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ABSTRACT
A climate-based metapopulation malaria model is formulated by incorporating hu-
man travel between zones with varying climatic factors, effective and counterfeit
drug treatments, and time-periodic parameters for the mosquito population to un-
derstand the effect of human travel on malaria transmission. We study the existence,
uniqueness, and stability of positive periodic solutions in the model and carry out
numerical simulations for three climatic zones of Ghana. The study shows that the
climate effects introduce fluctuations in the solutions, while human travel between
zones affects the disease prevalence in each zone and the local transmission dynam-
ics of malaria. We observed different outcomes depending on various restrictions
imposed on human travels. The study also suggests that it is essential to ban the
sale, importation or manufacture of counterfeit drugs and punish the offenders to
ensure the effective use of high-quality drugs in the population.

KEYWORDS
Malaria transmission; metapopulation; non-autonomous model; reproduction ratio;
uniform persistence

1. Introduction

Malaria is a vector-borne disease caused by five species of the parasite of the genus
Plasmodium, transmitted through infected female Anopheles mosquitoes, the deadliest
of the species being Plasmodium falciparum [3]. Despite the decline in P. falciparum
malaria infections due to the massive deployment of control tools since the year 2000,
the disease continues to burden the public health and the economies of the endemic
countries in Africa [1]. The World Health Organization (WHO) reports that of the
627,000 malaria deaths worldwide in 2020, almost 96% were in Africa [1]. Some of these
deaths have been a result of the use of counterfeit drugs by a significant proportion of
infected humans, including children under five years [4, 5, 7, 8].

The malaria transmission intensity and incidence in sub-Saharan Africa have been
linked to the climate conditions such as rainfall, temperature and humidity that
increase the mosquito densities, distribution and the transmission capacity [9–13].
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Malaria transmission was also found to vary due to the spatio-temporal heterogene-
ity of the environment [4, 11, 14–21], the type of parasites and vectors, including the
chemoresistant ones [22], the socio-economic conditions [19, 20, 23, 24], and movement
of humans [25], just to mention a few. For instance, different ecological zones of Ghana,
a malaria-endemic country in West Africa, experience varying mosquito densities and
distribution as well as malaria morbidity patterns [15, 18, 20, 21, 26, 27]. Additionally,
malaria transmission in urban areas is usually lower than in rural, peri-urban areas
due to the availability of control interventions [11, 18, 20].

A strong association has been found between malaria infections and a recent trip
to rural areas by urban dwellers [23, 28]. Since the mosquito flight studies, [29, 30],
indicate that most female mosquitoes travel only a few kilometres during their lives
and thus may spend their lifetime in or around the houses where they emerge as
adults, it is more likely that humans, rather than mosquitoes, usually carry the malaria
parasites over long distances and thus are responsible for the correlations between
the above mentioned trips and infections. In other words, human movement between
spatially heterogeneous environments with malaria prevalence not only impacts the
translocation of infections but also affect the local disease transmission dynamics and
control efforts as well.

To study the spread and control of infectious diseases across spatially heterogeneous
environments caused by human migrations has been carried out using metapopulation
models [31–36]. Such models are well suited to study the role played by human and vec-
tor mobility between regions with different environments or socioeconomic conditions
in the persistence, spread and sometimes reintroduction of diseases [36]. In [37], the
authors studied the effect of human movement, especially of asymptotic carriers, on the
spread of malaria and the impact of spatial heterogeneities on the control strategies.
In [32, 33] the authors used metapopulation setting to describe how the movement of
both hosts and vectors can be modelled, to understand the effect of host movements
on the persistence of malaria in low transmission regions, and also to explore control
strategies in a heterogeneous environment. The impact of different malaria patterns in
the areas of heterogeneous transmission characteristics on determining effective tar-
geted intervention strategies is addressed in [38]. A study investigating transmission
dynamics in a patchy environment was also conducted in [34].

Recent evidence has shown that high malaria transmission is observed at the be-
ginning of heavy rains due to the high impact of the rainfall and high temperature
on the mosquito density and sporozoite rates [14, 15]. On the other hand, excessive
rainfalls flush out mosquito breeding sites, leading to the transmission reduction [12]
in sub-Saharan Africa, showing strong dependence of malaria transmission on climatic
factors. This dependence in a single homogeneous environment has been explored in
[12, 13, 39–43]. In particular, [12, 13] studied the effect of rainfall and temperature
on mosquito population dynamics, malaria invasion, persistence and local seasonal ex-
tinction, and the impact of seasonality on malaria transmission has been investigated
in, while [39] and [40–42] used climate-based models that incorporated the juvenile
stage of the mosquitoes to investigate, respectively, the effect of periodic biting rate
and the impact of climatic factors like the rainfall and the temperature on the dy-
namics of malaria transmission; the effect of global climate change on it was modelled
in [43]. Further, a periodic Ross-Macdonald malaria model that considers the effect
of temporal and spatial heterogeneity on disease transmission was proposed in [45] to
explore the effect of travel control on disease prevalence.

This paper proposes a metapopulation model incorporating climatic factors such as
rainfall and temperature and ineffective/counterfeit and effective treatments to study
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how human migrations across heterogeneous environments impact malaria transmis-
sion and control. We extend the homogeneous malaria models developed in [72, 73]
(which notably feature asymptomatic carriers of infection) by considering counterfeit
drug users [46], human travel from one region to another and the temperature and
rainfall dependent parameters in the mosquito populations. The paper is organized as
follows. Section 2 describes the model with the temperature- and rainfall-dependent
parameters. A mathematical analysis of the non-autonomous system is presented in
Section 3. In Section 4, we establish the threshold dynamics of the model in terms
of the reproduction ratio R0 by using the next generation operator method [48]. The
infected classes are shown to be uniformly persistent in Section 5. In Section 6, we
consider a special case of the three ecological zones of Ghana and explore how human
travel between these heterogeneous environments affects the disease dynamics. The
discussion of the results is done in Section 7.

2. Model Formulation

We consider the spatial spread of malaria in n ecological zones, which have varying
temperature and rainfall patterns, access to counterfeit drugs, and are connected by
human movement. The total human and female anopheles mosquito population sizes in
each region i = 1, ..., n, are denoted byNh,i(t) andNm,i(t), respectively. For each region
i at time t, the total human population is divided into four epidemiological classes,
susceptibles, infectious, users of counterfeit antimalarial drugs and users of effective
antimalarial drugs denoted by Sh,i(t), Ih,i(t), Uh,i(t) and Th,i(t) respectively, so that,
Nh,i(t) = Sh,i(t) + Ih,i(t) + Uh,i(t) + Th,i(t), while the mosquito population is divided
into two classes, susceptibles Sm,i(t) and infectious Im,i(t), so that, Nm,i(t) = Sm,i(t)+
Im,i(t). The total human and mosquito populations Nh(t) and Nm(t) at a given time
t are given by Nh(t) =

∑n
i=1Nh,i(t) and Nm(t) =

∑n
i=1Nm,i(t), respectively.

For each region i = 1, ..., n, the total birth rate of the human population is αh,i,
and the natural per capita death rate is given by µh,i. The susceptible humans have
neither merozoites or gametocytes in their bodies nor immunity against malaria. They

get exposed to malaria parasites at a force of infection of humans λh,i = aiβh,iIm,i

Nh,i
,

where βh,i is the transmission probability from infectious mosquitoes to humans and
ai is the average number of bites per human in region i per unit time. The infectious
humans survived the average latent duration nh,i with probability p(h,i) = e−µh,inh,i

to show clinical symptoms of malaria and who can infect feeding mosquitoes. The
infectious humans can be fully cured of malaria at the rate γh,i due to the use of
effective antimalarial drug(s) or become asymptomatic at the rate ηh,i due to the
use of counterfeit drug(s)(or naturally) or die at the disease induced death rate δh,i.
The users of counterfeit drugs are asymptomatic and can infect mosquitoes (at a
lower rate compared to the infectious human), can recrudesce at rate ξh,i into the
infectious class or, in the case of adults, become susceptible at the rate θh,i due to
the boosted immunity resulting from repeated exposures or semi-immunity [49, 72,
73]. The users of effective antimalarial drugs have been cured of malaria, have post-
treatment prophylaxis and become susceptible at rate ϕh,i when this post-treatment
prophylaxis wanes [49].

In the case of the mosquitoes, they are recruited at the per capita rate αm,i(1−Nm,i

Ki
),

where αm,i is the rate at which a larva becomes an adult, Ki is the larval carrying
capacity, and µm,i represents the natural death rate of the mosquitoes [50]. The sus-
ceptible mosquitoes have no sporozoites in their body and are exposed to gametocytes

3



from infected humans at a force of infection of mosquitoes λm,i = biβm,i(Ih,i+πiUh,i)
Nh,i

,

where βm,i is the transmission probability from infected humans to mosquitoes, bi is
the mosquito biting rate in region i, and 0 < πi < 1 is the degree of infectiousness of
the users of counterfeit drugs. The probability of the mosquito to survive the average
latent duration nm,i to become infectious is given by p(m,i) = e−µm,inm,i . It is assumed
that the infective stage of the mosquitoes ends with their death due to their short life
cycle.

Merozoites are the parasites released into the human bloodstream when a hepatic
or erythrocytic schizont bursts and gametocytes are the sexual stages of malaria par-
asites that infect Anopheline mosquitoes when taken up during the blood meal [49].
Sporozoites are the motile malaria parasites that are infective to humans, inoculated
by feeding female Anopheline mosquitoes, that invade the hepatocytes [49].

