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1 Introduction and preliminaries

The concept of a distance between two objects plays a vital role in mathematics and its related disciplines.
Consequently, there have been several generalizations of a metric function.

By replacing the triangular inequality with a more weaker axiom, Czerwik [9] initiated a notion of a
b-metric as follows:

Definition 1.1 [9] Let X be a nonempty set and b > 1 a given real number. A function d : X x X — RT
is said to be a b-metric if for any x,y,z € X, the following conditions hold:

bi- d(z,y) =0 if and only if x = y;
by- d(z,y) = d(y, z);
bs- d(z,y) <b(d(z,z) +d(z,v)) .
The pair (X, d) is called a b-metric space with parameter b > 1.

If b = 1, then b-metric space is a metric space. However, the converse does not hold in general ( compare
[2, Example 3.9] and [8, 9, 20] ).

Let (X, d) be a b-metric space and P(X), Ci(X), B(X), CB(X) and K(X), the family of all subsets of
X, the family of all closed subsets of X, the family of all bounded subsets of X, the family of all closed and
bounded subsets of X and the family of all compact subsets of X, respectively. Let A, B € P(X).

The gap functional D induced by the b-metric d on X is given by

inf if A#£ B
aellélr,lbeBd(a’b)’ it Az B#0,

D(A,B)=1{ 0,if A=B=10,
400, otherwise.



The excess generalized function p induced by the b-metric d on X is given by

sup D(a, B), if A# B # 10,
a€A
p(A,B) =9 0, if A=,
+oo, if B=10, A#0.
Pompeiu-Hausdorff generalized functional H induced by the b-metric d on X is defined as

max {p(A, B),p(B,A)}, it A# B #0,
H(A,B)={ 0,if A= B =,
400, otherwise.

The functional 6 induced by the b-metric d on X is given by

sup d(a,b), if A# B #,
acAbeB
6(A,B) =19 0, if A= B =10,

400, otherwise.

Following lemma from [9, 10, 20] is crucial to prove the main result of the paper.
Lemma 1.2 Let (X,d) be a b-metric space, x,y € X and A, B € CB(X). The following statements hold:
¢1) (CB(X),H) is a b-metric space and (CB(X), H) is complete whenever (X,d) is complete;
c2) D(z,B) < H(A, B) for all x € A;
c3) D(z, A) < b(d(z,y) + D(y, A));
c4) For h>1 and G € A, there is a b € B such that d(d,b) < hH(A, B);
cs) For every h >0 and 4 € A, there is a b € B such that d(a,b) < H(A, B) + h;
cs) D(z,A) =0 if and only if v € A = A;
c7) For {z,} C X, d(xo,z,) < bd(xo,x1) + ... +b" (2 2,20 1)+ 0" Ld(xp_1,20);
Definition 1.3 Let (X,d) be a b-metric space. A sequence {x,} in X is called:

cs- Cauchy if and only if for € > 0, there exists n(e) € N such that for each n, m > n(e) we have d(z,,, ) <
€
cg- Convergent if and only if there exists © € X such that for all € > 0 there exists n(e) € N such that for
all n > n(e) we have d(x,,x) < €. In this case we write lim,, o ©, = .
It is known that a sequence {z,} in b-metric space X is Cauchy if and only if lim d(z,,2,4p,) = 0 for
n—oo

all p € N. A sequence {z,} is convergent to x € X if and only if lim,, o d(2,,2) = 0. A subset Y C X is
closed if and only if for each sequence {z,} in Y that converges to an element x, we have z € Y. A subset
Y C X is bounded if diam(Y") is finite, where diam(Y") = sup {d(a,b),a,b € Y}. A b-metric space (X,d) is
said to be complete if every Cauchy sequence in X is convergent in X.

An et al. [2] studied the topological properties of b-metric spaces and stated the following assertions.
c10- b-metric is not necessarily continuous in each variable;
ci1- If b-metric is continuous in one variable then it is continuous in other variable;

ci12- A ball in b-metric space (X, d) is not necessarily an open set. An open ball is open if d is continuous
in one variable.



Lemma 1.4 (compare [17]) Let (X, d) be a b-metric space, A, B € P(X). If there evists a A > 0 such that
(i) for each a € A, there exists a b € B such that d(a,b) < A, (i) for each b € B, there exists an a € A such
that d(a,b) < A, then H(A, B) < \.

Let T: X — P(X)and f: X — X. We call (f,T) a hybrid pair of mappings. The fixed point problem
of T is to find an = € X such that
xeTx. (1)

A point x € X is called:

1. a fixed point of T if it solves the fixed point inclusion (1);
2. coincidence point of (f,T) if fz € Tx;

3. common fixed point of (f,T) if = fz € Tx.

The end point problem of T is to find an « € X such that T« = {z}. The fixed point inclusion (1) is said
to be generalized Ulam-Hyers stable if there exists a increasing function £ : RT™ — RT which is continuous
at t = 0, such that for each ¢ > 0 and for each solution wu, of

D(u,Tu) <e, ue X (2)
there exists a solution z, of (1) such that
d(u, 2.) < €(e).

