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2.3. DIRECT LIMITS 35

so that v € E,. We have 7(u) = 7(ea(u)) = é4(u) = r(u), which completes the
proof. 0

The remaining examples in this section may readily been seen to be special cases of
Example [2.3.7] Therefore we omit the proofs.

EXAMPLE 2.3.8. Let E be a vector lattice. For every 0 < u € E let E, be the order
ideal generated by v in E. For all 0 <u <w, let e, , : &, = E, and ¢, : E/, = E be the
inclusion mappings. Let I be an upward directed subset of E*\{0} so that E = J E,.
Then D:= ((Ey)uer, (€uw)usw) is a direct system in NIVL and S:= (E, (€y)uer) is
the direct limit of D in NIVL.

EXAMPLE 2.3.9. Let (X, 3, ;) be a complete o-finite measure space. Let =:= (X,,)
be an increasing sequence (w.r.t. inclusion) of measurable sets with positive measure

so that X = JX,. For n<m in N let e, ,, : LP(X,,) - L?(X,,) be defined (a.e.) by
setting
() (1) = { u(n it N
for each u € LP(X,,). Further, define
L2 (X)={uelP(X) : u=0a.e. on X\ X, for some neN}.
For n e N let e, : LP(X,,) - L% __(X) be given by

Cfu(t) it teX,
6”(“)(t)“{0 it teX\X,

The following statements are true.

(i) DE = ((LP(X}))nens (€nm)nem) s a direct system in NIVL.
(i) S2 .= (L2 .(X),(en)nen) is the direct limit of DZ__ in NIVL.

EXAMPLE 2.3.10. Let X be a locally compact Hausdorff space. Let I'i= (X,)aer
be an upward directed (w.r.t. inclusion) collection of non-empty open precompact
subsets of X so that | JX, = X. For each a € I, let M(X,) be the space of Radon
measures on X, and M.(X) the space of compactly supported Radon measures on
X. For all a < B in I, let e, 5: M(X,) = M(X3) be defined by setting

€a,s(1)(B) = u(Bn X,) for all e M(X,,) and B e B, .
Likewise, for o € I, define e, : M(X,) = M.(X) by setting
ea(p)(B) = (B nX,) for all e M(X,) and B e Bx.
The following statements are true.

(i) Dr:= ((M()_(a)ad, (Gaﬁ)asg) is a direct system in NIVL and e, g is injective
forall axfin I.

(il) Sr= (Mc(X), (eq)aer) is the direct limit of Dr in NIVL.
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36 2. DIRECT AND INVERSE LIMITS OF VECTOR LATTICES

EXAMPLE 2.3.11. Let X be a locally compact Hausdorff space. Let I':= (X, )acs be
an upward directed (w.r.t. inclusion) collection of open precompact subsets of X so
that | J X, = X. For each a € I, let N(X,) be the space of normal Radon measures
on X, and N.(X) the space of compactly supported normal Radon measures on X.
For all a x B in I, let e, 5 : N(X,) = N(X3) be defined by setting

eas(1)(B) = u(BnX,) for all peN(X,) and B¢ By,
Likewise, for o € I, define e, : N(X,) = N.(X) by setting
ea(p)(B) = (B nX,) for all peN(X,) and B € By.

The following statements are true.

(i) &r:= ((N()_(a)ad, (eaﬁ)agg) is a direct system in NIVL and e, g is injective
forall axfin I.

(i) Tr=(No(X), (€a)aer) is the direct limit of Jr in NIVL.

2.4. Inverse limits

Next, we introduce the concepts of inverse systems and inverse limits. We inves-
tigate analogous questions of existence and permanence for inverse limits in our
categories of vector lattices below.

DEFINITION 2.4.1. Let C be any category and (7, <) an upwards directed set. Con-
sider a family of objects {E,}aer in C. For all > a in I, let ps,: Es > E, be a
morphism in C. The pair Z:= ((Ey)aer, (Pg.0)p2a) is called an inverse system in C
if, for all « < f < in I, the diagram

P,
E, ’ s B,
Eg

commutes in C. We will refer to the maps pg, for a, 8 € I as the linking maps of I.

Let E be an object in C and p,, : E - E, a morphism in C for every « € I. The pair
(E, (pa)acr) is called a compatible system over Z if for all a < § in I the diagram

E Po sy E,
% /B,{a
Ejg

commutes in C.

An inverse limit of Z in C is a compatible system (E, (pa)aer) over Z satisfying the
universal property that for any compatible system (E’, (p/,)acr) over I there exists
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2.4. INVERSE LIMITS 37

a unique morphism s: E’ - E so that for all « € [ the diagram

E’ = s B
Ph A
E,

commutes in C. Where convenient, we denote by l(iLnI the inverse limit of Z in C.

As was done for direct limits, we define the derived category of compatible systems
over I: Denote by C(Z) the category whose objects are the compatible systems over
7 and where a morphism between compatible systems (£, (pa)acr) and (E’, (p,)aer)
is a morphism f: E - E’ in C such that for all o € I the diagram

> 7

E f
E,

commutes in C. The universal property of an inverse limit in Definition [2.4.1| makes
it clear that a compatible system S:= (E, (pa)aer) over Z is an inverse limit of Z in
C precisely when § is the terminal object in C(Z). Thus, as with direct limits, we
consider the inverse limit of an inverse system in a category to be essentially unique
and therefore we may refer to the inverse limit of an inverse system, when it exists.

The following result is the analogue of Proposition for inverse systems and
inverse limits. We omit the proof since the same approach may be used.

PROPOSITION 2.4.2. Let C be any category and (I,<) an upwards directed set.
Consider inverse systems L:= ((Ea)aer, (Dp.a)a<s) and I':= ((E;)ad, (p’ﬁ’a)asg) in
C with inverse limits 8= (E, (pa)acr) and 8= (E', (p.)aecr) in C respectively. For
every ael, let fo: Ey — E! be a morphism in C so that the diagram

B

(2.4.1) P

P,a

commutes for all a < 3 in I. The following statements are true.

(i) There exists a unique lattice homomorphism f: E — E' so that the diagram
FE % E’

(2.4.2) Pe vl

Ey ———
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38 2. DIRECT AND INVERSE LIMITS OF VECTOR LATTICES

commutes for every a € I.

(i) If fo is an isomorphism in C for every a€ I, then so is f.

2.4.1. Existence of inverse limits. Our first task is to establish the existence
of inverse limits in our categories of vector lattices. As one might expect, the
analogue of Filter’s approach can be used where one starts with the set-theoretic
inverse limit of an inverse system of vector lattices (see [21], Chapter 111, §7.1]) after
which one adds the ‘obvious’ vector space and order structures.

THEOREM 2.4.3. Let Z:= ((Ea)acr; (Ps.a)pa) be an inverse system in VL. Define
the set

E:= {u e[[Ea : ma(w) =psal(ms(u)) for all a< B in ]}.
For every o € I define po = mo|g. The following statements are true.

(i) E is a vector sublattice of [ | Ea.
(i) The pair 8= (E,(Pa)acr) s the inverse limit of Z in VL.

PROOF OF (7). We verify that E is closed under the lattice operations on [ ] Eq;
that it is a linear subspace follows by a similar argument, as the reader may readily

verify. Consider v and v in E. Then 7, (uVvv) = m,(u) v (v) for all e I. Fix any
a, B €I so that 8 > «. Then

Paa(ms(u v v)) = psa(ms(u)) v psalms(u)) = Ta(u) v ma(v) = Ta(u v v).
Therefore u v v e E. One can show similarly that uAav e E. U

PROOF OF (ii). From the definitions of E and the p, it is clear that S is a
compatible system over Z in VL. Let S:= (E, (Ja)aes) be any compatible system
over T in VL. Define s : E - E by setting s(u):= (Pa(u))aes. Let 8 > a in I.
Because S is a compatible system

Poa(Ps(u)) = Pa(u),  uek.

Therefore s(u) € E for all u € E. Because each p, is a lattice homomorphism, so
is s. By the definitions of s and the p,, respectively, it follows that p, o s = p, for
every a € I. We show that s is the unique lattice homomorphism with this property.
To this end, let §: E - E be a lattice homomorphism so that p, o § = p, for every
ael. Fix ue E. Then for every a € I,

Ta(8(w)) = Pa(8(w)) = Pa(u) = ma(s(u)).

Hence s = 5 and therefore (E, (pa)aer) is the inverse limit of Z in VL. O

THEOREM 2.4.4. Let Z:= ((Eq)aer; (Pp.a)psa) be an inverse system in NVL and
S:=(E, (pa)acr) its inverse limit in VL. The following statements are true.

(i) Let Ac E and assume that inf A=u or supA=u in [[Ea, thenue E.

ael

(i1) If E, is Dedekind complete for every a € I, then S is the inverse limit of
i NVL.
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2.4. INVERSE LIMITS 39

PROOF OF (i). It is sufficient for us to consider infima of downward directed
subsets of £. Let A ¢ E and assume that A | v in E,. Since the coordinate
projections are normal homomorphisms (Theorem i)), for every a € I we have
PalA] = Ta[A] | mo(u) in E,. Since the linking maps in Z are normal homomor-
phisms, for > « in I, we have

Ta(w) = infpo[A] = inf pg o[ps[Al] = ps.a(inf ps[A]) = psa (ms(u)) .
Therefore u € F. O

PROOF OF (ii). First, we prove that the p, are normal homomorphisms: Fix
ael and let A | 0 in E. Since E, is Dedekind complete for every a € I, by
Theorem m (iii), the product [ ] E, is also Dedekind complete. Therefore A | u
in [] E, for some ue [[ E,. By (i), we have u € E which implies A | v in E. Since
Al 0in E, we conclude that A | 0 in H E,. By the normality of the coordinate
projections 7,, it follows that

inf p, [A] =inf 7, [A] = 7, [inf A] = 0.

Hence the pair § is a compatible system over Z in NVL. It remains to verify that
S satisfies the universal property of the inverse limit in NVL: Let S:= (E, (ja)aer)
be a compatible system in NVL. Following the proof of Theorem [2.4.3] we need
only show that s: £ - E where s(v):= (§a(v))acs is @ NVL-morphism: Let A | 0
in E, then since each i, is a normal homomorphism, we have po[s[A]] = pa[A] | 0
in E, for each « € I. By Proposition , it follows that s[A] | 0 in [] E., and by
(i) above s[A] | 0 in E. Therefore s is a NVL-morphism. O

2.4.2. Permanence properties. In this section, we establish some perma-
nence properties for inverse limits along the same vein as those for direct limits
given in Theorem [2.3.5] These follow easily from the construction of inverse limits
given in Theorem [2.4.3| and the properties of products of vector lattices given in

Theorem 2.2.6]

THEOREM 2.4.5. Let T:= ((Eq)aer, (Pa)pra) an inverse system in VL and S:=
(E, (pa)acr) its inverse limit in VL. The following statements are true.

(i) If E, is Archimedean for every € I, then so is E.

(i1) If E, is Archimedean and relatively uniformly complete for every a € I, then
E is relatively uniformly complete.

ProOF. We note that (i) follows immediately from Theorems [2.2.6] (ii) and the
construction of an inverse limit in VL.

For (ii), assume that FE, is relatively uniformly complete for every a € I. We
show that every relatively uniformly Cauchy sequence in E is relatively uniformly
convergent: Because E is Archimedean by (i), it follows from [53, Theorem 39.4]
that it suffices to consider increasing sequences. Let (u, ) be an increasing, relatively
uniformly Cauchy sequence in E. Then for every a € I, (po(u,)) is an increasing
sequence in E,. According to [53, Theorem 59.3], (pa(uy,)) is relatively uniformly
Cauchy in F,. Because each E, is relatively uniformly complete, there exists u, € E,
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40 2. DIRECT AND INVERSE LIMITS OF VECTOR LATTICES

so that (pa(u,)) converges relatively uniformly to wu,. In fact, because (p,(u,)) is
increasing, u, = sup{p,(u,) : n € N}. Therefore u:= (uq)aer = sup{u, : n € N} in
[ ] E« by Proposition (ii). By Theorem @ (i), u € E so that u = sup{u, :n €
N} in E. Therefore (u,) converges relatively uniformly to « by [53, Lemma 39.2].
We conclude that E is relatively uniformly complete. 0

THEOREM 2.4.6. Let Z:= ((Eq)aer; (Pp.a)psa) be an inverse system in NVL and
S=(E, (pa)acr) its inverse limit in VL. The following statements are true.

(i) If E, is o-Dedekind complete for every a € I then so is E.
(i1) If E, is Dedekind complete for every o€ I then so is E.
(i11) If E, is laterally complete for every o€ I then so is E.

() If E, is universally complete for every a € I then so is E.

PROOF. We prove (ii). The statements in (i) and (iii) follow by almost identical
arguments, and (iv) follows immediately from (ii) and (iii).

Let D ¢ E be an upwards directed set bounded above by u € E. For every a € I,
the set p,, [D] is bounded above in E, by 7, (u). Since E, is Dedekind complete for
every a € I, v,:=supp, [D] exists in E, for all a € I and by Proposition [2.2.5] (ii),
we have that supD = (v,),.; in [[ Ea. By Theorem m (i), we have v € E and
since F forms a sublattice of H E, it follows that v =sup D in F. 0

2.4.3. Examples of inverse limits. In this section, we present a number of
examples of inverse systems and inverse limits in our categories of vector lattices.
These will be used in conjunction with the examples in Section in the sequel.
Our first example is related to Example [2.3.9]

EXAMPLE 2.4.7. Let (X, 3, 1) be a complete o-finite measure space. Let =:= (X,,)
be an increasing sequence (w.r.t. inclusion) of measurable sets with positive measure
so that X = JX,,. For 1 <p<oolet LZ , (X) denote the set of (equivalence classes
of) measurable functions u : X - R so that uly, € LP(X) for every n e N. Form >n
in N let rp,,, : LP(X,,) - LP(X,,) and r,, : L2 , (X) = LP(X,,) be the restriction
maps. The following statements are true.

(i) ZZ ,..= ((LP(X}) )news (Tmon)men) is an inverse system in N'VL.
(i) SZ .= (L

—loc* E—foc

(X), (rn)new) is a compatible system over Z£ , in N'VL.
(iii) SE_, . is the inverse limit of Z2 , in N'VL.

ProoOF. The validity of (i) and (ii) is clear. We prove (iii).

By Theorem [2.4.4] since LP(X,,) is Dedekind complete for every n € N, the inverse
limit (F, (pn)nen) of ZE . exists in NVL. Since SE , _ is a compatible system over
¢ (X) -

2 1o 11 NVL, there exists a unique normal lattice homomorphism s: LZ ,
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2.4. INVERSE LIMITS 41
F' so that the diagram
L2 ,..(X) : > F
N %
LP(Xn)

commutes for every n € N. We show that s is bijective. To see that s is injective,
suppose that s(u) = 0 for some uw e LZ , (X). Then r,(u) =0 for every n € N; that
is, the restriction of u to each set X, is 0. Since UX,L = X it follows that v =0. To
see that s is surjective, consider u € F. If m > n then p,(u) = 7pn(pm(w)); that is,

pn(u) = pm(u) a.e. on X,,. Therefore v: X — R given by
v(z) = pp(u)(x), reX,

is a.e. well-defined on X =[JX,,. For n € N, v restricted to X,, is p,(u) € LP(X,,).
Therefore v e L% , (X). Furthermore, p,(s(v)) = rn(v) = p,(u) for all n € N so that
s(v) = u. We conclude that s is a lattice isomorphism. O

Our second example is a companion result for Examples [2.3.10] and [2.3.11].

EXAMPLE 2.4.8. Let X be a topological space and O:= {O,, : « € I} collection of
non-empty open subsets of X which is upward directed with respect to inclusion;
that is, o < 8 if and only if O, € Og. Assume that U0, is dense and C-embedded
in X. For 8 > a, denote by 75, : C(Os) - C(O,) and r, : C(X) - C(O,) the
restriction maps. The following statements are true.

(1) Zo = ((C(On))aer, (T5.0) p>a) is an inverse system in VL.
(i

) So=(C(X), (ra)aer) is a compatible system over Zp in VL.
(iii) So is the inverse limit of Zp in VL.
)

(iv) If X is a Tychonoff space and O, is precompact for every a € I then Zp is
an inverse system in NIVL, and Sp is a compatible system of Zp in NIVL.

PrOOF. The validity of (i), (ii), and (iii) follows from arguments similar to those
used in the proof of Example[2.4.7, We therefore omit the proofs of these statements.
We only note that for (iii), we use the fact that every u € C(|_JO,) has a unique
continuous and real-valued extension to X; that is, restriction from X to | JO,
defines a lattice isomorphism from C(|_JO,) onto C(X).

To verify (iv), it is sufficient to show that the r, and r, g maps are order continuous
and interval preserving. The fact that these maps are order continuous follows from
[48, Theorem 3.4]. That they are interval preserving will follow from the fact that
every compact subset of a Tychonoff space is C*-embedded: We show that the r,
maps are interval preserving, the proof for r, g being identical. Consider an o € I,
ue C(X)* and v e C(O,) so that 0 < v < ry(u). Because O, is C*-embedded in X
there exists a continuous function v’ € C(X) so that r,(v') = v. Let w:= (0vv') Au.
Then 0 < w < u and, because 7, is a lattice homomorphism, 7,(w) = v. Therefore
[0,74(u)] € ra[[0,u]]. The reverse inclusion follows since r, is positive. O
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42 2. DIRECT AND INVERSE LIMITS OF VECTOR LATTICES

Our next example is of a more general nature. It is an essential ingredient in our
solution of the decomposition problem for C(X) mentioned in Section [1.1.1]

EXAMPLE 2.4.9. Let E be an Archimedean vector lattice. Denote by By the Boolean
algebra of projection bands in E' where the ordering on Bg is inclusion. Let M be a
non-trivial ideal in Bg. That is, M c Bg is downward closed, upward directed and
does not consist of the trivial band {0} only. For notational convenience we express
M as indexed by a directed set I, M = {B, : « €[}, so that o < 3 if and only if
B, c Bﬁ.

For B, € Bg in M, denote by P, the band projection of E onto B, and by Ps, the
band projection of Bs onto B,; that is, Pg o = P By The following statements are
true.

(1) Zm:= (M, (Psa)pra) is an inverse system in NIVL and (E, (Py)aer) is a
compatible system over Zy; in NIVL.

(ii) The inverse limit imZy:= (F,(pa)aecr) exists in VL. If E is Dedekind
complete then (F, (pa)acr) is the inverse limit of Zy; in NVL.

(iii) The map Py : E 3 u = (P,(u))aer € F' is the unique lattice homomorphism
so that the diagram

E P s
B,

commutes in VL for every « € I. Furthermore, Py[F] is an order dense
sublattice of F. If E is Dedekind complete then Py[F] is an order ideal in
F.

(iv) Py is injective if and only if {P, : o € I} separates the points of E. In this
case, Py is a lattice isomorphism onto an order dense sublattice of F.

PRrOOF. The statement in (i) follows immediately from Proposition as band
projections are both interval preserving and order continuous. The statement in (ii)
follows immediately from (i) and Theorems [2.4.3| and [2.4.4 The fact that (iv) is
true is a direct consequence of the definition of Py;.

It remains to prove (iii). Since P, is a lattice homomorphism for every a € I, Py is
a lattice homomorphism into [ [ Ba. If u € E and o < 3 then Pso(Pa(u)) = Pa(u)
by Proposition [2.2.2] (iii). Hence Py[E] is a sublattice of F. It follows from the
construction of F' as a sublattice of H B, given in Theorem that p,o Py =P,
for all av € I.

Let 0 < u = (u,) € F. There exists ag € I so that u,, > 0 in B,, € E. Then
0 < Py(tay) <uwin F. Hence Py[E] is order dense in F.

Assume that E is Dedekind complete. We show that Py[E] is an order ideal in F:
Consider v € E* and u = (u,) € F'* so that 0 < u < Py(v). Then u, < P,(v) < v for
all weI. Let w=sup{u, : ael}in E. We claim that Py(w) = u. Because u, < w

© University of Pretoria



Y
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Q= YUNIBESITHI YA PRETORIA

2.4. INVERSE LIMITS 43

for all awe I, uy = P,(uy) < Poy(w). Therefore u < Py(w). For the reverse inequality
we note that for all 5 € I,
Ps(w) =sup{Psu, : ael}.

We claim that Ps(u,) < ug for all o, 8 € I. Tt follows from this claim that Ps(w) < ug
so that Py(w) < u. Thus we need only verify that, indeed, Ps(u,) < ug for all
a,B el. To this end, fix o, f € I. Let v € I be a mutual upper bound for o and S.
Because u = (u,) € F, S is compatible with Zy and u., u, € E we have

Ps(ua) = Ps(Pya(uy)) < Pa(uy) = Py g(Py(uy)) = Py g(uy) = ug.
This completes the proof. 0

REMARK 2.4.10. Consider the setting of Example where limZy; = (£, (pa)aer)

is the inverse limit of Zy; in VL. Assume that {FP, : a € I} separates the points of
E. It may happen that Py : E — F' is surjective, but this is not always the case. If
this is the case, then (E, (Py)aer) is the inverse limit of Zy; in NIVL. A sufficient,
but not necessary, condition for Py; to be surjective is that E' € M. Consider the
following examples:

(i) Consider the vector lattice RN. For G ¢ N let
Ba={ueRY : supp(u) c G}.

Then M:= {Bg : @+ G <N finite} is an order ideal in the Boolean algebra
of projection bands Bgn and {Pg : @ # G ¢ N finite} separates the points of
RN, Tt is easy to see that Py is surjective and RN ¢ M.

(ii) Consider the vector lattice ¢*. As in (i), for G € N define
Bg={uel' : supp(u) c G}

Then M:= {Bs : @ # G ¢ N finite} is an order ideal in By and {Pg : @ #
G ¢ N finite} separates the points of 1. However, F' = RN and so Py is not
surjective.

Based on the observations in Example and Remark we ask the following
question: Given a Dedekind complete vector lattice E, does there exist a proper
ideal M in Bp so that the map Py : E - F defined in Example 2.4.9] (iii) is an
isomorphism onto F'?7 We do not pursue this question any further here, except to
note the following example.

ExXAMPLE 2.4.11. Let X be an extremally disconnected Tychonoff space. Let O:=
{O, : @ € I} be a proper, non-trivial ideal in the Boolean algebra Ry of clopen
subsets of X. Assume that UO, is dense and C-embedded in X. Then M:=
{C(O,) : a e} is a proper, non-trivial ideal in B¢(x) and Py : C(X) — F defined
in Example [2.4.9] (iii) is a lattice isomorphism onto F.

PROOF. The Boolean algebras Rx and B¢(x) are isomorphic. In particular, the
isomorphism is given by

Rx >0+ Bp={ueC(X) : supp(u) € O},
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44 2. DIRECT AND INVERSE LIMITS OF VECTOR LATTICES

see [28, Theorem 12.9]. Therefore M is a proper, nontrivial ideal in B¢(x). More-
over, for O € Rx the band projection onto By is given by restriction to O. Finally,
we note that for O € Rx the band By may be identified with C(O). It follows from
Example that F' = C(X), i.e. Py :C(X) — F is a lattice isomorphism onto
F. 0]

2.5. Dual spaces and the duality between direct and inverse limits

The results presented in this section form the technical heart of this chapter. Roughly
speaking, we will show, under fairly general assumptions, that the order (continu-
ous) dual of a direct limit is an inverse limit. On the other hand, more restrictive
conditions are needed to show that the order (continuous) dual of an inverse limit
is a direct limit. These results form the basis of the applications to follow after this
section.

2.5.1. Duals of direct limits.

DEFINITION 2.5.1. Let D:= ((Ey)aer; (€a5)a<s) be a direct system in IVL. The
dual system of D is the pair D~ = ((E;)ad, (e;ﬁ)a%ﬁ).

If D is a direct system in NIVL, define the order continuous dual system of D as
the pair Dy := (((Ea)y)acr: (€5 5)ass) With €7 4 (Es), = (Ea);-

PROPOSITION 2.5.2. Let D:= ((Ea)acr; (€ap)ass) be a direct system in VL. The
following statements are true.

(i) If D is a direct system in IVL, then the dual system D~ is an inverse system
in NIVL.

(i) If D is a direct system in NIVL, then the order continuous dual system Dy,
15 an inverse system in NIVL.

ProOOF. We present the proof of (i). The validity of (ii) follows by a similar
argument, so we omit the proof.

Assume that D is a direct system in IVL. Then the maps e, g : £, — Ej3 are interval
preserving lattice homomorphisms for all @ < 8. By Theorem [2.2.3] the adjoint
maps e, 5 B - Ej are all normal interval preserving lattice homomorphisms. Fix

a,B,vel such that o < 8 <. Since D is a direct system in NIVL, we have e, ~ =
€g,y © €qa,p 80 that e | = e joey . Thus the dual system D~ = ((E )ael (eaﬁ)mg)
is an inverse system in NIVL.

PROPOSITION 2.5.3. Let D:= ((E4)aer; (€ap)) be a direct system in IVL and S:=
(E,(en)acr) a compatible system over D in IVL. The following statements are true.

(i) 8 := (E~,(€)acr) is a compatible system over the inverse system D~ in
NIVL.

(i7) If D is a direct system in NIVL, then S;:= (E7,(€5)acr) i a compatible
system over the inverse system Dy in NIVL.
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PROOF. Again, we only prove (i) as the proof of (ii) is similar. By Theorem
2.2.3, e;,: E~ - E7 is a normal interval preserving lattice homomorphism for every
a € I. Furthermore, if o < 3 then e, = eg o e, p so that e}, = €50 s Therefore &~
is a compatible system of D~ in NIVL. O

The main results of this section are the following.

THEOREM 2.5.4. Let D:= ((Ey)aers (€a.8)asxs) be a direct system in IVL, and let
S:=(F,(en)acr) be the direct limit of D in IVL. The following statements are true.

(i) Um D~ := (F, (pa)aer) exists in NVL.

(1) (h_l)nD)N = imD~ in NVL. That is, there exists a lattice isomorphism
T : E~ — F such that the following diagram commutes for all cc € I.

E~ T > F
(2.5.1) \ %
E;

PROOF. The fact that (i) is true follows from Proposition [2.5.2 (i) and Theorem
(ii) because E; is Dedekind complete for every « € I.

We prove (ii): By Proposition (i), 8~:= (E~,(€)aer) is a compatible system
over D~ in NIVL, hence also in NVL. Therefore there exists a unique normal
lattice homomorphism 7" : E~ - F' so that the diagram commutes. We show
that T is bijective.

To see that T is injective, let 1 € E~ and suppose that T'(1)) = 0. Consider any
u € E. There exists a € I and u, € E, so that u = e,(u,), see Remark Then
P(u) = P(ea(uq)) = e (V) (uq) = pa(T(¥))(u) = 0. This holds for all v € E so that
1 = 0. Therefore T' is injective.

It remains to show that 7' maps E~ onto F. To this end, consider (¢4 )aer € F*. We
construct a functional 0 < ¢ € E~ so that T'(¢) = (¢a)aer-

Let u € E. Consider any a, 5 € I, u, € E, and ug € Eg so that e,(uy) =u = eg(ug),
see Remark [2.3.61 We claim that ¢, (ua) = ¢p(ug). Indeed, there exists v > o, 5 in [
so that e, (ua) = eg(ug). Furthermore, e,(eq(ua)) =u =e,(es,(ug)). Because
(¢a)aer € F' we have o, = €7, (¢,) and g = €;_(¢,); that is,

Qpa(ua) = ‘pv(ean(ua)) = 90”/(6677(“,8)) = SOB(UB)~
Thus our claim is verified.

For u € E define ¢(u) = @q(ua) if u = e4(uy). By our above claim, ¢ is a well-defined
map from F into R. We show that ¢ is linear. Consider u,v € F and a,b € R. Let
u = eq(uy) and v = eg(vg) where a, S € I, u, € E, and vg € E. There exists v > o, 8
in I so that

au+bv = e, (aeq(uq) + beg~(vg)).
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Then

p(au+bv) = g (aeay(ua) +begy(v5)) = apy(€ay(ta)) + by (e, (v5)).
But e, (eqy(ta)) = €alta) = u and e,(es,(vg)) = €5(vg) = v. Hence ¢y (€any(ta)) =
o(u) and ¢, (es~(vs)) = ¢(v). Therefore p(au +bv) = ap(u) + bp(v).
We show that ¢ is positive. If 0 < u € E then there exist « € I and 0 < u, € F, so

that u = e, (uq), see Remark [2.3.6, Then ¢(u) = pa(eq(uq)) >0, the final inequality
following from the fact that (@4 )aer € F*.

It follows from the definition of ¢ and the commutativity of the diagram ([2.5.1))
that po(T()) = ex(@) = o for every a € I. Hence T(¢) = (¢n)acr so that T is
surjective. 0

THEOREM 2.5.5. Let D= ((Eq)aer; (€a8)axs) be a direct system in NIVL, and let
S:=(F,(eqa)acr) be the direct limit of D in IVL. The following statements are true.

(i) im Dy = (G, (Pa)aer) exists in NVL.

(111) If e p is injective for all < B in I, then (h_r)nD) =lim Dy in NVL. That
18, there exists a lattice isomorphism S : Ey — G such that the following
diagram commutes for all o€ 1.

Er 5 > G
(2.5.2) \ /

(Ea)y

PROOF. The proof proceeds in a similar fashion to that of Theorem [2.5.4 The
fact that (i) is true follows from Proposition and Theorem [2.4.4]

For the proof of (ii), assume that e, s is injective for all & < in I. By Proposition
2.5.3 S is a compatible system over D; in NIVL, hence in NVL. Therefore there
exists a unique normal lattice homomorphism S : E;; - G so that the diagram ([2.5.2))
commutes.

It follows by exactly the same reasoning as employed in the proof of Theorem
that S is injective. It remains to verify that S maps E; onto G. Let (¢4 )aer € G*.
As in the proof of Theorem we define a positive functional ¢ € E~ by setting,
for each u € F,
o(u) = pa(uy) if u = eq(uy).

We claim that ¢ is order continuous. To see that this is so, let A | 0 in E. Without
loss of generality, we may assume that A is bounded above by some 0 < w € E. By
Remark |2.3.6| (ii), there exists an o € I and a 0 < w, € F, so that e,(w,) = w, and, by
Remark [2.3.6| (iii), e, is injective for all « € I. Because ¢, is also interval preserving,
there exists for every u € A a unique 0 < u, < w, in E, so that e,(uy) = u. Let
Ay={uy : ueA}. Then A, | 0in E,. Indeed, let 0 < v € E, be a lower bound for
A,. Then 0 < e,(v) < eq(uq) = u for all ue A. Because A | 0 in FE it follows that
ea(v) = 0, hence v = 0. By definition of ¢ and the order continuity of ¢, we now
have p[A] = pa[Aa] | 0. Hence ¢ € E7.
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By definition of ¢ and the commutativity of the diagram ([2.5.2)), it follows that
S(¢) = (¢a)acr- Therefore S is surjective. O

REMARK 2.5.6. Let D:= ((E4)aer, (€a5)asp) be a direct system in IVL, and let S:=
(E, (€a)acr) be the direct limit of D in IVL. In general, the fact that °E~ = {0} does
not follow from °(E,)” = {0} for all a € I, even if all the E, are non-trivial and the e,
injective. Indeed, it is well known that LO[0, 1], the space of Lebesgue measurable
functions on the unit interval [0,1], has trivial order dual, see for instance [70,
Example 85.1]. However, by Example [2.3.8| L°[0,1] can be expressed as the direct
limit of its principal order ideals, each of which has a separating order dual.

In view of the above remark, the following proposition is of interest.

PROPOSITION 2.5.7. Let D= ((Ea)aer; (€a,8)axp) be a direct system in IVL, and let
S:=(F,(ea)acr) be the direct limit of D in IVL. Assume that for every a € I, e, is
injective and e[ Ey] is a projection band in E. The following statements are true.

(1) If °(E,)" = {0} for every a €I then °E~ = {0}.
(ii) If °(E.). = {0} for every ae I then °E; ={0}.

PROOF. For (i), assume that °(F,)" = {0} for every a € I. Let u € F be non-zero.
Then there exists « € I and a non-zero u, € E, so that e,(u,) = u, see Remark .
By assumption, there exists ¢, € E,” so that ¢, (us) # 0. Denote by P, : E - e,[Fq |
the projection onto e,[E,]. We note that e, is an isomorphism onto e,[E,]. Let
v:=(e;l o Py)"(¢a). Then p e E~ and p(u) = pa(e;'(Pa(u))) = paluys) # 0. Hence
°E~={0}.

The proof of (ii) is identical to the above with the additional note that for all v € I,
eq and ;! are order continuous by Proposition 2.2.1] (i). O

2.5.2. Duals of inverse limits. We now study analogous results for duals of
inverse limits. In the special case of inverse systems indexed by N, we are able to
prove similar results to those of Theorems [2.5.4] and 2.5.5l Beyond this, we will
identify the main obstacle to more general results for inverse systems over arbitrary
index sets: Positive (order continuous) functionals defined on a proper sublattice of
a vector lattice &£ do not necessarily extend to F.

DEFINITION 2.5.8. Let Z:= ((Ey)aer; (Pg,a)pa) be an inverse system in IVL. The
dual system of T is the pair Z~:= ((Eg)ad, (p&a)gm).

