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Abstract

With a view towards higher-spin applications, we study the partition function of a free com-
plex fermion in 2d CFT, restricted to the neutral (zero fermion number) sector. This restriction
leads to a partial theta function with a combinatoric interpretation in terms of Dyson’s crank of a
partition. More crucially, this partition function can be expressed in terms of a q-hypergeometric
function with quantum modular properties. This allows us to find its high-temperature asymp-
totics, including subleading terms which agree with, but also go beyond, what one obtains by
imposing neutrality thermodynamically through a chemical potential. We evaluate the asymp-
totic density of states for this neutral partition function, including the first few subleading terms.
Our results should be extendable to more fermions, as well as to higher-spin chemical potentials,
which would be of relevance to the higher-spin/minimal model correspondence.

∗ Author to whom any correspondence should be addressed.



1 Introduction

Functions with well-defined transformation properties under the modular group SL(2,Z) underlie
many beautiful results in mathematics, and also enter in many physical applications. The best-
known such functions are the modular forms, which are invariant under modular transformations
up to a proportionality factor:

ϕ

(
aτ + b

cτ + d

)
= ϵ · (cτ + d)kϕ(τ) (1.1)

where k (integer or half-integer) is called the weight, a, b, c, d are integers, ϵ a complex number that
depends on the SL(2,Z) element, and τ is a complex number taken to live on the upper-half plane
H+. In recent years the class of modular forms has been extended significantly to functions, such
as quasi-modular and quantum modular forms, for which the difference between the function and
its modular transformation is not zero but exhibits “anomalous” behaviour, which can still have
well-defined, desirable features. This has led to intense study of such more exotic modular objects
and a growing appreciation of their physical relevance (see e.g. the lectures [1] for an introduction
from a physics perspective, and references to the mathematical literature).

One of the many applications of modular forms in physics has been in the study of partition
functions in 3d gravity. Here the main question is to calculate the entropy of a black hole solution
by counting its microstates. In settings with AdS boundary conditions, it is known that the
asymptotic symmetry group is a Virasoro algebra with a central charge which depends on the
solution [2]. Cardy’s result [3] is that the leading behaviour of the asymptotic density of states
depends purely on the central charge of the theory, and can thus be computed without detailed
knowledge of the specific dual conformal field theory (CFT). A crucial step in Cardy’s calculation
involves passing from low-temperature to high-temperature behaviour, which corresponds to a
modular transformation from τ → i∞ to τ → i0+ (where 1/T = β = 2π(−iτ)). For reviews of
these aspects, and in particular the role of modular transformations, we refer the reader to [4, 5, 6].

Of course, regardless of possible bulk duals, modular transformations also play a crucial role in
2d CFT as, defined on a torus, consistency requires the partition function to be modular invariant.
Therefore, partition functions corresponding to CFT models such as free bosons or fermions, or
minimal models, are built up from modular forms [7]. It should be noted that to achieve modular
invariance one needs to add contributions from both left- and right- movers, and, in the case of
fermions, sum over contributions from sectors with different periodicities on the torus.

In this work, motivated by the higher-spin/W-algebra correspondence which we will briefly
review in the next section, we will consider the partition function of complex free fermions in the
Ramond (integer-moded) sector, where we impose the constraint of exact neutrality on the partition
function. In other words, we only count states with zero fermion number. For simplicity we will
focus on a single fermion (so the central charge c = 1) and only on left-movers. We will find that,
unlike the full (charged) partition function, which has standard modular behaviour, this restricted
partition function is not a modular form but a partial theta function. Therefore, we do not have
the full power of modularity at our disposal. However, by making use of recent work [8] which
identifies this function with a quantum modular form [9], we will show that it is still possible to
perform a high-temperature expansion and extract the asymptotic density of states, and thus a
Cardy-type formula.

In physics, quantum modular forms have already appeared in the context of indices for 3d,
N = 2 theories, see [10] for a discussion and several examples of partial theta functions which are
quantum modular forms. Partial/false theta series, understood as quantum modular forms, also
appear in the context of W-algebra characters [11]. In that work, the authors also evaluated the
restriction of a Jacobi form to the constant in ζ part (corresponding to restricting to the neutral
sector in our case) and produced a quantum modular form. Our work can be thought of as a
demonstration that similar quantum modular objects can arise in even simpler, free-field settings.
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State 1 b−1 b̄−1 b−2 b−1b̄−1 b̄−2 b−3 b−2b−1 b−2b̄−1 b−1b̄−2 b̄−2b̄−1 b̄−3

Q 0 1 −1 1 0 −1 1 2 0 0 −2 −1
L 0 1 1 2 2 2 3 3 3 3 3 3
W 0 1 −1 4 0 −4 9 5 3 −3 −5 −9

Table 1: The first few states, expressed as modes acting on |0⟩, contributing to (2.1) for D = 1.

The outline of this note is as follows: After briefly discussing the overall motivation, coming from
the higher-spin/minimal-model correspondence, in section 3 we will review the partition functions
of charged and neutral complex fermions and, in section 4 express the neutral partition function for
D = 1 in terms of a q-hypergeometric function. This will allow us to exploit a modular formula from
[8] to find the subleading corrections to the neutral partition function in section 5. In section 6 we
work thermodynamically via saddle point integration and find agreement, within the applicability of
the approximation, with the results from modularity. In section 7 we find the asymptotic density of
states, including the subleading corrections, and we conclude with some potential future directions.
Appendix A contains some definitions and useful expressions, appendix B contains our conventions
for free-fermion charges, while appendix C treats the case D = 2 to illustrate some of the expected
features of the general case.

2 Motivation: Higher spin/W-algebra correspondence

A very fruitful setting for studying the AdS/CFT correspondence is the duality between higher-spin
gravity on AdS3 and 2d minimal models with W algebra symmetry [12]. The duality is based on
the asymptotic symmetry group of Vasiliev’s higher spin theory [13] being W∞[λ] [14, 15], with λ a
tunable parameter. One of the most successful tests of this duality is the matching of the spectrum
[16]. In particular, [17] studied the thermodynamics of black holes with a spin-3 chemical potential
and compared it to the result obtained from the CFT side. Although the duality should apply for
more general CFT’s, there are special points in parameter space where the CFT computation is
very straightforward, and here we will focus on the case of a free fermion CFT, where the Vasiliev
parameter λ = 0. For this case, it is straightforward to compute the partition function [17] to
obtain, in the conventions of appendix B:

Z(u, τ, α) = Tr
(
e2πi(τL+αW+uQ)

)
=

( ∞∏
m=1

(
1 + qmwm2

ζ
)(

1 + qmw−m2
/ζ
))D

(2.1)

where q = e2πiτ , w = e2πiα, with α being the spin-3 chemical potential, and ζ = e2πiu, with u the
spin-1 charge. D is the number of complex fermions, i.e. the central charge of the CFT, which
on the bulk side is identified with 3ℓ/(2GN ), with ℓ the AdS radius and GN Newton’s constant.
Notice the integer moding of the fermions as we require periodicity on the cylinder, i.e. we are in
the Ramond sector, which is relevant for the BTZ black hole [18] and by extension its higher-spin
cousins. Here and in the following, we are only focusing on the left-movers.

However, a well-known complication is that the free-fermion system contains a spin-1 current
and thus leads to a W1+∞ algebra [19]. This current needs to be eliminated in order to obtain the
required W∞[0] algebra. In other words, we need to impose a neutrality condition on (2.1) to be
able to match with the bulk theory. In [17], this was done in the high-temperature limit τ → 0,
where one can convert the sum to an integral and differentiate with respect to u. This procedure,
in a double-scaling limit where also α → 0 such that α/τ2 is constant and small, led to exact
agreement with the bulk entropy.1 For further work and extensions we refer to [22, 23].

