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ABSTRACT

The physiological structure of microbial communities in natural environments is typically
a response to changes in internal and external conditions. External conditions may include
the availability of nutrients, and the presence of inhibiting or toxic substances while inter-
nal conditions may include cell to cell interactions. In this paper, we present and investi-
gate a spatio-temporal bacterioplankton-nutrient interaction model that takes into account
the quiescent stage. First, we investigate the temporal submodel to establish conditions
under which microbial population oscillations may occur. Furthermore, we establish the
existence of traveling wavefronts for the proposed reaction-diffusion model. A qualitative
study of the proposed numerical scheme is presented and simulations are provided to sup-
port our theoretical results.
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1. Introduction

Microbial populations can be found almost everywhere and anywhere. They play a crucial role in ecological, environ-
mental, as well as industrial processes. Regardless of their preponderance contribution in biology to sustain life on the
planet, there is minimal knowledge about microbial biology. For instance, one small insect can contain thousands of micro-
bial organisms of many different species. Despite these limitations, robust experimental work making use of axenic culture
methods (among others) have been conducted over the last several decades. Such studies have provided basic knowledge
and understanding of the dynamics and development of microbiology. However, the dynamics or interactions observed us-
ing such methods are unrealistic. In reality, there is a wide variety of microbial species and complex interactions that pure
culture methods do not capture, see for example [1] for a review.

In many populations, not all individuals are actively growing and proliferating but some are in a quiescent state [2]. In the
case of microorganisms, they have the ability to resist stressors such as antibiotics, unfavourable temperature and desiccation
by entering a state of low metabolic activity, i.e., dormancy, see for example [3.4] and the literature therein. However, it
has also been found that microbes may also be dormant under natural environmental conditions. Microbial populations in
a state of dormancy are neither dead nor active which allows for them to persist under various environmental challenges
[5.6], a strategy of great importance, for example, in medical studies. For instance, spores are highly resistant to disinfectants
as a result, they stay dormant in wounds for periods longer than the applied disinfectant. This normally accounts for the
recurrence of infections. A distinct character of microbes in a dormant state is the ability to transition between an active
state and a relatively inactive but live state and thereafter be reactivated again.
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This work includes and focuses on microbial quiescence/activity as a direct response to either rate-limiting nutrient
levels, or a direct consequence of paracrine signalling from other cells. Paracrine signaling in bacterial populations is where
some cells produce a signal to which only certain target cells respond [7,8]. For example, biofilm formation in Bacillus
involves two centrally important signaling molecules, ComX and surfactin where ComX triggers the production of surfactin.
In turn, surfactin causes a subpopulation of cells to produce an extracellular matrix (or a biofilm) [8]. That is, bacteria use
diverse small molecules for extra-and intracellular signaling. They have an ability to scan molecule mixtures of small-scale
to retrieve information about both their extracellular environment and their intracellular physiological status, and depending
on the information, they continuously interpret their circumstances and react quickly to changes [7].

Quiescence is a very important phenomenon, especially in ecology and population biology, particularly when populations
oscillate. In population dynamics, it is not unusual for a population to reach very low levels; too low that in reality the pop-
ulation would go extinct [9,10]. For example, the phenomenon is observed in the study of the recurrent fox rabies outbreaks
in [11]. Models of the immune response commonly exhibit such dynamics of populations of self-replicating antigen and spe-
cific antibodies due to the antigen-stimulated antibody production and the antagonistic antibody-antigen interaction [12,13].
Population models with delay as well as those that exhibit boom-and-bust dynamics and plankton blooms show such fea-
tures. Often such blooms are viewed as a signal of impending eutrophication, indicating that ecosystem balance is lost and
that nutrients may have reached unacceptably high levels, or high enough to support massive bloom formations [14]. How-
ever, the above mentioned studies and majority found literature (for example, the work found in [14-16] and references
therein) focus on models representing the interaction between an active population and its rate-limiting nutrient. Thus, our
interest lies in the interaction between a population of autotrophic organisms and its rate-limiting nutrient, as well as their
activity as a direct response to either rate-limiting nutrient level changes or consequence of paracrine signalling.

Various experiments have been done using different experimental assay methods. Observed results are used to inform
mathematical modellers in designing models that better predict and give informed knowledge of bacteria behaviour [17].
Environment, as well as conditions in nature vary from those of the laboratories [4]. Under a variety of experimental con-
ditions, diverse subtypes of bacteria aggregate forming temporary macroscopic patterns that are both complex and unique
[18]. Explaining formation of these patterns solely by experiments is not an easy task but it is possible with the prediction
power of mathematical models formulated based on the known biology [19]. Mathematical models formulated with the aim
to explain phytoplankton bloom are available in the literature. See for example the work [20,21]. Using nonautonomous or-
dinary differential equations, the authors hypothesised that temperature variations are responsible for the observed pattern.

Environmental heterogeneity has been observed to contribute to patchiness in oceanic plankton populations. Biological
interactions involving phytoplankton populations can result in similar patterns. Formation of spontaneous patterns even
in homogeneous environments is a phenomenon that is a trait of reaction-diffusion equations employed to model similar
systems, see for example [22], and more recent work in [20,21]. Bacterioplankton are bacteria and archaea, which play
an important role in remineralising organic material in lakes and oceans. Many phytoplankton are also bacterioplankton.
Plankton population movement is subject to other factors such as currents and turbulent lateral diffusion, [23]. In this work,
we consider a general phytoplankton population where b denotes active population density, a the corresponding dormant
population density and c the rate-limiting nutrient concentration. The novelty of this work is threefold. First, motivated
by the existing literature, we propose a reaction-diffusion mathematical model incorporating dormant and active microbial
population. Using the reduced temporal model, we address whether the observed boom-and-bust dynamics (population
oscillations) are a response to rate-limiting nutrient concentration levels or a result of paracrine signalling. Furthermore, we
will establish conditions for existence of traveling waves describing the rate of spread of the phytoplankton population.

