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1 Introduction

Modern theories of one-dimensional rod vibrations take into account the lateral
effects, which are substantial in the case of relatively thick rods. For exam-
ple, in the Rayleigh-Love [1-3] and Rayleigh-Bishop [4,5] models, the lateral
displacements are supposed to be proportional to the product of longitudinal
strain of the rod, its Poisson ratio and the distance from the neutral line of the
cross-section. Lack of physical clarity in the interpretation of certain higher
effects, such as independent shear displacement and radial motion which de-
scribe transverse deformation have also been associated with these approaches
[2]. The theory of longitudinal stress wave propagation in an elastic rod which
couples axial and independent lateral displacements was first established by
Mindlin and Herrmann in 1950 [6] and later on, was developed in more details
by Graff in his book [7]. Krishnaswamy and Batra have investigated the same
model with various boundary conditions and shown that the analysis of the
corresponding frequency spectrum can be considered in three situations, de-
pending on the domain in which the eigenfrequency belongs to [8-10]. Recently
Krawczuk, Grabowska and Palacz, Zak and Krawczuk, and Anderson [2,11,
12] in their work on different theories of longitudinal vibrations of rods have
analysed the frequency equation of each theory including the one of Mindlin
and Herrmann, also providing a comparison regarding their accuracy and ap-
plicability. These authors have based their approach to wave propagation in
a elastic continuum medium only on the analysis of the frequency equation,
which shows the relationship between the governing factors of the phenom-
ena, these being: time frequency, spacial frequency or wave number and phase

velocity.

In the Mindlin-Herrmann model, which is the main focus of this paper,
the lateral displacements are independent of the longitudinal strain and the
Poisson ratio. They are described by the product of an unknown function,
called transverse deformation and the distance from the neutral line of the

rod. Compared to single mode models, this representation increases the num-
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ber of unknown functions and hence, the model is described by two partial dif-
ferential equations. Consequently, the model is more accurate as it has wider
frequency range in which the effect of longitudinal vibration of the rod can be
analysed [2,12,13]. Nevertheless, on needs to be mindful of the fact that, simi-
lar to Classical, Rayleigh-Love, Rayleigh-Bishop models, the Mindlin-Herrman
model is based on plane cross-section theory. Therefore, it is not suitable to
high frequency vibrations where the effect of the cross-section deplanation is
substantial. In our approach, the derivation of the system of equations of mo-
tion is based on an application of the energy and variational method in the
process of which the associated natural and essential boundary conditions are
automatically obtained. In the course of this work, the multiple orthogonalities
method for vibration problems in [14] is applied to solve the Mindlin-Herrmann
model analytically in terms of Green functions. The great advantage of using
Green functions lies in the fact that, it allows for analysis of the influences of
the initial conditions on the wave propagation. It is necessary to emphasise
that our approach for deriving Green functions is different from the various
methods available in the literature, which either use Driac delta function or a
single orthogonality condition of the eigenfunctions [15-17]. The originality of
the method is that, it combines the Ritz method and the variational principle.
It consists of two main steps. Firstly we prove two orthogonality conditions
of the system of eigenfunctions of the corresponding Sturm-Liouville problem.
Secondly, assuming that the general solution of the problem can be decom-
posed in the form of a Fourier series with respect to the eigenfunction system,
this can then be substituted into the Lagrangian, and after this by applying
the orthogonality conditions of the eigenfunction and the corresponding norms,
the simple form of the Lagrangian is obtained which holds the Euler-Lagrange
equation. The solution of the resulting time-ordinary differential equation is
substituted back into the assumed solution to construct the Green function
that is equivalent to obtaining the analytical (exact) solution of the problem.
It is important to stress that the two orthogonality conditions arise natu-

rally from the Lagrangian. The physical meaning of the first orthogonality
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consists of the orthogonality of eigen-velocities of the deformations involved
in the expression of kinetic energy. The physical meaning of the second or-
thogonality consists of the orthogonality of two stress-strain terms involved
in the expression of strain energy. Thus the first and the second orthogonali-
ties originate respectively from the inertial forces and the strain energy, which
jointly describe the elastic forces in the system . Here it is also necessary to
emphasise that exact solutions of models including those for vibrations of dis-
tributed structures are important for both theoretical and numerical analysis
of these models. In the later one these solutions form the reference results
for testing the accuracy of the numerical algorithms using for example finite
difference and finite element method. The Mindlin-Herrmann model and pro-
posed approach, based on two orthogonalities of the eigenfunctions could also
be applied to composite rods, because it does not need the Poisson ratio as in
the Rayleigh-Love and Rayleigh-Bishop models.

