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A B S T R A C T

Physical property models were developed to predict temperature-dependent multicomponent data using only 
temperature-independent binary parameters and pure component property temperature dependence. The 
Kolmogorov-Arnold representation theory was used to extend the linear blending rules and the Padé-like ex
pressions describing the variation of physical properties of ideal solutions with composition. The effectiveness of 
correlating density, viscosity, refractive index and surface tension using this concept was tested. Ten ternary 
systems at either three or four different temperatures were regressed and compared to an ideal solution case. It 
was found that the four-parameter Kolmogorov-Arnold (KA) model performed excellently when the data 
regression included the full datasets. Unfortunately, the KA model may be too flexible, leading to overfitting 
binary data when applied to predicting ternary data.

1. Introduction

The physical property (y) of a homogeneous, n-component liquid 
solution depends on the temperature, the pressure and the composition 
of the mixture. The present interest is in the variation of selected liquid 
mixture properties with composition at isobaric conditions. The symbol 
zi is used as the placeholder composition descriptor for component i. The 
set of conventional ones are: 

zi ∈ {xi,wi,φi} (1) 

where xi is the mole fraction, wi is the mass fraction and φi is the 
apparent volume fraction of component i in the mixture. All these 
composition descriptors satisfy the simplex constraint: 

∑n

i=1
zi = 1 with 0 ≤ zi ≤ 1 (2) 

In this communication, a mixture model is a mathematical expres
sion that describes the variation of a physical property with composi
tion, i.e. y = y(z), where z is the composition vector (z1,z2, …, zn). The 
Kolmogorov-Arnold representation theorem (KA) states that such a 
multivariate continuous function can be represented as a superposition 
of the two-argument addition of continuous functions of one variable 
(Kolmogorov, 1957). Formally, this statement is expressed mathemati
cally as follows: For known y:[0,1]n→ ℝ there exists activation functions 
Φi: ℝ → ℝ and continuous functions ϕij: ℝ → ℝ such that 

y(z1, z2, ..., zn) =
∑2n

i=0
Φi

(
∑n

j=1
ϕij
(
zj
)
)

(3) 

In essence, this theorem states that an arbitrary multivariate function 
can be represented by a finite composition of continuous functions of a 
single variable using just the binary operation of addition. Furthermore, 
because the Kolmogorov–Arnold representation decomposes a multi
variate function into an interior and an outer function, it has a structure 
similar to a neural network with two hidden layers (Liu et al., 2024).

The physical properties of a homogeneous liquid solution are ex
pected to vary continuously with composition. This means that the 
Kolmogorov-Arnold (KA) theorem applies to this situation and therefore 
it can, in principle, be used to model the physical property (y) of a liquid 
mixture. However, the KA representation theorem is a conceptual 
statement on the existence of such functions. It does not provide explicit 
information about the nature or structure of the inner- and outer func
tions. Therefore, imagination was required to identify suitable expres
sions for the construction of neural networks that implement the KA 
concept (Liu et al., 2024). This is also true when the objective is the 
design of an effective mixture model. In the latter case, these functions 
should be chosen so that the resulting model conforms to a set of con
sistency rules (Focke, 2006). In this regard, it is noteworthy that many 
past proposals for mixture models fail the decomposability condition. 
This requirement demands that the model should be invariant with 
respect to dividing one component into two or more identical sub
components (Michelsen and Kistenmacher, 1990). This communication 
reports on a first attempt towards mixture models, inspired by the KA 
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representation theorem, with this requirement fulfilled.
Mixture models feature parameters linked to the pure component 

properties and to the magnitude of the interactions between pairs of 
unlike molecules. In essence, the mixture models can be viewed as a 
composition weighted average over these parameters (Focke WW et al., 
2007). Therefore, it might be possible for the inner functions to be 
expressed as a transformation of a weighted Kolmogorov-Nagumo-de 
Finetti mean, also known as the weighted quasi-arithmetic mean (Mn) 
(Nielsen, 2023). For a set of observations ai, with associated weights xi, 
with Σxi = 1, this mean is defined by: 

Mn(a1, a2, ..., an; x1, x2, ..., xn) = f − 1

(
∑n

i=1
xif(ai)

)

(4) 

where the fi are continuous and strictly monotonic functions. One 
possible option for these functions are the power means of order p (Mp). 