1This is most immediate in the “holomorphic” prescription of [20]. In order to match with a canonical definition
of the entropy some care is needed in the bulk/boundary identification, see [21] for a discussion and references.
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At the level of the algebra, a consistent way to remove the U(1) current (at the cost of making
the algebra non-linear) is to perform an order-by-order modification of the generators of W1+∞,
such that their OPE’s with the U(1) current vanish, allowing to take a coset by the U(1) symmetry
[24].2 This approach has been used e.g. in [26] in the calculation of the entanglement entropy in the
spin-3 case. As our interest is in microscopic state counting, and exploring subleading corrections
(at high temperature), we will instead ask how the neutrality condition can be imposed as an exact
condition on the states.

Leaving aside the neutrality constraint for the moment, it is natural to ask whether the above
grand canonical partition function can be written in terms of functions with known modular prop-
erties. This would provide a link between the low and high temperature limits of the theory, similar
to the standard CFT partition functions, and would potentially allow for more precise checks of the
duality. (It should be emphasised that many of the above checks largely rely on the W∞[λ] symme-
try structure being the same, and cannot pinpoint a specific microscopic realisation, for which one
would need to look at subleading terms). As already alluded to in [27], a natural candidate with
known modular properties is the generalised Jacobi function introduced in [28], defined through its
(formal) q-series as

Θ(ζ, q, w) =
∏
n>0

(1− qn)
∞∏

n>0, n odd

(
1− qn/2wn2/8ζ

)(
1− qn/2w−n2/8/ζ

)
. (2.2)

It is straightforward to express (2.1) in terms of these functions, to obtain3

Z(u, τ, α) =

(
w1/6q1/6

ζ

1 + ζ

Θ(−ζ, q2, w8) Θ(−wqζ,w4q2, w8)

η(2τ)2

)D

, (2.3)

or equivalently

Z(u, τ, α) =

(
w1/24q1/24

ζ

1 + ζ

Θ(−w
1
4 q

1
2 ζ, wq, w2)

η(τ)

)D

. (2.4)

Although these expressions reproduce (2.1), recall that this is not the partition function that we
actually want, as it does not take the neutrality condition into account. In the thermodynamic
limit, one can of course always impose neutrality by passing to the canonical ensemble. However,
that by itself does not provide much insight into the modular properties of the neutral partition
function. Ideally, then, one would like to impose neutrality as an exact condition, and not just
in the high-temperature limit. So we are interested in understanding the ζ0 part of the above
expression.

Now, one of the main results of [28] was that the ζ0 component of Θ(ζ, q, w) can be expanded
in powers of w2n, the coefficients of which are quasi-modular forms of degree 6n. This result played
an important role in the counting of maps from genus-g curves to genus 1 [30], where in that case
n = g − 1. In that case the underlying free-fermionic description [31] is half-integer moded, so the
specific Θ function appearing is “θ3-like” and in particular its expression is a sum is over integer
powers (see appendix A). The required Θ in our case (2.4) is “θ2-like” with half-integer powers in
the sum, so (in either of the forms above) extracting the ζ0 terms is slightly more delicate. We will
get a flavour of this difference in the next section, for the α = 0 case, and we will see that it will
lead to an object with quantum- instead of quasi- modular properties.4

2A different prescription for performing this truncation was proposed in [25].
3For a detailed derivation of the first formula, the reader is referred to the MSc dissertation [29]. The relation to

the second expression is just the higher-spin version of the equality θ2(u|2τ)θ3(u|2τ)/η(2τ)2 = θ2(u|τ)/η(τ).
4As mentioned, our choice of integer moding arises because we are counting states built upon the M = 0 BTZ

vacuum, which is in the R sector, and not the M = −1 AdS3 ground state which corresponds to the NS sector [18].
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Having explained our motivation, we will not discuss the higher-spin setting further in this
work, and will instead focus on the much more modest goal of imposing neutrality in the α = 0
case, and only for one fermion, i.e. D = 1. (The D = 2 case is treated in appendix C).

3 Neutrality, Dyson’s crank, and partial theta functions

Let us now (and for the rest of this paper) consider the free CFT consisting of one complex fermion
(D = 1 above), with no higher-spin chemical potential turned on. In this case (2.1) expands as

Z(u, τ) = 1 + (ζ + ζ−1)q + (ζ + 1 + ζ−1)q2 + (ζ2 + ζ + 2 + ζ−1 + ζ−2)q3 + · · ·

=
∞∏

m=1

(1 + qmζ)(1 + qm/ζ) ,
(3.1)

which can be expressed as

Z(u, τ) = q−
1
12

θ2(u|τ)
2 cos(πu)η(τ)

. (3.2)

One is often interested in counting all states in this theory, regardless of their charge. In that case
one can set u = 0 and obtain the well-known series [32]:

Zcharged(τ) = Z(u = 0, τ) = 1 + 2q + 3q2 + 6q3 + 9q4 + 14q5 + 22q6 + 32q7 + 46q8 + · · · (3.3)

To see the high-temperature behaviour of Zcharged we need to study it as τ → i0+, where q → 1
and the q-expansion is not very helpful. As is standard, we apply modular transformations (see
appendix A) to rewrite (3.2) as

Z(u, τ) = q−
1
12

eπiu
2τ̂

2 cos(πu)

θ4(−uτ̂ |τ̂)
η(τ̂)

, (3.4)

where τ̂ = −1/τ and thus τ̂ → i∞, so that q̂ = e2πiτ̂ ≪ 1. Setting also u = 0, the leading behaviour

comes from the η(τ̂) which gives a factor of e
−πiτ̂
12 = e

π
12τ :

Zcharged(τ) ∼
e

πi
12τ

−πiτ
6

2
. (3.5)

So we get the usual leading behaviour (giving the Cardy asymptotics for c = 1) as τ → i0+:

lnZcharged(τ) =
πi

12τ
+ · · · or equivalently − ln q · lnZcharged =

π2

6
+ · · · (3.6)

This agrees with the α0 term in the λ = 0 expansion of [17], even though we haven’t yet imposed any
neutrality requirement. Clearly, the difference between the charged and neutral partition functions
will be in the subleading (higher-order in τ) terms, as we will see explicitly below.

Now let us turn to the opposite limit, where we want to only count the neutral states. We will
call this the neutral partition function Zneutral(τ), and by inspection its series starts as

Zneutral(τ) = 1+ q2 +2q3 +3q4 +4q5 +6q6 +8q7 +12q8 +16q9 +23q10 +30q11 +42q12 + · · · (3.7)

This is also a well-known series in the OEIS [33]. Before we discuss its combinatoric interpretation,
let us find its general series expansion. We just need to isolate the ζ0 component of (3.2). One
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simply uses the definition of θ2(u|τ) as a sum to write

Z(u, τ) =
q−

1
12

η(τ)

1

ζ
1
2 + ζ−

1
2

∑
r∈Z+1/2

ζrqr
2/2

=
q−

1
12

η(τ)

1

ζ
1
2 + ζ−

1
2

∑
k>0, k odd

(ζk/2 + ζ−k/2)qk
2/8

=
q−

1
12

η(τ)

∑
k>0, k odd

 ℓ=(r−1)/2∑
ℓ=−(r−1)/2

(−1)
k−1
2

−ℓζℓ

 qk
2/8 ,

(3.8)

where the sum over ℓ comes from dividing ζk/2 + ζ−k/2 by ζ
1
2 + ζ−

1
2 . The ζ0 components in the

last line of (3.8) are those where ℓ = 0, which leads to an alternating (−1)
k−1
2 factor for each r. So

