


































































































































































































































































































136 CHAPTER 7. MULTI-PULSE PROBLEMS

7.3 Multi-pulse models

In this section, we formulate one-dimensional models for the case where mul-
tiple heat pulses are applied to the boundary of a specimen. We show how
the modal solutions for single-pulse models, as derived in Section 6.9, can be
adapted to solve these multi-pulse models. As was the case with the single-
pulse model, we will not develop a full, realistic mathematical model of an
actual physical process, and we retain the assumption that all the heat is
absorbed at the boundary at x = 0.

7.3.1 Multi-pulse problem for the C-V and

DPL models

The multi-pulse problem is similar to the single-pulse problem, with the
difference that the heat pulse is modelled using a step function with multiple
pulse cycles for the temperature T (0, t) at the boundary.

To simplify the formulation of the multi-pulse problem and also the im-
plementation of our numerical calculations, we define a pulse cycle as a
”pulse ON” followed by a ”pulse OFF” event. The first ”pulse ON” starts
at t = 0 and stops at t = t1. The first ”pulse OFF” stops at t = t2. To be
consistent with laser terminology, the pulse width is tp = t1 and the pulse
period is τp = t2 (i.e. the total duration of ”pulse ON” and ”pulse OFF”).
For a pulse-train consisting of m pulse cycles, the boundary condition at
x = 0 is given by

T (0, t) =







1, tn−1 ≤ t < tn
0, tn ≤ t < tn+1

0, t ≥ t2m

(7.3.1)

with t0 = 0 and n = 1, 3, 5, . . . (2m− 1).

Solving the multi-pulse problem for the first pulse cycle is done in the same
way as for the C-V, DPL and Fourier model (refer to Sections 6.9.1 to 6.9.3.
Note however that Problem 2 is formulated on a finite time interval. We use
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7.3. MULTI-PULSE MODELS 137

the DPL model to illustrate the solution strategy:

∂2
t T + 2γ ∂tT − τ

T
c2 ∂t∂

2
xT = c2 ∂2

xT (7.3.2)

T (0, t) =







1, tn−1 ≤ t < tn
0, tn ≤ t < tn+1

0, t ≥ t2m

∂xT (1, t) = 0

T (x, 0) = 0

∂tT (x, 0) = 0

where 2γ = 1/τq, c2 = α/τq and tp is the pulse width. To solve this
model, we start by considering the time interval 0 ≤ t < tp and use the
notation T1(x, t) for the temperature T (x, t) restricted to this interval.

Problem 1 (”pulse ON”): T1(0, t) = 1 (0 ≤ t < t1 = tp)

To use the separation of variables method, we need to homogenize the boun-
dary value by setting u1(x, t) = 1 − T1(x, t) and then solve the equivalent
problem (Problem 1) for u1(x, t). Problem 1 is formulated as

∂2
t u1 + 2γ∂tu1 − τ

T
c2∂t∂

2
xu1 = c2∂2

xu1, 0 < x < 1, 0 < t < tp (7.3.3)

u1(0, t) = 0

∂xu1(1, t) = 0

u1(x, 0) = 1

∂tu1(x, 0) = 0.

As in Section 6.9.2, the solution for Problem 1 is given by T1(x, t) = 1 −
u1(x, t), for 0 ≤ t < t1, where u1(x, t) is the solution of the homogenized
problem. The series representation of u1(x, t) is derived in Sections 6.2.2
to 6.2.5 using modal analysis.

Remark: In the remainder of this section, we show that the solutions of all
further subproblems can be expressed in terms of the function u1(x, t). This
is a key feature of the methodology used for simulating temperature profiles
for the multi-pulse problems.

Problem 2 (”pulse OFF”): T2(0, t) = 0 (t1 ≤ t < t2 = τp)

We denote the solution to Problem 2 by T2(x, t). The values for T1(x, t1) and
∂tT1(x, t1) now become the initial conditions for Problem 2.
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138 CHAPTER 7. MULTI-PULSE PROBLEMS

As in Sections 6.9.1 and 6.9.2, Problem 2 is formulated as

∂2
t T2 + 2γ ∂tT2 − τ

T
c2 ∂t∂

2
xT2 = c2 ∂2

xT2 (7.3.4)

T2(0, t) = ∂xT2(1, t) = 0

T2(x, t1) = T1(x, t1) = 1− u1(x, t1)

∂tT2(x, t1) = ∂tT1(x, t1) = −∂tu1(x, t1)

To solve for T2(x, t) we use u1(x, t) for t ≥ t1 and define Q1(x, t) =
T2(x, t) + u1(x, t). Then T2(x, t) = Q1(x, t) − u1(x, t) satisfies Eq. (7.3.4)
and Q1(x, t) is the solution of

∂2
tQ1 + 2γ ∂tQ1 − τ

T
c2 ∂t∂

2
xQ1 = c2 ∂2

xQ1 (7.3.5)

Q1(0, t) = ∂xQ1(1, t) = 0

Q1(x, t1) = 1

∂tQ1(x, t1) = 0

Equation (7.3.5) is the same as Eq. (7.3.3), except that the initial conditions
are specified at t = t1. From the linearity of the partial differential equation,
it consequently follows that for t ≥ t1, Q1(x, t) = u1(x, t− t1) and therefore

T2(x, t) = u1(x, t− t1)− u1(x, t), (7.3.6)

or, alternatively,

T2(x, t) = T1(x, t) + u1(x, t− t1)− 1. (7.3.7)

The function T2(x, t) is the solution for Problem 2 for t1 ≤ t < t2, but as
the function T2(x, t) is defined for all t it can be used in the expressions
for the solutions associated with the subsequent pulses.

For the second pulse cycle, as for the first cycle, two subproblems, Problem 3
and Problem 4, are considered for the ”pulse ON” and ”pulse OFF” events.

Problem 3 (”pulse ON”): T3(0, t) = 1 (t2 ≤ t < t3 = τp + tp)

The values for T2(x, t2) and ∂tT2(x, t2) are the starting values for Problem 3:

∂2
t T3 + 2γ ∂tT3 − τ

T
c2 ∂t∂

2
xT3 = c2 ∂2

xT3 (7.3.8)

T3(0, t) = 1

∂xT3(1, t) = 0

T3(x, t2) = T2(x, t2) = u1(x, t2 − t1)− u1(x, t2)

∂tT3(x, t2) = ∂tu1(x, t2 − t1)− ∂tu1(x, t2)
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7.3. MULTI-PULSE MODELS 139

To homogenize this problem, we set

T3(x, t) = 1− u2(x, t).

Problem 3 is equivalent to

∂2
t u2 + 2γ ∂tu2 − τ

T
c2 ∂t∂

2
xu2 = c2 ∂2

xu2 (7.3.9)

u2(0, t) = 0

∂xu2(1, t) = 0

u2(x, t2) = 1− [u1(x, t2 − t1)− u1(x, t2)]

∂tu2(x, t2) = −[∂tu1(x, t2 − t1)− ∂tu1(x, t2)]

To solve for u2(x, t) we continue using T2(x, t) for t ≥ t2 and define
Q2(x, t) = u2(x, t) + T2(x, t).

Then Q2(x, t) is a solution of

∂2
tQ2 + 2γ ∂tQ2 − τ

T
c2 ∂t∂

2
xQ2 = c2 ∂2

xQ2 (7.3.10)

Q2(0, t) = ∂xQ2(1, t) = 0

Q2(x, t2) = 1

∂tQ2(x, t2) = 0

and can be expressed in terms of u1(x, t).

For t2 ≤ t < t3:

u2(x, t) = Q2(x, t)− T2(x, t)

= u1(x, t− t2)− [u1(x, t− t1)− u1(x, t)]

The solution for Problem 3 is given by

T3(x, t) = 1− {u1(x, t− t2)− [u1(x, t− t1)− u1(x, t)]} , (7.3.11)

or, alternatively,

T3(x, t) = 1− u1(x, t− t2) + T2(x, t). (7.3.12)

Problem 4 (”pulse OFF”): T4(0, t) = 0 (t3 ≤ t < t4 = 2τp)

We denote the solution of Problem 4 by T4(x, t). The values for T3(x, t3) and
∂tT3(x, t3) become the initial conditions for Problem 4:

∂2
t T4 + 2γ ∂tT4 − τ

T
c2 ∂t∂

2
xT4 = c2 ∂2

xT4 (7.3.13)

T4(0, t) = ∂xT4(1, t) = 0

T4(x, t3) = T3(x, t3) = 1− u2(x, t3)

= 1− {u1(x, t3 − t2)− [u1(x, t3 − t1)− u1(x, t3)]}
∂tT4(x, t3) = ∂tT3(x, t3) = −∂tu2(x, t3)

= −{∂tu1(x, t3 − t2)− [∂tu1(x, t3 − t1)− ∂tu1(x, t3)]}
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140 CHAPTER 7. MULTI-PULSE PROBLEMS

As before, to solve for T4(x, t) we continue using u2(x, t) for t ≥ t3 and
define Q3(x, t) = T4(x, t) + u2(x, t).

Then T4(x, t) = Q3(x, t)− u2(x, t) will satisfy Eq. (7.3.13) and Q3(x, t) is
the solution of

∂2
tQ3 + 2γ ∂tQ3 − τ

T
c2 ∂t∂

2
xQ3 = c2 ∂2

xQ3 (7.3.14)

Q3(0, t) = ∂xQ3(1, t) = 0

Q3(x, t3) = 1

∂tQ3(x, t3) = 0

For t ≥ t3, Q3(x, t) = u1(x, t− t3) and it follows that

T4(x, t) = u1(x, t− t3)− {u1(x, t− t2)− [u1(x, t− t1)− u1(x, t)]} , (7.3.15)

or
T4(x, t) = T3(x, t) + u1(x, t− t3)− 1. (7.3.16)

The solutions for Problems 1 to 4 can be summarised as:

T1(x, t) = 1− u1(x, t) (t0 ≤ t < t1)

T2(x, t) = T1(x, t) + u1(x, t− t1)− 1 (t1 ≤ t < t2)

T3(x, t) = 1− u1(x, t− t2) + T2(x, t) (t2 ≤ t < t3)

T4(x, t) = T3(x, t) + u1(x, t− t3)− 1 (t3 ≤ t < t4)

For a pulse train with m pulse cycles the solution is given by a sequence of
functions

Tn(x, t) = 1− u1(x, t− tn−1) + Tn−1(x, t) (tn−1 ≤ t < tn)

(7.3.17)

Tn+1(x, t) = Tn(x, t) + u1(x, t− tn)− 1 (tn ≤ t < tn+1)

for n = 1, 3, 5, . . . , 2m− 1.

