

















































































































































































































































































































































































































































































































































































































































































































Researcher: Ok. How does it help learners to know the resting point?

Teacher F:

We use the resting point when we answer the question of amplitude. And also,

the resting point also helps learners when we come to interpretation of graphs.

[all the teachers agreed to what Teacher F was saying]

Teacher E:

Yes, when you interpret better from the previous lesson it helps the

interpretation just flow.

Teacher D:

Mina [Myself] | was doing it lama [with] Grade 10 today not even last year,
today. We were doing | think interpretation of graphs we were looking for g
and they could see it very easily the q, by the resting point because the graph
was now shifted one unit up so now when | told them ... it was very easy for

them to see.
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Teacher E:

Even in lower grades you can see that lesson now the strategy has been
applied in grade 10.
All laughed. The teachers’ utterances are characteristics of pedagogy. This signals
that content and pedagogy cannot be separated. Teachers reported development in
SCK and KCT concerning interpreting the effects of parameters; finding equations of

already drawn graphs; and amplitude.

5.6.5 Pedagogic or teaching strategies learnt from the LS processes.

Pedagogy and content continue to be blended in mathematics classrooms. | asked the
teachers to reveal and elaborate on the pedagogy or teaching strategy that they had
learnt during their participation in the LS process. Teacher F indicated that he found
ascertaining key concepts and explaining them explicitly to learners important when

teaching trigonometric functions.

Teacher F:

When you are teaching trig functions, the first thing that you must do especially
when you are explaining to the learners you must have the correct key words
and the correct explanation for amplitude explain to them, period explain to
the kids, the movement because some learners are still confusing the
movement of horizontal and vertical. So, you need to explain very correctly to

say when the graph shifts vertical, we only look at the y values when the graph
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shifts horizontally, we check at the X -axis. That is the other thing that | used
to omit but now | saw that no after thorough preparation...It also helps when
you are interpreting because you see that this graph has moved 2 units up

and, in that case, it works out nicely.

In line with this, Teacher D observed that he realised that it was important to thoroughly
teach the three basic graphs (sine, cosine, and tangent) to learners. The teacher noted

that this made the interpretation of the transformation of the graphs by learners easier.

To get a deeper insight, | then asked the teachers’ views on the sequencing of
objectives and concepts when teaching trigonometric functions. Teachers C and F had
similar sentiments that signalled the importance of sequencing concepts and
objectives. Teacher C related the success of lesson 3 to proper sequencing (of the

effects of parameters a, q, k and p respectively) that the group had done:

We saw ukuthi [that] lesson 3 was flowing. So, having to sequence our
objectives is very much important you get to see the most difficult part it is now
going to be easier. So, for these learners if we say finding the equation is

difficult they won’t agree but thina [ourselves] we know that it is very difficult.

Teacher F elaborated on the importance of sequencing the combination of parameters

that prepared learners for Grade 12 type of questions.

The other thing meneer [sir] when it comes to sequencing of concepts we need

to say when we teach trigonometry, we need to start by saying y=asinkx,
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again deal with that concept from there y=asinkx+q vertical movement
again y=asinb(x+ p)+q... because you go to grade 12 now there are no

longer going to ask them this simple question, they are going to give them
everything on one equation. So, if they know the sequencing from basic to

vertical to horizontal and integration it becomes easier...

All the other teachers agreed with teachers C and F. Teachers acknowledged the fact
that LS’s collaborative activities developed their KCT, especially in the teaching of
basic graphs and concepts; and the proper sequencing of lesson objectives related to

the effects of parameters.

5.6.6 Teachers’ closing remarks on the use of Lesson Study in developing
mathematical knowledge for teaching trigonometric functions

Teacher A held the view that Lesson Study would be useful for the improvement of the
teaching and learning of trigonometric functions. This was because different teachers

brought varied approaches of teaching the topic.

Teacher A observed that:

It will help because if we are together then we will come with different
approaches on how to make trigonometry easier. Because if | am alone
especially, | am going to make an example on the lesson 3. |, as Teacher A, |
will use my own method that | used at varsity and high school while there is

an easier method that | could have used for learners to understand.
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The observation by Teacher A suggests that she got exposed to an approach that was
better than those that she had learnt at school and during pre-service training. In
agreement with Teacher A, Teacher E said “...simply because when we are sitting like
this, we are learning from each other we are capacitating each other and then it will
be easy to teach even if you are alone.” Teacher F saw LS as a potential intervention
to any problematic topic in mathematics. The other interesting finding was that LS
study had a positive influence in the teaching of the trigonometric functions in other
grades as portrayed by what teacher D said, “Mina [myself] | think LS actually informs
teachers’ teaching in the lower grades. | am saying | am teaching grade 10, ... now |
know the approach.” The teacher was referring to that teaching of amplitude in Grade
10 that he had highlighted earlier. It, therefore, follows that it is advantageous to have
a LS that is made up of teachers teaching different grades. | also asked the teachers
about how participation in LS had affected their professional and personal

relationships and the following conversation ensured:

Teacher D: Tr F said | think personally professional everyone who came it's like we

are all equal ownership of a lesson not his lesson... we are agreeing.

Teacher E:

And again, it also brings in the issue of communication. | will not be afraid if

maybe | have a problem with a certain topic to come and stand before my

colleagues or to approach one of my colleagues so that we can...

Teacher F: There is no judging... Professionally we are stronger together.

218



UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

(02’&

Teacher B:

| used to be afraid to ask content from my HOD thinking that he will say | do

not know my work. Now | know | am free | can go and ask help from him.

All the teachers laughed with amusement. This showed that LS had cultivated long-
term professional relations among the participating teachers towards the teaching and
learning of mathematics. The participating teachers seemed to value their experience

in LS collaborative activities than anything else.

5.7 CHAPTER SUMMARY

In this chapter, | presented the findings that highlighted how teachers developed
mathematical knowledge for teaching trigonometric functions through Lesson Study.
During planning, | found that teachers developed their mathematical knowledge for
teaching trigonometric functions through their collaborative lesson planning
conversations and by incorporating all the six MKT domains. Teachers’ mathematics
knowledge for teaching trigonometric functions evolved during the research lesson
presentation when they engaged/incorporated HCK, SCK, and KCT. | also found that
teachers’ reflective practices were honed through post-lesson reflection conversations
(that incorporated all the six knowledge domains) critiquing the achievement of
objectives, and refining and re-aligning previous and future lessons. The fourth finding
was that teachers gained content knowledge and teaching skills in trigonometric

functions through participating in Lesson Study and they saw LS as a solution to
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address the challenges in the teaching and learning of trigonometric functions. In the

following chapter, | present discussions, recommendations, and conclusions.
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6.1 INTRODUCTION

In this chapter, | discuss the findings that | presented in the preceding chapter. The
purpose of my study was to explore teachers’ development of mathematical
knowledge for teaching trigonometric functions through LS. To achieve this
exploration, | pursued the main research question (RQ), namely; How do teachers
develop mathematical knowledge for teaching trigonometric functions through Lesson
Study? To answer the main question, | was driven by the following four research
questions: RQ1: How do teachers develop mathematical knowledge for teaching
trigonometric functions in the collaborative lesson planning stage? RQ2: How does
teachers’ mathematical knowledge for teaching trigonometric functions evolve during
the research lesson presentation? RQ3: How do teachers’ reflective practice hone
their mathematical knowledge for teaching trigonometric functions? and RQ4: What
are the teachers’ perspectives on the use of Lesson Study in developing mathematical

knowledge for teaching trigonometric functions?

Chapter 6 is made up of eight main sections which are: discussions; teachers’
development of mathematical knowledge for teaching trigonometric functions through
Lesson Study; utility of the theoretical framework; contributions of the study; limitations
of the study; recommendations; reflexivity, and conclusions. In section 6.2
(discussions), | discussed and responded to the four sub-questions. | then responded

to the main research question in section 6.3.
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6.2 DISCUSSIONS

In this section, my discussion of findings is structured per research question (RQ).
Within each RQ, | start by stating the purpose of the RQ followed by a summary of

findings, blended with a literature review. The discussion then ends with implications.