To account for migrations, we assume that only humans [32, 33, 37] can travel
long distances between regions, so that, for each region i = 1, ..., n, cSi,j , c

I
i,j , c

U
i,j ,

cTi,j are the travel rates from region j to region i of susceptibles, infectious, users of
counterfeit antimalarial drugs and users of effective antimalarial drugs, respectively.
We let CΠ = [cΠi,j ] with Π = S, I, U, T be the travel rate matrices. As described

in [34, 51], we assume that matrices CΠ, Π = S,U, T , are irreducible and cΠii = 0 for
Π = S, I, U, T, and i = 1, ..., n.

The temperature (Γ) and rainfall (R) dependent parameters bi, µm,i and αm,i are
discussed in [52] and [12], respectively, and expressed as follows:

bi(Γ) = −0.00014Γ2 + 0.027Γ − 0.322, (1)

µm,i(Γ) = − ln(−0.000828Γ2 + 0.0367Γ + 0.522), (2)

αm,i(Γ, R) =
EFD(Γ)pe(R)pl(Γ, R)pp(R)

µm,idea
, (3)

where EFD(Γ) is the total number of eggs laid by female mosquito per day, pe(R),
pl(Γ, R) and pp(R) are the daily survival probabilities of eggs(e), larvae(l) and pu-
pae(p), respectively, and dea is the time it takes an egg to develop to an adult.

The parameters EFD(Γ),pe(R), pl(Γ, R), pp(R) and dea(Γ) are given by:

EFD(Γ) = −0.153Γ2 + 8.61Γ − 97.7, (4)

pi(R) =
4p∗iR(Rl −R)

R2
l

, i = e, l, p, (5)

pl(Γ, R) = e−(0.0554Γ−0.06737) × pl(R), (6)

dea(Γ) =
1

−0.00094Γ2 + 0.049Γ − 0.552
, (7)

where p∗i is the maximum daily survival probability of eggs, larvae and pupae, and Rl is
the rainfall limit beyond which breeding sites get flushed out and no immature stages
survive. bi(Γ), µm,i(Γ), αm,i(Γ, R) and λm,i(Γ) are positive, continuous, bounded and
periodic functions of time t. For simplicity, the temperature and rainfall-dependent
functions will be expressed as functions of t.
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2.1. Mathematical model

The malaria transmission in each region i = 1, ..., n, can be described by the following
non-autonomous metapopulation system with non-negative initial conditions:

dSh,i
dt

= αh,i + ϕh,iTh,i + θh,iUh,i −

p(h,i)λh,i +

n∑
j=1

cSj,i + µh,i

Sh,i +

n∑
j=1

cSi,jSh,j ,

dIh,i
dt

= p(h,i)λh,iSh,i + ξh,iUh,i −

d1,i +

n∑
j=1

cIj,i

 Ih,i +

n∑
j=1

cIi,jIh,j ,

dUh,i

dt
= ηh,iIh,i −

d2,i +

n∑
j=1

cUj,i

Uh,i +

n∑
j=1

cUi,jUh,j , (8)

dTh,i
dt

= γh,iIh,i −

d3,i +

n∑
j=1

cTj,i

Th,i +

n∑
j=1

cTi,jTh,j ,

dSm,i

dt
= αm,i(Γ, R)

(
1 − Nm,i

Ki

)
Nm,i − (p(m,i)λm,i + µm,i(Γ))Sm,i,

dIm,i

dt
= p(m,i)λm,iSm,i − µm,i(Γ)Im,i,

where the infection rates for humans (λh,i) and mosquitoes (λm,i) are given by

λh,i =
aiβh,i
Nh,i

Im,i, λm,i(Γ) =
bi(Γ)βm,i

Nh,i
(Ih,i + πiUh,i), (9)

and

d1,i = ηh,i + γh,i + δh,i + µh,i, d2,i = ξh,i + θh,i + µh,i, d3,i = ϕh,i + µh,i.

Hence, for region i, the human population Nh,i(t), given by

Nh,i(t) = Sh,i(t) + Ih,i(t) + Uh,i(t) + Th,i(t),

satisfies

dNh,i(t)

dt
= αh,i−µh,iNh,i(t)− δh,iIh,i(t)+

∑
Π=S,I,U,T

( n∑
j=1

cΠi,jΠh,j −
n∑

j=1

cΠj,iΠh,i

)
. (10)

The mosquito populations Nm,i(t) = Sh,i(t) + Ih,i(t) satisfy

dNm,i(t)

dt
= αm,i(t)

(
1 − Nm,i(t)

Ki

)
Nm,i(t) − µm,i(t)Nm,i(t),

= (αm,i(t) − µm,i(t))Nm,i(t) −
αm,i(t)

Ki
N2

m,i(t).
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Table 1. Description of the state variables for system (8) in region i = 1, ..., n.

Variable Description
Sh,i Number of susceptible humans
Ih,i Number of infectious humans
Uh,i Number of effective antimalarial drug users
Th,i Number of counterfeit antimalarial drug users
Sm,i Number of susceptible mosquitoes
Im,i Number of infectious mosquitoes

In the system (8) and equations (9), all constant parameters are positive except for the
disease-induced death rates (δh,i), which are assumed to be non-negative. The state
variables and the parameters of the model are described in Tables 1 and 2. The table
of parameters is given at a later point. The flow diagram of the model in one zone and
the pattern of the human movement across the zones are illustrated in Figure 1 and
Figure 2.

Figure 1. A flow diagram of malaria transmission within one zone: (A) Humans in zone 1 (B) Female
anopheles mosquitoes in zone 1

3. Mathematical Analysis

The system (8) can be written as follows:

ż(t) = G(t, z(t)), z(0) > 0,

where

z = (zj)1≤j≤6n = (Zi)1≤i≤n for Zi = (Sh,i, Ih,i, Uh,i, Th,i, Sm,i, Im,i)
T ,

and G : R1 × R6n
+ → R6n

+ is defined by G = (Gi)1≤i≤n, where
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Figure 2. An illustration of human movement across zones (using three zones)

Gi(t, z) =



αh,i + ϕh,iTh,i + θh,iUh,i −
(
p(h,i)λh,i +

∑n
j=1 c

S
j,i + µh,i

)
Sh,i +

∑n
j=1 c

S
i,jSh,j

p(h,i)λh,iSh,i + ξh,iUh,i −
(
d1,i +

∑n
j=1 c

I
j,i

)
Ih,i +

∑n
j=1 c

I
i,jIh,j

ηh,iIh,i −
(
d2,i +

∑n
j=1 c

U
j,i

)
Uh,i +

∑n
j=1 c

U
i,jUh,j

γh,iIh,i −
(
d3,i +

∑n
j=1 c

T
j,i

)
Th,i +

∑n
j=1 c

T
i,jTh,j

αm,i(t)
(

1 − Nm,i

Ki

)
Nm,i −

(
p(m,i)λm,i(t) + µm,i(t)

)
Sm,i

p(m,i)λm,i(t)Sm,i − µm,i(t)Im,i



,

(11)
for 1 ≤ i ≤ n. We further introduce the notation Sh = (Sh,i)1≤i≤n, Ih =
(Ih,i)1≤i≤n, Uh = (Uh,i)1≤i≤n, Th = (Th,i)1≤i≤n, Sm = (Sm,i)1≤i≤n, Im = (Im,i)1≤i≤n.

The following theorem establishes that system (8) is mathematically and epidemi-
ologically well-posed.

Theorem 3.1. For any initial value z in

Ω = {(Sh, Ih, Uh, Th, Sm, Im) ∈ R6n
+ : 0 < Sh,i + Ih,i + Uh,i + Th,i,

0 < Sm,i + Im,i, i = 1, ..., n},

system (8) has a unique nonnegative bounded solution through z for all t ≥ 0.

Proof. Let G(t, z) be the vector field defined in (11) with z ∈ Ω. Then G(t, z) is
continuous and Lipschitzian in z on each compact subset of R1

+×Ω. Clearly, G(t, z) ≥ 0
whenever z ≥ 0 and zk = 0, k = 1, ..., 6n. It follows from Theorem 5.2.1 in [53] that
there exists a unique nonnegative solution for the system (8) through z ∈ Ω in its
maximal interval of existence.

The total numbers for humans and mosquitoes,

Nh(t) =

n∑
i=1

Nh,i(t) and Nm(t) =

n∑
i=1

Nm,i(t),
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satisfy

dNh(t)

dt
=

n∑
i=1

(αh,i−µh,iNh,i(t)−δh,iIh,i)+
n∑

i=1

 ∑
Π=S,I,U,T

( n∑
j=1

cΠi,jΠh,j −
n∑

j=1

cΠj,iΠh,i

)
(12)

and

dNm(t)

dt
=

n∑
i=1

αm,i(t)

(
1 − Nm,i(t)

Ki

)
Nm,i(t) −

n∑
i=1

µm,i(t)Nm,i(t), (13)

respectively.
Further computations of Eq. (12) show that the double summation gives zero and

hence,

dNh

dt
≤

n∑
i=1

(αh,i − µh,iNh,i) ≤
n∑

i=1

αh,i − min
1≤i≤n

{µh,i}Nh, (14)

and

dNm(t)

dt
≤ rmNm(t) − αm

K

(Nm(t))2

n
=

(
rm − αm

Kn
Nm(t)

)
Nm(t), (15)

where

rm = max
0≤t≤ω

( n∑
i=1

(αm,i(t) − µm,i(t))

)
and

αm

K
= min

0≤t≤ω

(
min
1≤i≤n

αm,i(t)

Ki

)
are positive constants.