Note that T0(x, 0) = 0 and that T2m(x, t) is defined for t ≥ t2m−1.

For the multi-pulse problem for the C-V model, set τ
T
= 0 in Eq. (7.3.2)

and all subsequent problems.

7.3.2 Multi-pulse problem for the Fourier model

We solve the multi-pulse problem for the Fourier model in the same way as
the C-V and DPL models, even though the partial differential equation is a
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7.3. MULTI-PULSE MODELS 141

diffusion equation. For the multi-pulse problem, the boundary condition at
x = 0 for the single-pulse problem (Eq. (6.9.8)), has to be adapted, similar
to Eq. (7.3.1), so that the multi-pulse Fourier model is given by

∂tT = α ∂2
xT (7.3.18)

T (0, t) =







1, tn−1 ≤ t < tn
0, tn ≤ t < tn+1

0, t ≥ t2m

∂xT (1, t) = 0

T (x, 0) = 0

with t0 = 0 and n = 1, 3, 5, . . . (2m− 1).

Problem 1 (”pulse ON”): T1(0, t) = 1 (0 ≤ t < t1)

As before, the problem is homogenized by setting u1(x, t) = 1−T1(x, t). This
problem is solved using separation of variables, and T1(x, t) = 1−u1(x, t) is
the solution for Eq. (7.3.18) when 0 ≤ t < t1. The series representation for
u1(x, t) is derived in Section 6.2.5.

Problem 2 (”pulse OFF”): T1(0, t) = 0 (t1 ≤ t < t2)

We denote the solution to Problem 2 by T2(x, t). The value for T1(x, t1) is
the initial condition for Problem 2.

Problem 2 is formulated as

∂tT2 = α ∂2
xT2 (7.3.19)

T2(0, t) = ∂xT2(1, t) = 0

T2(x, t1) = T1(x, t1) = 1− u1(x, t1)

As before, to solve for T2(x, t) we use u1(x, t) for t ≥ t1. We define
Q1(x, t) = T2(x, t) + u1(x, t). Then T2(x, t) = Q1(x, t) − u1(x, t) satisfies
Eq. (7.3.19).

Q1(x, t) is the solution of

∂tQ1 = α ∂2
xQ1 (7.3.20)

Q1(0, t) = ∂xQ1(1, t) = 0

Q1(x, t1) = 1

For t ≥ t1, Q1(x, t) = u1(x, t− t1) and it follows that

T2(x, t) = u1(x, t− t1)− u1(x, t). (7.3.21)

The solution for the subsequent pulse cycles are derived in the same way as
in Section 7.3.1 and are given by Eq. (7.3.17).
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142 CHAPTER 7. MULTI-PULSE PROBLEMS

7.3.3 Series solution

For the numerical investigation of the multi-pulse problem, the series repre-
sentation of the solutions u1(x, t) for the Fourier, C-V and DPL models are
required. This section contains a short summary of these series representa-
tions as derived in Section 6.2.

All three models have the same associated eigenvalue problem, and the eigen-
functions (normalised with respect to the norm of the square integrable func-
tions) are given by

wk(x) = sin νkx with νk =
(2k − 1)π

2
for k = 1, 2, . . . . (7.3.22)

The series representation for the solution u1(x, t) follows as

u1(x, t) =
∞
∑

k=1

yk(t)wk(x) (7.3.23)

where yk(t) must be determined for each of the three models. The initial
condition u1(x, 0) = 1 is used for all three models, and it is easy to check
that

yk(0) =

∫ 1

0

u1(0, t)wk(x) dx =
2

νk
. (7.3.24)

The additional initial condition ∂tu1(x, 0) = 0, yielding y′k(0) = 0 is required
for the C-V and DPL models.

Fourier model:

We solve first order linear differential equations to find

yk(t) =

√
2

νk
e−rkt with rk = αν2

k . (7.3.25)

DPL model:

The DPL model is a second order hyperbolic differential equation, and we
use the terminology from vibration analysis to describe properties of the
eigenfunctions (or modes). We introduce the notation γk = γ + τ

T
c2ν2

k and
consider two cases for the modes: the overdamped case (γ2

k > c2ν2
k) and the

underdamped case (γ2
k < c2ν2

k).

In the overdamped case, let rk1 = −γk+
√

γ2
k − c2ν2

k , rk2 = −γk−
√

γ2
k − c2ν2

k

and rk = rk2/r
k
1 . Then

yk(t) = ak

(

er
k
1
t − 1

rk
er

k
2
t

)

with ak = −
√
2rk

νk(1− νk)
. (7.3.26)
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7.3. MULTI-PULSE MODELS 143

In the underdamped case, let ωd
k =

√

c2ν2
k − γ2

k. Then

yk(t) = cke
−γkt

(

cosωd
kt+

γk
ωd
k

sinωd
kt

)

with ck =

√
2

νk
. (7.3.27)

When computing the series solution in Eq. (7.3.23) for the DPL model it
must be checked for each k, whether Eq. (7.3.26) or Eq. (7.3.27) applies.

For the DPL model the constitutive equation is given by

q(x, t + τq) = −∂xT (x, t+ τ
T
),

where q is the heat flux and ∂xT the temperature gradient. A linear
approximation of this constitutive equation is used to derive the model. For
the numerical simulations in Sections 7.4 to 7.6, we distinguish between two
cases. For 0 < τ

T
< τq, the temperature gradient precedes the heat flux

vector [Tzo97]. We refer to this case as DPL-I. In this case, the first modes
are overdamped, followed by some underdamped modes, and then all the
remaining modes are overdamped. For 0 < τq < τ

T
the temperature

gradient follows after the heat flux vector. We refer to this case as DPL-II,
and note that all the modes are overdamped. The case where τ

T
= τq, is a

special case, and in [Tzo97, Section 2.5] Tzou identifies this as a case where
heat transfer occurs by diffusion. We include this special case with DPL-II,
as all the modes are overdamped. It is convenient to define δ ≡ τ

T
/τq –

then 0 < δ < 1 indicates the DPL-I model and δ ≥ 1 indicates the DPL-II
model. For the special case where δ = 1, we expect the DPL-II model to
display diffusive behaviour, i.e. similar to the Fourier model.

C-V model:

For the C-V model, we choose τ
T
= 0 in Eq. (7.3.26) and Eq. (7.3.27).

This means that γk = γ for all k.

For the C-V model, the first modes are overdamped, but all higher modes
are underdamped at the same rate e−γt.

7.3.4 Parameter values for numerical investigation

The first issue is to decide on the number of terms n to use for the finite sum
approximations for u1(x, t). In the simulations we use the discontinuous
initial condition u1(x, 0) = 1. Recall that this is the same initial conditon
used in the continuous and single-pulse heating cases in Chapter 6. We
therefore follow the same procedure as described in Section 6.5. We use error

 
 
 

 

©©  UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  

 



144 CHAPTER 7. MULTI-PULSE PROBLEMS

estimates as a guideline for the relative approximation error and determine
the number of modes n by deciding on an acceptable relative approximation
error. For n = 3000 modes, the relative approximation error (in the norm
of the square integrable functions) is less than 4×10−5, and we will use this
value in most of the simulations. Note that the required number of modes
does not depend on the values of the parameters α, τq and τ

T
, as these

parameters do not appear in the eigenfunctions.

Secondly, the value for the dimensionless thermal diffusivity α∗ is required,
which depends on t0, the time scaling factor for the dimensionless time
variable. For the simulations in Section 7.4, we use the value for t0 as
chosen for the continuous and single-pulse simulations in Chapter 6. This
allows for easy comparison with the multi-pulse problems. We recall from
Section 2.8.1 that at t0, the fundamental modal solution for the Fourier
model has decreased by 1%. We have

t0 = −4 ln(0.99)d2

π2α
≈ 0.0040732

d2

α
(7.3.28)

and consequently, the dimensionless thermal diffusivity follows as

α∗ =
t0α

d2
= 0.0040732. (7.3.29)

It is easy to use a different reference time t0. In Section 7.5, for simula-
tions linked to a thermoreflectance example, we use the diffusion time td as
reference time. In this case,

t0 = td =
d2

α
with α∗ = 1. (7.3.30)

In Section 7.6, we consider bio-heat applications and use the half-time t
1/2

as
reference time which yields

t0 = t
1/2

=
d2

α
with α∗ = 0.1388. (7.3.31)

In all cases, due to the choice of t0, the value for α∗ is independent of the
specimen thickness d and the thermal diffusivity α.

Thirdly, values for the dimensionless lag times τ ∗q and τ ∗
T

are required. In
Sections 6.3 and 6.7 we derive upper bounds,

τ ∗q ≤ ε

α∗π2
and τ ∗

T
≤ 4ε

α∗π2
(7.3.32)
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7.4. COMPARISON WITH SINGLE-PULSE PROBLEM 145

for the lag times, with ε ≪ 1 a user specified accuracy. Using ε = 0.001, we
obtain the value τ ∗q = 0.024875. The value for τ ∗

T
is chosen in such a way

that sensible comparisons between the DPL and C-V models are possible. We
obtain τ ∗

T
= 0.0041782 for the DPL-I model, and τ ∗

T
= τ ∗q = 0.024875 for

the DPL-II model. These values for the lag times are used in Section 7.4.

For the numerical investigations related to the thermoreflectance example
in Section 7.5 and the bio-heat application in Section 7.6, we seek values of
the lag times that result in distinct differences between the different model
predictions. When deciding on the values for τ ∗q and τ ∗

T
, we ensure that

values remain within an acceptable range. The upper bounds given in Eq.
(7.3.32) are used, however, ε has to be specified in a consistent and realistic
way. This is done by choosing a value for ε, finding r11 and rF1 respectively,
and calculating the percentage fractional difference 100 × |(rF1 − |r11|)/rF1 |.
We decide on a maximum allowable percentage of approximately 10% and
consistently use this value to ensure that for each choice of ε, the values for
τ ∗q and τ ∗

T
remain within an acceptable range.