The remainder of this paper is organized as follows. We begin in Section 2 by proposing a nutrient-bacterioplankton re-
action diffusion system. The modeling assumptions are included in this section. A uniform steady state model is investigated
in Section 3 with the aim to establish if population oscillations are a response to the rate-limiting nutrient concentration
levels or a result of paracrine signalling. The existence of traveling waves is established in Section 4 with the numerical
results provided in Section 5. We conclude in Section 6.

2. Model formulation

We begin by describing the model kinetics in detail. Autotrophs are organisms that are capable of producing their own
food by using various inorganic components like water, sunlight, air, and other chemical substances. They convert an abiotic
source of energy into energy stored in organic compounds, which can be used by other organisms, e.g., heterotrophs [24].
Phytoplankton are the autotrophic components of the plankton community and a key part of ocean and freshwater ecosys-
tems. We denote by a(t) and b(t) the density of inactive and active autotrophic microorganisms, respectively, and c(t) the
concentration of the limiting nutrient. The growth rate of active microorganisms is given by

1db
bdr Hmf(c),

where pm is the utilisation constant with f(c) the response function which may take different forms [10,25]. The simplest

c
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[25]. To quote the authors in [10], the choice has cosmetic effect on the dynamics of the model, hence, we assume f(c)
satisfies the following general hypothesis

form will be a linear function, f(c) = c, with possibility of nonlinear behavior as expressed by the Monod law, f(c) =



G: f:Ry—[0,+00)is C! and f'(c) >0 for all c.

For mathematical convenience, we further assume f(c) = ch(c) which satisfies hypothesis G. In the absence of any other
dynamics, the efficiency of conversion of c(t) into b(t) is measured by the yield constant Y, that is

 dbydt
~ dcydt’

with ¢(t) assumed to be the only limiting nutrient. See for example [26]. We hypothesise that microorganisms may enter a
quiescent phase in which they need resuscitation for proliferation as opposed to active ones [10,25]. Consequently, only ac-
tive microbes contribute towards biomass growth [6]. The transformation of a(t) to b(t) (awakening), takes place at rate s*,
and hibernation, i.e., from b(t) to a(t) takes place at the rate r*. We also introduce hibernation and reawakening functions,
q(V) and p(U), respectively, each of them ¢ (0, 1). The variables V and U describe the dependence of switching, and these
variables can either be b(t) or c(t). For example, if both processes are nutrient dependent, then p and q will be functions
of c¢(t). In particular, assuming a switch dependent on the nutrient suggests that ¢ and p are increasing and decreasing
functions of c, respectively; with q and p as functions of b if the switch is due to paracrine signalling. This, of course, as ar-
gued in [10], may need further investigation when the reactivation of dormant cells is controlled by microbial density. These
biological processes lead to the following equations governing the dynamics of the active and dormant microorganisms
99 _ rq)b - spU)a- pua.
g; (2.1)
ar = YHmf(©b—pub—r"q(V)b+s"pU)a.
where we have assumed a microbial natural mortality rate w. The switch functions are assumed to be monotonic and
saturate. In particular, we have

M i p:Ry— (0,1]is C!, p(U) >0 for all U and Ulim pU) =1,
My 1 q:R.— (0,1]is CY, ¢/(V) <0 for all V and Vlim q(v) =0.

The active microorganisms are assumed to produce a nutrient that can also be used by other microorganisms at the rate
yg(b). In addition, we assume a natural degradation of the nutrient at the rate v. The nutrient dynamics are governed by
the following equation

dc

4 = V&0) —vb— pmf(c)b,

where g(b) is the production function that includes input from both external sources and active biomass, hence we assume
g(b) satisfies the following conditions: g(b) > 0, g’'(b) > 0, g’(b) < 0 for all b > 0. For further details, readers can consult for
example, the work [20,21] and the references therein.

Allowing for the random movement of active population and the nutrient with rates D, and D¢, respectively, we propose
a multi-dimensional nonlinear reaction-diffusion partial differential equation describing the key properties of the population
in response to availability and sufficiency of the nutrient. Let x € Q c R?, (p > 1) be a simply connected bounded domain
and 0€2, the surface boundary enclosing 2. We let a(x,t) >0, b(x,t) >0 and c(x,t) > 0 be the density of dormant pop-
ulation, density of active population and the concentration of the nutrient, respectively. Following the above mentioned
biological processes, and in particular, motivated by existing literature [10,27,28], we propose the following generalised dif-
fusive model

%9 rqwib-s'pW)a- pa.
% = Ypmf(©)b— b —1*q(V)b+s*p(U)a +DyV?b,  x€Qt>0. (2.2)
0 — y(b) ~ ve— @b+ DV

The model is rendered dimensionless by choosing the following scales:

a'\,i’ b/\/i, CNL, X ~ %’ t/\/l
Hm HKm UmY V M

The corresponding dimensionless system takes the form

% =rq(V)b—-spU)a —a,
O (F© ~b-rqW)b+ sp)a+ Vb, xe Rt >0, 23)
0 — a(Ba®) - ) - bf(©) + 4V,



D¢ Y UmY r* s* % . . . . .
where d. = Do P="2 r= w s= m and o = —. System (2.3) is degenerate in the sense that the inactive population
b
does not diffuse. In the next section, we investigate the temporal model dynamics with the aim to set the stage for the
analysis of a monostable wavefront connecting the model equilibria. The system is appended by the following boundary

conditions

da db ac

%:0,%:0,%20,)(689, (24)
where 9/9n denotes the derivative with respect to the outer normal of 9. The initial conditions are a(x,0) = a®(x) >
0, b(x,0)=b%x)=>0, c(x,0)=c%x)=>0.