If 7 is an inverse system in N'VL, define the order continuous dual system of T as
the pair Z; = (((Ea)}act, (00 )ssa) With p o+ (Ba); ~ (Eg)..

The following preliminary results, analogous to Propositions [2.5.2] and [2.5.3] are
proven in the same way as the corresponding results for direct limits. As such, we
omit the proofs.

PROPOSITION 2.5.9. Let Z:= ((Eq)aer, (Ppa)psa) be an inverse system in VL. The
following statements are true.
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(i) If T is an inverse system in IVL, then the dual system I~ is a direct system
in NIVL.

(i1) If T is an inverse system in NIVL, then the order continuous dual system
I is a direct system in NIVL.
PROPOSITION 2.5.10. Let Z:= ((Eu)acr, (Pg.a)p=a) be an inverse system in IVL and
S:= (E,(pa)acr) a compatible system of T in IVL. The following statements are
true.

(i) 8= (E~,(DP)aer) is a compatible system for the direct system I~ in NIVL.

(ii) If T is an inverse system in NIVL, then S; = (Ey, (D )acr) is a compatible
system for the direct system Z; in NIVL.

LEMMA 2.5.11. Let T:= ((Ep)nens (Pmn)msn) be an inverse system in IVL and let
S:= (E, (pn)nen) be the inverse limit of T in VL. Assume that pp,, is a surjection
for all m >n in N. Then p, is surjective and interval preserving for every n € N.

PRrROOF. Fix ng € N. Consider any u,, € E,,. For n < ng let u, = ppyn(tin,)-
Because ppg+1n, 1 a surjection, there exists tpgs1 € Engr1 50 that ppgitng (Ungs1) =
Un,- Inductively, for each n > ng there exists u, € E,, so that p, -1 () = Up-1.

We show that (u,) € E. Let n < m in N. By the definition of an inverse system,
it follows that py,n = Priin © Pne2ns1 ©° © Pim—1.m-2 © Pmm-1- 1t thus follows that
DPmn(Um) = uy, so that (u,) € E. We have p,,((up)) = Uy, so that p,, is a surjection.
It follows from Proposition that p,, is interval preserving. O

THEOREM 2.5.12. Let Z:= ((Ep)nen; (Pmn)msn) be an inverse system in IVL, and
let S:= (E, (pn)nen) be the inverse limit of T in VL. Assume that py,, is a surjection
for all m >n in N. Then the following statements are true.

(i) imZ~:= (F, (en)nen) ezists in NIVL.

(i1) (hmI)N = limZ~ i NIVL. That is, there exists a lattice isomorphism
<~ —
T :F — E~ such that the following diagram commutes for all n € N.

> B~

F T
E:

Proor. By Proposition [2.5.9] Z~ is a direct system in NIVL. Because the p,, ,,
are surjections their adjoints are injective. Thus by Theorem h_r)nI“ exists in

NIVL.

We proceed to prove (ii). Because the py, ,, : (E,)” - (E,,)" are injective, so are the
en: (E,)" — F, see Remark [2.3.6, By Lemma [2.5.11} each p, : E - E, is surjective

and interval preserving. This implies that S is a compatible system over Z in IVL
and that p; : (E£,)” - E~ is an injection for every n in N.
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By Proposition [2.5.10) 8~ = (E~, (p},)nen) is a compatible system over Z~ in NIVL.
Therefore there exists a unique interval preserving normal lattice homomorphism
T:F — E~ so that the diagram

F T y B~
EN

commutes for all n € N. We show that T is a lattice isomorphism.

Our first goal is to establish that T is injective. Consider ¢ € F' so that T'(y) = 0.
There exists an n € N and a unique ¢, € E> so that e,(p,) = ¢. Then p;(p,) =
T(en(vn)) =T(p) =0. But p;, is injective so that ¢, =0, hence ¢ = ¢e,(¢,) = 0.

It remains to show that 7" maps F' onto E~. This will follow from the equality

“=Upi [(E£2)7]

which we now establish: Suppose that E~ # | Jp;[E;] and take 0 < ¢ € E~ \
Up;[E;]. By Proposition 2.2.4] (i), p;[E;] = ker(p,)° for every n € N so that
Y ¢ ker(p,)° for n € N. Hence, for every n € N, there exists 0 < u(™ ¢ ker(p,) so
that ¢ (u(™) = 1. We claim that there exists w € E so that w > u(® + .- + u( for
all n € N. This claim leads to ¥ (w) > ¢ (u + -+ u() = n for every n € N which is

impossible, contradicting the supposition that E~ # | p;[ E;

It remains to prove the claim: Write u( = (u\) e E ¢ [[En FixmeN. Ifn>m
then u? = prm (pn(u™)) = 0 because u™ ¢ ker(p,). Let wy, = uly) + -+ ul” and
w:= (wy,). Then w > u +-+u for every n € N because u'l) >0 for all m,n € N,
To see that w € E consider my > mg in N. Then

1 m
Pmi,mg (W, ) = Pmi,mo (ufﬂf) “t Pmy MO(U( 1))

But u™ = (u{”) € E for all n €N, so

Py mo (W, ) = u( ) -t UT(nngl)-

(n) _ =0 for all n>m in N we have

Pmy mo(wml) u(l) -t U%O) = Wy -

Finally, because u,

Hence w € E, which verifies our claim. This completes the proof. 0

THEOREM 2.5.13. Let Z:= ((En)nen, (Pmn)msn) be an inverse system in NIVL, and
let S:= (E, (pn)nen) be the inverse limit of T in VL. Assume that py,n is a surjection
for all m >n in N. The following statements are true.

(i) imZ5 = (G, (en)nen) exists in NIVL.

(i1) <hmI) = lim7Z; in NIVL. That is, there exists a lattice isomorphism
S:G-Ey such that the following diagram commutes for all n € N.
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PRrOOF. The existence of im 77 in NIVL follows by the same reasoning as given

in Theorem 2.5.121

For (ii), as in the proof of Theorem [2.5.12) we see that e, : (E,). - G and
Pyt (E,), = E; are injective interval preserving maps for all n € N. In addition,
S is a compatible system over Z in IVL.

By Proposition 2.5.10, S; = (E5, (p; )nen) is a compatible system over Z7 in NIVL.
Therefore there exists a unique interval preserving normal lattice homomorphism
S : G - Ey so that the diagram

G 5 > B
(En),
commutes for all n € N. The reader may verify that exactly the same argument as

used in the proof of Theorem [2.5.12] shows that S is a lattice isomorphism, this time
making use of Proposition (ii). O

We observe that the proofs of Theorems [2.5.12] and [2.5.13] cannot be generalised to
systems over an arbitrary directed set I. Indeed, the assumption that the inverse
system Z is indexed by N is used in essential ways to show that the mappings T'
and S in Theorems [2.5.12|and [2.5.13, respectively, are both injective and surjective:
The injectivity of S and T follows from the surjectivity of the maps p,, which in
turn follows from Lemma [2.5.11] where the total ordering of N is used explicitly.
We are not aware of any conditions on a general inverse system Z in VL, indexed
by an arbitrary directed set, which implies that the projections from inverse limit
to the components are necessarily surjective. Furthermore, the method of proof for
surjectivity of S and T cannot be generalised to systems over arbitrary directed sets.
As we show next, this issue is related to the extension of positive linear functionals.

THEOREM 2.5.14. Let T:= ((Eu)aers (Ps.a)a<p) be an inverse system in IVL and
S:= (E, (Pa)acr) its inverse limit in VL. Assume that pg. and p, are surjections
for all 8>« in I. Then the following statements are true.

(i) imZ~:= (F, (ea)aer) eists in NIVL.

(ii) There ezists an injective normal interval preserving lattice homomorphism
T:F — E~ so that the diagram
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commutes for every a e I.

(15i) If T is a bijection, hence a lattice isomorphism, then every positive linear
functional on E has a positive linear extension to HEQ. The converse is
true if I has non-measurable cardinal.

PrOOF. The fact that (i) and (ii) are true follow as in the proof of Theorem
2512

We verify (iii): Let ¢: E — [ [ Ea be the inclusion map. The diagram
E ; > [ Ea
Eq
commutes in VL for every a € I, and therefore the diagram

(£ ——

also commutes in VL for each a € I. Hence, for each « € I, the diagram

(

[1E.) - > B
T
Er — s F

commutes in VL. Assume that 7" is a lattice isomorphism, and therefore a surjection.
Let ¢ € E~. There exists a ¢ € F' so that T'(¢) = ¢. By Remark there exist
a €l and v, € E; so that e, (1) = 1. Then

U (ma (V) = pa(ta) = T(ea(va)) = ¢.
Therefore ¢~ is a surjection; that is, every ¢ € E~ has an order bounded linear
extension to H E,.

Next, assume that I has non-measurable cardinal and every order bounded linear
functional on E extends to an order bounded linear functional on HEa. Then

L (H Ea)N - E~ is a surjection. Fix ¢ € E~. By assumption, there exists
¢ e ([]Ea) so that ¢ =.7(¥). By Theorem [2.2.6| (iv), there exists a1, ..., € I

and 1 € EY ..., 1, € B so that ¢ =75 (Ya,) + ... + 7, (¥a, ). Then
o= (B0 = S 00) = K00 = 1o () =T (e
i=1 i=1 i=1 i=1 i=1
Therefore T is surjective, and hence a lattice isomorphism. 0

A similar result holds for the order continuous dual of an inverse limit. We omit the
proof of the next theorem, which is virtually identical to that of Theorem [2.5.14]
Note, however, that unlike in Theorem we make no assumption on the car-
dinality of I.
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THEOREM 2.5.15. Let T:= ((Ey)aers (Pg.a)psa) be an inverse system in NIVL and
S:= (E, (pa)acr) its inverse limit in VL. Assume that pg. and p, are surjections
for all B>« in I. Then the following statements are true.

(i) lim (Z7) = (G, (€a)aer) exists in NIVL.

(ii) There exists an injective and interval preserving normal lattice homomor-
phism S : G - E; so that the diagram

G 5 > Ex
re\ Pa
(Ea)y
commutes for every a € I.
(iii) S is a lattice isomorphism if and only if every order continuous linear func-

tional on E has an order continuous linear extension to H E,.

The following two results are consequences of Theorems [2.5.14] and [2.5.15] respec-
tively.

COROLLARY 2.5.16. Let Z:= ((Ea)aer, (Pg.a)ass) be an inverse system in IVL,
UmT:= (B, (pa)aer) its inverse limit in VL, and imZI~:= (F,(eq)acr) the direct
limit of I~ in NIVL. Assume that pg. and p, are surjections for all B> o in I. If
E is majorising in HEa then (LiI_nZ)N = li_n>11N i NIVL. That is, there exists a
lattice isomorphism T : ' — E~ such that the diagram

F T s B~
EN

(67

commutes for all e l.

ProOF. This follows immediately from [6, Theorem 1.32] and Theorem [2.5.14]
U

COROLLARY 2.5.17. Let Z:= ((Ea)aers (Pga)a<p) be an inverse system in NIVL,
imZ:= (E,(pa)acr) its inverse limit in VL, and imZ; := (F,(en)aecr) the direct
P —

limit of Z;; in NIVL. Assume that pg. and p, are surjections for all 8 > « in I.
If E is majorising and order dense in HEa then (l(lnl') o h_r)nIg in NIVL. That
18, there exists a lattice isomorphism S : F — E; such that the diagram

F 5 > Er

commutes for all ael.
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PRrOOF. This follows immediately from [6, Theorem 1.65] and Theorem [2.5.15]
0

In contrast with direct limits, the inverse limit construction always preserves the
property of having a separating order (continuous) dual.

PROPOSITION 2.5.18. Let Z:= ((Ey)acr; (Pp.a)psa) be an inverse system in VL and
S=(E, (pa)acr) its inverse limit in VL. Then the following statements are true.

(1) If °(E,)" = {0} for every a €I then °E~ = {0}.
(ii) If O(Eoc); ={0} and p, is order continuous for every « € I then °E; ={0}.

PROOF. The proofs of (i) and (ii) are identical. Hence we omit the proof of (ii).

Assume that °(E,)" = {0} for every a € I. Let u € E be non-zero. Then there
exists a € I so that p,(u) # 0. Since °(E,)” = {0}, there exists ¢ € (E,)” so that
©(pa(u)) #0; that is, p;(¢)(u) # 0. Hence °E~ = {0}. O

In the last few sections of this chapter, we put the duality theory developed in
Section to use. First, we use the duality theory to easily obtain the order (con-
tinuous) duals of some function spaces. After this, we investigate the permanence
of the vector lattice property of perfectness under both direct and inverse limits and
also give a decomposition result for perfect vector lattices. We will also show that
order dual spaces have permanence under the construction of inverse limits. Our
decomposition result for perfect vector lattices will then be used in the particular
case of C(X) spaces to solve the decomposition problem mentioned in Section .
Lastly, we use the Kakutani representation theorem for unital AM-spaces [56, The-
orem 2.1.3] along with the result in Example [2.3.8/ and our duality theory to charac-
terise to give a characterisation of Archimedean relatively uniformly complete vector
lattices and their order duals using direct and inverse limits.

2.6. Duals of function spaces

First, we apply the duality theory to the examples in Sections [2.3.2] and 2.4.3] to
obtain characterisations of the order and order continuous duals of some function
spaces. All of these results follow immediately from the corresponding examples and
the appropriate duality result.

THEOREM 2.6.1. Let (X,%, 1) be a complete o-finite measure space. Let =Z:= (X,,)
be an increasing sequence (w.r.t. inclusion) of measurable sets with positive measure
so that X = JX,. Let 1<p<oo and1<q< o satz’sfy%+%:1. ForneN let e,
and r, be as in Fxamples|2.5.9 and|2.4.7, respectively.

For every n e N, let T,, : L9(X,,) = LP(X,,)~ be the usual (isometric) lattice isomor-
phism,

Tn(u)(v)zfxn uv dy, uwel9(X,), ve lP(X,).

© University of Pretoria



54 2. DIRECT AND INVERSE LIMITS OF VECTOR LATTICES

There exists a unique lattice isomorphism T : LL
diagram

(X) - LZ (X)~ so that the

—Loc

LqE—Zoc(X) g Lg—c()()~

La(X,) ——— LP(X,)”

commutes for every n € N.

PROOF. The result follows immediately from Examples[2.3.9)and [2.4.7], Theorem
[2.5.4] and Proposition [2.4.2] O

THEOREM 2.6.2. Let (X,%, 1) be a complete o-finite measure space. Let Z:= (X,,)
be an increasing sequence (w.r.t. inclusion) of measurable sets with positive measure
so that X = JX,,. Let 1 <p<oo and 1<q< oo satisfy%Jr%:l. ForneN let e,
and r, be as in Fxamples|2.5.9 and|2.4.7, respectively.

For every neN, let S, : L9(X,,) - LP(X,,). be the usual (isometric) lattice isomor-
phism,

Sp(u)(v) = [Xn uv dy, uwel9(X,), velP(X,).

There exists a unique lattice isomorphism S : LL , (X) - LE_(X). so that the
diagram
Lq

=—Lloc

(X) ——— LL_(X),

2

L1(X,) ———5— L?(X,);

commutes for every n € N.

PROOF. We observe that the mappings e, in Example are injective for
all n <m in N. Therefore the result follows immediately from Examples [2.3.9) and
[2.4.7, Theorem [2.5.5] and Proposition [2.4.2 O

THEOREM 2.6.3. Let (X,%, 1) be a complete o-finite measure space. Let =Z:= (X,,)
be an increasing sequence (w.r.t. inclusion) of measurable sets with positive measure
so that X = JX,,. Let 1 <p<oo and 1< q< oo satz’sfy%+%:1. ForneN let e,
and r, be as in Examples|2.5.9 and|2.4.7, respectively.

For every n e N, let T,, : L9(X,,) = LP(X,,)~ be the usual (isometric) lattice isomor-
phism,

Tn(u)(v)zfxn uv dy, uwel9(X,), ve lP(X,).
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There exists a unique lattice isomorphism R : L4(X)z_. - LE , (X)~ so that the
diagram

Li(X,) — 5 L(X,,)"

2

LL (X) 5 LL , (X)

=—loc

commutes for every n € N.

PRrOOF. We note that the mappings py,,, in Example are surjective for all
m >n in N. Therefore the result follows immediately from Examples|2.3.9 and [2.4.7]
Theorem [2.5.12], and Proposition [2.3.2] 0

THEOREM 2.6.4. Let (X,3, ) be a complete o-finite measure space. Let Z:= (X,,)
be an increasing sequence (w.r.t. inclusion) of measurable sets with positive measure
so that X = JX,,. Let 1<p<oo and 1<q< oo satisfy%Jr%:l. ForneN let e,
and r, be as in FExamples|2.5.9 and|2.4.7, respectively.

For every n e N, let S, : L9(X,,) - LP(X,,). be the usual (isometric) lattice isomor-
phism,

Sn(u)(v):fxn wodp, weld(X,), velP(X,).

There exists a unique lattice isomorphism @ : LZ_(X) — L2

2 1o (X)" 50 that the
diagram

LI(X,) — 5 LP(X,)"

LqE—c(X) T> Lg—ﬁoc(X):l

commutes for every n € N.

PROOF. Because the mappings py, , in Example are surjective for all m >n
in N, the result follows immediately from Examples[2.3.9 and [2.4.7, Theorem [2.5.13]
and Proposition [2.3.2] O

The following result is a special case of the Riesz Representation Theorem [25]
Chapter III, Theorem 5.7].

THEOREM 2.6.5. Let X be a locally compact and o-compact Hausdorff space. Let
[':= (X,) be an increasing sequence (w.r.t. inclusion) of open precompact sets in
X so that X = JX,,. ForneN let e, and r, be as in Examples|2.3.10 and [2.4.8,
respectively.
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For every n € N, let T,, : M(X,)) - C(X,)~ denote the usual (isometric) lattice
1somorphism,

yggg(u)zjﬁnudu,;Lemuj;),uecxx;)

There exists a unique lattice isomorphism T : M.(X) — C(X)~ so that the diagram

M(X,) — 2 C(X,)"

2

M (X) ———— C(X)~

commutes for every n € N.

PROOF. The result follows immediately from Examples [2.3.10| and [2.4.8| Theo-
rem [2.5.12] and Proposition [2.3.2] 0

THEOREM 2.6.6. Let X be a locally compact and o-compact Hausdorff space. Let
[':= (X,) be an increasing sequence (with respect to inclusion) of open precompact

sets in X so that X = UXn. Forn eN let e, and r, be as in Examples|2.3.11| and
2.4.8, respectively.

For every n € N, let S, : N(X,,) - C(X,,). denote the (isometric) lattice isomor-
phism,

AMMM=AUW;MM&%MW&)
There exists a unique lattice isomorphism S : N.(X) - C(X). so that the diagram

N(X,) —— C(X,);

Ne(X) ——5—— C(X),

commutes for every n € N.

PROOF. The result follows immediately from Examples [2.3.11] and [2.4.8] Theo-
rem [2.5.13] and Proposition [2.3.2 O

2.7. Perfect spaces

Recall that a vector lattice F is perfect if the canonical embedding E' 5 u —— W, €
(Ey). is a lattice isomorphism [70, p. 409]. We say that a vector lattice E is is an
order continuous dual, or has an order continuous predual if there exists a vector
lattice F' so that E and F} are isomorphic vector lattices. From the definition it is
clear that every perfect vector lattice has an order continuous dual. On the other
hand, see [70, Theorem 110.3], F}; is perfect for any vector lattice F'. Therefore, E
is perfect if and only if £ has an order continuous predual.
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LEMMA 2.7.1. Let E be a vector lattice and 0 < @, € E. The following statements
are true.

(i) There exist functionals 0 < 1,11 € EY so that o1 A1 =0, o1 <, P <P
and Vi =1 V.

(i1) If E has the principal projection property and ¢ is strictly positive, then for
allwe E, if n(u) =0 for all functionals 0 <n < ¢ then u=0.

PROOF. The statement in (i) follows from [56, Lemma 1.28 (ii) & Exercise
1.2.E1].

We prove the contrapositive of (ii). Let w # 0 in E. Without loss of generality
assume that u* # 0. Denote by B the band generated by u* in E. Define n:= po Pp.
Then 7 is order continuous, 0 <7 < ¢ and n(u) = p(u*) # 0. O

Using the duality results obtained in Section [2.5] we can now show that the vector
lattice property of perfectness also has permanence under the inverse limit construc-
tion.

THEOREM 2.7.2. Let Z:= ((Ey)aer; (Ps.a)p=a) be an inverse system in NIVL, and
let S:= (E, (pa)aer) be its inverse limit in VL. Assume that ps . is surjective for all
Bxain l. If E, is perfect for every o€ I then so is E.

PROOF. By Proposition [2.5.9, the pair Z; := (((Ea);)ad, (pE,a)asB) is a direct
system in NIVL. Because every pg, is surjective, each pjy , is injective. Hence, by
Theorem the direct limit of Z; exists in NIVL. Let S:= (F, (€4)acr) be the
direct limit of Z;; in NIVL.

By Proposition , the pair Zr~ = (((Ea);;)ad, (pg,ja)asg) is an inverse system in
NIVL, and S; = (FY, (€} )aer) is the inverse limit of Z7; in N'VL by Theorem [2.5.5
For every a € I, let 0, : E, — (E,).. denote the canonical lattice isomorphism. We
observe that the diagram

og o
Eg ——— (E3),,
PB,« pgja

By ——— (Fa)mm

commutes for all § > « in I. By Proposition [2.4.2] there exists a unique lattice
isomorphism X : ¥ — F~ so that the diagram

F—=% L F

Eo ——— (Ba)u

commutes for every o € I. Since F} is perfect, we conclude that E is also perfect. [J
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Our next result is a decomposition theorem for perfect vector lattices (i.e. vector
lattices with an order continuous dual). The result follows as an application of
Example and the duality results in Section [2.5

THEOREM 2.7.3. Let E be a Dedekind complete vector lattice. Recalling the termi-
nology and notation introduced in Example denote by M, € Bg the collection
of carriers for positive, order continuous functionals on E; that is,

M,={C, : 0<pekE;}.
For C, ¢ Cy in My, denote by P, the band projection of E onto C, and by Py, the
band projection of Cy onto C,. Consider the inverse system Iy, = (Mn, (Pdw)ww)
with im Ty, = (F, (pcp)OS(peE;) in VL. The following statements are true.

(i) My, is an ideal in Bg.

(i1) My, is a non-trivial ideal in Bg if and only if E admits a non-zero order
continuous functional.

(11i) My, is a proper ideal in By if and only if E admits no strictly positive order
continuous functional.

(iv) The map P, : E 3 u = (Py(u))ocper; € F is injective if and only if *E}; =
{05

(v) If E is perfect then Py, is a lattice isomorphism.

PROOF OF (i). For 0 <, ¢ € Ey,
M, is upwards directed.

Take B € Bg and 0 < ¢ € E} such that B ¢ C,. Define 9:= ¢ o Pg. Then ¢ >0
and by the order continuity of band projections, we have 1) € E;. We show that
Ny = B¢ For u € B4, we have Pg(|u|) = 0 so that ¥ (Ju]) = ¢ (Ps(|u|)) = ¢(0) = 0.
Therefore B4 € N,,. For the reverse inclusion, let v € Ny. Then ¢ (Pg(Jv])) =0 so
that Pg(Jv]) € N, € B Hence Pg(|v|) =0 so that v € B We conclude that B = Cy.
Therefore B € M,, so that M,, is downward closed, hence an ideal in Bg. O

we have Cy,C, € Cuyy € M, and therefore

PROOF OF (4i). This is clear. O

PROOF OF (iii). A functional 0 < ¢ € Ey is strictly positive if and only if N, =
{0}, if and only if C, = E; hence the result follows. O

PROOF OF (iv). According to Example 2.4.9] (iii), Py, is injective if and only
if {P, : 0< e E;} separates the points of E. It therefore suffices to prove that
°E; ={0} if and only if {P,:0< ¢ € E;;} separates the points of E.

Assume that °E; = {0}. Fix u € E' with u # 0. Then there exists ¢ € E such that
@(u) #0. Therefore 0 < |p(u)| < |¢|(Ju]). Hence u ¢ N, and thus B,j(u) # 0.

Conversely, assume that {P,:0< ¢ € E;} separates the points of E. We first prove
the statement for positive elements: Let 0 < v € E*. There exists 0 < ¢ € E such
that P,(v) > 0. Since every positive functional is strictly positive on its carrier, it
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follows that ¢(v) > ¢ (P,(v)) > 0. Now, consider any non-zero w € E. There exists
0 < ¢ € B such that p(w*) # 0. Let B denote the band generated by w* in E and
define the functional ¢ := p o Pg. Then 0 < € Er and ¢¥(w) = p(w*) # 0. O

PROOF OF (v). It follows from Example (ii) that Py, is a lattice homo-
morphism. Since E is perfect, we have °E; = {0} [T0, Theorem 110.1] and so by
(iv), Py, is injective. We show that Py, is surjective.

Let 0 <w = (u,) € F. Define the map Y : (E;)* - R by setting T (¢) = ¢ (u,) for
v e (E;)*. We claim that T is additive. Let 0 < ¢, € E;. Then
Tlo+y) = (p+9) (Upey)
= ¢ (ugsp) + 9 (forn)
p o Py (tpry) + 100 Py (tpsy) -
Because (uy,) € F ' we have P, (Upiyp) = Pory o (Upry) = Uy and Py (Ugpry) = Pprypyp (Upry) =

uy. Hence

T(p+1) =0 (ug) + ¢ (up) =T () + T (¥).
By [3, Theorem 1.10] T extends to a positive linear functional on E;, which we
denote by T as well.

We claim that T is order continuous. To see this, consider any D | 0 in E7. Fix
€>0and ¢ € D. By [6, Theorem 1.18] there exists ¢y < ¢ in D so that 0 < ¢(u,) < €
for all ) < in D. Consider 1 < 1bg. Since u € F' we have uy = P, (u,) < uy, S0
that 0 < (uy) <¥(u,) <e. Thatis, 0 < T()) < € for all 1 < 4py. Therefore Y[D] |0
in R so that T is order continuous, as claimed.

Since F is perfect, there exists v € E* so that T (¢) = ¢ (v) for all ¢ € E. We claim
that Py, (v) = u; that is, P,(v) = u, for every 0 < ¢ € E7. For every 0 < ¢ € E we
have p(u,) =T (¢) = p(v) =@ (Py(v)). Let 0<n < in E;. Then
1 (up) =1 (Pyug) =1 (uy) = T(n) =n(v),
and,
1 (Pe(v)) =1 (PyPy(v)) =1 (Fy(v)) = n(v).
Thus 1 (u, - P,(v)) = 0. By Lemma (ii), applied on Cy,, we conclude that

P,(v) = u,. This verifies our claim. Therefore Py, maps E* onto F'* which shows
that Py, is surjective. U

REMARK 2.7.4. We observe that the converse of Theorem [2.7.3| (v) is false. Indeed,
(co). = £~ so that ¢y is not perfect. However, there exists a strictly positive
functional ¢ € (cp). = ¢1. Therefore ¢y = C, € M,, so that Py, maps ¢, lattice
isomorphically onto F', see Remark

COROLLARY 2.7.5. Let E be a Dedekind complete vector lattice. Let M, € Bg consist
of the carriers of all positive, order continuous functionals on E which are perfect;
that s,

M,={C, : 0<peE; and C, is perfect}.

The following statements are true.

(1) M, is an ideal in Bp.

© University of Pretoria



Y
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Q= YUNIBESITHI YA PRETORIA

60 2. DIRECT AND INVERSE LIMITS OF VECTOR LATTICES

(ii) Py, is a lattice isomorphism if and only if E is perfect.

PROOF OF (i). It follows from Theorem (i) and the fact that bands in
a perfect vector lattices are themselves perfect [70, Theorem 110.3] that M, is
downwards closed in Bg. To see that M, is upwards directed, fix C,,Cy € M,,. By
Lemma (i) there exist functionals 0 < 1 < ¢ and 0 <4y <% in E7 such that
p1 AP =0and p; v = v, Because 0 < ¢y < and 0 < ¢y < it follows that
C,, € C, and Cy, € Cy. Therefore C,, and C,, are perfect. By [70, Theorem 90.7],
we have

Coyvin = (Cpy + Cy )= Cy, + Cy,.

By [70, Theorem 90.6], since ¢ A1)y =0, we have C,, L Cy,. Thus C,, nCy, = {0}
which implies Cy, vy, = Cy, ® Cy,. Hence it follows from Theorem [2.2.6] (v) and (vii)
that (Cy vy, ) 2 Coivg, - That is, Cuyy = Cyyvy, s perfect. Since Cy,, Cy € Cuyy it
follows that M, is upward directed, hence an ideal in Bg. O

PRrROOF OF (ii). If E is perfect then M, = M,,, and so the result follows from
Theoremm (v). Conversely, if Py, is an isomorphism then Theorem implies
that F is perfect. O

Given the duality results obtained in Section [2.5] one would expect there to be
at least some analogue of Theorem for direct limits. Due to the inherent
limitations of duality results for inverse limits observed in Section [2.5.2] these results
will be less general than the preceding results in this section.

THEOREM 2.7.6. Let D= ((Ey)nen, (€nm)n<m) be a direct system in NIVL, and let
S=(E, (en)nen) be the direct limit of D in IVL. Assume that e;, ,, is surjective for
alln <m in N. If E, is perfect for every n e N then so is E.

PRrROOF. By Proposition , the pair Dy := (((En):l)neN, (e;ym)ngm) is an in-
verse system in NIVL, and by Theorem [2.4.4] the inverse limit Sy:= (F, (pn)nen) of
Dy, exists in NVL.

By Proposition , the pair Dy = (((En);;)neN , (e;jm)ngm) is a direct system in
NIVL. Since we assumed that the e; . are surjective, it follows by Theorem
that (Sp). is the direct limit of Dy in NIVL. For every n e N, let 0, : £, > (E,,) ..
denote the canonical lattice isomorphism. The diagram

By ——— (En

nn
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commutes in VL for all n» < m in N. By Proposition [2.3.2] there exists a unique
lattice isomorphism ¥ : ' — F~ so that the diagram

% ~
E . F

commutes in VL for every n € N. Since F} is perfect, we conclude that E is also
perfect. 0

COROLLARY 2.7.7. Let D:= ((Ey)nen, (€nm)n<m) be a direct system in NIVL, and
let S:= (E, (en)nen) be the direct limit of D in IVL. Assume that e, ., is injective
and enm[En] is a band in E,, for alln <m in N. If E,, is perfect for every n e N
then so is E.

PRrROOF. The result will follow directly from Theorem [2.7.6] if we can show that
ey m 18 surjective for all n <m in N. We observe that each E), is Dedekind complete
and thus has the projection property. Fix n <m in N. Let P, ,, : E,,, - epm[En] be
the band projection onto e, ,,[ E,]. The diagram

e
E, e s B,

en,m[En

commutes in NIVL. Therefore

(

€

By 2 (B);
an,\ 4
(en[En]);

commutes as well in NIVL. Since e, : E, = e,m[En] is a lattice isomorphism,
the adjoint e, ,, : (enm[En]), = (En), is also a lattice isomorphism. Therefore it
follows from the last diagram that e;, ,, : (En), = (£,), is indeed a surjection. [

n

COROLLARY 2.7.8. Let E be an Archimedean vector lattice. Assume that there exists
an increasing sequence (@, ) of positive order continuous functionals on E such that
(¢n) separates E and, for every neN, C,, is perfect. Then E is perfect.

PROOF. Since () is increasing, we have that C,, ¢ C for every n e N.
Further, since (¢,,) separates E we also have that | JC,, = E.

Pn+l

For all n < m denote by e, : C,, - C,,, and e, : C, — FE the inclusion maps.
By Example [2.3.7, the pair D:= ((Cy, Jnen: (€nm)nem) is a direct system in NIVL,
and S:= (E, (en)nen) is the direct limit of D in NIVL. By Corollary 2.7.7, E is
perfect. 0J
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2.8. Order dual spaces

In this section, we study the permanence of order dual spaces under the inverse
limit construction. As mentioned in Section [1.1.1) a reasonable definition for a
vector lattice F to be an order dual space is to simply require that there exists a
vector lattice F such that E and F'~ are lattice isomorphic. Hence, by [70, Theorem
110.2], all order dual spaces are perfect vector lattices.

However, this definition appears to be problematic for our purposes for the following
reason: For perfect vector lattices it was clear how we can approach questions of
permanence under direct and inverse limits since a vector lattice is perfect when
the canonical embedding o : E — (Ej). is a lattice isomorphism. It is then easily
seen that canonical embedding o interacts nicely with linking maps of direct and
inverse systems in the square diagrams in Propositions[2.3.2|and [2.4.2] However, our
‘reasonable’ definition of an order dual space only gives us some lattice isomorphism
T : E — F~ and it is not immediately obvious that this isomorphism 7" can also be
used in the same way with Propositions and [2.4.2] Fortunately, it can be
shown that this reasonable definition is equivalent to a more specific statement

for which it is clear that a similar approach as that for perfect vector lattices via
Propositions [2.3.2| and [2.4.2| can be used.

First, we make the following simple but very important observation.