Thus

Nh(t) ≤ max

[
Nh(0),

∑n
i=1 αh,i

min
1≤i≤n

{µh,i}

]
(16)

and

Nm(t) ≤ max

[
Nm(0),

nrmK

αm

]
.

By the comparison principle, we conclude that Nm(t) is bounded as long as the solution
exists. Hence, every solution of the system (8) exists globally.

We assume rm,i(t) = αm,i(t) − µm,i(t) > 0 for 0 ≤ t ≤ ω.

Lemma 3.2. The mosquito growth model Eq. (11) with Nm,i(0) ≥ 0 for i = 1, 2, ..., n,
has a unique positive periodic solution N∗

m(t) ≡ (N∗
m,1(t), ..., N

∗
m,n(t)), which is globally

asymptotically stable.

8



Proof. The ith equation of Eq. (11) is a Bernoulli equation whose solution (see Ap-
pendix for the calculations) is

Nm,i(t) =
KiNm,i(0)e

∫ t

0
rm,i(τ)dτ

Nm,i(0)
∫ t
0 αm,i(z)e

∫ z

0
rm,i(τ)dτdz +Ki

. (17)

The Poincaré map for this equation (assuming co-periodicity)

P (Nm,i(0)) = Nm,i(ω) =
KiNm,i(0)e

∫ ω

0
rm,i(τ)dτ

Nm,i(0)
∫ w
0 αm,i(z)e

∫ z

0
rm,i(τ)dτdz +Ki

. (18)

Fixed points follow immediately from the equation

Nm,i(0) =
KiNm,i(0)e

∫ ω

0
rm,i(τ)dτ

Nm,i(0)
∫ ω
0 αm,i(z)e

∫ z

0
rm,i(τ)dτdz +Ki

(19)

and they are Nm,i(0) = 0 or

Nm,i(0) =
Ki(e

∫ ω

0
rm,i(τ)dτ − 1)∫ ω

0 αm,i(z)e
∫ z

0
rm,i(τ)dτdz

> 0, (20)

if rm,i(τ) > 0.
Thus, using [55, Lemma 4.8], there is a unique nontrivial periodic solution to Eq.

(11), namely the solution (17) originating from the initial condition (20). This solution
is globally asymptotically stable. This follows from general theory as briefly described
on [55, pp. 126-128]. Here we provide a direct proof, based on the observation on [55,
p. 116] that the stability of the fixed point of the Poincaré map is equivalent to the
stability of the periodic solution to (11). Thanks to the periodicity of the coefficients
of the equation, the iterates of the Poincaré map are given as [55, p. 116],

P (k)(Nm,i(0)) =
KiNm,i(0)e

∫ kω

0
rm,i(τ)dτ

Nm,i(0)
∫ kω
0 αm,i(z)e

∫ z

0
rm,i(τ)dτdz +Ki

. (21)

We have

e
∫ kω

0
rm,i(τ)dτ =

(
e
∫ ω

0
rm,i(τ)dτ

)k
=: ρk.

Further,

∫ kω

0
αm,i(z)e

∫ z

0
rm,i(τ)dτdz =

k∑
j=1

∫ jω

(j−1)ω
αm,i(z)e

∫ z

0
rm,i(τ)dτdz
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and, using the periodicity of αm,i and rm,i,∫ jω

(j−1)ω
αm,i(z)e

∫ z

0
rm,i(τ)dτdz =

∫ jω

(j−1)ω
αm,i(z)e

∫ (j−1)ω

0
rm,i(τ)dτe

∫ z

(j−1)ω
rm,i(τ)dτdz

= ρj−1

∫ jω

(j−1)ω
αm,i(z)e

∫ z

(j−1)ω
rm,i(τ)dτdz

= ρj−1

∫ ω

0
αm,i(y + (j − 1)ω)e

∫ y+(j−1)ω

(j−1)ω
rm,i(τ)dτdy

= ρj−1

∫ ω

0
αm,i(y)e

∫ y

0
rm,i(σ+(j−1)ω)dσdy = ρj−1

∫ ω

0
αm,i(y)e

∫ y

0
rm,i(σ)dσdy =: ρj−1Am,i.

Hence,

∫ kω

0
αm,i(z)e

∫ z

0
rm,i(τ)dτdz =

k∑
j=1

ρj−1Am,i =
ρk − 1

ρ− 1
Am,i, ρ > 1.

Thus

lim
k→∞

P (k)(Nm,i(0)) = lim
k→∞

KiNm,i(0)ρk

Nm,i(0)ρ
k−1
ρ−1 Am,i +Ki

=
Ki(ρ− 1)

Am,i
,

which agrees with (20).
Next, we find the periodic solution explicitly. The solution (17) with Nm,i(0) given

by (20) can be written as

Nm,i(t) =
Ki(ρ− 1)e

∫ t

0
rm,i(τ)dτ

(ρ− 1)
∫ t
0 αm,i(z)e

∫ z

0
rm,i(τ)dτdz +Am,i

.

Let t = kω + t′ for t′ ∈ [0, ω). Then, similarly to the above,

e
∫ t

0
rm,i(τ)dτ = ρke

∫ t′

0
rm,i(τ)dτ

and∫ t

0
αm,i(z)e

∫ z

0
rm,i(τ)dτdz =

∫ kω

0
αm,i(z)e

∫ z

0
rm,i(τ)dτdz +

∫ kω+t′

kω
αm,i(z)e

∫ z

0
rm,i(τ)dτdz

= Am,i
ρk − 1

ρ− 1
+ ρk

∫ t′

0
αm,i(z)e

∫ z

0
rm,i(τ)dτdz.

10



Hence, for t ∈ [kω, (k + 1)ω), we have

Nm,i(t) =
Ki(ρ− 1)ρke

∫ t′

0
rm,i(τ)dτ

Am,i(ρk − 1) + (ρ− 1)ρk
∫ t′

0 αm,i(z)e
∫ z

0
rm,i(τ)dτdz +Am,i

=
Ki(ρ− 1)e

∫ t′

0
rm,i(τ)dτ

Am,i + (ρ− 1)
∫ t′

0 αm,i(z)e
∫ z

0
rm,i(τ)dτdz

=
Ki(e

∫ ω

0
rm,i(τ)dτ − 1)e

∫ t′

0
rm,i(τ)dτ∫ ω

0 αm,i(z)e
∫ z

0
rm,i(σ)dσdz + (e

∫ ω

0
rm,i(τ)dτ − 1)

∫ t′

0 αm,i(z)e
∫ z

0
rm,i(τ)dτdz

.

We now show the existence of a unique disease-free solution and then evaluate the
reproduction ratio for the system.

4. Disease-free equilibrium and reproduction ratio

4.1. Disease-free equilibrium

A disease-free equilibrium is an equilibrium solution of the system (8) where no disease
exists in any of the regions. To obtain the disease-free periodic solutions

E+
0 = (S∗

h,1, ..., S
∗
h,n, 0, ..., 0, 0, ..., 0, 0, ..., 0, S

∗
m,1(t), ..., S

∗
m,n(t), 0, ..., 0),

we decouple the system (8) into the human metapopulation model and the mosquito
periodic model to give

dSh,i
dt

= αh,i −

 n∑
j=1

cSj,i + µh,i

Sh,i +

n∑
j=1

cSi,jSh,j , 1 ≤ i ≤ n, (22)

and

dSm,i

dt
= αm,i(t)

(
1 − Sm,i

Ki

)
Sm,i − µm,i(t)Sm,i, 1 ≤ i ≤ n. (23)

Denote S∗
h = (S∗

h,1, S
∗
h,2, ..., S

∗
h,n)T , αh = (αh,1, αh,2, ..., αh,n)T , Mh = diag(µh,1 +∑n

j=1 c
S
j1) − CS , 1 ≤ i ≤ n, and S∗

m = (S∗
m,1, S

∗
m,2, ..., S

∗
m,n)T .

Lemma 4.1. The system (8) has a unique disease free equilibrium solution E+
0 .

Proof. Setting Eq. (22) equal to zero yields the algebraic system

αh,i −

 n∑
j=1

cSj,i + µh,i

Sh,i +

n∑
j=1

cSi,jSh,j = 0, 1 ≤ i ≤ n, (24)

11



or, in matrix form,

αh −MhS
∗
h = 0, (25)

where Mh = diag
(∑n

j=1 c
S
j,i + µh,i

)
− CS , 1 ≤ i ≤ n.

In order to solve Eq. (25), we recall that CS is assumed to be irreducible, and this
ensures that Mh is also irreducible. We note that since Mh has negative off-diagonal
entries and positive column sums, Mh is a non-singular M -matrix. Then, since αh > 0
and M−1

h > 0, we have that the system Eq. (25) has a unique positive solution given

by S∗
h = M−1

h αh > 0. Eq. (23) first gives a trivial equilibrium solution Sm,i(t) = 0. For
nontrivial solutions, we observe that Eq. (23) is the same as Eq. (11), and thus, the
existence of a unique nontrivial periodic solution follows as in Lemma 3.2. So there
exists a unique disease free equilibrium solution E+

0 for the system (8).

