
Chapter 4

Objectivity of the PSOA

4.1 Introduction

In science, most physical phenomena are invariant. It is fundamental that mathematical repre-
sentation of these phenomena re�ects this invariance. This fundamental requirement is known as
objectivity, frame-indifference or observer independence, and is well known in classical mechanics
[53]. For objectivity, the description of some quantity has to be invariant under pure translations,
as well as pure rotations.

Objectivity or observer independence is also highly desirable (almost essential) in optimization
procedures, to re�ect the invariance of the physical processes that are optimized. Robust optimiza-
tion procedures and algorithms should de�nitely be invariant.

In classical gradient based optimization, the gradient vector (or some conjugate direction to the
gradient), indicates some direction of improvement, even if this direction is not optimal. This
accounts for the reference frame; classical optimization is (usually) frame invariant.

In modern (stochastic) optimization procedures, the requirement of observer independence is equally
essential. These algorithms include genetic programming [37], genetic algorithms [38], evolu-
tionary strategies [39], differential evolution [40] and the particle swarm optimization algorithm
(PSOA) [3, 4].

For the genetic algorithm (GA), Salomon [54, 55] demonstrated the lack of rotational invariance
of the algorithm. He showed that the GA’s performance at low mutation rates is signi�cantly
in�uenced by the frame of reference used to pose a problem.

The PSOA was introduced by Kennedy and Eberhart [3] as a gradient free stochastic optimization
algorithm. The fundamental principle behind the PSOA is the evolutionary advantages that the
sharing of information offers. This is often known as ‘collaborative searching’.

The PSOA is quite simple: At �rst, a swarm of p particles is randomly deployed in an n-dimensional
design domain. The particles then update their positions in the design domain over unit time in-
crements using a simple stochastic rule, known as the ‘velocity rule’.

The quality of each particle’s position at each iteration is then evaluated using the objective or
cost function. Each particle’s cognitive memory allows it to remember it’s own best cost function

27

UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  eettdd  ––  WWiillkkee,,  DD  NN    ((22000055))  



CHAPTER 4. OBJECTIVITY OF THE PSOA 28

value, with associated position, over time. Importantly, the social interaction and awareness of the
particles allow them to also remember the ‘best’ cost function value the swarm itself found over
time.

In Chapter 3 it was shown that implementation subtleties due to ambiguous notation have resulted
in two distinctly different implementations of the PSOA. While this does not repute negatively on
the ingenuity of the idea of Kennedy and Eberhart, discerning between these two implementations
is of crucial importance. The behavior of the respective implementations is markedly different,
although they only differ in the formulation of the velocity updating rule. In fact, the differences
are merely due to subtle differences in the introduction of randomness into the algorithm.

In this chapter, the objectivity of the PSOA is investigated. It is shown that the �rst formulation
PSOAF1 is objective, combined with the disadvantage that the particle trajectories collapse to line
searches. It is then show that the second formulation PSOAF2 is not objective, although it has the
advantage that the particle trajectories are n-dimensional space �lling. A novel formulation that is
both objective and diverse, i.e. the algorithm generates particle trajectories that are space �lling, is
then presented.

4.2 Notes on the investigation

The investigation into the objectivity of the PSOA is started by de�ning the instantaneous search
domain of a particle, viz. the domain to which the search of a particle i at iteration k is restricted
as discussed in Chapter 3.

From Eqs. (2.2) and (2.3), it is observed that the instantaneous search domain is composed from a
deterministic contribution given by (xi

k + wvi
k), and a stochastic contribution due to � i

k.

The stochastic domain is bounded, and has an associated probability distribution, due to the random
scaling with �nite scalars. In order to investigate the objectivity of the stochastic contribution � i

k
of the instantaneous search domain, Monte Carlo simulations [56] are used. These are conducted
for different values of pi

k, pg
k and xi

k. Scatter plots are constructed to de�ne the domain of possible
stochastic vectors � i

k by generating 104 instances of � i
k. In all investigations c1 = c2 = 2.

4.3 Formulation 1 (PSOAF1)

For PSOAF1, the stochastic vector � i
k is given by

� i
k = c1r

i
1k(p

i
k � xi

k) + c2r
i
2k(p

g
k � xi

k); (4.1)

where ri
1k and ri

2k represent two uniform real random scalars between 0 and 1, which are updated
at every iteration k, and for each particle i in the swarm. The random numbers ri

1k and ri
2k in-

dependently scale only the magnitudes of the cognitive and social vectors, respectively given by
c1(pi

k � xi
k) and c2(pg

k � xi
k). The cognitive vector c1(pi

k � xi
k) and the social vector c2(pg

k � xi
k)

can be anything from normal to parallel w.r.t. each other.