PROPOSITION 2.8.1. Let F' be a vector lattice. There exists a vector lattice G with
separating order dual G~ such that F~ and G~ are lattice isomorphic.

PROOF. Note that since F~ is an order ideal in itself, the pre-annihilator °( ™)
is an order ideal in F', see [T1, Theorem 30.2]. Thus the quotient G:= F/°(F~) is a
vector lattice and the quotient map ) : F' - G is a surjective lattice homomorphism.
Since Q [F'] = G is an order ideal in G, it follow by Proposition (ii) that @ is
interval preserving. Therefore, by Theorem [2.2.3 (iii) and (iv), the order adjoint
@~ : G - F~ is an injective interval preserving lattice homomorphism. Since
Q is a surjective lattice homomorphism, it follows by Proposition (i) that
Q" [G*] = (ker Q)" = (°(F~))° = F~. Thus Q" is a lattice isomorphism.

The definition of the vector lattice G guarantees that G~ separates G: Take u € G
with v € F' such that Q(v) = u and assume that ¢ (u) = 0 for all ) € G~. Then for

all ¢ € G,

Q" (¥) (v) =¥ (Q(v)) =4 (u) =0.
Since )~ is a lattice isomorphism it follows that p(v) = 0 for all ¢ € F~. Hence,
v e (F~) =ker @ which implies u = 0. O

PROPOSITION 2.8.2 ([4, Theorem 3.11)). Let E be a vector lattice with B an order
tdeal in E~. The canonical map op : E — By is a vector lattice embedding if and
only if B separates the points of E.

PROPOSITION 2.8.3. Let E be a vector lattice. The following statements are equiv-
alent.

(i) There exists a vector lattice F' such that E and F~ are lattice isomorphic.
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(i1) There exists a vector sublattice G of Ey such that G~ separates G and the
canonical embedding op : E — G~ s a latlice isomorphism.

PROOF. It is clear that (ii) is a special case of (i). We prove that (i) implies (ii):
By Proposition [2.8.1] we may assume without loss of generality that F~ separates
F. Thus the canonical map op : F' — (F~). is a vector lattice embedding by
Proposition 2.8.2, Let T': E - F~ be a lattice isomorphism. Then 7™ : (F~). - E7.
Denote G:= T~ o o [F] which is a vector sublattice of E;. Then T~ oop: F - G
and S: G~ - "~ where S:= (T~ oop)"” are lattice isomorphisms. Since '~ separates
F, it follows that G~ separates (G. Define the canonical map og : E - G~ where
(cu(f)) (p)=@(f) for fe E and v € G € E;. We claim that the following diagram
commutes.
> F~

- 5
E
Take x € F and u € F', then

(Seop(x)) (u) = (T"eor) con(x)) (u) = (0p(x)) (T7 0 or(u))
= (T"eop(u)) (x) = (0r(u)) (Tz) = (Tx) (u).

Therefore S oog =T, which implies that o = S~1 o T' is a lattice isomorphism. [J

In light of this result, we take the statement in (ii) above as the definition of an
order dual space.

DEFINITION 2.8.4. A vector lattice E is an order dual space if there exists a vector
sublattice F' of E; such that '~ separates F' and the canonical map op: E - F~ is
a lattice isomorphism. The sublattice F' of £ is called an order predual of E.

In the particular case where E; is an order predual of F, we call E an immaculate
vector lattice.

A similar result to that of Proposition can be proven in the particular case of
immaculate vector lattices.

PROPOSITION 2.8.5. Let E be a vector lattice. The following statements are equiv-
alent.

(i) There exists a lattice isomorphism T : E' — (E})

(ii) E is an immaculate vector lattice.

PROOF. As before, the statement in (ii) is just a special case of (i). For (i)
implies (ii), we note that since E is a perfect vector lattice, the canonical map
op + E - (E;)" is a vector lattice embedding with og [E] = (Ej).. However,
since T' is a lattice isomorphism and F is perfect it follows that there is a lattice
isomorphism S : (E;). — (E)". Since (Ej). is a band in (£})", we conclude that
(E;). = (E;)" and thus op : E — (E;)" is a lattice isomorphism. Lastly, since Ey
is a perfect vector lattice it follows by [70, Theorem 110.1] that (E;)" separates E
and thus (ii) follows. O

© University of Pretoria



64 2. DIRECT AND INVERSE LIMITS OF VECTOR LATTICES

The specific formulations of Definition [2.8.4] and Proposition [2.8.1] allows us to show
that the order dual space property has, under fairly general conditions, permanence
under the inverse limit construction.

THEOREM 2.8.6. Let Z:= ((Ey)aer; (Pg.a)p=a) be an inverse system in NIVL, and
let S:= (E,(pa)acr) be the inverse limit of T in VL. Assume that E, is an order
dual space for every o € I with F, the order predual of E,. Further, assume that
Pha [F,] is an order ideal in Fy for every a, 5 € I with B > o. Then E is an order
dual space.

ProOOF. By Proposition [2.5.9 the pair Z; := (((Ea);)ad, (pﬁ}’a)agg) is a direct
system in NIVL. For every o, € I with § > «, define eyp : F,, - Fps where
a3 = p&a‘F and denote R:= ((Fu)aer; (€a,5)a<p)- Since the linking maps in Z;; are

lattice homomorphisms it follows that the e, 3 maps are lattice homomorphisms and
it follows precisely by the assumption that e, g [F,] is an order ideal in Fj that the
e, maps are also interval preserving (Proposition (ii)). Thus R is a direct
system in IVL and by Theorem the direct limit (F, (eq)aer) of R exists in
IVL.

By Proposition [2.5.2] the pair R~:= ((F&)ad,(e;ﬂ)aw) Is an Inverse system in
NIVL and by Theorem (F~,(€3)aer) is the inverse limit of R~ in NVL. We
observe that the diagram

By —"— F;

PB,«a ea’ﬁ

EQU—Q>F&

commutes in VL for all 8 > « in I. By Proposition [2.4.2] there exists a unique
lattice isomorphism 7' : £ — '~ so that the diagram

E—7> 5 F~

2

Ea0—a>F(;

commutes for every a € I. By Proposition [2.8.3] it follows that £ is an order dual
space. 0

We note that the assumptions in the previous theorem cannot be weakened in an
obvious way and still deliver the same outcome: We need to assume that pj , [F.] <
Fj in order to form the direct system of preduals R. Further, the assumption that
Pho [Fa] is an order ideal in Fj is used to guarantee that R is a direct system in
IVL. This step cannot be dispensed with since the duality result in Proposition|2.5.2
requires the linking maps in R to be interval preserving in order to ensure that R~
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is at least an inverse system in VL. For similar reasons, the duality result in
Proposition [2.5.9| requires Z to be an inverse system in NIVL.

The analogous result to Theorem for immaculate vector lattices follows as a
corollary of Theorem since the linking maps pj , : (Ea), > (Es), are NIVL-
morphisms and so by [49} Proposition 14.7], p; , [(Ea),] is an order ideal in (Ep);.

COROLLARY 2.8.7. Let T:= ((Ea)aer, (Pp.a)psa) be an inverse system in NIVL,
and let §:= (E,(pa)aer) be the inverse limit of T in VL. Assume that E, is an
immaculate vector lattice for every ace I. Then E is an immaculate vector lattice.

We show that more can be said in Theorem 2.8.6] if we consider Banach lattices
where the underlying vector lattice is an order dual space.

THEOREM 2.8.8. Let E be a Banach lattice that is an order dual space. Then there
exists a Banach lattice G such that E and G* are isomorphid| as Banach lattices.

PRrROOF. Let F be a vector lattice such that I~ and E are lattice isomorphic.
By Proposition we may assume without loss of generality that F~ separates
F. By Proposition the canonical map or : ' — (F~)” = (F~)" is a vector
lattice embedding. Define Fy:= o [F], then Fy is a sublattice of (F~)" and thus Fj
is a normed vector lattice. We claim that F = Fj: In general, we know that Fj is
an order ideal in F{.

For the reverse inclusion, take ¢ € FJ. Consider a sequence (op(uy)) in Fy C
(F~)" such that (op(u,)) converges to zero in the norm topology. Since the weak-x
topology on (F~)" is weaker than the norm topology on (F~)", it follows that

(or(un)) () = p(un) — 0
in R for every ¢ € F~. In particular, consider ¢q:=1 oop € F~, then

¥ (or(un)) = po(un) = (0r(un)) (w0) — 0
in R. Hence 1 € Fj, which implies that Fj = Fj.

Denote by G the completion of Fy; then G is a Banach lattice and we know that Fi
and G* are isomorphic as Banach lattices. Since F and F{ are lattice isomorphic
it follows that there is a lattice isomorphism 7' : E - G*. Since positive operators
between Banach lattices are automatically norm bounded [71, Theorem 18.4], we
conclude that 7" is norm bounded and 7! is also automatically norm bounded by
the Bounded Inverse Theorem [57, Theorem 14.5.1]. O

We call a Banach lattice F an isomorphic dual Banach lattice if there exists a Banach
lattice GG such that E and G* are isomorphic as Banach lattices. The next result is
a direct consequence of Theorems [2.8.6| and [2.8.8|

COROLLARY 2.8.9. Let E be a Banach lattice and T := ((Eqa)aer, (Pg.a)psa) an inverse
system in NIVL such that (E,(pa)acr) is the inverse limit of T in VL. That is to
say, the underlying vector lattice of the Banach lattice E is obtained as the inverse

2A bi-continuous lattice isomorphism between Banach lattices.
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limit of Z wn VL. If E, is an order dual space for every o € I, then E is an
1somorphic dual Banach lattice.

To end this section, we make some comments on the properties of being an immac-
ulate vector lattice, an order dual space, and a perfect vector lattice. It is clear that
the following implications hold in general.

Immaculate = Order dual space = Perfect

However, there are examples which demonstrate that the reverse implications do
not hold in general. Therefore these three notions are indeed distinct.

EXAMPLE 2.8.10 (An order dual space which is not immaculate). Since ¢! = (¢p)",

it follows that ¢! is an order dual space. By the Riesz Representation Theorem [61],
Theorem 18.4.1],

(6'5) = (£)" = M(BN).
Since ¢! is an atomic Banach lattice [56], p. 113] but M(SN) is not, we conclude
that ¢! is not an immaculate vector lattice.

EXAMPLE 2.8.11 (A perfect vector lattice that is not an order dual space). The
Banach lattice L![0,1] is perfect [3, Theorem 9.22, Theorem 9.34]. Suppose for a
contradiction that L'[0,1] is an order dual space. By Theorem [2.8.8] there exists
a Banach lattice G’ such that L!'[0,1] and G* are isomorphic as Banach lattices.
Since L1[0, 1] is separable, so is G*. Every separable dual Banach space has the
Radon-Nikodym property [30L Appendix D3]. Therefore G*, hence also L'[0, 1], has
the Radon-Nikodym property. But L![0,1] does not possess the Radon-Nikodym
property [58, Example 5.15]. Therefore L![0,1] is not an order dual space.

2.9. Decomposition theorem for C(X)

This section deals with decomposition theorems for spaces C(X) which are order
dual spaces: We will show that a naive generalisation of the decomposition theorem
for C(K) in Theorems[l.1.3|to the non-compact case fails and present an alternative
approach using the theory of inverse limits of vector lattices we have developed. In
order to facilitate the discussion to follow, we recall some basic facts concerning the
structure of the carriers of positive functionals on C(X). Throughout this section
X will denote a realcompact space.

Let 0 < p e C(X)". According to Theorem there exists a measure 1, € M (X)*
so that

o(w) = [ udng, weC(X).
Denote by S, the support of the measure p,. The null ideal of ¢ is given by
Ny ={ueC(X) : u(z)=0for all xeS,}.

Indeed, the inclusion {u € C(X) : u(z) =0 for all z € S,} € N, is clear. For the
reverse inclusion, consider u € C(X) so that u(xg) # 0 for some zy € S,. Then there
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exists a neighbourhood V' of xy and € > 0 so that |u|(x) > € for all x € V. Because
xg € S, we have 1,(V') > 0. Therefore

o(lul) > [ luldu, > (V) >0
so that u ¢ No,. It therefore follows that
Co={ueC(X) : u(x)=0forall ze X \ S,}.

The band C, is a projection band if and only if S, is open, hence compact and
open, see [48, Theorem 6.3]. In this case we identify C, with C(S,) and the band
projection P, : C(X) — C, is given by restriction of u € C(X) to S,,.

PROPOSITION 2.9.1. Let X be extremally disconnected. Then C,, is perfect for every
0+peC(X)..

PROOF. Fix 0 # ¢ € C(X),. By Theorem [2.1.7, since X is extremally discon-
nected, then C(X), and hence also C,, is Dedekind complete. Furthermore, |¢| is
strictly positive and order continuous on C,,. It follows by Corollary that S,
is hyper-Stonean and thus by Theorem , we know that C, = C(S,,) is an order
dual space, hence perfect. O

The work of Xiong in [69] characterises those C(X) spaces which are order dual
spaces. A slight rearrangement of the material in [69)] allows us to expand this
equivalence.

THEOREM 2.9.2. Let X be a realcompact space. Denote by S the union of the
supports of all compactly supported normal measures on X. The following statements
are equivalent.

(1) C(X) is an immaculate vector lattice.
(11) C(X) is an order dual space.
(11i) C(X) is perfect.

(iv) X is extremally disconnected and vS = X ; that is, C(X) is Dedekind com-
plete and

C(X) s fr— flg e C(5)

18 a lattice isomorphism.

PRrOOF. The implications (i) implies (ii) implies (iii) holds for general vector
lattices. It is proven in [69] Theorem 1] that (iv) implies (i) and the argument in
the proof of [69] Theorem 2] shows that (iii) implies (iv). O

A naive attempt to generalise the decomposition theorem in Theorem [1.1.3] (iii) is
to replace the ¢*-direct sum of carriers of a maximal singular family F in C(K)
with simply the Cartesian product of the carriers in F. In next two results, we show
that this is approach is not correct.
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PrROPOSITION 2.9.3. Let X be an extremally disconnected realcompact space, and
let F be a mazimal (w.r.t. inclusion) singular family of positive order continuous
linear functionals on C(X). Consider the following statements.

(i) The map
C(X)s fr— (P € [T C,

peF

1s a lattice 1somorphism.
(11) C(X) is an immaculate vector lattice.
(i1i) C(X) is an order dual space.
(iv) C(X) is perfect.
Then (i) implies (ii), (iii), and (iv) while (ii), (iii), and (iv) are equivalent.

PRrROOF. The equivalence of (ii), (iii), and (iv) is given in Theorem [2.9.2] Assume

that (i) is true. By Theorem (v) and (vii), C(X),, is isomorphic to | [ (C,)- .
But each C, is perfect so that | J(C,):" is isomorphic to []C,, hence C(X) is
isomorphic to C(X), . O

EXAMPLE 2.9.4. As is well known, C(8N) = ¢~ = (¢!)", hence C(N) is an order
dual space. For every x € N, denote by d, : C(6N) — R the point mass centred at z.
Then F = {0, : = €N} is a maximal singular family in C(SN)_ = ¢!, Since C;, =R
for every = € N, it follows that []Cs, = RY. Since []Cs, does not have a strong
order unit while C(SN) does have a strong order unit, we conclude that

C(ON) > u+— (Ps,u) € HC(;I

is not an isomorphism.

The final result of this section resolves the decomposition problem for C(X') which
are order dual spaces. We briefly recall the notation in Theorem 2.7.3f Let M, € Bg
denote the collection of carriers for positive, order continuous functionals on FE.
Consider the inverse system Zyy, := (M,, (Pwﬁ,)ww) with limZy, == (F, (py)osper ) in
VL.

THEOREM 2.9.5. Let X be an extremally disconnected realcompact space. Denote
by S the union of the supports of all order continuous functionals on C(X). The
following statements are equivalent.

(1) C(X) is an immaculate vector lattice.
(11) C(X) is an order dual space.
(i1i) C(X) is perfect.

(iv) vS = X.

(v) Py, : C(X) — F is a lattice isomorphism.
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PROOF. By Theorem [2.9.2] it suffices to show that (iii) and (v) are equivalent.
By Proposition [2.9.1} the carriers C,, are perfect for every 0 < ¢ € C(X),. The
desired equivalence then follows immediately from Corollary [2.7.5] O

2.10. Structure theorems for Archimedean relatively uniformly
complete vector lattices

Let F be an Archimedean vector lattice. In Example [2.3.8] it is shown that the
principal order ideals of F form a direct system in NIVL and that E can be ex-
pressed as the direct limit of this system. In this section, we exploit this result
and the duality results in Section [2.5]to obtain structure theorems for Archimedean
relatively uniformly complete vector lattices and their order duals.

A frequently used technique in the theory of vector lattices is to reduce a problem to
one confined to a fixed principal order ideal E, of a space E. Once this is achieved,
the problem becomes equivalent to one in a C(K') space for a compact Hausdorff
topological space K via the Kakutani Representation Theorem, see [47] or [56,
Theorem 2.1.3]. For instance, this technique is used in [56, Theorem 3.8.6] to study
tensor products of Banach lattices. The following result is essentially a formalisation
of this method in the language of direct limits.

THEOREM 2.10.1. Let E be an Archimedean, relatively uniformly complete vector
lattice. For all 0 < u < v there exists compact Hausdorff spaces K, and K, and
injective, interval preserving normal lattice homomorphisms e, : C(K,) - C(K,)
and e, : C(K,) — E so that the following is true.

(i) E., is lattice isomorphic to C(K,,) for every 0 <u e E.

(11) Dg:= ((C(Ky))ocuer (€un)ucw) s a direct system in NIVL with injective
linking maps.

(i1i) Sg= (F, (ey)o<er) is the direct limit of Dg in NIVL.
(iv) E is Dedekind complete if and only if K, is Stonean for every 0 <u e E.
(v) If E is perfect, then K, is hyper-Stonean for every 0 <u e E.

PROOF. By [56], Proposition 1.2.13], we know that every principal order ideal
in F is a unital AM-space. Therefore the statements in (i), (ii), and (iii) follow
immediately from Example and Kakutani’s Representation Theorem for unital
AM-spaces. The proof of (iv) follows immediately from Theorem and [56],
Proposition 2.1.4].

For the proof of (v), assume that F is perfect. Then, in particular, F is Dedekind
complete and has a separating order continuous dual [70, Theorem 110.1]. Therefore
the same is true for each E,. By (i), C(K,) is Dedekind complete and has a
separating order continuous dual, i.e. K, is hyper-Stonean. 0

A converse to the statement in (ii) in the previous result follows directly from the
permanence results for direct limits of vector lattices in [37].
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COROLLARY 2.10.2. Let I be an index set and K, a compact Hausdorff topological
space for every ae I. If D= ((C(Ka))aer; (€a.p)axs) is a direct system in IVL with
injective linking maps, then the direct limit (E, (e )aer) ezists in IVL and E is an
Archimedean, relatively uniformly complete vector lattice.

PROOF. The result follows directly by the existence result for direct limits in
Theorem and the permanence results in Theorem [2.3.5] (i) and (v) along with
the fact that every C(K) space is Archimedean and relatively uniformly complete
[53, Theorem 43.1]. O

Thus Archimedean relatively uniformly complete vector lattices are characterised
as precisely those vector lattices obtained in the direct limit of a direct system of
C(K) spaces for compact Hausdorff K with injective linking maps. In the last few
results of this section and this chapter, we examine the order duals of Archimedean
relatively uniformly complete vector lattices.

COROLLARY 2.10.3. Let E be a Archimedean relatively uniformly complete vector
lattice. There exists an inverse system I := ((M(K4))aer, (Pg.a)psa) in NIVL, with
each K, a compact Hausdorff space, and normal lattice homomorphisms p, : £~ —
M(K.,), so that §:= (E~,(Pa)acr) is the inverse limit of T in N'VL.

PROOF. The result follows immediately from Theorems [2.10.1] and [2.5.4], and
the Riesz Representation Theorem [25, Chapter III, Theorem 5.7]. 0

In order to obtain a converse of Corollary we require a more detailed descrip-
tion of the interval preserving normal lattice homomorphisms e, , : C(K,) - C(K,)
in Theorem [2.10.1] Let X and Y be topological spaces and p: X - Y a continuous
function. Recall that p is almost open if for every non-empty open subset U of

X, int (p[U ]) + @. It is clear that all open maps are almost open and thus every
homeomorphism is almost open.

PROPOSITION 2.10.4. Let K and L be compact Hausdorff spaces and T : C(K) —
C(L) a positive linear map. T is a lattice homomorphism if and only if there exist
a unique 0 <w € C(L) and a unique continuous function p:ZS, — K so that

{ w(z)u(p(z)) if veZ
if xely,

(2.10.1) T(u)(x) =

for alluwe C(K). In particular, w=T(1k).

Assume that T is a lattice homomorphism. Then the following statements are true.
(i) T is order continuous if and only if p is almost open.
(11) T is injective if and only if p[Z¢,] is dense in K.

(111) T is interval preserving if and only if p[Z<,] is C*-embedded in K and p is
a homeomorphism onto p[Z<,].
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PRrROOF. The statement in (i) is well known, see for instance [1, Theorem 4.25].
Now suppose that T is a lattice homomorphism. The statement (i) follows from [65]
Theorem 4.4], or, from [17, Theorem 7.1 (iii)].

We prove (ii). Assume that p[Z¢ ] is dense in K. Let u € C(K) satisfy T'(u) = 0.
Then w(x)u(p(x)) =0 for all z € Z¢,. Hence u(z) =0 for all z € p[Z¢,]. Since p[Z¢ ]
is dense in K it follows that w = 0. Thus T is injective. Conversely, suppose that
p[Z¢)] is not dense in K. Then there exists 0 < u € C(K) so that u(z) = 0 for all
z € p[Z¢]; that is, u(p(z)) =0 for all x € Z¢,. Hence T(u)(x) = w(x)u(p(x)) =0 for
all z e Z¢,. By definition T'(u)(z) = 0 for all z € Z,, so that T'(u) = 0. Therefore T
is not injective. Thus (ii) is proved.

Lastly we verify (iii). Suppose that T is interval preserving. We first show that
p[Z¢,] is C*-embedded in K. Consider 0 < f e C,(p[ZS,]). We must show that there
exists a function g € C(K) so that g(z) = f(z) for all z € p[ZS]. We may assume
that f < 1,zc]. Define v: L — R by setting

( )_{ w(z)f(p(z)) if zeZ
v(z) = . o

for every = € K. It is clear that v is continuous on Z¢, and on the interior of Z,,. For
all other point x € K, continuity of v follows from the inequality 0 < v < w. From
this last inequality and the fact that T is interval preserving it follows that there
exists 0 < g < 1 so that Tg = v. If 2 € p[Z¢ ] then w(x)f(p(x)) = v(x) = Tg(z) =
w(z)g(p(z)) so that f(p(x)) = g(p(z)); that is, g(z) = f(z) for all z € p[Z].

Next we show that p is a homeomorphism onto p[Z¢]. First we show that p is
injective. Consider distinct xg,x; € Z¢, and suppose that p(zg) = p(z1). There
exists v € C(L) with 0 < v < w such that v(xy) = 0 and v(z;) > 0. Because T
is interval preserving there exists 0 < u < 1k in C(K) so that T'(u) = v. Then
u(p(zo)) = 0 and u(p(x1)) > 0, contradicting the assumption that p(xg) = p(x1).

Therefore p is injective.

It remains to verify that p=! is continuous. Let (x;) be a net in Z¢ and z € Z¢
so that (p(x;)) converges to p(x) in K. Suppose that (x;) does not converge to x.
Passing to a subnet of (x;) if necessary, we obtain a neighbourhood V' of = so that
x; ¢ V for all i. There exists a function 0 < v < w in C(L) so that v(z) > 0 and
v(z;) =0 for all 4. Because T is interval preserving there exists a function u € C(K)
so that T'(u) = v. In particular, w(z)u(p(z)) = v(z) > 0 so that u(p(x)) > 0, but
w(z;)u(p(x;)) = v(x;) = 0 so that u(p(z;)) =0 for all i. Therefore (u(p(z;))) does
not converge to u(z), contradicting the continuity of u. Hence (z;) converges to z
so that p~! is continuous.

Conversely, suppose that p is a homeomorphism onto p[Z¢ ], and that p[Z¢ ] is C*-
embedded in K. Let 0 <u e C(K) and 0 <v <T'(u) in C(L). Define f:p[Z¢] - R
by setting

1 -1 € c
f(z)= mv(p (2)), zeplZy].

Because p~! : p[Z¢)] — Z¢, is continuous, f is continuous. Furthermore, 0 < f(z) <
u(z) for all z € p[Z¢]. Therefore f is a bounded continuous function on p[Z¢]. By

© University of Pretoria



-

UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
A~ 4 vumszsnmn PRETORIA

72 2. DIRECT AND INVERSE LIMITS OF VECTOR LATTICES

assumption, there exists a continuous function g : K — R so that g(z) = f(z) for all
z € p[Zs)]. Since 0 < f <w on p[Z¢ ], the function g may to chosen so that 0 < g < w.
For x € Z¢, we have

w(z)o(r)

T(g9)(x) = w(x)g(p(x)) = w(x) f(p(2)) = — = w(2) (),

and for = € Z,, we have v(x) =0=T(g)(x). Therefore Tg = v so that T is interval
preserving. 0

THEOREM 2.10.5. Let E be a vector lattice. The following statements are equivalent.

(i) E' = F~ where F' is some Archimedean relatively uniformly complete vector
lattice.

(i1) There exists an inverse system I:= ((M(K4))aer, (Pg.a)psa) in NIVL, with
each K, a compact Hausdorff space, such that the following holds.

(a) For each B > o in I there exist a function w e C(Kg)* and homeomor-
phism t : Z¢, — t[Z¢)] € K, onto a dense C*-embedded subspace of K,
so that for every pe M(Kp),

pral)(A) = [ wd, AeBy,.
t-1[A]

(b) For every o« € 1 there exists a normal lattice homomorphism
Po i B> M(Ka) such that imT = (E, (pa)aer)-

PROOF OF (i) IMPLIES (ii). By Theorem [2.10.1] there exists a direct system
D:= ((C(K4))aer: (ap)a<p) in NIVL, with each K, a compact Hausdorff space,
and interval preserving normal lattice homomorphisms e, : C(K,) — F so that S:=
(F,(eq)aer) is the direct limit of D in NIVL. By Theorem and the Riesz
Representation Theorem [61), Theorem 18.4.1], §~:= (E, (€)aer) is the inverse limit
of the inverse system D~:= (M(K,), (6;75)a$5) in NVL. Thus the claim in (b) holds.

Fix > ain I. We show that e, ; is of the form given in (a). By Proposition [2.10.4]
there exists w € C(Kp)* and a homeomorphism ¢ : Z¢, — t[Z¢] € K, onto a dense
C*-embedded subspace of K, so that

w(x)u(t(x)) if zeZs
eas(u)(7) = ,
0 if xeZ,

for all uw e C(K,). Let T': C(K,) — Cn(ZS) and M, : Cp(ZS,) —» C(Kj3) be given
by T(u) = uot and My,(v) = wo for all u € C(K,) and v € Cy(ZsS), with wv
defined as identically zero outside Z¢,. Then 7" and M,, are positive operators and
€a,5 = MyoT; hence e} 5 =T~o M. It follows from [20, Theorems 3.6.1 & 9.1.1] that

T~(n)(A) = pu(t 1A ]) for every e M(Z¢,)) and A € B . The Riesz Representatlon
Theorem shows that, for each v € M(Kjp) and every Borel set B in Z¢,

M (v)(B) = [dey.
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Hence for 1€ M(Kp) and A € B,
. ) = [ d
o= [ wis
as claimed. N

PROOF OF (ii) IMPLIES (7). Fix 8 > « in [ and consider the function w e
C(Kp)* and the homeomorphism ¢ : ZS — t[Z¢] ¢ K, given in (b). Define the
map e, 5 : C(K,) > C(Kp) as

w(z)u(t(z)) if xeZg
eap(u)(z) = _
0 if xeZ,

We show that D:= ((C(K4))aer, (€as)a<p) is a direct system in NIVL.

It follows by Proposition that each e, g is an injective interval preserving
normal lattice homomorphism. It remains to show that e,~ = eg o eqp for all
a < f <7 in I. An argument similar to that in the proof that (i) implies (ii)
shows that €, 5 = pgo for all a < §; hence €5 = pj; ,. By Proposition m I :=
((M(Ka);)ae 1 (P30) @a) is a direct system in NIVL and therefore e}, = e o€y,
for all @ < B <+ in I. Since C(K,) has a separating order dual for every « € I, it
follows that e, = eg 0 eq 3. Hence D is a direct system in NIVL.

Since each eq is injective, imD:= (F, (€a)aer) exists in NIVL by Theorem .

Since C(K,,) is relatively uniformly complete for each « € I it follows from Theorem
2.3.5| (v) that F is also relatively uniformly complete. Because €5 = Ppa for all
a < in I, D~ =1. Therefore, by Theorem there exists a lattice isomorphism
T : F~ — FE such that the diagram

F-~ a s E
M(Ka)
commutes for all o € I. This completes the proof. O
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CHAPTER 3

Free objects

We now move on to our second major problem regarding the existence of free objects
in some categories we have not yet defined. We start with the definitions and
terminology we need to define these categories.

3.1. Preliminaries

3.1.1. Algebraic structures. Denote by K either R or C. We refer to associa-
tive algebras (over K) as algebras. Algebras possessing a multiplicative identity are
called wnital. Algebra homomorphisms between unital algebras need not preserve
multiplicative identities unless explicitly indicated.

We make use of the same notation and conventions for vector lattices that was
introduced in Chapter [I Section We do not assume that vector lattices are
Archimedean unless stated explicitly. A wvector lattice algebra A (also called a Riesz
algebra in the literature) is an algebra over R equipped with a partial order < that
makes A into a vector lattice with the additional property that the positive cone
At is closed under multiplication. Further, A is called a unital vector lattice algebra
if the underlying algebra possesses a multiplicative identity 14, and A is a positive
unital vector lattice algebra if 14 € A*. The vector lattice algebra homomorphisms
are the maps that are both lattice and algebra homomorphisms, also not necessarily
unital unless indicated.

This gives us the following categories:

OBJECTS MORPHISMS
Set Sets Total functions
VS Vector spaces Linear maps
VL Vector lattices Vector lattice homomorphisms
Alg Algebras Algebra homomorphisms
Alg’ Unital algebras Unital algebra homomorphisms
VLA | Vector lattice algebras Vector lattice algebra homomorphisms
VLA?! | Unital vector lattice algebras Unital vector lattice algebra homomorphisms
VLA | Positive unital vector lattice algebras | Unital vector lattice algebra homomorphisms

TABLE 1. Table of algebraic categories under consideration

75
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Set 2 VS 2 VL

N N
Alg 2 VLA 2 VLA! > VLAY
N 2
Alg!

FiGURE 1. Figure depicting subcategory relationships between the various alge-
braic categories of interest.

We will refer to the categories in Table [1] excluding Set, as algebraic categories. A
subspace in each of the above contexts is a subset of that algebraic object that is
closed with respect to all the different operations defined on that space.

Recall that a subset S of a vector lattice E is solid in F if for x € S and y € E, the
condition that |y| < |z| implies y € S. A linear solid subspace of a vector lattice is an
order ideal.

Given an algebra R, a linear subspace I is a left (resp. right) algebra ideal if for
all x € R and a € I we have xa € I (resp. ax € I). If I is both a left and right
algebra ideal then I is called a two-sided algebra ideal. It is clear that every algebra
ideal (left, right, or two-sided) is closed under multiplication and is thus an algebra
subspace (i.e. a subalgebra). A linear subspace of a vector lattice algebra that is
both an order ideal and a two-sided algebra ideal is called a bi-ideal.

3.1.2. Normed structures. A vector lattice E equipped with a norm || :
E — R* is called a normed vector lattice if the underlying vector space is a normed
space and if the norm satisfies the following property: For z,y € E such that |z| < |y|
we have |z| < |y|. Norms that satisfy this property are called Riesz norms and
Riesz seminorms are defined in the same way. We make the following observations
for Riesz (semi)norms: For x € E, since |x| = ||z|]|, it follows that |x| = |[|z||-.

An algebra or unital algebra R equipped with a norm || : R - R* is a normed
algebra if the norm is submultiplicative: For x,y € R we have |lzy| < |z| |y|. One
defines a submultiplicative seminorm in the same way. A vector lattice algebra (non-
unital, unital, or positive unital) equipped with a submultiplicative Riesz norm is a
normed vector lattice algebra. The multiplicative identity in a normed vector lattice
algebra is not assumed to have norm 1 when it exists.

Complete normed vector lattices, normed algebras, and normed vector lattice al-
gebras are known as Banach lattices, Banach algebras, and Banach lattice algebras
respectively. These definitions give us the following two collections of categories.
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OBJECTS MORPHISMS

NS Normed spaces Bounded linear maps

NVL Normed vector lattices Bounded vector lattice homomorphisms
NA Normed algebras Bounded algebra homomorphisms

NAT Unital normed algebras Bounded unital algebra homomorphisms
NVLA | Normed vector lattice algebras Bounded V.L.A. homomorphisms
NVLAT | Unital normed vector lattice algebras Bounded unital V.L.A. homomorphisms
NVLA"™ | Positive unital normed vector lattice algebras | Bounded unital V.L.A. homomorphisms

TABLE 2. Table of categories of normed structures under consideration.