Zneutral(τ) =

∮
dζ

2πiζ
Z(u, τ) =

q−
1
12

η(τ)

∑
k>0, k odd

(−1)
k−1
2 qk

2/8 =
q

1
24

η(τ)

∑
n≥0

(−1)nq
n(n+1)

2 , (3.9)

where we set k = 2n + 1 in the last step. This series has recently been shown to be a generating
function of Dyson’s non-negative crank partition function, see [34, 35], where it is given in the
equivalent form

Zcrank≥0(q) =
1

(q; q)∞

∑
n≥0

(−1)nq(
n+1
2 ) , (3.10)

with (q; q)n the q-Pochhammer symbol (see appendix A).
To better understand the combinatorics behind this series, it is useful to recall Dyson’s defini-

tions of the rank and crank of a partition. In [36], Dyson defined the rank of a partition as the
largest part minus the number of components of the partition. He also explained why another prop-
erty, the crank of a partition, should exist and outlined its expected properties, however without
providing a definition. A definition of the crank was finally given in [37], and it reads as follows: If
the partition does not contain 1’s, it is the largest part of the partition, otherwise it is the number
of parts larger than the number of 1’s, minus the number of 1’s.

As an example, considering the partitions of 5, the crank of the partition (3, 2) is 3, while that
of the partition (3, 1, 1) has two 1’s and one part larger than 2, so the crank is 1− 2 = −1. For the
partition (2, 2, 1), we have one factor of 1, and there are two parts which are larger than 1, so the
crank is 2− 1 = 1 etc.

We see that the crank can be positive, zero, or negative. In Table 2 we list the cranks corre-
sponding to the first few natural numbers.

n pi , i = 1 . . . p(n) c(pi) a(n)

0 {} 1 1
1 {1} -1 0
2 {2},{12} 2,-2 1
3 {3},{2,1},{13} 3,0,-3 2
4 {4},{3,1},{2,2},{2,12},{14} 4,0,2,-2,-4 3
5 {5},{4,1},{3,2},{3,12},{2,2,1},{2,14},{15} 5,0,3,-1,1,-3,-5 4
6 {6},{5,1},{4,2},{4,12},{3,3},{3,2,1},{3,13},{2,2,2}, 6,0,4,-1,3,1,-3,2, 6

{2,2,12},{2,14},{16} -2,-4,-6

In the last column, we have named a(n) the number of partitions of n with non-negative crank.
Writing the generating function

Zcrank≥0(q) =
∑
n≥0

a(n)qn , (3.11)
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we can confirm agreement with (3.10) to arbitrary order, and thus with Zneutral.
To conclude, imposing neutrality as a strict condition corresponds to counting partitions with

non-negative crank. It would be interesting to study whether Dyson’s crank might enter in other
cases where we impose a physical restriction on a partition function, and also whether other charge
sectors (e.g. Q = 1 or |Q| ≤ Qmax for some Qmax) might also lead to interesting combinatorial
objects.

Let us note that there exist other possible expressions for the non-negative crank partition
function, such as [33]:

Zneutral(τ) =

∞∑
n=0

qn(n+1)

(q; q)2n
, (3.12)

however it is the alternating form (3.10) that seems to arise more naturally from the restriction to
the neutral sector.

Identifying Zneutral as a known combinatorial series does not by itself tell us much about its
modular behaviour, if any. In particular, the sum in (3.9) is a partial theta function, i.e. it
would be a true theta function if the sum extended over all the integers, and such functions
(and similarly the closely related false theta functions) typically do not have modular properties.
However, it turns out that this series does have well-defined asymptotic behaviour, identified already
by Ramanujan. From a modern perspective, this behaviour can be explained by relating it to a
simple q-hypergeometric function which can be shown to have modular properties by identifying it
as a quantum modular form. We will discuss these aspects in the next section.

As mentioned in the Introduction, a computation very similar to (but more general than) (3.8)
was performed in [11], in the context of W-algebra characters. In particular, the authors showed
how restricting to the ζ0 term of a Jacobi theta function leads to a quantum modular form and
this allowed them to compute its asymptotic behaviour.

As an aside, the need to restrict (functions of) Jacobi forms to what we call the neutral sector
arises in other contexts, most prominently the computation of the Schur index of 4d N = 2
superconformal gauge theories, where the requirement arises due to gauge invariance. In those
cases the pole structure of the relevant contour integrals is far more intricate than in (3.9), see
[38, 39] for examples. The fact that the resulting functions have less standard modular properties,
transforming as quasi-modular/quasi-Jacobi forms [40, 39, 41], is an important element of those
studies.

4 Zneutral as a q-hypergeometric function

As part of their investigations of quantum modular forms, the authors of [8] studied a class of
“Rogers-Fine” partial theta functions on H+ which, through their definition as q-hypergeometric
functions, can be related to mock modular forms [42] on H−, which therefore have (vector-type)
modular transformation properties. In terms of the q-hypergeometric series

F (α, β, z; q) =

∞∑
n=0

(αq; q)nz
n

(βq; q)n
, (4.1)

these functions are defined as

H(a, b; τ) = q1/8F (ζ−a
b q−1, ζ−a

b , ζ−a
b q; q2) , (4.2)

and

G(a, b; τ) =
qa

2/b2

1− qa/b
F (−qa/b−1, qa/b,−qa/b; q) , (4.3)

6



0.2 0.4 0.6 0.8 1.0

0

5

10

15

q

lnZcharged

lnZneutral

0.2 0.4 0.6 0.8 1.0

0.5

1.0

1.5

q

− ln q · lnZcharged

− ln q · lnZneutral

Figure 1: A comparison of the charged (u = 0) partition function Zcharged and the neutral partition
function Zneutral. On the left we plot lnZcharged and lnZneutral while on the right we multiply
them by − ln q for additional clarity. As discussed in the text, the limiting value is ζ(2) = π2/6 =
1.64493 . . .. One sees that, as expected, the neutral partition function starts off slower than the
charged one at low temperature (q ≪ 1), but ends up having the same asymptotic behaviour at
high temperature (q → 1). We are interested in seeing this difference in the subleading behaviour
analytically, by performing an expansion away from q → 1.

where ζn = e2πi/n. Specialising to a = 1 and b = 2, one finds

H(1, 2; τ) =
∞∑
n=0

(−1)nq(2n+1)2/8 = q1/8
∞∑
n=0

(−1)nq
1
2
n(n+1) . (4.4)

and it turns out that G(1, 2; τ) = H(1, 2; 2τ).
So, given (3.10), we can express Zneutral as the q-hypergeometric function:

Zneutral(τ) =
1

(q; q)∞
F (−q−1,−1,−q; q2) = q−

1
12

η(τ)
H(1, 2; τ) . (4.5)

So the partition function of our physical model turns out to be simply related to a mock modular
form. Having an exact formula allows us to evaluate Zneutral numerically for any required values
of τ , and, for instance, compare it with the charged partition function as shown in Fig. 1. We see
that, as expected, the two partition functions have the same asymptotics as q → 1 but differ in
their subleading behaviour.

More crucially, being able to write a given q-series as a q-hypergeometric function goes a long way
towards being able to extend it to the opposite half-plane from its original definition, see [43, 10] for
more details and examples. Indeed, it was shown in [8] that the functions H(a, b; τ) inherit modular
transformation properties from their lower-half-plane analogues. In the next section we will review
these properties and see how we can use them to extract the high-temperature behaviour of Zneutral

analytically.