They arise when it holds that f(u) = up in Eq. 4: 

Mp(a,x) =

(
∑n

i=1
xiap

i

)1
p

(5) 

Applying these ideas to Eq. 3, and assuming that a common outer 
function suffices, it leads to the following proposal for a general KA- 
inspired mixture model: 

y(z) = T− 1

(
∑m

i=1
T

(

f − 1

(
∑n

j=1
zjfi
(
aij
)
)))

(6) 

Note that the outer function is defined as the inverse of the trans
formation used for defining the inner functions. The advantage of this 
simplification is that it preserves the units of the model parameters. Eq. 6
is a conceptual statement that covers a multitude of possible expressions 
depending on the choice made for the transformation T and the func
tions fi. In this communication previous insights are used to guide the 
selection of the transfer function T to be used in conjunction with Eq. 5
for the fi’s. This generated a specific version of Eq. 6. Furthermore, its 
performance was tested using published data for a range of ternary 
liquid mixtures of organic compounds, i.e. non-electrolytes.

2. Model development

The ideal solution is a core concept in thermodynamics. Some 
properties of ideal solutions vary linearly with composition expressed in 
terms of mole fractions. More generally, the linear blending rule (LBR) is 
often applied to estimate the variation of a property with mixture 
composition. For a ternary mixture it states: 

y = c1z1 + c2z2 + c3z3 (7) 

where y and ci are, respectively, the physical properties of the mixture 
and component i at the temperature and pressure of the mixture. Table 1
lists examples of such linear blending rules for selected thermodynamic 
and transport properties.

Consider momentarily, the properties of “ideal solutions”. The molar 
mass M, molar volume V, the molar refraction R, the Parachor P and 
(perhaps) the composite ln ηV might be considered to be the primary 
properties since they are expected to follow the linear blending rule in 
mole fractions. The secondary properties are the density ρ, Lorentz- 
Lorenz parameter N, the fourth root of the surface tension and the log
arithm of the dynamic viscosity. All of them can be expressed in terms of 
ratios of two primary properties. They also follow the LBR in volume 
factions. Consequently, for ideal solutions, they can also be expressed as 
a Padé-like expression, i.e. in terms of a ratio of two first order poly
nomials in the primary properties: 

y =
∑

aixi

/∑
bixi (8) 

where ai/bi = ci is the pure component property of interest, ai and bi are 
primary properties of component i, usually with bi = Vi, i.e. the molar 
volume. Table 2 lists such Padé expressions suggested for “ideal” 
solutions.

The expectation is that, to a first approximation, real solution 
behaviour follows the trends predicted by the linear- and Padé-like ex
pressions for “ideal solutions”. Therefore, mixture models should be 

Table 1 
Linear blending rules for liquid mixtures and definitions of derived properties.

Physical property Mole fractions Volume 
fractions

Mass fractions

Molar mass M =
∑

i
Mixi ​ ​

Density V =
∑

i
Vixi 

Molar volume: 
V = M /ρ

ρ =
∑

i
ρiφi υ =

∑

i
υiwi 

Specific volume: 
υ = 1 /ρ

Refractive index R =
∑

i
Rixi 

Molar refraction: 

R ≡
n2 − 1
n2 + 2

V

N =
∑

i
Niφi 

Lorentz- 
Lorenz: 

N ≡
n2 − 1
n2 + 2

r =
∑

i
riwi 

r ≡ N /ρ = R /M

Surface tension P =
∑

i
Pixi 

Parachor: 
P ≈ σ1/4V =

Mσ1/4 /ρ

σ1/4 =
∑

i
φiσ

1/4
i

s =
∑

i
siwi 

s ≡ σ1/4 /ρ

Viscosity (i) ln ηV =
∑

i
xi(ln ηiVi)

​ ​

Viscosity (ii) Vln η =
∑

i
xi(Viln ηi)

ln η =
∑

i
φiln ηi

ln η
ρ =

∑

i
wi

(
ln ηi
ρi

)

Thermal 
conductivity

​ ​ k =
∑

i
kiwi

Isobaric heat 
capacity

C =
∑

i
Cixi ​ ​

Table 2 
Padé expressions valid for ideal solutions with mole fractions as the composition 
descriptors.

Property & Parameter “Ideal solution” expression Eqn.

Density ρ =
M
V

=

∑
Mixi

∑
Vixi

9

Refractive index 

Lorentz-Lorenz parameter: N ≡
n2 − 1
n2 + 2

N =
R
V

=

∑
Rixi

∑
Vixi

10

Surface tension 
Parachor: P ≈ σ1/4V = Mσ1/4 /ρ

σ1/4 =
P
V

=

∑
Pixi

∑
Vixi

11

Viscosity
ln η =

∑
(Viln ηi)xi
∑

Vixi

12

Table 3 
The lower order Scheffé K-polynomial expressions for a ternary mixture with mole fractions as composition descriptor.

Order Scheffé polynomial Eqn.