7.4 Comparison with single-pulse problem

In the remaining sections all variables and parameters are dimensionless and,
for convenience, we return to using the original notation. Where physical
parameters are referred to, it will be clear from the context, and the units
are given.

Our investigation of the multi-pulse problem starts by finding the solutions
for the Fourier, C-V and DPL models with the values for the dimension-
less parameters as in Section 6.9, so that the single-pulse problems and
the multi-pulse problems can be compared. These parameter values are:
α = 0.0040732, τq = 0.024875, τ I

T
= 0.0041782 (DPL-I model) and

τ II
T

= τq = 0.024875 (DPL-II model). In this case δII = 1. We use fi-
nite sum approximations of the series solutions, with n = 3000 modes, to
find temperature distributions. These temperature profiles are temporally
calculated at a fixed position in the specimen over time. In particular, we
investigate the effects of changing the pulse period τp and the number m of
pulse cycles in the pulse-train on the solutions.

Before starting with the investigation, we want to determine how accurately
the temperature pulse mimics the incident heat pulse, at positions close
to x = 0. In Section 6.10.4 we mention that at positions close to the
x = 0 boundary, it is necessary to increase the number of modes n to ensure
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146 CHAPTER 7. MULTI-PULSE PROBLEMS

accurate predictions. We find through experimentation that at x = 0.001,
at least n = 30000 modes are required to ensure an accurate solution. Fig-
ure 7.1, with the pulse width tp = 0.075 and the pulse period τp = 0.15,
shows that for all the models, except the DPL-II model, the temperature pro-
file closely resembles the incident step heat pulse. The DPL-II temperature
profile gradually ramps up, reaches a slightly lower maximum temperature
value, and gradually decreases again. This deviation from the step pulse is
expected considering the strong damping built into the DPL-II model.
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Figure 7.1: Temperature profiles at x = 0.001, close to the boundary

Figure 7.2 shows the temperature profiles for a three-pulse problem, calcu-
lated at a fixed position x = 0.02. The C-V temperature profile is charac-
terised by sharp thermal wave fronts, that distinguish it from the profiles of
the other models. Small amplitude Gibbs oscillations are present near these
sharp wave fronts. (Using more modes reduces the amplitude of the Gibbs
oscillations; this is also true near the discontinuities.)

The instant when the temperature at x = 0.02 starts to rise, also differs for
the respective models. The Fourier and DPL-II models predict an immediate
rise in temperature, followed by the DPL-I model. The C-V model however
predicts a fairly long delay, compared to the other models, followed by a
sudden jump in the temperature at the arrival of the thermal wave front.
As expected, the temperature profiles for the first pulse cycle agree with the
profiles for the single-pulse models in Figure 6.25.

Similar for each model, is the increase in the peak temperature value with
each consecutive pulse. This is to be expected since the temperature does
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not decrease to its original zero level before the next pulse is incident on the
specimen. The most noticeable difference between the models is the difference
in predicted peak temperatures. The highest temperatures are predicted by
the C-V model, followed by the DPL-I, then Fourier, and lastly the DPL-II
model. The difference does however reduce with each consecutive pulse. The
time t at which the peak temperatures are reached also differ according to
the model used. From first to last we have the Fourier, DPL-II, DPL-I and
C-V model.

As anticipated, a sufficiently long time after the final pulse, the temperatures
predicted by the four models are equal.
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Figure 7.2: Temperature profiles at x = 0.02 for 3-pulse problem

Another interesting observation is obtained by choosing the fixed position
x deeper into the specimen. Calculating the temperature profiles at say
x = 0.075 (Figure 7.3) shows that the three pulses are starting to merge.
However, the merging effect is less for the DPL-I model, and for the C-V
model three distinct pulses are still clearly visible.

These properties of the temperature profiles agree with the physics of heat
transfer. In the derivation of the heat transfer models in Section 6.9.1, we
assume that all the optical energy is absorbed at x = 0. The absorbed energy
increases the internal energy of the heat carriers in the surface region of the
specimen. Initially, the gradient is small and therefore the diffusion of energy
from the surface to the interior is slow. This results in a swift temperature
rise in the surface region. Through interaction between the heat carriers,
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the temperature gradient gradually increases with time, thereby promoting
diffusion of energy from the surface to the interior. The diffusion process
is slower than the absorption and the distinction between individual pulses
becomes less with increasing x. The heat energy is distributed throughout
the specimen resulting in a temperature level that is lower than the initial
level in the surface region ([SYS07] [Yil12]).
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Figure 7.3: Temperature profiles at x = 0.075 showing merging of pulses

Next we investigate the effect of the pulse period on the temperature profiles.
In Section 6.8 (Figures 6.10 and 6.13) it is shown that for the single-pulse
problem, the four models predict the same temperatures from about t = 0.35.
To determine the effect of the pulse period τp on the model predictions, we
therefore increase the pulse period τp to 0.35, while keeping the pulse width
unchanged at tp = 0.075. The reason for this choice is to determine the effect
when enough time elapses between consecutive pulses, for the temperature to
return to zero before the next pulse starts. We then compare the temperature
profiles at x = 0.02 with those in Figure 7.2 where τp = 0.15.

Two properties are worth mentioning. Firstly, for the longer pulse period,
the peak pulse heights increase at a slower rate. This is to be expected since
more time is available for the temperature to decrease to a lower level before
the arrival of the next pulse. We see in Figure 7.4 that all four models pre-
dict approximately the same temperature when the next pulse arrives, i.e.
temperature values are within about 3 % of each other. In Figure 7.2 there
are still significant differences between the model predictions when the next
pulse arrives. Secondly, the solutions of the Fourier and DPL-I models start
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to agree well before the arrival of the next pulse. This agreement between
the solutions of these two models did not occur for the case τp = 0.15 in Fig-
ure 7.2. The pulse period τp also has an effect on the merging of individual
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Figure 7.4: Temperature profiles at x = 0.02 with increased pulse period
τp = 0.35

pulses. Repeating the calculation with the same parameters as for Figure 7.3,
but increasing the pulse period to τp = 0.35 ( rd = 0.075/0.35 = 0.214 ), we
see that the merging is reduced, and that three distinct temperature pulses
are visible for all four temperature profiles (Figure 7.5). The peak pulse
heights are also lower, compared to Figure 7.3. At a fixed point x deeper
into the specimen, merging of the pulses will again be more prominent.

Next, we want to investigate the effect of increasing the number of pulses
m. In Figure 7.4, we have tp = 0.075 and τp = 0.35. For three pulses,
the heating duration is 2τp + tp = 0.775. If the pulse period is reduced
to τp = 0.175 whilst keeping tp fixed, the duty ratio is doubled ( rd =
0.075/0.175 = 0.429 ). To keep the heating duration unchanged, we increase
the number of pulses from m = 3 to m = 5.

Using the DPL-I profile as reference we see that the maximum temperature
has increased from T ≈ 0.52 in the 3-pulse case (Figure 7.4) to T ≈ 0.59 in
the 5-pulse case (Figure 7.6). The other models show similar behaviour. This
is due to the higher duty ratio for the 5-pulse case, implying that more heat
energy is injected into the specimen during the heating stage. The increase
in peak temperature per pulse is higher in the 5-pulse case.
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Figure 7.5: Merging of peaks at x = 0.075 with increased pulse period
τp = 0.35
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Figure 7.6: Temperature profiles at x = 0.02 for 5-pulse problem with fixed
heating duration

If we do not restrict the heating duration and increase the number of pulses to
m = 20, with tp = 0.075 and τp = 0.175, the peak temperatures gradually
ramp up as shown in Figure 7.7. For instance, the peak temperatures for
the DPL-I solution reaches a plateau value of T ≈ 0.63, which is not much
higher than the maximum after 5 pulses shown in Figure 7.6.
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Figure 7.7: Temperature profiles at x = 0.02 for 20-pulse problem; reaching
a plateau

Increasing the pulse period τp while keeping the pulse width tp unchanged,
decreases the duty ratio rd. Decreasing rd reduces the heat energy injected
into the specimen, and will lead to lower peak temperatures and lower plateau
values. We illustrate this effect with examples based on bio-heating in Sec-
tion 7.6.

All the previous temperature profiles are calculated at a fixed point x in
the interior of the specimen. In some applications the spatial temperature
distribution is required, and in particular, the effect of the number of pulses
on the temperature profile is of importance. The modal series solutions can
be used to find spatial temperature distributions across the specimen at a
fixed time t. This will be discussed in Section 7.6.

7.5 Thermoreflectance case study: low duty

ratio rd

The case we investigate here relates to femtosecond thermoreflectance ex-
periments carried out on metal thin films. See, for instance, [Tzo97] and
[Bro90] for early contributions. In a typical setup the front face is heated by
the laser, while the rear surface is probed to determine the change in reflec-
tion, from which the change in temperature is determined. We choose a gold
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thin film specimen with thickness d = 50 nm, and with thermal diffusivity
α = 1.2495× 10−4 m2s−1. A typical laser pulse width is tp = 0.1 ps.

For the dimensionless models, the front face is at x = 0 and the rear face
at x = 1. For this example, we use the diffusion time as the time scaling
factor, with t0 = td = d2/α = 20 ps. The diffusion time is a concept
that is well-known within the international materials metrology community,
concerned with the measurement of thermophysical properties of materials
([BTY11][Bab10]), and it is easy to accommodate this different time scaling
factor in the modal series solutions.

The following values are obtained for the dimensionless parameters with the
new time scaling. Using Eq. (7.3.29) we calculate the dimensionless thermal
diffusivity as α = 1. The dimensionless pulse width is given by tp =
0.1/20 = 0.005. The pulse period τp = 5 is chosen to ensure that, for each
model, subsequent pulse heights at a fixed interior point are almost equal.
This means that the duty ratio is therefore rd = tp/τp = 0.001.