The main theoretical results of the paper are as follows: the formulation
and proof of two kinds of orthogonality conditions of the eigenfunctions; the
method of obtaining the exact solution of the system of partial differential
equations in terms of Green’s functions using the Lagrangian functional of
the system; transformation of the differential operator of the Sturm-Liouville
problem to self-adjoint form; proof of the positivity of the operator and the
corresponding eigenvalues. The self-adjoint properties of the operator are used
as an alternative technique to prove the eigenfunction multiple orthogonality
conditions.

The content of this paper is arranged in the following way: Section 2
presents the derivation of the system of equations of motion with the asso-
ciated natural boundary conditions. Section 3 deals with free vibrations and
the corresponding Sturm-Liouville problem is investigated. In Section 4 the
two orthogonality conditions of the eigenfunctions are established. The Green’s
functions are derived in Section 5. Section 6 is devoted to the numerical simula-
tion of the model and a critical comparison of Mindlin-Herrmann and Classical

model. In order for the paper to be more self-contained, the derivation of the
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Mindlin-Herrmann model is shown in Appendix A and the differential operator
in the Sturm-Liouville problem and its properties are discussed in Appendix

B.

2 Mindlin-Herrmann model

The aim of this section is to formulate the two mode Mindlin-Herrmann model
and set notations that will be use throughout this paper. The model is pre-
sented in [2] and [7,11] in Cartesian and cylindrical coordinate respectively and
used in [13,19] as improvement of the single mode classical, Rayleigh-Love and
Rayleigh-Bishop models. According to Mindlin-Herrmann theory of longitu-
dinal stress wave propagation, the axial displacements u and the transverse

(lateral) displacements v and w are assumed to be function of the form:
u=uy(x,t), v=ov(r,yt)=yus(z,t), w=uw(z, z1t)=zuz(z,t) (1)

where € D = (0,1) is the axial distance along the rod of length [, y and z are
the lateral distance from the z-axis (neutral line), ¢ > 0 is the time. Here us is
the transverse deformation. Using Hamilton variational principle the equation
of motion or Mindlin-Herrmann model for vibrating isotropic rod is obtained

[7]:

{pm — (A + 2p)uf — 22y = f(x,1) @

plyiio + 4(\ + p)Sug — plyul + 25 ) =0

with the following essential boundary conditions at fixed end
U1]z=00 =0, Uz|z—0, =0, (3)
and natural boundary conditions at free ends
(A + 2u)u] + 2Xug|p—0; =0,  plpubls—o; =0, (4)

where the upper dot and the prime denoted the derivative with respect to time
and x respectively, A and p are Lame’s constant defined by A\ = (1725%
and p = 2(%%), in which E is the Young modulus of elasticity, p is the mass

density, S = f(s) ds is the cross-sectional area, I, = f(s) (y2 + 22) ds is the
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Polar moment of inertial, 7 is the Poisson ratio and f = f(x,t) is the external

distributed force.

Remark 1 The system of equation (2) can be solved mathematically with any
combination of four of the above eight boundary conditions but not all of them

have a physical meaning.

We consider the following mix boundary conditions (no longitudinal displace-
ment and no transversal force are applied at the ends of the rod) in the rest

of the paper:

ul‘z:(),l - Oa u/2|r:O.,l - 0, (5)

In addition to Equations (2) and (5) it is necessary to state the initial condi-

tions to obtain a unique solution:

0 0
w0 = g(@). Shlimo =h(@). uslmo = d(2), o= (). (6)

More details on the derivation of Eqs. (2)-(4) are given in Appendix A.

In what follows, system of Eq. (2) and associated boundary conditions (5) will
be transformed into matrix form, which will simplify the process of finding of
the solution. Multiplying the first and second equations of system (2) by Sa
and b (a and b are non zero arbitrary constants), respectively and dividing

both equation by p leads to:
(A +2u)Sa ,, 2MSa , Sa

Saii; — Uy — Uy = 7f(1‘,t)
st upb " a0+ ufsh (7)
blyiip + ——uf — —2uf + uz =0
P p
Letting
1 1 Sa , b S
U1 asvlv U2 blpv27 fl(‘r5 ) p f(l’7 )5 q a2 Ip’ ( )
the system of equations (7) becomes:
A+2 2
i — (er“)vi/ _ TQUQ = fi(z,b)
9
2\q , p AN+ e ©)
———v2 =0

g + — vy — —vh +
p b op? p
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The system of equations of motion (9) can be written in the following matrix

form:
v—Av ="{ (10)
where
a > a 9
[ vi(z,t) _ ) 125 | fi(z,?)
vt = (1) 4= NI Rk
125 G225 5 22
(11)
and
A+2 2\ 4N+ p)g?
a11:(p’u)7 a12:7qa a22:H7 022:(pu)q- (12)