Linear y = c1x1 + c2x2 + c3x3 13
Quadratic y = c11x2

1 + c22x2
2 + c33x2

3 + 2c12x1x2 + 2c13x1x3 + 2c23x2x3 14
Cubic y = c111x3

1 + c222x3
2 + c333x3

3 + 3c112x2
1x2 + 3c113x2

1x3

+ 3c122x2
2x3 + 3c223x2

2x3 + 3c133x1x2
3 + 3c233x2x2

3 + 6c123x1x2x3

15
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formulated such that they include these forms as limiting cases. The 
Scheffé polynomials are the classic mixture models applied in experi
mental design (Scheffé, 1958; Cornell, 2002). Essentially, they corre
spond to truncated Taylor series that take the simplex constraint into 
account. The K-forms are homogeneous versions (Draper and Pukel
sheim, 1998). Some of the lower order ones are listed in Table 3 for 
ternary mixtures with mole fractions as the composition descriptors. The 
first order versions correspond to the linear blending rule. The quadratic 
forms reduce to the linear form when the cross parameters can be 
expressed as the arithmetic averages of the pure component properties, 
i.e. cij = (ci+cj)/2. Similarly, the cubic Scheffé polynomial form reduces 
to the linear expression when cijk = (ci+cj+ck)/3 for all i, j, k.

Establishing the values of the coefficients of the ternary and higher 
terms in cubic and higher order Scheffé polynomials is of practical 
concern. Fixing them, on the basis of experimental results, requires data 

for ternary or higher order mixtures. Such data are scarce or often not 
even available. It would be convenient if pure component and binary 
mixture data would suffice to fix all model coefficients. Consequently, 
alternative versions of cubic Scheffé polynomials have been proposed 
(Focke W et al., 2007; Pretorius et al., 2024). One approach considered 
the cubic Scheffé polynomial defined by the product of three linear 
expressions (Pretorius et al., 2024): 

y(z) =

(
∑n

i=1
αizi

)(
∑n

i=1
βizi

)(
∑n

i=1
γizi

)

(16) 

Where the αi, βi, and γi are adjustable parameters. They are not inde
pendent quantities since the pure component property values are 
defined by the products ci = αiβiγi. Conveniently, Eq. 16 can be recast in a 
more useful form: 

y(z) =
∑n

i=1
cizi

(
∑n

i=1
ωijzi

)(
∑n

i=1
τijzi

)

(17) 

with ωij = βj/βi, and τij = γj/γi. Note that this also implies that ωii = τii = 1. 
Furthermore, in this projective form, the mixture property is expressed 
fully in terms of the pure component property values ci and binary in
teractions coefficients (Pretorius et al., 2024). Consequently, the ternary 
constant, which arises when ternary and higher mixtures are considered, 
is defined in terms of the latter parameters.

It is noteworthy to realise that expression 17 conforms to the 
formalism of Eq. 6 since it can be written in the following equivalent 
form: 

y(z) =
∑n

i=1
exp

[

ln(cizi)+ ln

(
∑n

j=1
ωijzj

)

+ ln

(
∑n

k=1

τikzk

)]

(18) 

Eq. 18 employs natural logarithms for the transformation T. Hence 
the outer function is defined by the exponential function. Note that each 
of the terms in brackets can be interpreted as weighted arithmetic means 
taken over the coefficient vectors ωi and τi. Note that Eq. 18 only applies 
n such summations whereas the KA representation theorem prescribes a 
total of 2n+1. Therefore, additional logarithmic terms can be added and 
this will also facilitate improved data representation. The disadvantage 
is that the number of adjustable model parameters becomes very large. 
However, there is another troubling matter associated with Eq. 17. The 
last two terms have exactly the same form, which means that the κij and 
the λij coefficients are strongly correlated. This causes difficulties when 
regressing actual experimental data. This problem is alleviated by 

Table 4 
Model expressions for ternary mixtures with the conditions giving rise to the simpler versions.

Model Expression for y

​ Kolmogorov-Arnold inspired models
KA/4p c1x1(x1 + κ12x2 + κ13x3)

x1 + λ12x2 + λ13x3
+

c2x2(κ21x1 + x2 + κ23x3)

λ21x1 + x2 + λ23x3
+

c3x3(κ31x1 + κ32x2 + x3)

λ31x1 + λ32x2 + x3KA/2p 
κji = 1/κij 

λji = 1/λij

Wassiljewa 
κij = 1

c1x1

x1 + λ12x2 + λ13x3
+

c2x2

λ21x1 + x2 + λ23x3
+

c3x3

λ31x1 + λ32x2 + x3

Scheffé 
λij = 1

c1x1(x1 + κ12x2 + κ13x3) + c2x2(κ21x1 + x2 + κ23x3)+ c3x3(κ31x1 + κ32x2 + x3)

Ideal LBR c1x1 + c2x2 + c3x3 (i.e. κij = 1 and λij = 1)
​ Projection-based Padé approximant
P(2,2)/4p

V1c1x1(x1 + κ12x2 + κ13x23) + V2c2x2(κ21x1 + x2 + κ23x3) + V3c3x3(κ31x1 + κ32x2 + x3)