3. Temporal model dynamics

Several spatially independent differential models of microbial quiescence are documented in the literature, see [4,10,27-
29], to name a few. The authors in [28] proposed a resource-based model on microbial quiescence with smooth transition
functions. In [27], the authors assumed the transition functions depend on the rate-limiting nutrient since cells’ metabolism
changes according to the nutrient levels. For mathematical convenience, they assumed that there are threshold values for
both switch functions: the reawakening rate is non-decreasing for the nutrient greater than some threshold value, and the
hibernation rate is non-increasing for the nutrient less than some threshold value. Here, our non-diffusive model takes the
form

% =rq(V)b—-spU)a—a,
% = (ch(c) = )b —rq(V)b +spU)a, t>0, (3.1)
&~ a(Be) o) — beh(o)

with initial conditions a(0) = ag > 0, b(0) = by > 0 and c(0) = cg > 0. Adding all the equations in (3.1), with w =a+b+¢,
we obtain

do — gfg(b) —a-b-ac<k —am(@+b+c) =« —ano, (3.2)
where o = min{1, «} and « = o8 rzlag([g(b)] with g(b) assumed to be an increasing and saturating function. We have the

following result.

Theorem 3.1. Consider the system (3.1) subject to initial conditions a(0) = ag > 0, b(0) = bg > 0 and c(0) = ¢y > 0. Then system
(3.1) is a dynamical system on the biologically feasible region

Dz{(a,b,c)eRizaerJrcf aL}

m

The invariance of Ri together with the existence and uniqueness of local solution of system (3.1) ensures a dynamical
system. Assuming dormant cells do not die, we have the following result.

Proposition 3.1. System (3.1) admits the following equilibria:

(1) a unique microbial-free state Eq = (0,0, Bg(0)), and
(2) assuming c* — Bg(0) > O, there exists zero or two coexistence states, or
(3) assuming c* — Bg(0) < 0, there exists a unique coexistence state.

rq(V*)

Proof. First, setting the right hand side of system (3.1) to zero, we obtain Ey and E* = (a*, b*, ¢*) where a* = spU)

b*, with

b* and c* satisfying b* — a(Bg(b*) —c*) =0 and f(c*) — 1 = 0, respectively.

Next, defining Hy (c*) = f(c*) — 1, then H;(c*) is a monotonically increasing function since Hj (c*) = f'(c*) > 0, where we
have used hypothesis G. Furthermore, limg_, ¢+ H; (c*) = —1 < 0, therefore, a unique solution c* satisfying H (c*) = f(c*) — 1
exists.

Finally, if we define H,(b*) = b* — a(Bg(b*) —c*) =0 with ¢* >0, then we notice that limy._ . H(b*) = +c0 and
limy: _, g+ Hy (b*) = a(c* — Bg(0)). In addition, Hj (b*) =1 — aBg'(b*) and H} (b*) = —aBg” (b*) > 0 using the assumptions on
g(b). Hence H;(b*) is a monotonically increasing function with at most one root. If ¢* — 8g(0) > 0, then H,(b*) has zero or
two positive roots. If ¢* — Bg(0) < 0, then we have a unique positive root with 1 —a8g'(b*) > 0. O

We notice that, unlike the work [27], here the third equilibrium on the boundary b = 0 does not exist since our model
assumes p(U) # 0 for all U, see hypothesis #,. In particular, if p(U) = 0 then the initial state, b = 0, will not activate. See
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for instance [10] for further details. To study the stability of equilibria, we consider the Jacobian matrix of system (3.1). At
Eg, we have

—sp(Uo) rq(Vo) 0
J(Eo) = spUp)  f(Bg(0))-1-rq(Vp) 0 ]
0 apfg(0) - f(Bg0)) -«

Clearly, —« is one of the eigenvalues of J(Ep). Remaining eigenvalues come from the reduced matrix

—sp(Up) rq(Vo)
sp(Uo)  f(Bg(0)) —1—-rq(Vo) )’

whose trace is (f(8g(0)) — 1) —rq(Vy) — sp(Up) and the determinant given by —sp(Up) (f(8g(0)) — 1). Under the hypotheses
‘Hq and H,, with U > 0 and V > 0, we have the following result.

Proposition 3.2. For any U € {b,c} and V e {b, c}, the microbial-free equilibrium state E, is locally asymptotically stable provided
f(Bg(0)) < 1 and unstable if f(Bg(0)) > 1.

For later reference, it is important to note that Propositions 3.1 and 3.2, together with hypothesis G show that the condi-
tion f(Bg(0)) < 1 is equivalent to Sg(0) < c*, and this refers to the population under starvation. This condition implies that
the microbial population become extinct if the nutrient supply is less than some production threshold rate, Sg(0). Similarly,
f(Bg(0)) > 1 is equivalent to Bg(0) > c*, and the microbial life is sustained.

Next, we consider the local stability of the coexistence equilibrium under different combination of functions p(U) and
q(V), i.e., study the dynamics of the model when the microbial activity is either random as a result of paracrine signalling
or a direct consequence of the change in nutrient levels. We restrict our work to switch functions satisfying hypotheses 74
and H,. Neglecting dormant cell mortality, with switch from either hibernation or reawakening dependent on the nutrient
levels, i.e., ¢ = q(c), and p = p(c), the Jacobian matrix at the co-existence equilibrium is

—sp(c*) rq(c*) rq (c*)b* —sp' (c*)a*
JE*) ={ sp(c) —rq(c*) b*f'(c*) —rq'(c*)b* +sp'(c*)a* |,
0 afg (b*) — f(c*) —a —b*f'(c*)

where prime denotes differentiation with respect to the indicated variable. The characteristic equation of the Jacobian is
given by

QA) := A3 +51A2 + 550 +53 =0,
with coefficients given by

sy = —trace J(E*) = sp(c*) +rq(c*) + b* f'(c*) + «,

53 = (sp(c*) +1q(c*)) (a + b*f'(c*)) + (1 — aBg (b)) (b*f' (c*) — 1’ (c*)b* + sp/ (¢*)a*),

53 = —det](E*) = sp(c*)b*f/(c) {1 — aBg (b*)).
Clearly, all coefficients are positive using hypothesis G provided 1 — «a8g’ (b*) > 0. It remains to show that the second Hur-
witz determinant A,, is positive. We have

