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FIXED FUZZY POINTS OF GENERALIZED GERAGHTY TYPE
FUZZY MAPPINGS ON COMPLETE METRIC SPACES

M. ABBAS AND B. ALI

ABSTRACT. Generalized Geraghty type fuzzy mappings on complete metric
spaces are introduced and a fixed point theorem that generalizes some recent
comparable results for fuzzy mappings in contemporary literature is obtained.
Example is provided to show the validity of obtained results over comparable
classical results for fuzzy mappings in fixed point theory. As an application,
existence of coincidence fuzzy points and common fixed fuzzy points for hybrid
pair of single valued self mapping and a fuzzy mapping is also established.

1. Introduction

The fixed point theory for nonlinear mappings is an important subject of nonlin-
ear functional analysis and is widely applied to nonlinear integral and differential
equations. Existence of a fixed point of a self mapping on a complete metric space
X depends upon the behavior of a sequence generated through Picard iterative
process. If an iterative sequence thus obtained is a Cauchy sequence then an ap-
propriate contractive condition gives the existence of fixed point of a mapping (see
[8, 21]). So the choice of a contractive condition on a mapping is a subject of
great interest in metric fixed point theory. For recent development in this area and
its contribution from application point of view in various disciplines, we refer to
[1, 4, 5, 20]) and references therein. Banach contraction principle [3] gives appro-
priate and simple conditions to establish the existence and uniqueness of a solution
of an operator equation Tx = x. This principle is constructive in nature and is
one of the most useful tools in the study of nonlinear equations. There are many
generalizations of Banach contraction principle in the literature. See for example,
[1, 6,9, 11, 17, 22, 23, 28, 30, 31]. These generalization were made either by using
the contractive condition or by imposing some additional conditions on an ambient
space. Among these results Geraghty’s contractive condition [11] stirred a lot of
activity (see for details [2, 7, 16, 23]). Extensions of Geraghty’s result for multival-
ued mappings have also been obtained in different directions [12, 13, 26] which in
turn generalize Nadler’s theorem [19], a multivalued version of Banach contraction
principle.

On the other hand, the evolution of fuzzy mathematics commenced with an
introduction of the notion of fuzzy sets by Zadeh [29] in 1965, as a new way to
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represent vagueness in every day life. Heilpern [15] introduced a concept of fuzzy
mappings on a metric space and proved a fixed point theorem for fuzzy contraction
mappings as a generalization of Nadler’s theorem [19]. For more results on fuzzy
mappings we refer to [10, 25, 27].

The aim of this paper is to introduce the generalized Geraghty type fuzzy map-
ping and to prove some fixed point results in complete metric spaces. As an applica-
tion, coincidence fuzzy point and common fixed fuzzy point of hybrid pair of single
valued self mapping and a fuzzy mapping are obtained. We provide an example to
support the result.

Let us recall some basic definitions and known results needed in the sequel.

Let X be a space of points with generic elements of X denoted by z and I = [0, 1].
A fuzzy set A in X is a membership function A : X — I such that each element in
X is associated with a real number A(z) in the interval I. Let (X, d) be a metric
space and A be a fuzzy set in X. If o € (0, 1], then a— level set of A, denoted by
A, is defined as
Ay ={z: A(z) > a}.
For a = 0, we have
Ay ={x: A(z) > 0},
where B denotes the closure of the non-fuzzy set B. A fuzzy set A in a metric linear
space X is said to be an approximate quantity if and only if for each o € [0,1], A4,
is compact, convex subset of X and
sup A(x) = 1. (1)
zeX
Let W(X) be the family of all approximate quantities and the fuzzy set A € W, (X)
whenever A, is nonempty, convex and compact in metric linear space X. A fuzzy
set A is said to be more accurate than fuzzy set B, denoted by A C B (say B
includes A) if and only if A(z) < B(x) for each x in X, where A(z) and B(x)
denote the membership function of A and B respectively. It is easy to see that if
0<a< B <1, then Ag C A,.