V1x1(x1 + λ12x2 + λ13x23) + V2x2(λ21x1 + x2 + λ23x3) + V3x3(λ31x1 + λ32x2 + x3)

P(2,2)/2p 
κji = 1/κij 

λji = 1/λij

P(1,2) 
κij = 1

V1c1x1 + V2c2x2 + V3c3x3

V1x1(x1 + λ12x2 + λ13x23) + V2x2(λ21x1 + x2 + λ23x3) + V3x3(λ31x1 + λ32x2 + x3)

P(2,1) 
λij = 1

V1c1x1(x1 + κ12x2 + κ13x23) + V2c2x2(κ21x1 + x2 + κ23x3) + V3c3x3(κ31x1 + κ32x2 + x3)

V1x1 + V2x2 + V3x3
P(1,1) V1c1x1 + V2c2x2 + V3c3x3

V1x1 + V2x2 + V3x3 
(i.e. κij = 1 and λij = 1)

Table 5 
Data sources for density (ρ), refractive index (nD), viscosity (η), and surface 
tension (σ) used for testing the models shown in Table 4. It lists the different 
temperatures for which measurements were obtained together with the number 
of binary and ternary data points.

System 
A

Acetone (1) - ethanol (2) - 2,2,4-trimethylpentane (3) - 2-butanone (4) - 
diisopropyl ether (5) - methylcyclohexane (6)

​ Temperatures 
(◦C)

15, 25, 35, 45

​ Data points Binary: 665 Ternary: 330
​ References (Ku and Tu, 2005); (Ye and Tu, 2005); (Chen HW 

and Tu, 2005); (Chen H-W and Tu, 2006)
System 

B
Tetrahydrofuran (1) - 2-propanol (2) - 2,2,4-trimethylpentane (3) - 1,3- 
dioxolane (4) - tetrahydropyran (5)

​ Temperatures 
(◦C)

15, 20, 25, 30, 35, 40, 50

​ Data points Binary: 542 Ternary: 165
​ References (Ku et al., 2008); (Kao and Tu, 2011)
System 

C
Ethanol (1) - benzyl acetate (2) - benzyl alcohol (3) - 2-propanol (4) - 2- 
phenylethanol (5)

​ Temperatures 
(◦C)

20, 25, 30, 35

​ Data points Binary: 399 Ternary: 110
​ References (Huang et al., 2008); (Yeh and Tu, 2007); (Ku et al., 

2009); (Chen K-D et al., 2012)

# The temperatures shown in bold represent those for which ternary data were 
available.
* B: Number of distinct pure component and binary data values; T: Number of 
ternary data points.
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replacing those terms, which are in the form of arithmetic means, by 
sequences of different power means as suggested by Eq. 5. Reformulat
ing extensions of Eq. 18, using this idea, results in: 

y(z) =
∑n

i=1
exp

[

ln(cizi)+ p1ln

(
∑n

j=1
κijzj

)

+ p2ln

(
∑n

k=1

λikzk

)

+ ...

]

(19) 

Where κij = ω1/p1
ij and λik = τ1/p2

ik are the revised adjustable constants 
with κii = λii = 1; and the pi are power mean exponents.

Note that the first term in the square brackets must always be 
retained as it captures the contribution of the relevant pure component 
property. If only this first term is retained, expression 19 reduces to the 
linear blending rule. When only one additional linear term is included, a 
quadratic Scheffé polynomial is obtained. A particularly fruitful 
approach allows negative values for the pi’s, the power mean exponents. 
If, only a single term with p = -1 is retained, Eq. 19 reduces to the 
Wassiljewa model (Wassiljewa, 1904) which features the same compo
sition dependence as the well-known NRTL equation (Renon and 
Prausnitz, 1968): 

y(z) =
c1z1

z1 + λ12z2 + λ13z3
+

c2z2

λ21z1 + z2 + λ23z3
+

c3z3

λ31z1 + λ32z2 + z3
(20) 

A simple extension is obtained from this KA approach by just keeping 
three terms with p1 = 1 and p2 = -1. This yields the following LBR-based 
and KA-inspired expression for a multicomponent mixture: 

y(z) =
∑n

i=1
cizi

∑n

k=1
κikzk

/
∑n

j=1
λijzj (21) 

Eq. 21 defines a new mixture model, not previously considered, that 
arises from a cropped KA approach.

Recently it was found that the effect of temperature on some mixture 
properties is primarily determined by the temperature dependencies 
exhibited by the pure constituents of the mixture (Shardt and Elliott, 
2017; Pretorius et al., 2024). If this is actually the case, the adjustable 
binary coefficients in Eq. 19, Eq. 20 and Eq. 21, should be temperature 
independent. This implies that experimental data for physical proper
ties, e.g. density, can be regressed directly using these equations or, 
where necessary, their extensions.