4.2. Reproduction ratio

The reproduction ratio is the expected number of secondary cases produced by an
infective (either infectious or counterfeit drug user) individual introduced into a ho-
mogeneous, completely susceptible population. The reproduction ratio is a threshold
parameter, usually linked to the stability of the disease-free equilibrium. Several meth-
ods are used to calculate R0 for periodic systems, [59]. We establish the reproduction
ratio for the metapopulation malaria transmission model based on the theory devel-
oped in [48], which generalises the approach in [47] to periodic models.

Linearizing system (8) at E+
0 , we obtain the following system for the ”infected or

diseased” classes:

dIh,i
dt

= p(h,i)aiβh,iIm,i + ξh,iUh,i − (d1,i +

n∑
j=1

cIji)Ih,i +

n∑
j=1

cIijIh,j ,

dUh,i

dt
= ηh,iIh,i − (d2,i +

n∑
j=1

cUji)Uh,i +

n∑
j=1

cUijUh,j , (26)

dIm,i

dt
= p(m,i)bi(t)βm,i

S∗
m,i

N∗
h,i

(Ih,i + πiUh,i) − µm,i(t)Im,i,

where i = 1, ..., n.
Let X = (Ih, Uh, Im). The subsystem (26) can be rewritten as: Ẋ = (F (t)−V (t))X,

where F and V are 3n× 3n matrices that are given by F (t) = diag(Fii(t)), i = 1, .., n,
where

Fii(t) =

 0 0 p(h,i)aiβh,i
0 0 0

p(m,i)bi(t)βm,i
S∗

m,i

N∗
h,i

p(m,i)bi(t)βm,iπi
S∗

m,i

N∗
h,i

0

 , (27)
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and V (t) = (Vij(t))1≤i,j≤n, with Vij = diag(−cIij ,−cUij , 0), i ̸= j, and

Vii(t) =

 d1,i +
∑n

j=1 c
I
ji −ξh,i 0

−ηh,i d2,i +
∑n

j=1 c
U
ji 0

0 0 µm,i(t)

 , (28)

where

d1,i = ηh,i + γh,i + δh,i + µh,i and d2,i = ξh,i + θh,i + µh,i.

Let Y (t, s), t ≥ s, be the evolution operator of the linear ω-periodic system

dy

dt
= −V (t)y, (29)

that is, for each s ∈ R1, the 3n× 3n matrix Y (t, s) satisfies

dY (t, s)

dt
= −V (t)Y (t, s), ∀ t ≥ s, Y (s, s) = I3n, (30)

where I3n is the 3n× 3n identity matrix.
Let Cω be the ordered Banach space of all ω-periodic functions from R1 to R3n

equipped with the maximum norm ∥ . ∥ and the positive cone C+
ω := {ϕ ∈ Cω :

ϕ(t) ≥ 0,∀t ∈ R}. For the periodic environment, the distribution of the infectious
individuals is considered to be ϕ(s) ∈ Cω at t = 0, so that the distribution of new
infections produced by the infected individuals, who were introduced at time s is
given by F (s)ϕ(s) and Y (t, s)F (s)ϕ(s) represents the distribution of those infected
individuals, who were newly infected at time s and remain in the infective class at
time t for t ≥ s. It follows that

(ψ)(t) =

∫ t

−∞
Y (t, s)F (s)ϕ(s)ds (31)

=

∫ ∞

0
Y (t, t− a)F (t− a)ϕ(t− a)da, ∀t ∈ R1, ϕ ∈ Cω, (32)

is the distribution of new infections at time t produced by all those infected individuals
ϕ(s) introduced at previous time to t.

Let L : Cω → Cω be defined by

(Lϕ)(t) =

∫ ∞

0
Y (t, t− a)F (t− a)ϕ(t− a)da, ∀t ∈ R1, ϕ ∈ Cω. (33)

It is easy to verify that conditions (A1)-(A7) in [48] are satisfied. Then, L is the
next infection operator, and the reproduction ratio of the system (8) is defined as
R0 := ρ(L), the spectral radius of L.

Thus,

R0 := ρ(L) = ρ

(∫ ∞

0
Y (t, t− a)F (t− a)ϕ(t− a)da

)
. (34)
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In order to calculate R0, we let W (t, s, λ), t ≥ s, s ∈ R, be the evolution operator
of the linear periodic system

Ẇ =

[
F (t)

λ
− V (t)

]
W, ∀t ∈ R. (35)

It is clear that W (t, 0, 1) = ΦF−V (t), ∀t ≥ 0 (Theorem 2.1 in [48]).
The following lemma shows that the reproduction ratio R0 is the threshold param-

eter for the local stability of the disease-free periodic solution.

Lemma 4.2. (Theorem 2.2 in [48]). Let ΦF−V (t) and ρ(ΦF−V (ω)) be the monodromy
matrix of system (8) and the spectral radius of ΦF−V (ω), respectively. The following
statements are valid:

(i) R0 = 1 if and only if ρ(ΦF−V (ω)) = 1.
(ii) R0 > 1 if and only if ρ(ΦF−V (ω)) > 1.
(iii) R0 < 1 if and only if ρ(ΦF−V (ω)) < 1.

Theorem 4.3. The disease-free periodic solution E+
0 of the system (8) is stable if

R0 < 1 and unstable if R0 > 1.

Proof. Let ζ(t) be the Jacobian matrix for the system (8) evaluated at the disease-free
periodic solution. Then, we have

ζ(t) =

(
F (t) − V (t) 0

ζ21(t) ζ22(t)

)
, (36)

where matrices ζ11(t) and ζ12(t) can be written as

ζ22(t) =

 −Mh 0 0
0 0 0
0 0 −Mm(t)

 ,

and

ζ21(t) =

 0 0 −p(h,i)aiβh,i
0 0 0

−p(m,i)bi(t)βm,i
S∗

m,i

N∗
h,i

−p(m,i)bi(t)βm,iπi
S∗

m,i

N∗
h,i

0

 ,

(37)

where Mm(t) = diag(µm,i(t)), i = 1, ..., n.
The matrix ζ(t) is a triangular matrix, and therefore the disease-free equilibrium is

locally asymptotically stable if ρ(Φζ22(ω)) < 1 and ρ(ΦF−V (ω)) < 1. We note that, the
matrix ζ22 has eigenvalues with negative real parts (since the matrices Mh and Mm are
nonsingular M -matrices, see, for instance [57]). It then follows that ρ(Φζ22(ω)) < 1.
Therefore, the stability of the disease-free periodic solution depends on ρ(ΦF−V (ω)).
If ρ(ΦF−V (ω)) < 1, then E+

0 is stable and if ρ(ΦF−V (ω)) > 1, then E+
0 is unstable.

By Lemma Eq 4.2 (Theorem 2.2 in [48]), ρ(ΦF−V (ω)) < 1(> 1) is equivalent to
R0 < 1(> 1). Hence, E+

0 is stable when R0 < 1 and unstable when R0 > 1.
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5. Case study: three ecological zones of Ghana

This section looks at malaria transmission across three zones (i.e. n = 3). Ghana is
a country which lies on the south-central coast of West Africa and shares a common
border in the east, north and west with the Republics of Togo, Burkina Faso and
Cote d’Ivoire, respectively, with the Gulf of Guinea and the Atlantic Ocean to the
south [61]. The three ecological zones of Ghana are the Northern Savannah, the Forest
Zone and the Coastal Savannah Zone [20]. Tamale, Kumasi and Accra are the largest
cities within the Northern Savannah zone, the Forest zone and the Coastal Savannah,
respectively, which are interconnected by travel [60]. Accra is also the capital of Ghana.
Figure 3 shows a map of the three ecological zones.

Figure 3. A map of illustrating the three ecological zones and the 10 regions of Ghana. Source: [20]

The Northern savannah zone has short trees or a continuous grass cover interspersed
with generally fire-resistant, deciduous, broad-leaf trees, shorter grasses and shrubs.
The forest zone has forest reserves and farmlands with an even tree canopy at 30− 60
meters, which may be deciduous in the dry season, but the understorey shrubs and
trees are evergreen. The coastal savannah is low-lying, with mainly grass and shrubs.
This zone occurs along the coastline, around lagoons and estuaries of the larger rivers.
The vegetation is mainly grass and scrub [63, 64].

Rainfall distribution for Ghana is bimodal in the forest and coastal zones, i.e., March
to July and September to October and unimodal in the northern savannah zone, i.e.
May to October. The average monthly rainfall and high-temperature values for Accra,
Kumasi and Tamale are given in Table 3.
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5.1. Malaria in Ghana

Ghana is a malaria-endemic country, and in 2020, Ghana was among the 29 out of the
85 malaria-endemic countries that accounted for 96% of malaria cases and deaths glob-
ally [2, 3]. The main parasite species responsible for malaria in Ghana is P. falciparum,
while Anopheles gambiae s.c. and A. funestus are major vectors found throughout the
country [15, 26, 27]. Malaria transmission varies across the country, with the intensity
of approximately 6 − 7 months (May-October) in the northern savannah and up to
10 − 11 months in the forest zone [20, 61].

