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1 Introduction

The exponential function can be introduced as solution of the first order differential equation
y' = ay, with y(0) = 1, (D

where a is a constant. Solution of (1) is

y(x) — 0% — Z (ax')
n=0 !

n

, x€R. @
n

Properties of the exponential function (2) such as the positivity, limit and reciprocal, ie.

1
e’ >0, lim e®=+4o0, — = e, 3)
Tr—+00 et
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and the addition formula,
MY — ea(ery)’ )

play a central role in classical Fourier analysis. The reciprocal of the exponential function appears in the Fourier
Transform [9, 15]

+oo

flz) = / f(©e " de. )

where f is a piecewise continuous real function over (—oo, +00) satisfying the condition
+oo
| @l <.
The convergence of the integral in (5) is deduced from the fundamental relation of trigonometry
cos(z)? +sin(x)? =1
and Euler’s formula _
e" = cos(x) + isin(z).

Properties of the Fourier Transform (5) are very useful when solving equations of mathematical physics (see
[15]). These properties are established by using the properties of the exponential function listed above. A new
branch of classical analysis called Fourier analysis on nonuniform lattices has been attracting significant interest
(see [18,2,1]). The Fourier analysis is on functions of the variable z(s),

_Jagqgtted taifgtl
CE(S)_{C452+C55+c6 if g =1. ©)

The lattice (6) satisfies

x(s+n)—z(s) = v, Vrpt1(s), @)
xs+n2)+x(s — () + B, ®)

forn =0, 1, ..., with
z,(s) =z(s+ g), e C, 9)

where C is the set of complex numbers and V f(s) := f(s) — f(s — 1).
The sequences (o), (Bn), (V) satisfy the following relations
Opy1 — 200y +ap_1 =0,
6n+1 - 2671 + ﬁn—l = Qﬁana
T+l — Tn—1 = 2 Oy,
with the initial values
Oé()Zl, o = Q, ﬂ():oa 61:ﬁ77020771:1a
and are given explicitly by (see [5,17])

T 4+g T B(1 — ay) T _g % 543
Oén:q ¢ 7ﬂn: na’)/n:q1 a 17f0ra:q 1 ’Q?é]' (10)
2 11—« qé—q_f 2
and
an =1, B, = Bn?, Yo =mn, fora=1,qg=1. (1D

Using the approach based on classical orthogonal polynomials (see [19]), Askey, Atakishiyev and Suslov
[1] provided an analog of the Fourier Transform for the g-harmonic oscillator. In [1] the Poisson kernel for
the continuous Hermite polynomials plays the role of the g-exponential function for the analog of the Fourier



On exponential and trigonometric functions on nonuniform lattices 3

integral under consideration (see also [2]). This approach does not allow the establishment of some well know
properties of the Fourier transform such as the Fourier inversion formula. The inversion formula, generally
used when solving differential equations by using the Fourier transform, is established by using the classical
approach of the exponential function (see [15]). To the best of our knowledge, there is no known work in-
vestigating the Fourier integral based on the exponential function on nonuniform lattices. This is due to the
lack of analogs of the exponential function, the trigonometric functions, and their fundamental properties on
nonuniform lattices. In the early 2000’s, Suslov [18] in his book ”An introduction to basic Fourier Series”

introduced the bivariate exponential function on the Askey-Wilson lattice z(s) = q_S;qS = cosf, ¢° = ¢,
y(z) = q’z2+qz = cos, ¢° = el
— WT —zn a-n) ") 10 i A-n) o4
5q(x,y;w)— (W ) 22: Flmq = T g e g),, Ju| < L.
By writing
Eqlx, y; w) = A&y (m; w) + BEy(y; —w), (A= A(y), B=DB(y))

with

Eq(z; w) = &z, 0; w), (12)
he proved that

Eq(, y; w) = Eg(5 w)Eq (y; w).
Moreover, he proved that the function &;(z; w), considered by M.E. Ismail and Zhang[13] with different nor-

malization, satisfies

2 1
Dy = qf;’y, with y(0) = 1, (13)

1
where [10]

Fla_i(s+1) = fla_1(s))
r_1(s+1)—x_1(s)

Despite this important work of Suslov, classical Fourier analysis on nonuniform lattices still needs many fun-
damental tools such as the reciprocal and the positivity of the exponential function on nonuniform lattice. Let
us mention that this last problem has been raised by Suslov in his book (see [18], p. 323). The aim of this work
is to:

Dy f(x(s)) =

1. Provide an analog of the power basis on nonuniform lattices;

2. Introduce the analogs of the exponential function and the trigonometric functions on general nonuniform
lattices;

Establish the analogs of the properties (4) on nonuniform lattices;

Establish a binomial theorem on nonuniform lattices;

Establish a formula for computing the nt"-derivatives of a given function on nonuniform lattices;
Characterize symmetric orthogonal polynomials on nonuniform lattices.

SNk W

2 Preliminary results
Let S, be the operator defined by [10]

r(s+ 1 x(s— 3
S, fe)) = LD o= D) "

The operators D, and S, satisfy the following important relations, known as product and quotient rules

Theorem 1 [10]
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1. The operators D,, and S, satisfy the product rules 1

D (f(2(5))g(x(s))) = S f(2(s)) Dag(x(s)) + Da f(2(s)) Seg(2(s)), (15)
Se (f((5))g(x(s))) = Ua(z(s)) Da f (2(s)) Dag((s)) + S f(2(s)) Szg(2(s)), (16)

where Us is a polynomial of degree 2
Us(2(s)) = (@ — 1) 2%(s) + 2 B (a4 1) (5) + 64,

and &, is a constant depending on «, B and the initial values x(0) and x(1) of z(s):

5, =2 (0)422:5 @ _ (22; Do) (1) - W(w(m +2(1) + B(‘;i;”). (17)
2. The operators D, and S, also satisfy the quotient rules
( (96(8))) _ Saf(x(s)) Dag(a(s)) — Da f(2(s)) Sag((s))
(z(s)) Ua(x(s )) [Dag(a(s))]* = [Sag(a(s)]*
( (I(S))) Uz (x(5)) Do f(2(s)) Dag(x(s)) — Saf(x(s)) Sag(z(s))
(z(s)) Uz( (5)) Dzg(z(s))]* = [Sag(x(s))]? ’
provided that g(x(s)) # 0, s € (a,b).
3. The operators D, and S, also satisfy the product rules Il
D, S, = aS, D, + U;(s) D2, (18)
S2 = Uy (s) Sy Dy + aUs(s) D2 +1, (19)
where
Ui(s) :=Ui(z(s)) = (a* = 1) z(s) + B (a+ 1), Us(s) := Us(z(s)). (20)

Since the action of the operators D, and S, transforms the monomial x(s)™ into a linear combination with
complicated coefficients, we used the generalized basis for the lattice z(s) defined by Suslov [17] as

n—1 n—1
[&m(2) = am(s)]™ = [] lem(z) = 2m(s = N = [ [ lem-nt1(z+ ) = 2m—n+1(5)], @21
j=0 j=0

[m(2) = 2m ()] = 1,

where m e N= {0, 1, 2, 3,...} and n € N* = N\ {0}, in [7] to define the basis F;, by

F,(z(s)) = H[m(s) —z;(25)], n € N*, Fy(z(s)) =1, (22)

j=1
where z,, which is a constant term with respect to z but depending on the lattice x, satisfies the relations

> = iﬁq*% (23)
1

for the g-quadratic lattice z:(s) = ¢1 ¢~ ° + c2¢° + %, q# 1, cacq # 0, or the relation

Zg=—— — — (24)

for the quadratic lattice z(s) = ¢4 s2 + c55 4 cg, ca # 0. This basis enabled us to obtain the following
properties:
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Theorem 2 [7]

Dy F(2(8)) = Yn Fao1(2(s)),
Seln(2(s)) = an Fu(z(s)) + ’Y?n Vini1(2e)Fao1(2(s)),

Fora(2(s)) = (2(s) = wnr1(z)) Fula(s) = [ ] (@(s) = 25(2)), n 2 0,

Fo(x(2:)) #0, Yn >0, Yk >n > 0.
Using theorem 2 one can prove a Taylor type theorem:

Theorem 3 [7] Let f(x(s)) be a polynomial of degree n of x(s). f can be expanded in the basis Fy,(x(s)) as
follows
= dy Fy(a(s))
k=0

k

) %IZH%‘,OSk‘Sn, Yo! = 1.
j=1

where
4 _ Dhf(a(z))
k="
Vi

3 Analog of power basis
We used the basis F;, (see [7]) to develop a method for solving divided-difference equations on nonuniform
lattices but, since this basis does not have the symmetry property B,,(—z) = (—1)"B,(x) and B, (0) =

0, n € N* it can’t play the role of the power basis on nonuniform lattice. So, in this section, we provide an
analog of the power basis on nonuniform lattices.