Using notations (8) and (12), the Lagrangian (A.8) can be rewritten in the

following form

L " 5. . 2
L= pTP / <q2u% + U3 — a11¢*u? — 2a10qulus — cogud — agouly + qufm) dx
0
(13)
The new form of the boundary conditions (5) is:
BV‘F =0 (14)

where

(1)

is the boundary differential operator and I" = {0,}.

3 Free vibration of the Mindlin-Herrmann rod: the Sturm-Liouville
problem

The objective of this section is to derive the solution of the Sturm-Liouville
problem corresponding to Mindlin-Herrmann model. In fact the double or-
thogonality conditions of the obtained eigenfunctions (to be proven in section
4) will help to build the Green’s functions for the model. Let us assume a
harmonic vibration of the rod and seek the solution of Eq. (10) with f = 0, in
the form:

v =V(z)e“! (16)
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where V(z) = <“2g§

From formula (8) we set

> , 12 = —1 and w is the angular frequency.

v="Tu (17)
_(aS 0 _(wm

where T = ( 0 bI, and u = us )
As Tu(z,t) = V(z)e™?, this implies that u(z,t) = T~V (z)e™! and thus we
can set

U(z) =T 'V(z) or V(z) = TU(x), (18)

Ui(x)
here U(z) = :

where U(z) <U2({E)>

Substituting expression (16) into Egs. (10) and (14) leads to the following

Sturm-Liouville problem:

AV +w*V =0 (19)

with the associated mix boundary conditions for fixed ends and free shear

force at the ends respectively,

BV|r =0, (20)
where A and B (total differential operator) are the same operator as above
with % replaced by %.

Remark 2 The Sturm-Liouville problem (19)-(20) is defined by a system of
differential equations. Despite the fact that there is a lack of theory of general
Sturm-Liouville (especially if operator A and B depend on the spectral pa-
rameter w), it is sometimes possible to solve such a problem. Some examples

of Sturm-Liouville problems for a system can be found in [24].

In this specific case, the solution V(z) can be sought in the form:

V) e = (1) -

b2

where p is the non-zero constant vector amplitude and

7 =7(Ww) = a(w) + ik(w) (22)
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is the propagation coefficient, in which «(w) and k(w) are the attenuation
coefficient and wave number, respectively.

Substituting expression (21) into (16) leads to
v(z,t) = pe?* Tt (23)

therefore v(z,t) is sought in the form of travelling wave. Substituting expres-
sion (21) into Eq. (19) yields a homogeneous system of two equations of two
unknowns p; and po

Ap+uw’p=0 (24)

where

_ 2
A= <7 ai Yaiz > ) (25)

—7yai2 ’Yza22 — C22
The characteristic equation of the determination of the non-trivial solution of

system (24) is
’Y4a11a22 + ’y2 [aﬁ +w? (a2 + a11) — 022a11] —w? (622 - WQ) =0 (26)

or
4 2 _
Y+ B—-C=0 (27)
where ¥ = aji1a92, 8 = B(w) = a3y + w? (a2 + a11) — c2a11, ¢ = (W) =
w? (022 —w2).

Solving Eq. (27) for 4% gives

VB4 - B

2 419_
=) = VEIANZD ) = VEERCD

It is noticed that ~; is real and 72 is real or purely imaginary (in this case all
the input energy contributes only to the activation of the lateral motion). The

fundamental system of the solutions of Eq. (19) is:
{eM®, e™N¥ M T2 (29)

Thus

v1(x) = 1M 4 cpe™ ¥ 4 c3e™?F 4y 2 (30)
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and

v2(2) = c5e™ 4 coe” T + e + cge” T (31)

where c5, cg, c7, cg are the constants which can be expressed in terms of ¢q, ¢2, 3, ¢4.
Substituting Eqgs. (30)-(31) into the first equation of the system (19) gives

{(a1172 + w?)er + aroyies ye® 4+ {(a117? + w?)ey — arayicefe M0
+{(a1175 + w?)ez + arzyecr }e?* + {(a1173 + w?)eq — arzyacsfe 2T =0
(32)