5.2. Parameter estimation

The numerical simulations of the climate-based metapopulation model are done us-
ing MATLAB software ode45 and CFTOOL. Tamale is chosen as Zone 1, while Ku-
masi and Accra are taken as Zones 2 and 3, respectively. The total human popula-
tions of Tamale (Nh,1), Kumasi (Nh,2) and Accra (Nh,3) are estimated to be 360, 579,
1, 468, 609 and 1, 963, 264, respectively [60]. It follows that, at the disease-free steady-
state, αh,1/µh,1 = 360, 579, αh,2/µh,2 = 1, 468, 609 and αh,3/µh,3 = 1, 963, 264. The
life expectancy is 67.4 years for Ghana [68]. Therefore, the natural death rate is given
by µh,i = 1

67.4∗12 = 1.236399604 × 10−3[month−1], and the birth rates are given by
αh,1 = 455.7704, αh,2 = 1856.3160 and αh,3 = 2481.5579 per month. Data on the
number of malaria outpatient cases, inpatient cases, patients who received the effec-
tive antimalarial drug (ACTs) treatment, deaths and malaria parasitaemia prevalence
for the various regions and zones for 2016 are taken from [62, 69]. For the travel
rates, we assume that more people travel to Accra (Zone 3) for official businesses,
services, trading (imports and exports), urbanization and international travel. This is
followed by Kumasi, which is usually a middle ground for trading farm products from
the northern part of the country and importing goods from the southern part of the
country. Hence, we set: cΠ12 = 0.3, cΠ13 = 0.2, cΠ21 = 0.5, cΠ23 = 0.5, cΠ31 = 0.3, cΠ31 = 0.9,
for Π = S, I, U, T .

Unless otherwise stated, we use the values listed in Table 2 for constant parameters
in the simulation. The periodic parameters are evaluated using the monthly mean
high temperatures and the rainfall of the three cities obtained from Weather Atlas
websites, [65, 67] and [66], as shown in Table 3. Climate data is the weather statistics,
usually over a 30-year interval (https://www.weather-atlas.com/en/ghana-climate).

Using CFTOOL in Matlab, the temperature (Γ) dependent mosquito biting rate
(bi(Γ) in Equation 2) for Tamale, Kumasi and Accra can be fitted by

b1(t) = 0.4214 + 0.03395 cos(πt/6) + 0.05531 sin(πt/6) − 0.0003732 cos(2πt/6)

− 0.01332 sin(2πt/6) − 0.002604 cos(3πt/6) − 0.008566 sin(3πt/6)

− 0.001174 cos(4πt/6) − 0.007401 sin(4πt/6) + 0.004061 cos(5πt/6)

− 0.001354 sin(5πt/6)[month−1],

b2(t) = 0.3736 + 0.01986 cos(πt/6) + 0.04003 sin(πt/6) − 0.006129 cos(2πt/6)

− 0.0105 sin(2πt/6) − 0.007431 cos(3πt/6) − 0.0002601 sin(3πt/6)

− 0.003688 cos(4πt/6) − 0.003466 sin(4πt/6)[month−1],
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Table 2. Description of the parameters for the model in (8) and their values for Tamale(1), Kumasi(2) and
Accra(3)

Parameter Description Value for zone 1,2&3 Unit Reference
αh,i The birth rate of humans 14.657,59.697,79.804 month−1 Estimated
αm,i The recruitment rate of adult

mosquitoes
in the text

βh,i The transmission probability
from infectious mosquitoes to
humans

0.025/[0.007-
0.04],0.07/[0.04-
0.102],0.02

dimensionless [15, 26, 27]

βm,i The transmission probabil-
ity from infected humans to
mosquitoes

0.5,0.2,0.2 dimensionless Assumed

πi The degree of infectiousness of
counterfeit drug users

0.5 dimensionless Assumed

ai The average number of
mosquito bites per human

990,150,330/[30-1020] month−1 [15, 26, 27]

bi The per capita biting rate of
mosquitoes

in the text

nh,i The average disease latent pe-
riod in humans

0.4/[0.3 − 0.57] month−1 [40]

p(h,i) The probability of surviving
the average latent period in
humans

to be evaluated dimensionless

ηh,i The per capita rate of infec-
tious humans becoming coun-
terfeit drug users

[1-4.3] month−1 [49]

γh,i The per capita rate of infec-
tious humans becoming fully
cured

[1-10] month−1 [49]

ξh,i The per capita rate of re-
crudescence

[1-4.3] month−1 [49]

ϕh,i The per capita rate of the loss
of post-treatment prophylaxis

0.167/[0.042-2.143] month−1 [49]

θh,i The per capita rate of semi-
immune counterfeit drug users
becoming susceptible

0.0833 month−1 Assumed

µh,i The natural death rate of hu-
mans

4.0649 × 10−5 month−1 [68]

δh,i The per capita disease-
induced death rate of humans

0.0047,0.00168,0.00584 month−1 [62]

nm,i The average disease latent pe-
riod in mosquitoes

0.367 month−1 [40]

p(m,i) The probability of surviving
the average latent period in
mosquitoes

to be evaluated dimensionless

µm,i The per capita death rate of
mosquitoes

in the text

p∗e The maximum daily survival
probability of eggs

0.9 dimensionless [70]

p∗l The maximum daily survival
probability of larvae

0.25 dimensionless [70]

p∗p The maximum daily survival
probability of pupae

0.75 dimensionless [70]

Rl The rainfall limit beyond
which breeding sites are
flushed out, and no immature
stages survive

300,230,210 dimensionless Assumed
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Table 3. Monthly mean high temperatures (in oC) and the rainfalls (in mm) for the three cities- Tamale,

Kumasi and Accra within the Northern Savannah, Forest and Coastal Savannah ecological zones of Ghana.
Source: [65, 67] and [66].

Zone(City) Climate Jan. Feb. Mar. Apr. May June July Aug. Sept. Oct. Nov. Dec.
N.Savannah Temp. 35 37 37 35 34 31 30 29 30 32 35 35
(Tamale) Rain. 5 13 48 89 112 145 142 198 231 91 15 3
Forest Temp. 31.9 33.5 32.9 32.3 31.3 29.5 28 27.7 28.7 30.1 31.2 30.7
(Kumasi) Rain. 15.1 66.3 137 129.3 174.4 214.3 157.5 89.9 165.2 153.3 74.3 25.8
C.Savannah Temp. 31 31 31 31 31 29 27 27 27 29 31 31
(Accra) Rain. 15 33 56 81 142 178 46 15 36 64 36 23

and

b3(t) = 0.3525 + 0.001575 cos(πt/6) + 0.04288 sin(πt/6) + 0.0153 cos(2πt/6)

− 0.001182 sin(2πt/6) + 0.0003305 cos(3πt/6) + 0.003835 sin(3πt/6)

+ 0.005862 cos(4πt/6) − 0.001157 sin(4πt/6)[month−1],

respectively.
The discrete data and the corresponding fitted curves for b1(t), b2(t) and b3(t) are

shown in Figure 4. The temperature-dependent death rate of the mosquitoes (in Eq. 2)
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Figure 4. Fitting curves for b1(t), b2(t) and b3(t)
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for Tamale, Kumasi and Accra can be approximated by

µm,1(t) = 0.201 + 0.04107 cos(πt/6) + 0.06943 sin(πt/6) − 0.007137 cos(2πt/6)

− 0.009306 sin(2πt/6) − 0.002831 cos(3πt/6) − 0.01414 sin(3πt/6)

+ 0.000177 cos(4πt/6) − 0.01288 sin(4πt/6) + 0.005153 cos(5πt/6)

− 0.001622 sin(5πt/6)[month−1],

µm,2(t) = 0.1439 + 0.01568 cos(πt/6) + 0.03564 sin(πt/6) − 0.007754 cos(2πt/6)

− 0.005524 sin(2πt/6) − 0.006285 cos(3πt/6) − 0.001734 sin(3πt/6)

− 0.004006 cos(4πt/6) − 0.004233 sin(4πt/6) − 0.0003993 cos(5πt/6)

− 0.002556 sin(5πt/6)[month−1],

and

µm,3(t) = 0.1271 + 0.005604 cos(πt/6) + 0.02871 sin(πt/6) + 0.009537 cos(2πt/6)

− 0.003849 sin(2πt/6) + 0.001899 cos(3πt/6) + 0.002877 sin(3πt/6)

+ 0.003297 cos(4πt/6) − 0.003092 sin(4πt/6)[month−1],

respectively.
The discrete data and the corresponding fitted curves for µm1(t), µm2(t) and µm3(t),

i = 1, 2, 3 are shown in Figure 5.
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Figure 5. Fitting curves for µm1(t), µm2(t) and µm3(t)

Lastly, the temperature-rainfall dependent adult mosquito recruitment rate (given
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in Eq. 3) for Tamale, Kumasi and Accra can also be fitted by

αm,1(t) = 0.1741 − 0.1987 cos(πt/6) − 0.1762 sin(πt/6) + 0.02554 cos((2πt/6)

+ 0.1116 sin(2πt/6) − 0.005287 cos(3πt/6) − 0.04392 sin(3πt/6)

− 0.01632 cos(4πt/6) + 0.02141 sin(4πt/6) − 0.01053 cos(5πt/6)

+ 0.02422 sin(5πt/6)[month−1],

αm,2(t) = 0.2704 − 0.1128 cos(πt/6) − 0.2181 sin(πt/6) − 0.1422 cos(2πt/6)

+ 0.05884 sin(2πt/6) + 0.1031 cos(3πt/6) − 0.07885 sin(3πt/6)

− 0.1069 cos(4πt/6) − 0.01394 sin(4πt/6) + 0.01938 cos(5πt/6)

+ 0.02929 sin(5πt/6)[month−1],

and

αm,3(t) = 0.1795 − 0.08071 cos(πt/6) − 0.01276 sin(πt/6) − 0.06008 cos(2πt/6)

− 0.1101 sin(2πt/6) − 0.03284 cos(3πt/6) − 0.02312 sin(3πt/6)

− 0.04918 cos(4πt/6) + 0.10144 sin(4πt/6) + 0.07608 cos(5πt/6)

− 0.0009537 sin(5πt/6)[month−1].

