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Abstract

Solving non-convex minimization problems using multi-particle metaheuristic derivative-
free optimization methods is still an active area of research. Popular methods are Particle
Swarm Optimization (PSO) methods, that iteratively update a population of particles accord-
ing to dynamics inspired by social interactions between individuals. We present a modifica-
tion to include constrained minimization problems using exact penalization. Additionally, we
utilize the hierarchical structure of PSO to introduce a micro-macro decomposition of the algo-
rithm. The probability density of particles is written as a convex combination of microscopic
and macroscopic contributions, and both parts are propagated separately. The decomposition
is dynamically updated based on heuristic considerations. Numerical examples compare the
results obtained using the algorithm in the microscopic scale, in the macroscopic scale, and
using the new micro-macro decomposition.

Keywords: derivative-free optimization, metaheuristics, particle swarm optimization, con-
strained minimization, micro-macro decomposition
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1 Introduction

Many mathematical models nowadays study the coordinated movement of groups using multi-
agent approaches [I5[45]. Metaheuristic methods are based on simple rules of interaction between
individual particles, which give complex results of self-organized and swarm intelligence [2]40L44].
Some examples of these methods are Ant Colony Optimization [1920], Genetic Algorithms [2531],
Simulated Annealing [1,86], Consensus-Based Optimization (CBO) [8l2841] and Particle Swarm
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Optimization (PSO) [33H35l43]. There are strong links between these methods, for example the
CBO can be derived from the PSO via zero inertia limit [I3].

In this paper, we focus on the study of Particle Swarm Optimization, proposed for solving
constrained minimization problems. The goal is to find

m%RI}i F(z) subject to z € M (1.1)
re

d > 1, where F(z) is a given continuous but possibly non convex objective function. It is assumed
that F(x) admits an unique global minimizer 2%, in M C R%.

The PSO method solves the optimization problem (III) by considering a set of candidate
solutions, represented by particles. Then, particles move in the search space according to certain
mathematical relations on the positions and velocities of the particles, until convergence toward a
neighborhood of the global minimizer. Since PSO methods are gradient-free, the function F(z) in
(CI) can be non-smooth.

The PSO has originally been formulated in such a way that each particle experiences a superpo-
sition of forces towards the local best position and towards the global best position found among all
particles up to that iteration [34L[35]. There have been many extensions to the model; for example,
in [27], a description based on a system of stochastic differential equations has been introduced,
as well as a formulation modeling memory of each particle. In another version of PSO, there is an
inertia weight [21143] to bound the possible uncontrolled speed of the particles. Additionally, PSO
methods have gained prominence, drawing inspiration from CBO methods. In this variant of the
PSO, the concept of a consensus point emerges, representing a weighted average of the positions
of particles towards which they are attracted.

Several methods have been proposed in the literature for incorporating constraints in interacting
particle consensus methods [T0|11,2223]. Here, we present a method based on exact penalization.
This approach has already been used to study constrained problems with PSO methods in the
version that uses the local best position and the global best position [14,[39]. However, in this
manuscript we use the iterative strategy introduced for the CBO [7], for which the penalty param-
eter is updated according to the violation of the constraint, and apply it to the version of the PSO
method in which the consensus point appears.

The theoretical analysis of PSO methods has been developed on various scales [26]27]: the
microscopic scale, the mesoscopic scale, and the macroscopic scale. The microscopic scale is based
on the evolution of particle trajectories using systems of stochastic differential equations. The
intermediate scale, called mean-field, is the mesoscopic scale, where an equation governs the dy-
namics of the evolution of the probability density of the particles. These equations are a statistical
description of the states of the particles. Finally, at the macroscopic scale, the particle flow is con-
sidered to behave like a fluid. At this scale, the dynamics are governed by a system of hyperbolic
conservation laws.

In this manuscript, we propose an approach called micro-macro decomposition; the idea is
inspired by [16,[18,38]. This decomposition is well-known in the literature in various contexts,
for example, to derive the Navier-Stokes equations from the Boltzmann equation in rarefied gas
dynamics [I2] or in the context of collisional kinetic equations that naturally incorporate exact
space boundary conditions [16]. The decomposition is based on the decomposition of the probability
density function into a contribution of the microscopic system and of the macroscopic system. The
two contributions are weighted by a time-dependent function that is dynamically updated. This
changes the behavior of the system to be more fluid-like or more particle-like.

This manuscript is structured as follows. In Section 2] we present the penalization approach
applied to constrained minimization problems. In Section[3], the microscopic model with inertia, its
mean-field limit, and finally a second-order macroscopic system of the PSO methods are presented.
In Section [ we present the micro-macro decomposition. At last, in Section [Bl we present various
numerical results obtained for constrained and unconstrained minimization problems, studying
them at the microscopic and macroscopic scale and also using the mixed approach given by the
micro-macro decomposition.



2 Particle Swarm Optimization methods for constrained prob-
lems

PSO methods are designed to solve unconstrained problems and we extend those to constrained
problems of the following type:

min F(z) subject to z € M
z€R4

for d > 1, where F(x) : R? — R is a given continuous, non-convex function, with an unique global
minimizer in the feasible set M C R¢, which is closed, bounded, possibly non-convex, and empty.
The set M is not required to be connected. In addition, we assume M has a boundary OM of
zero Lebesgue-measure. In this paper we will focus on the study of the constrained case using a
penalized PSO method, but other approaches are possible (see [5]). We consider exact penalization,
since PSO does by itself not require differentiable objective functions.