6.2.1 Development of mathematical knowledge for teaching trigonometric

functions in collaborative lesson planning

The first research question sought to explore the development of mathematical
knowledge for teaching trigonometric functions in collaborative lesson planning. To
answer this research question, | collected data by observing teachers during their
collaborative lesson planning in the second stage of the South African LS model.
Teachers’ collaborative lesson-planning activities and discussions showed that all six
domains of MKT were incorporated, employed and developed with KCT, KCS, and
SCK dominating (see Figure 5.1 in Chapter 5). This confirmed reports by Clivaz and
Ni Shuilleabhain (2019) and Ni Shuilleabhéin and Clivaz (2017) who found that all the

six domains were incorporated in the planning stage.

In their planning, teachers agreed to introduce trigonometric functions to learners by
discussing real-life applications of the topic, which is synonymous with CCK and HCK.
The teachers anticipated that such an approach of infusing real-life applications in the
teaching and learning of trigonometric functions might motivate and enhance learners’
understanding. This finding was consistent with those of Roussouw et al. (1998) and
Tatira (2021) who concur that linking prior knowledge to real-life applications of

mathematical content (like trigopnometric functions) during planning has the potential
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to enhance learners’ understanding. This finding could be suggesting the importance
of infusing real-life applications of trigonometric functions during planning by teachers.
In line with KCC tenets, teachers consulted curriculum materials (the ATP and CAPS)
on prior knowledge (content covered in Grade 10) and what should be covered in
Grade 11. This was evident when teachers excavated that the effects of parameters
a and q were done in Grade 10 while those of p and k were to be introduced in

Grade 11; 0" to 360" are the trigonometric functions domains covered in Grade 10

whereas —360° to 360" are for Grade 11. The deliberations on the trigonometric

functions’ domains prompted the teachers to edit some purposeful activities in the

: . 1 . .
textbook. For instance, the domain for y=tan§x was changed from (0 ;360 ) to

(~1807;180) . This implies that employing KCC during planning guided teachers in

compiling and refining trigonometric functions purposeful activities to suitability.
Teachers tapped on KCS when they agreed and saw it as a smooth way for their
learners to start lesson 1 by testing prior knowledge on point-by-point plotting of basic

functions, followed by the introduction of the parameter p . In the process of doing so,

teachers had to find an alternative way of introducing p since instructing learners to
discover the effects of the parameter by plotting y:sin(x+ p)using the

calculator/tabular method was confusing even to teachers. KCS amongst the teachers

compelled them to consider the impact of selected purposeful activities on learners’
learning. This was achieved by generating questions like y:sin(x+30°) and
y= —sin(x+30°) since the textbook only offered functions with positive parameter a

like the former. The participating teachers seemed to incorporate, engage, and

develop KCC and KCS by consulting curriculum materials and choosing, editing, and
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sequencing purposeful activities. The finding corroborated Proctor (2019) assertion
that KCS transpires when teachers engage in sifting tasks/activities that will interest
learners with possible misconceptions, difficulties and common errors in mind. Enama
(2021) also notes that assumed/prior knowledge, class activities and their sequencing
are pondered during lesson planning. Seemingly, KCS was essential in enabling

teachers to choose purposeful examples that fostered learners’ conceptual

understanding of trigonometric functions.

It was clear that teachers engaged and developed their KCT towards selecting suitable
curriculum materials (called kyouzai-kenkyuu in Japanese) for Grade 11 trigonometric
functions by choosing two textbooks (Classroom Mathematics and Mind Action
Series). Furthermore, teachers collaboratively used Desmos software to project
graphs on the same set of axes that would show the horizontal shifts associated with

parameter p. The software enabled the teachers to appreciate the illustration and
elaboration y=sin(x-30")and y=sin(x+30")over y=sinxand y=sin(x+1). |

discovered that only Teacher F was knowledgeable with Desmos, and the teacher
capacitated others. As mentioned in the literature review, Sekao (2023) contends that
curriculum materials are key to collaborative lesson planning as well as teachers’
learning. From this finding, there was a possibility that collaborative lesson planning
resulted in teachers gaining the skill of evaluating trigonometric functions content in
the textbooks and integrating of technology in the topic.

One of the most interesting findings was that teachers grappled on how to plan for the
effects of the parameter k (periodicity) and ended up admitting that they had
misconceptions. Teacher D brainstormed the other teachers on how to teach

parameter k. Teacher F also sought help from others on explaining (to learners) the
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periodicity of the tangent function (being 180° while those of sine and cosine were 360’
each). Teacher D gave a clear explanation on that. This finding corresponds with that
of Tatira (2021) where a teacher failed to clarify to the learners why the tangent
function had a period of 180°. While challenges on periodicity by learners have been
reported in studies by Fahrudin and Pramudya (2019) and Kamber and Takaci (2018),
the findings of my study confirm Sekao (2023) assertion and Ogbonnaya and Mogatri
(2014) finding that learners’ misconceptions could be related to teachers’ knowledge
and practices. The finding suggested that collaborative lesson planning provided
teachers with the opportunity to develop one another on KCT in the periodicity of

trigonometric functions.

My study also found several scenarios that depicted a conglomerate of KCT and SCK.

Teachers engaged one another on the planning of effects of parameter p thereby

coming up with logical sequential presentation that developed through steps (see
Figures 5.7 to 5.9). Planning for determining equations of given graphs was
approached through written steps (see Figure 5.11) and solving of selected purposeful
activities (see Figure 5.14). Graphically determining the values of X was also planned
through thorough solving of questions where Teacher D took the lead in brainstorming
other teachers (see Figure 5.13). Teachers used SCK to identify, evaluate, and choose
the purposeful activities in the form of exercise 2 (see Figure 5.4). The LS team also
managed to summarise the effects of parameter k as shown in lesson plan 1 (see
Appendix C) and in Teacher C’s notes (see Figure 5.5). Significant time (more than 40
minutes) was spent on finding equations of given graphs (interpreting of graphs)
signalling challenges on the part of teachers. The teachers facilitated the solution of

the problem(s) by using different colours to indicate graphs involved in a way they
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believed afforded them visualisation of transformations (see Figure 5.14). This
approach seemed to render it important for teachers to solve questions in the selected
purposeful activities before going to class. | hold that solving questions during planning
gave teachers confidence during research lesson presentation.

Responding to RQ1, ‘How do teachers develop mathematical knowledge for teaching
trigonometric functions in the collaborative lesson planning stage?’, findings emerging
from the collaborative lesson planning stage raises the possibility that teachers in my
study developed mathematical knowledge for teaching trigonometric functions by
scaffolding one another in content and pedagogy in the following ways: infusing prior
knowledge and real-life examples, uses or applications of trigonometric functions
(CCK, HCK); establishing anticipated prior knowledge from curriculum materials and
creating purposeful activities that ascertain that knowledge in learners (KCC, KCT);
editing/altering and sequencing purposeful activities from textbooks to align them with
lesson objectives (KCT, SCK, KCS); collaboratively working out solutions for
purposeful activities before going to class (KCT, SCK, KCS); integrating technology
(i.e. Desmos) and coloured pens to promote visualisation of trigonometric graphs
(KCT, SCK). Most of the findings of my current study are consistent with those of
Sudejamnong et al. (2014) which showed that teachers developed knowledge during
the planning stage by discussing and sharing knowledge from the textbooks;
discussing lesson objectives and constructing open-ended questions; and anticipating

learners’ thinking.
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6.2.2 Evolvement of teachers’ mathematical knowledge for teaching

trigonometric functions in research lesson presentation

The second research question of my study examined how teachers’ mathematical
knowledge for teaching trigonometric functions evolved during the research lesson
presentation. During lesson presentation and observation, | observed that the
embodiment of HCK using real-life applications of trigonometric functions in the
introduction of the first lesson by the presenting teacher aroused learners (see the
picture of the electrocardiogram in Figure 5.3). Electrocardiogram machines display
sinusoidal structures synonymous with sine and cosine functions. This finding is
consistent with that of Magno (2022) who motivated learners in trigonometric functions
by modelling the cosine graph using temperature and tidal movement recordings.
Magno (2022) approach which involved recorded values and knowledge of computers
was used to model. In my study, teachers gathered and/or considered sources that
already depicted the concept of trigonometric functions. Considering findings from my
study and the literature reviewed (Magno, 2022; Tatira, 2021), it appears real-life
applications of trigonometric functions brought to light were only aligned to sine and
cosine functions and not the tangent function. Teachers participating in my study
reported learners’ conceptual challenges in the tangent function during collaborative
lesson planning (see Chapter 5 section 5.2.3.1), post-lesson reflection (see Chapter 5
section 5.4.3 Excerpts 5.4.3.1 (a) and 5.4.3.1 (b) and interviews (see Chapter 5
sections 5.5.3 and 5.5.4). | argue that the lack of tangible real-life applications for the
tangent function in the teachers’ and learners’ spheres of lives could be exacerbating
these challenges. These findings have important implications for the exploration of the
real-life applications of the tangent function as well as other approaches of teaching

the function by future researchers.
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Another finding that emerged during lesson presentation and observation was that the
presenting teacher articulated KCT by using Desmos software to teach/explain/define
concepts of amplitude, maximum and minimum values of the basic tangent function in
comparison to the basic cosine. The potential of the Desmos software allowed the
teacher to zoom the basic functions in and out thereby vividly portraying the concepts
to the learners (see Figures 5.18 and 5.19). The Desmos software also facilitated the
projection of homework solutions thereby saving time. The Desmos software was
further used by teachers to build generalisations on the effects of parameters k and