Az =515 — S3
=sp(c)b™ f' () {aBg (b) — (€} + [sp(c*) +rq(c™) + (a + b f'(c))]
x[(sp(c*) +1q(c)) (e + b*f(c*)) — (¢ Bg (b*) — f(c*)) (b f'(c*) —1q'(c*)b* +sp' (c")a")]
= (sp(c*) +rq(c*)) (et + b* ' (¢")) [sp(c*) + rq(c*) + & + b f(c*) ]
+ {1 —aBg b")}(b*f (c*) — rq (c*)b* + sp/ (c*)a*) [rq(c*) + o + b* f'(c*)].
The trace as well as the second Hurwitz determinant are negative and positive, respectively. Therefore, the co-existence
equilibrium is asymptotically stable, locally provided 1 — «8g’ (b*) > 0 with f(8g(0)) > 1. Similar arguments can be used
for the local stability analysis of the other combinations of switch functions.
We summarise the results for the uniform steady state in Proposition 3.3 and Table 1 for different combinations of switch
functions. In particular, the equilibria are either locally asymptotically stable (LAS) or may become unstable through Hopf
bifurcation leading to oscillatory solutions (boom-and-bust).

Proposition 3.3. Assume 1 — o8¢ (b*) > 0 and Bg(0) > c*:

Case 1. If p= p(c) and q = q(c), the co-existence equilibrium E* is locally asymptotically stable.
Case 2. If p= p(b) and q = q(b), the co-existence equilibrium E* is locally asymptotically stable provided sp(b*) + rq’ (b*)b* > 0.
Case 3. If p=p(c) and q = q(b), the co-existence equilibrium E* is locally asymptotically stable.
Case 4. If p= p(b) and q = q(c), the co-existence equilibrium E* is locally asymptotically stable.

Remark 3.1. A comment on the condition 1—«afg (b*) <0 is necessary. We note that Propositions 3.1 and 3.2 to-
gether with hypothesis G show that the condition f(8g(0)) <1 is equivalent to 8g(0) < c*. From the existence results
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Table 1
Summary of Propositions 3.1, 3.2 and 3.3. The equilibrium points are locally asymptotically stable (LAS),
unstable or we see sustained oscillatory solutions (boom-and-bust).

Equilibrium  Case Sufficient condition Necessary condition ~ Long term dynamics
Eo pU), q(V) f(Bg(0)) > 1 Unstable

f(Bg(0)) <1 LAS
E* p(c), q(c) 1-apg (b*) >0 LAS
E* p(b), q(b) sp(b*) +rq'(b)b* >0 1-apfg (b*) >0 LAS

sp(b*) +rq' (b*)b* <0 1-apg () >0 boom-and-bust

E* p(c), q(b) 1-aBg () >0 LAS
E* p(b), q(c) 1-apg (b*) >0 LAS

in Proposition 3.1 and stability results summerised in Proposition 3.3 (and Table 1), the condition 1 — ofg (b*) <0 and
f(Bg(0)) < 1 corresponds to an unstable coexistence equilibrium E*. The bacteria-free state E is locally asymptotically sta-
ble provided f(8g(0)) < 1 irrespective of the dependence in the switch functions. In particular, this describes the dynamics
of the model under poor-nutrient conditions.

4. Traveling waves

From the simplest to the most complex biological levels of organisation, quiescent stages are found although differ-
ent naming for each case may occur for diverse phenomena. For instance, mammals hibernate, genes become suppressed,
tumour cells become dormant, and nerve cells rest. The previous section focused on the temporal nutrient-microbial inter-
action model with an assumption of homogeneous distribution. In practice, model (3.1) is not realistic, the space component
is thereof very important since the active population bias-randomly move for the nutrient uptake to occur, which also result
in proliferation, see for example [22,23]. Dispersal of active population, as well as that of the limiting nutrient must be
considered.

In this section, we assume that dormant cell do not die and restrict ourselves to the case where switch of a state depends
on the availability of limiting nutrient with 1 — «8g’ (b*) > 0 and f(Bg(0)) — 1 > 0. Other forms can also be considered. We
recall the one-dimensional sub-model of (2.3), which we restate as follows

U =Dy + G(u), xeR, t>0, (4.1)

where

rq(c)b —sp(c)a
). (4.2)

u=(a,b,c), D=diag(0,1,d)), Gu)= ((f(c) —1)b—rq(c)b+sp(c)a
a(Bg) —c)—bf(c)

For this system, the only equilibria are: 0 = (0,0, 8g(0))T and 1 = (a*, b*, ¢*)T. Now we have the following result.

A traveling-wave solution for system (2.3) is a nonnegative and bounded solution in the form of u(x,t)=
(a(x,t), b(x.t),c(x, )T = (u(z), v(2), w(2))T, z=x+ ¢t, where ¢ > 0 is referred to as traveling-wave speed. We seek to find
a traveling wave which can be viewed as a heteroclinic orbit connecting the two equilibria 1 and 0. It can be monotone or
oscillatory. Substituting u(x, t) = (u(z), v(z), w(z))T into (4.1) we obtain

u =rq(w)v —sp(w)u,
¢V =v"+ (f(w) = DHv—rqg(w)v +spw)u, (4.3)
(W =dw” +a(Bgv) —w) —vf(w),

where prime denotes differentiation with respect to z. The asymptotic conditions for (4.3) are given as follows

u(—o0) =a*, u(oo) =0,
V(—o0) =b*, v(c0) =0, (4.4)
w(—0c0) =", w(oco) = fg(0).

First, we study the eigenvalue problem of the wave profile at the bacteria-free state 0 = (0,0, Bg(0)). Linearising the
equations at this point yields

{Cu’ =rq(Bg(0))v —sp(Bg(0))u,

¢tV =v" +v(f(Bg(0) — 1) — rq(Bg(0))v + sp(Bg(0))u. (4:5)
(W' =dew” +a (uBg (0) — w) — vf(Bg(0)).