The objective function is modified by a penalty term in such a way that points outside the set
M are reached with low probability. The penalized problem to be solved is

min{Fg(z) := F(x) + pr(z)}, (2.1)

rcRa

where 8 € RT is the strength of the penalization and r is a penalty function, with the property:

=0 ifzeM,
r(z) = .
{>0 if x ¢ M.

An example of () is the distance of the point z € RY from M, e.g.,

r(z) = minge pllz = ylp. (2.2)

The objective function Fg coincides with the objective function F in the feasible set.

The goal is to obtain the same minimizer z%, for the penalized problem as for the constrained
problem, for finite values of 5. Penalization techniques that have this property are called exact
penalization.

Property 1. A function Fg: Q — R is called an exact penalty function at a local minimum 7,

of @I, if %, is a local minimum of 1)) [4.15).

Fp satisfies Property [I if 3 is sufficiently large. If 7 is non-differentiable, then f is finite. We
define this finite but a priori unknown value as

B :=inf {ﬂ > 0 : minimizers to problem (Z]) are minimizers to problem (I:I]])}

In the case of the PSO, as done for the CBO in [7], we choose 8 by an adaptive strategy [29].
The idea is to test whether the violation value r(x) is less than or equal to a fixed tolerance. If
the condition is satisfied, the feasibility requirement is increased. If the condition is not fulfilled,
however, the penalty parameter g is increased. The adaptive algorithm is explained in detail in
Section (.11

To summarize, the exact penalization was employed, thereby converting the initial problem (LTI
into an unconstrained one (ZI]). This approach enables the employment of the penalized PSO
method. The incorporation of the penalty function introduces a non-differentiability into the ob-
jective function. However, this does not pose a significant challenge for the PSO method, as it
does not depend on derivatives, thereby negating the necessity for differentiability. An additional
benefit is that by implementing an adaptive update to the parameter, a convergence to the solu-
tion of constrained problem (IJJ) is achieved. Furthermore, the method enables the resolution of
constrained problems with unconnected constraints. In Section [] various simulations are presented
in which the feasible set M is not connected.



3 The PSO method for constrained problems on microscopic
and macroscopic scale

3.1 Microscopic scale

In this section, we present the microscopic PSO method that describes the individual motion
of particles, in the version proposed by [26].

The PSO is based on the classical second-order Newtonian dynamics of particle systems. At
each time n > 0, we suppose to have N particles, each with position X! € R? and velocity
VieRY i =1,..,N. We assign an initial position X¢ and an initial velocity V{, then the
evolution of positions and velocities is given by the canonical PSO equations

X}IL_H = X}'L + AtV,i_H,
. . . oo fori=1,... N
i _ m i AA a, i oV A B vigi yeeey LV
o= (st ) Vi + (3228 ) (e = X3) + (52485 DX — X6,
(3.1)

with inertia weight m € (0, 1], drift parameter A > 0, noise parameter o > 0, friction coefficient
v :=(1-m)>0,0, ~N(0,1) and D(X2# — X?!) is a d-dimensional matrix. X is the weighted
average, commonly called consensus point, computed using the approach introduced for the CBO
methods [41]

1

a,f . _
X = 1

n

N N

> Xpwf(X}), with N&7 =" w™P (X)), (3.2)
i=1 i=1

The weight function w®? is given by

WX s o Fa XL,

The choice of the Gibbs-type measure for X%# derived from the Laplace principle [I7], which
states that for any absolutely continuous distribution p € P(R9) and Fs continuous, it holds

1
lim (—=1lo / e~ 8@ dp(x )) = inf Fj. 3.3
a—o0 ( « g( Rd pe) z€supp(p) ’ (83)

The proof of convergence of (B3] for functions with a unique global minimum is given e.g. in [41].
By the Laplace principle 3], and for large values of a > 1, the consensus point Xg‘ﬁ is an
approximation of the global minimizer of the objective function Fg.

Various choices for the diffusion term D(X®# — X!) can be found in the literature. A first
example is the isotropic exploration [41]

DX~ Xi) = X = Xi oI

where the norm used is the L? norm of vector in R? and I; € R?*¢ is the identity matrix. Another
possibility is the anisotropic exploration [9]

Do (XP = X)) = diag((X7 = X)), e (X007 = X7)a) (3-4)

where diag : R? — R?*? is the operator that maps a vector onto a diagonal matrix. For high-
dimensional problems, it has been shown to be more efficient to use anisotropic exploration [9,[24]
and we use D(X28 — X}) = Domiso(x o8 — X1,
The change of the velocity in (B is subject to three forces. The first term is the friction term.
It depends only on the speed of the i-th particle in the previous time step. The second term is the
exploitation term, which models the drift of the i-th particle towards the consensus point X,‘f’ﬁ .
The contribution of exploitation to acceleration depends on the distance of the particle from X,‘f*ﬁ .
The third term is the exploration term and it is the only random contribution.
The system ([B.)) is an Euler-Maruyama time discretization of the system of stochastic differ-
ential equations (SDEs) in It6 form [30]
[ K3
dXF _tht’. . o fori=1,...,N,
dVi = —2Vidt + 2 (X7 — Xj)dt + 2 D(X{ — X})dB,
where X is defined as 32) and {(B!);>0}Y., are N independent d-dimensional standard Brow-
nian motions in R<.



3.2 Mean-field limit and macroscopic scale

We derive a mean-field formulation and the macroscopic system associated with the system
BI). On the mesoscopic scale, a probabilistic approach is considered through a distribution
function f = f(t,z,v) € P(RT x R? x RY) that represents the density of particles in the phase-
space (z,v). The behavior of the particles is predicted through the study of statistical quantities
of f. For the derivation, refer to [32].