The discrete data and the corresponding fitted curves for αm1(t), αm2(t) and αm3(t)
are shown in Figure 6. The matrices F and V in this case are
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Figure 6. Fitting curves for αm1(t), αm2(t) and αm3(t)
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F =



0 0 0 0 0 0 f4 0 0
0 0 0 0 0 0 0 f5 0
0 0 0 0 0 0 0 0 f6
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
f1 0 0 π1f1 0 0 0 0 0
0 f2 0 0 π2f2 0 0 0 0
0 0 f3 0 0 π3f3 0 0 0


,

and

V =



v1 −cI12 −cI13 −ξh,1 0 0 0 0 0
−cI21 v2 −cI23 0 −ξh,2 0 0 0 0
−cI31 −cI32 v3 0 0 −ξh,3 0 0 0
−ηh,1 0 0 v4 −cU12 −cU13 0 0 0

0 −ηh,2 0 −cU21 v5 −cU23 0 0 0
0 0 −ηh,3 −cU31 −cU32 v6 0 0 0
0 0 0 0 0 0 µm,1 0 0
0 0 0 0 0 0 0 µm,2 0
0 0 0 0 0 0 0 0 µm,3


,

where f1, ..., f6 and v1, ..., v6 are defined by

f1 = p(m,1)b1(t)βm,1

S∗
m,1

S∗
h,1

, f2 = p(m,2)b2(t)βm,2

S∗
m,2

S∗
h,2

, f3 = p(m,3)b3(t)βm,3

S∗
m,3

S∗
h,3

,

f4 = p(h,1)a1βh,1, f5 = p(h,2)a2βh,2, f6 = p(h,3)a3βh,3,

v1 = d11 +

3∑
j=2

cIj1, v2 = d12 +

3∑
j=1,j ̸=2

cIj2, v3 = d13 +

2∑
j=1

cIj3, v4 = d21 +

3∑
j=2

cUj1,

v5 = d22 +

3∑
j=1,j ̸=2

cUj2, and v6 = d23 +

2∑
j=1

cUj3.

Then,

S∗
h,1 =

αh,1(µh,2M3 + cS32(µh,3 + cS13) + cS12M3) + αh,2(c
S
13c

S
32 + cS12M3) + αh,3(c

S
12c

S
23 + cS13M2)

µh,1(M3(µh,2 + cS12) + cS13c
S
32) + µh,3(c

S
32M1 + cS31(µh,2 + cS12)) + µh,2(c

S
21M3 + cS23c

S
31)

,

S∗
h,2 =

αh,1(c
S
23c

S
32 + cS21M3) + αh,2(µh,1M3 + cS31(µh,3 + cS23) + cS21M3) + αh,3(c

S
21c

S
13 + cS23M1)

µh,1(M3(µh,2 + cS12) + cS13c
S
32) + µh,3(c

S
32M1 + cS31(µh,2 + cS12)) + µh,2(c

S
21M3 + cS23c

S
31)

,
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and

S∗
h,3 =

αh,1(c
S
32c

S
21 + cS31M2) + αh,2(c

S
31c

S
12 + cS32M1) + αh,3(µh,1M2 + cS21(µh,2 + cS32) + cS31M2)

µh,1(M3(µh,2 + cS12) + cS13c
S
32) + µh,3(c

S
32M1 + cS31(µh,2 + cS12)) + µh,2(c

S
21M3 + cS23c

S
31)

,

with M1 = µh,1 + cS21 + cS31, M2 = µh,2 + cS12 + cS32, M3 = µh,3 + cS13 + cS23, as the
components of the solution of the algebraic equation MhS

∗
h = αh.

The disease-free periodic solution is given by

E+
0 (t) = (S∗

h,1, S
∗
h,2, S

∗
h,3, 0, 0, 0, 0, 0, 0, 0, 0, 0, S

∗
m,1(t), S

∗
m,2(t), S

∗
m,3(t), 0, 0, 0).

An explicit solution for R0 is difficult using the linear operator method (since finding
the spectral radius of the monodromy matrix ΦF−V (t), ρ(ΦF−V (ω)) and solving the
spectral radius for a λ0 such that ρ(ΦF−V (ω)) = 1 is challenging).

Instead, we will draw some conclusions by considering the situation when there is
no human movement between the zones, that is, the migration rates matrices CΠ =
[cΠi,j ] = 0, Π = S, I, U, T and i, j = 1, 2, 3, are all equal to zero. Then, the reproduction
ratio R0 for the model (8) is given by

R0 = max{R0i}, CΠ = 0, (38)

where

R0i =

√
ai[bi]p(h,i)p(m,i)βh,iβm,i(d2i − πiηh,i)Ki[rm,i]

(d1id2i − ηh,iξh,i)[αm,i][µm,i]S∗
h,i

, (39)

is the local reproduction ratio for zone i, and

[αm,i] :=
1

12

∫ 12

1
αm,i(t)dt, [µm,i] :=

1

12

∫ 12

1
µm,i(t)dt, [bi] :=

1

12

∫ 12

1
bi(t)dt

are the long-term average values of the continuous periodic functions αm,i(t), µm,i(t)
and bi(t), i = 1, 2, 3, respectively.

From Eq. (38), we note that R0 > 1 does not mean that the disease becomes
prevalent in all the zones. Since the zones are isolated, the behaviour in each zone
is determined by the value of the respective local reproduction number R0i. Indeed,
when minR0i > 1, the disease-free periodic solution is unstable, and the disease may
invade the populations. Also, when R0 < 1, then all zones have a locally asymptotically
stable disease-free periodic solution [37]. In addition, if there is human movement, the
reproduction ratio R0 depends on the travel rate of the infected humans and satisfies
the following inequality [74]

min{R0i} ≤ R0 ≤ max{R0i}, 1 ≤ i ≤ n, CΠ ̸= 0. (40)

5.3. Numerical simulation

The long-term behaviour of solutions of the system (8) are shown in Figures 7-11. The
numerical values of the parameters are given in Table 2. Next, we numerically explore

22



the impact of human travel, and, in particular, of counterfeit antimalarial drug users,
on disease transmission. We restrict our analysis to two main scenarios and discuss
our results. The scenarios are:
(a) no travelling between zones
(b)four sub-cases of human travelling between the three zones: (i) all individuals travel
irrespective of their epidemiological status, (ii) only susceptible humans, counterfeit
and the effective antimalarial drug users travel, (iii) only susceptible and effective
antimalarial drug users travel, (iv) only susceptible humans travel
while the per capita rate of infectious humans becoming counterfeit drug users ηh and
the recrudescence rate ξh are varied(between 1, 30

14 and 30
7 ). The parameter ηh given

by 1, 30
14 and 30

7 means it takes a month, two weeks and a week respectively, to transit

from infectious human to counterfeit drug user. Also, the parameter ξh given by 1, 30
14

and 30
7 means it takes a month, two weeks and a week respectively, to transit from

counterfeit drug user to infectious human due to recrudescence.
We illustrate the first scenario in Figure 7. Here, the long-term behaviour of the

infectious humans, counterfeit antimalarial drug users and the infectious mosquitoes
in the three isolated ecological zones are shown with cΠi,j = 0, Π = S, I, U, T and
i, j = 1, 2, 3 and, ηh and ξh are varied. Figure 7 shows that the infection is persistent
in zones 2 and 3 but dies out in the long term in zone 1, where the graphs show that
the infected populations initially increased in all three zones. However, for zone 1, the
populations begin to decrease with the periodic fluctuations to the low values, and for
zones 2 and 3, the populations settle into periodic fluctuation in the long term (see
Figures 7(a)-(i)). Interestingly, we observe that the number of infected populations
can decrease in zone 3 when ηh = 1 and ξh = 30

7 (see Figures 7(g)-(i)). Also, the

population of users of counterfeit drugs in each zone is the highest when ηh = 30
7 and

ξh = 30
14 and the lowest when ηh = 1 and ξh = 30

7 (see Figure 7).
Next, we show the second scenario of travelling between the three zones. In Figure 8,

we show the long-term behaviour of infectious humans, counterfeit antimalarial drug
users and infectious mosquitoes for the case where all humans irrespective of their
epidemiological status can travel between zones without restrictions, with the travel
rates cΠ12 = 0.3, cΠ13 = 0.2, cΠ21 = 0.5, cΠ23 = 0.5, cΠ31 = 0.3, cΠ32 = 0.9, Π = S, I, U, T,
and the other parameter values are as in Figure 8. Figure 8 shows that the infection
is persistent in each zone, and one positive periodic solution exists. However, we ob-
serve that the number of infected humans and mosquitoes is high in zones 1, 2 and 3
compared to Figure 7. Here, the populations of infectious humans, users of counterfeit
drugs and infectious mosquitoes in zone 1 initially increase, then begin to decrease
and settle (see Figures 8(a)-(c)). For zones 2 and 3, these populations also increase
until they settle into periodic fluctuations (Figures 8(d)-(i)). Here also, we observe
that the population of users of counterfeit drugs in each zone is highest when ηh = 30

7

and ξh = 30
14 and lowest when ηh = 1 and ξh = 30

7 (in Figure 8).
Figure 9 illustrates the case where no infectious human can travel. However, coun-

terfeit antimalarial drug users may be able to move freely between zones because they
do not have clinical symptoms. We use the travel rates cΠ12 = 0.3, cΠ13 = 0.2, cΠ21 =
0.5, cΠ23 = 0.5, cΠ31 = 0.3, cΠ32 = 0.9, Π = S,U, T , travel matrices CI = 0 and the param-
eter values as in Figure 7. Here, we observe that the graphs in Figure 9 are similar to
the graphs in Figure 8, except that prevalence decreases in zones 1 and 3 but increases
in zone 2 compared to the results in Figure 8.