There is another possibility for regressing experimental data, espe
cially when the density of the mixture has also been measured. This is 
because the molar volume of the mixture plays a central role in the Padé 
expressions listed in Table 2. Perusal of Table 1 shows that the LBR 
expressions for molar mass M, the molar volume V, the molar refraction 
R, the Parachor P, and the composite property V ln η, are all expressed in 
terms of linear blending rules based on mole fractions. The LBR forms 
are just the lowest order expressions for these quantities. Via the KA 
expressions, more accurate data representations should be achievable. 
When these are established, the density, refractive index, surface tension 
and viscosity of the mixture are readily calculated from the relevant 
primary property ratios listed in Table 2. The usefulness of this 

Fig. 1. Predictions for (a) molar volume, V, (b) molar refraction, R, (c) logarithm of the product of the viscosity and the molar volume, ηV and (d), Parachor, P, using 
the mole fraction-based LBR expressions listed in Table 1.
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procedure, for experimental data reduction, is explored in this 
communication.

Other approaches for formulating effective mixture models have 
been explored. This includes the projection-based Padé expression 
(Dzingai et al., 2024); (Pretorius et al., 2024): 

y(z) =
∑

i
bicixi

(
∑

j
κijxj

)/[
∑

i
bixi

(
∑

j
λijxj

)]

(22) 

The projection-based expression, defined by Eq. 22, was up to this 
point in time the only model that was suitable for correlating a range of 
different liquid properties with temperature independent binary co
efficients. It, as well as its simplified forms, proved to be highly effective 
for correlating ternary mixture data for density, refractive index, vis
cosity and surface tension with the temperature dependence determined 
by those of the pure component properties. Therefore, it is used as a 
yardstick to gauge the relative performance of the KA-derived model, 
Eq. 21, for representing the physical properties of ternary mixtures. 
Table 4 lists the expressions, valid for ternary mixtures, for the models 
tested presently. Note that full versions of Eq. 21 and Eq. 22 feature four 
adjustable binary parameters. Setting κji = 1/κij and λji = 1/λij reduces 
them to two per binary and this option is also explored. In addition to the 
models listed in Table 4, the KA/8p model was also tested using the full 
data sets. It is defined by the following expression: 

y(z) =
∑3

i=1
bicixi

(
∑3

j=1
κijxj

)(
∑3

j=1
kijxj

)2

(
∑3

j=1
λijxj

)(
∑3

j=1
lijxj

)2 (23) 

Fig. 2. Predictions for (a) density, ρ, (b) Lorentz-Lorenz parameter, N, (c) logarithm of the viscosity, ln(η) and (d), σ¼, using the volume fraction-based LBR ex
pressions listed in Table 1.

Table 6 
Performance of the fully predictive linear blending rules listed in Table 1.

Property Molar 
volume

Molar 
refraction

“Arrhenius” Parachor

Equation V = ΣxiVi R = ΣxiRi lnηV = Σxi ln 
(ηiVi)

P = ΣxiPi

AD (%) 0.05 ± 0.37 0.03 ± 0.13 -2.17 ± 2.55 -0.73 ±
0.91

AAD (%) 0.28 ± 0.23 0.09 ± 0.11 3.02 ± 2.71 0.78 ± 0.86
Correlation 0.99992 0.999987 0.9861 0.9565

Property Density “Lorentz- 
Lorenz”

Viscosity Surface tension

Equation ρ = Σφiρi N = ΣφiNi lnη = Σφi lnηi σ1/4 =
∑

φiσ
1/4
i

AD (%) -0.05 ±
0.36

0.03 ± 0.40 n.a. -0.72 ± 0.81

AAD (%) 0.28 ± 0.23 0.30 ± 0.27 n.a. 0.74 ± 0.79
Correlation 0.99971 0.99939 0.9927 0.9911
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3. Data analysis

The capacity of the models listed in Table 4 to accurately represent 
real experimental information, was tested using experimental data 
gleaned from the literature. Table 5 shows the three data sets, 
comprising of several ternary systems, that were used for this purpose. 
These data sets were selected because they included experimental results 
for binary and ternary mixtures generated over a range of temperatures 
for the mixture density and also for some other properties, e.g. viscosity, 
refractive index or surface tension. This made it possible to test whether 
the temperature dependence of a mixture property can be accounted for 
by the pure component behaviour. This hypothesis was initially put 
forward by Shardt and Elliott (2017) when they considered the surface 
tension of binary mixtures.