P (see Figures 5.23 to 5.26). After these displays, learners were able to draw the
functions of y=tanxand y =tan (x+45°)as well as describing the relationship between

the two. KCT was executed when teachers blended the use of scanned graphs (from
the textbook) on the smart-board and whiteboard to teach the finding of equations of
the already drawn graphs. The use of technology in my study concurs with previous
research where GeoGebra software (Ignacio, 2022) , Hawgent dynamic mathematics
software (Li et al., 2022), and Desmos software (Loce, 2021) were integrated in the
unit circle method of teaching trigonometric functions. All these studies reported that
technology facilitated the teaching of trigonometric functions and enhanced
conceptual understanding of the topic by learners. However, these integrations were
not done in the context of LS like in my current study. Many researchers in general
report that the integration of technology help in dealing with misconception in
trigonometric functions (de Villiers & Jugmohan, 2012; Hamzah et al., 2021; Kamber
& Takaci, 2018; Magno, 2022; Makandidze, 2020; Mosese & Ogbonnaya, 2021,
Mulyono & Hapizah, 2021) These intriguing outcomes of my study suggest that
integrating technology in the teaching and learning of trigopnometric functions has the

potential to facilitate/enhance the teaching and understanding of concepts. This
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possible beneficial use of Desmos software as an instructional material by teachers

has implications for further research in the integration of technology in LS.

One of the important findings aligned to SCK was that of (the presenting teacher) being
able to detect and/or address learners’ misconceptions/errors/challenges during the
research lesson presentations. In lesson 1, the presenting teacher noticed a learner
who gave ye[l;-1] as the range of the basic sine function and the teacher then
demonstrated and explained the concepts range and amplitude using Desmos
software (see Figures 5.20 and 5.21). In the process of employing Desmos software,
the teacher and learners were able deduce a general way of calculating the amplitude.
Perhaps, this approach resulted in conceptual understanding compared to the
traditional approach where teachers tell learners the formula through chalk and talk.
During lesson 2 a learner asked a question that suggested a misconception in the
asymptote of the tangent function. The presenting teacher dealt with the problem by

engaging the whole class in using the calculator to tabulate the X and y values of
y=tanx (see Figure 5.27). In my view, the teacher’s actions signalled the learner-

centredness of LS. SCK was also incorporated to detect omission of labelling turning
points and intercepts of functions by learners in their homework. Elaborations using
Desmos software were applied by the teacher (see Figure 5.29). This served as the
background of the lesson/problems on finding equations of drawn graphs (like those
shown in Figure 5.28). Taken together, these responses to the learners’ reactions by
the presenting teacher are ways of teacher/professional noticing, which is a means of
knowledge development. It therefore suggests that SCK evolved through

teacher/professional noticing in the context of LS.
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In response to RQ2: ‘How does teachers’ mathematical knowledge for teaching
trigonometric functions evolve in research lesson presentation?’, teachers’
mathematical knowledge for teaching trigonometric functions evolved in research
lesson presentation when the teachers: used real-life applications of trigopnometric
functions to introduce the topic; used Desmos software to teach/explain/define
concepts, build generalisations on the effects of parameters, present and explain
solutions; detected and or addressed learners’ (oral and written)

misconceptions/errors/challenges.

6.2.3 Honing of teachers’ mathematical knowledge for teaching trigonometric

functions in post-lesson reflection

For the third research question, my study sought to explore how teachers’ reflective
practice honed their mathematical knowledge for teaching trigonometric functions. The
discussions in this section are characterised by the synthesis of teachers’ reflections
on what transpired during lesson presentations in relation to what the teachers had

planned.

One important finding was that teachers affirmed that HCK, in the form of real-life
applications, links prior knowledge and new content well. This recognition by teachers
of the benefit of infusing real-life applications in the teaching of trigonometric functions
concurs with my observations during the presentation of research lesson 1. Sekao
(2023) and Upa et al. (2023) perceive reflection as an environment that allows the
whole LS group to identify its lesson planning strengths and weaknesses which, in

turn, paves the way for improvement. It, therefore, follows that teachers could ease

231



(02’&

UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

the abstraction and difficulty associated with the introduction of trigonometric functions

to Grade 11 learners by infusing real-life applications of the topic.

In line with KCS, teachers honed their mathematical knowledge for teaching
trigonometric functions when they highlighted that learner understood trigonometric
functions better when concepts were well defined. As it emanated from the teachers’
discussions, the concepts referred to include: period, amplitude, range, and domain.
From my experience, understanding these concepts helps learners to interpret
the effects of parameters on trigonometric functions. With such a skill, learners easily
found the equations of already drawn graphs, the work that had been taught in lesson
3 by participating teachers. Another finding was that learners were conversant with
drawing graphs using the calculator or tabular method. This leads to the next finding
where learners struggled to draw the tangent graph, which was revealed by drawing
straight lines instead of curves, not correctly positioning the asymptote, and leaving
out the asymptote. Such a challenge in drawing graphs is reported by the DBE
diagnostic report where candidates joined points of trigonometric graphs using a ruler
(DBE, 2017). It was also found that teachers preferred that slow learners be taught
trigonometric functions one aspect at a time. | see it as a positive stance for teachers
to cater for all categories of learners. From the ongoing discussion, teachers in my
study now know learners’ learning of trigonometric functions better. Such knowledge
informs teachers’ ability to design and plan lessons that stimulate learners, choose
purposeful activities that will interest learners with possible misconceptions, difficulties
and common errors in mind (Ball et al., 2008; Chua, 2019; Hill et al., 2005; Moumou,

2021; Proctor, 2019).
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One other powerful finding was that teachers became aware of the importance of
planning and sequencing objectives (KCT) that fitted into a lesson period. Teachers
had over planned, as Sekao (2023) warned, and so they agreed that: drawing basic
graphs and the introduction of the parameter k should be split into two lessons, and
that the same should be done with the equations of drawn graphs and the determining
of the roots of X. Discussing of lesson objectives is typical of lesson improvement and
development of knowledge as noted by (Sudejamnong et al., 2014). The presenting
teacher was made aware of the achievement of objectives by observers. Such
observations by teachers confirm Choy (2016) assertion that teachers take mental
snapshots of what they see in class and then discuss it during reflection. In so doing,

teachers honed or sharpened their practices.

Although the range had been defined in class, | found from the presenting teacher’s
articulation of SCK (during reflection) that learners had misconceptions about the
range. He reflected that some learners gave it in degrees while others swapped the
lower and the upper values. This concurs with Chua (2019) and Proctor (2019)
assertion that SCK transpires when teachers can establish errors and misconceptions
by learners and analyse the presentation of learners’ solutions. Another important
finding was that teachers were able to acknowledge their success in choosing
purposeful activities. This led teachers to end up agreeing that research lesson 1

should deal with parameters d and ( whilst research lesson 2 deal with parameters
k and P . According to my experience and observation of the LS process undertaken
by the teachers, each of the parameters kand P could be fitted better in two separate

lessons. There would therefore seem to be a definite need for teachers to match

aspects to be taught in trigonometric functions with the duration of a lesson. It would
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be important that future research investigate the time that could be needed to teach

and cover the respective aspects of trigonometric functions.