3.1 Analog of the power basis on nonuniform lattices

The generalized basis (21) can be rewritten as

— n—1
[2p(s) — 24(2 (n) H —zq(z —j)] = H [@p—nt1(s +J) — Tg—nt1(2)],
Jj= 7=0

2p(s) = 2y () = 1

withn € N*, p € N, and ¢ € N. So, substituting p = 0 and ¢ = n — 1 into the above equations, we have

[2(s) — xpn )™ = H —xp_1(z =7, (25)
=0
n—1
H Tont1(s+7) —z(2)], n > 1. (26)

Taking n for 2n and n for 2n — 1 in (25), we obtain respectively

n—1 1

[2(5) = 22n-1(2)]* = [ la(s) — (e + % +)lla(s) —2(z =5 =4 n 21, @27

j=0

[2(5) = 220-2()]*" 7Y = (2(s) = 2(2)) [ [ [e(s) = 2z + Dllz(s) —a(z =], n =2 (28)
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Now, using the fact that sg, solution of the equation z(z) = 0, satisfies
x(so +t) = —x(sp — t), Vt € C,

(this relation will be proved later) for the lattice x(s) = ¢1¢™° + c2¢® and for the linear lattice z(s) = s, we
introduce the analog of the power z" as follows

K (x(5)) = 2(s)[2(s) = 2n—2(s0)] ", Ki(a(s)) = a(s), Ko(z(s)) =1, (29)
where s is given by ¢?%0 = f% for the g-quadratic lattice and so = O for the linear lattice s.
Theorem 4 1. For the lattice x(s) = c1q~° + coq® and the lattice s, we have

Kn(2(s0)) =0, Ky(—x(s)) = (—1)"K,(x(s)), n €N, (30)
D, Kn(2(8)) = v Kn—1(x(s)). 31

2. For the q-quadratic lattice x(s) = c1q~° + caq® (c1¢2 # 0) and the linear lattice x(s) = s, we have

Ko (2(s)) = 1:[ [2(5)% — 22;(50)%] = (#(5)* — Z2n—2(50)?) Kan—2(2(s)), (32)
j=0
Kani1(z(s)) = (s) 1:[ [2(5)* = 22541(50)°] = (2(5)* = 220-1(50)°) Kan-1(2(s)),  (33)
j=0
2(8)Sy Kn = an Ky i1(2(8)) + (Yn—12n(50)? — aynzn_1(50)%) Kn_1(x(s)). (34)

The proof of this theorem uses the following properties:

Proposition 1 For the lattice x(s) defined by (6), we have

n—2
Ky (z(s)) = z(s) H Tont2(s +7), (35)
=0
n—1
Kon(x(s)) = 2(s)” [ w(s = a(s +4), Ka(x(s)) = x(s)?, (36)
j=1
Konia (a()) = 2(3) [] (s — 5 = Do + 5 + 7). Kala(s) = (s). @
=0
D;cKn(x(s)) = W/nKn—l(l'(S)) + (/B’Yn—l + /Bn—l)[m(s) - xn—Q(SO)](nil)- (38)

Proof (of Proposition 1)

Relation (35) is obtained by using the definition of K,,, given by (29), the relation (26) and the fact that
2(s0) = 0. The equations (36) and (37) are direct consequences of (35). Let us prove (38). Using the definition
of the operators D, and S, and the relations (7) and (8), we obtain by direct computation,

Dy [2(s) = 2n-1(50)]" = mla(s) — wa—2(s0)] "7V, (39)

Sal(s) = 21 (s0)]™ = ana(s)[a(s) = wn—2(50)]"" " + Balr(s) = wn1(s0)]". (40)

Now, observing that K,,(2(s)) = z(s)[z(s) — 2_2(50)]" V) (see (29)) and applying the product rule (15),

we have D, K, (2(s)) = (@ x(s) + B)Dy[z(s) — 2n_2(50)] "V + S, [x(s) — 2, _2(50)] ). Now, by using
(39) and (40) as well as the relation

Yn = QVn—1 + Qn_1, 41)

obtained by direct computation, we obtain (38).
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Proposition 2

1. For the g-quadratic lattice x(s) = ¢1q~° + c2q® (c1c2 # 0) and the linear lattice x(s) = s, we have
z(so +j) = —x(so — j)- (42)
2. Let B,, n = 1,2, ..., be the constant appearing in (8). We have
Bn=0< x(s) = c1q7° + caq’ or z(s) = c55 + 6. (43)

Proof (of Proposition 2)

x(s) =147 ° + c2¢° = (x(s) =0 ¢* = —Cl> i oxz(s)=s=(2(s) =050 =0).
€2

Therefore, for the g-quadratic lattice z(s) = c¢1q™* + ¢2¢® (c1¢a # 0), if z(s) = 0 then
g x(so+j) = c1(q™? — ¢’) = —¢*z(s0 — j), j € N.

Since ¢*° # 0, we obtain z(so+j) = —z(so—j), j € N. For the linear lattice z(s) = s, the result is obvious.

Let us prove (43). From (10) and (11), 8, = 0, n = 1,2, ..., if and only if § = 0. Taking n = 1 in (8), we have
28 = (s + 1) 4+ x(s) — 201 (s). For z(s) = c1q™* 4 ¢2¢® + c3, we obtain 23 = —¢~ 2 (¢2 — 1)%¢3. Hence,
for the g-quadratic lattices x(s) = ¢1¢™ % + ¢2¢® + ¢3, 8 = 0 if and only if ¢35 = 0, for ¢ # 1. For the lattices
2(s) = c45% + c55 + cg (that is ¢ = 1), we obtain 3 = 0 if and only if ¢, = 0.

Proof (of Theorem 4) The relation (31) is a direct consequence of (38) and (43). For (32), from the definition
of K, and the use of relation (28), we have

Kan(x(s)) = x(s)(x(s) — 2(s0)) 1:[ [(s) = x(s0 — J)][x(s) — x(s0 + Jj)]-

Then by using the fact that z(sg) = 0 and the fact that x(sg + j) = —z(so — j) (see (42)) for the lattices
2(8) = ¢1q7° + c2¢® and x(s) = s, we obtain the result. In a similar way, we obtain (33).
Let us prove (34). From the relations (29) and (32), we have

(8) Kon(2(s)) = [2(5) = 22n(50)]®" T + 2 (50)*[2(5) — wan—a(50)]*" V.
Now, by applying ID,, to both sides of the latter equation, the use of the relation I, [z(s) — 29, _1(s0)]*™ =
Yon[2(8) — o _2(50)]?"~ 1) (see (39)) and the product rule (15) leads us to

Sa: K2n('r(8)) = (72n+1 - a’y2n) [{E(S) - $2n71(50)](2n)

+ (72n+1:c2n(50)2 _ a’YQn_len_l(go)z) [z(s) — an—S(SO)](2n72).
The second use of (29) and then the relation (41) leads us to
2(8)Ss Kop = a9n Kopnt1(2(5)) + (Y2n-1724(50)% — aV2nTan—1(50)?) Kan_1(x(s)).