We further reduce the number of equations in (4.5) to two. Indeed, together with boundary conditions (4.4) we use the first
equation of system (4.5) to express u(z) in terms of v(z), i.e.,

u@) = rq(ﬁ;ﬂ / CE) e e g (4.6)




Substituting (4.6) into (4.5) leads to

sp(Bg0)) (.,
c @

tv =" +v(f(Bg(0) — 1) — rg(Bg(0))v + sp(Bg(0)) LEED 2 y(E)e ™ g, (47)
(w =dow” +a (vBg (0) — w) — vf (Bg(0)).

By substituting v(z) = e* into the first equation of system (4.7), we have the characteristic equation

K- 0ht ((BEO) 1)~ ra(Bg(0)) + PPN,

(A +sp(Beg(0))/¢)
or
P(A) := A3 + @A +ah+ay =0, (4.8)
with
4= Sp(ﬂ;ﬂ ¢

a; = (f(Bg(0)) — 1) —sp(Bg(0)) —rq(Bg(0)),

S 0
= 2PEOD (1(pg(0)) - 1.
Now, we have two cases depending on the sign of a;: f(Bg(0)) —1 <sp(Bg(0))+rq(Bg(0)) or f(Bg(0))—-1=>
sp(Bg(0)) +rq(Bg(0)). As we will see later in the discussion of Lemma 4.1, the case f(8g(0)) —1 > sp(8g(0)) +rq(Bg(0))
does not guarantee the existence of {* > 0 where ¢* is the minimal wave speed, and will not be considered further.

Qo

Lemma 4.1. Assume f(8g(0)) — 1 > 0. Then there exists {* > 0 and A* > 0 such that
aP

P(A*) =0, and ol = 0. (4.9)

The result in Lemma 4.1 is similar to the discussion in [30]. For completeness, we will provide the outline of the proof
here. Since f(B8g(0)) —1 > 0, we see that (4.9) has one negative root and two roots with positive real parts. By calculation,
to identify the conditions under which these two roots are positive real numbers, we have

P(7) = ”%ﬂ(ﬂﬂg(m) “1)=0,

_19P 5  2(sp(Bg(0))
P () = 395 =A"+ 3({ _
We see that P;(A) has a unique positive root
_15%—sp(Bg(0) + V&4 +sp(Bg(0))[22 +sp(Bg(0)] — 3¢2[(f(Bg(0)) — 1) —rq(Be(0))]

=3 ¢ ,

provided f(Bg(0)) — 1 < rq(Bg(0)). Since P(¢) is positive, then equation (4.8) has two positive roots if and only if P(A*) <
0, otherwise, there exists two complex roots with positive real parts if P(A*) > 0.

To obtain the minimal wave speed, we transform (4.8) to get an expression giving its discriminant, i.e., an expression in
terms of the parameters. Suppose

P(A) =P (M)Qi(A) + Ry (1),
P (A) =R (M)Q2(X) +R2(¢. B),

where Qq(XA), R{(X) are the quotient and remainder terms when P(A) is divided by P; (1), respectively. Similarly, Q; (1),
R, (¢, Bg(0)) are the quotient and remainder terms of P;(X) divided by R;(1X). Obviously, when R,(¢, fg(0)) =0, then
P(A*) = Py (A*) = 0. The sign of —R, (¢, Bg(0)) is determined by

A(Z. Bg(0)) =bol® + b1&* + by + bs, (4.10)
where A(¢, Bg(0)) is the discriminant of Eq. (4.8) and
bo = s p(Bg(0))2 + 2sp(Bg(0)) (f(Bg(0)) — 1 +rq(Bg(0))) + (rq(Bg(0)) — (f(Bg(0)) — 1))2,
by =25’ p(Bg(0))° + 25> p(Bg(0))* (4rq(Bg(0)) — (f(Bg(0)) — 1))
+2sp(Bg(0))(5rq(Bg(0)) +4(f(Bg(0)) — 1)(rq(Bg(0)) — (f(Bg(0)) —1)))
+4(rq(Bg(0)) — (f(Bg(0)) — 1))?,
by = s*p(B2(0))* + 25’ p(Bg(0))* (rq(Bg(0)) — 4(f(Bg(0)) — 1))
+57p(Bg(0))* (r*q(Bg(0))* — 20rq(Bg(0))(f(Bg(0)) — 1) — 8(f(Bg(0)) — 1)%),

C>X+; ((f(Bg(0)) — 1) —sp(Bg(0)) —rq(Bg(0))).

A’*

7



by = —4s*p(Bg(0))*(f(Bg(0)) - 1).

From Eq. (4.10), we notice that by > 0, by > 0 provided f(Bg(0)) —1 <rq(Bg(0)) and bs < 0 since f(Bg(0)) -1 > 0.
Using Descarte’s rule of signs, it follows that there is a unique ¢* > 0 such that A(¢*, Bg(0)) =0, and this implies

<0 if £ (0,7,

A({,ﬁg(O)){:O if &=¢
>0 if &>¢*

Direct calculations show that P(A*) = P;(A*) = 0 is valid when ¢ = ¢* and P(A) is a decreasing function of ¢. Hence, we
conclude that for ¢ > ¢*, P(A*) < 0 (we have two positive roots), for ¢ € (0, ¢*), P(A*) > 0, (we have two complex roots),
and we have only one positive root if ¢ = *. We now state the following result.

Theorem 4.1. Assume f(Bg(0)) — 1 <rq(Bg(0)) and f(Bg(0)) — 1 > 0. There exists a minimal wave speed {* > 0, which is a
unique positive root of (4.10). When ¢ > ¢*, the system has a traveling wave solution satisfying boundary conditions (4.4). When
0 < ¢ < ¢*, system (3.1) has no traveling wave solution satisfying conditions (4.4).

The complete proof of Theorem 4.1 will not be considered here. Interested readers can consult, for example, [30] and
references therein. By the method of linearization, we have shown that system (4.3) admits the minimal wave speed, ¢*,
which is the unique root of (4.10). Thus, it remains to show the existence of traveling wave solution for system (4.3), see
Remark 4.1.