The mean-field equation of the system (B1]) is

2

U—zD(fC — Xa,5(0)° Vo - f) (3.5)

@f+Uth:vw(%@ﬁ+%@—xgamw+2m

where
_ fRd Twe,g(x)p(t, x)dx
Jra Wap(x)p(t, x)dx

The mean-field equation can be written in compact form as

Xa.p(p) : and p=p(t,z) = /]Rd ft, z,v)dv. (3.6)

Orf +v-Vuf +Q[f] =0,
where

Mﬂ:—vw(%M+%@—XMNMf+£§Mw—Kw@WVwO

is the collisional operator. It acts as a non-local operator on f only in velocity and models how
binary collisions between particles affect the evolution of the distribution function f, accounting for
both the gain and loss of particles in a given velocity state due to these interactions [12]. We observe

L . . 1 .
that the collisional operator @ satisfies the local conservation property for ¢(v) := ( v ), ie.,

(3(v),Q(g9)) =0  VgePR" xR xR?).

The components of the vector ¢ are the collisional invariants, namely the locally conserved quan-
tities in (¢, ). Therefore we define the vector U = U(t, x) as

U(t,x):( n )(t,x) — Rdf(t,x,v)( ! )dv.

To obtain equations for U of the macroscopic system, we integrate the mean-field equation (B3]
against the collisional invariants ¢(v) and obtain

0
a ” +vz-( P )+( ):o. 3.7
() [ 02 f (b, )i 2 () + A @ — Xaa(p)p 0
The initial data Up(z) = U(0, x) is given by

o) = (2, )@= [ 500100

In its compact form, system (B1) is written as

QU + V- F(U) + S(U) = 0,

where
U:= ( p/; ) is the vector of conserved variables, (3.8)
o pu .
FU):= ( [02f(t,@,v)dv ) is the flux vector,

and S(U) := 0 ) ) is the source term, (3.9)

( Lpu+ 2(x— Xag(p))p



with X, g(p) defined as in ([B:6). The derivation of the macroscopic system is conducted by first
starting from the mean-field equation and then exploiting the properties of fluid dynamics, as
referenced in [3[12].
The system (3.7)) depends on the distribution f. To eliminate this dependence, a closure relation can
be imposed by selecting a specific distribution, f* = f*(¢, z,v), which ensures that the conservation
laws are hyperbolic or strictly hyperbolic. By expressing the system (B7) in quasi-linear form, it
is possible to determine the properties that the function f* must satisfy.
In order to derive the quasi-linear form, it is necessary to express the spatial derivative of the flows
V.- F(U), as a function of the derivatives of U. To accomplish this, the chain rule is applied
component by component

OF(U) _ 0F(U)

= U = A; v i =1,..,d.
oz, Bl 0z, U (U)0:, U, 1 sy d

For the system (B.7)), we obtain the following:

0 0 pu 0 el
Ai(U) = @FZ(U) T oU ( JvAf(t, z,v)dv )Z o ( Oy [V f*dv Oy [V f*dv ) - (3.10)
Accordingly, the system (B7) is represented in quasi-linear form as

d
U + > A(U)0,,U + S(U) =0 (3.11)

i=1

where U, S(U) and A;(U) are defined in 8), 33) and BI0), respectively.
In order to obtain a well-posed initial value problem, we introduce a basic algebraic property.

Definition 1. A system of balance laws

d
U + > A(U)0,,U + S(U) =0

i=1

in R™, with initial data U(z,0) = Uy(x), is strictly hyperbolic if, for every U, the composite Jacobian
matriz in the direction &

d d
OF;
A =D A& =D ==&
i=1 = U
has n real and distinct eigenvalues: A\ (U) < ... < X\, (U).

From now on, we focus on problems in dimension 1. It is possible to derive a sufficient condition
for the system ([B.I1)) to be strictly hyperbolic.

Lemma 3.1. In dimension 1, the system is strictly hyperbolic if the following condition is satisfied

2
<8pu/v2f*dv) > 48p/v2f*dv. (3.12)

Proof. In order to identify a sufficient condition for strict hyperbolicity, which f* must satisfy, we
compute the eigenvalues of the matrix A(U). In dimension 1 the system in quasi-linear form is

0,U + AU)0,U + S(U) = 0, with A(U)( apfv%f*dv apule)2f*dv > (3.13)

We proceed by calculating the eigenvalues of A(U)
det(A(U) — A\Id) =0,

Y 1
det( B, [V f*dv Dy [ V> dv — A ):0’
)\2—8pu/02f*dv)\78p/v2f*dv:O.



To obtain real and distinct eigenvalues, it is necessary that the discriminant of the last quadratic
equation be strictly positive, i.e.

2
(GPU/UQf*dv> —48p/v2f*dv > 0.

It thus follows that in order for the system (BI3) to be strictly hyperbolic and therefore well-posed,
the distribution f* selected for closure must satisfy the following condition:

2
(GPU/UQf*dU) > 46p/02f*dv.

In dimension 1, a potential selection for f* that satisfies (312) is the Maxwellian distribution
with parameter 7' € Rt

O

Pt z,0) = —L Xp<lw), (3.14)

e
V2rT? 2 T2
where u(t,z) := % indicates the average value of the velocity along the direction v, at time ¢

in , and T2 is the variance of the velocity. T is chosen in RT because it represents the standard
deviation.