In a similar way, we obtain from (29) and (32)

I(S)Sz K2n+1 = a2n+1K2n+2(5€(5)) + (’72n$2n+1(50)2 - 04’72n+1$2n(50)2)K2n(I(S))-

Having proved Theorem 4, we now give explicitly the basis K, for specific classes of the lattices z(s) and
recover some known results. From relations (35)-(37), we have:
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Proposition 3

1. The basis K,, is explicitly defined for the lattice ©(s) = c1q~° + caq® (with c1co # 0) by

—s\n & s 2 _, s
K (2(s) = (c1q™) (1+§q2 )(—fq 26%%¢%) -1, Ko(a(s)) =1, n > 1, (44)
_ 2 —nyn—1,_©2 2542 C1 _2542 2
Kon(x(s)) = x(s)"(c1caqg™™)" ™ ( P ¢ ) n—1, 1 > 1, (45)
7n2 & s c —2s
Koni1(2(s)) = 2(s)(c1¢2)"q <—§q2 L —éq 24 62Y,,, n > 0. (46)

2. The basis K, is explicitly defined for the q-linear lattice x(s) = ¢° (¢ =0, ca =1, c3 = 0) by
Kn(z(s)) = z(s)".

3. The basis K, is explicitly defined for the linear lattice x(s) = s (c4 =0, c5 = 1, ¢c¢ = 0) by

Koloo) = s (s 25 ”)
Kon(a(s)

Kong1(z(s)) = (—=1)"s (—s + ;)n (s + ;)n

From this proposition, we can deduce the following result.

I
—
[
—_
~—

3
—
\
V)
~—

3
—

»
~—
3

Corollary 1

1. In the particular case of the q-Racah lattice x(s) = q~° + 6y ¢*™ (c1 = 1,c2 = dyqand c3 = 0) the
equations (44)-(46) read as

Ko(z(s)) = (¢7°)" (1 + 6v¢** ) (=6v¢ " 3¢**; ¢%)n1, 47)
1
Kon(z(s)) = 2(s)*(0yq ™) (—0yq™ ", —aq—%“; @*)n-1, (48)
) 1
Koni1(2(s)) = z(s)(6vq)"q™ " (—6v¢*>* ", —ﬂq‘%; @*)n- (49)

2. In the particular case of the Askey-Wilson lattice x(s) = L;qs, ¢ =€ (c1 =cy =3, and cs = 0) the
equations (44)-(46) read as

Kn(x(s)) — 2—ne—in«9(1 + eZiG)(_qQ—neZiG;qQ)nih
Kzn(l'(s)) _ 4—n+1x(s)2q—n(n—1)(_q26210’ _q26—219; q2)n71’
2 . .
K2n+1(l'(8)) = 47”1"(8)(]7” (_qe219’ _q67216; qz)n

Remark 1 Tt should be mentioned that for the specific case of the Askey-Wilson lattice our basis K,, coincides
(up to a multiplicative factor) with the basis p,, used by Ismail [14] (Equation (1.10), page 127)

pn(x) = 2" Ky (2)
while the analogs of the power basis on the g-Racah lattice (47)-(49) seem to be new.

In the forthcoming sections, we will use the basis K, to provide a binomial theorem on nonuniform lattices,
introduce the analogs of the exponential, and trigonometric functions on nonuniform lattices, and provide
symmetric functions on nonuniform lattices.
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3.2 Taylor theorem
In this subsection, we provide a Taylor type theorem by using the basis K.

Lemma 1 (Expansion of Cauchy kernel)

1. For the q-quadratic lattice x(s) = c1q*° + c2q°, the Cauchy kernel can be expanded in the basis K, as

oo o0 z(s)? [eS) x(s)?

_ I(Z)KJ(I(S)) z(s) x(s) 1- w2;(s0)? 1- x25+1(50)>

ED St o e e el el U ool g U 8 vl ot
j=1 z2;(s0)? Jj=0 @2541(s0)?

(50)

2. For the linear the lattice x(s) = s (c4 = 1, ¢5 = 1 and cg = 0) the Cauchy kernel can be expanded in the
basis K, as

2s+1

$ 2K, o() 2(s) Fsmm) N Sinhﬂ} st

1 j
z(z) — x(s) - — Kjio(x(2)) + x(2)? — x(s)? |zsin(zm)  sin(257)

<

Proof By using the relation K, (z(2)) = 2(2)[x(2) —2n_2(50)] ™Y (see (29)) and the relations (32) and (33)
we have

(K2j+1(33(8)) B K2j+3(l‘(5))) 7

w(2) = Kjse(a(2)) Kojri(2(2))  Kajya((2))

j =0
s)) | x(s)  Komys(x(s))

(( B (
Kome2(2(2))  2(2)  Komss(a(2))

<
Il
=)

<

n

where m = [4]. From this equation, we obtain

=70 " 2 Kyroal) | 70— o \Fama @)+ Komysol)

1 ~ 2(2) K (x(s)) z(z) <K2m+2($(5)) K2m+3(x(8))>.

Since
2 m 1— 1(3)2 m 1— I(5)2
K2m+2(x(5)) _ x(s) H x2;5(80)2 and K2m+3($(3)) _ .Z‘(S) H Z2541(50)2
Romiala() 2P M\ T | 5, o) o) W\ e )

the result is obtained when n goes to +oc.

Theorem 5 Let f be an entire function of the variable x(s) = c1q~*® + c2q® or x(s) = s. The expansion of f
in the basis K,, is

= D7f(0 1
fa() =3 2Ok s + = g, v)dy 51)
= Vi 27 Jya(s)—y|=r
7=0
with
o0 1 w2 o0 1 122

T x T Z2:(50)2 T Z2:4+1(50)2
o) = o DI | =2 |+ I | =
y y j=1 T @25(s0)? Jj=0 T @aj41(50)?
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Proof Let f be an analytic function, and x(s) a complex number. Since x,,(s — j) (j € N* and n € N) are
discrete points of C, there is » > 0 such that z,,(s — j) (j € N* and n € N) do not belong to the circle
C(z(s);r). From Cauchy’s theorem, we have

fa(s) = - RIOLS

B 2 |z(s)—y|=r Yy — Z‘(S)
Applying D? to both sides of this equation, we have

1 1

B 2im |z(s)—y|=r * Yy—= iE(S)

D3 f(2(s))

Since D? y_glc(s) = [y—x,}Z)!}(nH) (see [7]), the previous equation becomes

DI f(als) = 22 bl

= F T (52)
27 J\p(s)—yl=r Y — Tn(s)](0HD)

Taking s = s in the latter equation, we obtain

D" £(0) = In! yfy)dy

2w ly|=r Kn+2<y)

Now if we integrate both sides of the equation (50) on the circle C'(x(s); ) and use Cauchy’s formula as well
as the latter formula, we obtain (51).

We have the following result for polynomials.