If £(t) = ct with ¢ > 0, then the fixed point problem is said to be Ulam-Hyers stable. For more discussion
on Ulam-Hyers stability of fixed point problems, we refer to [12, 14, 18, 22].

We denote F'(T), E(T), C(f,T), F(f,T) and U by the set of all of fixed points of T, the set of all end
points of T, the set of all coincidence points of (f,T), the set of all common fixed point of (f,7T) and the set
of all solutions of (2), respectively.

The hybrid pair (f,T') is called w—compatible ( [1]), if f(Tz) C T(fxz) for all z € C(f,T). The mapping
f is called T—weakly commuting at some point x € X if f2(z) € T(fx).

In what follows we assume that a b-metric d is continuous in one variable.

A mapping T : X — P(X) is called a multivalued weakly Picard operator (MWP operator [17]), if for
all z € X and for some y € Tz, there exists a sequence {z,} satisfying (a;1) zo = x, 21 =y, (a2) Tnt1 € Ty,
for all n > 0, (a3) {x,} converges to some z € F(T). The sequence {x,} satisfying (a1) and (az) is called
a sequence of successive approximations of T' starting from (x,y). If T is a single-valued mapping, then we
call it Picard operator provided that it satisfies (a;) to (as).

Let T : X — P(X) be a MWP operator. Define the mapping T : G(T') — P(F(T)) by

T°(x,y) = {z: there is a sequence of successive approximations of T' starting from (z,y) converging to z}

where G(T) = {(z,y) : © € X,y € Ta} is the graph of T. A mapping ¢t : X — X is called selection of
T:X — P(X)ifte € Tx for all x € X.

Definition 1.5 [17] Let (X,d) be a metric space and ¢ > 0. A MWP operator T : X — P(X) is
called c—multivalued weakly Picard (briefly c— MWP) operator if there exists a selection t™ of T such that
d(z,t°(z,y)) < cd(z,y) holds for all (z,y) € G(T).

One of the main result dealing with c—MWP operators is the following:

Theorem 1.6 [16] Let (X,d) be a metric space and 11,15 : X — P(X). If T; is a ¢;—MWP operator for
each i € {1,2} and there exists A > 0 such that H(Tyx,Tox) < X for all x € X. Then H(F(T1), F(T2)) <
Amax{ecy, ca}.

We need the following Lemma in [13] to prove coincidence and common fixed points of (f,T').



Lemma 1.7 [18] Let X be a nonempty set and f : X — X, there exists a subset E C X such that
f(E)=f(X) and f : E — X is one-to-one.

Consistent with [4, 5, 6], following definitions and results will be needed in the sequel.
Let ¥, : R™ — R*. Consider the following classes:

a;- ® = {p: ¢ is nondecreasing and continuous at ¢t = 0};

ag- Uy = {4 : ¢ is increasing andlim, . ¢"(t) = 0, for any ¢ > 0}. The function ¢ € ¥; is called a
comparison function. It is well known that if ¢ € Uy, then (i) for any n > 1, nth— iterate of v is also
a comparison function (ii) ¢ is continuous at ¢ = 0 and (iii) ¥(¢) < ¢ for any ¢ > 0;

az- ¥y = {9 : ¢ is nondecreasing and) - )" (t) < oo for all t > 0 }.Clearly, Uy C Uy;

ays- U3 = {¢ : ¢ is increasing and there exists an ng € N, a € (0,1) and a convergent series of nonnegative
numbers $°°° | u, such that for any ¢ > 0, "' (t) < ay™(t) +u, for all n > ng}. The function ¢ € ¥y
is called a (¢)—comparison function.

az- Uy = {¢ : ¢ is monotone increasing and there exists an ng € N, a € (0,1), b > 1 and a convergent
series of nonnegative numbers > | u,, such that for any ¢ > 0, bt () < ab™p™ (t) + uy, for all
n > ng}. The function ¢ € Wy is called a (b)—comparison function. If b =1, then U3 = Uy,.

Lemma 1.8 [/] If ¢ is a (b)—comparison functions with b > 1, then the series y o b™)"(t) is convergent
for allt € RY and the function ry(t) = .7 b"¢"(t) : RY — RT is increasing and continuous at t = 0.

From above lemma, we have ¥4 C ;.
Let X be a nonempty set, « : X x X - R" f: X — X and T : X — P(X). A mapping f is called
a—admissible if for any z,y € X

a(z,y) > 1 implies that «(fz, fy) > 1. (3)

Let A, B € P(X). Define

ax(A,B) = aeilnlfeB ala,b).

