Appendix A

The Pochammer symbol (a),, is defined by
(a)p=ala+1)---(a+n—-1)=(a)p—1(a+n—1)forn=1,2,..., and (a)o = 1. The
generalized hypergeometric function of scalar argument is defined by

(ar) - (a), 2*
< (1) (by), K
where a;, i =1,...,p, b;, j =1,...,q are complex numbers with suitable restrictions

and z is a complex variable. Conditions for the convergence of the series in (A.1)) are
available in the literature, see Luke [1]. It is easy to see from (A.1) that
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The integral representations of the confluent hypergeometric function (first kind)
and the Gauss hypergeometric function are

1F1(a;¢;2) = F(a)ll:((cc)—a)/o t27 11 — )" Lexp(zt) dt, Re(c) > Re(a) > 0, (A.4)
and
2F1(a7b; C; Z) = F(a)Ilj‘((CC)a)/o ta_l(l _ t)c_a_l(l B Zt)_b dt,

Re(c) > Re(a) > 0, |arg(l — z)| < m,

respectively. Note that the series expansions for 1 Fy and oI} glven in and (A3
respectively, can be obtained by expanding exp(zt) and (1 — zt)~°, |2t| < 1 in (A.4) and

(A.5) and integrating ¢.

The confluent hypergeometric function 1 Fj(a;¢; ) satisfies Kummer’s relation
1F1(a;¢; —2) = exp(—=2)1 Fi(c — a; ¢; 2). (A.6)

For properties and further results on these functions the reader is referred to Luke [1].
Next, we define Humbert’s confluent hypergeometric function ®; of z and y and give
its series expansions. Following Prudnikov et al. |2, equation 7.2.4(48)], ®; is defined as

1
b (ab,c;m,y) = —— [ A=) 1 —at) t) dt, A7
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where @ > 0, c—a >0, |z| < 1 and —0o < y < co. By expanding (1 — xt)~°, [tz| < 1in
power series and integrating ¢ by using the integral representation of the confluent
hypergeometric function, the integral can be written as

®1(a,b;c;m,y) = L Fi(a+ise+iy)
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where the last line follows by using the series expansion of 1 F}.
Next, we define a triple hypergeometric function F; as

Fyz (a1,a9,b;¢1,¢0;2,9, 2)
1
(a1,¢1 — a1) B(ag,ca — as)
ga1—1 (1—s)r—ar— Lpas— 1(1 7t)527a271 exp(ys + 2t)
/ / (1 — xst)?
where a1 > 0, a2 >0,¢1 —a1 >0, co —az >0, |z] <1 and —0o < y, z < co. Integrating

this expression with respect to ¢ by using (A.7]), another form of
Fz (a1, a2,b;¢1,c9;,y, z) can be derived as

ds dt, (A.9)

FZ (a/laa/Qab; ClchJl’ava)
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Expanding exp(zt) in power series and integrating ¢ in (A.9)), we obtain

Fz (a1,a2,b;c1,c2; 2,9, 2)
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By expanding (1 — xst)~" in power series and integrating s and ¢ by using the
integral representation of the confluent hypergeometric function, the integral in (A.9)
can be evaluated as
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where the last two steps follow by using the series of 1 F;. Also, re-writing 1 ) by using
(A.6), an alternative series form can be derived as

Fz (a1, a2,b;c1,¢2;2,y, 2)
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Further, writing the infinite series involving the index 4 in terms of 3F5, we obtain

Fz (a1,a2,b;c1,c0; 2, Z/, )
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We can also observe that
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Fz (a1, a2,b;¢1,¢2;2,0,0) = 3F5 (a1, az,b;c1,co; )
and

Fy (a1,a2,b;¢1,¢2;0,y,2) = 1Fi (ar;5c159) 1F1 (az;c0;2).
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Fig 1. Plots of the pdf for selected values of «, 3, v, o, A1 and As.
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Fig 2. Plots of the marginal pdf of X for selected values of «, 3, v, o, A1, and As.
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Fig 3. Simulated data and contour plots for different methods for « =2, 5 =2, v =4,
oc=0.5, A =1and s =1, n = 30.
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Fig 4. Simulated data and contour plots for different methods for « =2, 8 =2, v =4,
oc=0.5, A =1and Ay =1, n = 1000.
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Fig 5. Pairs style of Gibbs sampling method for a =2, =2, v=4,0=0.5, \; =1
and A2 = 1, n = 1000.
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Fig 6. Histogram of simulated data and marginal pdfs for « =2, 8 =2, vy =4, 0 = 0.5,

A =1and Ay =1, n = 1000.
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Fig 7. Correlation between X and Y fora =2, 8=2,v=4,0=0.5, \; =1 and

Ao = 1, n = 1000.
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