Proposition 4 Let f(x(s)) be a polynomial of degree n of x(s). f can be expanded in the basis K;(x(s)) as
follows

Fs) =3 20 e o).

|
=0

Proof Since K;(z(s)), j € N, is a polynomial of degree j, {K;(z(s));j € N} is a basis of the space of
polynomials C[z]. Therefore, there are ao, ...,a, € C such that f(z(s)) = ZajKj (z(s)). Applying D',
§=0
1 =0,1,..,n, to both sides and using (31), we obtain
Déf(f(s)) = Zaj’Vj'ijlanijlKjfl(CE(S))'
j=l
Taking z(s) = 0, we obtain a;y;! = D!, f(0), for K;(0) =0, j = 1,2, ..., and Ko(z(s)) = 1 (see (29)).
From the latter proposition and the theorems 2 and 3 we can deduce, the following change of basis formulae

Corollary 2 For the q-quadratic lattice, x(s) = c1q~° + c2q®, the bases F,, and K,, are connected as follow

n n

Faa(s) = ””j,Fn_jm)Kj(x(s)), Kola(s) = ”’”j,Kn_m(zx))Fj(x(s)). 53)
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4 Binomial theorem on nonuniform lattices

In this section, by using the basis (F},),, (see (22)) and the basis (K,), (see (29)) we provide three binomial
formulae on nonuniform lattices.

From the equation (25) (respectively the equation (26)), [z(z) — Zn—1(5)]
x(z) (respectively x(s)). So, [2(z) — Zy—1 (s)](”) can be seen as a bivariate polynomial.

(") is a polynomial of the variable

Theorem 6 (Binomial theorem on nonuniform lattices)
1. For the g-quadratic lattice x(s) = c1q~° + caq® + c3 (c1ca # 0) and the quadratic lattice x(s) = c4s* +
c5S + cg, we have

n

2(2) — 201 ()] = 3 I B (@) (1) Far(w(5)). (54)

k=0 ’Vk"}/nfk'

2. For the lattice ©(s) = c1q™° + caq® and the linear lattice x(s) = s, we have

n

[2(2) — 21 ()] =3 Ol () K (2(5)) K (2(2)), s # 5o,

k=0 ’Yk"YnflJ
(55)
n— n— + n—
(0(2) + 2(6) [2(2) + o) = 30 2O g0 (1)) 1 ).
=0 Yr—k!vE!
(56)
3. The coefficients (Z)w = wwﬁik! in (54) and (55) satisfy the relation
n n—t (n—1 fn—1
—qg = -3 < .
(k)x q (k-l)ﬁq ("), reren o

n—1

Proof By (25), [x(2) — p—1( — &p—1(s — j)] is a polynomial of degree n in (z). Therefore,

“.':1

by the use of Theorem 3 (with f(a:(z)) = [x(z) — 2,_1(5)](™), we obtain

N S 69)

§=0
Next, from relations (25) and (26) we have

1 n) __ n n—
[o(z + 5) = 2n-1(8)] ") = (w2 + 5) = 2(s)) [w(2) — wna(s)] 7Y,

2z = 3) — 201 = (2= = 2) = o) (=) — 2na(s)) ",

Therefore

[2(2 + §) — 2(2 = §)][z(2) — wpn2(s)] "V
Vz1(z) '

The use of (7) transforms z(z + §) — 2(z — §) into 7, V x1(2). Thus

Dx [x(z) - l'n_l(s)](n) —

D, [$(2> - xn—l(S)](n) = Tn [Z'(Z) — In_g(s)](nil).

By iterating the above relation, we get

B2 [2(2) — 01 (9 = 22 (a(2) = ya ()] 59
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Therefore, from (58) and (22) we obtain (54).
Let us prove (55). Since [(z) — z,,_1(s)]™ is a polynomial of degree 7 in the variable z(z) we deduce from
the Taylor Proposition 4 and the relation (59) that

[2(2) = 2a ()™ = 3 D e (a(2))

JOY'

with d,, ; = wzi!ﬂ [z(s0) — mn,j,l(s)]("’j). By using (25) as well as the definition of K, (see (29)), we

transform [2(s0) — 2,—;—1(8)]" 7 into (—=1)" T a(s) " Kpy1—j(x(s )) (56)is a dlrect consequence of (55).
Since (), = %J/:I_k! = ;Y:Qi'j:., the use of the relation v, = ¢ v + ¢~ % Y,_, obtained by direct
computation, yields to (57).

Corollary 3
[2(2) = 1)) = (=1)"[x(s) = 2u-1 ()™, meN.

Proof Let n be a positive integer. Taking 7 = n — k in (54), we obtain

n

[2(s) = 21 ()] = (=1)" L!Fj(x(s))(—1)"—an,]»(:1;(2)) = (=1)"[(2) — zn-1(s)]™.

=5 Vitn—j!

4.1 Binomial theorem on the lattice z(s) = c1¢™° + c2¢® + c3

In this subsection, we provide explicit expressions of the binomial formula (54)-(56) on the lattice
x(s) = c1q° + c2¢® + 3. From (22), we obtain the following representation of F,,, on the g-quadratic lattice,

Fala(s) = (—/ae)" (\fq ¢ [2ata %) erer > 0,

and use it as well as the relation (44) to obtain:

Corollary 4

1. For the q-quadratic lattice x(s) = c1q~° + c2q® + c3, c1co > 0, (54) reads as

_ 1-n o Cy 1-n
(g *)" (= ¢ ‘1;(1 7 ¢ q),

- JE‘( Veie2) (g a)n €1 Ca 1 €1 1o, fea 1
Z q @, q T —qiq°, | —aiq %
pars (4 @)n—1(a; Ok p \V e 1

2. For the Askey-Wilson lattice © = cos®, (¢c; = ca = %, ¢° = € and ¢* = €'?) (54) reads as

Wl
\/
3

|
S

e~ ine (q 7+ (e —0) .q 152 i), q)

n

kii(@‘]) 1o 1 gy 1 19 1 g, 1
f§ B (¢7e¥,q7 e q2 k(g e, g7 e q? )np.
— (¢:0)n-k(a:q
3. For the q-Racah lattice x(s) = q~° +~v5¢°TL, (c1 = 1, and co = 67y q) (54) reads as

z+s.

_ 1-n __ 3
(@)@ Z ¢ 5, 6vq2 247 q)n

(—1)*q~ "7 (57 9)% (45 0)n
(@ Dn—k(a @)k

z S

1 1 3 -1 1 _ 1 __, 1 1 1 3 -1 1 _ 1 _., 1
X(0292q1q*,07 2y 2q 1q *1q2)k(0272q1¢%, 0" 2y 2q 1q *5q2 k-
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Corollary 5

1. For the q-quadratic lattice x(s) = c1q™® + c2¢®, c1ca # 0, (55) reads as

_ 1-n _e Co 1—n
()= ¢ Syaq > )

n—j —n=ii

B n (_1) q (g Q) —s\n—j( —z\j C2 o,
_Z(:) (¢ 0)5 (@ On—; ()"l )(1+c1q )

C2 _ i 25 2 C2 12 2, 2
x (q I g > <q IT2¢%% g > :
c1 n—j C1 j—1

2. For the Askey-Wilson lattice x = cos 0, (c1 = co = L, ¢° =€) (55) reads as

[

n

o—in® (q%ew—e), g7 it q)
_(n=34)j

— Z (71)nqu 2 (q; Q>nefi(n7j)667igp(1 + ei2tp)
= (£9;(@Dn-;

« (_qfn+1+jei20; q2)n7j (_q—j+2ei2¢; qz)j_il.

3. For the q-Racah lattice x(s) = ¢~ ° +~v8¢*™ (c1 = 1, and co = v q) (55) reads as

— 1-n _ 3—n
(@)™ a2 ¢ 7642 ¢ 59
n (_1)n—jq—(n;j)j

- (GDn , —svn—i —2\j 22
a (¢:9); (@ @)n—j ()" a™) (179 a0™)

(=v0a™ "¢ ¢%) (=8 a )

j-1

Corollary 6
For the g-linear lattice x(z2) = ¢* = x (¢1 =0, co = 1 and c3 = 0)(55) and (56) read, respectively, as

n

z(z) —x s)]™ = 7’)’”! 2P (=) Tk oy =¢°
o(2) = a1 = 32—t oy = (60)
n—1 - n—l( ; + "—) n— s
(#(2) N fa(e) o () = 3BTRS )y = 0

The relation (60) has already been obtained by Suslov (see [18], p.61, Eq. (3.6.2)).