From the above discussion | can respond to RQ3: How do teachers’ reflective practice
hone their mathematical knowledge for teaching trigonometric functions? Teachers’
reflective practice hone their mathematical knowledge for teaching trigonometric
functions by: discussing the successes and challenges of planning and teaching
trigonometric functions concepts; coming up with better ways of breaking down and
sequencing trigonometric functions aspects (in the form of objectives) to properly fit
them in respective lesson periods; embracing and adopting (through collaborative
discussions) new ways of selecting and editing purposeful activities; and re-aligning
and refining following research lessons based on the experiences of previous

lesson(s).

6.2.4 Teachers’ perspectives on using Lesson Study in developing

mathematical knowledge for teaching trigonometric functions.

In this section, | focus on teachers’ perspectives on using LS in developing
mathematical knowledge for teaching trigonometric functions, based on the teachers’
responses to the interviews. During interviews, teachers reported that they benefited
from collaborative lesson planning in the following ways: they learnt new methods of
teaching trigonometric functions that were different from those they learnt at high
school and university; they understood concepts like amplitude (that it is not always
measured from the x-axis); they learnt from one another that trigonometric functions
are better taught by handling one aspect or parameter at a time before combining them

to avoid over-planning and or overloading learners; learnt to differentiate between the
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periodicity of the tangent graph and that of the sine and cosine graphs. Collectively,
the teachers’ perspectives on collaborative lesson planning are synonymous with
the development of KCT, SCK, and KCS through dialogical interactions. The outcome
agrees with the findings in Gutierez (2019) qualitative study reporting that collaborative
lesson planning brings content and pedagogical scaffolding that results in improved
teaching skills and professional relationships among participating teachers. In support,
Sekao (2023) contends that collaborative lesson planning environments are the basis
of extensive teacher learning. The perspectives of teachers in my study on
collaborative lesson planning match with those of Druken (2023) study in which 70%
of the teachers reported that they developed pedagogic skills and gained content
through sharing instructional strategies. Interviews revealed the following
shortcomings during collaborative lesson planning: not clearly stating lesson
objectives (especially for lesson 1); over-planning objectives and purposeful activities;
and not timing class activities. The teachers suggested that rehearsing lesson
presentations on the smart-board during collaborative lesson planning could improve
research lesson presentation. This corroborates Bolivar and Ortiz (2017) findings that
say collaborative lesson planning provided environments where teachers improved
their practices by discovering their strengths and weaknesses in content and
pedagogy. In a similar vein, teachers in Druken (2023) study reported that discussing
challenges and sharing views within LS cultivated collaboration and professional

growth among them.

Teachers’ utterances during interviews revealed that lesson presentation and
observation sessions benefited them in the following ways: gained confidence and

discovered the strength of Desmos software in presenting and teaching trigonometric
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graphs; learnt the importance of using appropriate wording when defining concepts to
learners; gained content knowledge and teaching skills while observing lessons;
appreciate the importance of prior knowledge; learnt how to handle learners’ reactions
and responses (how to respond to learners’ questions). The findings in my study
concur with those of Druken (2023) study where teachers observed that they had

learnt and gained confidence in teaching the new aspects of the syllabus through

actively engaging one another in LS rather than just passively reading them.

It emerged from the interviewees that post-lesson reflection helped them to improve
their lessons by correcting shortcomings of the previous lessons. Teachers elaborated
this assertion by citing the fact that they improved from lesson 1 (which did not have
clear objectives) to lesson 3 which flowed smoothly (where aspects were well
sequenced resulting in learners being able to determine the equations of given graphs
without struggling). | argue that the teachers’ responses imply their development of
KCT, SCK, and KCS. This finding is in agreement with Proctor (2019) assertion that
teachers develop mathematical knowledge for teaching when they blend their
understanding of subject matter, teaching and learners. Furthermore, Moumou (2021)
found that post-lesson reflection had a positive influence on the development of MKT
domains. This combination of findings provides some support for the premise that
post-lesson reflection results in refined lessons and lesson plans in the teaching of

trigonometric functions.

In terms of content knowledge (CK) or subject matter knowledge (SMK), teachers
revealed that they learnt and understood the concept amplitude that was measured

from the resting point to the crest (and not always from the x-axis as their earlier
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misconception) and they grasped the interpretation of trigonometric graphs as well as
finding equations of given graphs. SMK and PCK are two sides of the coin. Teachers
uttered that they gained, developed, and acquired the following pedagogical skills and
teaching strategies during the LS process: how to teach and explain the concepts of
amplitude and period explicitly to learners, and that thoroughly teaching properties of
basic graphs (sine, cosine, and tangent) facilitated the understanding of effects of
parameters. The findings of my study are consistent with those of Alamri (2020) whose
participating teachers reported that LS cultivated appreciation of LS and helped them
to improve their content knowledge, pedagogical knowledge, and knowledge for

learner learning.

On their overall perspectives on LS improving teaching and learning of trigonometric
functions, teachers shared the following: teachers in the LS group bring varied
approaches to teaching trigonometric functions that are new to others; learning from
and capacitating each other results in individuals gaining confidence to teach the topic
alone in class; what has been learnt in Grade 11 LS could easily be propagated and
applied in Grade 10 trigonometric functions; viewing LS as a potential intervention to
any problematic topic in mathematics; to cultivate long term professional relations
amongst teachers in the teaching and learning of mathematics where they will freely
consult one another on any problematic topic. These findings corroborate the views of
participants in Almadi (2022) study who believed that participating in LS enhanced
teacherss SMK and PCK as well as fostered viable school-based learning
communities. This implies that mathematics teachers in South Africa could form
school-based LS groups to tackle challenging topics like trigopnometric functions and

improve learner achievement.
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From the participating teachers’ spoken experiences and perspectives, LS has far
more potential and benefits than challenges in providing environments that nurture the
development of mathematical knowledge for teaching trigonometric functions.
According to Druken (2023) such a finding can lure other teachers and convince
stakeholders to support the LS practice. |, therefore, argue that the South African
mathematics education community should consider adopting LS as one of its teacher
developmental models. The Department of Basic Education could support the initiative
by training LS teachers and gradually fostering school-based, district-based,

provincial-based, and national-based LS groups.

To answer RQ4: ‘What are the teachers’ perspectives on using Lesson Study in the
development of mathematical knowledge for teaching trigopnometric functions?’ | found
teachers’ perspectives as follows: Collaborative lesson planning (the second stage of
the South African LS study model) exposed teachers to the stating of lesson
objectives, understanding and teaching concepts in trigonometric functions; Lesson
presentation and observation afforded them the opportunity to learn integration of
technology in the teaching and learning of trigonometric function, and handling of
learner reactions during the lesson; post-lesson reflection honed their skills in lesson
improvement; the overall LS processes cultivated professional relationships amongst
themselves that will see them continue with collaborative activities in the teaching of

mathematics.
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6.3 TEACHERS’ DEVELOPMENT OF MATHEMATICAL KNOWLEDGE FOR
TEACHING TRIGONOMETRIC FUNCTIONS THROUGH LESSON STUDY