Corresponding to each a € [0,1] and « € X, the fuzzy point z,, of X is the fuzzy
set x4 : X — [0,1] given by
Joa ifz=y
Taly) = { 0 otherwise ~ (2)
For a« = 1, we have

0 otherwise

Let IX be the collection of all fuzzy subsets of X, then W (X) a subset of IX. For
A, Be W(X) and « € [0, 1], define

1) ={ | st =12

pa(A,B) = inf{d(z,y),x € As,y € Ba},
D,(A,B) = max{sup d(z, B,), sup d(y, Aa)},
TEA, yEBy
D(A,B) = supD,(A4,B).
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Note that p,, is nondecreasing function of @ and D a metric on W (X). For a € [0, 1].
Let (X, d) be a metric space and Y an arbitrary set. A mapping F': Y — W, (X) is
called a fuzzy mapping, that is, F'y € W, (X) for each y in Y. Thus if we characterize
a fuzzy set Fy in a metric space X by a membership function Fy , then Fy(z) is
the grade of membership of z in F'y. Therefore a fuzzy mapping F' is a fuzzy subset
of Y x X with membership function Fy(z). In a more general sense than that given
in [15], a mapping F : X — IX is a fuzzy mapping over X ([24]) and (F(z)z) is
the fixed degree of = in F(x).

Definition 1.1. [10] A fuzzy point z, in X is called a fixed fuzzy point of fuzzy
mapping F' if x, C Fz, that is, (Fx)z > a or z € (Fx),. That is, the fixed degree
of x in Fx is at least . If {x} C Fx, then z is a fixed point of a fuzzy mapping F.

Definition 1.2. Let F': X — W,(X) be a fuzzy mapping and ¢g : X — X a self
mapping on X. A fuzzy point x, in X is called:

(a): coincidence fuzzy point of hybrid pair {F,g} if (gz), C Fx, that is
(Fx)gr > aor gz € (Fx),. That is, the fixed degree of gx in Fz is at least
a.

(b): common fixed fuzzy point of the hybrid pair {F, g} if 2o, = (92)o C Fx,
that is ¢ = gx € (Fx), ( the fixed degree of x and gz in Fx is the same
and is at least a ).

We denote C,(F,g) and F,(F,g) by the set of all coincidence fuzzy point and
set of all common fixed fuzzy point of the hybrid pair {F, g}, respectively.

Definition 1.3. Let F': X — W,(X) be a fuzzy mapping and g : X — X a self
mapping on X, then
(c): the hybrid pair {F, g} is called w — fuzzy compatible if
9(Fr)a C (Fgz)a
whenever x € C,(F, g).
(d): mapping g is called F — fuzzy weakly commuting at some point z € X if
9*(z) € (Fgz)a.
Lemma 1.4. [14] Let X be a nonempty set and g : X — X. Then there ezists a
subset E C X such that g(E) = g(X) and g : E — X is one to one.
Lemma 1.5. (Heilpern [15]) Let (X,d) be a metric space, x,y € X and A,B €
W(X):
(1) if palz, A) =0, then z, C A;

(2) pa(:r,A) < d(:v,y)—i— pa(y,A);
(3) if xq C A, then po(z, B) < Dy(A, B).

Theorem 1.6. [10] Let (X, d) be a complete metric space, F' a fuzzy mapping from
X to Wo(X), where o € (0,1). If there exists q € (0,1) such that

Do(Fz, Fy) < qd(z,y),
holds for each x,y € X. Then there exists x € X such that x,, is a fized fuzzy point
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Lemma 1.7. (Lee and Cho [18]) Let (X,d) be a complete metric space and F a
fuzzy mapping from X into W(X) and xo € X. Then there exists a x4 € X such
that {x1} C Fxo.