Since the exponential functions in Eq. (32) are linearly independent, one can
assert that
c1 +aieyics =0

a1y +W§)
)02 —aizvice =0

33
) (33)

(
(a117; +w
(

2 2
a1175 +w”)cs + arzyecy =0
D) 2
(1173 + w?)eq — arayecs = 0.
Thus we obtain
2 2 2 2
a117] +w a1y +w
052—7(1 ~ C1, 06:7(1 ~ C2
1271 1271
3 2 ) 2 (34)
ey tw _anv, tw
Cr=——————¢C€3, Cg=— C4
ai272 ai272

Remark 8 The relationship between c1, c2, 3, ¢4 and cs, cg, c7, cg respectively
can also be obtained by substituting Egs. (30)-(31) into the second equation
of the system (19). These relationships are derived in a form which is different

from (34) but equivalent for v; and 7, being solutions of (26).

After substituting (34) into (30), the boundary condition (20) for the functions
vy and v given in (29)-(30) results in the following homogeneous system for
c1,Co,c3 and cy:

01+02+03+C4:O

(a117 + w?)(e1 + €2) + (a1175 + w?)(cs +ca) =0

cre 4+ cge M L ege! 4 el =0

(a117? + w?)(cre™! + e M) + (a1172 + w?)(c3e?! 4+ cue™ ) =0

(35)

The existence of a non trivial solution of the homogeneous system (35) requires

that its coefficient matrix D(w) is singular, that is,
|D(w)| = 0. (36)

The transcendental equation (36) has many roots and can be solved in dif-

ferent ways. The numerical example in Section 6 use the method in [23] for
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approximating w. Note that Eq. (36) is also the characteristic equation for the
Sturm-Liouville problem (19)-(20). Hence the roots wy,n = 1,2,--- of (36)

are the eigenvalues of (19)-(20). The corresponding eigenfunctions are
Vi (T, wp) = c1eM @)z 4 opem M (Wn)z 4 poer2(@Wn)T 4 o emr2(wn)e (37)

and

a117% (wn) + w2

Vo (T, wy) = P (w j (026771(0.:”)90 _ C1€’Yl(wn)ﬂi)
2 2

The solution of the system (35) is obtained by choosing the value of one
constant (¢4 for example) and the remaining three unknowns are obtained by

the substitution method.

4 Orthogonalities of the eigenfunctions

In this section we prove two kinds of orthogonality properties of the eigenfunc-
tions of the Sturm-Liouville problem (19)-(20) in Lo(D) and Hy(D) = W
space respectively. The first orthogonality condition is well-known in the the-
ory of spectral and Sturm-Liouville problems [20-22] and it is derived here
just to show the similarity with the technique of getting the second orthogo-
nality which is not well-documented in the literature. Both orthogonalities are
the corner stone in our new approach of finding the analytical solution of the
Mindlin-Herrmann model.

Let V,, = <“2:> and V,, = (%Z) be two distinct eigenfunctions cor-

responding respectively to different eigenvalues w, and w,, satisfying Egs.

(19)-(20)
AV, + w2V, =0, (39)
AV, + w2V, =0. (40)

Remark 4 The operator A is self-adjoint on the class of functions C?(D) sat-
isfying boundary condition (20). This is discused further in Appendix B.
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Multiplying Egs. (39) and (40) by V,, and V,, (inner product) respectively

gives

(AV,, V) + (W2 V,, V,,) =0, (41)

(AV 0, V) + (W2 V., V) =0, (42)

Subtracting Eq. (41) from Eq. (42) and using the self-adjoint property of the

operator A, leads to
l
(Vna Vm) = / [Vln‘/lm + ‘/ZnVZm]de =0 for n ?é m (43)
0

To express the orthogonality in terms of the original vector U (indirectly u),
we substitute formula (18) into Eq.(43), so the resulting equation gives the

first orthogonality condition
l
(Un, Um)l = / [SUanlm + IpUgnUgm]dx =0 for n 7é m (44)
0

or

l
/ [SUanlnL + IpUQnUQWL]dx = (Un7 Um)l(Snm (45)
0

where d,,,,, is the Kronecker symbol.