The aim in this section is to study numerical examples where, at least ini-
tially, there is a distinct difference between the different model predictions.
The lag times are determined by experimentation in order to achieve this.
The experimentation is done using Eq. (7.3.32), with ε = 0.125 and check-
ing that the percentage fractional difference 100×|(rF1 −r11)/r

F
1 |, introduced

in Section 7.3.4, remains less than 10%.

The values τq = 0.012665, τ I
T

= 0.002868 (DPL-I model) and τ II
T

=
0.037995 (DPL-II model) are obtained. We have the lag time ratios δI =
τ I
T
/τq = 0.22645 and δII = τ II

T
/τq = 3.0. These lag time values are used

in Figures 7.8 to 7.10. We focus on two aspects: the characteristics of the
temperature pulses, specifically the pulse width and pulse height behaviour,
and the effect of values used for the lag times, τq and τ

T
, and consequently δ.

7.5.1 Characteristics of temperature pulses and wave

fronts

Figure 7.8 shows the solutions for the four models, for three pulse cycles.
Due to the low duty ratio (i.e. rd ≪ 1 ) no merging of pulses is observed.
Three distinct pulses are predicted to reach the rear face at x = 1. Since
the pulse period τp is long enough, the temperatures decrease to almost
the same near zero value for all four the models before the next pulse starts.
Subsequent pulses are therefore almost identical. The most noticeable feature
of the temperature profile is the relatively high peak heights, and the narrow
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peak widths (although not clearly visible in the figure) of the C-V model
compared to the other three models.
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Figure 7.8: Temperature T at x = 1 showing 3 almost identical pulses.
τq = 0.012665; τ I

T
= 0.002868 ( δI = 0.2265 ); τ II

T
= 0.037995 ( δII = 3 )

In Figure 7.9 we display the solutions for the first pulse only (observed at
x = 1 ), in order to investigate the distinction between the different models
in more detail. The DPL-I model predicts a pulse height higher than the
Fourier model and the DPL-II model a pulse height lower than the Fourier
model. The C-V model predicts a pulse more than three times the height
of the DPL-I model. We also see that the DPL-II model predicts that the
pulse arrives at x = 1 earlier, than for the Fourier model, and that the
C-V model predicts the longest delay. To the right of the wave front, the
C-V model coincides almost perfectly with the DPL-I model. After reaching
their respective maximum temperatures, the model predictions coincide from
t ≈ 0.4. We can assume that from this time onwards, up to the start of the
next pulse cycle, the transfer of heat in the specimen occurs by diffusion.

The maximum temperature values are relatively low at x = 1, i.e. ∼ 10−2.
Compared to the boundary condition T (0, t) = 1, this implies an almost
hundred-fold reduction in the temperature across the specimen. Analysing
the numerical values in Figure 7.9, we see that the temperature pulse width
predicted by the C-V model equals the original heat pulse width tp = 0.005.
At the same time, the other models predict a temporal pulse broadening up
to about t = 2.5. This conservation of the pulse width and the sharp wave
fronts, is in accordance with the theory of the C-V model [OT94] [Tzo97]. In
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contrast to the C-V model, the pulse shapes predicted by the other models
skew to the right.

Although not typically of interest in thermoreflectance, the large reduction
in temperature across the specimen, prompts us to investigate the predicted
temperature profiles in the interior of the specimen. Figure 7.10 shows the
respective temperature profiles at x = 0.2. The maximum temperature
values are approximately an order of magnitude higher than the values at
x = 1. Calculating the temperature profiles at various x positions (results
not shown here), shows that pulse width broadens with x (except for the
C-V model), with a simultaneous decrease in pulse height. By comparing
Figure 7.9 and Figure 7.10, we also notice that the pulse skewing increases
with x.

Since the endpoint at x = 1 is insulated we expect that the thermal energy
delivered at x = 0 by the pulsed source, will be conserved within the speci-
men, i.e. the area under the temporal profile will remain at a constant value.
Following from our discussion in Section 6.9.1, the heat energy E delivered
to (and therefore transferred through) the specimen by a single laser pulse
is given by E =

∫ tp
0

P
peak

dt, where P
peak

is the laser peak power. Since
we model the heat pulse as a temperature step function, we can say that
∫ τp
0

T (0, t)dt (with T (0, t) defined in Eq. (7.3.1)) represents the amount
of heat transferred into the specimen. With tp = 0.005 in the present

numerical example, we have
∫ τp
0

T (0, t)dt =
∫ tp
0

T (0, t) dt = 0.005. For the
temperature profiles in Figures 7.9 and 7.10, the areas under the profile from
t = 0 to t = τp = 5 are calculated using numerical integration. Two obser-
vations are made: firstly, for a given x position, the areas for the respective
models are equal at ≈ 0.005, and secondly, the area remains constant at a
value of ≈ 0.005, irrespective of the x position.

The modal analysis summary in Section 7.3.3 provides an explanation for the
pulse broadening and skewing of the pulse profile in the case of the C-V and
DPL-I models. For the C-V model, from Equations (7.3.22), (7.3.23) and
(7.3.27) (with γk = γ) the contribution to the series solution for u1(x, t) by
the k-th mode is given by

2

νk
e−γt

(

cosωd
kt+

γ

ωd
k

sinωd
kt

)

sin νkx. (7.5.1)

We consider only the underdamped modes since propagation speeds are not
associated with overdamped modes. A standard trigonometric identity shows
that

cosωd
kt sin νkx =

1

2

(

sin(νkx+ ωd
kt) + sin(νkx− ωd

kt)
)

. (7.5.2)
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From standard wave theory, the function sin(νkx− ωd
kt) represents a wave

that is propagating to the right at a speed ωd
k/νk and sin(νkx + ωd

kt) a
wave propagating to the left at the same speed. The product sinωd

kt sin νkx
can be expressed in a similar way. Therefore, for each of the underdamped
modes of the C-V model, the propagation speed associated with the k-th
mode is given by

ωd
k

νk
= c

√

1− γ2

c2ν2
k

= c

√

1− 1

4ατqν2
k

< c, (7.5.3)

and
ωd
k

νk
→ c =

√

α/τq when k → ∞. (7.5.4)

As the limit is approached from below, the wave front speed for the C-V
model is given by c =

√

α/τq as stated by [TZ98] and others. For the cur-
rent parameter values only the first mode of the C-V model is overdamped,
and the propagation speeds associated with the underdamped modes quickly
approach c. Hardly any pulse broadening occurs as the individual contri-
butions to the series solution from the underdamped modes are propagated
at almost the same speed. All the underdamped modes are damped by the
same factor e−γt and the shape of the temperature pulse is also retained,
but with a reduction in the height of the pulse.

For the DPL-I model the propagation speeds for the underdamped modes
are given by

ωd
k

νk
= c

√

1− γ2
k

c2ν2
k

. (7.5.5)

In contrast to the C-V model, these propagation speeds for the underdamped
modes differ widely and significant pulse broadening and changes to the shape
of the pulse occur. Also keep in mind that for the DPL-I model the majority
of the modes are overdamped, and for these modes no associated propagation
speeds are available.

In the case of the Fourier model, where we have an infinite propagation speed
for the thermal disturbance, a change in temperature at x = 0 is experi-
enced simultaneously throughout the specimen. Initially the heat energy is
concentrated close to the surface region, whereafter the energy is gradually
distributed throughout the specimen, resulting in a broad temperature pulse
that decreases with x. For the DPL-II model all the modes are overdamped,
and there are no finite propagation speeds associated with the individual
modal contributions to the series solution. This suggests that the pulse
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broadening that occur for the DPL-II model can be explained in the same
way as for the Fourier model.
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Figure 7.9: Temperature T at x = 1 displaying only the first pulse.
τq = 0.012665; τ I

T
= 0.002868 ( δI = 0.2265 ); τ II

T
= 0.037995 ( δII = 3 )
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Figure 7.10: Temperature T at x = 0.2 displaying only the first pulse.
τq = 0.012665; τ I

T
= 0.002868 ( δI = 0.2265 ); τ II

T
= 0.037995 ( δII = 3 )

It is well known that the C-V model predicts that when a heat pulse is
incident at one boundary of a specimen, the wave front is reflected off the
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opposite boundary ([CT82] [LC04] [OT94]). Since the DPL-I model, with
τ
T
≪ 1, approaches the C-V model, we choose to examine both models to

see if we can find evidence of wave front reflection – the Fourier model is
included as a reference. Firstly, both the C-V and the DPL-I model predict
reflected pulses. In Figure 7.11 the peak values of the reflected pulses at
x = 0.8 are lower than that of the incoming pulses. At a fixed position
closer to x = 1, the reflected pulses have higher peak values. In Figure 7.12,
at x = 1, only one temperature pulse appears which is the superposition of
the incoming and reflected pulses.

Secondly, the DPL-I model shows the same behaviour as the C-V model, with
respect to its predicted pulse width. The pulse width remains constant and
the peak height decreases with x. The reflected pulse widths of both models
are the same as the incoming pulses. The peak heights for the DPL-I model
are approximately equal to the heights of the sharp thermal wave fronts of the
C-V model at x = 0.8 when they arrive at this position. The areas under the
temperature profiles are calculated for x = 0.2, x = 0.8 and x = 1 (note
that τ I

T
≪ 1 for the DPL-I model in this case) and are found to remain at

the same value of ≈ 0.005 as the areas determined for Figures 7.9 and 7.10.
The area is again conserved, even though there is hardly any broadening
of the pulse widths and the pulse shapes are retained. Noticeable reflected
pulses are present and these contribute to the calculated area.

It is interesting to see that the wave front arrival times correspond to the
times predicted by the theory. As discussed earlier, the dimensionless speed
of the wave front is given by c =

√

α/τq. Using this equation, the predicted
arrival time of the wave front at x = 0.8 is t = 0.0903, which corresponds
well with the wave front arrival time in Figure 7.11 ( t = 0.092 ). A similar
calculation, assuming that the wave front has traveled a dimensionless dis-
tance of 1.2, shows that the reflected wave front is expected to arrive back at
x = 0.8 at t = 0.135. Again this corresponds well with the value observed
in Figure 7.11.