Using the expected value and variance properties of the normal distribution, we obtain [ v2frdv =
pu? + pT?2. In this case the system of differential equations for U is

O ( ppu ) + Ox ( pu2TpT2 ) + ( 3 (pu) + %(Sin(p»p ) =0 (3.15)

and with initial data Uy

i) = ()@= [ F0zvs0a

pu)o R

The associated quasi-linear system can be expressed as follows:
oU + A(U)o,U +SU) =0 (3.16)

WithU< s )’A(U>< T28u2 21u >andS(U)< %(PWﬂL%(g*Xaﬁ(P))P >

The eigenvalues of the matrix A(U) are given by

M=u+|T| and Io=u—|T|.
The system (B.I6]) is strictly hyperbolic for T' # 0, which implies that the system (BI3) is well
posed [37].

Remark 1. It should be noted that the monokinetic closure f* = pd(v — u) does not guarantee
the strict hyperbolicity of the system, as it does not satisfy condition [BI2). Furthermore, it does

0 1 >, obtained in the

not guarantee hyperbolicity, as the matriz A(U) = ( —(pu)2/p?  2Apu)/p

quasi-linear form, is not diagonalizable.

Remark 2. It is also possible to derive a third-order macroscopic system. In this case we will

1
have that the vector of conserved quantities is defined as ¢(v) := v and the vector U is
2
v
defined as
p 1
U(t,z) = pU (t,x) = ft,z,v) v dv.
pT? Rd 02



Again, the Mazwellian distribution BI4) can be chosen as the closure. Given Uy initial data, we
obtain the third-order macroscopic system in quasi-linear form as

AU + A(U)d,U + S(U) =0,

0 0 1 0
with U = pu , AU) = —u?  2u 1 and
pT? —3uT? 3T% u
0
SWU)=| %lpu)+ 7z = Xas(p)p
22X pT?

The system is strictly hyperbolic since the eigenvalues are real and distinct
Al =u, Ao —u+ V3T and )\3:u—\/§T.

In conclusion, two formulations were proposed to solve the problems presented in (II]) and in
J). The initial approach was the microscopic system (BJ), which is based on the dynamics of
individual particles. The evolution of the particles is given by the evolution of their positions and
velocities at each time n. The velocity is updated based on the previous velocity of the particle
and the distance of the particle from the consensus point, which is calculated at each time instant.
The convergence of this system is governed by the relationship X, g — argminFs.

The second approach was to solve the minimization problem using the macroscopic system
BI3), which is based on the evolution of U. We also derived the quasi-linear formulation of
these conservation laws. In addition, we proved a criterion that the closure distributions must
meet in dimension 1 to guarantee the strict hyperbolicity of the system. In the simulations in
Section [l tests obtained by implementing the conservation laws in dimension 1 and with the
closure relation obtained using the Maxwellian distribution (BI4]) are presented. In this case,
convergence is given by the concentration of the mass of the system around the minimizer x%, i.e.
supp(p) — argminFg.

4 Micro-macro decomposition

We propose an approach based on a formal micro-macro decomposition of the kinetic probabil-

ity density to exploit the scales. The approach develops the idea of studying and comparing the
behavior of the PSO method applied to the microscopic scale and the macroscopic scale, which
has been presented in Section [Bl Specifically, the decomposition is employed to calculate the two
dynamics (microscopic and macroscopic) and couple them, with the objective of efficiently moving
mass between the two scales to achieve method convergence.
The micro-macro decomposition typically leads to more efficient computational methods by reduc-
ing the number of particles to be simulated. Additionally, merging the two dynamics leverages the
fact that the macroscopic model is defined across the entire spatial domain. This property enables
the computation of consensus points that are a good approximation of the minimizer x’ ;, even for
small times.

The idea of this approach is inspired by [16,[18,[38], where micro-macro decomposition is used
to decompose the spatial domain to match fluid and kinetic models. Here, we use the micro-macro
approach directly on the distribution function f = f(¢,z,v) € P(RT x R x R?), introduced in
E3).

The starting point is to formally split the distribution function f in (B3) in a microscopic contri-
bution f = f (t,z,v) € P(RT x RY x R?) and a macroscopic contribution, specifically, we write
using the closure of the macroscopic system f* = f*(t,z,v) € P(RT x R? x R) ([3.14)

f(ta Z, U) = C(t,l‘)f(ﬁ, €, U) + (1 - C(ta x))f* (t,x,v), C(t,l‘) € [0’ 1]?

where (z,v) € (R? x R?). To compute the evolution of the distribution, we do not solve the mean-
field equation but instead use particle dynamics and the macroscopic system. At the microscopic



level the evolving quantities are the positions and velocities of the particles, so the microscopic
contribution is given by the empirical distribution associated with the system (B

flt,z,v) = Zém—Xz )o(v — V2.

Instead, the macroscopic contribution is made by exploiting the closure relation

pme_ PBE) (1 u(t,0)
o) = S e (5 ),

which requires to propagate (p, pu)? accordingly to ([BI5). The weight of the total distribution f
allocated to the microscopic and macroscopic scales is given by the function {(¢,x). Therefore, the
role of ((¢,x) is to establish a connection between the two dynamics. The coupling is determined
by the movement of mass shift between the microscopic and macroscopic scales. There are several
possible choices for this function. The approach employed in this study involves the partitioning
of the spatial domain into cells. The j-th cell of the spatial grid is denoted by I;. The value of the
function ( is given by

) i o= VBT L) — Sy 1, (XD
> w(t, L) maxi—y . |u(t, I;) — 1, (X{) - VY
where K is the number of cells, N is the number of particles, u(t, x) is defined as
u(t, I;) ::/iju(t’x)dx
p(t, x)
and V; are the velocities of the particles. The weight w(t, I;) is defined as the relative density

N P (t x) N
w(t,IJ).—/ .

