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Abstract

To every polynomial f(z) with rational coefficients one can asso-
ciate a finite group Gy, the Galois group of the splitting field of f
over the rational numbers. The inverse problem of Galois theory asks
whether for a given finite group G, there exists a polynomial f such
that G is isomorphic to Gy. A Galois extension of Q, with Galois
group G, is called a realisation of G over Q, and G is said to occur
over Q. It is known that all abelian groups occur over Q, and Saferevic
showed in 1957 that all solvable groups occur over Q. Almost all other
progress with the problem depends on Hilbert’s irreducibility theorem,
which implies that a realisation of G over Q exists if and only if a re-
alisation exists over the function field Q(x). Hence it suffices to find
realisations of a particular group G over Q(x), which enables us to use

tools from Riemannian Surface Theory and Algebraic Geometry.
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1 Introduction

Before the 1800s, the main problem in algebra was to solve polynomial equa-
tions over the rational numbers. The solution to the quadratic has been
known since £ 1700 BC ([!], §3) and the general solutions to the cubic and
the quartic were discovered in the 1740s by Dal Ferro, Tartgalia, Cardano
and Ferrari ([3], §9.9). For the next 200 years mathematicians struggled to
solve the general quintic. It wasn’t until 1799 when Ruffini published an in-
complete outline of a proof, based on the earlier work of Lagrange, that the
general quintic is not solvable by radicals. In 1824 Abel published a complete
proof, and the question was finally settled. Two decades later Galois used
the language of groups to confirm the result, in the process giving birth to

Galois theory.

With every polynomial f of degree n over a field k, one can associate a
finite group Gy, the Galois group of the splitting field of f over k, which
is a subgroup of S, the symmetric group of n elements consisting of all
permutations of n elements. Galois proved that f is solvable by radicals over
k if and only if the group G/ is solvable. Thus, to gain an understanding of the
solvability of polynomials, one needs an understanding of the correspondence
between subgroups of S,, and polynomials of degree n over k. Unfortunately
it is very difficult in general to compute the Galois group of a polynomial,

and the full understanding has only been achieved for small n ([10], [14]).

A natural question for bigger n, first stated by Hilbert in 1892 [0], is if
at least every subgroup of .S, corresponds to some polynomial over k. This

problem is called the Inverse Problem of Galois Theory, or simply the Inverse

© University of Pretoria
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Galois Problem.

While the Inverse Galois Problem is stated for any field k, most of the
work done has been over Q. For some fields the problem has been solved: the
problem has a negative solution over the finite fields (all Galois extensions
are abelian) and p-adic numbers (all Galois extensions are solvable) ([10],
§1), and a positive solution over the function field C(z) ([13], §2.2.2) and in

fact, over the function field k(x) for k algebraically closed or k a p-adic field
([7], 80.1).

It is easy to show that every finite abelian group occur as a Galois group
over Q (see Theorem 7.1) and in 1954 Saferevic [12] proved that all solvable
groups occur as a Galois group over Q. Almost all other results depend on
Hilbert’s Irreducibility theorem - the statement that Q is a hilbertian field,
that is, for every irreducible polynomial f(z,y) over Q, there are infinitely
many b € Q such that the Galois group of f(b,y) over Q is isomorphic to
the Galois group of f(x,y) over Q(x). Thus it is sufficient to work over the
function field Q(z), which allows the use of methods from Riemannian Sur-
face Theory and Algebraic Geometry. Every finitely generated extension of a
hilbertian field is again hilbertian, and Weissauer’s Theorem (Theorem 6.2)
gives conditions for an infinite extension of a hilbertian field to be hilbertian

(of special importance is the full cyclotomic field Q).

Of particular interest are the Galois extensions K of Q(z), with Q al-
gebraically closed in K (in other words, all the elements of K\Q are tran-
scendental over Q). Such an extension is called regular. The Regular Inverse
Galois Problem asks whether every finite group G occurs as the Galois group

of a regular extension of Q(x). Regular extensions have the property that if

© University of Pretoria
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K is a regular extension of Q(z) with Galois group G, then G occurs as a

Galois group over every hilbertian field K of characteristic 0.

This dissertation gives a detailed proof of Hilbert’s Irreducibility Theorem
and does not deal specifically with finding Galois extensions of Q(z). For
such constructions, see [7], [9], [10] and [12]. The structure of the dissertation
is based on the first chapter of Helmut Volklein’s book “Groups as Galois
Groups - an Introduction” ([13]), and the bulk of the proofs given herein is

due to him.

© University of Pretoria
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2 Preliminary Results

First we establish a few results. Unless otherwise stated, k will be a field of
characteristic 0, and &k will be an algebraic closure of k. Elementary results
from Galois Theory will be used without reference. See [3] for an excellent

introduction to Galois Theory.

Theorem 2.1 Let a be algebraic over the field L, and let R be a ring with
L as its field of fractions. Let f(y) = a,y™ + an_1y" ' + -+ + a9 € R[y] be a
polynomial satisfying f(a) = 0. Then the polynomial

n—1
gY)=Y"+ Z a;a Y

i=0
is a monic polynomial of degree n in Rly| satisfying g(a,a) = 0. Also L(«) =
L(a,«).

Proof. Since f(a) = 0, it follows that

1

—1 -1 —1 -2 -
a,a" +a, “a,_1a" " +a; an_0" "+ 4a; ag =0,

1

ie. (an@)" + ap_1(0n0)" " + @y 20 (@) 2 + -+ +a" tag =0,

n—1
or concisely, (a,a)" + Z a;a" 1 (a,a)t =0,
=0

which shows that a,« is a root of the monic polynomial g(Y). Since

0 # a, € L, we have that L(a) = L(a,«). |

This result allows us to assume that for a given Galois extension K
of k, there exists a monic polynomial over k whose roots generate K over k.

This is nicely complemented by the following;:

© University of Pretoria
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Theorem 2.2 Let f(x1,9,...,x5) be a polynomial in s > 2 variables over
k. Then f 1s irreducble as a polynomial in s variables over k if and only if
f s irreducible and primitive (i.e., the coefficients of f are relatively prime)

as a polynomial in xs over k[xy, xa, ..., Ts 1].

Proof. Suppose that f is primitive and irreducible as a polynomial in z, over
klxy,...,xs1]. If f is not irreducible as a polynomial in s variables, then f
decomposes as f = gh over k. Since f is irreducible as a polynomial in z,,
one of the factors, say g, must be a polynomial in k[xq, ...,z 1]. This means
that the coefficients of f, viewed as a polynomial in x,, are all multiples of g.
Hence ¢ is a unit in k[zq, ..., 21| implying that g € k. Thus f is irreducible

as a polynomial in x4 over klxy,..., x5 1].

The converse is clear. [ ]

In particular, if f is monic in x,, we are allowed to drop the hypoth-

esis that f is primitive as a polynomial in x;.