7.5.2 Effect of lag time ratios δ

In the following numerical experiments, we investigate how the value of δ
influences the differences and similarities between the DPL, C-V and Fourier
model predictions. Referring to Section 6.8, the range of possible values for
δ is: 0 < δI < 1 and δII ≥ 1.
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Figure 7.11: Temperature T at x = 0.8 displaying only the first pulse;
including the C-V model.
τq = 0.012665; τ I

T
= 0.000025 ( δI = 0.001974 )
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Figure 7.12: Temperature T at x = 1 displaying only the first pulse;
including the C-V model.
τq = 0.012665; τ I

T
= 0.000025 ( δI = 0.001974 )

Case δI → 0:

In the first experiment we investigate what happens when δI → 0. We do this
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by either reducing τ I
T
and keeping τq fixed at the reference value, or increasing

τq and keeping τ I
T
fixed at the reference value. The former case is already

discussed in Section 7.5.1 (Figures 7.11 and 7.12). For τ I
T
= 0.000025 (or

δI = 0.001974 ) the DPL-I temperature profiles at x = 0.8 and x = 1, have
narrow smooth pulses with the pulse width equal to that of the C-V profile.
This resemblance is expected as τ I

T
<< 1.

Increasing τq by a factor 4 to 0.05066 whilst keeping τ I
T

= 0.002868, we
have δI = 0.0566. We compare the DPL-I profile with the Fourier profile
(looking at the insert in Figure 7.13), and at the same compare this result
with Figure 7.10, where δI = 0.2265. In Figure 7.10 the Fourier and DPL-I
temperature peaks are almost the same and the DPL-I profile starts to in-
crease shortly after the Fourier profile. In the case of Figure 7.13 the DPL-I
temperature peak is more than double the Fourier peak, and the delay before
the temperature increase starts, is longer. With Figures 12 and 13 showing
that the DPL-I model (with δi = 0.001974 ) approaches the C-V model,
the indication is that the DPL-I model in this case, with δI = 0.0566, is
approaching the C-V model. This suggests that the DPL-I model shows C-V
behaviour not only when τ I

T
≪ 1 but also when δI ≪ 1 ( δI → 0 ).
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Figure 7.13: Temperature T at x = 1, displaying only the first pulse.
τq = 0.05066; τ I

T
= 0.002868 ( δI = 0.0566 )
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Case δI → 1:

The second experiment investigates the case when δI → 1. We first use
τ I
T
= 0.002868 and decrease τq by a factor of 4 to 0.00316625 (Figure 7.14

– profile ‘DPL I’), and then fix τq at the reference value of 0.012665 and
increase τ I

T
by a factor of 4 to 0.011472 (Figure 7.14 – profile ‘DPL I a’).

We find that δI = 0.906. In the ‘DPL I’ case, the DPL-I temperature profile
coincides almost perfectly with the Fourier profile. This is ascribed to the
fact that the lag times are relatively small (almost negligible), ensuring an
almost perfect match between the DPL-I and Fourier models. Due to the
substantially longer lag times, compared to the ‘DPL I’ case, the ‘DPL I a’
temperature profile is shifted slightly to the right of the Fourier profile, even
though δI is the same for both ‘DPL I’ and ‘DPl I a’ cases.
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Figure 7.14: Temperature T at x = 1, displaying only the first pulse.
τq = 0.00316625; τ I

T
= 0.002868 ( δI = 0.906 )

Case δII = 1:

The third experiment’s aim is to study how the DPL-II model predictions
compare with the Fourier model. We start by decreasing τ II

T
to 0.012665,

with τq fixed at the reference value, (i.e. δII = 1 ). The result is that
the DPL-II temperature profile closely follows the Fourier profile, although
lagging slightly behind the Fourier profile (Figure 7.15 – profile ‘DPL II’).
This result is in agreement with Tzou’s prediction that the Fourier and DPL
models correspond when δII = 1 (see Section 2.5.2). Next, we increase τq to
0.037995, with τ II

T
fixed at the reference value, (i.e. δII = 1 ). The result is
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that the lag between the DPL-II temperature profile and the Fourier profile
increases, with the peak temperature also reducing (Figure 7.15 – profile
‘DPL II a’).
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Figure 7.15: Temperature T at x = 1 displaying only the first pulse.
δII = 1

Case δII > 1:

We already have an example of the effect when δII > 1 (Figure 7.9 illustrates
the case where δII = 3). We explore here what happens if we increase
δII even further. We start by increasing τ II

T
by a factor of 2 to 0.07599, with

τq fixed at the reference value, (i.e. δII = 6 ). The DPL-II temperature peak
is considerably lower than the Fourier model’s peak and the temperature rise
starts earlier (Figure 7.16 – plot ‘DPL II’). Decreasing τq by a factor of 2 to
0.0063325, with τ II

T
fixed at the reference value, (i.e. δII = 6 ), we find that

the peak temperature value increases, although still lower than the Fourier
peak temperature (Figure 7.16 – plot ‘DPL II a’).

In summary, we conclude that if δI is close to 0, the DPL-I model shows a
sharp thermal wave front similar to the C-V model. If δI is close to 1, then
the DPL-I model predictions are close to the Fourier model, although the
relative magnitudes of the lag times should also be considered. Similarly, if
δII is close to 1, then the DPL-II model predictions are close to the Fourier
model. In general, we see that if δ < 1, the temperature rise starts later and
the lower the δ value is, the higher the peak temperature values. In contrast,
if δ > 1, the temperature rise starts at an earlier stage and the higher the δ
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Figure 7.16: Temperature T at x = 1 displaying only the first pulse.
δII = 6

value, the lower the predicted temperature peak values become. In all cases
the DPL, C-V and Fourier models predict the same temperature values, after
a sufficiently long time.

7.6 Bio-heating case study: high duty ratio rd

In this section we use experimental and specimen parameters applicable to
bio-heating [MYSY21]. The example is a blood specimen, with thickness
d = 2 mm and thermal diffusivity α = 5.881 × 10−8 m2s−1. With no
preference for either the diffusion time td or the half-time t

1/2
found in

literature, we choose the half-time t
1/2

to be the scaling parameter, since
we prefer a scaling factor closest to the typical pulse widths used in our
numerical experiments ([BTY11] [PJBA61]). Then t0 = 0.1388d2/α ≈ 10 s.
A typical heating pulse width is tp = 0.5 s and the duty ratio rd = 0.5,
implying that τp = 1 s.

The dimensionless pulse width and pulse period are tp = 0.05 and τp = 0.1
respectively, and the dimensionless thermal diffusivity is α = 0.1388. Our
first aim is to find lag times that, during an initial time interval, yield dis-
tinct differences between the temperature profiles predicted by the respec-
tive models. Again, this is done following the guidelines in Sections 6.3 and
6.7 on how to determine appropriate lag times. We find τq = 0.024333,
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τ I
T
= 0.017395 and τ II

T
= 0.072999. The lag time ratios are δI = 0.72 and

δII = 3.0.

In bio-heat applications one is generally interested in the temperature at the
incident surface as well as in the interior of the specimen. We also notice
that the duty ratio in this case has roughly the same magnitude as that used
in Section 7.4. An investigation of the temporal profiles will therefore lead
to the same results as in Section 7.4, i.e. the C-V model is characterised
by a sharp wave front; the instants at which the temperature starts to rise,
as predicted by the different models, follow the same sequence (Fourier first,
then DPL-II, DPL-I and lastly C-V); the peak temperature increases with
each consecutive pulse; and the peak temperatures predicted by each model,
differs.

As an example, In Figure 7.17, we show the temporal temperature profiles
at x = 0.5 for a 7-pulse case. Except for the C-V model, almost complete
merging of the individual pulses have occurred. On the insert the 7 wave
fronts for the C-V model are visible. The DPL-II model predicts the lowest
temperature, the DPL-I and Fourier, an equal and slightly higher tempera-
ture, with the C-V model the highest temperature. Apart from the slight
peak difference, the models predict the same profile over the time span of
the merged pulse. When compared to the temperature profiles in Figure 7.3,
in this case the merging of pulses resulting from pulse broadening is more
advanced.
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Figure 7.17: Temperature T at x = 0.5 for a 7-pulse problem
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We also know from Section 7.4 that the temperature reaches a plateau level
after a sufficient number of pulses, and that the pulses merge at some point
in the interior of the specimen. These observations follow from the temporal
profiles at fixed x points in Section 7.4. We now turn to spatial temperature
distributions at fixed times t.

We ascribe the temperature increase per pulse to the fact that, due to the high
duty ratio ( rd = 0.075/0.15 = 0.5 ), the temperature at a given x position
does not return to its original zero level before the next pulse is incident at
x = 0. This suggests that on the spatial temperature profiles more than one
pulse will be visible at a fixed time t. In Figure 7.18 we use a three-pulse
example, with tp = 0.05 and τp = 0.1, to evaluate the spatial temperature
distribution at tev = 0.199 ( tev indicates the evaluation time), just before
the third pulse starts (i.e. during a ”pulse OFF” event). We immediately
notice that all the models, except the C-V model, predict single, merged
pulses. The C-V model predicts two separate pulses, indicated by the sharp
wave fronts. For the DPL-I and DPL-II temperature distributions the sharp
rises close to x = 0 is noticeable. This is due to the delays τ I

T
and τ II

T
in

forming temperature gradients. As τ I
T
< τ II

T
the DPL-I model has a shorter

delay and more quickly adjusts to the zero temperature at x = 0 after the
start of the ”pulse OFF” event. Ignoring the C-V profile’s wave front, the
models agree from about x = 0.4 onwards.
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Figure 7.18: Spatial temperature distribution at tev = 0.199

At tev = 0.205 (”pulse ON” event) we see how the third pulse deposits heat
energy into the specimen close to x = 0 (Figure 7.19). The temperature
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disturbance due to the first two pulses are present as a single merged peak
for both the Fourier and DPL-I model, whilst the DPL-II temperature pro-
file smoothly decreases from x = 0 to the interior of the specimen. The
C-V model maintains distinct wave fronts, and Gibbs oscillations occur near
x = 0.
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Figure 7.19: Spatial temperature distribution at tev = 0.205

We next investigate the effect of a large number of pulses on the spatial dis-
tribution of the temperature in the specimen. We study a 50-pulse example,
using the same pulse parameters and lag times as for Figure 7.18. Figure 7.20
gives the result just before the 50th pulse starts, and Figure 7.21 just after.
Increasing the number of pulses leads to a more uniform temperature distri-
bution throughout the specimen, except for the region up to x ≈ 0.3 where
the different models predict different distributions.