Let S = {4 :[0,00) — [0,1): ¢, — 0 whenever 9(t,) — 1}. If

Y1 (t) = {

e 3tift >0

0, otherwise ’

then ’(/Jl, ¢2 e s.
Geraghty proved the following result:

Theorem 1.8. Let (X,d) be a complete metric space and f : X — X. If there
exists ¥ € S such that

d(fz, fy) < ¢(d(z,y))d(z,y) (3)

holds for all x,y € X. Then f has a unique fived point z € X and for each x € X,
the Picard sequence {f"x} converges to z whenever n — oo.

Now we introduce generalized Geraghty type fuzzy mapping.

Definition 1.9. Let (X, d) be a complete metric space. A fuzzy mapping F': X —
W, (X) is said to be generalized Geraghty type fuzzy mapping if there exists ¢ € S
such that

Da(Fz, Fy) < Y(Ma(z,y)) max{d(z,y), pa(z, Fz), paly, Fy)} (4)

for all z,y € X, where

pa(vay) +pa(va37)}.

My (x,y) = max{d(z,y), pa(z, Fx),pa(y, Fy), 5

()

2. Main Results

In this section we prove fixed fuzzy point theorem for generalized Geraghty type
fuzzy mappings on a complete metric space.

Theorem 2.1. Let (X,d) be a complete metric space and F : X — Wo(X) a
generalized Geraghty type fuzzy mapping. Then there exists a point x € X such
that x, C Fzx.

Proof. Let ug be an arbitrary element of X. As (Fug), is nonempty and compact
so there exists uy € (Fug)q such that d(ug,u1) = pa(ug, Fui). If ug = uy, then
ug = u1 € (Fup)s and the proof is finished. Suppose that ug # u1. Since (Fuq)q is
nonempty and compact, there exists ug € (Fup), such that

d(u1, u2) = palur, Fui) < Do(Fug, Fur).
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If u; = ug, then uy = ug € (Fuy), and the proof is finished. Suppose u; # g,
then by given assumption we have

d(ul,u2)
Da(Fuo, Ful)

(max{d(uo, u1), pa(uo, Fug), pa(u1, Fui),

Pa(to, Frn) + pas, Fuo) }) max{d(uo, u1), pa(uo, Fuo), pa(ui, Fui)}
2

< Y(max{d(ug,u1), d(ug, u1), d(u1, us),

Ao, uz) + 0, 0) 4y o, ), d(u, un), d(us, 1)}

IAIA

2
< Y(max{d(ug,u1),d(us,us),
d(uo, ’Ul) ;‘ d(’lﬂ; U2) }) maX{d(Uo, Ul); d(uh U2>}
Note that

d(ul, UQ) < d(UO, ul).
If not, then above inequality gives
d(u1,ug) < (d(ur,uz)d(ur, uz)

and hence d(u1,us) < d(uy,us), because ¥ € S, a contradiction. Hence

d(uy,uz) < d(ug,uq). (6)

Continuing this process, we construct a sequence {u,, } in X such that u,, € (Fup—1)a,
and tp11 € (Fup)q with

d(unaun-i-l) :pa(unaFun) < Da(Fun—leun)~

If up, = upy1 then uw, = upy1 € (Fup), and the proof is finished. Suppose
Up, 7# Un+1, then by given assumption we have

d(un7un+1)
Da(Fun,l, Fun)
w(max{d(un,l, un)vpa(unflv Funfl)apa(una Fun)v
pa(unflv Fun) +pa(una Funfl)

5 1)
pa(un—laFun—l)apa(unaFun)}
< w(max{d(un—lvun)vd(un—lvun)ad(un;UQ);
d(unflyunJrl) + d(unaun)

2

w(max{d(un,l,un)d(un,unH),

d(un_l’ uﬂ) ; d(uﬂv un+1) }) max{d(un—la un)v d(“nv un—i—l)}'

IAIA

max{d(un—_1,un),

B max{d(un—1,un), d(tn—1,upn), d(tUn, upt1)}

IA

We claim that
d(u’ru un-l—l) < d(un—h un)
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If not, then by above inequality we obtain that

d(una un-i—l) S w(d(uny un-ﬁ-l)d(un; un+1)~

Since ¢ € S, therefore d(uy, tnt+1) < d(Up, Unt1) gives a contradiction. Hence
d(unaun+1) < d}(d(un—laun))d(un—lyun) (7)

implies that
A(Up, Unt1) < d(Up—1,Un). (8)