4.2 Binomial theorem on the lattice x(s) = c48% + c55 + ¢

In this subsection, we provide explicit expressions of the binomial formula (54)-(56) on the lattice z(s) =
0452 + c58 + cg.

Corollary 7 For the quadratic lattice 1(s) = c48% + c55 + cg the binomial formula (54) reads as

n 1 n 1 c5
(Z—S—§+§)7L(Z+S—§+§+a)n

"L (—1) ) 1 s 1 s 1 s 1 s
S N S ) O B PO M Y (N I P
DY (T2 g By k(B2 g = s 5+ Tk
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Corollary 8

1. For the linear lattice x(s) = s (c4 = 0, ¢5 = 1 and c¢g = 0) the binomial formula (55) reads as

(=5t 50 = 06+ 250+ T (M) e+ s+ 25

2-n 2-n = /n 2—n+j 23
(Z+5)(2+8+T)n—1 :Z(Z+)7L—1+Z(.>Z(Z+2)n—1 —J (S+T)J—1

5 ntM-derivatives of holomorphic functions on nonuniform lattices

In this section, we give a formula for computing the n'” derivative of a function of the quadratic, the ¢-quadratic,
the linear and the g-linear variable.

Theorem 7 Let f be an analytic function. We have

e Sl e e (I} (1)
k=0 ‘ HV:cl(er%)HVll(sff)
7=0 j=1

where

<n> — ¢ In k’Yk'lfq?él

k) (n—k-)!k! if g=1.

Proof Let f be an analytic function. Let z(s) be a complex number, n a positive integer and r,, > 0 such that
(s —7) (0 < j < n) belongs to the interior of the circle C(x(s);ry,) := C,. From Cauchy’s Theorem,

1 fy)dy

2ir c, Y —x(s)

f(z(s)) =

and by (52)

n ”! f( )d

Using (25), we have

n

1 . An, K
[y — an(s)] ) 2 y—an(s— k)’

where
1

T T T a5 — k) — (s — 1))

Therefore,

n f(y)dy
D f ’Yn'z nkzm 7y—xn(s—k)'
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Since z,, (s — j) belongs to the interior of C,, it follows from Cauchy’s theorem that

1 fy)dy
f(z"(s_k))_%r/cny—xn(s—k)

and then

D2 F(5(5) = !> e @n(s — 1)),
k=0

To end the proof, we use relation (7) and the fact that v_; = —v;, j = 1,2, 3, ..., to transform a,, j into
(—1)"Vzi(s+ 2 — k)
Vel Yn—r! H?:_(f Vai(s+ 1) H;?:l V(s — 1)

Corollary 9

1. For the q-quadratic lattice x(s) = c1q—*° + c2q° (61) reads as

D2 stets) = >0 ()

an,kf(l'n—Qk (5))a
k=0 g

x

where

bm— 24 k2 —n
_ chz s+n—2k n—92k)s (n—k)*+k v+ k
I-=—)4¢ q T

Qp .k = . w1 o 2 c1g—2s+1 '
— n— 4 _ 2 1
(—c2)fer (\/5 \/a) ( c ’q)n—k+1 ( ez ’q)k

2. For the g-linear lattice x(s) = ¢° = z, (61) reads as

D7 f(xz(s)) = <m> Z(_l)k (Z) qwf(an—;k).

1 _1
=9 %) k=0

3. For the quadratic lattices x(s) = cas® + 55 + cg (61) reads as

D7 f(a(s) = 3 (Z) o ca(2s +n—2%) + s (s (s).

=0 —2s+1— %)k<28+%)n+1,k

4. For the linear lattice x(s) = s, (c4 =0, ¢ = 1, ¢5 = 0) (61) reads as

i(l)k (Z)f(s + g — k).

k=0

D3 f(s)

6 Analogs of the exponential function and the trigonometric functions on nonuniform lattices
6.1 Analog of the exponential function on nonuniform lattices

Replacing %, the usual derivative, in (1), by the operator D, we have
Day(z(s)) = ay(x(s)), y(0) =1, (62)

where a is a constant. Introducing the analog of the exponential function £(z; a) on nonuniform lattices (6) as
the solution of Equation (62) we have:
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Theorem 8

1. On the lattice x:(s) = c1q~*° + caq® or s, the exponential function £(x; a) can be formally expanded in the
basis K, as

E(z;a) = ZoKnsi!(s))a”. (63)

2. On g-quadratic lattice x(s) = ¢1q™° + ¢caq®, c1ca # 0, the exponential function & (x;a) can be formally
expanded in the basis F, as

o0
Fo(z(s
E(z;a) = (o(a) Z LE))CL", (64)
=0 In:
where (o(a) is the constant given by (o(a) Yo" ’,‘YELO)) a” = 1.

Proof From (62), Vn € N, D"E(0;a) = a™ € C. So, by theorem 5, £(z(s);a) can be expanded in the basis
K, as

(oo}

K, (z(s)) 1
E(wsa) =)y ———=a"+ — / E(y;a)g(z,y)dy.
n;) ! 2T J|3(5)—yl=r
o0 1 Iz $2
x x T T9:(s0)2 T Zoir1(80)2
g9(z,y) = — — |- . 2];20) + H 2j+ ( 0)
y y j=1 T 12;(s0)2 ZE21+1(50)

Noting that the function z(s) — Z wa" is solution to (62), we conclude that it is a formal expansion

of £(x(s); a). Taking into account the expansion of K, in the basis F}, (see the second equation of (53)) in
(63), we obtain

Ewia) = 3 Bnl2ls)) K ZZ Ky ) " Fj(ﬂf(f))aj.

|
n=0 n=0 j=0 Vi

Now, using the product series formula, we obtain

£ = ola) 3 TN ¢ = - Knl2lz)e,

n=0 Tn: n=0 Tn:
— F,(0)a"
Since &(z; a) satisfies the initial condition £(0; a) = 1, (o(a) E (7)'a =1.
Tn:
n=0

Considering (63) and (64) as series expansion of £(z; a) in the basis K, and F}, respectively, we provide in
the following corollaries their representation in terms of basic hypergeometric or hypergeometric functions and
deduced their domains of convergence.

Corollary 10 The series expansion (63) of the exponential function & (x;a) in the basis K, reads, explicitly,
as follows

1. For the g-quadratic lattice x(s) = c1q™° + caq®,

o s c2 28 —n+2,2s. 2

chq )L+ 2¢%) (=2 "¢%; ¢ )n1
_ 1_|_ 1 ’y ‘ 1

=1 n:

n
(,2 25 —25 )
= 21 iq°,a”crea(1 - q)%q?

Qq2s+1’ 7q—2s+1 L
+ax(s)2p1 “ 3 7 % a’ciea(1 — q)%q2 |. (66)

a”, (65)
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1

The series (65) is the Taylor expansion of £(x(s), a) with respect to a in the domain |a| < %
cicez|jl—q
where 0 < q # 1.
2. For the g-linear lattice x(s) = ¢°* = x (c; =0, co = 1 and ¢5 = 0),
_ N\ (a)"
E(x, a) = Z T
n=0 n
3. For linear lattice s (c4 = 0, c5 = 1 and cg = 0),
') n—2
s(s =)t 0
E(x(s), a) = ;Ta : (67)

—8,8 a2 —s—l—l,s—i—l a2
2F1< 1 ;—4>+GS2F1< 23 2;—1-

2 2
The series (67) converges for |a| < 2.