OBJECTS MORPHISMS

Ban Banach spaces Bounded linear maps

BL Banach lattices Bounded vector lattice homomorphisms
BA Banach algebras Bounded algebra homomorphisms

BA'T Unital Banach algebras Bounded unital algebra homomorphisms
BLA | Banach lattice algebras Bounded V.L.A. homomorphisms
BLA" | Unital Banach lattice algebras Bounded unital V.L.A. homomorphisms
BLA"™ | Positive unital Banach lattice algebras | Bounded unital V.L.A. homomorphisms

TABLE 3. Table of categories of complete normed structures under consideration.

For a category C of normed structures from Table [2or [3|above, we denote by C; the
subcategory whose morphisms are contractive. For a category of normed structures
Y in Table [ or [3] denote by A(Y) the smallest category X in Table [I] such that
X 2Y. For example, if we consider the category BLA, the categories X such that
X 2Y form the collection {Set, VS, Alg, VL, VLA}. Consulting Figure [I] we see
that VLA is the smallest category among the above with the necessary property,
so we write A (BLA) = VLA. Thus A(-) associates with each category of normed
structures from Table [2| and [3] the ‘canonical” algebraic supercategory.

Let Y be a category of normed structures from Table |2 I and denote by Y the associ-
ated category of complete normed structures in Table[3| For Y €Y, a completion of
Y is an object Y €Y for which there exists an isometric Y- isomorphism 7":Y" - Y
where T[Y] is a dense subspace of Y. For objects N ¢ Y and BeY and a morphism
f:N - Bin Y, one may verify that there exists a unique morphism f N > B
inY extending f. This means that, for example, if NV is a normed space then the
completion N along with the inclusion j: N — N is the free Banach space over the
normed space N.

3.1.3. Locally convex structures. All topological vector spaces are assumed
to be Hausdorff. A topological vector space is a locally convex space if the origin has
a neighbourhood basis of convex sets. An algebra (non-unital or unital) equipped
with a linear topology is a locally multiplicatively-convex algebra (or a locally m-
convex algebra for short) if the origin has a neighbourhood basis of convex sets that
are closed under multiplication,E] see [65] Definition 1.3, p. 5|. Further, a vector

1Locally m-convex algebras are a particular sort of locally convex algebra. Some care must be taken when dealing
with definitions of topological algebras and locally convex algebras since these definitions vary across the literature: A
topological algebra is defined in [55] Definition 1.1, p. 4] and [38] Definition 1.6] as an algebra equipped with a linear
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lattice equipped with a linear topology is a locally convez-solid vector lattice if the
origin has a neighbourhood basis of convex solid sets. Lastly, a vector lattice algebra
(non-unital, unital, or positive unital) equipped with a linear topology is a locally
multiplicatively-convex-solid vector lattice algebra (or locally m-convez-solid vector
lattice algebra for shorter) if the origin has a neighbourhood basis of convex solid
sets that are closed under multiplication. This gives us another batch of categories.

OBJECTS MORPHISMS

LCS Locally convex spaces Continuous linear maps

LC-SVL Locally convex-solid vector lattices Cts. vector lattice homomorphisms
LM-CA Locally m-convex algebras Cts. algebra homomorphisms
LM-CA? Unital locally m-convex algebras Cts. unital algebra homomorphisms
LM-C-SVLA | Locally m-convex-solid vector lattice algebras Cts. V.L.A. homomorphisms
LM-C-SVLA" | Unital locally m-convex-solid vector lattice algebras Cts. unital V.L.A. homomorphisms
LM-C-SVLA™ | Positive unital locally m-convex-solid vector lattice algebras | Cts. unital V.L.A. homomorphisms

TABLE 4. Table of categories of locally convex structures under consideration.

The names of the above categories of locally convex structures are unfortunately
not very elegant, but at least they are not misleading.

For a category Y of normed structures from Table [2) we denote by LCY the asso-
ciated category of locally convex structures in Table 4] such that A(LCY) = A(Y)
(with the notation A (+) defined for Table [4] as above for Table [2] and [3)).

A locally convex structure in Table[d]is complete if every Cauchy net converges. The
details of the construction of a completion of a locally convex space are recorded
in [50, p. 208] and completions of other locally convex structures in Table {4 fol-
low by modification. We add the prefix Com to the categories of locally convex
structures above to denote the subcategory consisting of complete objects. Thus
we denote (rather clumsily, but at least descriptively and not misleadingly) by
ComLM-C-SVLA' the category of complete positive unital locally multiplicatively-
convex-solid vector lattice algebras with continuous unital vector lattice algebra
homomorphisms as morphisms. Similarly, for a category of complete normed struc-
tures Y in Table , denote by ComLCY the associated category of complete locally
convex structures such that A (ComLCY) =A (Y)

Let C and D be categories with C ¢ D. Recall that C is a full subcategory of D
when all morphisms in D between objects in C are included in C. Thus for any set
S € Objp there exists a unique full subcategory Cg of D where Objs, = S. Thus

for any category Y from Table , it is clear that Y is a full subcategory of Y and
ComLCY is a full subcategory of LCY.

topology making multiplication separately continuous whereas an algebra equipped with a linear topology making
multiplication jointly continuous is called a topological algebra with continuous multiplication in [55] Definition 1.1,
p. 4] and [38, Example 1.8]. On the other hand, these formulations of topological algebras with separate continuity
and joint continuity are called weak topological algebras and just topological algebras respectively in [14], p. 84].
Taking the above difference in terminology into account, the authors of [14], [38], and [55] define a locally convex
algebra as a topological algebra where the topology makes the underlying vector space into a locally convex space
(see [55] Definition 1.1, p. 4], [38] Definition 1.7], and [14} Definition 4.4.1]). We adopt the terminology of [55]
and [38] for these definitions. In any case, it is easy to see that a locally m-convex algebra is then in fact also a
locally convex algebra with continuous multiplication in our terminology.
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Although the above definitions for the locally convex structures in Table [4/ should be
considered the ‘natural’ definitions, in practice, it is often preferable to work with
seminorm characterisations for locally convex structures. We record these seminorm
characterisations for the locally convex structures in Table [4] in the next result.

ProPOSITION 3.1.1. The following statements are true.

(i) A topological vector space X is a locally convex space if and only if there
exists a separating family of seminorms generating the topology on X.

(ii) A topological algebra R (non-unital or unital) is a locally m-conver algebra
if and only if there exists a separating family of submultiplicative seminorms
generating the topology on R.

(i1i) A topological vector lattz’ceﬂ E is a locally convex-solid vector lattice if and
only if there exists a separating family of Riesz seminorms generating the
topology on E.

(iv) A topological vector lattice algebrd] A (non-unital, unital, or positive unital)
18 a locally m-convex-solid vector lattice algebra if and only if there exists a
separating family of submultiplicative Riesz seminorms generating the topol-
ogy on A.

PRrROOF. The proofs of (i), (ii), and (iii) are found in [25, Chapter IV, Propo-
sition 1.15], [55, Theorem 3.1, p. 18] or [14, Lemma 4.4.2], and [5, Theorem 2.25]
respectively. We prove (iv): First, assume that A locally m-convex-solid vector lat-
tice algebra and let V' be any convex solid neighbourhood of the origin that is closed
under multiplication. Since every solid set is balanced and every neighbourhood of
the origin is absorbing, it follows by [25, Chapter IV, Proposition 1.14] that the
Minkowski functional py : A - R is a seminorm and that V = {z € A: py(z) < 1}.
It follows by [5l p. 59] that py is a Riesz seminorm since V' is solid and it follows by
[38], Proposition 1.5] that py is submultiplicative since V is closed under multipli-
cation. Thus there exists a separating family of submultiplicative Riesz seminorms
generating the topology on A. Conversely, let A be a topological vector lattice al-
gebra whose topology is generated by a separating family of submultiplicative Riesz
seminorms P. Let N be any neighbourhood of the origin, then there exists p € P
and € € (0, 1] such that

Us={xeA:p(x)<e}cN.
The properties of p make it easy to verify that U, is convex, solid, and closed under
multiplication. O

3.1.4. Free objects. For the sake of recording all the important definitions
used in the rest of this chapter all in one place, we repeat the definition of a free
object before discussing some of its properties.

2A topological vector lattice is a vector lattice equipped with a linear topology that is locally solid, i.e. the
origin has a neighbourhood basis of solid sets, see [60, Chapter V, Section 7].

3A topological vector lattice algebra is a vector lattice algebra equipped with a linear topology that makes the
underlying algebra into a topological algebra and the underlying vector lattice into a topological vector lattice.
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DEFINITION 3.1.2. Let C; and Cs, be categories with C; 2 C,. Fix O € C; and
consider an object Fgf(Ol) in Cy and a morphism j : O; - Fgf(Ol) in C;. The
pair (Fgf(Ol) ,j) is called a free object over Oy of C, if it has the property that
for every Oy € Cy and every morphism ¢ : O; - O in Cy, there exists a unique

morphism @ : Fgf(Ol) — Oy in C, such that the following diagram commutes in
Ci.

0, ———=F2(0))

6

2

If the above holds, the pair (Fgf(Ol) ,j), or by abuse of notation just the object

Fgf(Ol), is also called a solution for the free object problem over Oy between the
categories Cy and C,.

As was done for direct and inverse limits in Chapter [2| Sections and 2.4 a
slight change in perspective will allow us to easily conclude that free objects (F,j)
are essentially unique in a particular sense: Consider categories C; and C,y with
C, 2 C; and fix O, € C;. We construct the derived category Cpc, c,] Where:

(i) Objects in Cpic,,c,) are pairs (Og, f) where O, is an object in C, and
f: 01 = Oy is a morphism in C;.

(ii) A morphism between (O, f) and (0’,g) in Cpc,,c,] is a morphism ¢ : O —
O’ in C, such that the following diagram commutes in C;.

Ol

Thus, it is clear that an object (F,7) in Cpic,,c,] is a free object over O; of C, in
the sense of Definition if and only if the object (F, j) is the initial object in the
derived category Cpyc,,c,]- As a result (F,j) is unique up to a unique isomorphism
in Cpyc,,c,], meaning that for any other candidate free object (G, k) there exists a

unique isomorphism ¢ : F' - GG in C, such that the following diagram commutes in
C;.
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Beyond establishing this essential uniqueness, the universal property of the free
object also gives us information on the structure of free objects in categories of
normed structures.

PROPOSITION 3.1.3. Let Y be any category of normed structures from Table[d or[3
with X any category from Table[1], [3, or[d such that X 2Y. Fiz X € X and assume
that the free object (FX(X),j) exists. Consider the associated category A(Y) in
Table and denote by G the object in A(Y) generated by the subset j[X] in F¥ (X).
Then G is dense in FX(X).

PROOF. Let H be the closure of G in FX (X)), then H is an object in Y. Define
the morphism j': X - H where j'(x):= j(z). We claim that the pair (H,j’) is a
free object over X in Y: Let Y be an object in Y and ¢ : X - Y a morphism in
X. Then there exists a unique morphism @ : FX(X) - Y such that goj = ¢. The
restriction @|, : H - Y is also a morphism in Y and satisfies the diagram

X—71 H
<P|H

Y

Let 1 : H - Y be any other morphism in Y such that ¢ o j’ = ». Thus @|,
and 1) coincide on G and since the morphisms in Y are continuous, it follows that
@l = . Thus (H,j') is a free object over X in Y and so there exists an isomorphism
®: H - FY(X) in Y such that the following diagram commutes in X.

H
01 P
T
FX(X)
We conclude that G is dense in F¥ (X). O

With these preliminaries in place, the real work of this chapter can begin in the next
section. We start by reviewing existence results for certain algebraic free objects.
These will be used in the sequel as the foundation for the construction of other free
objects.

3.2. Existence of algebraic free objects

The main goal of this section is to summarise all the major results in [27] which
show that we can construct free objects (F%’(X ), 7] ) for categories X and X’ from
Table [1f with X 2 X’. This will be done using methods from universal algebra
where the principle object of study is abstract algebras. Although abstract algebras
are usually just called ‘algebras’ in the universal algebra literature, we will have to
make use the term ‘abstract algebras’ to distinguish this general notion from the
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particular example of a vector space equipped with an associative multiplication,
which are usually called ‘algebras’ in analysis.

Along with the development of the theory we need to achieve the stated goal for this
section, we will also explain how the algebraic categories in Table [I| may be viewed
as categories of abstract algebras of particular types.

First, we define the notion of an abstract algebra. Let A be a set and n € N. A
function f: A" — A is called an operation on A of rank n. We write rank(f) =n. In
particular, operations of rank one and two are most often called unary and binary
operations respectively.

We fix the notation No:={0,1,2,...}.

DEFINITION 3.2.1 (Abstract algebras). Let F be a non-empty and possibly infinite
set and let p : F - Ny be any function. The pair (F,p) is called a type. Let A be
a non-empty set and (F,p) a type. Suppose that for every f e F, the following is
given:

(I) If p(f) =0, f4 is an element in A, which is called a constant.

(IT) If p(f) > 1, fA: APU)) - A is an operation of rank p(f) on A.
Define the collection FA:= {fA4: feF}. The pair (A, F4) is called an abstract
algebra of type (F,p).

The set A is called the universe of the abstract algebra (A, F4) and the set F4 is
called the collection of basic operations on A. We view the constants as operations
on A, which can also be thought of as operations of rank zero [16, p. 3|.

As an example, let (M,-,e) be a monoid, i.e. a non-empty set equipped with an
associative binary operation - : M x M — M with identity element e. Let F:= { fo, f1}
be a set and p: F - Ny a function where p(fy) =0 and p(f1) = 2. The pair (F,p)
is then the type associated with all monoids. In particular, define f}:= e and
MM x M - M where fM(z,y):= z-y. The pair (M,{f}, fM}) is then the
abstract algebra of type (F,p) associated with the monoid (M,-,e). However, a
monoid is not just a non-empty set equipped with an arbitrary pair of rank zero
and rank two operations, but also has to satisfy certain identities: For x,y,z € M,

r-e=ux, e-r=ux,
z-(y-z)=(x-y) 2

The formal definition of what it means for an abstract algebra to satisfy an identity
will be given below (Definition [3.2.14)) as we continue to develop the theory.

DEFINITION 3.2.2 (Abstract algebra homomorphisms). Let (A4,F4) and (B,F?)
be abstract algebras of type (F,p) with h: A - B a function. We call h an abstract
algebra homomorphism of type (F,p) if

(i) h(f4) = fB for all constants in f4 e FA,

(i) 2 (fA(a1, ... anp))) = fB(R(ar),....h(ayyp)) for all operations f4 e F4
with p(f) > 1.
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With the above example of a monoid viewed as an abstract algebra in mind, it is not
difficult to see that we can also construct a type associated with all vector spaces over
K: Informally speaking, this will consist of a constant 0 (zero vector), a binary map
® (vector addition), a unary map © (additive inverse), and for every A € K a unary
map m, (scalar multiplication by \). One can similarly also associate a type with all
(unital) algebras. Leaving aside the matter of what it means for an abstract algebra
to satisfy an identity for the moment, it seems rather natural that the categories
VS, Alg, and Alg! can be envisaged as categories of abstract algebras, each of these
categories with its own associated type (F,p). The morphisms in these categories
can then also naturally be viewed as abstract algebra homomorphisms.

Indeed, in general, any type (F,p) will encode a particular category with abstract
algebras of this type as objects and the associated abstract algebra homomorphisms
as morphisms.

DEFINITION 3.2.3. Let (F,p) be a type. The class of all abstract algebras of type
(F,p) and the class of all abstract algebra homomorphisms of type (F,p) forms a
subcategory of Set, which we denote as AbsAlg ).

Although it needs to be made precise, we have already made a tentative natural
connection between the categories VS, Alg, and Alg' and categories of abstract
algebras associated with an appropriate type (F,p). However, this connection is
not as immediately obvious for subcategories of VL from Table [1] since the ob-
jects in these categories are not only axiomatised by equalities (i.e. identities), but
also inequalities, as well as the assumption of the existence of suprema and infima of
two-element sets. Interestingly, it turns out that vector lattices and vector lattice al-
gebras can in fact be represented as abstract algebras in the sense of Definition |3.2.1}
We follow the exposition in [27], Section 4] for this, which in turn traces back to [16,
Definition 1.7, Exercise 2.4.1].

DEFINITION 3.2.4 ([27, Definition 4.1]). Let S be a non-empty set.

(i) Let < be a partial order on S, then (5, <) is called a partially ordered lattice
if, for all z,y € S, the supremum z v y and the infimum x A y exist in S.

(ii) Suppose S has binary operations ® and @. Then the triple (S, ®,®) is
called an algebraic lattice if, for all x,y,z € S,

tO(yoz)=(z0y) 0z, TQ((y©z)=(z0y)©z,
rdx=1x, rQxr=ux,

r0Yy=yduw, TQY=yQuw,

TP (rQy) =1, r@(x0vy)=x.

We note that the operations ® and @ need not satisfy distributive properties.
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LEMMA 3.2.5 (|27, Lemma 4.2]). Let S be a non-empty set.

(i) Let < be a partial order on S making (S,<) into a partially ordered lattice.
For x,y e S, define binary operations ® and @ where

TDY=xANY
and
rQy=rVy.
Then the triple (S,@,®) is an algebraic lattice.

(ii) Given binary operations ® and @ on S such that (S,®,®) forms an alge-
braic lattice. Then define a relation < on S where x <y if and only if

rTPyY=1z.

Then (S,<) is a partially ordered lattice. Moreover, for x,y € S the supre-
mum and infimum of the set {x,y} with respect to the partial order < exists
and we have

TAY=xDyY
and

TVY=rQUy.

The notion of a partially ordered lattice was described in Definition as a triple
(S,®,®) consisting of a set and two binary operations. This can be made more
precise using the language of abstract algebras by encoding the type (F,p) of all
partially ordered lattices, as was done for monoids above.

In the next result, we will describe a positive unital vector lattice algebra as a set
equipped with a collection of operations satisfying a long list of identities. We stick
to this more informal description over the formalism of Definition for the sake
of readability. It is in any case routine (but tedious) to encode positive unital vector
lattice algebras as abstract algebras of a certain type.

We will see in the results below, however, that the formalism of abstract algebras
is useful for the formulation of elegant results and that this formalism is not just a
rather esoteric way of describing the well-liked and well-understood notion of ‘a set
equipped with operations and identities’ that is seen throughout mathematics.

LEMMA 3.2.6 (]27, Lemma 4.4 and p. 124]). Let A be a set equipped with (not
necessarily different) constants 0 and 1, a binary map ®, a unary map ©, a unary
map my for every A € R, a binary map ©, and binary maps ® and &. Assume that
the following identities are satisfied:

(1) (zdy)dz=x&(y®=z2) for all z,y,z € A;
(2) @ 0=x for all x € A;

(3) x@ (ex)=0 for all v € A;

(4) r@y=ydx for all x,y € A;
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(5) my(z@y) =my(z) ®my(y) for all \eR and z,y € A;
(6) mysp(z) =my(x) ®my(x) for all \,peR and x € A;
(7) myu(2)) =ma(my(z)) for all \,peR and x € A;

(8) my(x) =z for all x € A;

(9) (roy)oz=00(yoz) foralx,y,z€c A;
(10) xo(y@z)=(r0y)d (x0z) for al z,y,z € A;
(11) (z@y)oz=(x0z2)®(yo=2) for all x,y,z€ A;
(12) my(z@y) =my(x) Oy =z 0my(y) for all \eR and z,y € A;
(13) lox=x01l=xa for all x € A;
(14) 2D (y®2)=(20y) Oz and z Q@ (Y@ 2) = (xQy) @z for all x,y,z € A;
(15) x®x =2 and x @z = for all v € A;
(16) 2 y=yB®z and xQy=yQx for all x,y € A;
(17) 2@ (xQy) =2 and 2 @ (x O y) =x for all z,y € A;
(18) zd(y®z)=(rdy)®(r®z2) for all x,y,z € A;
(19) mx(0® z) =0® (mx(x)) for all X e R* and x € A;
(20) 0 ((z® (ex)) o (y® (ey))) =0 for all z,y € A;
(21) 091 =0.

Define

(a) c+y=x®y forz,yecA;

(b) Ax:=my(z) for N\eR and z € A;

(c) xzy=x 0y forx,y e A.

Equipping the set A with the operations in (a)-(c) makes A into a unital algebra
over R with zero vector 0 and multiplicative identity 1. Further, define a relation
< on A where x <y if and only if x ®y =x. Then (A,<) forms a partially ordered
lattice where for x,y e A, we have tAy=x®y and xvy =xQy. Finally, the partial
order < together with the operations defined in (a)-(c) make A into a positive unital
vector lattice algebra with zero vector O and multiplicative identity 1.

The operations (a)-(c) along with the constants 0 and 1 give us an informal de-
scription of the type associated with the category VLA, By making appropriate
omissions to this list, we can obtain an informal description of the type associated
with any other algebraic category X in Table[I] Further, appropriate omissions from
the above list of 21 identities will be used in the sequel to describe the algebraic
categories in Table [I] in the language of abstract algebras.

We now return to the further development of the basic universal algebra theory that
we need. We have defined the notion of an abstract algebra as well as the notion of
a structure-preserving map between abstract algebras, the next concept one would
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want to consider is that of a subobject. This will be given in two different flavours,
one where the subobject is considered as an entity within a larger whole, and one
where the subobject is considered as a separate entity in its own right. It will often
be more convenient to make use of one formulation over the other.

DEFINITION 3.2.7 (Subuniverses and abstract subalgebras). Let (A4, F4) be an ab-
stract algebra of type (F,p). A subset B ¢ A is called a subuniverse of the ab-
stract algebra (A, F4) if B contains all the constants in F4 and if for every n € N
and every f4 € FA with rank(f4) = n we have that by,...,b, € B implies that
FA(by,... by) € B.

Further, if B ¢ A is a subuniverse of (A, F4), define
FP= {fA : p(f)zO}U{fA‘Bp(f) : p(f)21}'

Then the pair (B,F?B) forms an abstract algebra of type (F,p) and is called an
abstract subalgebra of (A, F4).

Let (A, F4) be an abstract algebra of type (F, p). The above definitions imply that
every abstract subalgebra of (A, F4) forms a non-empty subuniverse of (A, F4)
and every non-empty subuniverse of (A, F4) gives rise to an abstract subalgebra.
Another important concept is that of a subuniverse generated by a subset.

DEFINITION 3.2.8 (Generated subuniverse). Let (A, F4) be an abstract algebra of

type (F,p) with X a subset of A. The set of all subuniverses of the abstract algebra
(A, F4) is denoted by Sub(A). The subuniverse generated by X is defined as

Sg? (X):=({U eSub(A) : XcU}.
In particular, if A = Sg (X), we say that the abstract algebra (A, FA4) is generated
by the set X.

The idea of the subuniverse generated by a subset will play a very important role
in the sequel.

PROPOSITION 3.2.9. Let (A, FA) be an abstract algebra of type (F,p) with X ¢
A. The pair (SgA (X) ,ngA(X)) is the smallest abstract subalgebra of (A, F4) that
contains X.

The following result gives a useful characterisation of the subuniverse generated by
a set.

THEOREM 3.2.10 ([16, Theorem 1.14]). Let (A, F4) be an abstract algebra of type
(F,p) with X ¢ A. Define a sequence of subsets (X )nen, of A by recursion:

X05=XU{fA:P(f):0}a
Xn+1::Xnu{fA(al,...,ap(f)) Dar,... a0 € Xy, f€F st p(f)zl}.
Then 8¢ (X) = Unenip Xa-
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PROPOSITION 3.2.11. Let (A, F4) and (B,FPB) be abstract algebras of type (F,p)
with hy: A — B and hy : A - B abstract algebra homomorphisms. If X ¢ A is such

PROOF. The result follows directly from Proposition and the fact that the
set of elements in A on which hy and hy coincide forms subuniverse of (A, F4) which
contains X. m

We can take the idea of generation given above one step further by defining the
abstract algebra of a given type generated over a set. Given a non-empty set X, a
word on X is defined as a finite string of elements from X. For example, if a,b € X
then ‘aaa’ and ‘ababbb’ are words on X.

DEFINITION 3.2.12 (Abstract term algebras). Let (F,p) be a type and let S be a
non-empty set that is disjoint from F. We define a sequence of sets (7,,(.S))nen,
consisting of words on S uF by recursion:

Ty(S)=Su{f:p(f) =0},

Te1(S)=To(S) U{fti- . tppy & tryeostpry € Tn(S), f e F st p(f)>1}.
Define Tz )(S) = Upen, Tn(S) which we call the terms of type (F,p) over S.
For every f € F, define the following:

(i) If p(f) = 0, define fTFn (= f.

(ii) If p(f) > 1, define frEn() (tl,...,tp(f)):z fti.typy for t,.. .ty €
Tir ) (S).

Define Flr.n(5) = {fTWP)(S) i f e .7-"}, then the pair (T(}-,p)(S),]:TwP)(S)) forms an
abstract algebra of type (F,p), which we call the abstract term algebra of type
(F,p) over the set S.

Let j : S = T(r,(S) denote the inclusion map. It follows directly from Theo-
rem |3.2.10] and Proposition m that (T(r ) (S), FLxn () is the smallest abstract
subalgebra of itself that contains j [S].

The idea behind the construction of the abstract term algebra of a given type over a
set can be viewed as a more refined version of the construction of a free monoid over
aset S (see [12] § 1.7]). The free monoid over a set S consists of words on S equipped
with concatenation as an associative binary operation. Indeed, the abstract term
algebra of type (F,p) over a set S turns out to be nothing but the free abstract
algebra of type (F,p) over a set S.

THEOREM 3.2.13 ([16, Theorem 4.21]). Let (F,p) be a type and let S be a non-
empty set disjoint from F. For every abstract algebra (A, F4) of type (F,p) and
every function h : S — A, there exists a unique abstract algebra homomorphism
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h:T(r,)(S) = A such that the following diagram commutes in Set.

S " T(z,)(S)
h h
A

That is to say, the pair (T(f,p)(S),j) is the free object over S of AbsAlgr .
Furthermore, the abstract algebra (T(gp)(S),]-"T(f’ﬂ)(S)) 15 generated by the subset
jils].

Our previous result is not yet enough for us to construct free objects in an algebraic
category from Table [I] over a set. This is because we have thus far only formalised
which operations are carried by an abstract algebra, which are encoded in its type.
At this stage a free abstract algebra over a set will just be a set equipped with
operations with no further information about how these operations interact with
each other. We now turn to the missing ingredient: identities.

We will illustrate the idea of what it means for an abstract algebra to satisfy an
identity by means of the following example: Consider an abstract algebra (A, F4) of
type (F,p). Let f € F with p(f) =2, thus we have a binary operation f4: AxA - A,
which we represent by @ where z ® y:= f4(x,y). We wish to express that the
operation @ is associative, i.e. for xy,x9,x3 € A,

11 ® (ro®x3) = (11 ®x2) ® 3.

Let S, denote a fixed countable set. By its construction, the abstract term al-
gebra T(r ,)(S,) contains all possible grammatical combinations of elements in
S, with operations from (F,p). In particular, for si,ss,s3 € S, we have the
terms fs1fs283, f 515283 € T(,0)(Sw). The pair (fs1fsass, ffs15253) € T(F,5)(S.) x
T7,)(S,) will be used to encode our prescription that the operation given by f € F
in an abstract algebra of type (F,p) needs to be associative. Similarly, for g € F
with p(g) = 2, the pair (gs152,95251) € T(#,p)(Sw) X T(F,p)(S.) can be used to encode
the prescription that the operation given by ¢g € F in an abstract algebra of type
(F,p) needs to be commutative. The pairs (t1,t2) € T(x,)(Sw) X T(F,p)(S.) will be
called identities of type (F,p) and the set Tz ,)(S.) x T( £ ) (S.) then contains the
collection of all possible identities for an abstract algebra of type (F,p). We denote
a particular identity (Z1,t2) € T(x,p)(Sw) x T(#,)(S.) by writing ¢; ~ .

How do we use this set of all possible identities of type (F,p) to express that the
operation f4 of the particular abstract algebra (A, F4) of type (F, p) is associative?
This is given to us by the universal property of Theorem [3.2.13! Fix s1, 59,53 € S,,.
Then for every 1,9, x5 € A there is a map h: S, - A where h(s;) = z;. By Theo-
rem there exists a unique abstract algebra homomorphism A : Tirp(Sy) = A
extending h. Fixing the terms t:= fsfsys3 and t/:= ffsis055 in T# ,)(S,,), it fol-
lows that the operation f4 in (A, F4) will satisfy associativity for a choice of three

© University of Pretoria



Y
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

W YVUNIBESITHI YA PRETORIA

3.2. EXISTENCE OF ALGEBRAIC FREE OBJECTS 89

elements 1, 79,73 € A if and only if h(t) = h(t') since

h(t) = B(fA (sl,fA (32,33))) = f4 (h(sl),fA (h(52),h(53))) = (71 ® 1) @ 73.

and

]_Z(t,) = ]TL (fA (fA (Sl, 82) ,53)) = fA (fA (h(Sl), h(SQ)) , h(Sg)) = (1’1 @ 132) ® 3.
This leads us to the following definition.

DEFINITION 3.2.14. Let (A, F4) be an abstract algebra of type (F,p). Consider
terms t1,ts € T(#,)(S.). The abstract algebra (A, F4) satisfies the identity t; =~ ¢,
if h(t1) = h(tz) for every abstract algebra homomorphism A : T(x ,(S,) = A.

For a collection of identities X € Tz ,)(S.) x T(x,)(Sw), we say A satisfies ¥ when
A satisfies t1 ~ ty for every (t1,t2) € 2.

Further, if we consider any X ¢ T(x ,)(S.) x T(#,)(S.), then the collection of all
abstract algebras (A, F4) of type (F,p) which satisfy ¥ is called the equational
class defined by X.

Let (F,p) be a type and X € T (£ ) (S.) X T(7,)(S.) a collection of identities. Define
the category AbsAlg r .5 whose objects are the abstract algebras in the equational
class defined by > and whose morphisms are abstract algebra homomorphisms of
type (F,p). It is clear that AbsAlg z . forms a subcategory of AbsAlgr ).

As one might expect, one can also force an abstract algebra to satisfy a particular
identity by passing to a quotient of some kind. To formulate this precisely, we need
the following definitions.

DEFINITION 3.2.15 (Congruence relations). Let (A, F4) be an abstract algebra of
type (F,p). A relation 6 ¢ A x A is called a congruence relation on A if 6 is both
an equivalence relation and satisfies the substitution property: For every f e F with
p(f)>1andfor z,...,z,) € Aand yy, ..., Yy € A such that z; 0 y; for 1 <i < p(f)
we have that

FH @ won) 014 (g upi) -

DEFINITION 3.2.16 (Abstract quotient algebras). Let (A, F4) be an abstract algebra
of type (F,p) and 6 a congruence relation on A. Denote by A/6 the collection of
equivalence classes in A with respect to 6 and let go : A > A/6 denote the canonical
map. For every f e F, define the following:

(i) T p(f) = 0, define F47:= gy (£4).

(ii) If p(f) > 1, define fA/° (qe(:vl),...,qe(xp(f))):: ) (fA (;Bl,..‘,a:p(f))) for
L1y Tp(f) e A.

Define FA/%:= { fAl?: f € F}, then the pair (A/0, FA/?) forms an abstract algebra of
type (F,p) which we call an abstract quotient algebra.

It follows precisely from the fact that 6 satisfies the substitution property that
the induced basic operations on A/6 from (A, F4) are well-defined. The definition
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of the basic operations on A/ also immediately implies that the canonical map
qo: A — A[0 is an abstract algebra homomorphism.

We will use the next two results in the formulation of our main theorem for this
section.

PROPOSITION 3.2.17. Let (A, F4) be an abstract algebra of type (F,p) and 0 a
congruence relation on A. If X € A and A = Sg* (X), then AJ6 = Sg™? (¢ [X]).

PROOF. By Theorem [3.2.10] we have that A = Sg* (X) = Unen, Xn where the
sequence of sets (X, )nen, is defined. Then

Ap=a)=0| U x| U alx.

nENo nGNo

Define the following sequence of subsets (Y}, )nen, of A/0 by recursion:
Yo:=qo [XTU {fY: p(f) =0},
Yn+1::Ynu{fA/e(ylv"wyp(f)) : yla"'ayp(f)eynvaFSt' p(f)21}

By Theorem , we have that Sg/? (¢o [X]) = Unen, Yn- The desired result will
follow if we can verify that Y, = g9 [X,]. We prove this by induction. It follows
directly from the definition of the basic operations on A/# in Definition that
Yo = g9 [Xo]. Fix any n € N and assume that Y;, = ¢o [ X,,]. Since

Xn+1 = Xn U {fA (al, . ,ap(f)) A, .., Qp0) € Xn, f e F st. p(f) > 1}
from Definition [3.2.16| we have that Y,,; = gg [Xp.1]. Thus A/6 = Sg*? (¢o[X]). O

LEMMA 3.2.18 (|27, Lemma 5.2]). Let (A, F4) be an abstract algebra of type (F,p)
and let 0 be a congruence relation on A. The abstract algebra (AJ0, FAI?) satis-
fies t1 ~ ty if and only if (h(t1),h(t2)) € @ for all abstract algebra homomorphisms
h: T(]:,p)(sw) - A.