L ML) + (L

, Vzel, (4.1)

where

P (tx) = f(t,z,v)dv and  pM(t,z) = f (t,z,v)dv, respectively. (4.2)
Rd

The definition of ¢ is motivated by the following considerations. The difference |u(t, I;)—>N | 1 1, (X))
V| measures the distance between the macroscopic velocity defined by u (3.I5) and the average
velocity of the particles in the same cell BI)). This quantity is significant since if microscopic
velocities tend towards the chosen velocity of the macroscopic system, they become less relevant.
Hence, we move mass to macroscopic scale. The distance is weighted by the local mass w(t, I;).
Therefore, the effect of distance is determined by the microscopic mass in the cell I}, and its con-
tribution becomes more significant as the local mass increases. The denominator normalizes the
quantity .

The function ¢ balances the total density p(t, x) f]Rd f(t,x,v)dv of the system. This balance is
based on the comparison of the output of densities obtained at each scale at each time instant. If
the microscopic system gives results that are far from those obtained by the macroscopic system,
¢ will take large values. Then, the mass is shifted to the microscopic scale that is expected to be
more accurate. In the opposite case, where the particle velocities have values close to those of the
macroscopic velocity, the microscopic system is expected to be closer to the macroscopic system.
Then, we expect a higher density at the macroscopic scale.

The detailed algorithm is given in Section [B.11

5 Numerical algorithm and results

In this section, several simulations are presented. The numerical results obtained using the
algorithm introduced at the microscopic and macroscopic scales are reported, both in the classical
and in the constrained case. In addition, results are given for the micro-macro decomposition.



5.1 Constrained micro-macro PSO method

In Section 2l we introduced the concept of adaptive exact penalty in order to solve constrained
minimization problems. This strategy succeeds in handling even non-differentiable functions. The
idea is to minimize a modified objective function Fz over the entire space R?, i.e.

win () i= (@) + Br(a),

where 8 € RT and r is the penalty function, in our simulations is given by

r(z) = minge pllz = ylp.

In this study, an iterative algorithm in S is considered, and the dependence on the interaction n
is denoted by B,. The evolution of the parameter 3, is based on the violation of the constraint r
[22) by the microscopic/macroscopic system. This violation can be measured on the microscopic
scale by

N . .
i—1 T(X5) exp(—aFp(X;,))

S, exp(—aFs(X}))

R™(X,) = & (1)

and on the macroscopic scale by

wy L r@) exp(-aFs()p()ds
R ) = (= a (o) p(w)da

The violation is measured with a weighted expectation of r based on the Boltzmann-Gibbs dis-
tribution, the same one used for the calculation of the consensus point [B.2) (respectively (3.0))).
This choice results in an adaptive mechanism that is more accurate than that obtained with other
feasibility conditions, as shown in [7].

In addition, a tolerance value, denoted by k,, is introduced and subject to temporal variation.
This value is used as a threshold for the constraint violations. In each temporal interval, it is
necessary to ascertain whether the following feasibility condition is satisfied:

, respectively.

1
or respectively RM < (5.2)

1
VEn VEn
The formulation of the adaptive strategy is founded upon the evaluation of the validity of the
inequality (B.2]), which is tested at each time step, resulting in updated values of §,, and k,,. If
the condition (5.2]) holds, it means that the violation of the constraint is contained within the
imposed value 1/,/k,. Consequently, the variation of the parameter 3,, which governs the penalty
contribution, is avoided

R™ <

Brn+1 = Bn-

However, the necessity arises to update the value of k, in order to test the inequality at the next
time step under more restrictive conditions. The value k1 is updated in the following way

KEn+41 = Nkkn,  with n, > 1.

On the other hand, if the condition (5.2)) is not satisfied, it means that the contribution of the vio-
lation RM exceeds the established tolerance k,,. It is therefore necessary to increase the parameter
Bn+1 in order to impose additional particles (or mass density, respectively) in the constraint

Bn+1 =ngPn, with ng > 1.

The result is that the contribution of R is decreased. Consequently, the value of k4 is reduced
in order to test the inequality with a lower tolerance at the subsequent time. Therefore,

Kn+1 = min{k,/ns, ko},  with 9, > 1.

The strategy is presented in Algorithm [

10



Algorithm 1 Algorithm for the micro-macro decomposition in the constrained case

Require: initial data N, «, 8, Xo, po, Co, to

Require: parameters of the penalized microscopic algorithm xg*, n,", 85", "

Require: parameters of the penalized macroscopic algorithm x3!, nM, 3} né”

1: compute the density p{)* associated to the microscopic scale (Z2)
2: forn=1,...,N; do
3: % penalized microscopic algorithm

4:  apply the Euler-Maruyama scheme (31

5 XeP = Loy Xiwed (X))

6:  if microscopic feasibility condition (52) holds then
T Rpg1 = T Ky’

8: 7T+1 = @T

9: else

10: ko = min{&] /0, kg )

11: Bri1 =g By

12:  end if

13: % penalized macroscopic algorithm

14:  apply the Lax-Friedrichs scheme (5.3)) for the system (B.I5])

_ Jpa rwa p(z)p(tx)de
15 Xog(p) = }Rl:d wwﬂ(z)p(t,x)dz )

16:  if macroscopic feasibility condition (5.2 holds then

M _ M, M
17: ’1%-1 = 777\4/1”
18: n+l — /Bn
19: else
M _ : M M M
20: '%nJrl - mln{ﬁn /nka ’HO }
M _ M
21: n+1 — nﬁ Bn
22:  end if

23: % micro-macro algorithm

24:  compute (, according to (B.4)

25:  pn =Cn- o % update of the mass of particles (pg is the initial mass of particles)
26:  compute the density p associated to the microscopic scale (2]

27. if p, < pp—1 then

28yl = o+ (o = Piy)
29: else

300 oy =pnl = (P~ Pi)
31:  end if

32: end for

11



Remark 3. The iterative strategy previously outlined has been implemented and its convergence
is demonstrated for another meta-heuristic method for solving minimization problems, namely the
Consensus-Based Optimization method, as detailed in [7].