Corollary 11 The series expansion (64) of the exponential function £(x;a) in the basis F,, reads, explicitly,
as follows:

1. For the q-quadratic lattice x(s) = c1q~° + ¢2¢°,

o0

c2 zT-&-l s z%+l —s
—w; =2 qgrzT?2 R 2 1
= Wi 201 ( ad” i] ! ;qi‘,—w>, (68)
—q2

where 0 < q < 1 and w? = a?cico(1 — q)zq_%. Moreover, the above series is the Taylor expansion of
1
E(z(s); a) with respect to w or a in the domain |w| < 1 that is in the domain |a| < ——L——.
(z(s); a) /4 |w] el Vlerez|(1—q)
2. For the q-Racah lattice x(s) = q~° +v0 ¢**L, (c1 = 1, co = y6 q and ¢*+ = 77%5’%q’%) (68) reads as

1 1 3 1 1 1
—w; ¥202q1q°, 207 2q gt
g($(8)7a’) = wﬂsl ( 1 ;q27_w )

(g5 q) oo —qz

where 0 < ¢ < 1 and w? = a?v4 (1 — q)2q%.

Remark 2 Considering the two Taylor series expansions (63) and (64) of £(x(s); a) (for 0 < ¢ < 1), on

the g-quadratic lattice z(s) = ¢1¢™° + c2¢® with respect to a, we observe that the domain of the first is
_1 1

al < —L = while the one of the second is |a| < —2L=——. Therefore, the domain of (63) is larger

ol < T ol < T (63) s larg

than the one of (64).

Remark 3 Taking ¢y = co = % and ¢° = €% in (68) we obtain that the basic exponential function Eq(x; w) is
connected to £(z; a) as follows

9 1
Eolar; w) = € T

).
Proposition 5 For the q-quadratic lattice x(s) = c1q™° + c2q®, we have

T 2(s) \ = Kale(s) (gt
nl;ngojlz‘[l (1 + xj(zw)) o Z V! (cl(l — q))

n=0

= E(x(s);a)

zatg

with a = m
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Proof If we substitute —x for z in the relation (53) and then divide the relation by F3,(0), we obtain

- x(s n Wl Fu (0
11 <1 i m7((z))> - Zg %jj!w Fn(é))Kj (=2(s)). (69)

By using the relations F},(0) = (—clq_(%“”%)) (—q2;q), and

n(n=1) (q: . . . . .
Tl=q 7 ((ffq))”; which were obtained by direct computation, we transform (69) into

n n

z(s) \ _ (¢:0)n (_q%ﬂ])nfj Kij(=z(s) [ gFets J
) S  ()

— (1 )n—5 (—q2;9)n ;5!

Now, if n tends to co on both sides of the above relation, and we take into account the fact that K,,(—x) =
(=1)"K,(x), we obtain the desired result.

6.2 Analogs of the trigonometric functions on nonuniform lattices

In the same way as in [18], for the basic trigonometric functions, the analog of the cosine function on nonuni-
form lattice C'(x; ) and the sine function on nonuniform lattice S(x; a) can be introduced by using the analog
of Euler’s formula:

E(x;yia) = C(x;a) + 1S(x; a).

Therefore we deduce from Theorem 8 and the use of the latter relation that:

Proposition 6 The analog of the cosine function on nonuniform lattices C(x; a) and of the sine function on
nonuniform lattices S(x; a) can be expanded in the basis K, as

oo K .
C(a(s);0) = Z(U“Wffs))a%, (70)
n=0 n
K2n+1 2n
= 71
az ’72n+1 D

Corollary 12 The series expansion (70) of C(x; a) in the basis K,, reads, explicitly, as

1. For the q-quadratic lattice x(s) = c1q™° + c2q°, we have

s 25 _ 1, —2

—2q7, —2q
q

C(x(s),a) = 201 ( 1q%, —a’crea(1 — Q)Qqé)

2. For the q-linear lattices x:(s) = ¢°* = x (¢; =0, ca = 1 and c3 = 0), we have

Clasa) = Y (-2
n=0 n:

3. For the linear lattice s (c4 = 0, c5 = 1 and cg = 0), we have
—s,5 g2
C(.’E;G)ZQFl 1 ;Z .
2

Corollary 13 The series expansion (71) of S(x; a) in the basis K,, reads, explicitly, as

1. For the q-quadratic lattice ©(s) = c1q~® + caq®, we have

_Eq2s+17_%q—2s+l ) ) 5 1
S(x(s),a) = az(s)2¢1 e 1q°, —acrea(1 —q)%q? |,
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2. For the q-linear lattices x(s) = ¢°* = x (¢ =0, ca = 1 and c3 = 0), we have

e (ax)2n+1
S 5 = -n" )
(ai0) = 31" 0y

3. For the linear lattice s (c4 = 0, ¢c5 = 1 and cg = 0), we have

_ _~_l7 +1 42
S(x;a):(ax)2F1< AT 2.a>.

3 L
5 4

7 Analogs of fundamental properties for exponential and trigonometric functions
7.1 Reciprocal of exponential function and fundamental relations of trigonometry

Theorem 9 (Reciprocal of the exponential function)

1. For the g-lattice x(s) = c1q~ % + ¢2q® + ¢3, we have

1 1
— =&(x;—q2a). 72
5(1” a) (x7 q2a) ( )
2. For the lattice x(s) = c45° + 558 + g, we have
1
= &(x;—a).
E(z;a) (w5 —a)

The proof of this theorem uses the following result.
Proposition 7 The function y(x(s)) = £ (x(s); a)€ (x(s); b) satisfies the divided-difference equation:
D2y — 2abU; (2)D, y — 2abaS, y — (a® + b*)y = 0,
where Uy is the polynomial Uy (x) = (a* — 1)z + B(a + 1) (see (20)).
Proof We apply the identity operator as well as the operators D, S,, S, D, and D? to the equation
y((s)) = € (x(s);a)€ (x(s); b)

and use the product rules (15) and (16) to derive the following five equations

Xo,0 =y
bX10+aXo: =D,y
abUx X0 + X1 1 =S.y
2a2b2U2U1X070 + G(QOé b2U2 + 1)X1,0 + b(2a b2U2 + 1)X0,1 + 2(1bU1X171 =S,D, Y
(a? + 2 a®b?Us + b*) X 0 + 2ab*Us X1 0 + 2a*bU1 Xo 1 + 2acabXy 1 =Dy

with Xo 0 = & (2(s);a)€ (2(s);0), X1,0 = Sz&€ (z(s);a)E (x(5); ), Xo1 = E(x(s);a)SzE€ (x(s);b) and
X11 = Si€ (2(s); a)S,€ (x(s); b). The above system contains 5 linear equations for 4 unknowns, namely
X, .k, 3,k = 0, 1. For the solution of this system to exist, it is necessary for y(x(s)) to satisfy the determinant
condition

1 0 0 0y
0 b a 0 D,y
abUs 0 0 1 S,y |=0
2a2b2U,U, a(2ab?Usy + 1) b(2aa?Us + 1) 2abU; S, D,y
(a® + 2aa®b?Us + b?) 2ab*U; 2abU; 2ccab D2y

which is the required second-order divided-difference equation.
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Let us mention that computations in the above proof have been made by using the Maple software system (see

Proof (of Theorem 9). According to Proposition 7, for a given a, if there is b such that
then b is solution of

E(x(s);a)€ (x(s);b) =1, Ya(s)

For g-lattices, a =

(73)
a? +20ab+b* =0. (74)
34q 3 . 1 _1
==L~ and therefore, (74) gives b = —q2aorb = —q za.
Ifb = fq%a, (73) becomes (72). If b = fq*%a, we have from (73)
£ ((s); )€ (x(s); —q 2a) =1
the solution to (74) is b = —a.
Proposition 8

By taking fq%a for a, we transform the last relation into (72). For the linear and quadratic lattices, « = 1 and
E(zya) = E(—x;

—a), &(—z;a)=E&(z;—a),
C(-z;a) = C(z; —a) = C(x;0),

S(—xz;a) = S(x; —a) = —S(x;a).
(=1)" K, (x) (see (30)), we get the result.