This shows that {d(u,, u,+1)} is a decreasing sequence of nonnegative real numbers.
Hence

lm d(un, tunt1) =A >0

n—oo

for some A € [0, +00). Next we will prove that A = 0. On contrary let A > 0. From
(2), we obtain

d(un7 un+1)

d(Un_1,un) < P(d(un—1,un)) < 1. -

On taking limit n tends to oo, we get

_ )\ _ . d(unaun"t‘l) :
1= N nh_{TDlo m < nh_fgo?/)(d(un—laun)) <1,

which implies that lim ¥ (d(up—1,u,)) =1. As € 5, s0 A = lim d(up—1,u,) =
n—oo n—oo
0. This contradicts our assumption A > 0. Therefore, lim d(u,—1,u,) = 0.
n—oo
Now we prove that lim d(un,u,) = 0. Using triangular inequality and as-

n,Mm—00
sumption (2), we obtain

d(una Um) § d(una un+1) + d(unJrla um)
< d(uru un—i—l) + d(un+17 um+1) + d(um+1a um)
- d(u’ru un-i—l) + d(“m—i—lv um) + d(un+1; um+1)
S d(un7un+1) + d(uerlaum) +pa(un+1aFUm)
§ d(unaun—i-l) +d(um+17um) +Do¢(FunaFum)
< d(un, tung1) + d(Ums1, um) + V(Mo (Un, um))
max{d(um um)vpa(um Fun)7p0t(uma Fum)}
Hence we get
d(unyum) S d(unvun+1) +d(um+17um) +1yzj(j\4oz(unaum))
max{d(Un, Um ), d(Un, Un+1)y AU, Upmt1) }- (10)
where
Ma(um um) = max{d(un, um)apa (Um Fun—l)apa(umv Fum)a

Pa(Un, Ftm) + Pa(Um, Fuy)

2 g
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From (1), we have
d(unv um) < d(una un-i-l) + d(um-i-h um) + w(Ma(um um))d(unv um)
+ max{d(tn, Un+1), d(Um, Um+1) }
S 3 max{d(unv un+1)7 d(uma uerl)} + 'l/}(Ma (Un, um))d(un7 Um),

which further gives

(1 — (Mo (tn, um))ld(un, ) < 3max{d(un, ni1), d(Um, Umt1)} (11)

On taking limit as n, m tend to oo, we get

lim [1— (Mg (tn,um))] Um  d(u,, um) = 0. (12)

n,m—oco n,m—oo

So either lim  d(up,um) =0, or lim [1 —(My(un,um))] =0.If

n,m—00 n,m— oo

lim  d(up, um) =0
n,1Mm— 00

then we are done. If
lim [1 —¢(My(tn,um))] =0,

n,Mm—00
then lim ¢Y(May(un,um)) =1and lim (My(tn,um) = 0. That is
n,m—00 n,Mm—00
0 = n,rlrlLIEoo M, (Una um) = n,?lvilgoo max{d(un, um)apoz (un7 Fun—1)7

o naF m [ed m’F n i
wy, Pl Ftom) & pa (o, Fin) g

2 n,m—o00

Po(Um, F

So we obtain that lim  d(uy, um) = 0. This means that {u,, } is a Cauchy sequence
n,m—00

in the complete metric space (X, d), so there exists an element z in X such that
d(un, z) = 0. Now it is left to show that z, C Fz for each a € [0,1]. Assume on
contrary that z, ¢ Fz, that is z ¢ (Fz),. In this case by Lemma 1.5, we have
Pa(z, Fz) # 0, that is, p,(z, Fz) > 0. Now consider
Pa(2, Fz) < lim pa(unt1,Fz) < lim Dy (Fuy, Fz)
o0 n— oo

n—

S h*{n ¢(max{d(umz)a d(un7un+1)7pa(zan)a
pa(unaFZ) +Pa(27FUn)
2

Y(pa(z, F2))pa(z, F'2).