Remark 4.1. In [31], the authors applied the methods of Wazewski Theorem, LaSalle’s Invariance Principle and Hopf bifurca-
tion theory to prove the existence of traveling waves which is hard to apply for three state variable system (4.1). Moreover,
we cannot employ the approach used in monotone wavefronts for cooperative systems [32] since our system (4.1) is not
cooperative, that is, has similar interactions as predator-prey models. In [25], the authors considered constant conversion
rates to show existence of traveling waves on an auxiliary system for a bacterial colony model with transitions between
active and inactive bacteria. From the auxiliary system, they constructed upper and lower solutions for their original system
of equations. Therefore, the technique of constructing a pair of upper and lower solutions and the application of Schauder
Fixed point method is relevant here to show the existence of traveling waves for system (4.1) using the same arguments as
in [25,30].

5. Numerical results

Since the pioneering monograph by Mickens on the subject [33], the nonstandard finite difference method has been ap-
plied successfully to solve several differential models in the applied sciences, see [34] for a latest review. In this section, we
propose a nonstandard-finite difference scheme to solve the proposed reaction-diffusion system. First we recall the differ-
ential model (3.1). We let (a", b", c")T denote an approximation of (a(ty), b(ty), c(tn))T where t, = nk, with n=1,2,3,... and
k = At > 0. We propose the following scheme constructed via non-local approximation (cf [33].) of nonlinear terms

anl—at rqg(V")b* — sp(U™)a™! — g™+
(k) ’
bn?l _pn
50 - c*h(c")b" — b1 — rq(V")b™! 4 sp(U™)a™!, (5.1)
Cn+l _cn
¢(k) — ot(,Bg(b”) _ C"H) _ c”“h(c”)b”“,

where the denominator function of discrete derivatives is chosen according to (3.2) with ¢ (k) = k + ©(k?). In particular, we
see that (3.2) has an exact scheme (see [33])

o™ —"
< - — C()n+1? (5_2)
@ (k) O
with ¢ (k) = exp(amk) — 1. By exact scheme, we mean that the discrete solution w" coincides with the continuous solution
w(tn). In compact form, we rewrite system (5.1) to get

u™! =F(@"), u(0)=up,
where u" = (a", b", c"), and
a* + ¢rq(V")b"

1+ +¢spU")
b +¢Cnh(C”)b” +¢>sp(U”)a”“
T+¢+¢rq(vn) ’
" + gpafg(b")
1+ a@ + ¢h(cr)brt!

F(k)(u") = (5.3)




where
gt GEoraun e D@D + gspUT)a™!
1+¢+¢spUn)’ 1+ ¢ +¢rq(Vn) '

Using standard techniques [33,35], we now verify dynamic consistency of the scheme. For consistency, F must satisfy the
following requirements

dF(0)
dk

FO)(w) =u, (w) =Fu).

Clearly, the first condition is satisfied. We also have that dFd(kO) (u) is given by

k=0

rq(V)b—-spU)a—a

1 U))?
o D) oW ~ < ra(V)b—spUja —a ) — Fu)

(ch(c) = 1)b—rq(V)b+sp(U)a
1 V)2
a((ﬁgJElg i ?>“1(b3£(c> a(Bg(b) —c) — bch(c)
(1+ag + h(c)b)? o

Hence the nonstandard finite difference scheme (5.1) is consistent with the differential model (3.1). The above discrete
system (5.3) can be rewritten in the explicit form

Ak, ut)u™! = B(k, um)u" + (0,0, aBg(b"))T, (54)
where matrices A(k, u") and B(k, u") are given by
1+ ¢+ pspU™) 0 0
0 (+¢+¢rqVh))A +¢ +¢spU™)) 0 |,
0 0 A3z

where Asy — 14+ + d,h(cn)[b"(l +$CTh(c) (1 + ¢ + $spU™)) + Psp(U™) (@" +¢rq<v">b“>] and

T+ ¢+ oprq(VM)(1 + ¢ + pspUM))

1 rq(V™) 0
(¢SP(U") 1+ +@sp(U™)(1 + @c"h(c")) + prq(V™)¢sp(U™) 0>,
0 apg (b") 1

respectively. We see that A(k, u") is an M-matrix since it is a diagonal matrix. Hence, its inverse, A(k, u")~1, is non-negative.
We have that B(k,u™) > 0, which is sufficient for the scheme to preserve the positivity of solutions. We conclude that
scheme (5.1) defines a discrete dynamical system on the same domain as the continuous model (3.1). See for example [36]
and references therein for more details. Setting u™! = u", we see that scheme (5.1) preserves the same fixed points, Ey =
(0,0, Bg(0)) and E* = (a*, b*, c*) as the continuous model (3.1).

We now need to verify the preservation of the stability of fixed point. Following (5.3) and (5.4), and assuming the con-
version rates are functions of c, that is, p = p(c) and q = q(c), then F(k)(u) = A~1(k, u)B(k, u) so that

o _ ¢rqle) J
1+¢+¢sp(o) 1+ ¢+psp(o) 13
dF (k) _ ¢sp(c) 1+ ¢ch(c) J
iy W= | 176+¢10 T+ 6+ prq(0) 23 |-
0 papg(b)  (c+papgb))ph(c) I3
T+ad+@bh(c)  (1+4ap+@bh(c))>
where
fye $T© @+ éra@bygsp'©)

T+ +¢sp©)  (1+¢+¢sp(c))?
s = ¢ (bh(c) + ch'(c)b) + ¢sp/ (c)a _ ¢rq'(c)(b+ ¢ch(c)b + ¢sp(c)a)
’ 1+¢ +¢ra(©) (1+¢ +rq(c))’
_ 1 _ @h'(©)b(c+papg(b))
1+ a¢ + ¢bh(c) (1 +a¢ + ¢bh(c))*

.]3,3

We proceed to show that all eigenvalues of the Jacobian evaluated at the fixed points lie in a unit circle.
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Fig. 1. Numerical illustration for the local stability of the co-existence fixed point E*.