The parameter values were fixed using least squares regression 
analysis executed in Excel spreadsheets. Results obtained when using 
only the binary data for this purpose, and also when the full data sets 
were considered, are reported. The Akaike information criterion (AIC) 
(Akaike, 1983) was used as one of the measures for ranking the relative 
performance of the models. The governing equation is: 

AIC = n ln (SSE) + 2df (24) 

where n is the number of data points, SSE is the sum of the square errors, 
and df is the degrees of freedom, i.e. the number of parameters that were 
fitted. To compare models, it is only the difference between the AIC 
values that matters. On taking differences, the units cancel out and the 
result is dimensionless: 

ΔAIC = n ln
(
SSEref

/
SSEmodel

)
+ 2Δdf (25) 

Eq. 25 makes intuitive sense as it balances the change in goodness-of- 
fit, as assessed by the sum-of-squares, with the change in the degrees of 
freedom (due to differences in the number of parameters in the models 
that are being compared). In the present analysis the SSE values always 
included the contributions from all data points irrespective as to 
whether the parameters were determined using just the binary infor
mation or the full data sets. Note that the large number of data points in 
the present data sets enhanced the importance of the first term on the 
right of Eq. 24 at the expense of the second term, which corrects for the 
increase in the number of model parameters.

For each mixture property, the corresponding “ideal solution” LBR 
expression served as the reference model. The obtained ΔAIC values 
were normalised by taking the ratio with respect to the largest value 
recorded. Invariably, this was the ΔAIC value obtained when the full set 
of parameters were allowed to vary freely, i.e. model variation KA/8p, 
KA/4p or P(2,2)/4p. These model variants are the most flexible ones as 
they feature more adjustable parameters than the others. This approach 
provided a relative scale with best performance indicated by ΔAIC 
values equal to unity. In some instances, negative values for ΔAIC were 
obtained when the regression was limited to binary data. This indicates 
that the model predictions were worse than those obtained using the 
corresponding fully predictive “ideal solution” LBR expression. The 
normalised ΔAIC values, obtained when regressing just the binary data, 
were compared to the values obtained when the full data set were used 
instead. For some models, the value obtained with the former protocol 
was only slightly less than what is achieved in the latter case. This 
provided an indication that the ternary response can sometimes reliably 
be predicted from knowledge of binary data. Comprehensive details, 
including the numerical values assumed by the model parameters, are 
presented in the Supplementary Information. The Excel spreadsheets are 
available via the following link:

https://drive.google.com/drive/folders/1OMlX_SP86gxwV7W 
Ctwkk_VU13EBCwvgt?usp=drive_link

4. Results

In order to establish a baseline for comparison, the ability of ideal- 
solution-based expressions (Table 1) to represent the data of the three 
ternary systems was first considered. Fig. 1 shows the mole-fraction- 
based LBR predictions for the molar volume, the molar refraction, the 
Parachor, and the product of the viscosity and the molar volume, while 
Fig. 2 shows the predictions for the properties listed in Table 1 that vary 
linearly with volume fraction. The average relative errors (AD) and the 
average absolute relative errors (AAD), as well as the correlation co
efficients obtained for the full available data sets are summarised in 
Table 6. The definitions of AD and AAD for a given property P are: 

AD =
(
Pexp − Ppred

)/
Pexp (26) 

and 

Table 7 
Summary of absolute average deviations (%). Number in bold and italic indicate best and worst performance respectively for the models listed in Table 4.

Model System Ideal P(1,1) Scheffé Wassiljewa KA/2p KA/4p P(1,2) P(2,1) P(2,2)/2p P(2,2)/4p KA/8p