Theorem 2.3 Let xq,xs,...,x,, be algebraically independent over a field k,

and let x = (11,79, ..,7,,). Let k be an algebraic closure of k.

(i) If k' is a finite Galois extension of k, then k'(x) is a finite Galois
extension of k(x), and the restriction map G(K'(x)/k(x)) — G(k'/k) is
an isomorphism. In particular, every field between k(x) and k'(x) is of

the form k" (x), and [K"(x) : k(x)] = [k" : k].

(i) Let f(x,y) € k(x)[y] be irreducible over k(x), and let K =
kE(x)[yl/(f) = k(x)(a) be the corresponding field extension of k(x),

© University of Pretoria
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where « is a root of f over k(x). Then k is algebraically closed in K if
and only if f is irreducible over k(x). In this case, f(x,y) is irreducible
over ki(x) for every extension field ki of k such that x1,Za,...,Tm,y

are independent transcendentals over k.

Proof.

(1)

The Galois group G of k'/k extends naturally to k'(x) by fixing
Z1,...,Tm. Let G’ be the group of such extensions of G. It is clear
that G and G’ are isomorphic. The fixed field of G is, by definition, k,
and so the fixed field of G’ is k(x). Thus, by Artin’s Theorem, £'(x) is
Galois over k(x) with Galois group G'. If F” is any field between k(x)
and k'(x), let H' be the subgroup of G’ such that F’ is the fixed field
of H'. Let H be the corresponding subgroup of G, with fixed field F',
where F' is a field between k and k’. Then, by the definition of G’, it

follows that F' = F(x).

Suppose k is not algebraically closed in K, and let k be the algebraic clo-
sure of k in K. Since k C k C K , there exist an irreducible polynomial
f € k(x)[y] such that f(x,a) = 0 and f divides f. Now, since k # k,
[k < k] > 1, and so [K : k(x)] = [K : k)][k(x) : k(x)] > [K : k(x)]
implying that the degree of f is less than the degree of f, which means

that f is not irreducible over k(x), and hence not over k(x).

Conversely, assume that k is algebraically closed in K. Let &’ be any
finite Galois extension of k. Let K’ = k'(x)(«) be the compositum of K

and £’(x) inside some algebraic closure of £'(x). Now, KNk (x) C k'(x)

© University of Pretoria
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and hence, by (i), K N k' (x) = k"(x) for some field &k C k" C k. Let
B € k" C K, and let g(y) be the irreducible polynomial of § over k
(it exists, since k" is a finite extension of k). Since k is closed in K
and 3 € K, 8 € k. Since § € k" was arbitrary, it follows that & = £”.
Hence K Nk'(x) = k(x). Since k'(x) and K are finitely generated over
k(x) by (i) and K’ is the compositum of K and k’(x), it follows that
(K’ : k'(x)] = [K : k(x)]. This means that the irreducible polynomial
of a over k'(x) has the same degree as f, showing that f is irreducible

over k'(x). Since k' was arbitrary, f is irreducible over k(x).

Let ki be an extension field of k£ such that x4, ..., z,,, y are independent
transcendentals over k; and suppose that f(x,y) is not irreducible over
ki(x), i.e. f = gh for some g,h € ki(x)[y]. We may assume that g is
monic in y. We may also assume that k; is generated over k by the
coefficients of g (where g is viewed as a rational function in z1, . . ., p,, y)
and that one of these coefficients, call it ¢, is transcendental over k (if

not, then k; C k and the result follows immediately since f is irreducible

over k(x)).
Now, k; is a finite extension of some field ko = k(t1,t2,...,ts), where
t1,...,ts are independant transcendentals over k with ¢; = t ([8], Chap-

ter 8, Theorem 2.1) . Now, for each § € k, the function ag : ks — ks
mapping t — t + 3 and fixing £ and the other t; is an automorphism
of kg over k. Each automorphism ag can be extended to an embedding

of k; into ky, which can be extended to an embedding of k;(x)[y] into
ka (x)[yl-

Apply each such ag to the equation f = gh. Since f € k(x)[y], f is

© University of Pretoria
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fixed by ag. On the other hand, applying ag to g for each (3 yields
distinct monic polynomials in ky(x)[y] each dividing f, contradiction.

Thus f is irreducible over k;(x). =

We say that a group G occurs over k, or GG is realised over k, if there
exists a Galois extension of k& with Galois group G. Part (i) of the above
result states that if G occurs over k, then it also occurs over k(z). It is
reasonable to ask for which k£ the converse will also hold. In the next section,

we attempt to answer that question.

© University of Pretoria
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3 Specialising coefficients of a polynomial

Recall that the discriminant of a monic polynomial f(z) = [[_,(z — o) is

defined to be equal to HKj(aj —a;)%. Note that this expression is symmetric
in the ;8. By the Fundemental Theorem of Symmetric Polynomials, the
determinant can be written as a polynomial over Z in the coefficients of
f ([1], §13). The determinant is nonzero if and only if if and only if f is

separable, i.e. if and only if f has no repeated roots.

Theorem 3.1 Let K be a finite Galois extension of F' with Galois group G.
Let R be a subring of F' having F as a field of fractions. Let o € K be a
generator of K over F, satisfying f(a) = 0 for some polynomial f(y) € R[y]
of degree n = [K : F| (we may assume f monic by Theorem 2.2). Let A C K

be a finite set containing o and invariant under G. Let S = R[A].

Then there exists a 0 # u € R such that for each ring-homomorphism w

from R into some field F' satisfying w(u) # 0, the following holds:

(i) w extends to a homomorphism @ : S — K', where K' is a finite field

extension of F'.

(ii) for each such @, the field K' is Galois over F', generated by o =
W(a) over F'. We have f'(a’) = 0, where f" € F'[y| is the polynomial
obtained by applying w to the coefficients of f. Thus [K' : F'] = [K : F]
if and only if ' is irreducible, in which case K' is F' — isomorphic to

F'yl/(f)-

(iii) Now suppose that f' is irreducible. Then for each @ as in (1), there is

a unique isomorphism from G to G(K'/F") mapping o to o', such that

© University of Pretoria
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w(o(s)) =o'(@(s)) forallo € G, s € S.

Proof. Since K/F is Galois, f(y) is seperable, hence its discriminant Dy is
a nonzero element of R. Also, w(Dy) is the discriminant of the polynomial
f' obtained by applying w to the coefficients of f. Consider only those w for

which w(Dy) is nonzero and thus f’ is separable.

Consider the natural map between R[y] and R|a]. Let I be the kernel of
this map. If h € I, then h(a) = 0, hence h = fg for some polynomial g €
Fly]. Let f(y) = y"+an_1y" '+ ~+ag and g(y) = by +bp_1y™ 1+ - -+by,
where q; € R and b; € F'. Then

h(y) = bmym+n + (bm—l + bman—l)ym+n_1 + -+ (lob().