The penalized adaptive strategy presented for solving constrained problems can be used, as
already mentioned, on both the microscopic and macroscopic scales. In the former case, the
positions and velocities of the particles are calculated using the Euler-Maruyama scheme (B.1]).
Instead, on the macroscopic scale, the quantity that evolves is U. To compute it, we discretize the
system ([B.J3) using the Lax-Friedrichs scheme

At

Uf-i-l Ué—l _

Upjr = (F(UL) = F(U,™) + AtS(Uy), (5.3)

N =

with ¢ = 1, ..., L are the grid indices on which the scheme is applied, where the total number of nodes

is L, U ( o ) F(UL) < P ) S(e) < 0 >
1S I n = " Y n = n Y n =

pln (pu® + pT%), mopus + 2 (2 = Xas ()l
and x, are the points of the spatial grid defined on the domain of the objective function Fg.

We proceed to present the algorithm for micro-macro decomposition. Consider the local densi-
ties defined over a domain. Then, introduce a spatial grid over the domain, dividing it into cells.
The j-th cell of the spatial grid is denoted by I;. The value of the function ¢ is computed of each
cell in the grid, so that

K N N
(1) = Zj:l Dz wit, I)|u(t, ;) — 1, (Xy) - V| (5.4)
Y1) T K P P . .
> wlt, ) maxi—y,. v |u(t, I;) — 17, (X{) - VY|
where u(t, ;) == [ I; p"(gtz) dz and w(t, I;) f[ W—%dz' To compute the quantities u

and w, we used a first-order quadrature rule
The basic steps of micro-macro decomposition, introduced for the PSO method, are as follows:

e fix the initial mass of the particles p(0,z) = p™(0,z) + p™ (0, x);

e at each time step compute the new value of the particle mass. This implies a total mass
change in the microscopic scale;

e add or remove from the macroscopic scale the density lost or gained from the microscopic
scale, so as to have the conservation property of the total mass of the system.

The strategy is presented in detail in Algorithm [

Remark 4. It is important to note that, to modify the mass on a microscopic scale, it is not
necessary to alter the number of particles; rather, their weight can be varied. This approach ensures
the conservation of the total number of particles, thus obviating the issues associated with particle
sampling.

Remark 5. In order for { to provide a correct comparison of the results obtained in the two scales
and thus to allow the mass to be shifted correctly, we impose a minimum threshold value of the
density that must be present in each scale. This means imposing threshold values on the function
¢

Cmin < C(t ) < Cnaz,  VE € [0,T],Vz € R? and with 0 < Gnin < Cmas < 1. (5.5)

Remark 6. A potential issue that can arise from this type of micro-macro decomposition is related
to the continuous and uncontrolled movement of mass between the two scales. This phenomenon
is mot intrinsically associated with the properties of the analyzed systems; rather, it arises from the
adaptation of the microscopic and macroscopic algorithms in the presence of a mass shift.

Also, it may be advantageous to refrain from shifting mass for small times, thereby ensuring
that the algorithm initially compute results with fized mass. In fact, it has been empirically observed
that strong mass fluctuations occur for small times.

12



5.2 Numerical results

5.2.1 Constrained microscopic system

We started by testing the algorithm on the microscopic scale using (B.1)) to compute the evo-
lution of the position and velocity of each particle. We consider the minimization problem for the

Ackley function

in F(x):=—20
min 7(z) exp

that is continuous, non-differentiable and non-convex and has its global minimizer in z*

-0.2

IS

d
Z cos(27r(zi))> +20+e (5.6)

0, ..., 0).

We use N = 480 particles for the PSO discretization in a two-dimensional search space (d = 2).

Final time

)
D7
o Particles

Final time
T 10

DF
o Particles

M

(a) The values of the objective function F(z) (56) (b) The values of the objective function F(z) (&.6),
and the final positions of the particles are shown in the final positions of the particles, and the feasible

the unconstrained problem.

set M, which is defined as the union of the circles
in green, are shown in the constrained problem.

Figure 1: Evolution of particles in the unconstrained and constrained @ case, starting from
the same initial conditions. The particles in the unconstrained case converge to the global
minimizer x*, while in the constrained case the particles converge to the global minimizer z% ,

that is feasible for the set M chosen in the simulation.

We tested the classical microscopic algorithm and the constrained algorithm on the same initial

data. The following results are all obtained with the following parameters: v =0.5, A =1, 0 =

A
V3’

a = 30. The parameter values used for the penalized algorithm are as follows: ko = 5, ., = 1.1,
Bo =1, ng = 1.1. The anisotropic diffusion is used, see (B.4). In the constrained case we consider

the admissible set

M ={z e RY(z1 4+ 0.5)2 + (2o — 2.2)> < 0.4 U
(1 — 1.3)% + (22 +0.8)> < 0.2 U
(1 — 1) + (22 +1.3)> < 0.1 U
(x1 — 1)+ (22 +1)2<0.1U
(1 —2.1)% + (22 +2)* <0.65 U
(1 +1)% + (z2 +2)? <0.3}.
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(b) Positions of particles at time step 60.

n = 100 n = 250
3 T T 10 3 T T T T T 10
F 7
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(c) Positions of particles at time step 100. (d) Positions of particles at time step 250.