We are also interested in the effect of reducing the duty ratio rd. We reduce
rd by either reducing the pulse width tp whilst maintaining the pulse
period at τp = 0.1, or maintaining tp whilst increasing τp. We first
reduce the duty ratio from rd = 0.5 by a factor of 2 to 0.25, by choosing
tp = 0.025 and τp = 0.1. We see that the temperature level in the second half
of the specimen reduces by the same factor of 2 from T ≈ 0.4 (Figure 7.22)
to T ≈ 0.2 (Figure 7.23). In Figure 7.24 we maintain tp = 0.05 and
increase τp by a factor of 2 to 0.2, with rd remaining at 0.25. The
temperature level in the second half of the specimen increases to T ≈ 0.24.
On the C-V profile only one wave front is visible as opposed to the two wave
fronts in Figure 7.23. From these results we deduce that there does not
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Figure 7.20: Spatial temperature distribution at t = 4.899; before pulse 50
starts; rd = 0.5.
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Figure 7.21: Spatial temperature distribution at t = 4.905; after pulse 50
starts; rd = 0.5.

necessarily exist a direct relation between the factor by which the duty ratio
rd is reduced and the corresponding reduction in the temperature level. The
two examples we give here, has the same duty ratio, but the pulse width
tp differs, resulting in different temperature levels.
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Figure 7.22: Spatial temperature distribution at t = 4.975, after pulse 50
stops; rd = 0.5.
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Figure 7.23: Spatial temperature distribution at t = 4.975; rd = 0.25.

7.7 Conclusion

Heat transfer behaviour in a specimen subject to multiple heat pulses is in-
vestigated, for the Fourier, Cattaneo-Vernotte and dual phase lag models
respectively. One dimensional models are used, and as is commonly done,
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Figure 7.24: Spatial temperature distribution at t = 9.95; τp increased;
rd = 0.25.

the effect of the heat pulses is modelled as a temperature step function at
the one endpoint. To solve the multi-pulse problem, a series of single-pulse
problems is considered where the final temperature distribution for a given
pulse cycle, provides the initial temperature for the subsequent pulse cycle.
We successfully adapt the separation of variables procedure in Section 6.9 for
calculating the modal series solution for a single-pulse problem to solve the
multi-pulse problem. In addition, the solution for the multi-pulse problem is
expressed in terms of the solution of a homogenised problem associated with
the single-pulse problem. Using the truncated modal series as an approxi-
mate solution proved to be an effective method for a numerical investigation
into the properties of the solutions of multi-pulse problems. Both temporal
temperature profiles (temperature versus time at a fixed position) and spatial
profiles (temperature versus position at a fixed time) are readily available.

The aim of the numerical experiments is two-fold: to compare the tempe-
rature predictions by the Fourier, C-V and DPL models, and to identify
situations where the C-V and DPL temperature profiles differ significantly
from those of the Fourier model. The numerical simulations cover a wide
range of physical parameters. Two experimental techniques where pulsed
heating is used, thermoreflectance and bio-heating, provide realistic physical
parameters for the heat pulses. These values are used for designing nume-
rical experiments that cover a wide range of physical scenarios. Values for
the phase lags in the C-V and DPL models are harder to find, and we use
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the upper bounds given in Section 7.3.4 as guidelines. These upper bounds
ensure that the temperature predictions for the C-V and DPL models ap-
proach those of the Fourier model after some time, as in many heat transfer
situations the Fourier model provides acceptable results after a sufficiently
long time.

As a first step, the parameter values are chosen as for the single-pulse problem
in Section 6.10, and the temperature profiles are compared with the multi-
pulse case. There are obvious similarities between the single-pulse and multi-
pulse cases, but we observe two interesting phenomena for the multi-pulse
case, namely the merging of temperature pulses when observed at fixed points
deeper into the specimen, and when increasing the duty ratio, and/or the
number of pulses, a plateau value is established in the specimen for the peak
temperatures.

For simulations associated with thermoreflectance experiments we use the
diffusion time td as the time scaling factor, as this is a well-known concept
in the field. In this case the duty ratio of the laser pulses is low and the
temporal temperature profiles at the insulated endpoint of the specimen is
of main interest. Key findings for these simulations are that distinct pulses
persist in the temperature profiles throughout the specimen, even though a
broadening of the pulses occur towards the insulated eindpoint. Reflected
temperature waves are observed in some of the temperature profiles of the
C-V model, as well as in some of those of the DPL model.

For bio-heat applications the duty ratio is high and the spatial temperature
profiles are of interest. In this case we use the half-time t1/2 as the time
scaling factor. Key findings for these simulations are the noticeable merging
of pulses, leading to a uniform spatial temperature distribution, as well as
the clear effect of the time lag in the temperature gradient at the onset and
termination of each pulse. Although numerical calculations were performed
for example problems including up to 50 pulses, the computational time never
exeeded one minute.

The truncated modal series solution proved to be an efficient procedure for
investigating the properties of the multi-pulse heat transfer problems, and
modal properties provide insight into the behaviour of the solutions.
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Chapter 8

Conclusion and future research

8.1 Overview

The aim of our research was to study heat transfer in specimens subject to
short-pulse heating. Literature studies showed that other models are pro-
posed as alternatives to the Fourier model, which is considered to be ina-
dequate in predicting the temperature in certain cases ([TZ98]). Our main
interest is in the C-V ([OT94]) and DPL ([Tzo95a]) models, frequently sug-
gested as alternatives to the Fourier model. We observed two interesting
aspects during our literature study: the occurence of unwanted or spurious
oscillations when approximating the C-V model using numerical techniques;
and the lack of reliable values for the lag times τ , τq and τ

T
that appear in

the C-V and DPL models. We therefore focused our efforts on the compari-
son of the Fourier, C-V and DPL models, and determining the origin of the
unwanted oscillations, with the intention of proposing a solution.

In Chapter 2 the derivation of the model equations is presented, including a
summary of the characteristics of the Fourier, C-V and DPL models. The
discussion of the DPL model is preceded by a section on the microscopic
effects of heat transfer in metals and the derivation of the two-step heat
transfer model, from which the DPL model follows. We discussed the heat
absorption process in a specimen as it determined how we formulated the
boundary conditions in our model problems. We derived the dimensionless
versions of the heat conduction models, together with the boundary and
initial conditions on which this study was based.

The issue of unwanted oscillations, related to the CT-benchmark problem (a
special case of the C-V model), was investigated in Chapter 3. This problem

171
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was originally formulated by Carey and Tsai in 1982 [CT82]. It was shown
that the unwanted oscillations is the result of an ill-posed problem and not
due to the choice of the numerical technique used to solve the problem. The
CT-benchmark problem was re-formulated to a problem that has a smooth
initial condition. The problem was divided into three auxiliary problems.
D’Alembert’s method was used to obtain exact solutions for the first two
auxiliary problems, and the finite element method was used to obtain an
approximate solution to the third auxiliary problem. A numerical algorithm
was developed, resulting in a solution method that can successfully track the
sharp wave front but without a discontinuity, i.e. free of oscillations.

In Chapter 4 we started off by introducing model problems for mechanical
vibrations. The similarities with the hyperbolic-type heat conduction pro-
blems (i.e. the C-V and DPL models) were pointed out, and the terminology,
e.g. overdamped and underdamped modes, were adopted for use with the
heat conduction problems. General abstract formulations were developed for
the Fourier, C-V and DPL models. Following this, variational forms were
derived and expressed in terms of defined bilinear forms. Ultimately, weak
variational forms of these models were derived to apply existence theory to
the C-V and DPL models.

In Chapter 5 we applied the modal analysis method to the general second
order hyperbolic equation expressed in variational form. Substitution of a
trial solution into this abstract equation led to an eigenvalue problem. With
the requirement that the eigenvectors form an orthogonal sequence, a formal
series solution was derived. In order to apply the model formulations de-
rived in Chapter 4 to subsequent chapters, the formulations were adapted to
include the physical parameters that appear in the heat conduction models.
The convergence of the series solution was expressed in terms of the energy
norm ‖.‖V and inertia norm ‖.‖W . It was found that the partial sum uN(t)
converges to the solution u(t) in the energy norm and u′

N(t) to the derivative
u′(t) in the inertia norm, for all t > 0. Therefore, the accuracy of these
approximations relies on the accuracy of the partial sum approximations at
time t = 0.

Chapter 6 is devoted to a comparison between the Fourier, C-V and DPL
heat conduction models. Two important aspects had to be dealt with before
starting with the comparison: deciding on the initial value for the numerical
experiments, and determining realistic values for the lag times used in the
numerical experiments.

Series solutions were derived for the model problems based on the C-V, DPL
and Fourier models in Section 6.2. We proposed a smooth temperature distri-
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bution function to approximate the initial value. It is however not practical
to calculate the Fourier coefficients for this initial value and we therefore
opted to use the simpler, discontinuous initial condition. In order to ensure
that the accuracy achieved when using this discontinuous initial value is ac-
ceptable, error estimates in the energy and inertia norms were calculated and
used as a guideline to decide on the number of terms required in the series
approximation.

To determine realistic lag times for our numerical experiments, we relied
on the premise that, given a sufficiently long time has elapsed, the model
predictions from the C-V and Fourier models will correspond. For τq ≪ 1,
this means that for the first mode, the respective time dependent functions for
the C-V model will be equal to that of the Fourier model after a sufficiently
long time. To determine τ

T
we further assumed that τ

T
≪ 1, ensuring that

the DPL model approaches the Fourier model (refer to Section 6.7). We
derived upper bounds for the lag times τq and τ

T
, given by

τq ≤
ε

απ2
and τ

T
≤ 4ε

απ2
,

with ε a user specified accuracy and α the dimensionless thermal diffusivity.
The transformation of α to the dimensionless value is done using a reference
time t0, which can be adjusted to represent the time scales characteristic
of the physical scenario being investigated. Adjusting t0, scales α and con-
sequently τq and τ

T
to achieve a range of values for the lag times that are

realistic for a given numerical experiment.