The corresponding square norm can be written in the following form
2
[l = [ (S0, + 1,03, )ds (46)
0

In order to prove the second orthogonality, we multiply Eq. (39) and Eq. (40)

by w2, V,, and w2V, (inner product) respectively leading to

(WA AV, V) + WiV, w2 V,,) =0 (47)

(wyglAVnLa Vn) + (wfnvma wivn) =0 (48)

Subtracting Eq. (47) from Eq. (48) and using the self-adjoint property of the

operator A, gives

l
(AV,, V) = / AV, -V, dz = 0. (49)
0
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Substituting expression (18), into (49) and multiplying the resulting equation
by -1 yields

l 2 2
/ (—(aS)2a11 Oty (bI,)? oy (abSIp)auUzUlm) dx
0

dz? 2T dx
! dUln 2
+ (CLbSIp)CLm%UQm + (blp) CQQUQnUQr,n dr =0
0
(50)
Integrating by parts the first integral of Eq. (50), afterwards dividing the
resulting equation by azSIp and applying boundary conditions (20), leads to

the second orthogonality condition

([{m Um)Z =
/ (PanUl, Uy, + qasa(UsnUlyy, + UsiaUl) + azsUb, U + c25UsnUs) dt
’ =0 forn#m
(51)
or

/l (a1 U1, UL, + qar2(Usn Uy, + U UL,,) + a02U3,Us, + 20Uz Usyy ) d
’ = (U,, Upn)20nm
(52)
where
(Un, Un)2 =
U5 = /Ol (2a11U2 + 2qa12Us, Uy, + anoU2 + e22U3,) da: (53)

Remark 5 Tt is also possible to obtain the same kind of orthogonalities, by
using any combination of two of the four boundary conditions (A14)-(A15)

(see Appendix A).

5 Solution of the problem: Green’s function

5.1 Solution of the Midlin-Herrmann model

Assume that the solution of the inhomogeneous system of the initial boundary

problem (2)-(6) can be written as a Fourier series expansion with respect to
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. . Uln > . . . Vln >
the eigenfunction system which is collinear to ,
U2n ‘/Qn

n=1 n=1

ul(‘r? t) = Z Uln(x)@n(t)7 u2(x7 t) = Z UQn(m)gpn(t) (54)

where the unknown function @,,(t) need to be determined.

Substituting expression (54) into the Lagrange functional (13) gives

1 0 l
L iz@gp/o (SUZ, +1,5U3,} du

n=1

oo l
+Y Dnbp /O {SU Ui, + LU, Usp } da

n=1

1 & !
—5Plp > o / {e22U3, + a22(Us,,)? + ¢*a11(U1,)? + 2qa12U7,,Uay } dze
n=1 0

) !
—pIp Z @ndsm/o {CQQUQnUQm + aggUénUém + q2a11U{nU{m} dx

n<m

[e's) 1 00 l
_pIp Z @ngﬁm/ qalg(U{nUgm + U{ngn)d:v + Z S(pn/o f($7t)U1ndl'

n<m 0 n=1

(55)

Using orthogonality conditions (44) and (51) and their associated square norm

formulas (46) and (53), equation becomes:
L= L, (56)
n=1
where
I !
Ly =5 A pBI UM = B2pL, U5 + 28,8 [ flat)Uindzy. (57
0

From the variational principle, the Lagrangian (56) satisfies the system of
Euler-Lagrange differential equations (A.9) (see Appendix A), [25]. Here we
assume that if (A.9) holds for L then L, satisfy the following differential

equation

0 (0L o ( dL OL
m(m)Jr@x(a@n)a@nO’ for n=1,2... (58)
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Hence, we obtain the following time dependant ordinary differential equation
D, (t) + 2B, (t) = fn(t), for n=1,2... (59)

_ V5l Ualle
where (2, and f,(t) =
U1
eral solution of Eq. (59) is of the form

PIii |2/ f(z,t)Urndz. The gen-

®,,(0)

n

D, (1) = €,(0) cos(2,t) + sin(£2,t) + —/ fn(7)sin[$2,(t — 7)]dT.
(60)

To conveniently determine constants ®,(0) and &, (0), we need the initial

conditions (6) which should also be expanded into Fourier series with respect

to eigenfunctions system

g9(@) = ur(2,0) = Y @4(0)Urn(), hix) = Z 0)Urn (2
$(x) = uz(2,0) = Y 8, (0)Uan(x), p(a) = Z 0)Uzn(z

n=1

(61)

Using the properties of the above expansion, orthogonality condition (44) and

the norm formula (46), we can express &@,,(0) and &,,(0), as Fourier coefficients