Since h € I C R[y|, the coefficient b, of y™*™ lies in R. Similarly, b,, 1 +
bman,—1 € R, implying that b,,_; € R. Continuing in this way, we see that
b; € R for each i, and hence g € R[y]. Thus h € fR[y], the ideal of R[y]
generated by f. Conversely, if A is in this ideal, then h(«) = 0 hence h € I.

This yields the isomorphism
¢: Rly|/I — R|a].

Case 1: R[A] = R|q]

Extend w to R[y] — F'[y] by fixing y. This map sends f to f’ and thus

induces the ring-homomorphism

© University of Pretoria
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by applying w to the coefficients of the polynomials in R[y|/I. Let & = pop~!

by a ring-homomorphism from R[a] to F'[y]/(f’).

(1)

(i)

(i)

Let ¢’ be an irreducible factor of f/, and set K’ = F'[y]/(¢'). K'is
then a finite field extension of F’. Composing £ with the natural map
F'lyl/(f) — F'ly]/(¢') gives a homomorphism from S = R[a] to K’,

which extends w as desired.

The image of o under @ is the polynomial y in F’'[y]/(¢'), which is a
root, say o, of ¢’ in the field K’ = F'[y]/(¢’), which is thus generated

by o over F".

Let ai,qs,...,a, be the conjugates of o under GG. By hypothesis,
a; € Aforeachi. Let of =W(a;) € K'. Applyingw to f =[], (y—)
yields f" = [[;_,(y — «}). Since each o} € K’, the conjugates of o’
(which are the roots of ¢') all lie in K’, hence K’ is normal over F’
(since K’ = F'[a/]). Also, since f’ is seperable, so is ¢/, and hence K’

is seperable over F’, and thus Galois.

f' is seperable if and only if [K : F] = deg(f) = deg(f’) = deg(¢’) =
K’ : F'], in which case K’ = F'[y]/(f').

If £’ is irreducible, the conjugates of o over F’ are all the «f. Since f
is seperable, the o are distinct. Thus, for each o}, there exists a unique
o; € G' such that o,(a’) = «}. Similarly, there exists a unique o; € G
such that o;(«) = ;. This yields a bijection 6 : 0; — o} between G

and G'. lf W(o(«)) = o'(@W(a)) for all o € G, then for each 0,7 € G, we

© University of Pretoria
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have:

(o7)'(e) = (o7)(@(a))
= @(or(a))  (by assumption)
= w(o(r(®)))
— ¢(@(r(a)))  (by assumption)
= ¢'7(@(a))  (by assumption)

= o'7'(d).

Thus the bijection € is also a homomorphism, and hence an isomor-
phism.

Let s € S be arbitrary, and o; € G be arbitrary. Since S = R[a], we
can write s = h(«) for some h € R[y]. Let b’ € F'[y] be obtained by

applying w to the coefficients of h. Then

oi(@(s)) = ai(@(h(a)))
= o,(h' () (definition of A" and o)

= h'(c) (o) fixes F)

Since o € S, we are done.

Case 2: R[A]| # R|o]

Since A C K = Fla], we can write a = 3.1 b;a’ with b; € F for each

a € A. Let B be the set of all b; as a ranges over all the elements of A. Since

© University of Pretoria
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A is finite, so is B, and since F' is the field of fractions of R, there exists a

nonzero v € R such that vb; € R for each b; € B.

Set u = vD; and R = R[u~"]. Then for each b; € B, we have

m
;.Uz

’Ubi:TiER —

Hence A C Rla] and so R[A] = Rlal].

Ifw: R — F’is a homomorphism with w(u) # 0, extend if to R by setting

( ) = ( This extesion is unique, since for w to be a homomorphism on
w(f)w(u) = w(fu) = w(r).

Now, w and R satisfy the original hypotheses, so we can apply Case 1. B

u)’

The next result may be viewed as a weak analogue of Hilbert’s Irre-
ducibility Theorem (replacing “irreducible” with “separable”, and noting
that in characteristic 0 irreducible polynomials are separable). Recall that

“for almost all” means “for all but finitely many”.

Theorem 3.2 Let L be a field and let f(x,y) € Llz,y] be separable as a
polynomial in y over L(x). Then the specialised polynomial f(b,y) € L[y| is

seperable for almost all b € L.

Proof. We may assume that f is monic in y. Since f is seperable over
L(z), its discriminant D(x) is a nonzero element of L[z]. The specialised
polynomial f(b,y) has discriminant D(b), which is nonzero except for the
finitely many roots of D(z). Hence, f(b,y) is seperable for all those b such
that D(b) # 0. [

© University of Pretoria
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Theorem 3.3 Let K be a Galois extension of k(z) of finite degree n > 1.
Then there exists a polynomial f(z,y) € kl[z,y| monic and of degree n in y,

and a generator « of K over k(x) such that f(x,a) = 0. Furthermore:

(i) For almost all b € k, the following holds: If the polynomial fy(y) :=
f(b,y) is irreducible over k, then kly|/(fy) is Galois over k with Galois
group isomorphic to G = G(K/k(x)).

(ii) There is a finite collection of polynomials p;(x,y) € klz,y|, irreducible
and of degree greater than 1 in y over k(x), such that for almost all b €
k, the following holds: If none of the specialised polynomials pr(b,y) €

kly] has a root in k, then f(b,y) is irreducible over k.

(1ii) Suppose { is a finite extension of k contained in K. Let h(z,y) € {[z,y]
be irreducible over ((x) and assume that its roots lie in K. Then, for
almost all b € k the following holds: If f,(y) is irreducible over k, then

h(b,y) is irreducible over (.

Proof. For each generator « of K over k(z), there exists a polynomial f(x,y)
of degree n in y satisfying f(x,«) = 0. By multipling f by a suitable element
of klz], me may assume that f € k[z,y|. Furthermore, by Theorem 2.1 we
may assume that f is monic in y. Thus f(z,y) = [[;_,(y — @), where the o;

are the conjugates of o over k(x).

For each b € k, let w, : k[xr] — k be the evaulation homomorphism
sending h € k[x] to h(b). Let F = k(x), w = wp, R = k[z] and F' = k. Then
F'y) = fly).

© University of Pretoria
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(i)

(i)

(i)

Suppose f,(y) is irreducible over k and let K’ = kly]/(f,) = &[] where
0 is a root of f,. Let A be a finite subset of K containing a and its
conjugates over k. Then S = k[z][#]. Now apply Theorem 3.1. There
exists a 0 # u(z) € k[x] such that for all b € k satisfying w,(u(z)) =
u(b) # 0 (in other words, all b € k except the finitely many roots of u),
wp can be extended to the homomorphism @, : S — K’ with () = (.
By (ii) k[f] is Galois over k, and by (iii), G(k[f5]/k) is isomorphic to
G(K/k(z).