Density ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ ​
Binaries A 0.301 0.302 0.053 0.098 0.309 0.286 0.026 0.031 0.046 0.042 ​
​ B 0.223 0.223 0.049 0.038 0.489 0.437 0.040 0.042 0.041 0.037 ​
​ C 0.341 0.341 0.018 0.053 0.046 0.817 0.046 0.036 0.027 0.021 ​
Ternaries A 0.301 0.302 0.052 0.036 0.059 0.020 0.025 0.031 0.030 0.022 0.015
​ B 0.223 0.223 0.048 0.036 0.028 0.017 0.041 0.041 0.037 0.033 0.018
​ C 0.341 0.341 0.018 0.023 0.021 0.011 0.045 0.036 0.019 0.013 0.010
Refractive index ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ ​
Binaries A 0.085 0.087 0.016 0.015 0.012 0.027 0.008 0.009 0.008 0.011 ​
​ B 0.107 0.070 0.176 0.134 0.206 0.085 0.023 0.024 0.023 0.018 ​
​ C 0.159 0.159 0.008 0.012 0.023 0.013 0.025 0.018 0.009 0.006 ​
Ternaries A 0.085 0.087 0.016 0.011 0.009 0.008 0.008 0.009 0.008 0.007 0.007
​ B 0.107 0.070 0.059 0.066 0.072 0.027 0.024 0.023 0.022 0.017 0.025
​ C 0.159 0.159 0.008 0.008 0.009 0.005 0.024 0.018 0.009 0.006 0.005
Viscosity ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ ​
Binaries A 5.77 5.78 1.80 1.88 3.07 1.63 2.33 1.67 1.42 0.94 ​
​ B 15.36 15.32 2.27 2.89 1.41 0.91 13.27 1.88 1.39 0.84 ​
​ C 7.38 7.38 1.14 1.12 1.50 1.02 2.65 0.99 1.35 0.91 ​
Ternaries A 5.77 5.78 1.78 1.66 1.28 1.09 2.28 1.64 1.38 0.84 0.50
​ B 15.36 15.32 2.26 2.89 1.33 0.66 13.27 1.86 1.36 0.72 0.05
​ C 7.38 7.38 1.11 1.09 1.41 0.79 2.61 0.97 1.35 0.88 0.69
Surface tension ​ ​ ​ ​ ​ ​ ​ ​ ​ ​ ​
Binaries B 2.86 15.32 0.73 0.79 0.65 0.40 13.27 1.88 1.39 0.84 ​
​ C 3.39 3.40 0.60 1.08 1.68 0.72 0.48 0.46 0.46 0.51 ​
Ternaries B 2.86 2.85 0.71 0.60 0.54 0.40 0.93 0.92 0.49 0.40 0.37
​ C 3.39 3.40 0.60 0.42 0.51 0.25 0.46 0.46 0.45 0.29 0.25
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AAD =
⃒
⃒Pexp − Ppred

⃒
⃒
/
Pexp (27) 

Perusal of the results in Table 6 shows that the LBR predictions for 
the molar volume (V), the molar refraction (R), the Parachor (P), the 
density (ρ), the Lorentz-Lorenz parameter (N) and the fourth root of the 
surface tension are surprisingly accurate. In all these cases, the average 
deviation is less than 1 %. The logarithm of the Arrhenius viscosity 
parameter (ηV) and the logarithm of the viscosity also show a strong 
linear dependence on mole fractions and volume fractions respectively. 
However, in the latter case the average deviation exceeds 3 % while in 
the former case the relative deviations could not be determined as the 
range includes both positive and negative values. One may conclude that 
the linear blending rules are surprisingly accurate and probably provide 

acceptable estimates for many engineering applications.
Table 7 shows the AAD values for the secondary properties, achieved 

by regressing the data using the different models. By design, the mixture 
models listed in Table 5 are extensions of the “ideal solution” expres
sions. This means that there is limited scope for improving accuracy of 
the data correlation. Nevertheless, using the four parameter models the 
AAD values were significantly lowered, by about an order of magnitude, 
when compared to the “ideal” expressions. Provided the full data sets, 
including the ternary results, are regressed, it appears possible to predict 
density, refractive index, viscosity and surface tensions to better than 
0.042 %, 0.017 %, 0.94 % and 0.84 % respectively. The corresponding 

Fig. 3. Scaled ΔAIC values for system density prediction obtained by fitting the 
various models to the three ternary data systems listed in Table 4 when either 
the binary data sets (Binaries) or full data sets (including Ternaries) were used 
to fix the model parameters.

Fig. 4. Scaled ΔAIC values for the refractive index predictions obtained by 
fitting the various models to the three ternary data systems listed in Table 4
when either the binary data sets (Binaries) or full data sets (including Ternaries) 
were used to fix the model parameters.
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values for the “ideal” expressions were 0.341 %, 0.159 %, 15.36 % and 
3.39 %.

The results presented in Table 7 are best considered in conjunction 
with Fig. 3 to Fig. 6. These show a summary of the Akaike information 
results in a way that facilitates visual comparison of performance across 
all of the models considered for the secondary physical properties. In 
these Figures the ΔAIC values, normalised with respect to the best 
performing model, are plotted. Negative values show model perfor
mance that was worse than what was achieve using the fully predictive 
“ideal” expressions. In Table 7 the values in red indicate the worst AAD 

values while those presented in bold show the lowest AAD values 
achieved.

Density. Fig. 3 and Table 7 show that the KA/4p model not only 
provided the best predictions when the full data sets were regressed, but 
this model also gave some of the worst predictions when only the binary 
data was used to fix the model parameters. This disappointing outcome 
is tentatively attributed to overfitting of the binary data resulting in poor 
predictions for the ternary data. The implication is that the KA/4p model 
is too flexible. This notion is supported by the fact that, when only bi
nary data was regressed, both the Scheffé and the Wassiljewa models 
outperformed the KA/2p and KA/4p versions. Overall, it would appear 
that any of the two-parameter projection models are preferred as they all 

Fig. 5. Scaled ΔAIC values for the viscosity predictions obtained by fitting the 
various models to the three ternary data systems listed in Table 4 when either 
the binary data sets (Binaries) or full data sets (including Ternaries) were used 
to fix the model parameters.