B max{d(un, 2), d(tn, un+1),pa(z, F2)}

So
1 <¥(palz, Fz)) < 1,. (13)

Hence 9(pa(z, Fz)) = 1, which implies as p,(z, Fz) = 0, a contradiction. So we
have p,(z, Fz) = 0 consequently by Lemma 1.5, z, C Fz. O
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Corollary 2.2. Let (X,d) be a complete metric space and F : X — W, (X) a
fuzzy mapping. Suppose that there exists ¥ € S such that

Do(Fz, Fy) < d(ma(z,y))ma(z,y) (14)
for all x,y € X, where
ma(z,y) = max{d(z,y), pa(z, F'z), pa(y, Fy)}- (15)

Then there exists a point x € X such that v, C Fx.

Corollary 2.3.  Let (X,d) be a complete metric space and F : X — Wo(X) a
fuzzy mapping. Suppose that there exists ¥ € S such that

Do(Fz, Fy) < (Mo(x,y))d(x, y) (16)

for all x,y € X, where

Pa(z, F'y) + paly, F7) L)

My (z,y) = max{d(z,y),pa(z, Fx),pa(y, Fy), 5

Then there exists a point v € X such that x, C Fz.

Corollary 2.4.  Let (X,d) be a complete metric space and F : X — Wy (X) a
fuzzy mapping. Suppose that there exists ¥ € S such that

Do (Fz, Fy) < ¥(d(z,y))d(z,y) (18)
for all x,y € X,then there exists a point x € X such that x, C Fx.

Corollary 2.4 is a generalization of Theorem 1.8 as fuzzy mappings are more
general than single valued self mappings.

Example 2.5. Let X = {0, 1,2} be endowed with metric d defined as:

d(0,0) = d(1,1)=d(2,2) =0,
d(0,2) = d(2,0)=6,
d(0,1) = d(0,1) = 10,
d(1,2) = d(2,1)=16.

1
Let a € (0, g) and 9 (t) = —. Define a fuzzy mapping F from X into W, (X) as:

Cw|RR ol
=
8
|
vo

aifr=0
(FO)(z) = ifz=1, and (Fl)(z)=q Oifz=1
if v =2, gif:c:2,
and o
3 ifx =0,
(F2)(x) =} aifz=1,
Yifr =2,

4
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Then (F0), = (F1), = {0}, (F2), = {1}. Note that for all z,y € {0,1}, we have
Dy (Fz,Fy) = H(F2)a, (Fy)o) =0. For £ = 0 and y = 2, we obtain

Do (F1,F2) = Do(F0, F2) = H((F0)4, (F2)s) = d(0,1) = 10

and
(0, F2 (2, F
M4(0,2) = max{d(0,2),p.(0, F0),ps(2, F2), Pa(0 );‘P ( 0)}
d(0,1) +d(2
= maX{d((),Q)’d(O’O),d(Q, 1)7 w}
= max{6,0,16,8} = 16.
So

D, (F0,F2) =10 < 14 = (M, (0,2)) max{d(0, 2), p, (0, F0), ps (2, F'2)}.
Now for z = 1 and y = 2, we obtain

Ma(1’2) = max{d(L2)7pa(1’F1)7pa(27F2),pa(l’F2) ;pa(Q’Fl)}

d(1,1) +d(2,0)
— !

max{d(1,2),d(1,0),d(2,1),
max{16, 10, 16,3} = 16.

Hence
D, (F1,F2) =10 < 14 = (M, (1,2)) max{d(1,2),pa(1, F1),ps(2, F2)}.
Consequently

Do(Fz, Fy) < (Mo (2,y)) max{d(z,y), pa(z, F2), paly, Fy)}
is satisfied for all z,y € X, where

Pa(7, Fy) + pa(y, Fx)

2 }
Hence all the conditions of Theorem 2.1 are satisfied. Moreover, for x = 0, we have
ZTo C F(x)as (F0)0 > a. Hence {0} C (F0),. This implies that « = 0 is the fixed
fuzzy point of fuzzy mapping F.