Evaluating d};E,k) (u) at the bacteria-free equilibrium, we obtain
1 $rq(Bg(0)) 0
1+¢ + ¢sp(Pg(0)) 1+ ¢+ ¢sp(Bg(0))
4EK) 0. pg(0)) ¢sp(Bg(0)) 1+¢Bg(0)h(pg(0)) 0
du O PEE T T 6+ 6rq(B20) 1+ ¢ + ¢rq(Bg(0))
0 paBg (0)  (Bg(0) + ¢afg(0))¢h(Bg(0)) 1
1+ad (1+ag) lT+ad

Now, we need to verify that all eigenvalues of the Jacobian matrix at Ej lie inside a unit circle. First, we see that

dF (k)
du

L
1+a¢

is the first eigenvalue of the matrix (0,0, Bg(0)) which is strictly less than one. The remaining eigenvalues are found

from the reduced matrix

1 ¢rq(Bg(0))

_| 1+ ¢+¢sp(Bg(0)) 1+¢ +dsp(Bg(0))
Jr= dsp(Bs(0)) 1+ ¢Bg(0)h(B2(0))

1+ ¢ +¢rq(Bg0)) 1+ ¢ +¢rq(Bg(0))

To prove that all the remaining eigenvalues lie in a unit circle, we use the well-known Jury?s conditions for J; € R? x R2. In
this case, we need to show that

(i) 1—det(y) >0, (i) 1-trace(J;)+det() >0, (i) O<Ji1 <1, 0<jp<1.
The first condition, 1 — det(J;) > 0, is equivalent to

®[2¢sp(Bg(0))rq(Bg(0)) + (¢ + 1)(sp(Bg(0)) +rq(Bg(0)) + 1) + (1 — Bg(0)h(Bg(0)))]> O,
which is strictly positive provided Sg(0)h(8g(0)) <1 or f(Bg(0)) < 1. The second condition is equivalent to

¢*[(1 - Bg(0)h(Bg(0))) (1 +sp(Bg(0))) +rq(Bg(0))],

which is strictly positive provided f(Bg(0)) = Bg(0)h(Bg(0)) < 1. The last condition is clearly satisfied provided
Bg(0)h(Bg(0)) <1, hence the fixed point Ey is locally asymptotically stable provided f(8g(0)) <1, and unstable if
f(Bg(0)) > 1.

Similarly, for the stability of E*, we proceed to evaluate

dF (k)
du

(u) at the co-existence fixed point and we obtain the
characteristic equation

)L3+Sz)\,2 +51A+S0 =0, (5.5)
where the roots of Eq. (5.5) lie inside the unit circle provided
Iso+ 2] <1455, and |[s; —spsz| < 1—s3. (5.6)

A theoretical verification of these conditions result to an overlong expression, thus we proceed numerically. In the results
shown in Fig. 1, we choose @ = 0.5 and 8 = 1.1 with 1 — «aBg'(b*) > 0. Clearly, for k > 0, conditions (5.6) are satisfied and
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we conclude that all eigenvalues lie in a unit circle. Hence, the coexistence fixed point for the discrete model (5.1) is locally
asymptotically stable provided 1 — 8¢’ (b*) > 0.

Following the scheme (5.1), we apply the central difference approximation for second derivatives and propose the fol-
lowing scheme for one dimensional submodel of (2.3)

an+1 —at
“an, = AVRbh - spURar! — ai,
bn+1 —_pn
Gan = w Do = 2bh + b ]+ (@b, — B — rq(GDBL + spURaR, (5.7)
el e

dc
O(AL) T [emy —2ch +cpq |+ (Bgbi) — i) — e th(ch) b,
where the numerical approximation of the unknown u(x,t) on a uniform grid is written as uj, at time t" = nAt and spa-
tial point X, = mAx with m=0,1,2,...,M and n=0,1,2,.... The function ¥ (Ax) satisfies the asymptotic relationship
¥ (Ax) = Ax + O([Ax]?). In explicit form, we write

ni1 _ G+ @ra(V)bi,

™1+ ¢ +¢spUR)’
it _ DL+ D) + (1= 20)b" + pchh(ch)bE, + sp(UL)ak! 58)
m - Il .

14+¢ + ¢rq(Vi)
det (ch_q +chq) + (1 =2dcD ey, + pa Bg(by)
1+ a¢ + ¢h(ch,)bi! '
The discretisation result in an explicit scheme with very low computational cost. The optimal time step and spatial step

n+1 _
Cn =

size are chosen according to the restriction specified for parabolic equations, i.e., ¥ = % < 5 with d; < 1. The stability

restriction also ensures for the preservation of positivity of solutions for scheme (5.8) in the sense that if ul, > 0, then
il > 0.

5.1. Uniform steady state simulations

The transition functions are well documented in the literature. For example, the work [10] discussed to a greater extent
the functions p(u) and q(v). The authors considered the transition between active and quiescent state by awakening and
hibernation functions p and q, respectively, each being < (0, 1) which can be thought of as probabilities of the population to
switch states. We extend this discussion here to study the dynamics of model (3.1) under various combinations of variables
u and v satisfying #; and #,. In particular, the asymptotic behaviour when the transition is either a response to the rate-
limiting nutrient concentration level or a result of paracrine signalling. Throughout, we assume that f(c) = c (i.e., h(c) = 1)
satisfying hypothesis G, and

gb)=¢ (5.9)

bK
* b + b<’
where by is the half-saturation constant and we take x = 1. As summarised in Table 1, it is the choice of switch functions
and the switching rates that determine the dynamics of the model, in particular, Case 2. Following [10], hibernation and
arousal functions take the form
8+ Ut

1
Q(V):W’ p(u):m,

respectively, where ¢ is a positive integer. The modified arousal function is important since no activation is possible using
the simple Hill function U¢/(1 + U"). In this context, § defines the minimum concentration/density at which the switch can
take place.