In Figure 10, we illustrate the case when no infected human (i.e., infectious and coun-
terfeit drug users) travels, using the travel rates cΠ12 = 0.3, cΠ13 = 0.2, cΠ21 = 0.5, cΠ23 =
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Figure 7. Simulation of the infectious humans, users of counterfeit drugs and infectious mosquitoes pop-
ulations of the climate-based metapopulation malaria model (8) for the three ecological zones. Here, the

zones are isolated such that no humans travel between the zones (i.e. CΠ = 0) and use initial conditions:
Sh1 = 370000, Ih1 = 100, Uh1 = 100, Th1 = 100, Sh2 = 1500000, Ih2 = 100, Uh2 = 100, Th2 = 100, Sh3 =

2100000, Ih3 = 100, Uh3 = 100, Th3 = 100, Sm1 = 1000000, Im1 = 2000, Sm2 = 10000000, Im2 = 1000, Sm3 =

6000000, Im3 = 2000.
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Figure 8. Simulation of the infectious humans, users of counterfeit drugs and infectious mosquito populations

of the system (8) for the three ecological zones. Here, all humans move across the three zones. The travel rates
are cΠ12 = 0.3, cΠ13 = 0.2, cΠ21 = 0.5, cΠ23 = 0.5, cΠ31 = 0.3, cΠ32 = 0.9, Π = S, I, U, T and initial conditions:

Sh1 = 370000, Ih1 = 100, Uh1 = 100, Th1 = 100, Sh2 = 1500000, Ih2 = 100, Uh2 = 100, Th2 = 100, Sh3 =

2100000, Ih3 = 100, Uh3 = 100, Th3 = 100, Sm1 = 1000000, Im1 = 1000, Sm2 = 10000000, Im2 = 1000, Sm3 =
6000000, Im3 = 1000. The parameters used are given in Table 2.

25



(a)
0 50 100 150

Time(months)

0

2

4

6

8

10

12

14

In
fe

ct
io

us
 h

um
an

s 
po

pu
la

tio
n 

in
 e

co
lo

gi
ca

l z
on

e 
1

104

h
=30/7,

h
=30/7

h
=30/14,

h
=30/7

h
=1,

h
=30/7

h
=30/7,

h
=30/14

h
=30/14,

h
=30/14

h
=1,

h
=30/14

h
=1,

h
=1

(b)
0 50 100 150

Time(months)

0

0.5

1

1.5

2

2.5

C
ou

nt
er

fe
it 

an
tim

al
ar

ia
l d

ru
gs

 u
se

rs
 in

 e
co

lo
gi

ca
l z

on
e 

1 105

h
=30/7,

h
=30/7

h
=30/14,

h
=30/7

h
=1,

h
=30/7

h
=30/7,

h
=30/14

h
=30/14,

h
=30/14

h
=1,

h
=30/14

h
=1,

h
=1

(c)
0 50 100 150

Time(months)

0

2

4

6

8

10

12

In
fe

ct
io

us
 m

os
qu

ito
es

 p
op

ul
at

io
n 

in
 e

co
lo

gi
ca

l z
on

e 
1 104

h
=30/7,

h
=30/7

h
=30/14,

h
=30/7

h
=1,

h
=30/7

h
=30/7,

h
=30/14

h
=30/14,

h
=30/14

h
=1,

h
=30/14

h
=1,

h
=1

(d)
0 50 100 150

Time(months)

0

0.5

1

1.5

2

2.5

3

3.5

In
fe

ct
io

us
 h

um
an

s 
po

pu
la

tio
n 

in
 e

co
lo

gi
ca

l z
on

e 
2

105

h
=30/7,

h
=30/7

h
=30/14,

h
=30/7

h
=1,

h
=30/7

h
=30/7,

h
=30/14

h
=30/14,

h
=30/14

h
=1,

h
=30/14

h
=1,

h
=1

(e)
0 50 100 150

Time(months)

0

0.5

1

1.5

2

2.5

3

3.5

C
ou

nt
er

fe
it 

an
tim

al
ar

ia
l d

ru
gs

 u
se

rs
 in

 e
co

lo
gi

ca
l z

on
e 

2 105

h
=30/7,

h
=30/7

h
=30/14,

h
=30/7

h
=1,

h
=30/7

h
=30/7,

h
=30/14

h
=30/14,

h
=30/14

h
=1,

h
=30/14

h
=1,

h
=1

(f)
0 50 100 150

Time(months)

0

2

4

6

8

10

12

In
fe

ct
io

us
 m

os
qu

ito
es

 p
op

ul
at

io
n 

in
 e

co
lo

gi
ca

l z
on

e 
2 105

h
=30/7,

h
=30/7

h
=30/14,

h
=30/7

h
=1,

h
=30/7

h
=30/7,

h
=30/14

h
=30/14,

h
=30/14

h
=1,

h
=30/14

h
=1,

h
=1

(g)
0 50 100 150

Time(months)

0

2

4

6

8

10

12

In
fe

ct
io

us
 h

um
an

s 
po

pu
la

tio
n 

in
 e

co
lo

gi
ca

l z
on

e 
3

104

h
=30/7,

h
=30/7

h
=30/14,

h
=30/7

h
=1,

h
=30/7

h
=30/7,

h
=30/14

h
=30/14,

h
=30/14

h
=1,

h
=30/14

h
=1,

h
=1

(h)
0 50 100 150

Time(months)

0

0.5

1

1.5

2

2.5

3

C
ou

nt
er

fe
it 

an
tim

al
ar

ia
l d

ru
gs

 u
se

rs
 in

 e
co

lo
gi

ca
l z

on
e 

3 105

h
=30/7,

h
=30/7

h
=30/14,

h
=30/7

h
=1,

h
=30/7

h
=30/7,

h
=30/14

h
=30/14,

h
=30/14

h
=1,

h
=30/14

h
=1,

h
=1

(i)
0 50 100 150

Time(months)

0

2

4

6

8

10

12

14

16

18

In
fe

ct
io

us
 m

os
qu

ito
es

 p
op

ul
at

io
n 

in
 e

co
lo

gi
ca

l z
on

e 
3 104

h
=30/7,

h
=30/7

h
=30/14,

h
=30/7

h
=1,

h
=30/7

h
=30/7,

h
=30/14

h
=30/14,

h
=30/14

h
=1,

h
=30/14

h
=1,

h
=1

Figure 9. Graph of the system (8) with no movement of the infectious humans between the three zones. The
travel rates and matrix are cΠ12 = 0.3, cΠ13 = 0.2, cΠ21 = 0.5, cΠ23 = 0.5, cΠ31 = 0.3, cΠ32 = 0.9, Π = S,U, T and
CI = 0 respectively. Initial conditions: Sh1 = 370000, Ih1 = 100, Uh1 = 100, Th1 = 100, Sh2 = 1500000, Ih2 =

100, Uh2 = 100, Th2 = 100, Sh3 = 2100000, Ih3 = 100, Uh3 = 100, Th3 = 100, Sm1 = 1000000, Im1 =

1000, Sm2 = 10000000, Im2 = 1000, Sm3 = 6000000, Im3 = 1000. The parameters used are given in Table
2.

26



0.5, cΠ31 = 0.3, cΠ32 = 0.9, Π = S, T , and travel matrices CI = CU = 0. Here, the disease
persists in zones 2 and 3 (see Figures 10(d)-(i)), but dies out in zone 1 in the long term
(Figures 10(a)-(c)). For zone 1, the infectious humans, users of counterfeit drugs, and
infectious mosquito populations initially increase but then converge to 0, undergoing
periodic fluctuations (i.e., the disease-free periodic solution). For zone 2, the popula-
tions increase and settle into periodic fluctuations and for zone 3, the populations in
the long term increase with periodic fluctuations when ηh = ξh, but begin to decrease
when ηh ̸= ξh. Comparing the results in Figure 10 with Figures 7 and 8, we note
that the disease prevalence decreases in zones 1 and 3 and increases in zone 2. We also
note that the population of users of counterfeit drugs in each zone is the lowest when
ηh = 1 and ξh = 30

7 .
Finally, we consider the case when only susceptible individuals move between the

zones. Here, Figure 11 shows that the infection persists in zones 2 and 3 but dies out in
zone 1. However, we observe that the numbers of infected humans and mosquitoes are
high in zones 2 and 3 as compared to Figure 7. The populations of infectious humans,
users of counterfeit drugs and infectious mosquitoes in zone 1 initially increase, then
begin to decrease until all converge to zero (Figures 11(a)-(c)). For zones 2 and 3, the
populations also increase until they settle into periodic fluctuations (Figures 11(d)-
(i)). Figure 11 indicates that the disease prevalence decreases in zones 1 and 3, and
increases in zone 2 when compared with the results in Figure 8; also, the population
of users of counterfeit drugs in each zone is the highest when ηh = 30

7 and ξh = 30
14

and lowest when ηh = 1 and ξh = 30
7 (see Figures 11(a)-(i)). Considering the first

and second scenarios of travelling in all three zones (see Figure 7 and Figures 8-11),
we find that while introduction of movement of non-infected humans with infectious
humans and/or counterfeit drug users enhances the survival of the disease by changing
a disease-free zone into an endemic zone (Figures 8 and 9(a)-(c)), the movement
of only non-infected humans can possibly make an endemic zone either disease free
(Figures 10(g)-(i)) depending on the values of ηh and ξh, or endemic (Figures 11(g)-(i)).
We notice that the long-term behaviour of the populations when users of counterfeit
drugs travel across zones (in Figure 9) is similar to when both infectious humans and
users of counterfeit drugs travel across zones (in Figure 8).