The main purpose of my study was to answer the main RQ: ‘How do teachers develop
mathematical knowledge for teaching trigopnometric functions through Lesson Study?’
In sections 6.2.1 to 6.2.4, | answered RQ1 to RQ4 (which are sub-questions)
respectively. The answers to the sub-questions feed into and shape the answer to the
main RQ. My study found that teachers developed mathematical knowledge for
teaching trigonometric functions through LS in the following ways: 1) during
collaborative lesson planning, teachers, by collaboratively discussing and infusing
prior knowledge and real-life examples, uses and applications of trigonometric
functions (CC, HCK), establishing anticipated prior knowledge from curriculum
materials and creating purposeful activities that ascertain that knowledge in learners
(KCC, KCT), editing/altering and sequencing purposeful activities from textbooks to
align them with lesson objectives (KCT, SCK, KCS), collaboratively working out
solutions for purposeful activities before going to class (KCT, SCK, KCS), and
integrating technology (i.e. Desmos) and coloured pens to promote visualisation of
trigonometric graphs (KCT, SCK); 2) in lesson presentation and observation, teachers
used real-life applications of trigonometric functions to introduce the trigopnometric
functions, used Desmos software to teach/explain/define concepts, build
generalisations on the effects of parameters, present and explain solutions, and
detected and/or addressed learners’ (oral and written)
misconceptions/errors/challenges; and 3) during post-lesson reflection, teachers
developed knowledge by collaboratively discussing the successes and challenges of
planning and teaching trigonometric functions and concepts, coming up with better

ways of breaking down and sequencing trigonometric functions and aspects (in the
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form of objectives) to properly fit them in respective lesson periods, embracing and
adopting (through collaborative discussions) new ways of selecting and editing
purposeful activities, and re-aligning/refining following research lessons based on the
experiences of previous lesson(s). RQ4 sought to triangulate the findings in RQ 1 to
RQ3 through participating teachers’ voices. The ways in which teachers developed
their mathematical knowledge for teaching trigonometric functions through LS were
reiterated in teachers’ perspectives as follows: Collaborative lesson planning (the
second stage of the South African LS study model) exposed teachers to stating lesson
objectives, understanding and teaching concepts in trigonometric functions; lesson
presentation and observation afforded them the opportunity to learn integration of
technology in the teaching and learning of trigonometric function, and handling of
learner reactions during the lesson, and post-lesson reflection honed their skills in
lesson improvement; and the overall LS processes -cultivated professional
relationships amongst themselves that will see them continuing with collaborative

activities in the teaching of mathematics.

6.4 UTILITY OF THE THEORETICAL FRAMEWORK

The MKT framework helped me to: frame and structure research questions; answer
my research questions; review and contextualise related literature; collect and analyse
data and discuss findings (Grant & Osanloo, 2014; Kivunja, 2018; Omodan, 2022). |
am detailing and elaborating in these aspects in the following paragraphs. It appears
the MKT framework pervaded almost all the sections of my study. This is line with

Kivunja (2018) assertion that a theoretical framework is a structure or lens that helps
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the researcher to focus upon, understand and make meaning of data, thereby creating

interconnections within a study.

When | was collecting data during collaborative lesson planning, lesson presentation
and observation, and post-lesson reflection, | observed teachers’ behaviours that
portrayed tenets of MKT domains (CCK, HCK, SCK, KCC, KCS, and KCT). For
example, considering, incorporating, and discussing real-life applications of
trigonometric functions by teachers in stages 2 to 4 of the South African LS model was
typical of HCK (and/or CCK) while selecting, editing and/or sequencing of purposeful
activities mirrored SCK, KCS, and KCT. | also extracted data from lesson plans and
teacher notes that was characteristic of MKT domains. The interview questions that |
asked the participating teachers were leaned towards SMK/CK and PCK, the

knowledge bases of the MKT.

The MKT domains assisted me to make sense of the data that | had collected. For
instance, while playing video recorded LS sessions in Atlas.ti, | used the domains as

codes during the analysis of findings. To elaborate on this: during planning teachers

deliberated on using y:sin(x+1°) as an elaboration for the effects of parameter p.
After employing Desmos software, they later learnt that the difference between graphs
of y :sin(x+1°) and y=sinx was insignificant. This led teachers to opt for functions
like y:sin(x+30°) and y:sin(x—45°) that interested learners during the lesson.

Possibly, this signalled evolvement of KCT, SCK and KCS amongst teachers. The
research questions of my study were aligned to the MKT framework and my

discussions were structured according to these research questions. My discussions
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within each research question (coupled with implications), revolved around MKT

domains.

6.5 CONTRIBUTIONS OF THE STUDY

My study is original since it appears to be one of the earliest studies in South Africa to
explore teachers’ development of mathematical knowledge for teaching trigonometric
functions through LS. In essence, my study makes several noteworthy contributions
to mathematics education theoretically and practically, in the light of the MKT
framework, the South African LS model, and the teaching and learning of trigonometric
functions. In the following paragraphs, | discussed the theoretical and practical

contributions of my study although there seems to be a thin line separating the two.

Theoretical contributions — Zhou et al. (2017, p. 261) view theoretical contributions as
“a process which is based on the theory development and advancement in existing
theory with some logics and facts.” My study contributes to theory by exploring
teachers’ development of mathematical knowledge for teaching trigonometric
functions through LS that could impact positively on learners’ performance.
Additionally, my study is one of the few studies that amalgamate the MKT framework
and the South African LS model. This has resulted in the advancement of knowledge
through deeply understanding and explaining the strength of LS-MKT synergy in the
teaching and learning of trigonometric functions. For instance, my study revealed that
knowledge bases (and their corresponding domains) in each LS stage are not always
incorporated in the same weightings and or occurrences. Furthermore, most research

in LS is predominantly conducted in lower grades and/or middle schools. It follows that
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there is limited research involving the application of LS in high school settings. This,
in turn, suggests that my current study is one of the earliest studies that may have
been conducted at high school, that is, at FET level in the South African context.
Overall and in general, the findings in my study add to a growing body of literature on

the triad of LS, MKT, and trigonometric functions.

Practical contributions — In general, LS is collaborative. Participants in Venketsamy
(2022) report that LS fostered in them collaborative skills like planning. Research
reports that professional development programmes that are collaborative and
conducted in school or classroom contexts coupled with reflection, like LS, are more
effective than those that are expert or trainer-dominated and off-site (Bannister, 2018;
Bett, 2016; Calleja et al., 2021; DBE, 2015b; Stoll et al., 2012). The findings of my
study provide insights for teachers and researchers on the teaching of trigonometric
functions in LS contexts. Findings in the planning and presentation stage have shown
the gains of integrating technology (Desmos software) in the teaching and learning
of trigonometric functions. The need for cognisance of breaking down and sequencing
objectives or aspects of trigonometric functions during planning has been raised in my
study. The poor performance in the teaching and learning of trigonometric functions
could be bettered through LS. | also contend that it is important to be mindful of the

MKT domains during the teaching and learning of trigonometric functions.

6.6 LIMITATIONS OF THE STUDY

My study is not without limitations. The findings could have been better if | had used

a mixed method approach instead of exclusively qualitative. In the mixed methods,
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learners could have participated and written a pre-test before intervention and a post-
test after intervention. The study could provide insight into the impact of LS on both
learners and teachers. Also, | could have left the teachers to diagnose their learners’
performance in trigonometric functions rather than using the DBE diagnostic reports.
This could have incorporated stage 1 of the South African LS model thereby enriching
the body of knowledge in the model. In my study, | focused only on three stages of
the South African LS model. The study could have given more insight if | had included
all its five stages in my exploration. The five stages have the potential to generate
more data. | conducted this study within six days, a longer period could have yielded
better results. Grade 11 trigonometric functions are allocated 15 days in the ATP. |
could have observed more aspects of trigonometric functions being taught and this
could have enriched data. My study is qualitative and hence its findings cannot be
generalised to all schools/teachers. Nevertheless, the study could be replicated to
other schools of similar settings. Despite the limitations that | have mentioned above,
my study certainly adds to the knowledge on the teachers’ development of

mathematical knowledge for teaching trigonometric functions through LS.

6.7 RECOMMENDATIONS

In my study, | explored teachers’ development of mathematical knowledge for teaching
trigonometric functions through LS. The findings suggest that LS provides
environments that nourish the development of teachers’ MKT. | therefore recommend
that LS be adopted as one of the major PD models in South Africa’s mathematics
education community. The DBE could support the initiative by training all the teachers

in LS.
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Further studies (in LS) could be pursued focusing on the tangent function only since it
is challenging in the teaching and learning arena. As an opportunity for future
research, a similar study involving all five stages of the South African LS model is also
recommended. This would be a larger-scale study that could generate more data and

corresponding studies.

6.8 REFLEXIVITY

Reflexivity refers to critical self-reflections/self-knowledge where researchers explore
their experiences of conducting research and the influence those experiences may
have on their personal and professional lives in the context of scholarship (Arora et
al., 2023; Cherchari, 2021; Pillow, 2015). Scholars argue that reflexivity is common in
gualitative studies and is growingly viewed as an ethical practice that seeks to
acknowledge and hone researchers’ roles/experiences in scholarship in an integral,
transparent and objective manner (Arora et al., 2023; Cherchari, 2021; de Groot et al.,
2019; Finlay, 2002; Pillow, 2015). In the current section, | present what motivated me

to conduct this study and my scholarly gains of conducting the study.