Fig. 6. Scaled ΔAIC values for the surface tension predictions obtained by 
fitting the various models to the three ternary data systems listed in Table 4
when either the binary data sets (Binaries) or full data sets (including Ternaries) 
were used to fix the model parameters.

Table 8 
Absolute average deviations for density, refractive index, viscosity and surface 
tension. These properties were calculated from the “ideal” Padé expressions and 
fits done using the KA/4p model for the primary properties molar mass (M), 
molar volume (V), Lorentz-Lorenz parameter (N), Parachor (P), and viscosity 
function V ln η.

Property Model System A System B System C

Density Ideal 0.301 ± 0.237 0.223 ± 0.167 0.341 ± 0.281
​ KA/4p 0.016 ± 0.015 0.014 ± 0.020 0.011 ± 0.014
Refractive index Ideal 0.085 ± 0.069 0.070 ± 0.060 0.159 ± 0.129
​ KA/4p 0.010 ± 0.009 0.011 ± 0.017 0.007 ± 0.007
Viscosity Ideal 6.66 ± 6.48 15.3 ± 15.6 7.38 ± 6.84
​ KA/4p 0.57 ± 0.66 0.66 ± 1.14 1.08 ± 1.12
Surface tension Ideal - 2.84 ± 3.37 1.43 ± 1.38
​ KA/4p - 0.41 ± 0.61 0.33 ± 0.37
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gave good predictions irrespective to whether just the binary data or the 
full data sets were used to find the model parameter values.

Refractive index. Fig. 4 and Table 7 show that, overall, the P(2,2)/ 
4p model gave the best predictions for the refractive index. The excep
tions were data set C where model KA/4p was best when the full data 
were regressed and data set A where model P(1,2) performed slightly 
better when just the binary data were considered. Except for system B, 
for which model KA/2p performed worse that the “ideal” expressions, 
the KA model types performed quite well, even when the model pa
rameters were determined on the basis of the binary data alone. How
ever, the projection-based models generally performed better.

Viscosity. The P(2,2)/4p model was a clear winner with the lowest 
AAD values (reported in Table 7) irrespective of the way the parameters 
were determined. This is confirmed by Fig. 5. The P(2,2)/2p and the P 
(2,1) models also did well, but for System B, the P(1,2) model faired 
rather poorly. The KA/4p model was second best except for System A 
when the regression considered binary data only.

Surface tension. The results for surface tension in Table 7 and Fig. 6
show that model KA/4p performed best when the full data set was used 
to fix the model parameters, whereas the Projection models were the 
best when just the binary data were considered. The KA/2p performed 
poorly for System C.

Predicting the secondary- from primary properties. Table 8
shows that it is indeed possible to calculate the properties ρ, N, lnη and 
σ¼ from the molar mass (M), the molar refraction (R), the viscosity group 
Vlnη, and the Parachor (P) ratio’ed with respect to the volume fraction 
(V). Good results were found even when the linear blending rules listed 
in Table 6 were used for this purpose. Significantly more accurate pre
dictions were obtained using the KA/4p model. The absolute average 
deviations are presented in Table 8. The results show that this approach 
can provide highly accurate data representation for the secondary 
physical properties. The Supplementary Information includes additional 
graphical visualisations that support this observation.

5. Conclusions

The ideal solution is an important concept considered in thermody
namics. The primary properties describing ideal solution behaviour are 
the molar volume, the molar refraction, the Lorentz-Lorenz parameter 
and the Parachor. These properties are all expected to follow the linear 
blending rule (LBR) with mole fractions as the composition descriptors. 
It was found that the behaviour of the real mixtures, considered in this 
communication, did indeed closely agree with these expectations. 
Therefore, it makes sense to design more accurate mixture models such 
that they include these expressions as limiting cases. This was recently 
done using pure component projections. The Kolmogorov-Arnold rep
resentation theory inspired another approach to models for predicting 
the density, viscosity, refractive index and surface tension for multi
component mixtures, on the basis of knowledge of binary data. A very 
general form is presented by Eq. 6 in the main text. In this communi
cation, a specific example described by Eq. 21 was considered. The 
ability of this equation to represent ternary data for density, refractive 
index, viscosity and surface tension, over a limited temperature range 
was tested. It was found that it performed excellently when the data 
regression included the full data sets. Unfortunately, poor data repre
sentation resulted when only the binary data were considered for fixing 
the model parameters. By comparison, the binary-predictive capacity of 
the projective mixture models previously proposed, fared better. The 
implication is that the Kolmogorov-Arnold inspired model may be too 
flexible, leading to overfitting of the binary data, which results in poor 
prediction of ternary behaviour.
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