In Section 6.4 we introduced the concept of a wane time tw as the time instant
at which the wave front, characteristic of the C-V model, disappears. We
predicted that the solutions for the Fourier and C-V models will be the same
at the time that the wave front disappears. An expression was derived for
the wane time, tw = −2τq ln(σ), where σ is equal to the ratio of the reduced
wave front height at t = tw, to the original height at t = 0.

The comparison between the Fourier, C-V and DPL models for the con-
tinuous heating model problem started off by testing our assumption that
the respective model predictions will agree after a sufficiently long time has
elapsed, i.e. at t ≈ tw. Additional numerical experiments were performed to
study the respective contributions of the overdamped versus underdamped
modes to the predicted temperature profiles, and especially how it affects the
wave front present in the C-V model. The DPL-I model’s dependency on the
over- and underdamped modes to achieve accurate temperature predictions,
was investigated. Also of interest was the behaviour of the DPL models close
to x = 0, in view of the discontinuity that exists at x = 0.
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The approach to solving the single-pulse model problem was to divide the
problem into two sub-problems corresponding to the different boundary con-
ditions at x = 0 (refer to Section 6.9.1). We referred to the sub-problems
as “Problem 1” and “Problem 2” respectively. The solution derived for the
continuous heating model problem was used to solve Problem 1, i.e. when
the pulse is applied. To solve Problem 2 (when the pulse is stopped), the end
temperature distribution for Problem 1 is assigned as the initial temperature
distribution for Problem 2, continuing with the solution for Problem 1 to
obtain the solution for Problem 2. The model comparison mainly focused on
how each model behaves close to x = 0, how the peak temperatures compare,
and how the heat pulse propagates into the specimen. Interesting observa-
tions were made regarding the resemblance between the DPL-I model and
the C-V model when τ

T
≪ 1, and the behaviour of the respective models

when the pulse is stopped.

In Chapter 7 we considered the multi-pulse model problem. It is similar to
the single-pulse problem, except that the multiple of m identical heat pulses
is modelled as a periodic step function consisting of m steps. The model
problem was divided into 2×m sub-problems, where the end temperature
distribution for a given sub-problem becomes the initial distribution for a
subsequent sub-problem. The solution to the multi-pulse problem with m
pulse cycles is given by a sequence of functions

Tn(x, t) = 1− u1(x, t− tn−1) + Tn−1(x, t) (tn−1 ≤ t < tn)

Tn+1(x, t) = Tn(x, t) + u1(x, t− tn)− 1 (tn ≤ t < tn+1)

for n = 1, 3, 5, . . . , 2m − 1. This solution is made possible since continuity
allows linking of the solutions of the sub-problems. The focus of the model
comparison was to examine the effect of the duty ratio rd and the number
of pulses m on the predicted temperature profiles. Numerical experiments
were performed using parameter values typical of thermoreflectance and bio-
heating applications.
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8.2 Key results

It was shown that the unwanted oscillations related to the CT-benchmark
problem, as formulated by Carey and Tsai in 1982, is the result of an ill-
posed problem and not due to the choice of the numerical technique used to
solve the problem. The CT-benchmark problem was re-formulated to have a
smooth initial condition, and divided into auxiliary problems that were solved
using D’Alembert’s and the finite element method. The solution method is
able to track the wavefront without a discontinuity, ensuring oscillation-free
results.

The theory and terminology of vibration analysis were incorporated into the
heat conduction models. Weak variational formulations of these models (in
terms of bilinear forms) were presented and the well-posedness of the DPL
and C-V model problems was established, based on a general existence result
by Van Rensburg and Van der Merwe in 2002.

The modal analysis method was applied to the general second order hyper-
bolic equation and the formal series solution of the heat conduction problems
were derived. Convergence of the series solution was proved in terms of the
energy and inertia norms. An important conclusion was that the accuracy of
the partial sum approximations of the series solutions, relies on the accuracy
of the partial sum approximations at time t = 0.

The comparison between the Fourier, C-V and DPL heat conduction mo-
dels started with the task of deciding on a suitable initial condition. The
discontinuous initial condition was preferred above a smooth temperature
distribution function since it simplifies the calculation of the Fourier coeffi-
cients. Expressions were derived for the energy and inertia norm errors and
were used as a guideline to determine the number of terms required for the
calculation of the partial sums of the series solutions. This ensured accurate
approximations for the solutions of the model problems, even though the
discontinuous initial condition was used.

In order to perform numerical experiments with realistic lag time values,
upper bounds for the lag times τq and τ

T
were derived using modal analysis.

The derivation relied on the assumption that the solutions for the C-V and
Fourier models will be the same after a sufficiently long time. The lag times
can be scaled using the expressions for the upper bounds, to represent the
physical scenario of interest.

We introduced the concept of a wane time tw as the time instant at which the
wave front disappears, and predicted that the Fourier and C-V models will
correspond at t = tw. The comparison based on the continuous heating model
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problem, proved that tw is a reliable way to quantify the time required for the
Fourier model and the C-V and DPL models to correspond. Regarding the
respective contributions from the overdamped and underdamped modes, it
was found that it is essential to initially include the underdamped modes of
the C-V model since these modes capture the wave front. The DPL-I model
requires both over- and underdamped modes to achieve accurate temperature
predictions. Numerical experimentation showed that the DPL-II model does
not resolve the discontinuity at x = 0 caused by the discontinuous initial
value.

The solution strategy for the single-pulse problem was to divide the pro-
blem into two sub-problems, and assign the end temperature distribution for
the first sub-problem, as the initial temperature distribution for the second
sub-problem. The solutions for the sub-problems, linking the solutions in
the end. We highlight two interesting observations. If τ

T
≪ 1, the DPL-I

model resembles the C-V model, predicting a prominent wavefront, but with
a smooth profile. When the pulse is stopped, the Fourier model predicts
a sudden drop in temperature, whilst the other models further increase in
temperature before experiencing a sharp drop in the C-V model case, and a
gradual drop in the DPL case.

The solution strategy for the multi-pulse problem was similar to the single-
pulse problem in that the identical heat pulses were modelled as a sequence
of sub-problems, with the solution expressed as a corresponding sequence of
functions. With a low duty ratio rd (e.g. in the thermoreflectance appli-
cation) we observed distinct temperature pulses in the temperature profiles
throughout the specimen, although a broadening of the pulses occur towards
the insulated eindpoint at x = 1 for the Fourier and DPL models. In the case
of the C-V model the pulse width remained constant. For a high duty ratio
rd (e.g. bio-heat application) the temperature pulses merge in the interior of
the specimen, and increasing the number of pulses at the same time, result
in a temperature plateau being established in the interior of the specimen.

In conclusion, modal analysis proved to be successfull in determining reliable
dimensionless values for the lag times τq and τ

T
, and was effective for the

numerical investigations into the properties of the solutions of our model
problems.
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8.3 Future research

8.3.1 Background

In Chapters 6 and 7 we compared the Fourier, C-V and DPL heat conduction
models using simplified model problems as test cases. The simplifications in-
volved restricting ourselves to one-dimensional versions of these models, and
the assumption that all the heat is absorbed instantaneously at the boun-
dary x = 0. Both simplifications are justified: one-dimensional models are
accepted in the thermophysical metrology community when determining the
thermal diffusivity α, and the heat absorption model is one that was re-
garded as sufficient by Tzou ([Tzo97]), and Baumeister and Hamill ([BH69])
to study the lagging and wave behaviour of the DPL and C-V models re-
spectively. Our model problems, together with the use of modal analysis,
proved to be effective in gaining insight into the characteristics of the heat
conduction models. In addition we also determined reliable values for the lag
times τq and τ

T
using modal analysis.

In Chapter 2 we discussed instances where researchers criticised each others
experimental methodologies and approach in analysing the measurement re-
sults ([OA12]). In some cases researchers performed similar experiments,
with some claiming they observed hyperbolic effects, whilst others claimed
that the Fourier model is valid. Maillet ([Mai19]) also stated that proper
experimental design is essential when comparing models and attempting to
derive heat transfer parameters from the results.

Our suggestions for future research are aimed at addressing two aspects in
heat transfer research:

1. Formulating realistic model problems that resemble properly designed
measurement setups, thereby facilitating comparison with reliable ex-
perimental techniques.

2. Identifying suitable mathematical techniques to solve these model pro-
blems. In addition this requires that reliable values for model parame-
ters (e.g lag times) are determined, and that model problems are well-
posed and convergence of solutions proved.

In our opinion the experimental methodology applied by the thermophys-
ical metrology community can be regarded as state-of-the-art with respect
to the measurement of thermophysical parameters and have the potential to
serve as a reliable validation of theoretical model predictions. We motivate
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this as follows: the thermal diffusivity α is an important heat transfer pa-
rameter used in engineering applications, and having accurately measured
values is therefore important. The expectation of scientists and engineers
using thermophysical properties (e.g. α) in thermal modelling and design,
is that these are reliably known and traceable to the International System
of Units (SI), published by the Bureau International des Poids et Mesures
(BIPM). The responsibility of coordinating international efforts to ensure
reliable measurements of thermophysical properties of materials is assigned
to the various working groups within the Consultative Committee for Ther-
mometry (CCT), operating within the BIPM ([Bab10]).

We briefly introduced the two standardized methods used to measure α in
Section 7.2: the laser flash method for measuring α in bulk specimens, and
the thermoreflectance methods (also known as the ultrafast laser flash meth-
ods) used to measure α in thin film type specimens ([BTY11]). Both tech-
niques rely on heat transfer modeling to calculate the value of α from the mea-
surement results. The laser flash method relies solely on the one-dimensional
Fourier (diffusion) model to analyse the measurement data ([AHZCB13]). In
the case of the thermoreflectance methods, the metrology community has
been relying on the Fourier model for the data analysis for quite some time,
but experimental evidence exists that shows that the Fourier model is not
adequate in describing the heat transfer behaviour for the femtosecond ther-
moreflectance method ([BFI62] [Bro90] [NTYB11]).