Currently, | am working as a District Subject Advisor (DSA) or Senior Education
Specialist (SES) within the education system in South Africa. My core responsibility is
supporting high school teachers in content and pedagogics in mathematics. | have
long been concerned about the teaching and learning of trigonometric functions in
schools. Some teachers just facilitate the point-by-point plotting of basic trigopnometric

functions in a day or two (when the topic has been allocated 15 days of teaching time)
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and others omit the topic. In addition, most of these teachers have been attending Just
In Time Training (JITT) for more than seven years, but this has not yielded positive
results as portrayed in the DBE NSC diagnostic reports. Such observations and
experiences in my line of duty motivated me to conduct the current study, after being

introduced to LS by a local university.

Within the period that | have been engaged in this study, | have grown professionally
by gaining deep insight of LS. The knowledge of LS has reinforced my support for
teachers as a DSA or SES. The experience that | have acquired through this journey
has equipped me with academic capabilities that will enable me to prosper in the field
of research. Fundamentally, | have attained the knowledge and the skill to research

which are indispensable in improving my personal and professional life.

6.9 CONCLUSIONS

There is a concerning decline in performance in trigonometric functions by learners in
South Africa. Research has shown that there is a positive correlation between
learners’ performance and teachers’ knowledge of trigonometric functions.
Unfortunately, teachers are reported to be struggling with the content and pedagogics
of the topic. This has been exacerbated by the teacher development of mathematics
teachers in South Africa, JITT, which is characterised by a top-down trainer-dominated
approach that renders teachers to be passive individuals or empty vessels to be filled
in. LS, which is a research-based, classroom-based, and intervention teacher
development model typified by learner-centredness seems to serve as a boost to

teachers’ content knowledge (CK) and pedagogical content knowledge (PCK) in
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trigonometric functions. Teachers who participated in LS in my current study have

reported their content and pedagogical benefits.

The MKT framework which is concerned with the art of teaching mathematics is
associated with growth in both instruction and learner achievement. The development
of mathematical knowledge for teaching trigonometric functions by teachers flourishes
in LS environments. Findings in my study show that teachers incorporated and
developed all six MKT domains during collaborative lesson planning through
collaborative discussions that led to scaffolding one another in CK and PCK skills in
trigonometric functions concepts. During lesson presentation and observation,
teachers developed the art of handling learners’ reactions (thinking) as well as
the integration of technology in the teaching of trigonometric functions concepts. The
post-lesson discussions honed the teachers’ skills in breaking down aspects or
objectives in trigonometric functions to fit into a lesson period. Re-aligning and refining
following lessons based on the experiences or outcomes of previous lessons is also
the way teachers hone their mathematical knowledge for teaching trigonometric

functions during post-lesson reflection.

Findings in my study also revealed that the teaching and learning of the tangent
function is still a challenge. This calls for further studies in the function. The DBE
should consider adopting LS as one of its key teacher development models. Schools
should pave the way and accommodate LS in mathematics. My study has contributed
to both theory and practice by exploring teachers’ development of mathematical

knowledge for teaching terrain.
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8. APPENDICES

Appendix A: Observation Tool (adapted from Ni Shuilleabhain and Clivaz (2017))

and Teaching
(KCT)

MKT domain | Elements of observation — indicators | Notes and elaborations
of MKT domains

Knowledge Sequencing trigonometric functions

of Content content

Using instructional materials,
representations, purposeful examples,
and procedures that support the
development

of trigonometric functions
understanding

Predicting teacher’s reaction to
learners’ responses/thinking or
difficulties

Using appropriate mathematical
language, analogies and metaphors
for teaching trigonometric functions.

Specialized
Content
Knowledge
(SCK)

Looking for patterns in learners’ errors
in trigonometric functions

Unpacking of trigonometric functions
concepts/aspects

Using alternatives to solve
trigonometric functions problems

Choosing, making, and
using/demonstrating mathematical
representations in trigonometric
functions effectively

Explaining and justifying mathematical
ideas in trigonometric functions

Determining if the concept or rule of a
trigonometric function is
mathematical

necessity

Knowledge
of Content

Identifying students’ knowledge or
learning in trigonometric functions
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MKT domain

Elements of observation — indicators
of MKT domains

Notes and elaborations

and Students
(KCS)

Identifying students’ difficulties or
misconceptions in trigonometric
functions

Noticing and interpreting the
mathematical meaning associated
with learners’

thinking/responses

Using an example(s) that learners will
find interesting and motivating

Using questions and tasks that seek
out the presence of misconceptions in
trigonometric functions

Common Use of notations and vocabulary in
Content trigonometric functions
Knowledge
(CCK)
Determining if a solution, a definition,
or a representation in trigonometric
functions is correct
Horizon Considering other uses of
Knowledge trigonometric functions knowledge
(HCK)
Knowledge Linking mathematical knowledge in
of Content trigonometric functions to the CAPS
and syllabus
Curriculum
(KCC)
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Appendix C: Lesson Plans

LESSON ONE - 27 JULY 2023 [08:45 — 09:45]

Lesson Objective

e Introductions of trigonometric functions within x € [-360; 360] and explanation
of trig function on a real-life scenario
e Amplitude and vertical shift

Introduction

Electrocardiogram wave are trig functions that are used to calculate a pulse rate
using an electrocardiogram (ECG)

We use trigonometric graphs for graphing an Earthquake wave.

Nurse monRonng
EKG procedure

Travel-time curves
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alecticcardogram E o
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Sinusoids

The graphs of the sine function and the cosine function are called sinusoids. They are used transmitting
radio waves for communication such as phone calls, TV signals, internet browsing, electronic sirens are still
used to create a loud modulated sound that can be transmitted over a very long distance.

WNLY | 5 N__o|

In Grade 11 we start learning about basic trigonometric functions in the interval [-
360;360]

Y=Sinx
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Y=cosx
Y=tan x

Now that we understand our basic functions we now have to include the effect of a
and k on the function.

Y=aSink(x)
Sketch the three graphs on the same system of axes

Y=Sinx Y=Sin2x y = sin%x on the same

system of axes x € [-360;360] what do learners observe from the following
functions.

lllustrations

1. Sketch the following functions on the same system of axes between x €
[—360; 360]

F(x) = Sin2x
glx) = %Sian
h(x) = —3Sin2x

From the observation is that if k is greater than 1 then function will be reduced and
also the period will be reduced

If k is between 0 < k < 1 then the function will be enlarged meaning the period will
increase; frequency will be reduced.

Period -The time interval or gab between two given points
Frequency -Is the number of waves.

Sketch the following graphs on different system of axes.

a) Y = —2Sin2x x € [—90; 180]
b) Y = tan:x x € [-180; 180]
c) Y =Sinyx+1 x € [0; 1080]

Write down the values of the following.
1.Minimum Value

2.Maximum Value

3.Range

4 .Period

5.Amplitude
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Lesson 2 — 28 JULY 2023 [08:45 — 09:45]

Lesson Objective
oy=asinx, y=acosx; y=atanx

o Changing period: y =asinbx;y= acos bx; y=atanbx
: 360° : 180° " :
o Period = — b>0andfory=atanb x, Period = — and the critical poin

. P
are determined "

o Vertical translation : y= sinbx+q,y= cosbx+q, y=tanbx +q
o Horizontal translation: y =sin (x + p); y=cos (x +p); y= tan (x +p).
Learners to Sketch the following functions on the same system of axes.

1.Sketch the following functions on the same system of axes x € [—30;360]

o Y =Sinx
e Y =Sin(x—30)

2.Sketch the following functions on the same set of axes within x € [—90; 360]

o Y =tanx
e Y =tan (x +45)

Activities

Sketch the following functions on different set of axes

1. F(x) = —2sin(x — 30) x € [—30;390]
2. g(x) = —3cos(x + 45) x € [—360;90]
3. h(x) = —tan(x — 60) x € [—90;360]

Write down the values of the following
1.Minimum Value

2.Maximum Value

3.Range

4 .Period

5.Amplitude
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Lesson 3 — 31 JULY 2023 [13:30 — 14:30]
Interpretation of Trigonometric functions
Lesson objective

e |dentify the type of graph in each sketch.

e Finding the defining equations for the given trigonometric function

e Transformation applied to trigonometric functions and their description in
words.

e Graphically determine the values of x for which

fG)>0; f(x)xglx)<0; f(x)

= 0; When is a function Increase and decrease.
Steps of finding the equation of a given function are:

1. Draw the basic function on top of the sketched graphs with a different colour
and observe the movements from the origin and the turning point.