Proof If we substitute x by —x in the relations (63), (70) and (71), and use the symmetry properties K, (—x(s))
Proposition 9 (Fundamental Relations of Trigonometry)

1. For the g-quadratic lattice ©(s) = c1q~® + caq®, we have

C(x; a)C(x;q%a) + S(z;a)S(x; q%a) =1.
2. For the linear or quadratic lattice x(s) = 15> + co8, we have

C(z;a)* + S(z;a)? = 1.
7.2 Positivity of the exponential function

has

Theorem 10 For the q-quadratic lattice x(s) = c1q~° + c2q°, c1ca > 0, the function £(x(s); a), 0 < ¢ # 1,
1. The positivity property

2. The limit properties

E(xz;a) >0, Vo eR,
lim &(z;a) = 400, lim E(—z;a) =0,

T—00 T—00
Proof We split the proof of the relation (75) into two steps:

(75)
(a>0).

For the first step, we prove that az > 0= &(z;a) > 0.

(76)

By using the fact that ¢ = — L into 22;(s0)” and 2211 (s0)* we have

; _ s 1 _
2j(s0)? = —c1ca(q’ — q77)? and waj41(s0)* = —c1c2(¢’ T2 — g7

1
)%,
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thus, from (32) and (33), we obtain

K2n( 2 H +6162 q - q ) ]
Ko (0(5) = a(s) H (s + exea(a?*E — Y

Taking these relations into account in

2 = (s 2n+1 2 1
E(zya) =1+ ax(s) + (aﬂ’fy(j)) n z_: Kzn,in!( a?" 4+ Z K. /y-;-nil'( ))a n-+ ’

n=1

obtained from (63), yields

(ax(s))? n f a(s)? H;:f [2(s)? + cre2(q’ — q77)?] o2n

Yo! o Yon!
TL 1 2 '+l _i_1\9
i lz(s)? +ac(d? T —q7T2)?]
+ an (77)
Z ’Y2n+1!

Now, using the hypothesis (az > 0), the latter equation leads us to £(x;a) > 0.

For the second step, we prove that az < 0 = £(x;a) > 0.
ar < 0= (a<0andz > 0)or (a>0andz <0).

Let us suppose that a < 0 and x > 0. From Theorem 9, S(w oy = = &(x;b), withb = —q2a orb = —q~ 2a since
a < 0,and ¢ > 0, bz > 0 hence £(x;b) > 0. and therefore, £(x;a) > 0.

In a similar way, we prove that £(z;a) > 0 for (@ > 0 and z < 0). Let us prove (76). Since a > 0, if ©
tends to oo in (77), we get lim &(x;a) = +o0.

xr—r0o0

For lim &(—x;a) =0, a > 0, the use of Proposition 8 (£(—x;a) = £(z; —a)) and Theorem 9 allows us to

Tr—>r00
obtain

g(_l‘?a/): Wlthb:q%a Orb:q_%a_

1
E(x;b)

Therefore, since q*%a > (0 and q% a > 0, we obtain the result by using the fact that lim &£(z;b) = +o00, b > 0.
xTr—r0o0

Corollary 14 The basic exponential function E,(x,w) (z(s) = q752+q5, ¢ =¢e"?)(0<q<1)has

1. The positivity property

Eq(z; w) >0, (78)
2. The limit properties
ll)m Eq(x; w) = +o0, li_>m Eg(—z; w) =0, w>0. (79)

Proof The Askey-Wilson lattice (z(s) = qfs;qs, q® = €'%) is g-quadratic z(s) = c1¢7° + c2¢® with ¢; =

co = % (that is, cyco > 0). Moreover, by Remark 3, &,(z; w) = £(x;a) witha = %. Therefore we can
deduce (78) from (75) and (79) from (76).

Proposition 10 y(x) = S,E(x; a) satisfies the second order divided-difference equation

]DQy—Qaa]D)Zy—Fa y=0. (80)
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Proof Since D, E(z;a) = a€(z;a), S;D,E(x;a) = aSE(x; a). Taking into account (18) in the latter equa-
tion, we have

D,S.E(z;a) — aaS,E(x;a) — a*UiE(x;a) = 0. (81)
Applying D, to both sides of the above equation, the use of the relation (15) and the fact that

D,Ui(x(s)) = (a® — 1) and S, Uy (2(s)) = aUi(x(s)) (obtained by direct computation) we transform (81)
into (80) with y = S, (z; a).

Corollary 15

1. For the q-quadratic lattice we have

(w?q)oe E(w;q2a) + E(23q %a)

S:t(zi0) = (02q; q)oo 2

2. For the linear lattice
2

S.&(z;a) = <1 + ‘Z) ().

Proof From Proposition 10, S, € (x; a) is a solution to (80). Looking for a solution of (80) of the form y(z) =
E(x;r), we obtain y(z) = AE(x;a)if ¢ = 1 and y(z) = BE(x;aq2) + CE(x;aq™2) if ¢ # 1. From the
expansion of £(x;a) on g-quadratic lattices x(s) = c1¢~® + c2¢® (resp. on a linear lattice z(s) = s) in the
basis K, (see (66), (resp. (67))) and the relations (34), one has A = (1 + “72), B=C= 2%32%.

7.2.1 Addition formulae for the exponential and trigonometric functions on nonuniform lattices

Here we provide, based on the binomial theorem 6, an addition theorem for the exponential function & (z; a).
Let K,,(z(z),z(s)) be the bivariate function on g-quadratic, g-linear and linear lattices

n

Tn!
K,(z(2), z(s)) = Z — 1 K (2(2)) K (2(s)). (82)
=0 Yn—35V5*
Proposition 11 K, (x(2),z(s)) has the following properties
Kn('r7y) :Kn(yux)7 Kn(xvo) :Kn(x)7 Dan(x7y):DyKn(‘ray)
Theorem 11 (Addition theorem for the exponential function)

1. On q-quadratic lattices x(s) = c1q~*° + caq®, we have

© (2(2) — 21 (5)]™
€ (a(2): )€ a() —a) = Gla)io(—a) 3 LTI, )

n=0

2. On g-quadratic lattices x(s) = c1q™° + coq® and linear lattice s, we have

E(x(2);a)€ (x(s);a) = Z — " (84)

n=0 fyn'
Proof (83) is a direct consequence of (64) and the binomial theorem (54) while (84) is due to (63) and (82).
By taking € (x(z), z(s);a) = € (x(2); a)€ ((s); a) as analog of e*T¥ = e”e¥, we obtain

Corollary 16 On g-quadratic lattices, we have
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1.

Tp1(s (n)
E(x(z)m(s);a)z 7q oo Z )+ Tn— ()] a®,

L) (crea(l — ¢)2q2)* B
Kn($(2),x(5)) = ’Vn!(q.q;;]k)k( ([i-n_;i)' q ) [1’(2)4’%”_2]@_1(5)}(” 21@).

8 Characterization of Symmetric orthogonal polynomials on nonuniform lattices

Symmetric orthogonal polynomials play an important role in applications such as Numerical Analysis [12] and
in Optics [4]. Orthogonal polynomials of the linear discrete variable have been determined (see [3]) from the
three-term recurrence equation

P—l(x) =0, Po(.]?) =1, Pn—i—l(x) = (37 - Bn)Pn(x) - CnPn—l(x)-
In this section, based on the divided-difference equation [7]

¢(a(5)) Diy((s)) + ¥(2(s) SaDay(x(s)) + Ay(z(s)) = 0, (85)

where ) is a constant, ¢ and v are polynomials of degree at most two and one, respectively, for classical orthog-
onal polynomials on nonuniform lattices, we characterize symmetric orthogonal polynomials on nonuniform
lattices.