1 l
3,(0) = o / (SUEolo) + i 0)o(e) o
8,(0) = 5 | SV @h(E) + LV (0)o(a)) da

Substituting expression (62) into Eq. (60), we then substitute the resulting ex-
pression into Eq. (54) to obtain the solution of the problem for the longitudinal

vibrations of the Mindlin-Herrmann isotropic, thick rod

! 1
o) = [ 502 D ae [ o200

l
/ Sh(&)Gy(x, €, t)d§+/ Lp(§)Ga(x, &, t)dE

/ / flz, )Gy (z, &t — T)dTdE (63)
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! 1
us(z,1) =/0 Sg(&)wd@r/o I,,¢(5)M

ot ot
!

l
+/WMWW%M%+/%ﬂ&%@&W€
0 0

+[1)/0t /Olf(%t)Gs(x,f,tT)drdg, (64)
where
Gi(,6,1) = 2 (Uln( }zUlnnu ”52111(2 t) -
Gal,&,t) = il (Uln( }ZUTIWUHHS;HQ t)
G, &,1) = i (UQ"(x)UlFU ”521n!2 t)

I
-

n

Uz (2)Usy (€) sin 02,
Cale,8,1) = Z( 2,107 >

n=1

are the Green’s functions.

5.2 Examples

In this subsection we give a concise application of the method outlined above

to two single mode models of longitudinal wave propagation

5.2.1 Classical model

Here us = 0 (n = 0) and I, = 0 which means no lateral motion and all

deformations are parallel to the neutral line. The equation of motion is

2 2
8U1 28 U

oz~ oa2

1
= Ef(x’t)v (66)

where ¢ = ,/% is the phase velocity of the rod. The solution of the initial

boundary value problem (5)-(6) and (66) is given as follows

l l
wlnt) = [ 59605 1 [ shie)Gao gt

t ol
Jr%/o/Of(z,t)Gl(x,ﬁ,t—T)def (67)
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where G is given by Eq. (65) in which

l l
U,
Ul = [ Ut @de, (OB = [ U wdn, 20 = ST (o)
0 0 U1

5.2.2 Rayleigh-Bishop model

We assume that lateral deformation is proportional to the longitudinal strain,

that is us = nuj . The equation of motion is
82U1 82U1 82 62U1 0 Ul 1
S - I 2 5 2 = - 1), 69
(6752 Cam2>+ 62(6t2+182 S, (69)

where ¢; = /& is the velocity of the shear wave (so-called S-wave) in the

lateral direction. The solution of the initial boundary value problem (5)-(6)

and (69) is given as follows

(o) = S / ( K@ 80 | h(é)Gl(x,éUt))df

2 Z 1\, Qs
e [ (o (5)%%(@‘9“@5“) it

//fcctGlet—T)deﬁ (70)
where G is given by Eq. (65) in which

[Unll2

N AT

l
U2 = / (SU2,(2) + LuPUR () de, 02, =

and

l
U2 = / (SEUP.(2) + uL?U2 () do. (72)
0

6 Numerical example and comparison of vibration theories

Here we consider an isotropic, thick, short rod, consisting of a cylindrical sec-
tion made of a copper-based (80%Cu — 20%Zn composition), whose charac-
teristics are available in Table 1. The axial and lateral ends of the rod are fixed
and free respectively. To solve the characteristic equation (36), we apply the

method of bracketing root developed in [23], with the help of the mathematical
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Table 1 The charateristics of the rod

Parameter Symbol Value Unit
Modulus of elasticity E 10T Nm™2
Mass density p 8.5103 kgm—3
Radius r 0.50 m
Length l 1 m
Area A 0.7853 m?
Poisson ratio n 0.34

Polar moment of inertia I 0.098 m*
Phase velocity c 3426.971 ms~1

software, Mathcad to implement and illustrate all the results. Results obtain-
ing for Mindlin-Herrmann model will be compared to those of the single-mode

Classical model.

8]

6|

log(|D(w)]) 4 |
sign(D(w)) I

0 1.5x10° 3x10° 45%10° 6x103 7.5%10°

w-(27r)71

Fig. 1 Graph used to estimate the values of eigenfrequencies of the Mindlin-Herrman model

0 1.5x10° 3x103 45x10° 6x10°

1

7.5x10°

w-(2m)

Fig. 2 Graph used to estimate the values of eigenfrequencies of the Classical model

In Fig. 1, only the downward spikes are informatives, in fact they indi-
cate the solutions of the characteristic equation (36) or eigenvalues distri-
bution except the third downward spike that shows only the change form

a hyperbolic to a trigonometric function. This is well observed in Fig 3 at



Exact solution of the Mindlin-Herrmann model 19

30,

Re(72(w) 207 1
Im(2(w)

0 2x10° 4x103 6x10 8x10°

w(m !