5 Modularity and high-temperature expansion

As we saw, restricting the free-fermion partition function to the neutral sector gave us a partial
theta function. The asymptotic behaviour of such functions has been studied by Ramanujan, who
for the specific case of interest obtained, for t small and positive [44]:∑

n≥0

(−1)n
(
1− t

1 + t

)n(n+1)

=
1

2

(
1 + t+ t2 + 2t3 + 5t4 + 17t5 + · · ·

)
. (5.1)
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Expressing t = (1− q
1
2 )/(1 + q

1
2 ) and expanding q = e2πiτ in (−iτ), we find that as τ → i0+,∑

n≥0

(−1)nq
n(n+1)

2 =
1

2

(
1 +

π(−iτ)
2

+
π2(−iτ)2

4
+

5π3(−iτ)3

24
+ · · ·

)
, (5.2)

and thus for H(1, 2; τ):

H(1, 2; τ) = q
1
8

∑
n≥0

(−1)nq
n(n+1)

2 =
1

2

(
1 +

π(−iτ)
4

+
5π2(−iτ)2

32
+

61π3(−iτ)3

384
+ · · ·

)
. (5.3)

A proof of (5.1) can be found in [45] (p. 545), see also [46, 47, 48, 49] for further discussion
and extensions to more general partial theta functions. A remarkably simple way of expressing the
result can be found in [49], where the authors consider the following class of partial theta functions:

Fd,ℓ(z; τ) =
∑
n≥0

ζℓn+dq(ℓn+d)2 ,where d ∈ Q and ℓ ∈ N , (5.4)

where here ζ = e2πiz and as always q = e2πiτ . It is easy to check that for ℓ = 1, d = 1/2 and z = 1/2
one obtains the G(1, 2; τ) function defined above, which equals H(1, 2; 2τ). Then (Corollary 4.6 of
[49]) the authors show that for τ on the positive imaginary axis this function expands as

Fd,ℓ(z; τ) =
N∑
a=0

D2a
z

(
e2πidz

1− ζℓ

)
(2πiτ)a

a!
+O(τN+1) , (5.5)

where Dz =
1

2πi
∂
∂z . Evaluating this expression, setting z = 1/2 and remembering to take τ → τ/2,

we reproduce (5.3) to any desired order N .
Although we now have our asymptotics, we would still like to understand them in terms of a

modular transformation law, which might provide a better starting point for generalisations. It is
therefore important that in [8] this series was identified as a quantum modular form. As defined
in [9], a quantum modular form of weight k is a complex-valued function on the rationals Q, such
that the difference

ϕ(τ)− ϵ−1 · (cτ + d)−kϕ

(
aτ + b

cτ + d

)
(5.6)

(with k the weight) has some desired behaviour, such as analyticity. One commonly imposes
a stronger requirement, that the function extends to an analytic function on H+ ∪ H−, whose
asymptotics as one approaches any rational point on the real line (either from above or below)
agrees with the formal power series of the function at that point. A major application of this
strong version of quantum modular forms is that they allow to connect functions between the
upper and lower-half planes, such that modular properties defined on the lower half-plane can filter
through the rationals and extend to the upper-half plane, though only perturbatively in τ . (See [10]
for a treatment emphasising this crucial feature of quantum modular forms in a physical context).
In such a way, series such as partial theta functions, which do not have true modular properties, if
identified as quantum modular forms can be seen to have a version of a modular transformation,
perturbatively on the upper-half plane.

In [8] it was shown that the H(a, b; τ) defined above, are indeed (vector-valued) strong quantum
modular forms of weight 1/2. Their transformation law for τ in Q, extended to the upper-half plane,
is [8]

G(a, b;−τ) + e−πa/b

√
2iτ

H(a, b;
1

2τ
) = −

∫ i∞

0

(−iv)−3/2T (a, b;−1/v)√
−i(v + τ)

dv , (5.7)

where G(a, b; τ) was defined above and T (a, b; v) is a specific modular form of weight 3/2. We see
that the anomalous modular behaviour is expressed in terms of what is known as an Eichler integral,
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which in the integer-weight case is a way of expressing the polynomial anomalous dependence
on τ , and can be seen to play the same role in the half-integer case. In the following we will
not need the general definitions but only those related to H(1, 2; τ). Recall that in this case
G(1, 2; τ) = H(1, 2; 2τ), and the function T (1, 2; v) is [8]

T (1, 2; v) = i

∞∑
n=−∞

(n+
1

4
)q̃(n+1/4)2 =

1

4

∞∑
k=0

(−1)k(2k + 1)q̃(2k+1)2/16 , (5.8)

(here q̃ = e2πiv) from which we can recognise it as a θ′1 function (see appendix A), more specifically:

T (1, 2; v) =
i

8π
θ′1(0|v/2) =

i

4
(η(v/2))3 , (5.9)

which is indeed modular of weight 3/2. We can now rescale τ → τ/2 and find a transformation
involving just H:

H(1, 2;−τ) = −i√
iτ
H(1, 2; 1/τ)−

∫ i∞

0

(−iv)−3/2T (1, 2;−1/v)√
−i(v + τ/2)

dv . (5.10)

As indicated, this transformation is valid on the lower-half-plane while of course we need it on the
upper-half plane, in particular we want to relate τ → i0+ to τ → i∞. However, as discussed, one of
the crucial features of quantum modular forms is that one can extend such formulas to the upper-
half plane, although only perturbatively in τ (see e.g. [50] for a discussion of this property, which
inspired the later definition of quantum modular forms). We are of course interested precisely in
the small τ expansion of our partition function. Taking τ → −τ and expanding the denominator
of the Eichler integral in (5.10), we find

I = I0 + I1
−iτ
4

+ I2
3(−iτ)2

32
+ I3

5(−iτ)3

128
+ I4

35(−iτ)4

2048
+ I5

63(−iτ)5

8192
+ · · · (5.11)

where we have defined

Ik = − i

4

∫ i∞

0
(−iv)−k−2

(
η

(
− 1

2v

))3

dv . (5.12)

Rescaling v → 2v and using the modular property of the Dedekind eta function, we can simplify
these integrals to

Ik = −2k−1i

∫ i∞

0
(−iv)−k− 1

2 (η(v))3 dv . (5.13)

There are certainly more powerful approaches to such integrals over the modular parameter, but
for this simple case we find it convenient to use the identity (see [51]):∫ ∞

0
f(x) (η(ix))3 dx =

∫ ∞

0

F (t)

cosh
√
πt

dt , (5.14)

with F (t) the inverse Laplace transform of f(x). Identifying v = ix and using [52] that for f(x) =
x−k−1/2, F (t) = 2ktk−1/2/((2k − 1)!!

√
π), we obtain

Ik =
22k−1

(2k−1)!!π
1
2

∫ ∞

0

tk−
1
2

cosh
√
πt

dt =
(2k)!

(2k−1)!!22k+1πk+1

(
ζ

(
2k+1,

1

4

)
− ζ

(
2k+1,

3

4

))
.

(5.15)
The specific combination of Hurwitz ζ-functions appearing here gives π2k+1× rational numbers,
which can be evaluated (with some care for the case k = 0) to find

I0 =
1

2
, I1 =

π

2
, I2 =

5π2

6
, I3 =

61π3

30
, I4 =

277π4

42
, I5 =

50521π5

1890
, . . . (5.16)
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Together with the fact that H(1, 2;−1/τ) is exponentially small as τ → i0+ (due to the q̂1/8 factor,
where q̂ = e−2πi/τ ), we arrive at the small-τ expansion of H(1, 2; τ):

H(1, 2; τ) =
1

2
+
π

8
(−iτ) + 3 · 5π2

32 · 6
(−iτ)2 + 5 · 61π3

128 · 30
(−iτ)3 + 35 · 277π4

2048 · 42
(−iτ)4 + · · · (5.17)

which agrees with (5.3). Although the formula (5.5) is far simpler computationally, we believe that
the computation leading to (5.17) also has its merits, as it makes it more clear which numerical
factors come from the expansion of the denominator and which from the integrals, and might have
more general applicability in future cases where the analogue of (5.5) might not be available.