Theorem 12 A sequence of classical orthogonal polynomials on nonuniform lattice is symmetric if and only if
their corresponding polynomial coefficients ¢ and 1) in the equation (85) are of the form

(b(.]?) = ¢2x2 + ¢07 '(/)(l‘) = ¢1$a (86)
where @2, ¢o and 1 are constant numbers.

Proof Let (P,,) be a sequence of classical and symmetric polynomials on nonuniform lattices. Since (P, ),, is
classical (see [8]) there are two polynomials

¢(2)) = dor” + 12+ ¢o and Y (x) = Y1z + o
of degree at most two and of degree one, respectively, such that
d(x(s)) D2 P, (2(5)) + 1 (2(s)) SeDy Pu(2(s)) + A Po(z(s)) = 0.
Thanking —x for z in this equation, we have
d(—2(s)) D2, Po(—x(s)) + b(—x(s)) S_oD_, Py (—2(s)) + A Py (—2(s)) = 0. (87)
The following relations
Dy Po(—2) = (-1) " VDePa(), S_p Pa(—2) = (-1)"8, P (),

obtained from the definitions of operators D, and S, as well as the symmetric property P,(—z) =
(=1)"P,(x), and the second use of the symmetry, transform the second order equation (87) into

$(—(5)) D3P ((s)) — U(~2(s)) SoDu Pu(2(5)) + A Pa(a(s)) = 0.
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By identification, we get the result.

Conversely if (P,,),, is a sequence of classical orthogonal polynomials such that their corresponding poly-
nomial coefficients in (85) are of the form (86), then, by substituting y(z(s)) by P, () into (85) and then taking
—2z for z in the obtained equation, we obtain

$(2(5))D2 . P (—(s)) — ¥(2(5))S—aD o Pa(=2(s)) + APp(—2(s)) = 0

which can be easily transformed into

d(2(5))D2 Py (—2(8)) + 1 (2(5))SeDs P (—2(8)) + AP, (—2(s)) = 0.

Therefore, P, (—xz) = constantP,(z). Since K, j € N, is symmetric, by identifying the coefficients of
K,, we have constant = (—1)"

From the above theorem and the polynomial coefficients of (86) for well known classical orthogonal polyno-
mials on nonuniform lattices (see [10]), we deduce the following result:

Corollary 17

The Askey-Wilson polynomials are symmetric if and only if b = —a and d = —c¢;

The g-Racah polynomials are symmetric if and only if (v = —a and B = a) or (y = —§ and § =
The Dual Hahn polynomials are symmetric if and only if v = —1;

Continuous q-Jacobi polynomials are symmetric if and only if o = (;

Continuous q-Hermite polynomials are symmetric.

);

e

Lk W~

The following theorem allows us to expand in the basis K, a symmetric classical orthogonal polynomials
sequence.

Theorem 13 If
y((s)) = Y dn Kn(a(s)) (88)
n=0
is a series solution of the equation (85) with polynomial coefficients of the form (86), the coefficients (dy,),
satisfy a second-order difference equation
Andn+2 + Bnd,, = 0, (89)
where
An = g2 41020 (50) + V19n42(InTns1(50)* — @ng12n(50)?)
By = v (d2vn—1+ (1o — @n-1)¥1) + .

Proof Firstly, we introduce
y(a(s) = D dn Ka(a(s))
n=0

into the equation (85). Secondly, we use the relation
DiKn = YnVn-1Kn_2
as well as the relations
a:(s)QKn = Kpio+ xn(so)QKn
2(8)Sz Kn = (Va1 — %) Knt1(2(s)) + (m-12a(s0)* — an@n—1(50)*) Kn-1(2(s))
(due to (32)-(34)) to transform the obtained equation into

oo

> (Andni2 + Budy) Kn(2(s)) = 0.

n=0

The proof is completed by using the fact that K, is a basis.
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The Askey-Wilson polynomials [6]

i (q_n7q)k (adeqn_17q)k (aq57q)k (a‘q_s7q)k; qk

P,(z;a,b,c,d|q) =
( 2 = (ad,q), (ac,q)y (ad,q); (¢:9)y,

, © = cos#, (90)

satisfy (85) with [10,7]

¢ (x(s)) = 2 (decba + 1) 22 (s) — (a + b+ ¢+ d + abc + abd + acd + bed) x (s)

+ab+ ac+ ad + bc + bd + c¢d — abed — 1, (€28
4 (abed — 1 q%xs 2(a+b+c+d— abc — abd — acd — bed q%
b (a(ey) - Mabed =Dt () 2 )
q—1 q—1
and
—1+4q¢") (- bedq™
N, — 4 +q)(QEacq)¢i ©92)
(¢—1)"q
By Corollary 17, these polynomials are symmetric if and only if b6 = —a and d = —c. So, from the above

theorem, we have:

Corollary 18
" (g7 q%) (a2 5 %) (4¢P 720
P, (x(s);a,—a,c,—c|lqg) = a Koi(x(s)),
) " 71223 (¢:0%)j(=a?:¢?); (=%, 4); (%1 %); 2(2(e)
= gn(2(s)?).
" (g2 q?) (a2 g?) ( )
Poiq(xz(s);a,—a,c,—c|q) = b, j K ,
et " g 05 ), (P ) 6 ), ,q2> 2 ()

(=c? q D)4 6%)n(=a®)" _ 2@:6®)n(=ac® ¢*)n (=1)"(@™)?(~14+¢*")a
- (aca)n(=acia)n(= “2‘1 @)n and by, = (—1+a)(a%c%; ) n(—a%; @) n (@2(@")2F1)q"

where a,, =

9 The divided-difference equation for the function 4¢3

The non-terminating hypergeometric function 2 and the non-terminating o¢; satisfies respectively a second
order differential equation and a second order g-difference equation (see [11]). In this section, we prove that
the non-terminating Askey-Wilson 4¢3 satisfies the second order divided-difference equation (85).

Theorem 14 The non-terminating Askey-Wilson function 4¢3, 0 < q < 1,

t,abedg 't ae’?, ae="
493 10,4 (93)
ab, ac, ad

satisfies the divided-difference equation (85), where coefficients ¢, 1) are those of the Askey-Wilson polynomials
(see (91)) and X is :
tedba — abed + tq — qt?
\ g Utedba = abed +1g = at?) g (94)
(-1+4q)°t
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Proof We assume that the non-terminating Askey-Wilson 4¢3, given by (93), satisfies (85). So, writing
t,abedg 't~ ae®, ae=" =
i q, = dnBy(a, x(s
s ab, ac, ad ©4 7;) ( ())

where

(t,q) (abcdq”_l,q) q"
d, = n n , Bn(a, z(s)) = (aq®,aq™%;q)n,
(ab,q), (ac,q), (ad,q), (¢.9), (0wl =1 :

we obtain from [7] (Theorem 11, page 422)

8

ZHk(¢27¢17¢07¢1aw07 )‘) qk" = 07

k=0

where the Hy (2, d1, Po, %1, %0, A) are linear combinations of A and the coefficients of ¢ and ). Solving the
system of linear equations Hy(¢2, ¢1, ¢o, ¥1, %0, A) = 0, 0 < k < 8 in terms of  and the coefficients ¢; and
1);, we obtain, up to a multiplicative factor, A (see (94)) and the coefficients of the polynomials given in (91).

Remark 4 Solving the divided-difference equation (85) (by using [7], Theorem 18) with coefficients given by
(91) and (94) we recover (93).
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