Fig. 3 Propagation coefficients of Mindlin-Herrmann model

w(2m)™! = 3.343 x 103Hz where the curve of Zm~y(w) (dotted line) meets
the solid line one Revz(w). At that particular point the effect of the lateral
attenuation coefficient (ag = Zmys(w)) vanishes and the lateral wavenumber
(ko = Revz(w)) appears and increases substantially. Moreover the first, sec-
ond, fifth, sixth, eighth and ninth downward spikes correspond to the first six
axial vibration modes. The fourth, seventh and tenth downward spikes corre-

spond to the first three pure transversal vibration modes. The first six and four

Table 2 Eigenfrequencies of Mindlin-Herrmann and Classical models

Axial mode of Mindlin-Herrmann model  Classical model  Unit

1.637 x 103 1.715 x 103 Hz
2.883 x 103 3.430 x 103 Hz
3.75 x 103 5.145 x 103 Hz
3.855 x 103 6.860 x 103 Hz
4.793 x 103
6.726 x 103

eigenfrequencies of the axial mode of Mindlin-Herrmann and Classical mod-
els are recorded in Table 2. It shows that the eigenfrequencies of the of the
Classical theory are larger than those of the Mindlin-Herrmann theory which
is in agreement with the comparison of vibration theories based on their fre-
quency spectra (the dispersion curve of the classical theory is always above the
curves of other rod vibration theories) done by Krawczuk et .al and Zak and

Krawczuk [2,11]. Moreover in the same frequency range [0,7.500 x 103] there
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are six axial eigenfrequencies associated with the Mindlin-Herrmann model
and only four for the Classical model (see Fig 1 and 2). The latter observa-
tion is a proof that Mindlin-Herrmann theory is more accurate than Classical

theory.

UIl(x)

0.5

ol

UIS(x)
—05

Fig. 4 The axial eigenfunctions associated with the first five axial eigenvalues

w1
U22(x)

Fig. 5 The transversal eigenfunctions associated with the first five axial eigenvalues

Ul1(x) X
Ul12(x) . / Y
uBx Y N 7

- 0.0:

Fig. 6 The transversal eigenfunctions associated with the first three lateral eigenvalues
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1

0.5
U21(x)
U22(x)

U23(x)

-05

-1 = e
0 0.2 0.4 0.6 0.8 1

X

Fig. 7 The Axial eigenfunctions associated with the first three lateral eigenvalues

The graph of the axial eigenfunctions of the Mindlin-Herrmann theory,
showing the shape of the longitudinal wave propagation at different modes
is plotted in Fig 4. It is important to emphasise that the behaviours of the
axial wave propagation (as illustrate in Fig 4) in Mindlin-Herrmann theory are
comparable to those of Classical theory but with different eigenfrequencies. Fig
5 shows the shape of the lateral waves displacement at different axial angular
frequencies (eigenvalues) caused by the effect of the axial wave propagation.
In fact, to realise zero displacement in the axial direction at x = 0,1, we need
to apply substantial forces. Hence, the stresses at these points are quite large
and according to Hooke’s Law, stresses are proportional to strains and in this
particular case us = nuj (see Eq. (1)). It is clearly visible in Fig 4 and 5
that both the axial and lateral wave vibrate in opposition and alternatively
between their absolute maximum values and nodes. The behaviours of the pure
transversal wave displacement associated with the first three eigenvalues due
to input energy and the deformations produce in the axial direction by the

effect of the lateral displacements are illustrated in Fig 6 and 7 respectively.

Remark 6 In practice the Mindlin-Herrmann model can be applied for rela-
tively long (slender) rods. In this example we apply it to short rod (that is,
diameter is comparable to the length) to illustrate both effects of radial and
longitudinal vibrations and compare the spectrum with those of the classical

model for rod with the same characteristics.
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7 Conclusion

The general analytical solution in terms of Green’s functions of the Mindlin-
Herrmann model for longitudinal vibration of an isotropic rod with constant
cross-section is presented here. The model is a system of two hyperbolic equa-
tions and is derived by applying the energy method and the Hamilton’s varia-
tional principle in the process of which boundary conditions are obtained. The
self-adjoint property of the operator of the corresponding Sturm-Liouville op-
erator is used to prove two types of orthogonality conditions of the associated
eigenfunctions. The method of multiple orthogonalities for vibration problems
is used to derive the exact solution for the model. A numerical simulation
of the eigenfunctions is considered to show the harmonics visible as distinct
spikes, which provide an insight into the mechanism that generates the entire
signal inside the rod. Although the solution technique presented in this paper
is based on Mindlin-Herrmann model, the same approach is used to tackle free
and forced vibration problems of thick and short rods based on Rayleigh-Love

and Rayleigh-Bishop models.