[llustration

In the diagram below, the graphs of two trigonometric functions are
drawn. A

[EF]

< 50°  Z10° !
v

(a) Write down the equation for the graph of f.
Write down the equation for the graph of g.

(c) Determine graphically the value(s) of x for wlich:
(1) fx)=g) (2) fo<glx)
() f)=>gl) @ f=g)
(3) f(x).gx)<0 6  flx).glx)=0
7 fx)=0 ®)  f()=0
(9) g(x)=0 (10)  g(x)<0

1
(d) Write down the period of the graph of y = g| %1J
\
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Class Activity

The graphs of four different trigonometric functions are represented

below:.
JL"‘ 4*'11
J i g
— ] +
/ . n/— L P d-/— ::»\ » .
! 3 -0 1] -I:\/.aﬂ L} 180
- bo® ys© 45° © ) S T )
=" >
-w r
1’ k\ ¢’ t\
. h AN ~ AN
T
. .Y 4
T T £ %® p° 1§07 it Tid £ . 2 [ id ) ET T
= = N
: \
: ¥
(a) Determine the equation of each graph.

(b) Write down the amplitude of graph f.

(c) Write down the period of graph f and g.

(d) Determine graphically the values of x for which:
(1)  the graph of h increases.
(2)  the graph of j decreases.
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Determmne graphically the values

of x for whach:

g

(a) flx)—g(x)=2 7’ ;
(b))  gx)= jx) M T --IS°\_~\-I:T° $°

1

Determine the equation of fand g

>

H ok e e

“ - f-"r"im“ " 0 1o ]
-
v
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Appendix B: Interview Protocol

Interviewees:

Date:

Time:

Good day, colleagues. | am going to ask you some questions about your experience
in the LS process that you have undergone. All that will be said in this interview will be
kept confidential and be used only for research purposes. Our conversation will be
video recorded. You are warmly requested to speak clearly. You are free to withdraw
from this session at any given time.

Lesson Study stage Question(s)

2. Lesson planning - Did you benefit from the lesson
planning stage? Elaborate.

-Did you face any challenges in the
lesson-planning stage? Elaborate.

- Suggest any improvements in this
stage

3. Lesson presentation and observation | - Did you benefit from the lesson
presentation and observation stage?
Elaborate.

-Did you meet any challenges in the
lesson presentation and observation
stage? Elaborate.

-Suggest any improvements in this
stage

4. Post lesson reflection -Did you benefit from the post-lesson
reflection stage? Elaborate.

-Did you experience any challenges in
the post-lesson reflection stage?
Elaborate.

- Suggest any improvements in this
stage
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Appendix D: Ethics-related documents

Enquiries: Lancelot Makandidze
Email: Lancelot.Makandidze@gauteng.gov.za

Dear District Director
REQUEST FOR PERMISSION TO CONDUCT RESEARCH STUDY

| am a PhD student at the University of Pretoria, and | am conducting a research study
titled: Teachers’ development of mathematical knowledge for teaching
trigonometric functions through Lesson Study. The purpose of the study is to
explore teachers’ development of mathematical knowledge for teaching trigonometric
functions through Lesson Study. This letter serves to request your permission to
conduct research at ... Secondary School where FET Phase learners and
mathematics teachers will be involved.

This study involves observing teachers while they teach trigonometric functions to
learners. | will be a passive participant who will do audio/video recordings and take
field notes while the teacher and the learners are busy in class. | will observe three
lessons. The lessons will be observed as they appear in the school timetable to avoid
any disruption. Teachers will also be audio/video recorded during the collaborative
lesson planning, lesson presentation and post-reflection stages of the Lesson Study
cycle.

This research project will also involve unstructured interviews with mathematics
teachers after school hours. The obtained information will be treated with the strictest
confidentiality and used solely for this research.

| also would like to request your permission to use the data provided, confidentially
and anonymously, for further research purposes, as the data sets are the intellectual
property of the University of Pretoria. Further research may include secondary data
analysis and use the data for teaching purposes. The confidentiality and privacy
applicable to this study will be binding on future research studies.

For any additional information, you may contact me, Lancelot Makandidze, at
0633315506 or my supervisor, Dr RD Sekao at, 012 420 4640 or
david.sekao@up.ac.za.

Yours Sincerely

Makandidze L.S.
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Enquiries: Lancelot Makandidze
Email: Lancelot.Makandidze@gauteng.gov.za

Dear Principal
REQUEST FOR PERMISSION TO CONDUCT RESEARCH STUDY

| am a PhD student at the University of Pretoria, and | am conducting a research study
titted: Teachers’ development of mathematical knowledge for teaching
trigonometric functions through Lesson Study. The purpose of the study is to
explore teachers’ development of mathematical knowledge for teaching trigonometric
functions through Lesson Study. This letter serves to request your permission to
conduct the research in your school where FET Phase learners and mathematics
teachers will be involved. The District Director has granted permission in this regard,
and | have attached the letter of permission.

If permission is granted, the FET Phase mathematics teachers will be invited to
participate in this study by:

a) being observed and audio/video recorded during the lesson study cycle
(collaborative planning, lesson presentation, post-reflection stages).

b) availing their collaboratively prepared lesson plan for analysis.

C) being part of an interview session that will be audio/video recorded.

The learners will, after their parental consent is obtained, be invited to participate in
this study by being observed during lesson presentations. In addition, note that
participation of the teachers and learners is completely voluntary and if they agree to
participate, | will ensure that the following ethical principles are adhered to:

. Informed consent: teachers’ consent and learners’ assent to participate will be
based on their understanding of the purpose and process of the study as |
would have explained them.

. Safety in participation: the teachers and learners will not be exposed to any
risk or harm of any form because they will not be required to deviate from their
day-to-day teaching and learning process.

. Privacy: The names and the data provided by both teachers and learners will
be kept confidential and anonymous.

. Trust: teachers and learners will not be subjected to deception or betrayal in
the research process or its published findings.

| also would like to request your permission to use the data provided, confidentially
and anonymously, for further research purposes, as the data sets are the intellectual
property of the University of Pretoria. Further research may include secondary data
analysis and use the data for teaching purposes. The confidentiality and privacy
applicable to this study will be binding on future research studies.

275



UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

(02@

For any additional information, you may contact me, Lancelot Makandidze, at
0633315506 or my supervisor, Dr RD Sekao at, 012 420 4640 or
david.sekao@up.ac.za.

Yours sincerely

Mr L.S. Makandidze (student) Dr RD Sekao (Supervisor)
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Dear Mr LS Makandidze
LETTER OF CONSENT TO CONDUCT THE RESEARCH STUDY

L , principal of ... Secondary School, voluntarily and
willingly permit Mr L.S. Makandidze to conduct a research study titled: Teachers’
development of mathematical knowledge for teaching trigonometric functions
through Lesson Study. | understand that the participation of both learners and the
FET Phase teachers in the afore-mentioned study to which | am consenting, will
involve:

a) teachers and learners being observed during the lesson presentation.

b) teachers availing the collaboratively prepared lesson plan for analysis.

C) teachers being part of the interview that will be audio/video recorded

d) teachers being observed and audio/video recorded during the lesson

planning, lesson presentation and reflection stages.

| declare that | understand the purpose of the study and that you (the researcher)
subscribe to the ethical research principles, including informed consent, safety, privacy
(confidentiality and anonymity) and trust.

In addition, | grant the University of Pretoria permission to use the data provided for
this study, confidentially and anonymously, for further research purposes, as the data
sets are the intellectual property of the University of Pretoria. Further research may
include secondary data analysis and use the data for teaching purposes. The
confidentiality and privacy applicable to this study will be binding on future research
studies.

Given the above information, | permit you to conduct your study in our school.