Figure 2: Plots show the evolution of particle positions. For small time instants, the penalty is
not large enough to direct the particles toward the feasible global minimizer x%,. As time evolves,
the particles concentrate in x’,.

As expected, the particles at the final time ¢ = 400 (shown in Figure , in the absence of
a penalty, accumulate in the global minimizer z*. In contrast, in the penalized case, all particles
are attracted to the minimizer within the feasible set, 7, as illustrated in Figure
We have plotted the positions at different intermediate time instants before convergence to the
minimizer inside M (Figure 2]). It is evident that initially the particles tend to converge to the
global minimizer which is outside the constraint M. This phenomenon can be attributed to the
fact that the initial value of 3 is substantially distant from the optimal value. Specifically, the
initial value of 3 is set at 3y = 1 and the final value of 3 attained by the algorithm is 3 ~ 6.1 (see
Figure Bl for a visual representation). This indicates that initially the value of the penalty term is
insufficient to direct the particles within the constraint set. As time evolves, the particles reach
an intermediate configuration in which they remain in proximity to the global constraint while
expanding in space. Finally, as the value of § approaches the optimal value, the particles reach
the feasible global minimizer z7,.
Figure B shows the evolution of the value of the parameter 5 (in orange) and the constraint
violation (in blue). The latter exhibits a decreasing trend, as particles tend to concentrate around
the feasible global minimizer as time progresses. Consequently, the contributions of the penalty
function in (&) tend to be negligible. It is evident that there is a significant decrease in the value
of the feasibility condition corresponding to the instant at which the value of 3 increases. This
marks the point in time at which particles begin to be attracted to the feasible global minimizer
2’4 rather than the global minimizer z* as previously.

We now focus on the evolution of the consensus point. In Figure Bl we deduced that the
movement of particles from the central region of the figure toward the constraint is indicative
of a better approximation of the consensus point as time evolves. To further investigate this

14
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Figure 3: The evolution of two quantities is represented: the constraint violation R™ (&.1]) and the
penalty parameter 3. To effectively represent the quantity R™, its y-axis is set to a semilogarithmic
scale. As we expect, the constraint violation decreases over time, while the value of 5 increases.

o8
X 9

N
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Figure 4: The plot illustrates the evolution of the consensus points obtained from 100 runs of the
algorithm. It is evident in the figure, the X®# trend follows the direction of the gradient descent,
whereby the algorithm initiates from the global minimizer z* of the objective function and arrives
at the feasible global minimizer z7,.

phenomenon, we executed 100 runs of the PSO algorithm. As illustrated in Figure[d] the evolution
of the consensus point exhibits characteristics reminiscent of a gradient-based method, despite
the implementation of the PSO method, which is inherently gradient-free. This phenomenon has
previously been examined for the CBO method (which is connected to PSO via a zero inertia limit),
in the context of solving unconstrained minimization problems, as outlined in [42].
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The presented method can be further evaluated based on the results already obtained for the PSO
and CBO optimization methods. In [6], a comparison of the convergence rates of the two methods
without penalty is provided. The PSO method has been demonstrated to be less stable and reliable
when dealing with difficult objective function, in contrast to the CBO method, which has been
shown to be more robust. We expect these results to remain unchanged when comparing CBO
and PSO with penalization.

5.2.2 Constrained macroscopic system

We proceed to present the results of the simulations obtained in the macroscopic case. We once
again consider the minimization problem of the Ackley function (see (5.6)) on a one-dimensional
space with a grid of 401 points in space and with a constraint given by

M={zeR-18<2<-16U-12<z<-08Ul1<2<13Ul7<z<19}.

The same set of parameters employed in the microscopic case is also utilized here. The CFL
condition chosen for all macroscopic simulations is equal to 0.8. In the simulations, we use the
second-order macroscopic system by applying the Lax-Friedrichs numerical scheme (5.3)).

25

20 \

o
T
o
)

(a) In the unconstrained minimization problem, we see that
the density p converges to a Dirac delta centered in 0, which
is the global minimizer x*.

10 T T T 17 F

o0 |9
—— )
F(x)
M | s 16

N

ﬂ.‘5 I‘ 1‘.5 2 0 5‘0
(b) In the constrained minimization problem, we see (c) Evolution of the value of the penalty strength 8
that the density p converges to a Dirac delta centered that has an increasing trend, as expected.

in —1, which is the feasible global minimizer 4.

Figure 5: Plots obtained by applying the PSO method to constrained and unconstrained minimiza-
tion problems in which the objective function is the Ackley function.
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Figure and Figure show the initial and final densities obtained by the algorithm in

the unconstrained and constrained cases. As previously highlighted, in the unconstrained scenario
depicted in Figure the mass is concentrated at the global minimizer z*, in fact the final density
tends to a Dirac delta centered at x*. Instead in the constrained case the final density tends
to a Dirac delta centered at the minimizer within the feasible set M.
The time evolution of the penalty parameter g is shown in Figure The value of the parameter
increases over time, which is a feature of the algorithm. This phenomenon is analogous to that
observed in the microscopic algorithm (Figure B]). It is important to note that the penalized
problem we are solving yields the same result as the constrained problem we are trying to solve.