Let I be a proper, non-empty subset of {1,...,n}. Since f is irreducible
over k(z), the product [[,.,(y — a;) cannot lie in k(x)[y]. Thus is has a
coefficient d; with d; ¢ k(x). However, since all the «; lie in K and d;
is a polynomial function of the «;, d; € K = k(x)[a]. Thus there exists
an irreducible polynomial p;(x,y) € k(z)[y] of degree greater than 1 in
y satissying p;(x,d;) = 0. By multiplying p; with a suitable element of

k[x], we may assume that p; € k[z,y].

Now suppose f; is not irreducible over k. Then there is some I as above
such that the product [, ,(y — «;) lies in kly|, where o) = Wp(a).
Thus the coefficient ¢ = wy(dy) lies in k. Applying @y, to the equation
pr(z,s;) = 0, we obtain p;(b,c) = 0, showing that p;(b,y) has a root

c€k.

Suppose f; is irrudicible over k, and let h(x,y) = ho(z) [['_, (v — 5:)
where ho(x) € ([x] and §; € K.

Let A be a finite set as in Theorem 3.1 containing 3; and a generator

of ¢ over k. Let S = k[z][A], such that £ C S. Then W, maps ¢ to a

© University of Pretoria
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subfield ¢’ of K’. Under this map we get h(b,y) = ho(b) [T'_, (v — 3.
Furthermore, the isomorphism in (iii) of Theorem 3.1 maps a subgroup

H of G to s subgroup H' of G'.

Since h is irreducible over k(x) and k has characteristic 0, h is seperable,
and the group H = G(K/{(x)) permutes its roots transitively. Thus
H'’ permutes the roots [} transitively. Exclude the finitely many b € k
such that hg(b) = 0 and h(b,y) is not seperable (Theorem 3.2). Then
h(b,y) is seperable, and the subgroup H' of G(k’/{) permutes its roots

transitively, hence h(b,y) is irreducible over /.

We are now ready to provide a restriction on k that will guarantee
that if a group G occurs over k(z), then it also occurs over k. Note that
part (i) of the above result almost answers our question. In fact, if there
exists a b € k such that f(b,y) is irreducible over k and b is not one of the
finitely many elements of k for which part (i) does not hold, then kly]/(f»)
is the required extension. A sufficient condition for the existence of such an
element is if there are infinitely many b € k such that f(b,y) is irreducible

over k. This gives rise to the definition of a hilbertian field.
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4 Hilbertian fields

Definition 4.1 A field k is called hilbertian if for each irreducible polyno-
mial f(x,y) € klx,y] of positive degree in y, there are infinitely many b € k

such that f(b,y) is irreducible over k.

Parts (ii) and (iii) of Theorem 3.3 give rise to two equivalent definitions for

k to be hilbertian:
Theorem 4.2 The following conditions on k are equivalent:

(i) For each irreducible polynomial f(x,y) € kl[x,y| of positive degree in
y, there are infinitely many b € k such that the specialised polynomial

f(b,y) is irreducible over k.

(ii) For any pr(x,y),...,p(x,y) € k[x,y] that are irreducible over k(x) and
of degree greater than 1 in y, there are infinitely many b € k such that

none of the specialised polynomials p1(b,y),...,p:(b,y) has a root in k.

(iii) Given a finite extension (/k and hyi(z,y),..., hpn(x,y) € Lx,y] that
are irreducible over ¢(x), there are infinitely many b € k such that the

specialised polynomials hy(b,y), ..., hy(b,y) are irreducible over (.

Proof.

(ii) = (i): Let f(z,y) be as in the hypothesis. Then f is irreducible over
k(x) by Theorem 2.2. By (iii), with £ = k, m = 1 and hy = f, there

are infinitely many b € k such that f(b,y) is irreducible over k.
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(i) = (iii): Let ¢ and h;(z,y) be as in the hypotheses. Let S be the
(finite) set of all roots of h;(x,y) over ¢(x). Let K be a finite Galois
extension of £(x) containing S and let f(z,y) € k[z,y] be a polynomial,
monic in y and irreducible over k(z) (hence irreducible as a polynomial
in two variables, by Theorem 2.2) as in Theorem 3.3. By (i), there are
infinitely many b € k such that f(b,y) is irreducible over k. Then by
part (iii) of Theorem 3.3, for all these b except finitely many, h;(x,y)
is irreducible over ¢. Hence there are infinitely many b € k such that

all the polynomials h;(b,y) are irreducible over £.

(ii) = (ii): Let p;(z,y) be as in the hypothesis. By (iii), with ¢ = k,
m = t and h; = p;, there are infinitely many b € k such that the
specialised polynomials p;(b, y) are irreducible over k, and since each of
the p; are of degree greater than 1 in y, none of these polynomials has

a root in k.

(i) = (iii) Let £ and h;(x,y) be as in the hypotheses. Let S be the (finite)
set of all roots of h;(x,y) over ¢(x). Let K be a finite Galois extension
of ¢(x) containing S and let f(x,y) € k[z,y] be a polynomial, monic in
y and irreducible over k(x) (hence irreducible as a polynomial in two
variables, by Theorem 2.2) as in Theorem 3.3. Let py(x,y),...,p(z,y)
be a collection of polynomials, irreducible and of degree greater than 1
when viewed as polynomials in y, as in part (ii) of Theorem 3.3. Then,
by (ii) there are infinitely many b € k such that none of the specialised
polynomials p;(b,y) has a root in k. Then, by (ii) of Theorem 3.3,
for almost all of these b, f(b,y) is irreducible over k. By part (iii) of

Theorem 3.3, it follows that for each i, h;(b,y) is irreducible over ¢ for
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almost all of the remaining b. Hence there are infinitely many b € k

such that all of the polynomials h;(b,y) are irreducible over /.

Part (iii) of the above result shows that every fininte extension of a

hilbertian field is also hilbertian.

It can be shown that if & is hilbertian, then so is k(z1, x2, ..., z,,). Hence,
if a group G occurs over k(x1,xo,...,xy) = k(x1, 22, ..., Tm_1)(Tm), it also
occurs over k(z1, g, ..., ZTy,—1) by Theorem 3.3(i) and proceeding inductively,

G occurs over k. For a proof of these results, see [13], §1.1.3.

Definition 4.3 A finite group G occurs regularly over k if for some m > 1,
k is algebraically closed in some Galois extension of k(xy, ..., x,,) with Galois

group G.

In the above definition we may actually replace “some m > 17 with “all
m > 17 ([13], §1.3.2). Regular realisations are also invariant under extensions

of k, as the next theorem shows.

Theorem 4.4 Suppose G occurs reqularly over k. Then G occurs reqularly

over every extension field ki of k.