(Name and surname) Signature Date
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Enquiries: Makandidze Lancelot

Email: Lancelot.Makandidze @gauteng.gov.za

Dear Teacher

REQUEST FOR PERMISSION TO CONDUCT RESEARCH STUDY

| am a PhD student at the University of Pretoria, and | am conducting a research
study titled: Teachers’ development of mathematical knowledge for teaching
trigonometric functions through Lesson Study. The purpose of the study is to
explore teachers’ development of mathematical knowledge for teaching trigonometric
functions through Lesson Study. I, therefore, request you to participate in the
aforementioned study.

If you agree to participate in my study, you will be requested to:

a)

b)
C)

be observed and audio/video recorded during the Lesson Study cycle
(planning, lesson presentation, reflection stages).

avail the collaboratively prepared lesson plan for analysis.

be part of an interview session that will be audio/video recorded.

The learners will be invited to participate in this study by being observed during the
lesson presentation. In addition, note that participation of the teachers and learners
is completely voluntary and if they agree to participate, | will ensure that the following
ethical principles are adhered to:

Informed consent: your consent to participate will be based on your
understanding of the purpose and process of the study as | would have
explained to them.

Safety in participation: you will not be exposed to any risk or harm of any form
because you will not be required to deviate from your day-to-day teaching
process.

Privacy: your names and the data you provide will be kept confidential and
anonymous.

Trust: you will not be subjected to deception or betrayal in the research
process or its published findings.

| also would like to request your permission to use the data provided, confidentially
and anonymously, for further research purposes, as the data sets are the intellectual
property of the University of Pretoria. Further research may include secondary data
analysis and use the data for teaching purposes. The confidentiality and privacy
applicable to this study will be binding on future research studies.
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For any additional information, you may contact me, Lancelot Makandidze, at
0633315506 or my supervisor, Dr RD Sekao at, 012 420 4640 or
david.sekao@up.ac.za.

Yours sincerely

Mr L.S. Makandidze (student) Dr R.D. Sekao (Supervisor)
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Dear Mr Makandidze
LETTER OF CONSENT TO CONDUCT THE RESEARCH STUDY

Ly ,ateacherat........... Secondary School,
voluntarily and willingly permit Mr L.S. Makandidze to conduct a research study
titled: Teachers’ development of mathematical knowledge for teaching
trigonometric functions through Lesson Study. | understand that my participation
in the afore-mentioned study to which | am consenting, will involve:

a) being observed and audio/video recorded during the lesson planning, lesson
presentation, and reflection stages.

b) being part of the interview that will be audio/video recorded.

C) availing the collaboratively prepared lesson plan for analysis.

| declare that | understand the purpose of the study and that you (the researcher) will
subscribe to the ethical research principles, including informed consent, safety,
privacy (confidentiality and anonymity) and trust.

In addition, | grant the University of Pretoria permission to use the data provided for
this study, confidentially and anonymously, for further research purposes, as the
data sets are the intellectual property of the University of Pretoria. Further research
may include secondary data analysis and use the data for teaching purposes. The
confidentiality and privacy applicable to this study will be binding on future research
studies.

Given the above information, | consent to participate in your study.

(Name and surname) Signature Date
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Enquiries: Lancelot Makandidze
Email: Lancelot.Makandidze@gauteng.gov.za

Dear Parent
REQUEST FOR YOUR CHILD’S PARTICIPATION IN THE RESEARCH STUDY

| am a PhD student at the University of Pretoria, and | am conducting a research study titled:
Teachers’ development of mathematical knowledge for teaching trigonometric
functions through Lesson Study. The purpose of the study is to observe how teachers teach
trigonometric functions. I, therefore, request your permission to observe three mathematics
lessons in your child’s class.

Note that you are not compelled to grant permission, and your child is also not compelled to
be observed, however, if you give me permission, which | will greatly appreciate, | will ensure
that the following ethical principles are adhered to:

° Informed consent: | will provide any additional information you may need so that you
clearly understand the purpose and process of the study | have explained herein.
. Safety in participation: your child will not be exposed to any risk or harm of any form

because they will not be required to do anything outside their day-to-day teaching
and learning activities taking place in the classroom.

o Privacy: your child’s name and the information generated will be kept confidential and
anonymous.
. Trust: your child will not be subjected to any act of deception or betrayal in the

research process or its published findings.

I would also like to request your permission to use the data that your child will provide,
confidentially and anonymously, for further research purposes, as the data sets are the
intellectual property of the University of Pretoria. Further research may include secondary data
analysis and use the data for teaching purposes. The confidentiality and privacy applicable to
this study will be binding on future research studies.

For any additional information, you may contact me, Lancelot Makandidze, at 0633315506 or
my supervisor, Dr RD Sekao at, 012 420 4640 or david.sekao@up.ac.za.

Yours sincerely

L.S. Makandidze (student) Dr RD Sekao (Supervisor)
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Dear Mr L.S. Makandidze

LETTER OF CONSENT FOR MY CHILD TO PARTICIPATE IN THE RESEARCH STUDY

,parent of ... ,
voluntarily and willingly permit my child to participate in the research study titled: Teachers’
development of mathematical knowledge for teaching trigonometric functions through
Lesson Study. | understand that the participation of my child in the afore-mentioned study to
which | am granting permission, will involve being observed during the lessons taught by their
teacher(s). | declare that | understand the purpose of the study and that you subscribe to the
ethical research principles, including informed consent, safety, privacy and trust.

In addition, | grant the University of Pretoria permission to use the data provided for this study,
confidentially and anonymously, for further research purposes, as the data sets are the
intellectual property of the University of Pretoria. Further research may include secondary data
analysis and use the data for teaching purposes. The confidentiality and privacy applicable to
this study will be binding on future research studies.

Given the above information, | give permission for my child’s participation in the study.

(Name and surname) Signature Date
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Enquiries: Lancelot Makandidze
Email: Lancelot.Makandidze @gauteng.gov.za

Dear learner
INVITATION TO PARTICIPATE IN THE RESEARCH STUDY

| am a PhD student at the University of Pretoria, and | am conducting a research study
titted: Teachers’ development of mathematical knowledge for teaching
trigonometric functions through Lesson Study. The purpose of my study is to
understand how your teachers teach trigonometric functions. I, therefore, request your
permission to observe the three mathematics lessons focusing on trigonometric
functions.

Please note that you are not forced to grant permission to be observed; however, if
you give me permission, which | will greatly appreciate, | will ensure that:

o you fully understand the purpose and process of the study as | would have
explained them.
o you will not be exposed to any risk or harm of any form since | will observe the

lessons during the time reflected on your timetable, therefore you will not be
required to do anything outside of your day-to-day teaching and learning

process.

o your names and the information you provide will be kept confidential and
anonymous.

o you will not be subjected to any act of deception or betrayal in the research
process or its published findings.

o you may choose to withdraw from being observed at any time without any
consequences.

| would also like to ask for your permission to use the data you will provide,
confidentially and anonymously, for further research purposes, as the data sets are
the intellectual property of the University of Pretoria. Further research may include
secondary data analysis and use the data for teaching purposes. The confidentiality
and privacy applicable to this study will be binding on future research studies.

For any additional information, you may contact me, Lancelot Makandidze, at
0633315506 or my supervisor, Dr RD Sekao at, 012 420 4640 or
david.sekao@up.ac.za.

Yours sincerely

L.S. Makandidze (student) Dr RD Sekao (Supervisor)
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Dear Mr L.S. Makandidze

LETTER OF ASSENT TO PARTICIPATE IN THE RESEARCH STUDY

e a FET Phase learner at ... Secondary School, voluntarily
and willingly agree to participate in the study titled: Teachers’ development of
mathematical knowledge for teaching trigonometric functions through Lesson
Study. | understand that as part of the study to which I consent, | will be observed
during the lessons.

| declare that | understand the purpose of the study and that you subscribe to the
ethical research principles, including informed consent, safety, privacy (confidentiality
and anonymity) and trust as you explained to me.

In addition, | grant the University of Pretoria permission to use the data provided for
this study, confidentially and anonymously, for further research purposes, as the data
sets are the intellectual property of the University of Pretoria. Further research may
include secondary data analysis and use the data for teaching purposes. The
confidentiality and privacy applicable to this study will be binding on future research
studies.

Given the above information, | agree to voluntarily participate in the study.

(Name and surname) Signature Date
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