When the cognitive and social vectors are not parallel, Eq. (4.1) may be interpreted as the vector
equation of a bounded plane P i

k in n-dimensional space. The bounded plane is then translated in
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Figure 4.1: Partitioning the position vector xi
k+1 into a deterministic contribution (xi

k +wvi
k), and

a stochastic contribution (� i
k 2 P i

k), for c1 = c2 = 2.
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Figure 4.2: Partitioning the position vector xi
k+1 into a deterministic contribution (xi

k +wvi
k), and

a stochastic contribution (� i
k 2 Li

k), for c1 = c2 = 2.

n-dimensional space by the addition of xi
k and wvi

k, as depicted in Figure 4.1.

Whenever the cognitive and social vectors c1(pi
k �xi

k) and c2(pg
k �xi

k) are parallel, Eq. (4.1) may
be interpreted as the vector equation of a bounded line Li

k in n-dimensional space. Again, the
bounded line is translated in n-dimensional space by the addition of xi

k and wvi
k, as depicted in

Figure 4.2.

The intrinsic properties of a vector are its magnitude and direction; these exist independent of a
reference frame [57]. In PSOAF1, only the vector magnitudes (which are invariant) are randomly
scaled. Also, since the vectors c1(pi

k �xi
k) and c2(pg

k �xi
k) are constructed through the subtraction

of two vectors, they are also translationally invariant. Both criteria for observer independence are
met, hence PSOAF1 is objective.

4.3.1 PSOAF1: Investigation of the instantaneous search domain

Objectivity of PSOAF1 is now illustrated by conducting Monte Carlo simulations. Similar simu-
lations will be conducted for the algorithmic formulations in sections to come.
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Figure 4.3: PSOAF1: Scatter plot of 104 possible stochastic vectors � i
k, generated using Monte

Carlo simulations, with a)
�
pi

k � xi
k

�
= [ 1p

2
1p
2 ] and

�
pg

k � xi
k

�
= [�

p
2

p
2] and b)

�
pi

k � xi
k

�
=

[1 0] and
�
pg

k �xi
k
�

= [0 2]. Each point represents the end point of a stochastic vector with origin
at [0 0].

First, a study is conducted for non-parallel cognitive and social vectors c1(pi
k�xi

k) and c2(pg
k�xi

k).
In Figure 4.3(a), the vectors

�
pi

k � xi
k
�

and
�
pg

k � xi
k
�

are respectively given by [ 1p
2

1p
2 ] and

[�
p

2
p

2]. A scatter plot yields the plane P i
k, with c1 and c2 merely scaling P i

k.

A scatter plot is then constructed after rotating the vectors
�
pg

k �xi
k
�

and
�
pi

k �xi
k
�

45� clockwise,
as depicted in Figure 4.3(b). Hence

�
pi

k � xi
k

�
and

�
pg

k � xi
k

�
are respectively given by [1 0] and

[0 2]. From Figure 4.3(b), it is clear that the domain remains a bounded plane P i
k, which is merely

rotated 45� clockwise.

It also follows from random variable theory that the probability distribution over the domain P i
k is

uniform [50], as illustrated in Figures 4.3(a) and 4.3(b).

Secondly, a similar study is conducted for parallel cognitive and social vectors c1(pi
k � xi

k) and
c2(pg

k�xi
k), as depicted in Figure 4.4. In Figure 4.4(a), the parallel vectors

�
pi

k�xi
k
�

and
�
pg

k�xi
k
�

are respectively given by [ 1p
2

1p
2 ] and [

p
2

p
2]. The domain is a bounded line Li

k with c1 and c2

merely scaling the length of Li
k.

Again a scatter plot is constructed after rotating
�
pg

k�xi
k

�
and

�
pi

k�xi
k

�
45� clockwise, as depicted

in Figure 4.4(b). Now,
�
pi

k � xi
k

�
and

�
pg

k � xi
k

�
are respectively given by [1 0] and [2 0]. As

shown in Figure 4.4(b), the bounded line Li
k is merely rotated.