Our development of the theory above leads us next to the main result of this section,
which states in precise language that for every type (F, p) and every set of identities
Y € Tirp)(Su) x T(£,)(S,) and every non-empty set S, there exists a free object
over S in the category AbsAlgx 5. This result is found in [45], Theorem 2.10,
p. 82] and a proof is also given in [27, Theorem 5.4].

THEOREM 3.2.19. Let (F,p) be a type and take X € T(x ) (Su) x T(rp)(S.). Let
S be a non-empty set and consider the smallest congruence relation § on T(x ,(S5)
containing the pairs (h(t1),h(t2)) for all (t1,t3) € ¥ and all abstract algebra homo-
morphisms h: Tz p(Sy) = T(r,)(S). Then the following holds:

(II) Letv: S — Tir ) (S) denote the inclusion map and qo : T(r, 5)(S) = T(x,)(S)/0
the quotient map. Define j = qgot. The abstract algebra T(x ,)(S)/0 is gen-
erated by the subset j[S].
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(1I) For every (A,F4) € AbsAlgz .5 and every function h : S — A, there

exists a unique abstract algebra homomorphism h : Tirp(S)]0 - A such
that the following diagram commutes in Set.

S —— s Tz (5)/6
> 3
A

That is to say, the pair (T(fjp)(S)/G,j) is the free object over S of
AbSA']'g(.'F,p)7E

Using the content in Lemma |3.2.6| as a guidebook, the following can be done: Let
X be any algebraic category in Table [I We can encode the operations defined
on the objects in X into a type (F,p) (if the objects in X have lattice structure,
we use Lemma to encode the lattice structure using the operations @ and @).
Consulting the list of 21 identities in Lemma|3.2.6| we choose those identities that are
appropriate to the category X to generate a formal set of identities ¥ ¢ T(x ,)(S,,) x
T(7,)(S,). This gives us an associated category of abstract algebras AbsAlgx .5
By following the example of Lemma [3.2.5] we can construct a bijection between the
objects in X and the objects in AbsAlg x .y and this bijection will also preserve
the morphisms in X and the morphisms in AbsAlg r 5. Thus the categories X
and AbsAlg r .5 are isomorphic. By viewing each algebraic category X in Table
in this way, an application of Theorem will give us the following free objects.

COROLLARY 3.2.20 (27, Theorem 6.2]). Let S be a set. The following free objects
er1st.

(i) (FYS.(5).4),
(ii) (FY%(S).J),
(iii) (Fsef (S).).
(iv) (F&sE (5).4),
(v) (FYEA(S) . J),
(vi) (FYEA'(S).4).
(vii) (FYEAY(S), j).
Denote by F any of the objects in (i)-(vii), then the subset j[S] generates F.

The free objects listed above are, of course, not new findings. The free vector
space over a set is described in Section and the free (unital) algebra over a
set is obtained directly by taking the non-commutative version of the construction
(K[S],7) in Section [1.1.2] For the free vector lattice over a set, both the direct
construction and the universal algebra approach to existence has been known for a
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long time (see [13] and [18]). There is, however, no direct construction of the free
((positive) unital) vector lattice algebra over a set and the existence of these were
first recorded in [27].

We have thus far proven the existence of free objects for the pairs (Set, X) where
X is an algebraic category from Table [l There are a further 18 non-trivial pairs
of categories (X,Y) with X 2 Y for which we can construct a free object. It
turns out that it is not difficult to derive the existence of a free object between
these pairs of categories (X,Y) by using the existence of a free object between
(Set,Y). More details and examples are supplied in [27), Section 6], but the idea
behind the general approach is illustrated well enough by means of an example. We
will prove the existence of a free unital algebra over a vector space V. The free
algebra over a vector space is usually called the tensor algebra of a vector space
(see [23] Chapter III, Section 5]). However, our approach will prove the existence

of Félsgl (V') for a vector space V from the existence of F lszltgl (|V]) where |V| denotes
the underlying set of the vector space V.

PROPOSITION 3.2.21. Let V' be a vector space. The free object (F\A,lsgl(V) ,j) exists.

PROOF. Let V be a vector space and denote by |V| the underlying set of V

without any operations or identities. We have already established in Corollary|3.2.20
1

that the free object (Fgelf (v ,Jg ) exists. That is, for every unital algebra R! and

every set map ¢ : |V| - R! there exists a unique unital algebra homomorphism

E FAlg1(|V|) — R! such that the following diagram commutes

Set
V| —L—— FE% (V)
o @
Rl

For every A e R and x,y € V', consider elements of the form

J@+y) = (x)+5(y)),
J(Ax) = Aj(z).

Denote the above collection of elements by L and let I be the two-sided algebra

ideal generated by L. The quotient F‘Sd‘étgl(|V|) /I forms a unital algebra and the

quotient map ¢y : Fgéfl(|V|) - F’Stifl(WD /I is automatically a unital algebra ho-
momorphism thanks to the definition of the operations on the quotient (Defini-

tion [3.2.16)). The definition of the two-sided algebra ideal guarantees that the map

qroj:V — F‘Sb‘éfl(|V|) /I is linear: For z,y € V', we have

qroj(z+y)=qr(i(x) +j(y)) =qroj(x) +qroj(y).
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The analogous expression for scalar multiplication can also easily be verified. We

verify that the pair (F‘géfl (V) /I,qr0j ) has the necessary universal property: Fix

a unital algebra R' and fix a linear map ¢ : V' - R! and let ¢ : Fééfl(|V|) - R!
be the unique extension of ¢ when ¢ is considered as a set map. For the element
jx+y)-(j(x)+7j(y)) € L, we have

¢ (J(z+y) - (G(x)+35(y)))
=@z +y)) -e((x)) +o(i(y))
= p(r+y) —e(r) -p(y) =0.

Similarly, one can verify that ¢ vanishes on elements of the form j(Ax)—-\j(z) € L.
Since L generates I and ¢ vanishes on L we conclude that I € kerp. Now, define
the map @ : Fg‘;tgl(|V|)/I — R where ¢ ([a]) = ¢(a). Since I € ker @, the map ¢
is well-defined and is a unital algebra homomorphism. The definition of ¢ makes it
clear that ¢ o q; = ¢ and further ¢ is unique with respect to this property since for

Alg?!

any unital algebra homomorphism ¢ : Fg.¢ (|V]) /I - R satisfying £ o q; = ¢, we

have that
£([a]) =€oqi(a) =p(a) =poqr(a) = ¢ ([a])

for [a] € FAlg1(|V|) /I. Thus ¢ = &. As a result,

Set
@o(qroj)=(poqr)oj=poj=ep.

Let ¢ : Féétgl(|V|) /I — R!' be any unital algebra homomorphism such that 1 o

(qr07) = . Thus (¢poqr) o j = ¢ and the uniqueness of the map ¢ : Fgéfl(|V|) -

R' implies that 1 o g; = ¢ and the uniqueness of ¢ implies that ¢ = 1. Hence,

(F‘;f (|V|)/I,q10j) is the free object over V of Alg'. We note here that the

construction of this free object as a quotient along with the fact that j [|V|] generates
1

Fgi8 (JV]) (Corollary [3.2.20| (iv)) and Proposition 3.2.17|implies that gy o5 [V] does

indeed generate FAlg1(|V|) /1. O

Set

In summary, we have the following 25 non-trivial algebraic free objects.

THEOREM 3.2.22 ([27, Theorem 6.2]). Let S be a set, V' a vector space, E a vector
lattice, R an algebra, R' a unital algebra, A a vector lattice algebra, Al a unital
vector lattice algebra, and A'* a positive unital vector lattice algebra. Let Y be an
algebraic category from Table[1] and X any supercategory of Y from Table[l Ranging
over all valid choices of X 2Y generates the following table of existing free objects.
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Set VS VL Alg Alg! VLA VLA! VLAY
Set | S |FYS(S)|FYE(S) | FE¥(S) | F4E (S) | FYEA(S) | FYEN(S) | FYEA(S)
\E Vo EVE(V) | FOE(V) | Fo (V) | FYEA(V) | FVEA' (V) | FYEA" (V)
VL E FYRA(E) | FYEA' (E) | FYEA" (E)
Alg R | FAE(R) | FYEA(R) | FYEA'(R) | FYEA"(R)
Alg! R! FYLY (RY) | FYEAT(RY
VLA A | FVRA(4) | TV (A
VLA' Al FYLAT(AY)
VLA Al

TABLE 5. Table of algebraic free objects.

The top row and leftmost column of the table runs through all pairs of categories
(X,Y) from Table 1] with X chosen from the leftmost column and Y chosen from
the top row. If a cell in the above table has an entry FY (X)), then the free object
(FX(X),J) exists. Entries along the diagonal correspond to the pairs of categories
(X,X) where the free object in X over an object in X is just the object itself.
Entries below the diagonal are all blank since these pairs of categories (X,Y) do
not satisfy X 2Y as required in the definition of a free object. Blank entries above
the diagonal correspond to those choice of categories that are incompatible.

3.3. Pseudo-solutions of free object problems

In this section, we will define and prove the existence of a substantial number of
pseudo-solutions of free object problems. We will give a uniform approach for the
construction of these objects: All these constructions start with the abstract exis-
tence of some algebraic free object (F,j) from Table 5| This algebraic free object
is equipped with a seminorm p whose definition exploits the universal property of
(F,7) to give this seminorm necessary properties (i.e. the Riesz property and/or
submultiplicativity). By taking the quotient of (F,p) by kerp, we end up with a
normed structure that satisfies the necessary universal property of a pseudo-solution
and we may pass to a completion if the pseudo-solution is required to be complete.

Beyond the routine verifications one needs to make in these constructions of pseudo-
solutions, the most non-trivial step is the formulation of these seminorms mentioned
above. Credit needs to be given to Mr. Mitchell Taylor and Prof. Marcel de Jeu
for first developing the above approach which they used to prove the existence of,
amongst others, pseudo-solutions to the free object problem between the categories

BLA and Set.

We start with our definition of a pseudo-solution, for which we will need to introduce
some notation.

DEFINITION 3.3.1. Let X be a category from Table [T} 2 or 3] and consider X € X.
Define the collection of morphisms

M(X)={M e Homget(X,R) : M(2) >0 Vr e X}.
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Define the relation < on M(X) where M; < M, if and only if M;(z) < My(x) for
all z € X. This makes (M(X),<) into an upwards directed partially ordered set.
In particular, if X is a category of normed structures from Table [2] or [3, we may
consider elements of M(X) of the form M(x):= C |z| where C > 0. Denote this
subcollection by My(X).

DEFINITION 3.3.2. Let Y be any category of normed structures from Table [2] or
with X any category from Table [I} 2, or [ such that X 2 Y. Fix X ¢ X and
M e M(X). For Y €Y, define

Py (X,Y )= {p e Homx(X,Y): |o(z)|y < M(z) Ve X}.

REMARK 3.3.3. Let Y be any category of normed structures in Table [2| or [3| with
X any category from Table [T} 2 or 3] such that X 2Y.

(i) Let Y € Y and consider a morphism ¢ : X - Y in X. If X is a category
from Table [I], there exists M, € M(X) such that for all M > M, we have
that ¢ € @3/(X,Y), namely, M,(x):= |p(z)| for all x € X. Otherwise,
if X is a category from Table [2[ or |3| then ¢ is a bounded morphism and
there exists C, > 0 such that |¢(z)| < C, |z| for all € X. In this case,
we define M, (z):= C, |z| then ¢ € ®p(X,Y) for all M > M,. This simple
observation will be crucial in the sequel.

(ii) Let X and Y be categories of normed structures, either from Table [2] or [3]
such that X 2 Y. Fix X € X and consider the constraining function M e
M(X) where M(z):=|z|. For every Y € Y we have

®,,(X,Y) = Homx, (X,Y)

where X; is the subcategory of X with contractive morphisms.

DEFINITION 3.3.4. Let Y be any category of normed structures in Table 2] or [3] with
X any category from Table [T} [2] or [3] such that X 2 Y. Let X be an object in X.
If X is a category from Table , consider any M € M(X). Otherwise, if X is a
category from Table [2 or , let M € M,(X). Consider an object PX(X,M) in Y
and a morphism jy : X - PY(X, M) in X such that |jp(z)] < M(z) for all z € X.
The pair (PX(X, M), jar) is called a pseudo-free object over X of Y constrained by
M if it has the property that for every Y € Y and every ¢ € ®,,(X,Y") there exists
a unique contractive morphism ¢ : PX(X, M) -» Y in Y such that the following
diagram commutes in X.

X — P s PY(X, M)
> &
Y

If the above holds, the pair (P¥(X, M), ja), or by abuse of notation just the object
PY(X, M), is also called a pseudo-solution for the free object problem over Oy between
the categories X and Y constrained by M.
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This definition will allow us to prove that pseudo-solutions are essentially unique in
a very strong sense.

PROPOSITION 3.3.5. Fiz a category Y from Table [ or[3 and a category X from
Table [1, [3, or [ with X 2Y. Let X € X and fiz a constraining function M from
either M(X) or My(X) as appropriate. Then the following holds:

(i) Pseudo-solutions for the free object problem over X between the categories
X and Y constrained by M are unique up to a compatible isometric Y -
isomorphism, i.e. if pseudo-solutions (P, ja) and (P, 7%,) exist, then
there is an isometric Y -isomorphism ¢ : P, — Py making the following di-
agram commute in X.

Py
I
X )
k‘
Py

(11) Given a pseudo-solution (P, ja), the object in A(Y) generated by jy [X]
1s dense in Pyy.

(11i) In light of (ii), pseudo-solutions for the free object problem over X be-
tween the categories X and Y constrained by M are unique up to a unique
compatible isometric Y -isomorphism, i.e. if pseudo-solutions (P, jar) and
(P, dhy) ewist, then there is a unique isometric Y -isomorphism ¢ : P}, —
Py making the diagram in (i) commute in X.

ProOF. We prove (i): Consider pseudo-solutions (P, jr) and (P}, 75,). By
definition we have jy € ®a (X, Pyr) and jj, € @ (X, P),). Clearly the identity
morphism 1p,, : Pj; = Py satisfies 1p,, o jps = jar and is contractive. On the other
hand, by the universal property of a pseudo-solution there exists unique contractive
morphisms jTM : Py — P, and PIvE P’, = Py each uniquely satisfying their own
diagram in X.

j 7
X ———Py X ———P),
J i M Jm
P, Py

Thus the morphisms jj; o jM Py — Py and jM NIVE P’, = P, are contractive
and also satlsfy (]M OjM) OjM = jy and (]M O]M) o jy = jy- By uniqueness, we
have jas ojy = 1p,, and jj, o jm = 1p , thus ]M is a Y-isomorphism. To see that

Jm is an isometry, for x € P!, note that since jj, is contractive, we have

2l = 153 0 as @) < | e (@) < [l7e

© University of Pretoria



3.3. PSEUDO-SOLUTIONS OF FREE OBJECT PROBLEMS 97
Since jjs is contractive, we conclude that j,; is an isometric Y-isomorphism.

For (ii), consider a pseudo-solution (P, jar). Let G denote the object in A(Y)
generated by the subset jy [X] in Py;. Denote by H the closure of G in Py, and
define the morphism j': X — H where j/(z):= j(z). The proof of Proposition
is easily imitated to show that (H,j’) is a pseudo-solution. By (i), there exists an
isometric Y-isomorphism ¢ : H — Pj; such that ¢oj = 5/, hence G is dense in Py;.

For (iii), consider the pseudo-solutions (P, ja) and (P, j},) we had in (i) where
we proved that jys : Py, = Py, is an isometric Y-isomorphism satisfying jaroj4, = ja-
If ¢ : P, — Py is any isometric Y-isomorphism satisfying ¢ o j), = ju, it follows
immediately from the fact that the object in A(Y') generated by j;,[X] is dense in
P’ that ¢ = jy. O

In the next result, we will construct the pseudo-solution to the free object problem
over a set S between the categories Set and BLA'" constrained by some M € M(S).
The proof will be structured in such a way to make it clear how the general approach
can be modified to generate pseudo-solutions for different choices of categories. Our
chosen example is amongst those with the most details to check and more examples
will follow by omitting certain steps.

The next result also specifically addresses a part of [67, Problem 13]. The statement
of this problem is quoted below in Question[3.3.11} As explained in the introductory

remarks in Subsection [1.1.2] in the spirit of [29], this would be called the ‘free
positive unital Banach lattice algebra over a set’.

THEOREM 3.3.6. Consider the categories Set and BLA'Y. Fiz S ¢ Set and M ¢
M(S). Then the pseudo-solution (Pg;Al+(S, M),jM) exists. That is to say, for
every A e BLAY and every morphism o € ®,(S, A), there exists a unique contrac-
tive morphism @ : PSB;AH(S,M) — A in BLAY such that the following diagram
commutes in Set.

§— M5 PBLAY (g )f)
© (2
A

Proor. Step I: Existence of an algebraic free object.

Fix S € Set and M € M(S). Consider an arbitrary A e BLA™ ¢ VLA and fix
any morphism ¢ € ®,,(S, A). By Theorem [3.2.22, the free object (Fé’eIéAH(S) ,5')

exists and since A € VLA there exists a unique morphism @ : FYLA™ () » A in
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VLA such that the following diagram commutes in Set.

§ ——— FYEA(9)

A

For brevity, denote F/:= FYLA™(.5) and denote by @/,(S, A) the unique morphisms

Y F’ > A in VLAY that make the above diagram commute for morphisms v €
D) (S, A).

Step II: Define a seminorm on F’ using the above diagram.

Define the map p: F’ - [0, co] where
p(f") = sup {0/ (F)].4: A e BLAY, 4/ € @),(5,4)}

for f’ € F’. Denote by G the collection of elements in F’ that take on finite values
under p. Define p: G - R* where p(¢g) = p(g) for g € G.

Step III: G is a subvector lattice algebra of F’ and p is a submultiplicative Riesz
seminorm on G.

We prove G is a subalgebra of F’: Fix f,g € G. Since any A € BLA is equipped
with a submultiplicative norm and all ¢’ € (S, A) are algebra homomorphisms,
we have

p(fg) =sup{|v'(fg)l,: Ae BLA™, ¢/ e ®},(S,A)}
<sup { ¢/ (/)49 (9)]4: Ae BLAY, ¢ e ®},(S, A)}
=p(f)p(g)-

Thus G is a subalgebra of F’ and p is a submultiplicative seminorm on G. To see
that G is a sublattice of F’, fix g € G. Since any A € BLA'" is equipped with a
Riesz norm and all ¢’ € ®,(S, A) are lattice homomorphisms, we have
plal) =sup {[v' (lgD) ] : A e BLA™, v' e @,(S, A)},
=sup {||[' (9)|| 4 : A e BLAY, ¢/ e ®},(S,A)},
= p(9)-
Thus |g| € G, which proves that G is a subvector lattice algebra of F’. It remains to

show that p has the Riesz seminorm property: Let g, ¢’ € G with |g| <|¢’|. Since all
Y e @ (S, A) are lattice homomorphisms, we have

[ (9) =" (lgh) <" (lg']) = [¥" (9")]-
Fix any 1’ € ®,,(S, A). Since all A € BLA'" are equipped with a Riesz norm, it
follows that |4’ (lg])] 4 < ¥ (lg')] 4 for all A € BLA'". This implies that p(g) <
p(g").
Step IV: G=F'

© University of Pretoria



Y
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

W YVUNIBESITHI YA PRETORIA

3.3. PSEUDO-SOLUTIONS OF FREE OBJECT PROBLEMS 99

The collection j'[S] is a subset of G: Fix j'(s) € j'[S]. Then for each A e BLA'
and each ¢’ € @ (S, A), we have [¢'(5(s))]4 = [¥(s)|4 < M(s). By Corol-
lary |3.2.20] (vii), the collection j'[S] generates F’. Thus j’[S] cannot be contained
in any proper subvector lattice algebra of F’, hence G = F’.

Step V: kerp is a bi-ideal in F’.

This claim follows easily from the fact that p is a submultiplicative Riesz seminorm

on G.
Step VI: Construct a normed vector lattice algebra F” from F’ and p.

The quotient F”:= F’/kerp is an object in VLA when equipped with the standard
quotient vector lattice algebra structure. Denote by ¢ : F/ - F” the quotient map
and define || : F” - R* where |[a]| = p(a) for [a] € F”. Then (F”,|+|) is an object
in NVLA' since the norm inherits all the necessary properties from p.

Step VII: Construct the unique morphism ¢ : F” - A in NVLA,
For ¢" € ®,(S, A), note that 1'(y) = 0 for all y € kerp since 0 < ||¢'(y)] 4, < p(y) = 0.

Now, we consider the morphism ¢ € ®,,(S, A) fixed in Step I above along with the
unique morphism @ : F/ - A in VLA making the diagram in Step I commute.
Define the map ¢ : F” - A where ¢([a]):= @(a) for [a] € F”. The previous
observation shows that ¢ is well-defined.

It is clear that ¢ o ¢ = ¢ and it is easy to see that ¢ is a morphism in VLA™,
Further, for any [a] € F” with [a] # [0],

[
EREEOD
@l - e <!

since |[a]] > |#(a)| 4. Hence ¢ is contractive. Now, for s € S, we have

po(goj)(s)=2([7'(s)]) = (5 () = (s)-

Thus we have the following commutative diagram.

S ] s |/ g s Fr

® ? é
-

A——r— A

Note that the map qo j': S — F” has the property that for all s€ S,

lgod' ()] = 11"()]l = (5" (s)) < M(s)
To show that ¢ is the unique NVLA' morphism that satisfies ¢ o (go j') = ¢, let

v:F > A be any other NVLAY morphism that also satisfies this property. It
follows that (175 o q) 0j' = . Since ¢ : F’ - A is the unique VLA morphism that
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satisfies p o j' = ¢, we have that Yogq= @. Thus for every [a] € F”, we have

¥([a]) = og(a) = 3(a) = o q(a) = §([a]).
Thus ¢ = $.
Step VIII: Extend to the completion of F”.

Denote by PBEA™(S, M) a completion of F”, which is an object in BLA. Denote
by ¢: F" - P]S:"’;AH(S?M ) the isometric embedding and define the function jy :
S — PBLAY(S M) where jy:= coqoj’. Since c is isometric, we have [ja(s)] =
lgoj'(s)] < M(s) for all seS.

Further, since F” is dense in its completion, there exists a unique contractive vector
lattice algebra homomorphism @ : PBLA™(S, M) — A such that oc=@. It follows
that 3

poju=(poc)ogoj =go(qoj')=¢.
This gives us the following commutative diagram.

S ! > T SR, ¢ 5 PBLAY(S M)

Set

Gll
Ayl

s A s A

14

Finally, to see that ¢ : P]S%A“(S M) - A is the unique BLA'" morphism with the

property that @ o jar = ¢, let ¢ : PBEAY(S M) - A be any other BLA' morphism
with this property. Then

Yoju=(doc)ogoy =0

Step VII shows that :F" > A is the unique morphism in NVLAlJr that satisfies
@o(goj') =, hence 1poc= @. Since @ is the unique extension of ¢ from F” to its
completion, this implies that ¢ = ¢. 0

The above approach is readily modified to prove the existence of pseudo-solutions
to free object problems for pairs of categories (X,Y) where X ranges over Table
and Y ranges over Table [2| and [3] such that X 2 Y. For a particular choice of
category X in Table |1, the corresponding row in Table [5| shows all possible choice
of algebraic free objects that can be used as a ‘foundation’ in Step I of the above
proof. The procedure can then either terminate with either Step VII or Step VIII
depending on whether we are constructing a non-complete or complete pseudo-
solution. Since there are 25 non-trivial algebraic free objects in Table [5| and every
non-trivial algebraic free object can be used as a foundation for both a non-complete
and complete pseudo-solution, the method outlined in Theorem has delivered
us 50 pseudo-solutions to free object problems.

THEOREM 3.3.7. Consider categories X and Y with X ranging over Table |l and Y
ranging over Table[q and[3 such that X 2 Y. Let S be a set, V a vector space, E
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a vector lattice, R an algebra, R' a unital algebra, A a vector lattice algebra, and
Al a unital vector lattice algebra and let X € X denote any one of these objects.
For M € M(X), the following pseudo-solutions to free object problems exist. In all
cases, the morphism jy : X - PX (X, M) is a morphism in the category X satisfying

liae(2)|| € M(z) for all v € X.

Y from Table[3:

(1) PSS(S, M)
(2) PYYE(S, M)
(3) PY§H(V, M)
(4) PYA(S, M)
(5) PY&(V, M)
(6) PYA™(S, M)
(7) PY& (V. M)
(8) PR& (R, M)

(9) PNVLA(S,M)

Set

(10) PYYA(V, M)
(11) PYYMA(E, M)
(12) PRVIA (R, M)
(13) PEYMAT(S, M)
(14) PYYEAY(V, M)
(15) PYYEAY(E, M)
(16) PRYEA (R, M)

(17) PNVLA! (R', M)

Alg?t

(18) PYYRA' (A, M)
(19) PSYEAT (S, M)
(20) PRYMA" (V. M)
(21) PYYEAT (B, M)
(22) PRVEAY (R, M)
(23) PNVEAY (RI, M)

(24) PYYEAT (A, M)

(25) PYYEAT (AL M)

Moreover, the object PX (X, M) in the above list of 25 pseudo-solutions is generated

by the subset jp [X].
Y from Table[3:

(1) PBan(S, M)

Set
(2) PEL(S, M)
(3) PRS(V, M)
(4) PEA(S, M)
(5) PR§(V, M)
(6) PEA' (S, M)
(7) PB&" (V, M)
(8) PR (R, M)
(9) PEEA(S, M)

(10) PYg*(V, M)
(11) PYEA(E, M)
(12) P2 (R, M)
(13) PERA'(S, M)
(14) PREAT(V, M)
(15) PREA (B, M)
(16) PREA" (R, M)
(17) PBLAY (R M)

Alg?!

(18) PRLA (A, M)
(19) PEEAT (S, M)
(20) PYEA" (V. M)
(21) PRLAY (B, M)
(22) PRIAT (R, M)
(23) PBLA™ (R, M)

(24) PBLA™ (A, M)
(25) PBLAT (AL M)

VLA?®

For a pair of categories (X,Y) where X and Y both range over Table [2[ and , the
only modification we need to make to the approach laid out in Theorem is that
we only consider constraining functions in My(X) when X e X. This will ensure

that the morphism jy : X - PX(X, M) is indeed bounded.

The following three tables show all valid choice of pairs of categories (X,Y ) where
X and Y both range over Table|[2|and |3|such that X 2 Y. The entries in the top row
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in Table [0] - [§] fix a particular category Y and the categories in the corresponding
column show all valid choices of X with X 2Y.

INS|NVL|NA |[NA' [NVLA |[NVLA' [ NVLA™ |

NS |[NS| NS | NS NS NS
NVL | NVL NVL

NA | NA NA NA

NAT NAT

NVLA | NVLA

NVLA!

TABLE 6. Valid pairs of categories from Table

|Ban | BL | BA [BA' |[BLA | BLA' | BLA' |

Ban | Ban | Ban | Ban | Ban Ban
BL BL BL

BA | BA BA BA

BA' | BA'!

BLA | BLA

BLA'

TABLE 7. Valid pairs of categories from Table

|Ban | BL | BA [BA' [ BLA | BLA" | BLA'" |

NS[NS| NS [ NS NS NS
NVL| NVL | NVL

NA | NA NA NA

NAT NAT

NVLA | NVLA

NVLA!

TABLE 8. Valid pairs of categories from Table [2| and

Given that the proof of the existence of the pseudo-solution (P]SQAH(S, M), j) in
Theorem [3.3.6) provides a detailed illustration of the general proof method, we will
only give a brief outline of the proof of the existence of a pseudo-solution for one of
the above pairs of categories. Fix N € NS and M € My(N) where M (z):=C |z| for
x € N and C > 0. We outline the existence of a pseudo-solution (Pﬁ‘gl (N, M),jM):

We start by fixing B € NA' ¢ Alg" and ¢ € ®,,(N, B). The free object (Félsgl(N) ,j’)
exists and there exists a unique morphism ¢ : Fé}sgl(N ) - B in Alg' such that

poj = . We equip Félsgl (N) with a submultiplicative seminorm p similar to

that in Theorem [3.3.6, Since kerp is an order ideal, the seminorm p induces a
1

norm on the quotient P:= Fo& (N)/kerp and thus (P,|-|) is an object in NA™.
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Denote by ¢ : Félsgl (N) - P the quotient map and define jp;:= g o j'. Since
lja(z)|| € M(s) = C'|z|, it follows that jp; is a morphism in NS. It can then
be shown that @:= ¢ o ¢ is the unique morphism in NA] such that @ o jy = .
Additionally, the set jy; [IN] generates P since, as noted at the end of the proof of
Proposition 3.2.21} j’[ N] generates Félsgl(N).

The valid pairs of categories in Table [0] - [§] gives us another 54 pseudo-solutions.

THEOREM 3.3.8. Consider categories X and Y ranging over Table [4 and [§ such
that X 2 Y. Let N be a normed space, X a Banach space, Y a normed vector
lattice, Z a Banach lattice, U a normed algebra, W a Banach algebra, Ut a unital
normed algebra, W' a unital Banach algebra, L a normed vector lattice algebra, B a
Banach lattice algebra, L' a unital normed vector lattice algebra, B' a unital Banach
lattice algebra and let O denote any one of these objects. For M € M,(O), the
following pseudo-solutions to free object problems exist. In all cases, the morphism
Ju 2 O > PX(O,M) is a morphism in the category X satisfying |ju(z)| < M(x)
for all x € O.

X and Y from Table[:

(1) PRY(N, M) (7) PRXMA (U, M) (13) PNY™A" (N, M)
(2) PRA(N, M) (8) PRYSA" (N, M) (14) PRVEA" (Y. M)
(3) PNA" (N, M) (9) PRVEA (v, M) (15) PRY™A" (U, M)
(1) PNA (U, M) (10) PNY™A" (U, M) (16) PNYEAY (U, M)
(5) PNYLA (N, M) (11) PRVEAY (UL, M) (17) PRVEAY ([, M)
(6) PRVEA(Y, M) (12) PVER" (L, M) (18) PRVEAT (L1, M)

Moreover, the object PX (X, M) in the above list of 18 pseudo-solutions is generated
by the subset jp [X].

X and Y from Table|[3:

(1) PEa (X, M) (7) PEA*(W. M) (13) PBLAY (X M)
(2) Phan (X, M) (8) PREA (X, M) (14) PREAY (2, M)
(3) PBAL(X, M) (9) PBEAY(Z, M) (15) PBLA™ (W, M)
(4) PEA (W, M) (10) PERA (W, M) (16) PBLAY (W, M)
(5) PEEA(X, M) (11) PRt (W1, M) (17) PREA™ (B, M)
(6) PBLA(Z M) (12) PBLAY (B M) (18) PBLA(B1 M)

X from Table[d and Y from Table[5:
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(1) PRE(N, M) (7) PREA(U, M) (13) PREA (N, M)
(2) PRA(N, M) (8) PREM (N, M) (14) PREAT (Y, M)
(3) PRA' (N, M) (9) PREA (V. M) (15) PREA™ (U, M)
() PBA (U, M) (10) PREA" (U, M) (16) PBLAY (171 11)
(5) PBEA(N, M) (11) PRy (U, M) (17) PRYA (L, M)
(6) PREA (Y, M) (12) PRYAL (L, M) (18) PR (LY M)

Now that we have proven the existence of these pseudo-solutions, we can add the
following remark on their structure.

REMARK 3.3.9. For a pseudo-solution (PYX(X,M),ju), we defined the morphism
g X = PX(X, M) to satisfy the bound [ja ()] < M(z) for all z € X. We used
this property in Proposition to show that pseudo-solutions are unique in a
strong sense.

In the case of the pseudo-solution (P]S;AH(S,M),jM), indeed, any of the above
pseudo-solutions over sets, the constraining function M gives a ‘sharp’ bound for the
norms |jas(s)| for s € S: Since the constraining function M : .S - R constrains itself,
i.e. M € ®3;(S,R) and R is an object in BLA', it follows by the universal property
of the pseudo-solution (P]S?’g“tAH(S,M ),jar) that there exists a unique contractive

morphism M : PBEAY(S M) - R in BLA' such that

Set
M(s) =M (s)] =M o jar(s)| < | in(s)]
for all s€S. As a result, we have that |jy(s)| = M(s) for all s€S.

Similar arguments will work for some pseudo-solutions, but not for others. We men-
tion two more examples where the constraining function M gives a sharp bound:
Consider the pseudo-solution (P2&(V, M), ja). For every v € V, an argument with
basis vectors gives us a linear map ¢, : V' — R such that ¢,(v) = M (v). By the uni-
versal property of the pseudo-solution, there exists a unique contractive morphism
@y Po&(V, M) — R in BA such that

M () = 2o (Gar (NI < [ @0 172 ()] < 501 (0)] -

By [25] Chapter I1I, Corollary 6.6], the same argument applies to (P§I§A1+(N, M) ,jM)
since for every x € N there exists a bounded linear map ¢, : N — R such that

Sor(x) = M(J?)