Proof. Let G occur regularly over k, and let K be a Galois extension of
k(xy,...,zm) = k(x), generated by a over k(x), with k algebraically closed
in K. We may assume that xi,z,,...,x,, are independent transcendentals
over ki, by the remarks following Theorem 4.2 and [%], Chapter 8, Theorem

2.1. Hence x4, ..., x,, are independent transcendentals over k.
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Let f(x,y) € k(x)[y] be the irreducible polynomial of « over k(x). Then
K = k(x)[y]/(f), and since k is algebraiclly closed in K, it follows from Theo-
rem 2.3(ii) that f is irreducible over k;(x), and hence over k; (x). Thus K; =
k1(x)[y]/(f) is an extension field of ki(x) with [K : k(x)] = [K; : ki(x)].
Since K is galois over k(x), K C K contains all the roots of f. Hence K is

Galois over k;(x), and k; is algebriacally closed in K by Theorem 2.3(ii).

The Galois group of K; over ki(x) embeds into G via restriction, and
the two groups have the same order, hence they are isomorphic. Thus G

occurs regularly over k;. |

If k; in the above result happens to be hilbertian, then G occurs as a
Galois group over k; by the remarks preceding Definition 4.3. Hence, if
G occurs regularly over Q, then G occurs as a Galois group over every
hilbertian field of characteristic 0 (since every field of characteristic 0

contains Q as a subfield).
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5 Hilbert’s Irreducibility Theorem

We will show that Q is hilbertian, using the equivalent definition given by

Theorem 4.2(ii). The concept of a sparse set will be useful.

Definition 5.1 Let M C N. We say that M 1is sparse if there is a real

number € < 1 such that
IMN{l,... N} < N°

for almost all N.

The next theorem gives a few properties of sparse sets. Property (iii) is

particularly useful, as it shows that the complement of a sparse set is infinite.

Theorem 5.2 The following holds:

(i) Finite sets are sparse.
(i) Finite unions of sparse sets are sparse.

(i11) If M is sparse, then M€ := N\M is not sparse.

Proof.

(i) Clear.
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(ii) Let Uy, ..., U, be sparse and let €;,..., ¢, < 1 be corresponding real
numbers as in the definition. Let U = U}, U;. Then, for almost all [V,

n

< SUN{L,... N}

=1

=1

< nN¢
2
where a = max;{¢;}. Now, if N > nT-« then

11—«
N7=2 > n
l1—a
= NN 2 > nN“
1+
= N2 > nN%

showing that U is sparse, with € = HTQ < 1.

(ili) Suppose that both M and M€ are sparse and let €1, €3 < 1 be such that
IMN{1,...,N}| < N*and |[M°N{1,...,N}| = N—|Mn{1,...,N}| <
N<. Adding the inequalities gives N < N + N, which is false for
all N > 37, where ¢ = max{e, €. Hence M€ is not sparse, and in

particular, by part (i), M€ is infinite.

Thus, for given polynomials p;(z,y) over Q (as in Theorem 4.2(ii)),
we have to find infinitely many rational b such that p;(b,y) have no rational
roots. By the above theorem it will suffice to show that the set of all b € Q

such that some p;(b,y) has a rational root, is sparse. Theorem 5.5 reduces
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the problem to counting rational points on certain analytic curves, which

will be addressed by the next theorem.

Recall that any analytic function can be expressed as a Laurant series
over C ([11], §5.5). The theorem uses a generalised mean value theorem by

H. A. Schwarz, which is proved in the appendix (Theorem 5.3).

Theorem 5.3 Let ig € Z and let

o0

o(t) = ait'

=10
be a Laurant series with complex coefficients, converging for all nonzero t in
a neighbourhood of 0 in C. Let B(¢) be the set of all b € N for which qb(%) is

an integer. Then B(¢) is a sparse set unless ¢ is a Laurant polynomial.

Proof. Assume that ¢(t) is not a Laurant polynomial. If B(¢) is finite, we
are done, so assume that it is infinite.

Now, the series defined by
o) => at'
=10
has the same radius of convergence as ¢. Also, for each b € B(¢), gb(%) =
g_b(%) Since B(¢) is infinite and iy € Z, ¢ = ¢. Hence the coefficients of ¢

are real.

Thus the function f(s) := ¢(%) = Y.°°. a;s7" is real-valued and defined

s 1=1g

for large values of s.

Recall that B(¢) consists of all integers b such that ¢(3) = f(b) is an
integer. To show that B(¢) is sparse, we will show that it is a union of sparse

sets, and the result will follow from Theorem 5.2. A step in this direction
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is the observation that if by < by < ... is an infinite sequence of positive
integers with b;y; — b; > b for some A > 0, then the set B = {by,bo, ...} is

sparse.

Indeed, for each positive integer N, let Ny be the number of integers
b € B with VN < b < N. For a particular N, let by41,...,batn, be the
elements b of B satisfying v/N < b < N. Then

2
bars —bars = b >VN

A
boss —barz = bW >VN

A
batNo — basno-1 =0 ain,1 > VN .
Adding the Ny — 1 inequalities yield

(No = DVN" < basny — bars < N.

A
2

Hence Ny < N'72 4+ 1. Thus

A
2

1
IBN{L,...,N}| <VN+Ny <Nz +N'"2 4+ N

implying that B is sparse.

While all the elements of B(¢) may not satisfy the above requirement,
we can split it up into a finite number of sets which do. Indeed, there exists
a positive A and natural numbers m and S such that the following holds:
Whenever s, ..., s, € Z such that f(sg),..., f(sm) €EZand S < 59 < -+ <

Sm, then s, — sg > s()\.

For m large enough the series f(™(s) = > d;s~" has only terms with

negative powers of sji.e., u > 0. Since ¢ is not a Laurant polynomial, we

© University of Pretoria



&
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Qe YUNIBESITHI YA PRETORIA

5 HILBERT’S IRREDUCIBILITY THEOREM 28

may assume that d, # 0. Then s*f(™(s) tends to d, as s goes to infinity.

Hence there exists an S > 0 such that 0 < |s#f™)(s)| < 2|d,,| for all s > S.

Now assume that sg,...,s,, are as in the hypothesis. Let o be a real

. e M) (5) .
number as in Theorem A.2 satisfying S < sy < 0 < s,,. Then %,() is

the determinant of a matrix with integral entries, hence a nonzero integer

(nonzero since |o# ™ ()| > 0). It follows that V,, > \f<+)!w)|’ and so
m(m+1)
(sm—s0) 2 = [](si—s;)
i>j
= V,
m!
2 [
|fm (o)
Ik
> 27 (since 0" £ (0)] < 21d,|)
2|du|
5 m!s’g‘
2|d,]

Hence

2
m' m(m+1) — TQnH
Sm — So = | =—— sgm Y.
2|d,,|

2

Thus any \ < m is sufficient (possibly having to choose a larger 5).