It follows from random variable theory that the probability distribution over the bounded line is
tri-linear [50], for different vector lengths jjpi

k � xi
kjj and jjpg

k � xi
kjj.

As discussed earlier and graphically demonstrated here, PSOAF1 is objective. A rotation of the
vectors pi

k, pg
k and xi

k merely results in a rotation of the stochastic domains, P i
k and Li

k. This
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Figure 4.4: PSOAF1: Scatter plot of 104 possible stochastic vectors � i
k, generated using Monte

Carlo simulations, with a)
�
pi

k � xi
k

�
= [ 1p

2
1p
2 ] and

�
pg

k � xi
k

�
= [

p
2

p
2] and b)

�
pi

k � xi
k

�
=

[1 0] and
�
pg

k � xi
k

�
= [2 0].

follows since only the magnitude of the cognitive and social vectors are scaled in PSOAF1.

4.4 Formulation 2 (PSOAF2)

The stochastic vector � i
k of PSOAF2 is given by

� i
k = c1ri

1k � (pi
k � xi

k) + c2ri
2k � (pg

k � xi
k); (4.2)

where the � operator indicates component by component multiplication between two vectors.
Hence the random vectors ri

mk are given by

ri
mk = (�i

1k; �i
2k; � � � ; �i

nk); m = 1; 2; (4.3)

with �i
lk; l = 1; 2; � � � ; n uniform random numbers between 0 and 1. Eq. (4.2) is no longer a vector

equation of a bounded plane P i
k, since every non-zero component of (pi

k � xi
k) and (pg

k � xi
k)

is independently scaled. As a result, the domain of possible stochastic vectors is generalized to
n-dimensional space S i

k.

However, since the components of a vector are given with respect to a speci�c reference frame,
PSOAF2 is rotationally variant. (Although PSOAF2 is of course translationally invariant.) Never-
theless, PSOAF2 is observer dependent, since only one of the two criteria of objectivity is met.

4.4.1 PSOAF2: Investigation of the instantaneous search domain

The observer dependence of PSOAF2 is now quanti�ed, using Monte Carlo simulations, similar to
those in Section 4.3.1.
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Figure 4.5: PSOAF2: Scatter plot of 104 possible stochastic vectors � i
k, generated using Monte

Carlo simulations with a)
�
pi

k � xi
k

�
= [ 1p

2
1p
2 ] and

�
pg

k � xi
k

�
= [�

p
2

p
2] and b)

�
pi

k � xi
k

�
=

[1 0] and
�
pg

k � xi
k
�

= [0 2].

As before, the study is conducted for non-parallel cognitive and social vectors c1(pi
k � xi

k) and
c2(pg

k � xi
k). Figure 4.5(a) depicts that the domain is an n-dimensional space S i

k (with n = 2 in
this case), with c1 and c2 merely scaling S i

k. It is also clear that the probability distribution over
Si

k is non-uniform.

The scatter plot after rotating the vectors
�
pg

k � xi
k

�
and

�
pi

k � xi
k

�
45� clockwise, is depicted

in Figure 4.5(b). It is clear that the domain changes after rotation of the vectors. However, the
domain remains an n-dimensional space S i

k, but the size of, and the probability distribution over,
the domain depends on the orientation w.r.t. the Cartesian coordinate axis.

The study is repeated for parallel cognitive and social vectors c1(pi
k � xi

k) and c2(pg
k � xi

k), as
depicted in Figure 4.6(a). The domain is still generalized to n-dimensional space S i

k with c1 and
c2 merely scaling the size of S i

k.

The scatter plot after rotating
�
pg

k �xi
k
�

and
�
pi

k �xi
k
�

45� clockwise, is depicted in Figure 4.6(b).
It is clear that the domain changes signi�cantly after rotation of the vectors. In fact, the domain
collapses to a bounded line Li

k, since both vectors are parallel to one of the Cartesian basis vectors.

As discussed earlier and graphically demonstrated here, PSOAF2 is observer dependent. A rotation
of the vectors (pi

k�xi
k) and (pg

k�xi
k) results in the size of, and the probability distribution over, the

stochastic domain to change. This follows since PSOAF2 scales the components of the cognitive
and social vectors. Since the components of a vector are observer dependent, PSOAF2 is also
observer dependent.

However, the advantage of PSOAF2 is that the particle trajectories remain space �lling in n-
dimensional space as shown in Chapter 3. The result is that diversity in particle trajectories are
maintained.
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