In view of Remark (i), it is clear that the 54 pseudo-solutions for free object
problems in Theorem are in fact full solutions to free object problems when
we restrict ourselves to categories with contractive morphisms.

COROLLARY 3.3.10. Consider categories X and Y ranging over Table[d and[d such
that X 2Y. Let N be a normed space, X a Banach space, Y a normed vector lattice,
Z a Banach lattice, U a normed algebra, W a Banach algebra, U' a unital normed
algebra, W a unital Banach algebra, L a normed lattice algebra, B a Banach lattice
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algebra, L' a unital normed lattice algebra, B' a unital Banach lattice algebra and
let O denote any one of these objects. The following free objects exist. In all cases,
the morphism j : O — Fii(O) is a morphism in the category Xj.

X and Y from Table[3:
(1) FR§H (V)
(2) Frst (V)
(3) Fue: (V)
(4) Fuai (U)
(5) Frs, (V)

(6) TRV (V)

(7) Faa =™ (U)
(8) Fasr M (V)
(9) Favr. (V)
(10) Faar ™ (0)
(11) Faar M(0)

NVLA1}
(12) Fxvra, (L)

(13) Fagi M (V)
NVLA*
(1 4) FNVLl Y )

(
(
(15) Faw ™ (U)
(

NVLA
(16) Frn ™ (U)

NVLAL*
(17) Favea, (L)

NVLAM

Moreover, the object Fii (X) in the above list of 18 solutions to free object problems
is generated by the subset j[X].

X and Y from Table[3:

(1) FB4 (X)

Ban1

(2) FBAL (X)

Ban;

(3) Fpad (X)

(4) Faal (W)
(5) FELAL(X)

Ban1

(6) FRr(2)

(7) Fpast(W)

(8) FarAi(X)
(9) Far™i(2)

BLA?

(10) Fgs, (W)

(11) FREM ()

BA}

BLA?

(12) Fgpa, (B)

X from Table[d and Y from Table[5:

(1) FBL1(N)
(2) FEAL(N)
(3) Fag(N)
(4) Foal (U)
(5) FELAL(N)

(6) Frvey (V)

(7) Fray " (U)
(8) Frard(N)
(9) Favas (V)
(10) Frai(U)

(11) PR ()

NA{

BLA!
(12) Favea, (L)
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BLAl*
(13) Fgan," (X)

BLAl*

(14) Fgr, ' (%)

BLAl*

(15) Fpy i (W)
(16) FPL" (W)

BAl
BLAM
(17) Fgra, (B)

(18) FPMAY (1)

BLAl

BLAl*

(13) Frgit ()
(14) Fruad (V)
(15) FRstd ()
(16) Foetd (U)
BLALY

(17) Fxvia, (L)

BLAl*
(18) FNVLA} (L")
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We conclude this section with remarks on Problems 13 and 15 in [67], which we
quote here for ease of reference.

QUESTION 3.3.11 ([67), Problem 13]). There is a theory of free Banach lattices, [29].
Is there a sensible notion of a free Banach lattice algebra? If so, what can be said
about its representations?

Using the terminology from [29], in Theorem we proved the existence of
the free positive unital Banach lattice algebra over a set. In addition, in Theo-
rems [3.3.7] and [3.3.8| we proved the existence of substantial number of free ((posi-
tive) unital) Banach lattice algebras over both algebraic and normed structures. As
a result, we can consider the first part of Question as settled. However, we
have nothing to report at this stage regarding representations of these free Banach
lattice algebras.

QUESTION 3.3.12 ([67, Problem 15]). If A is a non-unital Banach lattice algebra,
can it be embedded in a unital Banach lattice superalgebra B in such a way that
every lattice algebra homomorphism from A into a unital Banach lattice algebra
C extends uniquely to a unital lattice and algebra homomorphism from B into C'?
If we restrict C' to lie in the class of unital Banach lattice algebras with positive
identities, can we make B have a positive identity?

We will use some of the pseudo-solutions obtained in this section to get rather close
to a full answer for Question [3.3.12] Consider a Banach lattice algebra A. We use
some observations from |27, Remark 2.3 and Lemma 2.4] in the sequel. It is routine
to verify that the vector lattice direct sum A & R supplied with the multiplication

(v,a)-(y,B) = (ay + Bz,aB)

and the norm |(z, )| = |z| 5 +|a| makes A®R into a positive unital Banach lattice
algebra. The inclusion J : A - A® R where J(z):= (z,0) is clearly an isometric
Banach lattice algebra embedding. For every constant C' > 1, consider M¢ € M,(A)
where Mc(z):= C'|z|,. Since |J| < C, by the universal property of the pseudo-

solution (Pg%ﬁ“ (A, Mc), jug ), there exists a unique contractive BLA'*-morphism

J: PE%QH(A,MC) - A®R such that Jo jy, = J. Thus, for 2,y € B with x # y we
have

S (me () = J(2) # J(y) = J (Jae (y))
which implies that ja.(z) # jm.(y). As a result, for every C' > 1, the morphism
Jue © A = PBEAY (A M) is an injective BLAY -morphism where |.J(z)| < C |z].
On the other hand, the definition of the norm in Theorem implies that for
every r € X,

lne @) 2 [T Grre ()| = 1T ()] = 2] -

We conclude that if C' = 1, then jp, : A — FEEQT(A) is an isometric BLA-

embedding, and if C' > 1, then jy, : A - Pg%ﬁ“ (A, M¢) is an isomorphic BLA-
embedding.
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Using the universal property of the free object
[BLAT"
( BLA; (4) J)
we have the following. The Banach lattice algebra A is isometrically embedded
1+
in the positive unital Banach lattice algebra ngﬁi (A). In addition, for every
positive unital Banach lattice algebra B and every contractive VLA-morphism

1+
¢ : A - B there exists a unique contractive VLA'-morphism ¢ : ngii (A) -
B'* extending .

Similarly, using the universal property of the pseudo-solutions

(PEEA™ (4, Mo) s )

we have the following. For every constant C' > 1, the Banach lattice algebra A is
isomorphically embedded in a positive unital Banach lattice algebra PBEA™ (A, M¢).
In addition, for every positive unital Banach lattice algebra B'* and every bounded
VLA-morphism ¢ : A - B'* such that |¢| < C, there exists a unique contractive

VLA'-morphism ¢ : Pg}:ﬁ“(A, M¢) - B'* extending ¢.

If we consider a unital Banach lattice algebra A! along with the Banach lattice
algebra A fixed above, one may readily verify that the argument we just performed
can also be applied to pseudo-solutions of the following respective forms

(PgiA (A, Mc), JMc) (Pgiﬁ?(fll,Mc),ch)

The same argument also applies to the corresponding free objects for categories
with contractive morphisms found in Corollary [3.3.10] We summarise our findings
on unitisations and extensions of bounded vector lattice algebra homomorphisms in
the following proposition.

PROPOSITION 3.3.13. Let A be a Banach lattice algebra and A' a unital Banach
lattice algebra. Then the following holds:

Fxtensions of contractive morphisms:

(i) There exists FL(A) in BLA' into which A is isometrically embedded with the
property that for every B! in BLA' and every contractive VLA -morphism
©: A — Bl there exists a unique contractive VLA -morphism @ : F1(A) -
Bl extending .

(i) There exists F1* (A') in BLAY into which Al is isometrically embedded
with the property that for every B in BLA' and every contractive VLA®-

morphism ¢ : AL — Bt there exists a unique contractive VLA-morphism
@ : F1* (AY) - B* extending .

(i4i) There exists F1+(A) in BLA'Y into which A is isometrically embedded with
the property that for every BY* in BLAY and every contractive VLA -

morphism ¢ : A - B*| there exists a unique contractive VLA-morphism
@ : F1*(A) - B extending ¢.

Extensions of bounded morphisms:
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(i) For every constant C > 1, there exists PL(A) in BLA' into which A is
isomorphically embedded with the property that for every B in BLA' and
every bounded VLA -morphism ¢ : A - B such that |¢| < C, there exists
a unique contractive VLA -morphism @ : PL(A) — B extending .

(ii) For every constant C > 1, there exists P& (AY) in BLAY™ into which A!
is isomorphically embedded with the property that for every BY* in BLAY
and every bounded VLA'-morphism ¢ : A' - BY* such that ||| < C, there
erists a unique contractive VLA -morphism ¢ : P& (A') - B extending

©.
(iii) For every constant C > 1, there exists P& (A) in BLA'Y into which A is
isomorphically embedded with the property that for every B* in BLA' and

every bounded VLA -morphism ¢ : A - B such that ||| < C, there exists
a unique contractive VLA -morphism @ : P& (A) - B extending .

However, by [T1, Theorem 18.4], we know that positive operators between Banach
lattices are automatically bounded. Thus vector lattice algebra homomorphisms
between Banach lattice algebras must also be automatically bounded. With this fact
we can rearrange the findings in the last proposition to obtain something relatively
close to a full answer for Question [3.3.12]

COROLLARY 3.3.14. Let A be a Banach lattice algebra and A' a unital Banach lattice
algebra. Then the following holds:

(i) Consider B' in BLA" and ¢ : A - B' a VLA-morphism, then ¢ is auto-

matically bounded and there exists a constant C > 1 such that || < C.

(a) If C = 1, there exists F1(A) in BLA' into which A is isometrically
embedded with the property that there exists a unique contractive VLA -
morphism @ : F1(A) - B! extending .

(b) If C > 1, there exists Pt,(A) in BLA' into which A is isomorphically
embedded with the property that there exists a unique contractive VLA -
morphism @ : PL(A) — Bl extending .

(i) Consider B in BLA' and ¢ : A' - B a VLA-morphism, then ¢ is

automatically bounded and there exists a constant C > 1 such that || < C.

(a) C =1, there emists F'* (A') in BLAY into which A' is isometrically
embedded with the property that there exists a unique contractive VLA™!-
morphism @ : F1* (A') - Bt extending .

(b) IfC > 1, there exists P&t (A') in BLA™ into which A' is isomorphically
embedded with the property that there exists a unique contractive VLA™!-
morphism @ : P& (Al) » Bt extending .

(i) Consider B in BLAY and ¢ : A - BY a VLA-morphism, then ¢ is

automatically bounded and there exists a constant C' > 1 such that || < C.
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(a) C =1, there exists F1*(A) in BLAY™ into which A is isometrically
embedded with the property that there exists a unique contractive VLA™ -
morphism @ : F¥(A) - Bt extending ¢.

(b) If C > 1, there ezists P& (A) in BLA'Y into which A is isomorphically

embedded with the property that there exists a unique contractive VLA™!-
morphism @ : P4 (A) - Bt extending ¢.

3.4. Two concrete families of pseudo-solutions

Using the method of constructing pseudo-solutions outlined in the previous section,
we are able to give concrete descriptions of certain pseudo-solutions. This will be
done in two cases where the underlying algebraic free object used in the construction
of the pseudo-solution is known explicitly.

3.4.1. Pseudo-solution for the free object problem over a point be-
tween unital Banach algebras and sets. In this section we consider algebras
over C. Fix a one-point set S:= {s} and fix a constant M > 0. We will give a con-
crete description of the pseudo-solution (PEQI(S, M),j M). By omission of certain
details, the work to follow will also give concrete descriptions of the pseudo-solutions
(P]S?,Q;(S7M)a]M)7 (PIS\IQI(SvM)a]M)a and (PSNé/};(Sa M)>]M)

For the sake of brevity, we write Py, := PSBQEI (S, M). The pair (P, jas) satisfies the

following universal property: For every B € BA' and every morphism ¢ : S - B
such that |(s)| < M there exists a unique bounded unital algebra homomorphism
@ : Py — B such that the following diagram commutes in Set.

S IM PM
B @
B

Recall that for a given B € BA!, the collection of morphisms ¢ : S - B such that
le(s)| < M is denoted by ®,,(S, B) and the associated collection of morphisms @
in Alg" that uniquely factor through (Pyy,jar) is denoted by @,(S, B).

As outlined in Section [3.3] the object Py, is obtained by starting with the free unital
algebra over a one-point set (C[X], ') where C[X] is the polynomial ring over C
in one variable and j(s) = X. As was done in Theorem [3.3.6] define py; : C[X] > R
where

pu(p)=sup {|o(p)| : BeBA', pe®) (S, B)}.
Since the morphisms ¢ € (S, B) are unital algebra homomorphisms, it follows
that for p= Y _a, X" e C[X], we have

k k k
|2 = (|20 @@ (X)"|| < 2 lanl lo()]" < 3 lan|M™.
n=0 n=0 n=0

Thus pa(p) < XF_o|an|M". We claim that this last inequality is in fact an equality
for every p =Y ,a, X" € C[X]. For the reverse inequality, consider the following:
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Denote Ng:={0,1,2,...} and define the weight wy; : Ng — N where wy,(n):= M"
and consider the weighted sequence space

(' (No,wpy) = {(xn) e RN . §|xn|wM(n) < oo}.

The space ¢! (N, w,) is made into a Banach space when equipped with the coordinate-
wise vector space operations and the weighted norm

] = 2|xn|wM(n), (2 = () € €' (No, wpr)) -

For n € Ny, define the element 6,, € ¢! (Ny, wy;) where
1if k=
5a(k) = { A

0if k#n.
In addition, the space ¢! (Np,wys) is made into a unital Banach algebra when
equipped with the Cauchy product: For z = (x,) € (' (No,wy) and y = (y,) €
01 (Ng,wys), the nt* index of the product xy is given by

() (n) = zy

The definition of the Cauchy product makes it clear that the element §y is the
multiplicative identity of ¢! (Ng,wys). Further, we also have that (d;)" = ¢, and
10, = M for n € Ny. A standard series rearrangement argument shows that ||ay|| <
|z] [y]l for 2,y € £ (No, war)

Returning to the pseudo-solution (P, jar), consider the morphism ¢ : S — ¢! (Ng, wyy)
where ¢(s):= ;. Then |@(s)| = |d1] = M and so there exists a unique morphism
@:C[X] - £* (Ng,wyr) in Alg' factoring through (C[X],;’). By the definition of
pur, for p=YF_ a, X" e C[X], we have

pu(p) > [@ (p)] =

k
z:: Qp ((51

n

= Z;)|an|M”.

The desired equality follows and it is easy to see that p); actually forms a submul-
tiplicative norm on C[X] and thus (C[X], pas) is an object in NA'. Following the
general approach in Section , it only remains to complete (C[X],pas) in order
to obtain our desired pseudo-solution.

Indeed, the weighted sequence space ¢! (Ng,wy,) turns out to be a completion of
the unital normed algebra (C[X],pa) since the map J : C[X] - ¢ (N, wy)
where YF_a, X" — YF_a, (6,)" is an isometric unital algebra homomorphism
and J[C[X]] is dense in ¢! (Ng, wyy).

Define j : S — ¢! (Ng,wys) where j(s):= d;. Then the pair (¢! (Ng,wyr),j) is the
pseudo-solution for the free object problem over S between the categories BA' and
Set: Let B € BA' and ¢ : S - B a morphism in ®,,(S, B), then there exists
a unique morphism ¢ : C[X] - B in Alg' factoring through (C[X],;’). By
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definition of the norm ps, the morphism ¢ is bounded. Since ¢! (Ng,wys) is a
completion of (C[X],par), there exist a morphism @ : /1 (Ng,wy) - B in BA!
uniquely extending ¢ from C[X]. The morphism @ satisfies the necessary universal
property:

poj(s)=9(01) =2 (J(X)) =p(X) = ¢oj'(s) = o(s).

Thus for = Y2202, (61)" € £1 (Ng, wyr), we have
P ()= xn (9(s))".
n=0

If we let 1 : £* (Ng,wys) - B be any other morphism in BA* such that 1)0j = ¢, then
it is easily seen that ¢ and ¢ coincide on J [C[X]] and by density it follows that ¢ =

1p. Thus we have a concrete description of the pseudo-solution (PE&I(S M), j M).

If we remove all mention of multiplicative identities above, the above derivation will
show that (¢! (N, wy), j) is also a concrete description of (P§4 (S, M), jar). Further,
if we replace all instances of the category BA' with NA', the above argument will
show that the pair ((C[X],pan),J’) is a concrete description of (Pg{fgl(S, M), jar)-
Lastly, if we take this last modification of the above argument and remove all men-
tion of multiplicative identities, then the pair ((C[X],par),j’) is also a concrete

description of (PY4(S, M), jum).

3.4.2. Pseudo-solution for free object problem over a set between
Banach spaces and sets. Let S be a set and denote by M.o(S) the elements
M'" e M(S) such that M’(s) >0 for all s € S. Fix some M € M.(S). In this section
we give a concrete description of the pseudo-solution (Pg2*(.S, M), jar). Following
the same procedure as in the previous section, we start with the free vector space
(Vs,j") where Vg consists of functions f: S — C with finite support and j'(s) := e,
for all s € S. The collection {e; : s € S} is a basis for Vg. For every X € Ban and
every ¢ € ®,,(S,X) there exists a unique morphism @ : Vg - X in VS factoring

through (Vs,j'). Define pys : Vs » R where

pu(f)=sup{[o(f)] : X eBan, ge®), (5, X)}.

As was done before, we show that py; is a norm on Vg. Take f =Y  pages € Vg
where F' is a finite subset of S. Then for any ¢ € ®,,(S, X) with unique associated
morphism ¢ : Vg - X, we have

12 (P =12 csp (es)

seF

<Y a| M (s).

seF

Thus prp(f) € Yeer |as|M (). For the reverse inequality, consider the weighted ¢!
space

(S, M):= {fERS : Z|f(s)|]\/[(s)<oo}

seS

Denote by F(S) the collection of all finite subsets of S. Note that the quantity
S ses £ (5)[M(s) is defined if the net (Suer F(5)|M(5))pp(s) converges in R.. For
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every s € S, define the element d5 € 1 (S, M) where

ds(t) = {

lift=s,
0if t #s.

The space ¢! (S, M) is made into a Banach space when equipped with the pointwise
vector space operations and the norm

[fllar= 2 1F()IM(s), (f el (S,M)).

seS

Indeed, it is clear that |||,, is a seminorm for any M’ e M(S) and |-|,, is a norm
if and only if M’ € M;o(S). Now, define the morphism ¢ : S - ¢! (S, M) where
©(s):= 05 and let @ : Vg - ¢4 (S, M) be the unique morphism in VS factoring
through (Vs,j’). Then for every f =3 .pases € Vg, we have

Z asp(es) Z a0l = Z las| M (s).

seF seF M  seF

pu(f) 2 1@ (F)ar =

M

Thus the pair (Vs,pas) is a normed space and the map J : Vg - (1 (S, M) where
Vs (s€s —> ¥ p 0 is an isometry between normed spaces with dense image.
Thus ¢! (S, M) is a completion of (Vg, par). Define j: .S — 1 (S, M) where j(s) = Js.
The argument in the previous section can also be used to conclude that (¢! (S, M), 7)
is a concrete description of the pseudo-solution (PS2(S, M), ja). By replacing all
instances of Ban with NS and omitting the completion, it will follow that the pair

((Vs,pa),J") is a concrete description of the pseudo-solution (PXS (S, M), ja).

3.5. Free objects and inverse limits

In Section 3.2, we gave an account of the algebraic free objects we have at our
disposal. These were used in Section to prove the existence of a number of
pseudo-solutions to free object problems. In this section, we develop some general
categorical machinery that we will use to construct free objects in categories of
locally convex structures. The central part of this machinery is the notion of an
inverse limit which we used extensively in Chapter

3.5.1. Inverse systems and limits. In order to make the reading of this
chapter independent from Chapter [2, we recall the definitions of inverse systems
and inverse limits.

DEFINITION 3.5.1. Let C be any category and (7, <) an upwards directed set. Con-
sider a family of objects {X, }aer in C. For all 5> ain I, let pg, : Xg > X, be a
morphism in C. The pair P:= ((Xa)aer, (Pg.a)psa) is called an inverse system in C
if, for all a < f < in I, the diagram

X, D 5 X,
X3

commutes in C.
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Let X be an object in C and p, : X - X, a morphism in C for every aw € I. The
pair (X, (pa)acr) is called a compatible system over P in C if for all « < 8 in I the

diagram
X Pa > Xa
Xp

commutes in C.

Lastly, an inverse limit of P in C is a compatible system (X, (pa )acs) in C satisfying
the property that for any compatible system (X, (p’, )acr) in C there exists a unique
morphism s: X’ - X in C so that for all a € I the diagram

X' = s X
Xa

commutes in C.

Recall the following result, proven in [21] Chapter III, §7.1], which we will make use
of in the sequel.

THEOREM 3.5.2 (Canonical inverse limit in Set). Let T:= ((Xa)aer, (Pg.a)a<s)) @
inverse system in Set. Define the set

X ” {(Ia)ael € HXO‘ :pﬁ,a(xﬁ) = Las \V/ﬁ ¢ IHB ” a} .
ael
For every ae I, let my : [1aer Xa = Xo denote the coordinate projections and define
Do = Talx. Then the pair (X, (pa)aer) s the inverse limit of T in the category Set.

In Chapter [2| Section [2.4) we argued using the universal property of an inverse
limit that an inverse limit of an inverse system is essentially unique in a similar
sense as that for free objects. In the sequel, we will often have to consider the
following set-up: Let C and D be categories with C ¢ D. Consider an inverse
system Z:= ((Xa)aer, (Pg.a)p>a) in C. Since the objects and morphisms in C are
among those in D, we can also consider Z as an inverse system in D. It may then
happen that Sc:= (X, (Pa)acr) is an inverse limit of Z in C and Sp = (Y, (¢a)aer) is
an inverse limit of Z in D.

These inverse limits need not coincide in general and it may also happen that the
inverse limit of Z exists in one of these categories but not in the other: If we suppose
that an inverse limit S¢ of Z exists in C, then S¢ need not satisfy the universal
property of an inverse limit with respect to all compatible systems over Z in D.

On the other hand, if an inverse limit Sp of Z exists in D, it is the case that all
compatible systems (X', (p.,)aer) over Z in C are also compatible systems over Z in
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D, but Sp need not necessarily be a compatible system over Z in C, i.e. the object
or the morphisms in Sp are not found in the smaller category C.

Further, it may even be the case that an inverse limit Sp of Z in D is also a
compatible system over Z in C and yet Sp need not be an inverse limit of Z in C:
For a compatible system (X', (p,)acr) over Z in C, there may be a unique morphism
s: X’ -Y in D making the diagram

X’ ! s Y
Xa

commute in D for all a € I, but s may not be a morphism n C and thus Sp would
not be an inverse limit of Z in C.

In light of the above, when considering inverse systems residing in more than one
category, it is vital to unambiguously state in which category a purported inverse
limit exists. These observations along with the definition of a full subcategory (see
Section give us the following result.

PROPOSITION 3.5.3. Let C and D be categories with C € D and consider an inverse
system L= ((Xa)aer, (Pp.a)pra) in C with inverse limit Sp in D. Assume that the
following holds:

(i) C is a full subcategory in D.
(ii) The inverse limit Sp in D is also a compatible system over T in C.

Then Sp is an inverse limit of T in C.
The following definition will be important in the sequel.

DEFINITION 3.5.4. Let C and D be categories with C ¢ D. We assume that for every
inverse system Z in C an inverse limit Sz of Z exists in D. Denote by X (S7,Z) € D
the object in an inverse limit Sz of an inverse system Z in D. Denote by D—l(iﬂl C the

full subcategory of D whose objects are such X (S7,Z) in D obtained from inverse
limits of inverse systems Z in C. The category D—l(iglC will be called a category of

verse limats.

To avoid any possible ambiguity, the notation for a category of inverse limits ex-
plicitly notes both which category the concerned inverse systems come from and in
what category the inverse limit is taken.

REMARK 3.5.5. Let C be any category with X € C. We note that the pair 7 :=
(X, 1x) trivially satisfies the definition of an inverse system. Further, for any A € C
and any morphism f: A - X in C, the pair (A, f) is a compatible system over 7 in
C. It is then easy to see that 7T is the inverse limit of itself in C. As a result, when

considering categories C and D which satisfy the conditions in Definition [3.5.4] it
follows that C ¢ D-lim C.
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With these preliminaries in place, it is not difficult to use the universal property
in Definition to show that pseudo-solutions (PX(S, M), jy) varying over M €
M(X) form an inverse system in Y. We prove this for the particular case of X = Set
and Y = BLA'. The details remain the same for other choices of X and Y with
X2Y.

PROPOSITION 3.5.6. Fiz a set S and for every M e M(S) consider the pair
(PBLAH(S,M),]'M) constructed in Theorem |3.3.6|. For every My, My e M(S) with

Set
. . . R 1+
My > M, there exists a unique contractive morphism par, m, Pg}tA (S, My) -

PBLAY(S M) in BLA™ such that the following diagram commutes in Set.

Ity BLA*
S ———— P& (S, M)
iaty DMy, My

PSBeLtAlJr(SJ Ml)

Then P = ((P]S?';AH(S, M) vrems) (pMz,M1)M22M1) is an inverse system in BLA™.

PROOF. Given My, My € M(S) with My > M, the existence of the unique
contractive morphism pay, ar, : PBEAY(S, My) — PBLAY(S M, ) in BLA follows by
Theorem since [jar (8)| € M1(s) < My(s) for all s € S. Now, for My, My, M3 €
M(S) with Mj > My > M; we have the following diagram.

jM 1+
S ———— PBLAY(S M)

PMg, Mo

~

PBLA1+(S, M2) DM, M,

DMy, M,y

~

PBLA1+(S7 Ml)

Set

It follows that

(pM27M1 OpMs,M2) OjM3 = PMa, M, © (pM3,M2 Ost) = PMa, M,y ojMz = jM1‘

Since pay v, is the unique map satisfying pag an © jas = Jar, we conclude that
1+ .
Prtg, My = Paty,aty © Pt agye Thus Pe= ((PEEAT(S, M) mean(s) (Pasz,an ) apzary ) i an

inverse system in BLA'". O

© University of Pretoria



116 3. FREE OBJECTS

It is clear from the general argument displayed in Proposition that the concrete
descriptions of pseudo-solutions in Section |3.4| will also form inverse systems. In the
following remark we characterise these inverse systems for use in the sequel.

REMARK 3.5.7. Let Sp:= {so} be any one-point set. For M’ > M > 0, consider the
pseudo-solutions (¢! (No,war), jar) and (€' (No,war) , jar) found in Section [3.4.1]
We write 5,(LM), for example, to denote that the sequence is considered as a member
of (' (Ng,wyr). In this case, &SM)H = Mn. Since |ja(s0)| = H(SiM)H =M < M,
there exists a unique morphism pys s : €1 (No, wpp) = €2 (No,wps) in BA' such that
par s © jar = jau- The argument in Proposition will also show that

((51 (NO, wM))MeRﬂ{o} ) (pM’,M)M’zM)

is an inverse system in BA'. We characterise the linking maps pvro: Fix M >
’ n
M >0 and consider x = Y07 x, ((5§M )) € /' (Ng, wpy ), then

paren(2) = 3 2 (ot Gar (50)))" = 5, (50) " =

n=0 n=0
Thus the linking maps pa ps are inclusions.

Similarly, fix any set S. For My, My € M.(S) with My > My, consider the pseudo-
solutions (¢1 (S, M), ja,) and (€' (S, M), ju,) found in Section [3.4.2] As above,
there exists a unique morphism pay, ar, : 01 (S, My) - (1 (S, M;) in Ban satisfying
DMy, My © JM, = Ja, giving us the inverse system

((El (S’ M))M€M>0(S)7 (pM27M1)M22M1)

in Ban. Since the span of {5 : s € S} is dense in (! (S, M), it follows by
continuity that the linking maps pys, s, are also inclusion maps.

Having shown that our pseudo-solutions form inverse systems, the following purely
categorical lemma will allow us to find free objects in categories of inverse limits.

LEMMA 3.5.8. Let C; and Cy be categories such that Cy, € Cy. Fiz Oy € Cy and
consider an upwards directed set (M, <). For every M € M, let Py be an object in
Cs and jpr : O1 = Py a morphism in Cq such that the following holds:

(i) For every Oy € Cy and every morphism ¢ : O - Oq in Cy, there exists My €
M such that for all M > My there exists a unique morphism @pr : Py — Og
i Cy such that the following diagram commutes in Cy.

01 — s PM
YM
%]
O
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(i1) For every M, M’ e M with M’ > M, there exists a unique morphism pyp a :
Prrr = Pyyoin Cq such that the following diagram commutes in Cy.

Jmr
. Pyt v
Im
Py

Thus P = ((Par) sream, (Parrar ) amrsar) is an inverse system in Co and (O1, (Jar) mrem)
15 a compatible system over P in Cy.

(111) Let C3 be a category with Cy € C3 € Cy such that P has an inverse limit
(P, (Par) mem) in Cs where (Pag, (Par) meam) s also an inverse limit of P
i Cy. Let j: O - Py be the unique morphism in Cy making the following
diagram commute in Cy for all M € M.

O —L—— Py
. pPm
IM
Py

Then there exists a family of morphisms in Cs

W= {sz,w :Pm = Oz + Og€Cy, peHomg, (01702)}

satisfying the following two properties:

(a) For every Oq € Cy and every morphism ¢ : Oy - Oy in Cq, the morphism
V0,0 1 Pm = Oz in Cs makes the following diagram commutes in C,.

0 ———— Py
Y0y,
O
(b) Let O, and Og be objects in Cy with ¢, : Oy - O, and @z : O1 - Og

morphisms in Cy. If there exists a morphism pgq : Og = O, in Cy such
that the following diagram commutes in Cq,

Og e 50,
O1
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then the morphisms 1o, 40, V04,0, € ¥ make the following diagram commute

m Cg .
Og Pe 50,
woﬂ,’%\ A)’Q,W
O,

Proor. It follows by the same reasoning as in the proof of Proposition [3.5.6
that the pair P = ((Pas)areams (Par ar)mrsar) is an inverse system in Cy (thus also
in C3 and C;). The diagram in (ii) above makes it clear that (O1, (jar) mem) is a
compatible system over P in C;.

We first construct the family of morphisms ¥: Fix an object Oy in Cy and a mor-
phism ¢ : O; - O, in Cy. By (i) above, there exists My € M such that for all M > M,
there exists a unique morphism ¢y, : Pp; - Os in C, such that the following diagram
commutes in C;.

Ol L) PM

0 PYM
O

Fixing My € M, the previous diagram may be extended for each M > M,.
O ——— Pu
M

Pm
® Pu

PMm
O

The large outer triangle commutes in C; for each M > M, since (¢ 0 par)oj = oo
(pmoj) =emoju = ¢. Thus we may define v, . = @aropar in Cs if it can be verified
that this definition is independent of the choice of M € M with M > M,. Since M
is upwards directed, it is sufficient to consider M, M’ € M with M’ > M > M,.
Since M’ > M and (P, (par)arem) is a compatible system over P in Cs we have
Py © pyr = par in Cs. Thus a0 par = war o (Parrar © par) = (ar © parr ) © par in
Cs where @y o pyrar: Py = Oz is a morphism in Cs.

By (i) above, the morphism @y : Py — Oy in Cy is the unique morphism in Cy
such that @projyr = ¢ in C1. However, since (O, (jar)mem ) is @ compatible system
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over P in C; it follows that

(s 0 parar) © aar = Par © (Paarar © arr) = O 0 jur =
Thus we conclude that wpopar a = @ which implies wpropar = (@ar © P )opar =
@ opyr. Hence the morphism 1, , in Cg is well-defined. As a result, we have the

desired family of Cz-morphisms ¥ and the statement in (a) follows by the definition
of the morphisms in .

For the statement in (b), fix objects O, and Op in Cs with ¢, : O; - O, and
g+ O1 = Og morphisms in C;. Consider a morphism pg, : Og = O, in Cy such
that the following diagram commutes in C;.

O Pe 50,
(3.5.1) k /
Oy

By (i) above and since M is directed, there exists M, € M such that for all M > M,
there exists unique morphisms @ar o : Par = Oq and pr s : Py = Op such that the
following diagrams commute in C;.

Ol im PM Ol Jm PM
(3-5-2) on PM,a » YM,B
O, Og

By part (a), we have morphisms o, o, : Prm = On and o, 4, * Pra = Op in ¥
where

V04 00 = PMa © PM> V04,05 = PM,B O DM -
The diagrams in and (13.5.2) show that the following diagram commutes in
C,.

J
P
s YM,B
~
Pa Oﬁ
P«
~
Oa

The uniqueness in (i) above implies that pg, 0 Y p = Ym.e and thus

VOupa = PMa ©PM = (DBa © PM,B) © DM = Pga © (P, ° D) = Pga © Y0u,05
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which proves the statement in (b). O

With many of the details relegated to the statement of the previous lemma, we are
now able to state the following shorter result.

COROLLARY 3.5.9. Let Cy, Cy, and Cs be categories such that C, € C3 ¢ Cy. Fix
01 € Cy and consider an upwards directed set (M,<). For every M € M, let Py,
be an object in Cqy and jyr : Oy - Pyr a morphism in Cy satisfying conditions (i)-
(iii) in Lemma([3.5.8 Let T:= ((Oa)act, (Pp.a)psa) be an inverse system in Cy with
inverse limit (O, (pa)acr) in Csz such that (O, (pa)acr) is also an inverse limit of T
in Cy. Let p: O — O be a morphism in Cq, then there exists ¢ : Pyy —> O in Cs
such that the following diagram commutes in Cy.

