in 
Nusselt number at the two-axial position. The difference between the 
Raleigh number at the lower Nusselt number is not very significant. 
However, 0.1 concentration has shown the highest Raleigh number 
compared to the other two volume concentrations. This shows that 
mixed convection influences are very much stronger at lower concen
trations. This should not be contradicted by higher heat transfer ca
pacity. Despite having the highest influence of the mixed convection, 0.2 
and 0.3 vol concentrations still have a much higher heat transfer ca
pacity than 0.1(i.e., Fig. 9). At a laminar Reynolds’ number of 1000, 
Raleigh’s number of 0.3 vol concentration is less than that of 0.2 con
centration by about 6.4 %. When 0.2 was compared with 0.1 vol con
centration, 0.1 vol concentration was higher by 9.0 % at the axial 
position of 63.75. But this difference in Raleigh number reduces with an 
increase in tube position (i.e., from the tube inlet). Because at X/D =
96.25, and Reynold’s number of 1000, Raleigh’s number of 0.3 vol 
concentration differed by just 6.01 % from the 0.2 concentration. A 

similar reduction was noticed with 0.1 and 0.2 concentrations, as 
Raleigh’s number of 0.1 vol concentrations was higher than that of 0.2 
by 8.44 % as compared to the 9.0 % at the x/d = 63.75. This showcases 
the influence of the concentration of nanofluids on mixed convection 
heat transfer. To summarise the results, we can say that by increasing the 
nanofluid concentration from 0.1 to 0.3, the Raleigh number was 
reduced by about 18.0 % at X/D = 96.25.

As explained earlier, parameter ϕ, which was given in Eq. (28), 
signifies the natural convection influence. Feng et al. [44] explained that 
the higher the value of ϕ, the higher the influence of the mixed con
vection. Fig. 18 shows the plot of the ϕ against the product Grashof 
number, Prandtl number, and the ratio of the tube diameter to the length 
of the tube (Gr. Pr. DL). The findings also reaffirmed the earlier findings 
from Fig. 17 using the Raleigh number. It shows that an increase in the 
volume concentration has deteriorated the influence of free convection. 
0.1 vol concentration has experienced a much higher free convection 
influence. In other words, buoyance-induced secondary flow is much 
more significant with 0.1 vol concentration than with 0.2 and 0.3. 
However, this influence is reduced with an increase in tube length. 
These findings agreed with the work of Mansour et al. [60] and Li et al. 
[7] and this was not only among the laminar region but also in the 
transition and turbulent regimes Fig. 18.

Fig. 17. Nusselt Numbers against the Raleigh number at two axial distances of X/D = 63.75 and 98.25, respectively.

Fig. 18. Plot of ϕ against Gr. Pr. D
L at two axial distances of X/D = 63.75 and 98.25, respectively.
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2.8. Mixed convection in the transition and turbulent region

Due to the specific nature and characteristics of the transition region, 
we decided to analyse its mixed convection heat transfer in terms of 
another dimensionless parameter called the Richardson Number (Ri). 
The Richardson number can be used to appropriately quantify mixed 
convection in all three flow regimes. Cengal et al. [47] and Evert et al. 
[61] stated that when the Richardson number is less than 0.1, the flow 
will likely be under forced convection. However, if it is greater than 10, 
it is assumed that the entire flow was overwhelmed by secondary flow. 
However, when the Richardson number ranges from 0.1 to 10, the flow 
is expected to be under mixed convection. From this, we can see that the 
method used to analyse the laminar data is on point. From Fig. 19, all the 
laminar data fall within the mixed convection area under the two axial 
conditions. This added a level of confidence in our previous analysis. 
Also, in the same vein, when we compare Fig. 18, we analyse the effects 
of volume concentration. Fig. 19 shows that mixed convection effects 
are much higher with 0.1 vol concentration. From Fig. 19, it has become 
clearer that 0.3 was the least in terms of forced convection. It also shows 