My (z,y) = max{d(z,y), pa(z, Fz),pa(y, Fy),

Remark 2.6. Note that Theorem 1.6 is not applicable to the mapping F from X
into W, (X) defined above. Indeed

Do (F0, F2) = d(1,0) = 10
d(0,2) = 6, and for any choice of ¢ € ]0, 1] we have
Da(F07F2) ﬁ qd(072>

Theorem 1.8 also does not hold true for fuzzy mapping which is the Corollary 2.4
of Theorem 2.1. Hence Theorem 3.1 is a proper generalization of results given in
[10, 11, 15, 19].
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3. Application

Let F': X — W, (X) be a fuzzy mapping and g : X — X a self mapping on X
then the pair {F, g} is said to be a generalized Geraghty type fuzzy hybrid pair if
there exists ¢ € S such that

Da(vaFy) < ¢(M&7($,y)) max{d(gl'vgy)’pa(ngFx)vpa(gyvFy)} (]_9)

for all x,y € X, where

o (92, F'y) + pa(gy, F
M (2,y) = max{d(gz, gy), pa (92, Fz), pa(gy, Fy), (g2, F'y) 2p (gy x)]" (20)

Now as an application of Theorem 2.1, we obtain coincidence fuzzy points and
common fixed fuzzy points of the hybrid pair {F, g}.

Theorem 3.1. Let (X,d) be a complete metric space and {F,g} a generalized
Geraghty type fuzzy hybrid pair. Then Co(F, g) # ¢ provided that (F(X))a C g(X)
for each . Moreover F and g have common fized fuzzy point if any of the following
conditions holds:

(f): F and g are w — fuzzy compatible, lim ¢g"x = u and lim g"y = v for
n—oo n—oo
some ¢ € Cy(F,g), u € X and g is continuous at u .
(8): gis F — fuzzy weakly commuting for some x € Cy(g, F), and g?z = gx.
(h): g is continuous at x for some x € C,(g, F') and for some u € X, such
that lim ¢g"u = =z.
n—oo
Proof. By Lemma 1.4, there exists £ C X such that g : E — X is one to one and
g(E) = g(X). Define a mapping A : g(E) — W, (X) by

Agx = Fx for all gz € g(E). (21)

As g is one to one on F, so A is well defined. Therefore (3) becomes
Do (Agx, Agy) < (M{(x,y)) max{d(gx, gy), pa (g2, F),palgy, Fy)}  (22)

for all gx,gy € g(F). Hence A satisfies (2) and all the conditions of Theorem
2.1. Using Theorem 2.1 with mapping A, it follows that A has fixed fuzzy point
u € g(F). Now it is left to prove that F' and g have coincidence fuzzy point. Since
A has fixed fuzzy point u, C Au, therefore u € (Au)y. As (F(X))q C g(X), there
exists u; € X such that gu; = u, thus it follows that

gu1 € (Agui)a = (Fu1)a-

This implies that u; € X is coincidence fuzzy point of F and g. Hence C,,(F, g) # ¢.
Suppose now that (a) holds. Then for some z, € Cy(F,g), we have lim ¢"x = u,
n—r oo

where v € X. Thus (¢" 'x,u) € V. Since g is continuous at u, so we have that uis
a fixed points of g. As F and g are w — fuzzy compatible and (¢"x), € Co(F,g) for
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all n > 1. That is, g"x € F(g" '), for all n > 1. Now we show that gu € (Fu),.
Assume on contrary that gu ¢ (Fu),, then by Lemma 1.5 p,(gu, Fu) > 0
Palgu, 9"x) + pa(g”z, Fu)
Palgu, g"x) + Do (F (9" '), Fu)
Palgu, g"x) + Y(max{d(gg" "z, gu), pa(g"x, Fg
Palgu, Fg"'x) + pa(g"z, Fu)

) )
max{d(gg" "'z, gu), pa(g"z, Fg

On taking limit as n — oo, we get

Pa(gu, Fu) < ¢(palgu, Fu))pa(gu, Fu). (23)

Palgu, Fu)

IN AN A

n—1

), pa(gu, Fu),

n—1

), Pa(gu, Fu)}.