Now, B(¢) is the union of the finite (hence sparse) set of elements less

than S, and m infinite sparse sets. Hence B(¢) is sparse. |

We now show that the roots of a seperable polynomial are (locally)
analytic functions of its coefficients. First we prove a little lemma that will

be used in the main result.

Lemma 5.4 If g(z,y) = Y705, aiz'y’ is a Taylor series with no constant

term and no y term (i.e. agy = ag; = 0) with complex coefficients such that
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la;;| < C for some positive constant C, then there exists a Taylor series
o(t) = -2, bit" with complex coefficients such that g(t,o(t)) = ¢(t) for all

t in a neighbourhood of 0.

Proof. Since g has no constant and y term, the equation g(t, ¢(t)) = ¢(t)
allows us to solve for the coefficients b; recursively (remember that agy =

agy = 0)

o) = gt (1))

= Yu = Yt (L)
i1 i,j>0 =1
= b = ayp
by = anb
by = a11by + apab? + agby,

and so on. Hence ¢ exists, and we need to prove that it has a positive radius

of convergence.

Note that each b; is a polynomial, with positive integer coefficients, in the
coefficients a,; and b; with j < ¢, and since b; = a4, it follows inductively that
each b; is a polyniomial, with positive integer coefficients, in the coefficients

of g.

Hence, if we apply the above the the specific polynomial gy with a;; = C
for all 4,5 > 0 (other than agy = ag1 = 0 to solve for the function ¢y(t) =
>0, ¢itt, we will have that |b;] < |¢;] for each i. Hence, if g has a positive

radius of convergence, so will .
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Now,
got,u) =Ct+t+tu+u®+...)

= C(it%ﬂ—l—u)

1,520

(=) (%)

- C(W‘““)

for all |t| < 1 and |u| < 1. We now solve the equation go(t,u) = u for u to

= C

obtain

1 V(1 +20)22 — (1+ (14 2C)2)t + 1
u(t):m(li - )

Since ¢o(0) = 0, it follows that

1 V2022 — (14 (14+20)2)t +1
#o) = 5551 (1_ 1t )

solves the equation ¢o(t) = go(t, vo(t)) for all |t| < 1, |p(t)] < 1. Since

©0(0) = 0, ¢ has a positive radius of convergence. |

The next theorem actually follows directly from its complex-analytic
analogue on implicit functions, but we present a more algebraic proof, due

to Cauchy ([2], Chapter 3, §1).

Theorem 5.5 Let f(x,y) be a polynomial of positive degree n in y over C.
Let cq € C be such that the polynomial f(co,y) is seperable. Then there exist
analytic functions 1, . .., e, defined in a neighbourhood U of ¢y such that for

each ¢ € U, the polynomial f(c,y) has the n distinct roots py1(c), ..., en(c).
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Proof. Let a be a root of f(co,y). By replacing z with z — ¢y and y with
y — a we can assume that ¢ = a = 0. Thus we need to show that there
exists an analytic function ¢ with ¢(0) = 0 and f(¢,¢(t)) = 0 for all ¢ in

some neighbourhood of 0.

By hypothesis, f(0,0) = 0, so f has no constant term. Since f(0,y) is
seperable f,(0,0) is nonzero, implying that f has a y term with non-zero
coefficient. Dividing through by this coefficient, we can assume that f has a

y term with coefficient 1.

Let g(z,y) = y— f(z,y). Then g has no constant term and no y term. The
condition f(t,¢(t)) = 0 is equivalent to g(t, p(t)) = ¢(t). By Lemma 5.4, a

unique solution for ¢ exists in some neighbourhood of 0.

If we apply the above for each root of f(co,y), we obtain n analytic
functions, and since f(co,y) is seperable, its roots are distinct, hence for ¢
close enough to ¢y, the n functions will all have distinct values on ¢ (since

they are analytic). These n functions satisfy the claim. |

We now set up a situation that will allow use to use the preceding

results to prove that Q is hilbertian.

Theorem 5.6 Let p(x,y) € Q[z,y] be irreducible over Q(x) and of degree

r>11iny. Then for almost all xo € Q the following holds:

(i) There are € > 0 and analytic functions p1(t), ..., (t) defined for com-
plex t with |t| < € such that v1(t), ..., (t) are the roots of the polyno-

mial p(zo + t,y).

(ii) If some @;(t) is a rational function of t with complex coefficients, then
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there are only finitely many q € Q such that p;(q) € Q.

(ii) Let B(p, xo) be the set of allb € N such that p(xo + 3,y) has a rational

root. Then B(p,xq) is a sparse set.

Proof. The polynomial p is irreducible, hence seperable over Q(x), and hence,

by Theorem 3.2, p(x,y) is seperable for almost all 2o € Q. Consider only

such xy in the following.

(1)
(i)

(iii)

Follows from Theorem 5.5, by replacing t with ¢ — x,.

Suppose ¢ = ¢; is a rational function of t. Then p(zg + t, (1)) is
identically zero in C(¢). Hence p(x¢ + z,¢(x)) is identically zero in
C(x), for x transcendental over C. Thus ¢(x) is a root of the polyno-
mial p(zo + z,y) € Q(z)[y], showing that p(z) is algebraic over Q(z),
hence over Q(x). By Theorem 2.3(ii), with & = Q and k;, = C, any

irreducible polynomial over Q(x) is also irreducible over C(x). Hence

Q(x) is algebraically closed in C(x).

Now, for each 7 € G(Q/Q), consider the rational function ¢” obtained
by applying 7 to the coefficients ofy. For each b € Q with ¢(b) € Q,
©7(b) = ¢(b). If there are infinitely many such b, then ¢ = ¢ for all 7,
hence ¢ has rational coefficients. Then ¢(x — xy) € Q(x) is a root of

the polynomial p(z,y), contradicing that p is irreducible over Q(z).

By multiplying p with a suitable integer, we may assume that p(z,y) €
Zlz,y]. Write p(xz,y) = >.._, pi(x)y". For sufficiently large R, the
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expression
1 J 1\
R R i
-, — i + =
s+ ) = o (s 1)
is a polynomial with integer coefficients. Let its 3’ coefficient be denoted
by qi(z) = 2"p; (zo + 1). Then ¢, is a nonzero element of Z[z].
Define
r—1
q(z,Y)=Y"+ Z ¢i(2)q.(2)" Y € Z[x, Y]
i=0

in the same fashion as in Theorem 2.1.

Now suppose that for some ¢ € Q and b € N, p(zg+3,¢) = 0. Then, as
in the proof of Theorem 2.1, ¢(b, ¢,(b)c) = 0. Hence ¢.(b)c is a rational

root of the monic polynomial ¢(b,Y") € Z[Y], implying that ¢,(b)c € Z.

If we assume that § < €, then ¢ = ¢;(3) for some 4, by (i). Thus
¢-(b)¢i(3) € Z.