In the numerical illustrations given in Figs. 2-5, we provide simulations for § = 1.1. For simulations not shown here, we
highlight that smaller values of § amplifies the oscillatory behaviour which disappears for larger values, see Figs. 3 and
4, In fact, in the limit § — 0, the state b= 0 will not be activated. The rest of the parameters, unless stated differently
in the figure caption, are given as follows: r=s=& =1 and ¢ =5 (for the Hill functions in (5.10)). Under poor-nutrient
conditions or unfavourable conditions for proliferation, 8g(0) < c* = 1, the microbial population goes extinct irrespective of
the dependence in the switch functions. That is, all trajectories will converge to the microbial-free equilibrium, see Figs. 2-5.

(5.10)

Remark 5.1. From here forthwith, we assume 1 — g’ (b*) > 0 and f(Bg(0)) — 1 > 0. The first condition, 1 — «8g’'(b*) > 0,
is necessary and of interest since it corresponds to the existence, uniqueness and local stability of E*. Biologically, this
condition implies that the biomass is sustained if the nutrient supply remains above a certain threshold value, Sg(0).

Remark 5.2. In boom-and-bust cases, hibernation is a result of cell-to-cell interaction, other than the availability of nutrient.
Thus, the dependence of switch functions on cell-to-cell interaction is of importance in explaining the occurrence of self-
sustained oscillations in microbial populations, see Fig. 3.
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B =0.5 and all trajectories converge to the microbial-free equilibrium.
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Fig. 6. Convergence results for § = 1.2 and o = 0.1.

Remark 5.3. It is worth making a remark regarding the model formulation vis-a-vis the existence of plankton blooms (os-
cillatory solution). If we neglect the dormant state, then we have a simple model

db
& =(©-1b,

dc

ar = %(B&b) — o) —bf(o),
with two nonzero equilibrium as before. The local stability of both equilibria remains the same, with E* locally asymptoti-
cally stable provided f(B8g(0)) > 1. This result, including Proposition 3.3, is consistent with the findings in [10]. Particularly,

this formulation is not capable of explaining the observed oscillatory behavior in plankton populations.

(5.11)

5.2. Traveling wave simulations

In this section, we present numerical simulations to illustrate the above theoretical results for the reaction-diffusion
model. We will further discuss the effects of threshold value 8, and the switch rates r and s on the traveling wave speed.
We perform one-dimensional numerical simulations for model (2.3) using scheme (5.8). In the interest of travelling wave
solutions, the spatial domain is the truncated region 2 = (0, 100) with Dirichlet boundary conditions on 02 specified as
follows

u(0,t) = (a*,b*,c*) and u(100,t) = (0,0, Bg(0)).

In Fig. 6 we present the convergence results for the proposed scheme. With M = 120, we observe that the solution profile
is not affected by changes in step size, hence we use this number of grid points for the rest of the simulations presented in
this paper.
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For the model under investigation, we wish to describe the spreading rate (traveling wave speed) of the plankton pop-
ulation from an initially bacteria population-free state. These results could formulate the possible propagation modes of
biofilms and plankton populations. To illustrate our results, all simulations are performed with all parameters selected as
before. Unless stated differently under figure captions, we also choose d. = 1.

In Figs. 7 - 9, we present simulations to illustrate the existence of traveling waves for the reaction-diffusion system
(4.1) with (4.2) using different values of & and 8 as stated under the figure captions. All parameters are fixed as stated before
unless indicated otherwise. We observe wave solutions connecting the two equilibria: 1 = (a*, b*, ¢*) and 0 = (0, 0, 8g(0)).
In Fig. 7, we see that for 8 = 1.2 and o = 0.5, corresponding to 1 — «aSg'(b*) = 0.5833 > 0 and f(Bg(0)) — 1 —rq(Bg(0)) =
—0.0867 < 0, the traveling wave profile is monotonic. Whilst, in Fig. 8 we see non-monotonic traveling wave profiles
with 1 - afg (b*) =0.8883 > 0 and f(8g(0)) — 1 —rq(Bg(0)) = —0.0867 < 0. Similarly, non-monotonic wave solutions are
observed in Fig. 9 even when f(8g(0))—-1-rq(Bg(0))=0.3836 « 0 and with f(8g(0)) —1-sp(Bg(0)) —rq(Bg(0)) =
—0.6280 < 0.

In Fig. 10, we perform simulations to assess the effect of parameters on the wave speed. It is observed that the minimal
wave speed increases as 8 and s increase, but decreases as r increases. On the other hand, the ratio of diffusivity coefficients,
dc, does not have an effect on the traveling wave speed.
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denotes density a.
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6. Conclusions

Dormancy is a strategy used by microorganisms to cope with unfavorable environmental conditions. Typical models
would normally ignore dormancy leading to notable model deficiencies. In practice, only a fraction of the population is
active at any particular given time. In this work, we present and analyse a reaction-diffusion model that includes microbial
population dormancy. Results for a uniform steady-state model predicted non-transient population oscillation when both
switch functions are dependent on active microbial population density. Clearly, as discussed in Remark 5.3 of Section 5.1,
disregarding the dormant state does not lead to observed oscillations in the bacterioplankton population. Furthermore, the
presented reaction-diffusion model predicted that the population gradually dies out if the nutrient supply is below some
threshold value and that is referred to a population under starvation. Whilst, if the nutrient levels remain above some crit-
ical value, the population is sustained in an environment as illustrated and numerically shown in Sections 3 and 5.1. Thus,
the nutrient has a high impact on the composition of the population. We have shown that reaction-diffusion system of
equations admits the minimal wave speed. In Section 4, we show that the traveling wave is strongly dependent on the
nutrient production and the switching rates. In particular, in Section 5.2 we numerically observed a decrease in wave speed
with respect to an increase in hibernation rate r. On contrary, the spreading speed increases with an increase in the awak-
ening ratse s. Deactivation and reactivation are complex processes. These results are theoretical predictions, thus, there is
still a need for experiments to test these hypotheses. Future work will include the investigation of pattern formation in
these communities.
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