6. Discussion and Conclusion

Mathematical models that are based on key features relevant to infectious disease
transmission can provide an important tool to understand the dynamics of trans-
mission and the spread of the disease and, thus, provide suggestions and policies
for disease control [71]. We formulated and analyzed a climate-based metapopula-
tion malaria model which takes into account that (i) the mosquito life cycle, the local
mosquito population and some entomological parameters relevant to malaria trans-
mission are greatly influenced by climatic factors such as the rainfalls and tempera-
tures [9, 14, 70]; (ii) human travel between spatially heterogenous environments also
induce the translocation of parasites into other regions [37]; (iii) significant use of
the ineffective drugs in some endemic malaria areas [7]. Our model was motivated by
that considered in [34, 37, 51, 72, 73] but we extended it to address the time-periodic
rates of birth, death and biting for the mosquito population in n ecological zones,
the counterfeit and effective antimalarial drug users in the human population and
human movement between the n ecological zones. We also allowed for human travel
from one ecological zone to another. Such a model provides a better understanding of
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Figure 10. Simulation of the model (8) with the movement of only susceptible humans and effective antimalar-

ial drug users between the three zones. The travel rates and matrices are cΠ12 = 0.3, cΠ13 = 0.2, cΠ21 = 0.5, cΠ23 =
0.5, cΠ31 = 0.3, cΠ32 = 0.9, Π = S, T and CI = CU = 0, respectively. Initial conditions: Sh1 = 370000, Ih1 =

100, Uh1 = 100, Th1 = 100, Sh2 = 1500000, Ih2 = 100, Uh2 = 100, Th2 = 100, Sh3 = 2100000, Ih3 = 100, Uh3 =

100, Th3 = 100, Sm1 = 1000000, Im1 = 1000, Sm2 = 10000000, Im2 = 1000, Sm3 = 6000000, Im3 = 1000. The
parameters used are given in Table 2.
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Figure 11. Simulation of system (8) for the three zones with movement of only susceptible humans. The travel

rates and matrices are cS12 = 0.3, cS13 = 0.2, cS21 = 0.5, cS23 = 0.5, cS31 = 0.3, cS32 = 0.9 and CI = CU = CT = 0 re-

spectively. Initial conditions: Sh1 = 370000, Ih1 = 100, Uh1 = 100, Th1 = 100, Sh2 = 1500000, Ih2 = 100, Uh2 =
100, Th2 = 100, Sh3 = 2100000, Ih3 = 100, Uh3 = 100, Th3 = 100, Sm1 = 1000000, Im1 = 1000, Sm2 =

10000000, Im2 = 1000, Sm3 = 6000000, Im3 = 1000. The parameters used are given in Table 2.
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the dynamics of malaria transmission and insights into designing control measures for
antimalarial drugs, policies on migration, and the evaluation of the long-term effects
of climate change on malaria.

By applying the theorem of the next generation operator, we showed the existence
of the reproduction ratio R0. We showed that the non-trivial disease-free equilibrium
is locally asymptotically stable if R0 < 1. Thus, if R0 < 1, then malaria will be
eliminated, and a small disease invasion will be cleared from the population. We illus-
trated the theory by considering a special case of malaria in three cities (i.e., Tamale,
Kumasi and Accra) within three ecological zones of Ghana. By using published data
about these cities and the formula related to the mosquito life cycle and the biting
rate, estimates of all the constants and the periodic parameters were found. An ex-
plicit formula for the global R0 for the three cities could not be obtained in the closed
form, however, the local reproduction ratios for the individual cities (where there is
no movement) were computed using the time-averaged parameters. The reproduction
ratios for Tamale, Kumasi and Accra were calculated as 13, 1.8 and 0.7 respectively
(when ηh = 1 and ξh = 30/7) and 2.707, 0.368 and 0.156 (when ηh = 30/7 and
ξh = 30/14). For Accra, since R0i < 1, the disease may be controlled if the migration
is not allowed in the city, while for Tamale, the disease will persist since R0i > 1.
However, the disease may persist or go extinct in Kumasi depending on the value of
ηh and ξh.

We numerically simulated the model to explore the impact of different movement
situations on the long-term behaviour of the model when the per capita rate of in-
fectious humans becoming counterfeit drug users ηh and the recrudescence rate ξh
are varied. We observed that the climatic effect on the mosquitoes’ birth, death and
biting rates introduces fluctuations in the simulations. Our results showed that the
movement between zones affects the disease prevalence in each zone, the local trans-
mission dynamics of malaria, and possibly the global dynamics of the system. Our
findings indicate that the impact of movement on disease transmission varies depend-
ing on whether the movement is by both the infected and non-infected humans or just
non-infected humans. The former scenario always leads to an increase in the disease
prevalence in the zones, while the latter can increase or decrease disease prevalence
depending on the rate at which the infectious humans use counterfeit drugs and on
the recrudescence rate. For example, the movement of only non-infected humans re-
sults in an endemic zone staying endemic (with decreased or increased prevalence)
or becoming disease-free in the long run. On the other hand, the movement of non-
infected humans with infected humans changed the disease-free status of a zone to a
disease-persistent status. This implies that malaria may become endemic, even when
the infectious humans are not travelling. In the case of non-infected humans travelling,
the per capita rate at which the infectious humans become counterfeit drug users, and
the recrudescence rate need to be considered.

We also observed that the population of counterfeit drug users in each zone is the
highest when ηh = 30

7 and ξh = 30
14 and the lowest when ηh = 1 and ξh = 30

7 . Ghana has
a significant proportion of malaria-infected humans that use counterfeit drugs [5, 6],
and our numerical results suggest that the reason for the endemicity of malaria in
all regions and zones of Ghana could be due to the unregulated movement of both
infected and non-infected humans.

Our model has helped to expose qualitatively the overall effect of human movement
on malaria transmission in a periodic environment. The information obtained on the
impact of human travel between zones on disease epidemics and antimalarial drugs
can be used to guide policies on travel. Also, the results strongly support the thesis
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that the sale, importation, trade or manufacture of counterfeit drugs should be banned
and offenders punished. This will ensure only high-quality drugs are used.

Calculating the reproduction ratio for some vector-host periodic models can be chal-
lenging, and hence, the impact of mosquito mobility across zones on malaria transmis-
sion is often neglected. To alleviate this difficulty, we used the time-average estimates
for the reproduction ratio in this paper. This, however, has been found sometimes to
underestimate the reproduction number and the risk of the infection [44, 59], and our
results should be viewed with this understanding. We also note that if the connected
cities are near each other, then the influence of the mosquitoes can also move across
the boundaries, and the impact of these migrations on malaria transmission cannot
be ignored. Hence, incorporating mosquito migration into the model would be biolog-
ically more reasonable. In future work, we plan to modify the model to incorporate
mosquito mobility, unequal travel matrices, and other realistic forms of movement and
use other methods to calculate the reproduction ratio for periodic coefficients.
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7. Appendix

The equation (11) is a Bernoulli equation. Dividing (11) by N2
m,i gives

Ṅm,i

N2
m,i

= rm,i(t)
1

Nm,i
− αm,i(t)

Ki
. (41)

Let v = N−1
m,i and v̇ = − Ṅm,i

N2
m,i

. Substituting v and v̇ into ( 41) gives

v̇ + rm,i(t)v =
αm,i(t)

Ki
. (42)

Note that Eq. (42) is a first order linear differential equation. Multiplying (42) by the

integrating factor u(t) = e
∫ t

0
rm,i(τ)dτ gives

(e
∫ t

0
rm,i(τ)dτv)

′

=
αm,i(t)

Ki
e
∫ t

0
rm,i(τ)dτ ,

e
∫ t

0
rm,i(τ)dτv =

∫ t

0

αm,i(τ)

Ki
e
∫ z

0
rm,i(τ)dτdτ + C,

v =
e−

∫ t

0
rm,i(τ)dτ

Ki

[ ∫ t

0

αm,i(τ)

Ki
e
∫ z

0
rm,i(τ)dτdτ + C

]
.

Since v = N−1
m,i,

Nm,i =
e
∫ t

0
rm,i(τ)dτ∫ t

0
αm,i(τ)

Ki
e
∫ z

0
rm,i(τ)dτdτ + C

. (43)

Applying the initial condition Nm,i(0) = Nm,i0, we get

Nm,i0 =
1

C
⇒ C =

1

Nm,i0

.

35



Hence,

Nm,i =
e
∫ t

0
rm,i(τ)dτ∫ t

0
αm,i(τ)

Ki
e
∫ z

0
rm,i(τ)dτdτ + 1

Nm,i0

.

Further simplification gives the solution,

Nm,i(t) =
KiNm,i(0)e

∫ t

0
rm,i(τ)dτ

Nm,i(0)
∫ t
0 αm,i(τ)e

∫ z

0
rm,i(τ)dτdτ +Ki

. (44)
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