Appendix A Derivation of the Mindlin-Herrmann Model

The aim here is to show how to derive the equations of motion and the associated boundary
conditions using the Hamilton variational principle.

Using Eq. (1) the strains are obtained as follows

_ Ou _ 1 _ Ov _ _ Ov _ —
Exx = 3 = Uy, 5yy73*y7u2a €zz = 5, = U2 = Eyy

) Al
R B A .
The stresses of the rod are
Oz = (A -+ Q,U«)Ezz + )\(Eyy + Ezz) = (A + 2:“‘)“’1 + 2Xug
oyy = A+ 21)eyy + Mean + €22) = 2(A + p)uz + Auj (A.2)

02z = (A4 2p)ezz + Mezz +eyy) = 2N+ p)uz + Au) = oyy
Ogy = HExy = ,u,y'u,IQ, Oyz = PEyz = 0, Oz = UEzgx = I»LZUIQu

Kinetic energy is as follows:

l
K:B// (0% + 02 + b?) dsda (A.3)
2Jo J(s
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Substituting expression (1) into Eq. (6) leads to
o [
K = 5/ (Su? + u31p) da, (A.4)
0

The arguments in all functions are sometimes omitted for simplicity.

Strain energy is as follows:
o [l
P= 5/ /< : (0waEzz + OyyEyy + 022€22 + OayCay + OyzEyz + 02z€2a) dsdx (A.5)

0 s

where o;j, €;; are given by Egs.(A.1) and (A.2). Hence
1 l

P= 3 /0 {S [\ + 2p)uf? + Dusul + 4N + p)u3] + plpu’ } du. (A.6)

Let W be the work done by the distributed force f = f(x,t)

1 l
w :/ / fuidsdz :/ fu1Sdz. (A7)
0 J(s) 0

The Lagrangian is as follows:

L=K-P+W
1 l
= — | {pSu} + pIpa3 — (X + 2p)Su? — AASufuz — 4\ + p)Su3} d
2Jo (A.8)

1
+5 / {2fu1S — plpus’} dx
0
Applying the Hamiltonian principle to the Lagrange functional Eq. (A.8) we obtain the

system of equations of motion in general form:

d oL d oL oL __
E(Tm)+ﬂ<au;)—ﬁ—0

(A.9)
d oL d oL oL __
E(Tu?)"'%(au;) ~ Bus =0
and the associated boundary conditions in general form is as follows
U1|z=0,0 =0, u2|z=0,; =0 for fixed ends (A.10)
or
oL L
8711,’1|I:0’l =0, B—UIQ\IZOJ =0 for free ends. (A.11)

We assume that the rod has a constant cross-section and that parameters such as A, pu, S

and Ip are constants. Hence the explicit form of Eq. (A.9) is as follows

{Piil — (A +2p)uf = 22uh = f(z,1) (A.13)

plpiia + 4(X + p)Suz — plpul) + 2S5 u) =0
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with the following corresponding boundary conditions
U1|z=0,0 =0, u2|z=0,; =0 for fixed ends (A.14)

or

(A + 2w)uf + 20 ug|g—0, = 0, plpub|z—0; =0 for free ends. (A.15)

Appendix B Analysis of the operator of the Sturm-Liouville problem

In this section our goal is to determine the nature of the operator A of the Sturm-Liouville
problem.
We firstly prove that A is self-adjoint on the class of functions C2(D) satisfying boundary

condition (20). Let u = (z;) and v = (Z; ) We define the scalar product as follow:

(u,v) = /Ol u-vdz (B.1)

1
(Au,v) :/ Au - vdz
0
! d?u du
_/ < n- 211)1 +a127501) dz (B.2)

d?us
dz2

Integrating twice and once by part the terms with the second and first derivative respectively

+ ( a12 U2 + a2 ——v2 — 022u2v2> dz

of the expression (B.2) and applying boundary conditions (20) we obtain

! d? dvy
(Au,v) =/ (anm dv; ajous — )dr
0

L dva
+/ arzu1- = + agauz —— — caougvy | dx

dx
d?v
dz?
lO d2v
:A Ul (all dz D) ) (B3)
1 d2v
1
— — T

Equality (B.3) shows that the operator is self-adjoint which means that all the eigenvalues

of the Sturm-Liouville problem (19)-(20) are real.
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