that high viscosity suppressed the buoyancy-induced secondary flow, 
which results in the reduction of mixed convection influence. This can 
be seen from the two axial positions as presented in Fig. 19. While in 
Fig. 18, it can only be noticed at X/D = 63.75. Fig. 19 shows that all the 
transition data fall within the range of 0.1 to 10. This signifies that 
mixed convection existed in the transition region. It was also noticed 
that the mixed convection influence reduced with the increasing Rey
nolds number from laminar to transition and then to turbulent. It can 
also be seen that the turbulent data were all below the 0.1 boundaries. 
This indicates that, in these experiments, forced convection dominated 
the turbulent flow region. Therefore, the region can be regarded as a 
pure forced convection region.

3. Conclusion

In this research study, a hybrid nanofluid of Al2O3 (60 %) – MWCNT 
(40 %) is prepared and evaluated under constant heat flux conditions. 
Three volume concentrations of 0.3, 0.2, and 0.1 were used. From the 
experimental data analyzed, the following summarized conclusions 
were made. 

• From the experimental results, we found that an increase in volume 
concentration results in varying the fluid heat transfer characteris
tics, which also affects the flow boundaries. Results show that the 
critical Reynolds numbers of the three-volume concentration differ. 
This means that the start of the transition regime differs as the vol
ume concentration varies. It shows that the critical Reynolds number 
decreases with increased volume concentration. Volume concentra
tions were also found to affect the end of the transition flow. This 
affects the range of the transitional regime. This signifies that the 
range of laminar, transition and turbulent regions depends on the 
volume concentration.

• The hybrid nanofluid heat transfer behaviours also varied with an 
increase in X/D distance from the tube inlet. Research findings show 
that this was due to the effects of the thermal entrance region, and it 
holds true for all volume concentrations and throughout all three 
regimes.

• This experiment found the highest heat transfer enhancement in the 
transition region, with 0.3 vol concentration, followed by 0.2 and 
0.1. At a transitional Reynolds number of 2550, a 0.3 concentration 
has an enhancement of about 21 % compared to a 0.2 concentration. 
Meanwhile, it is better than 0.2 concentration in the laminar region 
by 8.3 %. This shows there are much better enhancements in the 
Nusselt number at the transition region than in the laminar and 
turbulent regions.

• Compared to the base fluid, Nanofluids have shown better heat 
transfer than the base fluid at both regions. 0.3 concentration has the 
highest increase in Nusselt number over the base fluid, especially in 
the transition region, where it has an enhancement of about 50 % 
compared to the base fluid.

• These research results indicate that Eqs. (34) and (35) precisely 
characterise and identify the boundaries of these hybrid nanofluids. 
These equations distinguish the entrance and region where mixed 
convection effects are the most dominant. These results are incred
ibly significant, especially in analytical and numerical studies of 
these hybrid nanofluids.

• Mixed convection effects were found to be more important within the 
laminar regime than in the transition and turbulent regimes. Mixed 
convection effects were also found to decrease with increasing 
Reynolds number, axial position, and Volume concentration.

• Hybrid nanofluid heat transfer characteristics in the entrance region 
were found to be different from those in the developing region. The 
thermal entrance was also found to be decreasing with decreasing 
volume concentration. While the Nusselt number in the region 
increased with an increase in Reynolds’ number.Fig. 19. Reynolds number against Richardson Number at two axial distances of 

X/D = 63.75 and 98.25, respectively.
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• Unlike Mixed convection effects, thermal entrance effects extend to 
both transition and turbulent regions. However, its influences 
decrease drastically with the decrease in volume concentration.

• Richardson numbers were found to increase with the decrease in 
volume concentration. This signifies that the contribution of heat 
transfer enhancement with respect to free convection is higher than 
the contribution due to forced convection with low volume con
centration (i.e., in 0.1 concentration).
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