Let ¢;(t) = ¢-(7)¢i(t). By the above, if b € B(p,x¢), then ¢;(3) € Z
for some i. Let B(¢;) be the set of all b € N such that ¢;(3) € Z, as in
Theorem 5.3 (note that ¢; can be expressed as a Laurant series as in
Theorem 5.3, since ;(t) is analytic and ¢,(7) is a rational function in
t, by [I1], §5.6). Then B(p,x) lies in the union of the sets B(¢;). By
Theorem 5.3, B(¢;) is sparse, unless ¢; is a Laurant polynomial, hence
a rational function of ¢. If so, ¢; is also a rational function, hence B(¢;)

is finite by (ii). Theorem 5.2 now shows that B(p, x¢) is sparse.

Finally, we prove the main result:
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Theorem 5.7 (Hilbert’s Irreducibility Theorem) The field Q s

hilbertian.

Proof. Let p;(x,y) € Q[z,y| be as in condition (iii) of Theorem 4.2. By
Theorem 5.6, we can choose xy € Q such that (i)-(iii) of Theorem 5.6 hold
for all p;. Let C be the set of all b € N such that none of the specialised

polynomials p;(zg + %, y) has a root in N. We will show that C' is infinite.

Let B = N\C. Then B contains all b € N such that for some ¢,
pi(zo + %, y) has a rational root, hence B is the union of the sets B(p;, x¢)
as in Theorem 5.6(iii). These sets are sparse, hence by Theorem 5.2 B is

sparse, and so C' is infinite. ]
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6 Weissauer’s Theorem

By the remarks preceding definition 4.3, every finitely generated extension
of a hilbertian field is also hilbertian. This is complemented by Weissauer’s
theorem, which addresses infinite extensions of a hilbertian field. We present
the outline of a proof given by Fried in [1], which is more algebraic than the

original proof of Weissauer in [15].

The next theorem is used in the proof of Weissauer’s theorem. We omit

the proof, as it is similar to the proof of Theorem 3.3.

Theorem 6.1 Let k be a hilbertian field, and let £ be a finite extension of k.
Let A(y), B(y) € |x1, z3][y] be monic polynomials in y, where x1 and x4 are
algebraically independant over . Suppose that A has no root in a splitting
field of B over {(xy,x3). Then for any nonzero v € fl|xy,xs|, there exist
b, by € k with v(by,by) # 0 such that A(by,bs,y) has no root in a splitting
field of B(by,ba,y) over (.

Theorem 6.2 (Weissauer’s Theorem) Let k be hilbertian, let N be a
(possibly infinite) Galois extension of k, and let M be a finite non-trivial

extension of N. Then M is hilbertian.

Outline of proof. We use condition (ii) in Theorem 4.2. Let p;(x,y) €
Mz, y] be distinct polynomials, monic and of degree greater than 1 in y (we
may assume each p; monic by Theorem 2.1). Let p(x,y) be the product of
all the p;. We thus need to show that there are infinitely many b € M such

that p(b,y) has no root in M.
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If some p;(,y) has aroot g(x) € M(x), then all its roots lie in M () (since
M (x) is Galois over M(x)), and hence we may write p;(x,y) = [[,(y — gi(2))
with each g; € M(z)\M(x) (since p; is irreducible over M(x)). Using the
same argument as in Theorem 5.6(ii), there are only finitely many b € M
such that g;(b) € M, hence there are only finitely many b € M such that the
root g;(b) of p;(b,y) lie in M. Thus we may assume such a g(z) doesn’t exist
for any of the p; and so we may assume that p(z,y) doesn’t have a root in

Let a be a generator of M over N, and let £ be a finite Galois extension
of k containing o and the coefficients of p over M. Let 3 be a conjugate
of @ over £ N N. Now consider the polynomials A(y) = p(z1 + azs,y) and
B(y) = p(xy + Bxg,y) over {|x1,z5]. Using the assumption that p doesn’t
have a root in M (z) = /(x), we show that A(y) doesn’t have a root in a

splitting field of B(y).

Next, let M be the composite of N and ¢. Then, if F' is a finite Galois
extension of £ contained in M, then F'is galois over N N/{. For each by, b, € k,
consider the polynomials Ay, = p(by + abs,y) and By, = p(by + [Bba, y),
and suppose that Ay, has the roots v1,...,7, in M. Using the fact that
(Y1, ... ,Ym) is Galois over N N ¢, we conclude that the roots ~q,..., v, lie

in a splitting field of By ;, over /.

Finally, using Theorem 6.1 and the above, we conclude that there are
infinitely many by, bs € k such that Ay, has no root in the splitting field of
By, p,. In those cases, the polynomial Ay, = p(by + aby,y) cannot have any
roots in Ml D M. Hence there are infinitely many elements b = b; + ab, such

that p(b,y) has no root in M, as desired.
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A result similar to Weissauer’s theorem was proved in 1991 by Haran and

Jarden [5]:

Theorem 6.3 If N and L are (possibly infinte) Galois extensions of a
hilbertian field k such that none of the two is contained in the other, then the

compositum of N and L over k is hilbertian.
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7 Examples & applications

7.1 Realisations over
Finite abelian groups

Theorem 7.1 FEwvery finite abelian group G occurs as a Galois group over Q.
In fact, G is realised as the Galois group of some subfield of the cyclotomic
extension Q(wy,), where wy, is an n'™ root of unity, for some natural number

n.

Proof. Let Z, be a cyclic group of order n. Let p > 4 be a prime number
of the form an + 1, where a is some positive integer (such a prime exists, by
Dirichelet’s theorem, which states that every arithmetic progression an + b,
with a and b relatively prime, contains infinitely many primes). Let f(x) =

2l = Zf:_& x' be the p™ cyclotomic polynomial. It is known that f is

r—

irreducible over Q. Indeed, the polynomial

fasn) = TR
_ o (o' — 1

£

i=1
p—2

= Pl 4 paP? 4 Z (f) 4 p
i=2

is irreducible by Eisenstein’s Criterion ([%], Chapter 4, Theorem 3.1).

Let w, be a primitive p™ root of unity. Since p is prime, all the p™ roots

of unity are given by the first p powers of w,, hence the cyclotomic extension
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F = Q(w,) contains all the roots of f. Thus F' is a Galois extension of Q
with Galois group Z,_; ([8], Chapter 6, Theorem 3.1). Since n divides p —1,
there exists a cyclic subgroup H of Z,_; with order ’%1. Let E be the fixed
field of H, which is certainly normal in Z,_;. Hence E is Galois over Q with

Galois group isomorphic to Z,_;/H ([3], Chapter 6, Theorem 1.1), which is

isomorphic to Z,

If p and g are relatively prime integers, then Q(w,) N Q(w,) = Q. Hence,
for any given m and n, one can construct infinitely many Galois extensions K
and L of Q with Galois groups Z,, and Z,, respectively, such that KNL = Q.
By the above construction, K and L are subfields of Q(w,) and Q(w,) for some
relatively primes integers p and ¢, respectively, and thus the compositum of
K and L is contained in the compositum of Q(w,) and Q(w,), which is

contained in the field Q(wy,)-

By theorem 1.14 in chapter 6 of [8], the compositum KL is a Galois
extension of Q with Galois group Z,, X Z,, contained in the cyclotomic

extension Q(wy,).