0, — 71 p,,
o %2
0

PROOF. Since (O, (pa)acr) is a compatible system over Z in Cs, the following
diagram commutes in C; for all o, 8 € I with 8 > a.

Paop
= s O,
,Q

O,
Og

Thus (O1, (pa © ©)aer) is a compatible system over Z in C;. For every « € I, consider
the morphism Yo, p.op : Prm = Oq in C3 constructed in Lemma m (a) satisfying
the following diagram in C;.

J
O ——— Pu
Pa o woa syPa PP
Oa

It follows directly from the fact that (O1, (pa © ¥)aer) is a compatible system over Z
in C; and Lemma[3.5.8] (b) that (P, (Y0, paoe)acr) is a compatible system over Z in
Cs. Since (O, (pa)aer) is an inverse limit of Z in C3 there exists a unique morphism
@ : Prg = O such that the following diagram commutes in Cs for all «v € .

P id s O
woa ,Pok A
O,
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From the previous two diagrams, we see that the following holds in C;.

Do © (@OJ) = (pa O@) 0j= @Z)Ompaw 0] =Paop.
However, since (O1, (Pa © ¢)aer) is a compatible system over Z in C; and (O, (pa)aer)
is an inverse limit of Z in C;, we conclude that the morphism ¢ : O; - O is the
unique morphism in C; making the following diagram commute in C;.

0O, > O
Oa

This uniqueness implies that @ o j = ¢, as required. [l

With the progress we have made thus far, some observations are in order: Let Y be
a category from Table [2 or 3] with X any category from Table [I] such that X 2Y.
Take X € X and consider the pseudo-solutions (P (X, M), ) for M e M(X). In
order to apply Corollary to these pseudo-solutions, the conditions (i)-(iii) from
Lemma need to be in place: Condition (i) was addressed in Remark (i)
and Theorem [3.3.77 The work done previously in this section takes care of (ii).
For (iii), we will need to show that our inverse system of pseudo-solutions P has
an inverse limit Sp in the associated category of locally convex structures LCY
where Sp is also an inverse limit in X. The work in the next section will give
us the information we need regarding inverse limits in categories of locally convex
structures.

Lastly, we were not able to show from general categorical considerations in Corol-
lary that the morphism ¢ : Py — O is unique with respect to the diagram
in Corollary In the end, we will make use of the properties of the inverse
limit (Pay, (par)amesr) along with the properties of the pseudo-solutions derived in
Section to conclude uniqueness.

3.6. Locally convex spaces and inverse limits

In this section, we put the last few results in place that we need to finally conclude
the existence of free objects in categories of locally convex structures in the next
section. In particular, we will show that our categories of locally convex structures
are closed under the formation of inverse limits. More specifically, this means that
the inverse limits of normed structures exist in the relevant category of locally convex
structures. Beyond this, we will also expand a known result to show that every object
in a category of complete locally convex structures ComLCY is in fact an inverse
limit of an inverse system in Y with the inverse limit taken in ComLCY.

We start our exposition with the following simple proposition for which we omit the

proof.

PROPOSITION 3.6.1. Let I be an index set and for every a € I, let A, be an object
in ComLM-C-SVLAY. Consider the product [1,.; Aa with the projections T, :
[Taes Aa = An. Then the following holds:
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(i) The product T],e; Aa equipped with component-wise operations is an object
in VLAY and for every a € I, the projection ma : [loey Aa = A is a
VLAY -morphism.

(i) The product topology T makes [1,e; Aa into an object in LM-C-SVLA.

(iii) If A, is complete for every a € I, then (ITaer Aa,T) is an object in
ComLM-C-SVLA"".

As we saw for other cases in Chapter [2| the inverse limit of an inverse system of
locally convex structures Z:= ((Aa)acr, (Pg.a)p=a) is easily obtained by taking the
inverse limit of the underlying sets in Z and inducing the natural algebraic and
topological structure on this inverse limit of sets from the product.

PROPOSITION 3.6.2. Let Z:= ((Aa)acr; (Ps,a)p=a) be an inverse system in LM-C-SVLA™.
Define the set

A= {(xa)ad € HAa :pga(xp) =24,V 0 > a}

ael
and define p, : A — A, where po:= w4l for a € I. Equipping A with the sub-
space topology from (I1aer Ao, T) makes the pair (A, (pa)acr) an inverse limit of T
in LM-C-SVLAY . In addition, if I is an inverse system in ComLM-C-SVLA,
then (A, (Pa)acr) is an inverse limit T in ComLM-C-SVLA".

PROOF. It follows directly from the definitions in Section [3.1.3] along with the
definitions of the product and subspace topology that A is an object in LM-C-SVLA
and that p, : A > A, are morphisms in LM-C-SVLA. Further, it is immediate
from the definition of the set A that (A, (pa)acr) is a compatible system over Z in
LM-C-SVLA'".

Let (fl, (ﬁa)ad) be any compatible system over Z in LM-C-SVLA". Define the
VLAM-morphism s : A - A where s(y) = (fa(y)),; for y € A. Tt follows precisely

from the compatibility of (fl, (Do) e 1) that s [A] c A and it follows by the continuity

of the p, morphisms that s is continuous, hence s is a LM-C-SVLA'*-morphism.
Let s’ : A > A be any morphism in LM-C-SVLA such that p, o s’ = j, for all
a€l. Then p, (s'(x)) = po (s(x)) which implies that s’ = s. Thus (A, (pa)acr) is an
inverse limit of Z in LM-C-SVLA.

For the case where 7 is an inverse system in ComLM-C-SVLA'", by Proposi-
tion [3.6.1] (iii), the product [T,e; Aq is complete and since A is a closed subvector
lattice algebra of [T,e; Aa, it follows that A is an object in ComLM-C-SVLA".
The rest of the proof for this case proceeds in the same manner as the above. [

In the above result, since every A, is a vector space and every morphism pg, is a
linear map, it follows that 0 € A and A is thus never empty. As a result, the inverse

limit of an inverse system of locally convex structures is never empty.

REMARK 3.6.3. Let Y be a category of normed structures from Table [2] or [3| with
LCY the associated category of locally convex structures. The above proof is easily
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repurposed to show that the category LCY is also closed under the formation of
inverse limits of inverse systems in LCY. In particular, since Y ¢ LCY it is then
also clear that the inverse limits of inverse systems in Y always exist in LCY.

Further, if we consider an algebraic category X ¢ A(Y) ¢ Y and an inverse system
T:=((Aa)aer, (Pp.a)p>a) in Y, since the objects A, and the morphisms pg, are also
in X, it follows that (A, (pa)acr) as constructed above is both an inverse limit in
LCY and in X.

With these results on the existence of inverse limits in categories of locally convex
structures in mind, we are now in a position to use Definition to form categories
of inverse limits. We list this new collection of categories.

PROPOSITION 3.6.4. The following list of categories defined using Definition
exist. By definition, for each category Y from Table[d or[3, the category of inverse
limats LCY—I(iLnY 1s a full subcategory in LCY .

Categories of inverse limits of normed structures:
(i) LCS-lim NS,
(i1) LC-SVL-IimNVL,
(i1i) LM-CA-limNA,
Pa—
(iv) LM-CA'-lim NA,
(v) LM-C-SVLA-ImNVLA,
(vi) LM-C-SVLA'limNVLA",
«—
(vii) LM-C-SVLA"-linNVLA™".
Categories of inverse limits of complete normed structures:
(i) ComLCS-lim Ban,
Pa—
(i1) ComLC-SVL-limBL,
(iti) ComLM-CA-limBA,
(iv) ComLM-CA'-limBA",
pa—
(v) ComLM-C-SVLA-lim BLA
P
(vi) ComLM-C-SVLA'-limBLA",
(vii) ComLM-C-SVLA'*-lim BLA'".
«—
For the next result, we need to recall some terminology. Let X be a locally convex

space. The family of seminorms P generating the topology on X is saturated if for
every finite collection {py,--, p,} € P the seminorm p; vV p, : X - R is also in P

where (p1 Vv p,) ()= p1(x) Vv pu(z).
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For a family of seminorms P, the collection P’ obtained by adding all of the el-
ements of the form above is called the saturation of P. It is clear that if P is a
family of submultiplicative (Riesz) seminorms then the elements in P’ will also be
submultiplicative (Riesz) seminorms.

It is known that the objects in ComLCS are precisely the inverse limits of objects
in Ban with the inverse limit taken in ComLCS, see [60, Chapter II, Theorem 5.4].
It is also known that the objects in ComLM-CA are precisely the inverse limits of
objects in BA with the inverse limit taken in ComLM-CA | see [14], Theorem 4.5.3].
In the language we have developed this is stated as

ComLCS—l(iLn Ban = ComLCS, ComLM—CA—l(iLn BA = ComLM-CA.
We adapt the proof in [I4, Theorem 4.5.3] to obtain the following result.

THEOREM 3.6.5. The following equality of categories holds.
ComLM-C-SVLA"" = ComLM-C-SVLA'*-lim BLA™*

PROOF. Since @BLA“ is a full subcategory of ComLM-C-SVLA'" it is
enough for us to verify that the object classes of these two categories are equal.
Fix an object Y € ComLM-C-SVLA'" then there exists a separating family of
submultiplicative Riesz seminorms P’:= {p, : a € I} generating the topology on
Y. We assume without loss of generality that the family P’ is saturated. Define a
partial order < on I where o < 8 if and only if p,(z) < pg(x) for all z € X. The pair
(I,<) is upwards directed since P’ is saturated.

For every « € I, consider the quotient Y, := Y [ ker p, which is made into a positive
unital normed vector lattice algebra when equipped with the standard quotient
vector lattice algebra structure and the norm || : ¥, - R where |[2]a], = pa(2).
For every a € I, the quotient map g, : Y — Y, is a continuous unital vector lattice
algebra homomorphism. For every a € I, let (Y,,|+|,) denote a completion of
(Ya, |,). Thus (Ya,|-],) is an object in BLA for all a € I. Clearly for a, 8 € T
with 8 > «, we have kerp, € kerpg. For 8 > a, define the unital vector lattice
algebra homomorphism pg, 17,3 — Y, where [z] g P [x]s. It is easy to verify that
for all > a in I we have

(361) ﬁﬁ,cx o Cjﬂ = Cja‘

Since ker p, € kerpg it is clear that pg, is contractive and thus the maps pg, :
Y3 ->Y,CcY, extNend urjiquely to contractive morphisms pg, : Y3 = Y, in BLA'Y.
Hence, the pair Z:= ((Ya)ad, (ﬁg,a)ﬁm) forms an inverse system in NVLA'" and

a standard density argument shows that the pair Z:= ((Ya)aer, (Pg.a)psa) forms an
inverse system in BLAY. Now, define the positive unital vector lattice algebra

Y= {([ya]a)ael € Hf/a Ppallysls) = [Tala, VB 2 a}‘

ael

Define the family of seminorms @ := {0, : v € I'} where for each y €I,

(3~6-2) Oy (([ya]a)ad) = “ [y'y]’y“fy = p’y(y’y)'
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Define the projections p, : Y > }7& for a € I. By Proposition m, the pair
(Y, (ﬁa)ad) is the inverse limit of Z in LM-C-SVLA'".

By (3 , it is clear that the pair (Y, (da)aer) is a compatible system over 7 in
LM- C SVLA1+ and so there exists a unique morphism ® : ¥ - Y in LM-C-SVLA
where y = (G (y)),; for y € Y. We show that @ is an isomorphism in LM-C-SVLA™,
i.e. a bijective bicontinuous unital vector lattice algebra homomorphism. Continu-
ity and the homomorphism property has already been given universal property of
the inverse limit of Z. For injectivity, since P’ is a separating family seminorms,
we have that Naerkerp, = {0}. If y € Y is such that ®(y) = (¢a(y)),..; = 0, then
Y € Naer ker po,. Hence y = 0.

ael

To show surjectivity, fix ([tq]a)acr € Y. Denote by F(I) the collection of all finite
subsets of I, which set inclusion makes into a partially ordered upwards directed
set. Note that for every S € F(I) there exists g € I such that fs > « for all a € S.
For every S € F(I), fix such a g € I. Since all the quotient maps {q, : « € I} are
surjective, for every S € F(I) with fixed associated upper bound fg € I, fix x5 €Y

such that Ggg(2s) = [ugy]ss- This gives us a net (zs)ser(r) in Y. By (3.6.1]) above,
for every S e F(I) and all « € S we have

da(xs) = ﬁﬁs@ ° Cjﬁs ($S) = ﬁﬁsya([uﬁs]ﬁs) = [ua]a'

Consider Sp,5; € F(I) with S;n Sy # @. It follows from the previous observation
that
Go(7s,) = [Ua]a = Ga(s,)

for all o € Sy n Sy, which implies that xg, — xg, € kerp, € {y € Y : po(y) < €}
for arbitrary € > 0. It is now easy to see that (zg)ger(s) is a Cauchy net in Y:
Fix an open neighbourhood U of zero, there exists a basis element of the form
N_i{y €Y : pa,(y) < ¢;} € U. Define Sy:= {ay,-, ax}, then for all S,T 2 S, we
have that xg —2p € kerp,, € {y € Y : ps,(y) < €;}. Since Y is complete there
exists x € Y such that (zg)sery) = ¢. Fix any o € I. Since ¢, is continuous, we

have that G,(rs) = Ga(z) but the net (go(xs))ser(r) is eventually constant since
Jo(rs) = [Ua]a for all S 2{a}. Tt follows that ®(x) = ([ta]a)aer-

The definition of the seminorms on Y given in (3.6.2)) makes it clear that for a net
(®(y)))jes in Y and (P(y) eV, if (2(y;))jes ~ ®(y) in Y, then (Yj)jes >y inY.
Thus the map ®: Y - Y is a LM-C-SVLA*-isomorphism, which implies that Y
is complete.

Now, consider the inverse system Z:= ((Ya)acr, (Pg.a)psa) in BLA' defined above.
Define the set

= {(@a)ae] € HYa :pﬂ,a(yﬁ) = gow Vﬁ 2 Oé}

ael

By inducing structure on Y as in Proposition “ 3.6.2] and defining the projections
Po 1Y = Y, we obtain the inverse limit ( (pa)ad) of Z in ComLM-C-SVLA".

Given that Y,, forms a subvector lattice algebra in Y, for all o € I and the morphisms
{Ps.a:Ys > Ya}psa are extensions of the morphisms {Psq:Ys > Ya}psa, Wwe may
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identify Y with a subvector lattice algebra of Y and since Y is complete, we conclude
that Y is closed in Y. To conclude the result, we will show that Y is dense in Y:

Fix any §:= (Ja)aesr € Y. We construct a net in Y converging to ¢ in Y. For
every S € F(I), fix B € I such that S > « for all & € S. Since the quotient map
Gss 1 Y = Yg, is surjective and Y, is dense in Y, for every € > 0 there exists zg, € Y’
such that

“qﬂs ({B&E) - gﬁs ” <€
Since the linking maps pg, in Z extend the contractive linking maps pg . in Z, for
all v € S we have

|Ga(2s.) = Fal = [Pss.0 © G55 (5.6) = Pos,a(Fss) |
= [Pas.a 0 Gss (2s,c) = Pos.a(Fss) |
< s (ws.e) = Gss || < €.
Denote R, := R*\{0} and define the ordering < on F(I)xR.q where (S1,71) < (S2,72)
if and only if S; € S5 and ry < r;. It follows that the net (Qa(xS,e))(se)ef(I)wa
converges to J, € Y, and since [, Yo possesses the product topology it follows
that (®(2s.)) (s 0er(ryxm., cOnverges to g €Y. Hence Y =Y.

Thus we have the isomorphism ® : Y - Y in ComLM-C-SVLA'*. Since (Y, (pa)ad)
is an inverse limit of Z in ComLM-C-SVLA™ it follows that (Y, (pa o ®),,,) is
also an inverse limit of Z in ComLM-C-SVLA'*. Hence Y ¢ @BLA“. O

Let Y be a category of complete normed structures frpm Tz}ble . The Rroof of
Theorem [3.6.5| can be modified to show that CornLCY—l(iLnY = ComLCY. The

crucial steps in the above proof is showing that the map ® : Y - Y is an isomor-
phism and showing that Y is a dense subspace in Y. These steps rely on topological
arguments and the universal property of compatible systems and will therefore re-
main essentially the same when verifying the analogous statement for the category
Y. Modifying the other parts of the proof is routine and largely amount to dealing
with different underlying algebraic structures. Thus we have the following equalities
of categories.

COROLLARY 3.6.6. The following equalities hold:
(i) ComLCS-limBan = ComLCS.
pa—

(ii) ComLC-SVL-lim BL = ComLC-SVL.
(iii) ComLM-CA-lim BA = ComLM-CA.
(iv) ComLM-CA'-limBA' = ComLM-CA".
<~
(v) ComLM-C-SVLA-limBLA = ComLM-C-SVLA.
(vi) ComLM-C-SVLA'-limBLA" = ComLM-C-SVLA".
(vii) ComLM-C-SVLA'"-lim BLA' = ComLM-C-SVLA'".
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We close this section with a few observations. For a category of complete normed
structures Y, the equality ComLCY—l(iLnY = ComLCY tells us that every object

in ComLCY is the inverse limit of some inverse system Y (with the inverse limit
taken in ComLCY). However, it is implicit in the proof of Theorem m that
every object in ComLCY is in fact an inverse limit of an inverse system in Y with
contractive linking maps.

As a separate note, consider a category of normed structures Y and an inverse
system Z in Y. Since an inverse limit Sz exists in LCY, the category LCY-limY

is a full subcategory of LCY, and Sz is a compatible system over Z in LCY-limY,
it follows by Proposition that Sz is an inverse limit of Z in LCY—LiLnY.

3.7. Free objects in categories of inverse limits

With the results from the last section in place, we are now in a position to apply
Corollary to the pseudo-solutions listed in Theorem [3.3.7] in order to obtain
free objects in categories of locally convex structures.

The formulation of Lemma uses categories C;, C,y, and Cj satisfying Cy <
C; ¢ C;. In the rest of this section, we will only consider categories X and Y
with Y from Table [2 or [3] and X from Table [1] such that X 2 Y. We note that
for any choice of category X from Table |1| we have Y ¢ LCY-LiI_nY c A(Y) cX.

Thus the categories X, Y, and LCY—I(iLnY may take the role of C;, C,, and Cj3 in

Lemma [3.5.8| respectively. We now state once and for all that the conditions (i)-(iii)
in Lemma [3.5.8| are satisfied for these choices of categories X and Y.

PROPOSITION 3.7.1. Let Y be a category from Table[d or[3 and X a category from
Table |1 such that X 2 Y. Fix X € X and for every M € M(X) consider the
pseudo-solution (PX(X, M), ja). Then the following holds:

(1) For everyY €Y and every morphism ¢ : X - Y, there exists M, € M(X)
such that for all M > M, there exists a unique contractive morphism @y
PYX(X,M) - Y such that the following diagram commutes in X.

X — M L PY(X, M)
© YMm
Y

(ii) For every M,M' e M(X) with M' > M, there exists a unique contractive
morphism payrag 2 PX (X, M') - PX(X,M) in Y such that the following
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diagram commutes in X.

X — L pY(X, M)
. Pt m

IM
PX(X, M)

Thus P:= ((P}((X,M))MEM(X),(eryM)Msz) is an inverse system in Y
and (X, (jM)MeM(X)) is a compatible system over P in X.

(11i) The inverse system P has an inverse limit (’PM(X), (pM)MeM) in LCY-limY

which is also an inverse limit of P in X. Since (X, (jM)MeM(X)) is a com-
patible system over P in X, there exists a unique morphism j: X — Ppx)
in X such that the following diagram commutes in X for all M € M(X).

X 4 > PM(X)

PY(X, M)

ProOF. Condition (i) is addressed in Remark and Theorem [3.3.7] For
(i), it follows from the proof for Proposition that P is an inverse system in
Y and the fact that (X s () memq X)) is a compatible system over P in X is seen
from the diagram in condition (ii). The discussion in Remark shows that the
pair (PM(X), (pM)MeM) constructed in Proposition [3.6.2[is both an inverse limit of
P in LCY and X. It follows from the fact that LCY- <iLnY is a full subcategory

in LCY and Proposition that (PM(X), (pM)MeM) is an inverse limit of P in
LCY-limY. O

Applying Corollary to Proposition |3.7.1 we almost have a new collection of
free objects.

COROLLARY 3.7.2. Let Y be a category from Table[3 or[3 and X a category from
Table |1) such that X 2'Y and fir X € X. Then there exists an object Pay(x) in
LCY—liLnY and a morphism j : X — Ppqx) in X such that for every object O in
LCY-limY and every morphism ¢ : X — O in X there exists ¢ : Ppyx) = O such
that the following diagram commutes in X.

X % Prcx)
> @
0]

© University of Pretoria



Y
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

W YVUNIBESITHI YA PRETORIA

3.7. FREE OBJECTS IN CATEGORIES OF INVERSE LIMITS 129

It remains to establish that the morphism ¢ factoring through (’PM( X)sJ ) is unique.
For a given pseudo-solution (P¥(X,M),jy), it was shown in Proposition
that the object in A(Y) generated by the subset jy [X] is dense in P¥ (X, M).
Using this fact along with the construction of the alleged free object as an inverse
limit of pseudo-solutions will be enough for us to show uniqueness of the factoring
morphisms. We will show how this is done in a particular case.

PROPOSITION 3.7.3. Consider the categories ComLM-C-SVLAY and Set and fix
S e Set. By Corollary there exists an object Py in ComLM-C-SVLA!'*
and a morphism j : S — Pas) such that for every Y in ComLM-C-SVLA'"
and every morphism ¢ : S — Y in Set there exists a morphism @ : Ppsy = Y in
ComLM-C-SVLAY such that the following diagram commutes in Set.

S S Prs
o @
Y

In addition, the object in VLA generated by the subset j[S] in Paysy is dense
in Pyms). As a result, the pair (PM(S),j) 1s the free object over S of the category
ComLM-C-SVLA'.

PROOF. Let Y be an object in ComLM-C-SVLA and ¢ : S - Y in Set.
The existence of the morphism @ : Pys) = Y satisfying the above diagram follows

by Corollary 3.7.2

Denote by G the sub-vector lattice algebra in Ppy(s) generated by the subset j[S].

We show that G is dense in Pps). For every M e M(S), denote by |-|,, the

norm of the pseudo-solution PBLA™ (S M) and consider the family of seminorms
{prr + Prmesy = R}mems)y where par(x):= |ma(z)|,, generating the locally m-

convex-solid topology on P(s). Fix yo € Paq(s) and consider the basis element
B={z € Ppsy : par, (2= 10) < &
i=1
where n € N and {€1,...,¢,} € R*. Define ¢*:= min{ey,...,€,}. Since M(S) is

upwards directed, there exists M* > M; for all 1 <i < n. Denote by Gjs+ the sub-
vector lattice algebra generated by jar- [S] in PBLA™(S, M*). By Theorem m,

G+ is dense in P]S?’eI;ZAH(S7 M*), thus there exists si,...,s, €S for some k € N and
an element p:= P (ja<(81),---,Jm+(Sk)) € Gp+ where P is some combination of the

operations defined on PBLA(S, M*) such that

1D = 7are (Yo) |l pge <€

Consider the element p:= P (j(s1),...,7(sk)) € G where my«(p) = p. Since M* > M;
for all 1 <7 <n, by the properties of the inverse limit (PM(S), (pM)MeM(S)) and the
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fact that the morphisms in the inverse system P are contractive, we have that for
every 1 <1< n,

pu; (P =y0) = |7, (p) = 7, (o) s, = [are na; (o= (P = 90)) | o,
< [mar (p) = mar (Yo) [ e = 1D = mar (yo) | e < € < e

Thus Bn G # @ and we conclude that G is dense in Py s).

Now, let ) : Ppmcsy = X be any morphism in ComLM-C- SVLA' such that
Yo j=¢. Since ¢ and 9 coincide on j[S], it follows by Proposition m 3.2.11| that @
and 1) coincide on G since @ and w are morphisms in VLA, Since @ and 1 are
continuous, we conclude that ¢ =1). U

This informs the following more general result.

PROPOSITION 3.7.4. Let Y be a category from Table[d or[3 and X a category from
Table |1| such that X 2Y and fir X € X. Consider the pair (PM(X),j) constructed
m Corollary then the object in A(Y) generated by the subset j[X] in Prx)
is dense in Pa(x)-

PrROOF. We treat two separate cases. For a category of complete normed struc-
tures Y from Table , it is clear that the proof of Proposition can be adapted
to obtain the desired result since the proof only relies on the topological structure
on Paycx)y, the density of Gy in P%(X,M) for M € M(X) and the properties of
inverse limits.

On the other hand, the proof of Proposition [3.7.3] is adjusted in the following way
for categories of normed structures Y from Table : Fix yo € Ppx) and consider
the basis element

Bi= (o € Paax) : par, (= o) < €4
i=1

Fix M* > M; for all 1 <i <n. Since PY(X, M*) is generated by the subset jy+[S],
there exists 1, ...,z € X for some k € N such that my«(yo) = P (jar (1), -+, jar (21))
where P is some combination of the operations defined on PY(X, M*). Define p:=
P(j(z1),...,j(xx)) satistying mp+(p) = mar+(yo). This implies that pps, (yo —p) =0
for all 1 <72 <mn. Thus p € B and it follows that G is dense in Pay(x). O

It is clear that the work in Section is of independent interest given the connec-
tions that have been made to the existing literature, however, all the work after
Section has led up to the following list of free objects in categories of locally
convex structures. Their existence follows immediately from Corollary and

Proposition [3.7.4]

The notation we have developed does not lead to the most aesthetic list of answers,
but this is preferable over ambiguous notation.

THEOREM 3.7.5. Let S be a set, V a vector space, E a vector lattice, R an algebra,
R' a unital algebra, A a vector lattice algebra, and A' a unital vector lattice algebra
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and let X denote any one of these objects. The following free objects exist. In all
LCY-limY
cases, the morphism j: X - Fyx = (X) is a morphism in the category X.

Categories of inverse limits of normed structures:

LCS-lim NS LM-C-SVLA!-lim NVLA!
(1) Fee = (5) (14) Fys - (V)
LC-SVL-lim NVL 1 im 1
(2) FSet — (S) (1 5) FI\}I\]/:I‘-C-SVLA -lim NVLA (E)
(3 ) FI\JICS:-SVL—LEI NVL ( V) (1 6’) FZEVLC’SVL Al lim NVL Al(R)
(4) F;Z[_CA_EB NA(S) (1 7) FLM—C—SVLAlfliLn NVLAI(Rl)
(5) FI\III\S/LCALHNA(V) (18) FLM»C-SVLAL@NVLAI(A)
LM-CA-lim NA! VLA
(6) FSet - (S) LM-C-SVLA'*.lim NVLA*
. (19) F - (5)
(7) FLM—CA -lim NA (V) Set
VS O 1+ _Jim 1+
RN (20) FLMCSVLA lim NVLA (V)
(8) e (R) v
Alg e .
LM-C-SVLA-limn NVLA (21) Fi,hE_C_SVLA VLA (E)
9) F - S
Y ii:[-C-SVLA-l' NVLA( ) (22) FLM_C_SVLAH_]HNVLAH( R)
(10) F - (V) Alg
ZI\S/I-C-SVLA-lim NVLA LM-C-SVLA™*-lim NVLA™ )
(11) Fy,. =ER) (23) ¥ (1Y)
-C- -lim -C-SVLA*.lim At
(12) FI;\:CSVLA L_NVLA(R) (24) FI\J/I\EA VL lim NVL (A)
(13) FZI;:—C—SVLAL@NVLAI(S) (25) Fil;/[[;?—SVLAl*—liLnNVLA“(Al)

Categories of complete locally convex structures:

(1) FgeotmLCS (S) (1 3) FggtmLM—C—SVLAl (S)
(2) FEqmUeSVE(S) (14) FGgnIM-CSVLAL (/)

(3) FGgmesvi(y)
(1) FEEmNLoA(S)
(3) FGgnistea(y)
(6) FGamMON’ (5)

(7) FGgiMea’(v)
(8) Fgp M- AN (R)

(1 5 ) FgcimLM-C-SVLAl ( E)
(1 5) Fz(i?grnLM_C_SVLAl (R)

(17) Fg?gnllLM-c-SVLAl (RY)

(18) FORRIMOsSVEAT(4)

(19) Fg&mLM-C-SVLA“ (S)

(9) FSomLM-C-SVLA () (20) FGQMIM-C-SVLAL (1)

Set

(

(Z 0) FScS)mLM—C—SVLA (V)

(1 1) ngmLM-C-SVLA(E)
(

(12) ng)grnLM—C—SVLA R)

(2 1 ) FS(ﬁmLM-C-SVLAl* ( E)

(22 ) Fg?;lLM-C-SVLA1+ ( R)

(23 ) FE?;?LM-C-SVLAl* ( Rl)

© University of Pretoria



132 3. FREE OBJECTS

(24) FScI)JrXLM-C—SVLA“(A) (25) FS;Q%M-C—SVLA“(Al)

It is interesting to note that although the notion of an inverse limit is used in a
fundamental sense in the construction of these free objects (both in constructing a
candidate free object F from pseudo-solutions and showing that the image of the
accompanying morphism j is dense in F), for the above collection of free objects in
categories of complete locally convex structures there is no explicit mention of an
inverse limit in sight anymore.

The above list of free objects contains all possible solutions we could obtain using
the pseudo-solutions in Theorem [3.3.7] as building blocks in our procedure. Can
the same not be done with the pseudo-solutions in Theorem The pseudo-
solutions in Theorem are between categories X and Y, both ranging over
Table [2] and [3] such that X 2 Y. Unfortunately, the formulation of Lemma [3.5.8|
and Corollary does not allow for this: The categories X and Y need to satisty
the inclusions Y ¢ LCY-@Y c X in order for us to apply Lemma . However,
the inclusion LCY—l(iLnY c X will not hold in general for such categories X and Y
since the objects in LCY—yLnY are locally convex structures and the objects in X

are normed structures.

It is possible to address this problem by introducing a category Z such that X ¢ Z
and LCY ¢ Z and requiring that the inverse system

P= ((P§(X> M) memty () (pM’,M)M’zM)

has an inverse limit (PM(X), (pM)MEMb(X)) in both LCY—I(iLnY and Z. One can

reformulate the results in Lemma and Corollary where this ‘upper bound’
category Z is included. In the end, the following can be proven for categories X and
Y, both ranging over Table [2| and [3] such that X 2 Y: Fix an object X € X and
consider an upper bound category Z for X and Y. Then there exists an object @ in
LCY—I(iLnY and a morphism j : X — ) in Z such that for every O in LCY—LillY

and every morphism ¢ : X — O in Z there exists a unique morphism ¢ : ) - O in
LCY—l(iLnY such that the following diagram commutes in Z.

X——Q
@ 7
0

For example, we can take Y = BL and X = Ban then LCY—@Y = ComLC-SVL.
We may take ComLCS as upper bound category Z for ComLC-SVL and Ban. For
X € Ban, there exists an object () in ComLC-SVL and a morphism j: X — () in
ComLCS such that for every O in ComLC-SVL and every morphism ¢ : X — O in
ComLCS (i.e. a continuous linear map) there exists a unique morphism ¢ : Q - O
in ComLC-SVL (i.e. a continuous vector lattice homomorphism) such that @oj = ¢
holds in ComLCS. Given that the pair (), j) satisfies a universal property similar
to that of a free object, one might want to call the pair (Q,7) a quasi-free object
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over X of LCY-limY via Z. The category Z needs to be noted since the choice of
Z affects the universal property we obtain in the diagram above.

Returning to our genuine free objects in Theorem |3.7.5, we can ask the following
question: It may happen when we consider a particular choice of categories X and
Y and X € X that the free object (F¥(X),j) does indeed exist. The procedure

LCY-limY

outlined in this chapter will still deliver us a free object (Fx - (X),J' ) in the
larger category LCY—I(ile. One would hope that our procedure for constructing
free objects would be able to recover this prior answer, in the sense that there is
an isomorphism & : F;CY_IEY(X ) > FX(X) in Y such that the following diagram
commutes in X.

LCY—LLmY

Fx (X)

FX(X)

LCY-limY

This would mean that Fy ~ — (X)) is in fact a normed space and the pair (FX (X)), 7)
is not just a free object over X of the category of normed structures Y, but is also
a free object over X of the larger category of inverse limits of normed structures
LCY-limY. The following result shows that this is indeed the case.

PROPOSITION 3.7.6. Let Y be a category from Table[d or[d and X a category from
Table |1} such that X 2 Y and fir X € X. Assume that the free object (F,j) over
X of Y exists and consider the free object (F',j") over X of LCY—I(iLnY from
Theorem |3.7.5. Then there exists a unique isomorphism ® : F' - F in'Y such that
the following diagram commutes in X.

FI

PrOOF. We note that since a linear map between normed spaces is continuous
if and only if it is bounded, it follows that Y is a full subcategory in LCY-limY.

Since F'e Y ¢ LCY-limY, it follows by the universal property of (F’, ;') that there
exists a unique morphism ® : F/ - F in LCY—@Y such that ® o 5’ = 7. We will
show that ® is in fact an isomorphism in LCY—l(iilY.