Thermoreflectance has the potential to exhibit both Fourier and non-Fourier
heat transfer behaviour and we therefore suggest that model problems should
be based on the technique of thermoreflectance, as developed and approved
by the thermophysical metrology community.

8.3.2 Research suggestions

We suggest a two-fold approach to formulate realistic model problems. Firstly,
an accurate source model should be formulated, e.g. the laser pulse’s tem-
poral characteristics, as well as the spatial absorption by the specimen have
to be described by this model. Secondly, alternatives to the linearized DPL
heat conduction model should be considered. Motivation for alternative heat
conduction models can be found with the attempts to explain the results
obtained during femtosecond thermoreflectance measurements. Nakamura et
al ([NTYB11]) reports that their experimental results during approximately
the first 2 picoseconds are not explained by the Fourier model. They studied
the model predictions from two other models, namely the two-temperature
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model and the non-thermal model and the conclusion was that the non-
thermal model best explained the results during the first 2 picoseconds.
The non-thermal model takes into account ballistic transport effects, i.e.
implying longer electron-thermalization times, up to approximately 700ps
([HMWM97] [Sin10] [SVAIF94]) – see Section 2.4.1. Therefore the electron-
thermalization time can be longer than the laser pulse width. Using a source
model that assumes instantaneous heat absorption is therefore not going to
track the ballistic phase of the electrons, the laser’s temporal behaviour, and
the transition to a diffusive heat transfer condition.

Suggestions for alternative heat conduction models include, but are not lim-
ited to:

• Linearized DPL with source term

• Two-temperature model (TTM) – also known as parabolic-two-step
model (PTS); with source term

• Hyperbolic-two-step model (HTS) – with source term

• Second-order DPL model – with source term

The choice of mathematical technique used to solve any of these models will
be determined by the model equation itself as well as the requirement to prove
convergence. At the same time it would be required that the models are well-
posed. The requirement to determine reliable values for model parameters,
remains.

We present an example model of a realistic source term S(x, t) whereafter
example model formulations, based on the above mentioned heat conduction
models, will follow.

Source term S(x, t)

A model that describes both the temporal nature of a laser pulse, as well
as the absorption profile in the specimen would be required. A typical laser
pulse source S(x, t) is modelled as follows ([QT93a] [TM94] [Tzo97])

S(x, t) = 0.94

(

1−R

tpδ

)

exp

[

(

−x

δ

)

− 2.77

(

t

tp

)2
]

, (8.3.1)

where R is the optical reflectivity, tp is the laser pulse width and δ is the
optical penetration depth of the laser.
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To derive a specific model problem, S(x, t) is included in the energy conser-
vation equation

ρcp∂tT = −∂xq + S. (8.3.2)

As shown in Chapter 2, the energy conservation equation is combined with
the relevant constitutive equation. As an example we choose the linearized
DPL constitutive equation,

q + τq ∂tq = −k ∂xT + k τ
T
∂t(∂xT ), (8.3.3)

and arrive at the linearized DPL model equation, including a source

∂2
t T + 2γ∂tT = c2∂2

xT + c2τ
T
∂t∂

2
xT +

c2

k
S +

c2

k
τq ∂tS. (8.3.4)

Linearized DPL model with source term

The dimensionless single-pulse model problem with a source term is given by

∂2
t T + 2γ ∂tT = c2 ∂2

xT + τ
T
c2 ∂t∂

2
xT + 2γS + ∂tS (8.3.5)

∂xT (0, t) = 0

∂xT (d, t) = 0

T (x, 0) = T0

∂tT (x, 0) = 0.

The initial condition T (x, 0) = T0 assumes that heating starts from a sta-
tionary state. Since the typical heating period is very short it is assumed
that the heat loss from the boundaries are negligible, therefore the bound-
aries are insulated. The initial conditions stem from the assumption that the
specimen is at a constant temperature before the heating starts.

Two-temperature model with source term

The source term is included in the electron-energy equation

Ce∂tTe = k∂2
xTe −G(Te − Tℓ) + S. (8.3.6)

From the three coupled equations, representing the two-temperature model,
follows

(

CeCℓ

kG

)

∂2
t T +

(

Ce + Cℓ

k

)

∂tT = ∂2
xT +

(

Cℓ

G

)

∂t(∂
2
xT ) +

1

k
S. (8.3.7)

This equation (where T = Te = Tℓ ) governs either the lattice or the electron
temperature.
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Hyperbolic two-step (HTS) model with source term

So far, none of the models make provision for the electrons undergoing non-
diffusive ballistic transport. This is a requirement to model femtosecond ther-
moreflectance measurements according to Nakamura et al ([NTYB11]). The
hyperbolic two-step model fulfils this requirement by modifying the constitu-
tive equation to have a form similar to that of the C-V model’s constitutive
equation

q = −k ∂xTe − τ
F
∂tq, (8.3.8)

where τ
F
is the thermalisation time of the electron gas [Dug16][Tzo95b], and

τ
F
∂tq represents the thermalisation stage in the electron gas. Combining the

coupled equations associated with the HTS model, including the source term
as in Eq. (8.3.6) leads to

τ
F

(

CeCℓ

kG

)

∂3
t T +

(

τF (Ce + Cℓ)

k
+

CeCℓ

kG

)

∂2
t T +

(

Ce + Cℓ

k

)

∂tT

= ∂2
xT +

(

Cℓ

G

)

∂t(∂
2
xT ) +

1

k
(S + τ

F
∂tS) . (8.3.9)

Second-order DPL model with source term

Tzou proposed a second-order DPL model, that according to him, correlates
with the HTS model. This variation of the DPL model is based on the
first-order effect in τ

T
and the second-order effect in τq, so that the DPL

constitutive equation becomes

q + τq ∂tq +
τ 2q
2
∂2
t q = −k [∂xT + τ

T
∂t (∂xT )] . (8.3.10)

Combining this constitutive equation with the energy equation, Eq. (8.3.2),
yields the second-order DPL model equation

τ 2q
2α

∂3
t T +

τq
α
∂2
t T +

1

α
∂tT

= ∂2
xT + τ

T
∂t(∂

2
xT ) +

1

k

(

S + τq∂tS +
τ 2q
2
∂2
t S

)

. (8.3.11)

The model is therefore characterised by the addition of a third-order term
describing the transient temperature response. The intention with second-
order DPL model is to account for non-diffusive ballistic heat transfer in an
electron gas.
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Baltuška, High-power top-hat pulses from Yb master oscillator power

183

 
 
 

 

©©  UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  

 



184 BIBLIOGRAPHY

amplifier for efficient optical parametric amplifier pumping, Optics Let-
ters 37(13) (2012), 2547-2549.

[BFI62] S. D. Brorson, J. G. Fujimoto, E. P. Ippen, Femtosecond electronic
heat transfer dynamics in thin gold film, Phys. Rev. Lett. 59, (1987),
1962-1965.

[BH69] K. J. Baumeister, T. D. Hamill, Hyperbolic heat conduction equation
- a solution for the semi-infinite body problem, ASME Jnl. of Heat
Transfer 91, (1969), 543-548.

[Bla74] J. S. Blakemore, SOLID STATE PHYSICS” (SECOND EDITION),
(1974), W B Saunders Company Philadelphia, London, Toronto.

[Bro90] S. D. Brorson, Femtosecond Thermomodulation Measurements of
Transport and Relaxation in Metals and Superconductors, RLE Tech-
nical Report No. 557 June 1990.

[BSV17] M. Basson, B. Stapelberg, N. F. J. Van Rensburg, Error estimates
for semi-discrete and fully discrete Galerkin finite element approxima-
tions of the general linear second order hyperbolic equation, Numerical
Function Analysis and Optimization 38(4), (2017), 466-485.

[BTY11] T. Baba, N. Taketoshi, T. Yagi, Development of ultrafast laser
flash methods for measuring thermophysical properties of thin films
and boundary thermal resistances, Jpn. Jnl. Appl. Physics 50, (2011),
11RA01.

[BV13] M. Basson, N. F. J. Van Rensburg, Galerkin finite element approxi-
mation of general linear second order hyperbolic equations, Numerical
Function Analysis and Optimization 34(9), (2013), 976-1000.

[BYTW10] T. Baba, N. Yamada, N. Taketoshi, H. Watanabe, M. Agoshima,
T. Yagi, H. Abe, Y. Yamashita, Research and development of metro-
logical standards for thermophysical properties of solids in the National
Metrology Institute of Japan, High Temperatures - High Pressures 39,
(2010), 279-306.

[Cat48] M. C. Cattaneo, Sulla conduzione de calore (On the conduction of
heat), Atti del Semin. Mat. e Fis. Univ. Modena 3(3), (1948), 83-101.

[Cat58] M. C. Cattaneo, Sur une Frome de L’équation de la Chaleur
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Appendix A

Frequently used notation

Table A.1 includes frequently used or important mathematical notation, in-
dicating where a definition or reference to it occurs in the thesis.

Table A.2 includes nomenclature associated with heat transfer and laser pulse
parameters.

Table A.1: Mathematics notation

Symbol Description Section

Ω n-dimensional bounded domain 4.2
∂Ω Boundary of Ω 4.2
(f, g)

Ω
Inner product: (f, g)

Ω
=

∫

Ω

fg 4.3

J Bounded or unbounded interval 4.4
containing zero

L2(Ω) Square integrable functions 4.3
u′(t) ∈ Y Weak partial derivative 4.4

w.r.t. norm of Y
Hm(Ω) Sobolev space: the subspace of 4.4

functions in L2(Ω) with weak
partial derivatives up to order m
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196 APPENDIX A. FREQUENTLY USED NOTATION

Table A.2: Physics notation

Symbol Description

α Thermal diffusivity
q Heat flux
T Temperature
τ Relaxation time
τq Lag time associated with q
τ
T

Lag time associated with ∇T
t Time
d Length
td Heat diffusion time
t
1/2

Half-time

tp Pulse width
τp Pulse period
rd Duty ratio: rd = tp/τp
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