By the Fundemental Theorem of Finitely Generated Abelian Groups
([3], Theorem 2.4.12) every finite abelian group can be written as a direct
product of finitely many cyclic groups. Iterating the above construction
shows that every finite abelian group occurs over Q as the Galois group of

some subfield of Q(w,,) over Q, for some natural number n. [ |
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The permutation group S,

Let Q(x) = Q(x1, z2, ..., x,) where z1, ..., x, are independant transcenden-

tals over Q. Consider the polynomial

f) =y " +xy" "+ + 2y + 2, € QX)[Y],

with roots t1,%s,...,t,. Every element o € S,, can be seen as an automor-
phism of the field Q(¢4,to,...,%,), by fixing Q and permuting the t;. Let F'
be the fixed field of S,, in Q(t1,...,t,).

Note that since each z; is a symmetric polynomial in the ¢;, x; € F for

each i, hence Q(x) C F.

Now, by Artin’s theorem, Q(t¢y,...,t,) is a Galois extension of F' with
Galois group S, hence [Q(t4,...,t,) : F|] =|S,| = n!. Since ty,...,t, are the
roots of a polynomial of degree n, it follows that [Q(¢y,...,t,) : Q(x)] < nl.

Now, since F' is an extension of Q(x), we have that
Q- tn)  FIIF - Q)] = [Q(ty, - - 1) - Q)]
implying that [F' : Q(x)] < 1, hence F' = Q(x). Thus S,, occurs regularly
over Q, and since Q is hilbertian, S,, occurs over Q.
7.2 Hilbertian fields
The field Q2 is hilbertian

Let N = Q**NR, where Q is the field generated over Q by all the primitive

n'™® roots of unity, for all n € N.
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Now, if z = a +ib € Q*, then 7 = a — ib € Q*" (since if w is a primitive

z2—z
21

root of unity, then so is @), and certainly i € Q**. Hence a = ZT“LE and b =
are in Q*. Hence Q*® = N(i). To apply Weissauer’s theorem, we need to

show that NN is a Galois extension of Q.

However, Q" is an abelian Galois extension of Q ([5], §14). Hence every

subfield of Q*, in particular N, is Galois over Q.

The algebraic closure Q of Q is not hilbertian

Let f(x,y) be any irreducible polynomial over Q(z) with degree greater than
2iny (e.g. f(w,y) = y" — . Since Q is algebraically closed, f(b,y) splits

into linear factors for every b € Q. Hence Q is not hilbertian.

This example shows that the condition N # M in Weissauer’s Theorem

cannot be omitted.

The solvable closure Q*°V of Q is not hilbertian

Since Q*°Y is the compositum of all finite solvable extensions over Q, it
consists of all iterated radicals over the rationals. Hence, if b € Q%", then
so is /b for each n. The polynomial f (x,y) = y" — x is irreducible over
Q> (z), but f(b,y) has a root in Q%! for each b € Q. Hence Q*V is not

hilbertian.

The field M generated over Q by the set {\/n},~; is hilbertian

Let N be the field generated over Q by the set {,/p}, where p ranges over

the odd primes. Then M = N(/2), hence to apply Wieissauer’s theorem, I
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need to show that N is Galois over Q. But N is the splitting field of the set

of polynomials x) = x? — p}, where p ranges over the odd primes, hence
Yy

it is Galois over Q.
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A Appendix

A few of the results used in this dissertation have non-algebraic proofs, which

we present here.

Theorem A.1 For m > 1 and complex numbers sg, S1,...,Sm, define the

Vandermonde determinant V,,, by

1 sy 3 so
Vi = (1)
1 s, s sm

Then we have the equality

Proof. We prove the assertion by induction on m. We have

1 s
Vo= "
181

= 51— 50

= ]I Gi—s),

0<j<i<l
hence the statement is true for m = 1. Now, for some m > 1, suppose that

the assertion is true for all integers less than m.

If s; = s; for any 7 # j, then rows ¢ and j in (1) are equal, and hence
Vi = 0. This implies that (s; — s;) divides V}, for each i # j, and thus the

expression in (2) divides V.

Next, write both expressions as polynomials in s,,. Firstly, we see that the

degree of the polynomial in (1) is m. In (2), the degree of the polynomial is

© University of Pretoria



&
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Qe YUNIBESITHI YA PRETORIA

A APPENDIX 44

equal to the number of brackets containing s,,,, which is equal to the number
of integers 0 < j < m, which is also m. Hence expression (2) is a constant

multiple of V,,.

Now, by the induction hypothesis,

H (s; — sj)] (Sm — $0)(Sm — $1) -+ - (S — Sm—1)

0<j<i<m—1

= Vi1(Sm — 50)(Sm — 81) -+ - (S — Sm—1),

which shows that the coefficient of s in (2) is equal to V,,—1. Developing
Vi by the last row (or column) shows that the coefficient of s in (1) is also

equal to V,,. Hence the required equality. |

Theorem A.2 Let sg < s1 < -+ < 8, be real numbers, where m > 1. Let
f(z) be a real-valued function defined function defined for so < x < S, andm

times continuously differentiable. Let V,, be the Vandermonde determinant

1 sy s sy
V=|: + i =]l —sp)
j<i
1 s, s3, ... s™

Then there exists a number o with sg < o < s,, such that

1 so ... st f(s0)
fi"(o) _ 1

m! Vin
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Proof. Let F(s) be the function

1 s st f(so)
F(s) =

1 spo Sz:i f(sm—l)

1 s sm o f(s)
Let

F(sm)
CcC =
(S —S0) -+ - (Sm — Sm—1)
and
G(s)=F(s) —c(s—50)...(S— Sm_1).

The function G(s) is zero at the m+1 points so, . . . , $,,. Hence G (s) is zero

at least at one point o between sy and s,,. Hence G™ (0) = F™(0) —mlc =

0, giving F(™(0) = mle.

On the other hand, expanding the determinant F'(s) by the last row, we

get

m—1

F(s) = Z ¢is' 4+ Vin—1f(s),

=0
where the ¢; are constants depending on the s;. Hence F™ (o) =

Vi1 f™ (o). Comparing the two expressions for F(™)(g), we obtain

fo) e F(sm) _ Flsm)
m! Vet Sm—50) - (5m = Sm—1)Vime1 Vim
The results follows from the definition of F'(s,,). |
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