We are now ready to substitute into Zneutral, to find its small τ (q → 1) expansion (up to
exponentially small terms):

Zneutral(τ) = q−
1
12

√
−iτ

2η(−1/τ)

(
1 +

π(−iτ)
4

+
5π2

32
(−iτ)2 + 61π3

384
(−iτ)3 + · · ·

)
, (5.18)

where we also used the modular transformation 1/η(τ) =
√
−iτ/η(−1/τ). For small τ , this expan-

sion can be seen to agree very well numerically with the exact neutral partition function (4.5).
Before we use (5.18) to find the high-temperature asymptotics, in the next section we find it

useful to compare with the expansion derived via the more physical approach of passing from the
grand-canonical to the canonical partition function.

6 The canonical partition function

In the previous sections we built the neutral partition function from the bottom up, by imposing
neutrality as an exact condition and identifying the resulting q-series first as the non-negative crank
partition function and then as the q-hypergeometric function (4.5). Using its quantum modular
properties, we expanded it at high temperature and found the expression (5.18). In this section
we instead start from the full partition function (3.2), which is in the grand canonical ensemble,
and pass to the canonical ensemble to obtain the neutral sector. This is essentially the approach
followed in [17] in the more general case with spin-3 charges present. We will see that the partition
function we obtain this way, which we will call ZC , agrees with the expansion above to first order
in the high-temperature expansion.

Recall that in the thermodynamic limit we can approximate the canonical partition function
by performing a saddle point integration of the grand canonical partition function with respect to
the spin-1 chemical potential. That is,

ZC(τ) =

∫
Z(u, τ)e−2πiuQdu =

∫
elnZ(u,τ)−2πiuQdu . (6.1)

We want the neutral sector Q = 0, so the saddle point is at ∂ lnZ(u,τ)
∂u = 2πiQ = 0. Using the

high-temperature expression (3.4) we find

1

π

∂Z(u, τ)

∂u
=

q−
1
12 eπiu

2τ̂

η(τ̂)2 cosπu

(
2iuτ̂θ4(−uτ̂ |τ̂) + tan(πu)θ4(−uτ̂ |τ̂)− τ̂ θ′4(−uτ̂ |τ̂)

)
= 0 , (6.2)

which vanishes at u = 0. So the saddle for τ → 0 is given by u = 0 (in agreement with the
restriction of the condition of [17] to α = 0, and our expectation that the charged and neutral
partition functions have the same leading behaviour). Expanding around u = 0, we are left with
the Gaussian integral

ZC = Zcharged(τ)

∫
e

1
2

∂2 lnZ(u,τ)

∂u2
|u=0u2

du . (6.3)
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Evaluating the integral we find the prefactor

ZC =
Zcharged(τ)√

− 1
2π

∂2 lnZ(u,τ)
∂u2 |u=0

, (6.4)

which gives us the relation between the grand canonical and canonical (neutral) partition functions
in the thermodynamic limit.

Evaluating the second derivative at u = 0, up to exponentially small (q̂ → 0) terms, we find:

1

π2
∂2 lnZ(u, τ)

∂u2
|u=0 = (2iτ̂/π + 1/ cos(πu))|u=0 = 2iτ̂/π + 1 . (6.5)

So we obtain that

ZC(τ) =
Zcharged(τ)√

i
τ − π

2

. (6.6)

Expanding in small τ , we find

ZC(τ) = Zcharged(τ)
√
−iτ(1 + π(−iτ)

4
+ · · · ) , (6.7)

which, given also (3.5), matches the correct exponential and first subleading behaviour of the neutral
partition function (5.18). We therefore have an independent confirmation of (5.18), of course within
the validity of the saddle-point approximation.

7 The asymptotic density of states

In this section we would like to find the asymptotic density of states of our neutral partition function,
which is the main ingredient entering the Cardy formula. It is instructive to first review the
computation for the full (charged) partition function, in order to highlight the differences with the
neutral case. This computation is standard and reviews can be found in many sources, e.g. [5, 6, 53].
As discussed, when τ → 0, q → 1 and it is convenient to re-express Zcharged(τ) = Z(u= 0, τ) in
terms of τ̂ = −1/τ , such that q̂ → 0 (see (3.4)). We define a generating function ρ(n) as

Zcharged(τ) =
∞∑
n=0

ρ(n)qn =

∞∑
n=0

ρ(n)e2πinτ . (7.1)

To obtain the asymptotic behaviour of the generating function, we perform the inverse Laplace
transform

ρcharged(n) =

∫
C
Zchargedq

−ndτ =
1

2

∫
C
e

πi
12τ e−

πiτ
6 e−2πinτdτ , (7.2)

where we used (3.5), i.e. we dropped exponentially small terms. The contour C is taken around
the origin. At this point one often applies the saddle point approximation, which gives τ0 =
i/
√

24(n+ 1/12). This gives the correct leading expression as well as the overall n-dependent
prefactor, however to obtain the correct subleading 1/n behaviour one needs to do the integral
exactly. Recalling the definition of the Bessel J functions

Jn(z) =
1

2πi

(z
2

)n ∫
C
t−n−1et−

z2

4t dt , (7.3)

we evaluate

ρcharged(n) =
1

2

∫
C
et+1/t(π2(n+1/12)/6) dt

−2πi(n+ 1
12)

=
i

2
√
6

π√
n+ 1

12

J1

(√
2

3
πi

√
n+

1

12

)
, (7.4)
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where we used that J−n(z) = (−1)nJn(z). Expanding the Bessel function for large n (see appendix
A), we obtain

ρcharged(n) =
e2π

√
n/6

4 · 61/4 · n3/4

(
1+

(
π

12
√
6
−
3
√
3/2

8π

)
1√
n
+

(
π2

1728
− 45

256π2
− 5

64

)
1

n
+O

(
1

n3/2

))
(7.5)

which fully agrees with the leading and subleading terms listed in [32].
We are now ready to find the asymptotic generating function for the neutral case. Given the

relation (6.7), to see the leading order behaviour it’s enough to simply multiply the ρcharged(n) we
found above with

√
−iτ0 where τ0 = i/

√
24n is the (leading part of the) saddle-point value. This

gives

ρneutral(n) =
ρ(n)

(24n)1/4
=

e2π
√

n/6

4 · 61/4 · n3/4
× 1

(24n)1/4
=
e2π

√
n/6

8
√
3n

, (7.6)

which agrees with the asymptotic answer stated in [33]. So the saddle point technique correctly
reproduces the leading terms in the asymptotic expansion. It is perhaps worth noting that the
prefactor is just half of the prefactor of the standard Hardy-Ramanujan partition sum

∑
n p(n)q

n =

1/(q; q)∞ ∼ 1
4
√
3n
e2π

√
n
6 , which would be the correct asymptotic behaviour of the neutral sector of

the complex fermion partition function in the NS (half-integer moded) sector (see e.g. [7] p.391).5

After this initial check, let us now use the τ -expansion of the neutral partition function (5.18)
to go beyond the leading asymptotics. In particular, we will compute the terms which contribute
to the leading 1/n prefactor that we saw above, as well as the n−3/2 and n−2 subleading behaviour.
From the leading term in (5.18) we find:

ρ
(0)
neutral(n) =

1

2

∫
C

√
−iτe−2πiτ(n+1/12)+ π

12τ dτ

=
1

2(−i)(2π)3/2(n+ 1/12)3/2

∫
t
1
2 et−

1
t
z2

4 dt ,

(7.7)

where we have again converted t = −2πi(n + 1/12)τ and defined z =
√

2/3πi
√
n+ 1/12. Using

again the definition of the Bessel function, a straightforward computation gives6

ρ
(0)
neutral =

π

2
√
2 · 63/4(n+ 1/12)3/4

(
−i

1
2J3/2(z)

)
. (7.8)

Expanding the Bessel function for large n (see Appendix A), we find:

ρ
(0)
neutral(n) =

e

√
2
3
π
√

n+1/12

8
√
3(n+ 1/12)

(
1− 1

π
√
2/3(n+ 1/12)

+O

(
1

n3/2

))
, (7.9)

of course in full agreement with the leading-order computation above. Let us now look at the next

5For a direct proof of this statement, we refer to [54], which relates the Hardy-Ramanujan asymptotics to those
of the positive crank sum through the formula limx→0

∑∞
m=0 e

−m(m+1)x = 1
2
. This, together with the fact that the

zero-crank asymptotics are known to be subleading, with a n−3/2 rather than an n−1 prefactor [55], explains the
factor of 1/2. It would be interesting to find a physical explanation for this difference between the leading asymptotics
of the R and NS neutral partition sums.

6Of course J3/2 is an elementary function, J3/2(z) =
√

2/(πz)(− cos(z) + sin(z)/z), and the same holds for the
other half-integral Bessel functions. Still, we find it more insightful to organise the results in Bessel form by analogy
to the integer-order case.
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term in the expansion (5.18),

ρ
(1)
neutral(n) =

π

8

∫
C
(−iτ)3/2e−2πiτ(n+1/12)+ πi

12τ dτ

=
π

−2πi8(2π)3/2(n+ 1/12)5/2

∫
C
t
3
2 et−

1
t
z2

4 dt

=
2π2

32
√
2 · 65/4(n+ 1/12)5/4

(
i
3
2J5/2(z)

)
.

(7.10)

Expanding this expression for large n, we obtain

ρ
(1)
neutral(n) =

πe

√
2
3
π
√

n+1/12

16 · 4 · 3 ·
√
2(n+ 1/12)3/2

(
1− 3√

2/3π
√
n+ 1/12

+O

(
1

n

))
. (7.11)

The next term is

ρ
(2)
neutral(n) =

5π2

64

∫
C
(−iτ)5/2e−2πiτ(n+1/12)+ πi

12τ dτ

=
5π2

64(−2πi)(2π)5/2(n+ 1/12)7/2

∫
C
t5/2et−

1
t
z2

4 dt

=
5π3

64 · 4
√
2 · 67/4(n+ 1/12)7/4

(
i
1
2J7/2(z)

)
,

(7.12)

and gives for large n the contribution

ρ
(2)
neutral(n) =

5π2e

√
2
3
π
√

n+1/12

64 · 32 · 33/2(n+ 1/12)2

(
1 +O

(
1

n1/2

))
. (7.13)

These are all the terms that contribute to order 1/n beyond the leading order. Adding them and
expanding for large n, we finally find the asymptotic expression

ρneutral(n) =
e2π

√
n
6

8
√
3n

(
1 +

(
5π

24
√
6
−

√
3√
2π

)
1√
n
+

(
61π2

6912
− 5

16

)
1

n
+O

(
1

n3/2

))
. (7.14)

As can be seen in Fig. 2, this expression reproduces the actual coefficients a(n), computed through
(3.10), extremely well, even for not-particularly-large values of n. It is worth mentioning that, due
to the n−3/4 prefactor, the ρcharged(n) asymptotics are in agreement with the logarithmic corrections
to the (non-higher-spin) 3d gravity BTZ entropy, ln(ρcharged(n)) = S0 − 3

2 lnS0 + · · · [56], while
the ρneutral(n) asymptotics would lead to a factor or −2 rather than −3/2. The reason for the
agreement is presumably that the ρcharged answer depends on standard modular properties, which
lead to universal results. It would be very interesting to compute the logarithmic corrections for
higher-spin gravity from the bulk side (which, as far as we are aware, has not been attempted, but
should be achievable even at general λ) and see whether one obtains something closer to ρneutral.

8 Discussion

In this note we studied various aspects of the partition function for a neutral free complex fermion.
We showed that although this partition function is not a modular form, it does have a quantum
modular property in the sense of [9], which allowed us to expand it in the high temperature limit
and evaluate its asymptotics as well as the subleading terms. The results for the asymptotic density
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Figure 2: The ratio of ρneutral(n) as calculated from the asymptotic formula (7.14) to the actual
coefficients of the non-negative crank series as calculated from (3.10), as a function of n. Note that
even for n ∼ 40 the functions agree to within 0.01%.

of states agree with the literature (as summarised in [33]), and we were also able to exhibit the
subleading terms which were not previously recorded.

What is perhaps more interesting is the implication that there should be a relation u(τ) which
inverts the equation

Z(u(τ), τ) = Zneutral(τ) , (8.1)

i.e. a function which, when substituted in the full partition function leads to the neutral partition
function. The reason this is interesting is that this function might be expected to have modu-
lar properties (at least perturbatively as τ → i0+), since both Z(u, τ) and Zneutral do. At low
temperature, q → 0, we can solve this equation perturbatively to obtain the (not-so-enlightening)
expression

u(q) = −1

4
+

1

2π

(
q2 + q4 − q5 − 5

6
q6 + q7 − 9

2
q8 +

17

2
q9 + · · ·

)
, (8.2)

while at high temperature, comparing (3.4) to (5.18) we find the (more promising) small τ behaviour

u(τ) =

√
iτ

2π
ln(−iτ) + · · · (8.3)

Substituting this expression in Z(u(τ), τ) we indeed find good agreement with the neutral partition
function, as illustrated in Fig. 3.

Recalling our motivation from section 2, one is of course interested in how our results might
apply to the higher-spin/W algebra correspondence. A first aspect to note is that for a comparison
with the bulk one needs D fermions, and although in that case the grand canonical partition
function is just Z(u, τ)D, the restriction to the ζ0 part as in (3.8) is not immediate. In Appendix
C we work it out for D = 2, but ideally we would require an expression for large D to make
contact with the bulk. The generalisation, at D = 1, of the non-negative crank partition function
to include the spin-3 chemical potential, and which has the same relation to the partition function
(2.1) as Zneutral does to (3.1), appears straightforward. However, one would then need to establish
a suitable generalisation of the modular transformation (5.10) in order to make progress.
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Figure 3: As in Fig. 1, we plot − ln q · lnZ for the charged u = 0 partition function (top), the
neutral partition function (bottom) and now also Z(u(τ), τ) (middle) where u(τ) is given by the
first correction away from τ = 0 given in (8.3). We see good agreement with the neutral partition
function as q → 1.

Of course, as a first step, one could work in the α2 expansion. The authors of [27] showed, using
general considerations regarding the modular/high-temperature behaviour of traces with higher-
spin field insertions, that the leading behaviour of the O(α2n) terms of the partition function (2.1)
can be obtained, for general λ, and matched with the expression found from the bulk in [17]. This
indicates that each term in the α2-expansion, restricted to the ζ0 sector, should have analogous
modular properties to our Zneutral which should allow a computation, at λ = 0 and D = 1, of the
subleading (perturbative in τ) corrections to the results of [17, 27]. We hope to report on such a
computation in the future.