Since ® would then be a homeomorphism between a locally convex structure and a
normed structure, it would follow by [25 Chapter IV, Proposition 2.6] that F’ € Y.
Since Y is a full subcategory in LCY—I(iLnY, it would follow that ® is the unique

isomorphism in Y such that o 5’ = 7.
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It remains to construct an inverse morphism of ¢ : F - F’ in LCY—li(I_n Y: For every
M e M(X), the pseudo-solution PX (X, M) is an object in Y with a morphism
jum + X = PX(X,M). By the universal property of (F,j), for every M € M(X)
there exists a unique morphism ¢y, : F - PX(X, M) in Y such that the following
diagram commutes in X.

X J s F

(3.7.1) . Far

Px (X, M)

We claim that the pair (F, (Vnr) e M( X)) is a compatible system over the inverse
system P:= ((PX(X, M))memcx), (Parar)arsnr) in LCY-limY: For M € M(X),
denote by Gy the object in A(Y) generated by the subset jy [X] in P¥ (X, M).
By Theorem , the subset G is at least dense in P¥(X, M) for M € M(X).
Fix M'> M in M(X) and take j(zo) € j[X]. By (3.7.1]), we have

U (j(20)) = jn (o)
and,
Py © U (5(20)) = paarva (Jarr (20)) = Jar (o).

Thus pas s 0 ¥ and ¥y, coincide on j[X]. By Proposition m, the object G
in A(Y) generated by the subset j[X] is dense in F. Since ppyar 0 ¢¥pr and 1y
are morphisms in Y, it follows that pyy ar o ¥apr = 1. Hence, (F, (QZM)MEM(X)) is
a compatible system over P in LCY-limY. Since (F’, (pM)MeM(X)) is an inverse
limit of P in LCY—l(iI_nY, there exists a unique morphism ¥ : F — F’ in LCY—@Y
such that the following diagram commutes in LCY—l(iElY.

F v s F

(3.7.2) Y %

PY (X, M)

It remains to verify that ® and W are inverse morphisms in LCY-limY: By {)
and (3.7.2)), for every M € M(X), we have
pae(Voj)=(pyoW)oj=thyoj=ju.
By Proposition m (iii), since j’ : X — F’ is the unique morphism in X such that
pa o’ = Ju, it follows that Wo j = 5/. Consider the morphism Wo & : F' — F’, then
for j'(xg) € 7' [X], we have
(Vo ®)(j'(0)) = Weoj(zo) = j'(2o)

Thus Wo® and 1 coincide on j’ [ X]. By Proposition [3.7.4) we know that the object
G' in A(Y) generated by the subset j/[X] is dense in F/ and thus ¥ o® = 1. Since
®oj'=45and Woj=j"it follows by a similar argument that ® o U = 1p. 0J
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In the last two sections, we apply the free object machinery we have developed to
the concrete pseudo-solutions in Section to obtain concrete descriptions of two
of the free objects whose existence was derived above.

3.8. The free complete locally m-convex algebra over a point

In this section, we give a concrete description of the free complete locally convex
unital algebra over a one-point set by applying the inverse limits construction to the
pseudo-solutions found in Section [3.4.1L We only consider algebras over C in this
section.

Fix a one-point set S:= {sq}. For every M > 0, consider the pseudo-solution

(¢* (No, war) , jar) where jpr(sg) = 5§M) found in Section We note that condi-
tions (i)-(iii) in Lemma are satisfied:

(i) For every Y e BA" and every morphism ¢ : S — Y in Set there exists My > 0
such that for all M > M, there exists a unique morphism @y, : £1(Ng, wys) —
Y in BA! such that the following diagram commutes in Set.

S — I (N, war)
o oM
Y

(ii) As shown in Remark 3.5.7, the pair P:= ((£* (No,war))ars0, (Paso.nn ) Moz, )
is an inverse system in BA' and the linking maps paz, s, are inclusions.
Further, the pair (S, (jar)ar-0) is @ compatible system over P in Set.

(iii) For every M >0, denote by ||,, the norm on ¢*(Np,wys). Define the set

L= {(fM) e [T (No,wnr) = Py (fars) = fan, ¥V Mz 2 Ml}'
M>0

For M > 0, define pys : E'— (1(No, wyr) where py = my| and equip £ with
the topology 79 generated by the seminorms induced by the component
norms. The results in Section show that (E,7y) is a complete unital
locally m-convex algebra and the pair ((E, 7), (par)ars0) is an inverse limit
of P in both Set and ComLM-CA®'. Since (S, (jar)as0) is a compatible
system over P in Set, there exists a unique morphism ;' : S - E in Set
such that pys o 7/ = 75 holds in Set for all M > 0.

Thus we know from our previous work that ((E,7),7’) is the free complete unital
locally m-convex algebra over S. We consider a related inverse system to show that
this free object has a more familiar guise.

For every M >0, denote Dy = {z € C: |z| < M} and define the collection of functions

HM::{f:DM_’(C D f =) ash, Z|ak|Mk<°°}-
k=0

k=0
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It is clear that each element in H,; is holomorphic on Dy, and continuous on D).
Adding the standard vector space and multiplication operations along with the norm
Il 7,, * Har = R where

[ee]
| £, = 2 lawl M
k=0

makes H); into a unital Banach algebra. For a given M > 0 and every = = (ay) €
01 (Np, wyy ) define the associated power series f, € Hy where f,.(2):= Yo agpz” for z €
Dyy. Tt is easy to see that the map Ty : £1(No, wy) — Hy where o = (ag) — fo is
an isometric unital algebra isomorphism. For My > M; > 0 denote by 7z, ar,  Har, =
Hyy, the restriction map. It is clear that the pair H:= ((Har) a0, (P00, ) Moznsy )
forms an inverse system in BA" where the linking maps ., a7, are contractive BA'-
morphisms. Define

{ gM) H HM : TMQ,M1(gM2):gM17VM22M1}.

M>0

For M > 0, define ry; : H - Hyy where rp:= my|y and equip H with the topol-
ogy T generated by the family of seminorms {n,;: H - R : M >0} where ny(x):=
|mar ()|, for x € H. As before, the pair ((H, ), (par)m>0) is an inverse limit of H

in ComLM-CA®'. For every M > 0, define I); € Hy; as the function I;(2):= z for
z € Dy and define the morphism j” : S — H in Set where j7(s0):= (In) 5. We
note that the following diagram commutes in BA! for all M, > M; > 0.

T,
(1 (No, wyg,) ———=2— Hyy,

DMy, My TMg, M

gl(No,’le) T) HMl

Since Ty is an BA'-isomorphism for every M > 0, it follows by Proposition m
in Chapter [2] that there exists a unique BA'-isomorphism T : E - H such that the
following diagram commutes in BA! for all M > 0.

B T

»y H
PM J/TA{
Hy

gl(NO, le) T—M>

which implies that
raoT oj'(s0) =T opamoy'(so)=Tu (5§M)) =TIy =rmoj"(s0).

It follows that T o j’ = j” and thus by the essential uniqueness of free objects we
conclude that ((H,7),j"”) is also a free complete unital locally m-convex algebra
over S.

Now, consider the unital algebra of entire functions H(C). Denote by I € H(C)
the function I(z):= z for z € C and define j : S — H(C) where j(s¢):= . Since
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every entire function can be represented as a power series f =Y ,_oarz* converging
everywhere in C one sees that the map R: H(C) - H where f +—— (f|DM)M>o is a
unital algebra isomorphism. For M > 0, define the seminorm py; : H(C) - R where
pu =1y o R and denote by 1), the topology generated by this family of seminorms.
By [57, Theorem 5.7.3], we have that (H,7) and (H(C), ) are isomorphic via the
ComLM-CA'-isomorphism R and since Ro j = j” it follows that ((H(C),7x),7)

is also a free complete unital locally m-convex algebra over S.

We claim that H(C) equipped with the 7, topology derived from the pseudo-
solutions construction is homeomorphic to H(C) equipped with the familiar topol-
ogy of uniform convergence on compact sets: Denote by K(C) the collection of
compact subsets of C and for every K € K(C), define the seminorm pg : H(C) - R
where px(f):= max,cx |f(2)|. The family of seminorms {px : K € (C)} generates
the topology of uniform convergence on compact sets, which we denote as 7x. First,
we show that the identity map J; : (H(C),7y) — (H(C),7x) is continuous: Fix
K € K(C), then there exists M > 0 such that |z| < M for all z € K. Then for every
f=Yroaz? e H(C) and all z € K, we have

£ S a1 < 3 el M = par ()

k=0 k=0

which implies that px < ppr and thus J; is continuous. Next, we show that the
identity map Jy : (H(C),7x) — (H(C),75) is continuous: Fix M > 0. By the
Cauchy integral formula [62, Chapter 2, Corollary 4.2], for every f = ¥p2gapz® €
H(C), we have

ko 2mi

/WO _ 1 ﬂ§ f2) ..
|

Q. =
2|]=2M zk”

Denote C:={z e C:|z| =2M}. This gives the upper estimate

4 M 1
orl s ot max |20 - s mal £
As a result
1 .
) = Sl 30 < 5 s sl M = 3 ol £ = 200

This implies that Js is continuous and we conclude that (H(C), 7)) and (H(C), 7 )
are indeed homeomorphic. This gives us the concrete description ((H(C),7x),7)
for the free complete unital locally m-convex algebra over S.

Now that we have calculated the answer ((H(C),7x),J) as the solution to the free
object problem between the categories ComLM-CA® and Set, it is not difficult to
verify that this pair is a solution by showing directly that the necessary universal
property is satisfied: Fix B € ComLM-CA" and a morphism ¢ : S — B in Set. We
show that there exists a unique morphism ¢ : H(C) - B in ComLM-CA" such
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that the following diagram commutes in Set.

§ — D (H(C),7x)
o e
B

Define the map ¢ : H(C) - B where

A= S (o)) (f St H(«:)).

We first need to verify that @ is well-defined: Fix f = Y2 arz* € H(C).
show that (ZZ:O a (go(so))k) . is a Cauchy sequence. Denote by Pp the family of
nelNg

seminorms defining the topology on B and take p € Pg. For m >n in Ny, we have

p(i o (o) - akw(sO))k) < 3 Jaulp(o(s0))

k=n+1

Since f € H(C), it follows that Y52, |ax|p(¢(s0))* < oo for every p € Py, which
implies that (Z oo @k ((80)) ) is indeed a Cauchy sequence. We conclude from
the completeness of B that ¢ is 1ndeed well-defined.

Denote by P(C) the collection of polynomials on C, which is dense in H(C). To
verify that @ is continuous let p € Pg and f = Y joarz® € H(C), then

(o) = 3 o)) = o 3 (o600 ) < i 3l (o))

For every M > 0 with M > p(¢(sg)), it follows that p(@(f)) < pam(f). Since
Tm = Tk, this implies that @ : (H(C),7x) — B is continuous. It is then easy to
verify using the density of P(C) in H(C) and the continuity of ¢ that ¢ is linear on
H(C) and since ¢ is multiplicative on P(C) it also follows by continuity that @ is
multiplicative on H(C). Thus ¢ is a ComLM-CA"-morphism satisfying @ o j = .

Let ¢ : (H(C),7x) — B be any ComLM-CA '-morphism satisfying 1o j = . Since
the function I € H(C) generates the sub-algebra P(C) in H(C) and both ¢ and 1
are unital algebra homomorphisms it follows that ¢ and v coincide on P(C) and
by density of P(C) in H(C) we conclude that ¢ = 1. Thus ((H(C),7x),j) does
indeed satisfy the desired universal property.

3.9. The free complete locally convex space over a set

Lastly, we make use of the concrete descriptions of pseudo-solutions found in Sec-
tion to construct the free (complete) locally convex space over an arbitrary set
S. It turns out that this free object can be viewed both as an inverse limit and a
direct limit.
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3.9.1. Inverse limit construction. Fix any set S. It is important to note
that in Section [3.4.2] we only gave concrete descriptions of the pseudo-solutions
(PBan(S, M), jur) as (L1(S, M), ja) for M € M.o(S). However, thanks to the for-
mulation of Lemma and Corollary as well as the fact that M, (.S) forms
a confinal subset in M(.S), this will be sufficient for us to construct a concrete de-
scription of the free complete locally convex space over S. We note that conditions
(i)-(iii) in Lemma are satisfied in this situation:

(i) It is clear that M.((.S) is upwards directed and cofinal in M(S). As a result,
from Section we know that for every X € Ban and every morphism
¢S — X in Set there exists My € Myo(S) such that for all M > M, in
M.o(S) there exists a unique morphism @y : (S, M) - X in Ban such
that the following diagram commutes in Set.

S — M 5018, M)
o oM
X

(ii) Asshown in Remark(3.5.7] the pair P:= (¢ (S, M) memoo(s)> (Pas,nr ) aioar, )
is an inverse system in Ban and the linking maps py, a7, are inclusions. Fur-
ther, the pair (S, (jM)MeM>O(S)) is a compatible system over P in Set.

iii) For every M € M5y(S), denote by |:|,, the norm on (S, M). Define the
M
set

b= {(fM) e [I (S,M) + pagn (fary) = fary, ¥ My > Ml}‘
MeMso(S)

For M € M;o(S5), define py 2 F' — £1(S, M) where pys:= 7y and equip F

with the topology 7 generated by the family of seminorms

{nu:F >R : MeMy(S)}

where ny(x):= |7y (x)|,, for z € F. From the considerations in Sec-
tion , we know that (F,7) is a complete locally convex space and the
pair (F, (par) mea.o(s)) is an inverse limit of P in both Set and ComLCS.
Since (S, (Jm) Me/\/l>0(5)) is a compatible system over P in Set, there exists

a unique morphism 5’ :.S - F' in Set such that py; o 3’ = j); holds in Set for

Thus from the procedure we have developed we know that ((F,7),;j’) is the free
complete locally convex space over S. However, more can be said about the structure
of this free object.

We claim that F' is isomorphic as a vector space to the free vector space Vg over S:
Consider the map T": Vg - F where f = (f)yrepr.o(s)- 1t 18 clear that T' is an injec-
tive linear map. Fix (far) yrepr, sy € I and fix indices My, Mz € M5o(S). Then there
exists M* > My, My in M5o(S) such that pare ar (fare) = far, and pags ar, (fars) = fass-
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Since the linking maps in P are the inclusions maps it follows that fy, = far+ = fas,-
This implies that fy, € ¢1(S, M) for all M > M; in M.z(S). However, it is clear
that the quantity Y ..q|/fan(8)|M(s) is not defined for sufficiently large M > M if
the set {s € S: fa,(s) # 0} is infinite. Thus fy;, € Vs and this shows that T is indeed

a vector space isomorphism.

Denote by 7, the topology on Vg generated by the family of seminorms
{pM : VS R : Mc¢e M>O(S)}

where par(f) = Yeglas|M(s) for f =3, gases € Vs. We note that py, is in fact a
norm for every M € M.o(S). Since T : Vg — F is a vector space isomorphism and
pu o T =mnyy for all M e M;o(S) it is clear that (F,7) and (Vs, 7ar) are isomorphic
as locally convex spaces. Define j : S — Vg where j(s):= e, € V. Using the universal
property of ((F,7),j’) and the fact that 7o j = j’, it is not difficult to show that
((Vs,Tar),7) is also a free complete locally convex space over S. However, this also
follows by direct computation: Let Y be a complete locally convex space and denote
by Py the collection of seminorms generating the topology on Y. Let ¢ : S - Y
be any morphism in Set. By the universal property of the free vector space (Vs, j)
over S, there exists a unique linear morphism ¢ : Vg - Y. For every p € Yp and
f =Y qases € Vg, we have
p(e(f)) < Zg|04s|p(80(8))-
s€

Define M : S - R where M (s):= p(¢(s)) and choose M € M.o(S) such that M > M,
then we have po @ < py and by [57, Theorem 5.7.3] it follows that @ : Vg - Y is
continuous. Since ¢ is uniquely determined on j[S], our direct computation has
also verified that ((Vs,7ar), ) is free complete locally convex space over S. Since the
completeness of Y is not used in the above verification, it follows that ((Vs, 7ar), )
is also the free locally convex space over S.

If S is a finite set with [S| = n, it is clear that (Vgs, 7)) is homeomorphic to
(R, [+],) since all norms on a finite-dimensional vector space are equivalent. Thus
((Vs,Tar),7) is also the free Banach space over S when S is finite.

There is yet another construction of the free locally convex space over an arbitrary
set S: Consider the free vector space (Vs, j) over S and equip Vs with the strongest
locally convex topology on Vg (i.e. the topology generated by the collection of all
seminorms on Vg) which we denote as 7;. The locally convex space (Vg,7s) has
the property that every linear map 7' : Vs — W where W is a locally convex space
is automatically continuous: Let W be a locally convex space and denote by Py
the collection of seminorms generating the topology 7 on W. Fix p € Py and let
T :Vs - W be a linear map. It is clear that p’:==poT : Vg - R is a seminorm on
Vs and since po T < p’ it follows that T : (Vs,75) — (W, 7y ) is continuous. Thus
the universal property of the free vector space over S implies that ((Vs,7s),7) is
the free locally convex space over S. We know by the essential uniqueness of free
objects that (Vs, 7)) and (Vg, ) are homeomorphic, but it is also not difficult to
show this directly: Let p: Vs - R be a seminorm and f =Y g ases € Vg, then

p(f) <2 loslo(es).

seS
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Define M, : S - R where M,(s) = p(e,) and choose M € M,,(S) such that M > M,
Then p < py. It follows by [57), Exercise 5.203 (¢), p. 152] that (Vg,7y) and (Vs, 75)
are homeomorphic.

The pair ((Vs,7s),7) is also a ‘natural guess’ answer to the question of what is the
free locally convex space over S: We start with the free vector space (Vs,j) over S.
What locally convex topology 7 can we place on Vg such that for every locally convex
space W and every morphism ¢ : S - W in Set there exists a unique continuous
linear map ¢ : (Vs, 7) = W making the following diagram commute in Set?

S —2L 5V
© 2
W

It would have to be 75 since for every linear map 7' : Vg — W there exists pr: S - W
in Set where ¢r(s):= T'(s). The morphism ¢ needs to extend uniquely to a
continuous linear map @7 : (Vs,7) = W and since pr = T' it is clear that every such
T needs to be continuous with respect to the locally convex topology 7. Thus 7 can
only be 7.

It is satisfactory to see that our approach to the construction of free objects via
inverse limits of pseudo-solutions delivers us an answer which is easily reconciled
with this ‘natural guess’ answer.

3.9.2. Direct limit construction. Fix any set S. In addition to the previous
section, it turns out that it is also possible to construct the free locally convex space
over S as a direct limit.

If we consider the set S equipped with the discrete topology, we see that the free
vector space Vg may be identified with C.(S), the compactly supported continuous
functions f : S - K. Denote by K(S) the collection of all compact (i.e. finite)
subsets of S. For every K € K(S), denote by C.(S5;K) the subspace of C.(S5)
consisting of functions f:S — K where {se S: f(s) #0} ¢ K. For compact subsets
K, Ky, Ky € K(S) with K; ¢ Ky we have the inclusion maps

€K1, K> : Cc(Sa Kl) - Cc(57 KQ)
and,
ex : Ce(S; K) — Ce(S).

Using Definition we see that D:= ((CC(S;K))KGK(S), (eKLKQ)KIEKQ) is a di-
rect system in VS and (C.(S), (ex)rex(s)) is the direct limit of D in VS. Fur-
ther, equipping each finite-dimensional vector space C.(.S; K) for K € KC(.S) with its

unique linear topology makes D into a direct system in LCS. Using the approach
in [22] Chapter 11, § 4, No. 4] we construct the direct limit topology on C.(S):

Let B be the collection of all absorbing convex balanced sets V' in C.(.S) such that
V' nC.(S; K) is a neighbourhood of zero in C.(S; K) for all K € I(.S). Then B is a
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neighbourhood base of a locally convex topology 74 on C.(S). The locally convex
space (C.(S), T4) has the following properties:

(i) 74 is the strongest locally convex topology on C.(.S) such that the inclusions
{ex + K eK(S)} are all continuous.

(ii) Let F be a locally convex space and T : C.(S) — F a linear map. Then
T is continuous with respect to 74 if and only if Toeg : C.(S; K) — F is
continuous for all K € K(5).

Using the fact that (Co(S), (ex ) kex(s)) is the direct limit of D in VS and the above

properties of direct limit topology on C.(.S), we conclude that ((CC(S) ,Tdl),s (eK)KE;C(S))
is the direct limit of D in LCS. Since Vs is identified with C.(.S), we may consider
the identity map

I:(Ce(S), mar) = (Ce(S), Tar)
where 7, was defined in the previous section. By property (ii) of the direct limit
topology, the identity map [ is continuous if and only if [ oex : C.(S;K) —
(Cc(S), Tar) is continuous for all K € K(S). Denote by Py, the family of norms
defining the locally convex topology 7y on C.(S) and take pp; € Pyy. Then, for
every K € K(9),

pao(loek)<pu.

It is clear that py is a norm on C.(S;K) and thus generates the unique linear
topology on C.(S; K). By [567, Theorem 5.7.3], it follows that I o e is continuous
for all K € IC(S) and thus I is continuous. This implies that 7, € 74, but the
topology 7y was identified in the previous section as the strongest locally convex
topology on C.(S). Thus (C.(S),7y) and (C.(S),74) are homeomorphic which
implies that ((C.(S),7a), ) is the free locally convex space over S.
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APPENDIX A

Measures and functionals

A.1. A Riesz Representation Theorem

In this section, we prove a Riesz Representation Theorem for C(X) with X real-
compact which is used in Section and in the work of Xiong in [69]. Some of
these results are also found in [40]. However, our first result, which is Theorem 3.1
in [40], avoids an inconsistency occurring between the notation introduced before
Definition 3.1 in [40] and the statement of Theorem 3.1 in [40]. This modification
ends up making the proof a little simpler.

THEOREM A.1.1. Let X be a Tychonoff space and let ¢ € C(X)~. For every f €
C(X)* there exists N € N such that if n > N then

¢ (f Anlx) = o(f).

PRrROOF. We first prove the statement for 0 < ¢ € C(X)~. Denote by aR the one-
point compactification of R. Fix f € C(X)* ¢ C(X,aR) and consider its unique
extension f € C(BX,aR). For every n € N, define h,:= f — f Anlyx € C(X). Note
that since f Anlyx < f for all n € N, we have that h,, >0 for all n € N. Suppose for
the sake of a contradiction that €, := ¢ (h,) > 0 for all n € N. For n € N, define the
closed sets

K,={repBX: f(z)2n}, Gn={zeBX: f(z)<n-1}.
By Urysohn’s Lemma, for every n € N define p, € C(8X) where the range of p, is

contained in [0,1/e,] and where p, [G,] =0 and p, [K,] = 1/e,. For every n € N,
consider the function p, € C,(X) where p, = p,|y. Define the function g : X - R

where
g(x)=Y pu(x)f(x).

neN
We verify that g is real-valued and continuous: Fix x € X; then there exists mg e N
such that f(z) <mg—1. Since f is continuous, there exists an open neighbourhood
U, of z such that f(y) <mo—1for all y € U,. Since f = f|X, it follows that U, ¢ G,,
for all m > mg. Thus p,,(y) =0 for all y € U,, which implies

mo—1

9(y) = Zl () f(y)

for all y € U,. Thus g is real-valued and since g coincides with a continuous function
on an open neighbourhood U, of every point x € X, we conclude that g € C(X).

We claim that p,f > h,/e, for all n € N: Fix n € N and z € X. We either have
f(x) <nor f(x) >n. If f(x) <n, then h,(x) = f(x) - f(x) An =0 and thus
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pn(z)f(2) >0 =h,(x)/e,. On the other hand, if f(z) >n then x € K,, and it follows
that

pu(@) f(z) =1/en f(x) 2 1/en (f(2) = 1) = hy()/€n.
Thus the claim is verified. However, since g > Y2, p, f for every N €N, this implies
that

N N N
o2 0( 1) = L 0+ 12 0 nfen) =
n=1 n=1 n=1
which is impossible. We conclude that there exists N € N such that ¢(h,) = 0 for
all n> N.

Now, consider ¢ € C(X)~ and u € C(X)*. There exists 0 < ¢*, ¢~ € C(X)~ such
that ¢ = ¢* —9*. From the work above, there exist N € N such that if n > N, then

V' (u) =¢T (uanly), and ¢~ (u) =9y (uAnly).
Therefore 1 (u) = (Y —*) (u) = (V* =) (uAanly) =9 (uanly). O

COROLLARY A.1.2. Let X be a Tychonoff space and let ¢ € C(X)~. The following
statements are true.

(1) If ¢(g) =0 for all g € Cp(X), then ¢ =0.
(i1) The restriction operator R: C(X)~ - Cy(X)~ is a vector lattice embedding.
PROOF. The statement in (i) follows directly from Theorem [A.1.1} For (ii),

since Cp(X) is an ideal in C(X), it follows by [49, p. 84-85] that R is a lattice
homomorphism and the injectivity of R is given by (i). O

The following result follows directly from the previous result, the fact that Cy,(X)~
and C(SX)~ are lattice isomorphic, and the Riesz Representation Theorem [61
Theorem 18.4.1] applied to C(5X)~ = C(5X)*.

COROLLARY A.1.3. Let X be a Tychonoff space and let ¢ € C(X)~. There exists a
unique Radon measure pg € M (5X) such that

o(9) = [ gdus g€ Cu(X) = C(5X),
In addition, the map ® : C(X)* - M(BX) where ¢ —> g, is a vector lattice
embedding.

In the sequel, we will make no distinction between elements in Cy,(X) and their
uniquely associated elements in C(5X). The following characterisations of realcom-
pact topological spaces are found in [36, Section 3.11].

PrOPOSITION A.1.4. Let X be a Tychonoff space. Then the following statements
are equivalent.

(i) X is realcompact.

(i) X is homeomorphic to a closed subspace of R™ for some cardinal m.
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(i1i) For every point x € BX\X, there exists h: X — [0,1] with h(zo) =0 and
h(z) >0 for all z € X.

PROPOSITION A.1.5. Let X be a realcompact space. Let ¢ € C(X)~ with p, € M (8X)
the unique Radon measure identified with ¢ in Corollary[A.1.5 Then S, ¢ X.

PROOF. Fix 79 € BX\X. We show that z € 3X\S,,,. By Proposition (iii),
there exists a continuous function h: fX — [0,1] such that h(zg) =0 and h(x) >0
for all z € X. Define u € C(X) where u(z):=1/h(z) and define

Vpo={zepX:h(x)e[0,1/n)}.

Then xq € V, for all n € N and u(z) > n if and only if x € V,, n X. By Theorem
and Corollary [A.1.3] there exists Ny € N such that for all n > Ny, we have

¢(u):¢(uAn1X):£XuAn1X dpg

Therefore
/Xu/\(NOJrl)lX—uANOlX dpe = 0.
However, for all x € VNoi N X, we have
w(x) A(No+1)—u(x) A Ng=No+1-Ny=1.
As a result

0< U (VN0+1) = v 1y d,ud)

Np+1

=f u/\(NO-i-l)lx—u/\Nolxd,U,d)
VN+1

0
Sf U/\(No-i-l)].X—U/\Nolxd/J@:O.
BX
Therefore xg € X\ S, and we conclude that S5,, ¢ X U

Ho = ’

COROLLARY A.1.6. Let X be a realcompact space. Let ¢ € C(X )~ with ps € M (8X)
the unique Radon measure identified with ¢ in Corollary[A.1.5. Then

o(f)= [ Fdus  FeCl).

PROOF. Fix 0 < ¢ € C(X)~ and f € C(X). By Theorem and Corol-
lary [A.1.3] there exists N € N such that for all n > N, we have
o(f)=0(f anlx) = [ fanly dpg,
"o

By Proposition , since S, € X ¢ X, and S, is closed in BX, it follows that
Sy, is a compact subset of X. Therefore there exists m > N such that f(x) <m for
all z € S,,,. Therefore,

¢(f):[s f/\led,ud,:[S F dpg. 0

Denote by My (8X) the collection of measures € M (5X) such that S, ¢ X.
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THEOREM A.1.7. Let X be a realcompact space. For every ¢ € C(X)~, denote by
te € Mo (5X) the unique Radon measure identified with ¢ in Corollary . The
map ©: C(X)™ — Mo(BX) where ¢ — iy is a lattice isomorphism.

Proor. By Corollary |[A.1.3] the map ® : C(X)” - M(SX) where ¢ —> p is
a vector lattice embedding and by Proposition [A.1.5, ® [C(X)"] € My(8X). Take
veMy(5X). Since S, is a compact subset of X, the map ¢ : C(X) - R where

o= [ fav. fecx)

defines an order bounded functional on C(X). By Corollary and Proposi-
tion |A.1.5] there exists a unique vy, € Mo(5X) such that

¥(g) = fﬁxgdw fﬁxgd%

for all g € Cp(X), which implies that ®(¢) = v, = v. Thus ®[C(X)"] = My(8X),
which proves the theorem. 0

Recall that M.(X) denotes the space of compactly supported Radon measures on
X.

PROPOSITION A.1.8. Let X be a realcompact space. The vector lattices Mo(8X)
and M.(X) are isomorphic.

PROOF. Let v € My(BX). For every B € By, there exists B’ € Bgx such that
B'nX = B [40], p. 108]. If we have B’, B” € Bzx so that B'n X = B”" n X then
v(B")=v(B'nS,)=v(B"nS,)=v(B"). Define v* € M.(X) where

v*(B)=v(B") with B’ € B3x so that B'n X = B.
It follows from the previous observation that v* is well-defined and it is clear that
the map 7' : My(5X) - M.(X) where v — v* is an injective positive linear map.
To show surjectivity, let p e M.(X). For every B € Bgy let v(B):= pu(BnX). Then
v e My(BX) and v* = . Thus T is a bijective bipositive linear map, hence a lattice
isomorphism. 0

Combining Theorem and Proposition with Corollary gives us the

following result.

COROLLARY A.1.9. Let X be a realcompact space. There is a lattice isomorphism
U:C(X)" - M(X) where ¢ — vy so that for every ¢ e C(X)",

o= [ fv  feC(X).

Recall from Section that a measure p € M.(X) is normal if |u| (L) = 0 for all
closed nowhere dense sets L in X. We denote by N.(X) the space of compactly
supported normal measures on X.

LEMMA A.1.10. Let X be a realcompact space with € No(X). Then S, is regular
closed.
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PROOF. Since S, = 5|, there is no loss of generality in assuming that > 0. Note
that S, = MU Sp\intS,. The result will follow if Su\m is shown to be empty.
The set S, \intS,, is closed nowhere dense since int (S, \intS,,) € intS, \intS, = @.
Thus (S, \intS,) = 0. Further note that S,\intS, € S,\intS,, which implies that
(S, \M) =0.

Now, assume for the sake of a contradiction that there exists x € Su\m- Since X
is a regular topological space and m is closed, there exists an open neighbourhood
V of x such that V nintS, = @. Now u(V) = u(V nS,) > 0 since z € S,,. However,
since S, = S, \intS, U intS,,, it follows that V n S, = V n (S,\intS,) € S, \intS,,.
Hence u(V) = u(V n'S,) < u(S,\intS,) = 0, a contradiction. O

The following result shows that we also have a Riesz Representation Theorem for
order continuous functionals on C(X) for X realcompact.

THEOREM A.1.11. Let X be a realcompact space. Consider the lattice isomorphism
U : C(X)" > M(X) where ¢ —> vy defined in Corollary[A.1.9 Then ¥ [C(X);] =
N.(X).

PRroOOF. First, take 0 < g € M.(X) which is not normal. Then there exists a
closed nowhere dense L in X such that p(L) > 0. Since p(X\S,) = 0, we may
assume that L ¢ S, ¢ X ¢ BX. Since S, is compact in X, it follows that S, is closed
in 5X. The properties of topological interiors and closures imply that L is a closed
nowhere dense in 5X. By Urysohn’s Lemma, there exists a collection (gq),.; + 0 in
C(5X) with g, [L] =1 for all @ € I. Since C(X) is lattice isomorphic to Cy,(X)
and Cp(X) is an ideal in C(X), thus a regular sublattice in C(X), it follows that
(ga)pey 4 0in C(X). Let ¢ e C(X)™ such that W(¢) = u. Then

0(0) = [ gadi> [ gudu=p(1)>0.
Which implies that ¢ ¢ C(X),. Thus U [C(X) ] < N.(X).

Conversely, take v € N.(X) with ¢ € C(X)~ the associated functional. We show

that 1 is order continuous. Consider (fq)aer 4 0 in C(X). By Lemma |A.1.10} S, is
a regular closed subset of X and by [48, Theorem 3.4], we have that ( fs| Su)ae 40

in C(S,). Define v, € M.(S,) where v,(B):=v(B) for B € Bg, ¢ Bx [20, Vol. II,
Lemma 6.2.4]. Since every subset of S, that is closed nowhere dense is also closed

nowhere dense in X, it follows that v, € N.(S,). Since S, is compact, it follows by
[26, Definition 4.7.1, Theorem 4.7.4] that

w(fa) = »[Su Jadv = »/Su foz'Sl, dv, — 0.
Thus ¢ € C(X).. O
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