5.2.3 Micro-macro decomposition
We consider the minimization problem for the Rastrigin function

N
min F(z) := 10d + Z[:cf — 10cos(2mx;)] (5.7)

]Rd
rEe i=1

that is continuous, differentiable and non-convex, has many local minima and a global minimizer in
x* = (0,...,0). Weused N = 480 particles for PSO discretization for a one-dimensional search space
(d = 1). In all the simulations following that utilize micro-macro decomposition, the threshold
values (B.0) are set t0 (min = 0.1 and (e = 0.9. The value of ¢ at the initial instant is fixed
at 0.5, ensuring equivalent initial density in microscopic and macroscopic systems. As mentioned
in Remark [ to improve the stability of the algorithm, we avoid mass shifts from the first time
steps. In the simulations, we set t* = 240 as the first instant at which we modify the value of ¢
and subsequently move the mass between the microscopic and macroscopic scales. The choice of
t* has a direct impact on the speed of convergence.

Figure shows the final total density of the system studied. Close to the global minimizer
x*, one can distinctly see the contribution that the microscopic scale makes to the profile of the
density distribution. Figure shows the value of {, which, as defined, represents when the results
obtained in the two scales differ from each other. It can be seen that this value tends to zero, as in
the limit the results obtained from the two systems tend to the same final configuration. In fact,
by definition ([@I]), ¢ measures the deviation of the particles from the chosen closure function for
the macroscopic system, which in our work is the Maxwellian distribution (3I4]). The fact that ¢
tends to zero means that the particles tend to the chosen closure function.

In Figure there is a plot of the mass present in each scale at each time instant. As previously
mentioned, the initial mass on the two scales is equivalent up to the constant value, designated
as t* = 240. It should be noted that this choice was determined empirically to ensure a nearly
monotonic movement of the mass between the two scales, thereby accelerating the achievement
of convergence. Actually, a shift in mass towards the macroscopic scale is observed, accompanied
by a decrease in the microscopic scale. This outcome shows that, as time progresses, particle
interactions become less significant in the problem under analysis. This study may be extended to
address a broader spectrum of minimization problems. In high-dimensional minimization problems,
we expect that mass will not always concentrate at the macroscopic scale. Due to the inherent
complexity and challenges posed by high-dimensional macroscopic behavior, mass may tend to
concentrate at the microscopic scale.
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(a) The density p converges to a Dirac delta centered in 0, which
is the global minimizer.
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(b) The value of ¢ decreases, meaning that the mi-  (c) We see that up to time step 240 there is no

croscopic contribution is dampened as time evolves. movement of mass between the two scales. At the

limit, mass tends to move toward the macroscopic

scale.

Figure 6: Plots obtained by applying micro-macro decomposition to solve an unconstrained mini-
mization problem with objective function the Rastrigin function (&.1).

5.2.4 Constrained micro-macro decomposition

It has been shown that micro-macro decomposition can be used to address minimization prob-
lems in which the domain of the objective function is the entire space, denoted by R?. Furthermore,
its application in constrained penalty problems, which are addressed by the adaptive penalized
strategy outlined in Section [4] is also possible. At the algorithmic level, at each time step, the
strategy consists of solving the penalized problem on the microscopic and macroscopic scales. Then
we proceed with the comparison of the results in the two scales following Algorithm[Il Subsequently,
the procedure is repeated for the next time step.

We present a simulation in which the chosen objective function is the Rastrigin function (57) in
one-dimensional space and the chosen constraint is

M= {z e Rz < —0.5}.

All parameters are chosen as in previous simulations.
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(b) The value of ¢ decreases, meaning that the mi-  (c¢) As explained in Remark [6] we see that up to
croscopic contribution is dampened as time evolves time step 240 there is no mass movement between
because it is multiplied by (. the two scales. At the limit, mass tends to move

toward the macroscopic scale.

Figure 7: Plots obtained by applying micro-macro decomposition to solve a constrained minimiza-
tion problem with objective function the Rastrigin function (&.7).

In Figure we see that the final density, which is given by the microscopic and macroscopic
contributions, converges to a Dirac delta centered at x = —1, which is exactly the feasible global
minimizer. Again, the mass tends to shift from the microscopic to the macroscopic scale (see
Figure . This phenomenon indicates that, as time progresses, particle interactions become
less significant for the purposes of convergence.

6 Conclusion

In this paper we conducted an analysis of the PSO method [33H35L[43], which is a metaheuristic
method for solving minimization problems. A novel extension to the method is presented that can
be applied in the case of constrained minimization problems. This extension was introduced for
the CBO model [7]. The strategy consists of working with an unconstrained minimization problem
with a novel objective function that incorporates a penalty term. This penalty is in addition to
the objective function of the initial minimization problem, and it is adaptively computed to reach
its optimal value. The penalized adaptive algorithm was implemented at both the microscopic and
macroscopic levels. A subsequent extension of this research would involve applying the algorithm
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to a macroscopic system derived from an alternative choice of closure that satisfies the conditions
presented in the paper.

Additionally, the micro-macro decomposition is presented in this work. It is a strategy designed to
understand the different relevance of particle interactions as time evolves. Inspired by the works
[16,[181138], this approach involves working in parallel on the microscopic and macroscopic levels.
In each scale, a mass quantity is calculated at each time step by comparing the results obtained at
the previous time step across all scales. We have shown that the micro-macro decomposition can
also be applied to the constrained case.

Numerous results and numerical applications are presented to validate the good performance of
the proposed strategies.
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