A recent line of study [57, 58, 59] considers the modular properties of Generalised Gibbs En-
sembles for real (c = 1

2) free fermions with insertions of higher KdV charges, which are what would
correspond to the higher W charges in our complex fermion case. Although the details are different,
one would expect that the techniques used in those works, as well as their physical interpretation of
the modular transformed equations, could provide useful input in the higher-spin context as well.

To conclude, we hope that our results will provide some guidance in terms of what types of
modular objects one would expect to encounter in the computation of subleading corrections to the
entropy in the W∞[0] case including higher-spin chemical potentials, and their eventual comparison
with bulk computations. It seems clear that, in this exact setting, going beyond saddle-point
computations is possible, and also worthwhile, as it allows us to identify more precisely the types
of modular properties that are behind the matching of the bulk and boundary entropy, and might
lead to a more detailed understanding of the microscopic degrees of freedom.

Note added: After the preprint version of this article appeared, we were informed [60] that, for
the D = 1 case, it is possible to go beyond our asymptotic formula (7.14) and obtain a convergent
formula for the coefficients of Zneutral. More specifically, with the numerator of Zneutral appropriately
understood as a unary false theta function, and given that the overall weight of Zneutral is zero, the
techniques developed in [61] allow the computation of an exact Rademacher-type formula. This
can be truncated to a finite series for numerical evaluation, with the precision increasing with the
number of terms included. The resulting series expressions can be seen to agree with the exact
coefficients a(n) to far greater accuracy than the asymptotic formula, even for very low values of n.
As first discussed in the IIB string theory context in [62] (see [6] for a review and further references),
having a full Rademacher-type expansion instead of just an asymptotic one provides a much more
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detailed understanding of the subleading bulk contributions to the gravitational path integral. One
could therefore hope for a similar understanding to eventually emerge in our higher-spin gravity
context as well. For that it would be critical to understand whether similar exact expressions are
possible for the higher-D cases, for which perhaps the extensions of [61] to higher rank and depth
[63, 64] will be of relevance. We intend to come back to these questions in future work.
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A Definitions

In this appendix we collect some standard definitions and results. In terms of q = e2πiτ and
ζ = e2πiu, the product and series forms of the Jacobi theta functions are given by:

θ1(u|τ) = 2q
1
8 sin(πu)

∞∏
n=1

(1− qn)(1− qnζ)(1− qn/ζ) = −i
∑

r∈Z+ 1
2

(−1)r−
1
2 ζrqr

2/2 , (A.1)

θ2(u|τ) = 2q
1
8 cos(πu)

∞∏
n=1

(1− qn)(1 + qnζ)(1 + qn/ζ) =
∑

r∈Z+ 1
2

ζrqr
2/2 , (A.2)

θ3(u|τ) =
∞∏
n=1

(1− qn)(1 + qn−
1
2 ζ)(1 + qn−

1
2 /ζ) =

∑
n∈Z

ζnqn
2/2 , (A.3)

and

θ4(u|τ) =
∞∏
n=1

(1− qn)(1− qn−
1
2 ζ)(1− qn−

1
2 /ζ) =

∑
n∈Z

(−1)nζnqn
2/2 , (A.4)

while we also have

θ′1(u|τ) =
∂

∂u
θ1(u|τ) = 2πq

1
8

∑
k=0

(−1)k(2k + 1) cos(π(2k + 1)u)q
k(k+1)

2 . (A.5)

We also recall the Dedekind eta function

η(τ) = q
1
24

∞∏
n=1

(1− qn) , (A.6)

and the q-Pochhammer symbol, defined as

(a; q)n = (1− a)(1− aq) · · · (1− aqn−1) , (A.7)

so that η(τ) = q
1
24 (q; q)∞.

The θ and η functions are modular of weight 1/2. The transformations we will need are:

θ4(u/τ | − 1/τ) =
√
−iτeπu2/τθ2(τ) and η(−1/τ) =

√
−iτη(τ) . (A.8)

θ′1 is also modular, of weight 3/2. We will only need θ′1(0, τ), whose modular transformation follows
from the equality

θ′1(0, τ) = 2π (η(τ))3 . (A.9)
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The q-hypergeometric function as defined in [8] is

F (a, b, t; q) =
∞∑
k=0

(aq; q)k
(bq; q)k

tk . (A.10)

However, a more standard definition of the q-hypergeometric series (as also implemented in Math-
ematica) is:

rϕs(a1 . . . ar; b1 . . . bs; q; z) =
∞∑
k=0

(a1; q)k · · · (ar; q)k
(b1; q)k · · · (bs; q)k

(
(−1)kqk(k−1)/2)

)1+s−r zk

(q; q)k
, (A.11)

where we note the additional (q; q)k in the denominator. In terms of this definition, the function
we are interested in can be expressed as

q−
1
8H(1, 2; τ) = F (−q−1,−1;−q; q2) =

∞∑
k=0

(−q, q2)k
(−q2, q1)

(−q)k = 2ϕ1(q
2,−q;−q2; q2,−q) . (A.12)

We will also need the asymptotic expansions of the Jk Bessel functions (see e.g. [52]):

Jk(z) =
ez√
2πz

(
1− 4k2 − 1

8z
+

(4k2 − 1)(4k2 − 9)

2!(8z2)
+O(1/z3)

)
. (A.13)

To let the argument take large imaginary values we use the analytic continuation Jk(iz) = e
kπi
2 Jk(z),

to find, as z → i∞,

−iJ1(z) =
e−iz√
2π(−iz)

(
1− 3

8(−iz)
− 15

128(−iz)2
+O(1/z3)

)
, (A.14)

−i
1
2J3/2(z) =

e−iz√
2π(−iz)

(
1− 1

(−iz)
+O(1/z3)

)
, (A.15)

i
3
2J5/2(z) =

e−iz√
2π(−iz)

(
1− 3

(−iz)
+

3

(−iz)2
+O(1/z3)

)
, (A.16)

and

i
1
2J7/2(z) =

e−iz√
2π(−iz)

(
1− 6

(−iz)
+

15

(−iz)2
+O(1/z3)

)
, (A.17)

where the factors of i in front are such that the right-hand sides are real and positive. Of course,
all the half-integral order cases are expressible in terms of elementary functions, so one could have
found the asymptotics in a simpler way as well, but keeping them as Bessel functions helps with
the organisation of the results.

B Free fermions

For completeness, in this appendix we record the relevant generators of W1+∞ [19], in its fermionic
realisation (see e.g. [65] for a review of the various realisations of W1+∞ and [66] for more details
on the computation of the character formula). More details can be found in [17], from whose
conventions we differ just by simple rescalings to simplify the presentation. We consider a complex
fermion with OPE

ψ(z)ψ(w) ∼ 1

z − w
, (B.1)

17



and expand it in modes as ψ(z) = −i
1
2
∑

n∈Z bne
inz, ψ(z) = −i

1
2
∑

n∈Z b̄ne
inz, where z is the

cylinder coordinate, identified as z ∼ z + 2π. Since n is integer, this mode expansion leads to
periodic boundary conditions on the cylinder, which is the case relevant to excitations around the
BTZ vacuum [18]. The modes satisfy {b̄m, bn} = δm,−n, and the spin 1,2, and 3 generators are:

Q = −
∑
n≥1

(
b̄−nbn − b−nb̄n

)
,

L = −
∑
n≥1

n
(
b̄−nbn + b−nb̄n

)
,

W = −
∑
n≥1

n2
(
b̄−nbn − b−nb̄n

)
.

(B.2)

where in L we have subtracted the 1/24 zero-point contribution so that our q-series start with 1.
We emphasise that, compared to [17] we have rescaled W and absorbed various numerical factors
into the chemical potential α appearing in (2.1).