Since pq (gu, Fu) > 0, so ¥(pa(gu, Fu)) = 1. Consequently we get p,(gu, Fu) = 0,
a contradiction. Hence u = gu € (Fu),. That is, u, is common fixed fuzzy point
of F' and g. Suppose now that (b) holds. If for some z, € C,(F,g), g is F — fuzzy
weakly commuting and g*r = gx then gr = g%z € (Fgx),. Hence (gx), is a
common fixed fuzzy point of F' and g. Suppose now that (¢) holds and assume that
for some z, € Cy(F,g) and for some u € X, nh—>Holo g"u = x and nh_)ngo g"v =y. By

continuity of g at z and y, we get x = gz € (F'z),.The result follows. (]

1
Example 3.2. Let X = [0, 1] be endowed with usual metric. Let o € (0, g) and
(t) = e~ 2t Define a fuzzy mapping F from X into W, (X) as:

lifz=0 lifz=0
if 0 L 3a if 0 L
(FO)(z) = Zl v €(0,3]  and (F1)(z) = aal w€<1’§}
and for z € (0,1),
lifz=0
. 1
(Fz)(z) = aif z € (0, g]
1
Define a self maping g : X — X by g(z) = 2%. Then
(FO)1 = (F1)1 = (Fz)1 ={0},
1
(F0)a = (Fl)a=(Fz)a =10, 5]7
1
(F0)e = (Fl)e =[0,1] and (Fz)z = [0, g]

Note that for all z,y € X, we have
Dy(Fz,Fy) = H((Fa),(Fy)) =0,
Do(Fz,Fy) = H((Fz)a,(Fy)a) =0
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So, for all 2,y € X, we have D,(Fx, Fy) = 0. Hence for all z,y € X,
Do(Fx, Fy) < (M(z,y)) max{d(gz, gy), pa (g, Fx), palgy, F'y)}

hold true, where

PalgT, Fy) + palgy, F'x
MY (x,y) = max{d(g9z, gy), pa (97, Fx),palgy, Fy), ( ) ( )}.

2
1

Hence all the conditions of Theorem 3.1 are satisfied. Moreover for each x € [0, 3

B

we have z, C F'(z) and (gx)o C F (x). For a = 1, we have
{0} = {90} € (FO)1.
4. Conclusion

In attempt to model the real world problems, we have to deal with uncertainties
and vagueness of the data, tools or conditions in the form of constraints . Fuzzy set
theory has provided many important tools in mathematics and related disciplines
to resolve the issues of uncertainty and ambiguity. Fuzzy sets and mappings play
important roles in the process of fuzzification of systems and fuzzy optimization.

We extended the Geraghty type fixed point theorems for fuzzy mappings ( map-
pings on an arbitrary nonempty set to the subfamily of fuzzy sets on complete
metric spaces ) to the generalized Geraghty type fuzzy mappings. Fixed fuzzy
point theorems for newly introduced mappings have been proved in this paper. An
example is provided to illustrate the main result and to show that main theorem
is a proper generalization of Geraghty type mappings (compare [11]) self mappings
on metric spaces for the set of fuzzy mappings. As a result we also generalized,
unify and extended the well known generalizations [10, 11, 15] of Nadler’s theorem
[19]. Further as an application of Theorem 2.1, we obtained the existence of co-
incidence fuzzy points and common fixed fuzzy points of the hybrid pair of single
valued self mapping and a fuzzy mapping. Fixed point theorems for fuzzy mappings
obtained in this article can be used in solving the real world problems involving
fuzzy situations.

Acknowledgements. The authors are very grateful to the referees for their valu-
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