Defining the vacuum to be annihilated by the positive modes, bn |0⟩ = b̄n |0⟩ = 0 for n > 0, and
creating states by acting with all possible b−n, b̄−n on the vacuum, one obtains the charges listed
in Table 1, and eventually (2.1).

Note that we are only considering the left-movers, as the right-movers can be treated similarly.

C The D = 2 case

In section 3 we saw how the restriction of Z(u, τ) to the neutral sector works for a single fermion,
D = 1. To get a flavour of the complications that will arise in the general case, in this appendix
we derive the corresponding result for D = 2.

For two complex fermions, the grand-canonical partition function is just the square of (3.1).
Expanding and keeping the ζ0 terms, we find that the neutral-sector series goes like7

ZD=2
neutral =

∮
dζ

2πiζ
(Z(u, τ))2 = 1 + 4q2 + 8q3 + 13q4 + 24q5 + 46q6 + 80q7 + 139q9 + · · · (C.1)

To find the all-orders formula, we start by recalling that

θ22(u|τ) =
1

2
(θ3(0|τ/2)θ3(u|τ/2)− θ4(0|τ/2)θ4(u|τ/2))

=
1

2

(∑
k∈Z

q
k2

4

∑
ℓ∈Z

ζℓq
ℓ2

4 −
∑
k∈Z

(−1)kq
k2

4

∑
ℓ∈Z

(−1)ℓζℓq
ℓ2

4

)

=
1

2

∑
k∈Z

∑
ℓ∈Z

(
1− (−1)k+ℓ

)
ζℓq

k2+ℓ2

4

=
∑

k,ℓ∈Z,k+ℓ odd

ζℓq
k2+ℓ2

4 .

(C.2)

As indicated, the nonzero terms are those for which k+ ℓ is odd. Considering the contributions to

a fixed power of q
k2+ℓ2

4 , we can distinguish two cases:

� If k = 0 and |ℓ| = n > 0, we get ζn + ζ−n, while the contribution from ℓ = 0 and |k| = n gives
2. Adding these gives (2 + ζn + ζ−n)qn

2/4.

7It should be emphasised that, unlike the gauge-theory-motivated setting of e.g. [38, 39], we still have only one

U(1) current, defined as
∑

i ψ
i
ψi, i = 1, 2, so even though D = 2 we are still only integrating over one ζ.
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� If |k| = m > 0 and |ℓ| = n > m, then the contribution will be 2(ζn + ζ−n)q
m2+n2

4 (since
both k and −k contribute equally), and the contribution from |k| = n and |ℓ| = m will give

2(ζm + ζ−m)q
m2+n2

4 . So in total we get a term 2(ζm + ζ−m + ζn + ζ−n)q
m2+n2

4 .

So the series becomes

θ22(u|τ) =
∑

n>0,n odd

(2 + ζn + ζ−n)q
n2

4 + 2
∑

m>0,n>m
m+n odd

(ζm + ζ−m + ζn + ζ−n)q
m2+n2

4 . (C.3)

Now we need to divide by 1/(2 cos(πu))2 = 1/(ζ
1
2 + ζ−

1
2 )2. To extract the power of ζ0, we write

the generic term (including m = 0 as a special case) as

ζm + ζ−m + ζn + ζ−n

(ζ
1
2 + ζ−

1
2 )2

=
ζ

n−m
2 + ζ−

n−m
2

ζ
1
2 + ζ−

1
2

· ζ
m+n

2 + ζ−
m+n

2

ζ
1
2 + ζ−

1
2

=
(
ζ−n+m+1−ζ−n+m+3 + · · · − ζn−m−3 + ζn−m−1

)
·
(
ζ−m−n+1−ζ−m−n+3 + · · · − ζm+n−3 + ζm+n−1

)
.

(C.4)

The first parenthesis has n−m terms, and each one of them will multiply with a term from
the second parenthesis to give a ζ0. One can check that these terms will come with a sign of

(−1)
m−n−1

2 (−1)
m+n−1

2 = −(−1)m. So we finally find that

ZD=2
neutral =

q−
1
4

(q; q)2∞

∮
dζ

2πiζ

(
θ2(u|τ)
2 cosπu

)2

=
1

(q; q)2∞

∑
m≥0,n>m
m+n odd

(2− δm,0)(−1)m(n−m)q
m2+n2−1

4

=
1

(q; q)2∞

(
1−2q+3q2+2q3−6q4+3q6+6q7−10q9+2q10−6q11+7q12+10q13 + · · ·

)
.

(C.5)

One notices that, for our constraints m+n odd, n > m, the combinations m2+n2−1
4 reduce to a+ b,

where a, b are the triagonal numbers 0, 1, 3, 6, 10, 15, . . .. We note that there are degeneracies in the
exponents, e.g. 6 = 0 + 6 = 3+ 3, and it is the sum of the relevant contributions which appears in
the series.

This slightly peculiar q-series agrees, after expanding the prefactor, with the empirical result
(C.1). Although in this case we are not aware of any mathematical results regarding its modular
properties, the physical setting is precisely the same as the D = 1 case, so we can expect that (a)
its leading behaviour for τ → i0+ will be the same as the unconstrained partition function, i.e. ∼
e

πi
6τ

−πiτ
3 (just the square of the D = 1 case), and more importantly (b) that Ĥ(τ) := (q; q)2∞Z

D=2
neutral

has a well-defined expansion perturbatively in τ , analogous to (5.3). If we further assume that,
as for D = 1, the restriction to the neutral sector does not change the weight8, this would lead
to a quantum modular form of weight 1. Of course, the first statement more or less follows from
the 1/(q; q)2∞ factors (expressed in terms of η(τ)2 and modular transformed), as the remainder is
unlikely to alter the exponential behaviour. Evaluating the series for large n, we indeed find very
good numerical agreement with the leading behaviour

ρD=2
neutral(n) ∼

e

√
2
3
π
√

2(n+1/6)

16
√
3(n+ 1/6)

. (C.6)

8This assumption is clearly not true in general, for instance restricting θ3(u|τ) to the neutral sector one would
just get a constant. It is motivated by the physical expectation that the D = 2 neutral CFT partition function would
have weight zero overall, as for D = 1. The expected small-τ expansion of Ĥ does not rely on this assumption, as it
would come from the anomalous modular term.
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Repeating the saddle-point computation (6.3), where u = 0 is still the saddle-point value, we find

ZD=2
neutral =

e
πi
6τ

−πiτ
3

4
√
2

√
−iτ

(
1 +

π(−iτ)
4

+ · · ·
)
, (C.7)

where the only essential difference is the extra
√
2, which, when passing to the microcanonical

ensemble, will be compensated by the new saddle value τ0 = i/
√
12(n+ 1/6). So for the leading

behaviour we can just take n+ 1
12 → 2n+ 1

3 everywhere, in agreement with (C.6). However, looking
at the required τ → 0 behaviour of (C.5), there are two (q; q)∞ factors in the denominator which
will give a (

√
−iτ)2. But the saddle expansion only has one

√
−iτ , so to match with (C.5) the Ĥ

series must provide a 1/
√
−iτ . We also need to unabsorb the factor of q−1/4 to give the required

e−πiτ/3. So a more precise statement of (b) would be that Ĥ ∼ q−1/4
√
−iτ

(
1 + π(−iτ)/4 +O(τ2)

)
.

This example hopefully illustrates the complications that will arise in finding a combinatoric
expression for general D, but also that it would be worthwhile doing so, since the resulting series
would still be expected to have analogous modular properties to the D = 1 case.
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