A mapping T is called a,—admissible if for any z,y € X
a(z,y) > 1 implies that a.(Tz, Ty) > 1. (4)

A mapping T is called (., f)—admissible if for any z,y € X, a(fz, fy) > 1 implies that a.(Tz, Ty) > 1.
The set X is said to have a property (H), if for any x,y € X with x # y, there exists w € X such that
a(z,w) > 1, a(y,w) > 1.
Let (X, d) be a b-metric space, g : X — X and T : X — Cl(X). We set:

D(gx,Ty) + D(gy, Tx
Mg,T(x,y)=max{d(gw,gy),D(gw7Taf),D(gy7Ty), (g y>2b (gy )}

D(z,Ty) + D(y, Tx) }

Mi(o,y) = {d(e.9), D T2), Dly. T, s

Rr(z,y) = min{d(z,y), D(y,Tz)} and
Ryr(2,y) = min{d(gz, gy), D(gy, T)} .

Motivated by [11, 19, 21], we give the following definition.

Definition 1.9 Let (X,d) be a b-metric space. A mapping T : X — CI(X) is called a generalized Suzuki
type (o, ww)—contmctive multivalued operator if there exists a ¥ € Wy and ¢ € ® such that for any x,y € X

%D(z, T2) < bd(z,y) (5)
implies that
ax(Tx, Ty)H(Tz, Ty) < (Mr(z,y)) + ¢ (Rr(x,y)) . (6)

If in the above definition, Cl(X) is the family of all singletons {x} C X, then T : X — CIl(X) is called a
generalized Suzuki type (o — ww)—contmctive operator.



Definition 1.10 Let (X,d) be a b-metric space. A mapping T : X — CU(X) is called a generalized Suzuki
type (., ) — contractive multivalued operator if there exists a v € Uy such that for any x,y € X

1
§D(x,Tx) < bd(z,y)
implies that

Qs (va Ty)H(T.’L‘, Ty) < ¢ (MT(:Cv y)) .

If in the above definition, CU(X) is the family of all singletons {x} C X, then T : X — CIU(X) is called a
generalized Suzuki type (o — 1) — contractive operator.

2 Fixed points of generalized Suzuki type (a.,?,)—contractive mul-
tivalued operators

In this section, we obtain fixed point results for generalized Suzuki type (a*,w@)—contrac‘cive multivalued
operators in complete b-metric spaces. We start with the following result.

Theorem 2.1 Let (X,d) be a complete b-metric space, o : X x X — [0,00) and T : X — Cl(X). Assume
that

di- T is a generalized Suzuki type (a*,z/)ga)—contmctive multivalued operator;

ds- T is an a.—admissible mapping;

ds- there exists xg € X and x1 € Tz such that a(xg,z1) > 1;

dy- if there is a sequence {x,} in X such that ©, — x, then a(zy,,x) > 1 for all n € N*.

Then T is a MWP operator.

Proof. Let 2y and z; be two given points in X such that a(zg,z1) > 1. If 29 = 21, then g € Txg. Define
a sequence {z,} by z, = x1 = xg, n € N*. Clearly, x,, € Tz, and {z,} converges to z = z¢ € F(T).
Hence T is a MWP operator. Suppose that o # x; and 1 ¢ Tzy. Obviously, a(xg,x1) > 1 implies that
ax(Txo,Tx1) > 1. Also,

1
§D($0,T.%‘Q) S d(l‘o,l‘l) S bd(xo,.’L‘l). (7)
Thus we have

0 < D(x1,Tz1) < H(Txo,Tx1) < au(Txo, Tx1)H(Tx0, Tx1)

< Y (Mr(zo, 1)) + ¢ (Rr(20, 1))

_ ¥ | max {d(xo,xl), D(zg,Txo), D(x1,Tx1), D(wo, Tz1) ;—bD(xl,Txo) })
+¢ (min {d(xo, z1), D(z1,Tx0)})

< w (max {d(x07x1>7 (550’ 371)7 D(xlvTxl)v d(xo’ml) +2D(x17Tx1) })
+¢ (min {d(zo, 1), d(21,21)})

< ¢ (max{d(zg,z1), D(x1,Tx1)}).

That is
0 < D(x1,Tz1) < ¢ (max {d(zo,x1), D(x1,T21)}) . (8)

If max {d(xo, 1), D(z1,Tz1)} = D(x1,Tx1), then we have

0 < D(z1,Tz1) <9 (D(x1,Tx1)) . (9)



As D(z1,Tx1) > 0 and ¢ € Uy,
0 < D(z1,Tz1) < D(x1,Tx1),

gives a contradiction. Hence
0< D(xl,Txl) §¢(d($0,$1)) (10)

We may choose x5 € Tz and g > 1 such that

0 < D(z1,Tz1) < d(z1,22) < ¢D(x1,Tx1).

Thus

0< d(thQ) < qD(xlaTxl) < qw (d(.’Eo,.’IJl)) = qw (CO) ) (11)
where ¢ = d(xg,x1). Note that 1 # x9, and a(x1,22) > a.(Txe,Tz1) > 1. Thus a(z1,z2) > 1 and hence
Tz, Txe) > 1. Astp € Uy, ¢ (d(x1,22)) < ¥ (q (co)) . If we set ¢1 = M, then ¢; > 1. Now if

¥ (d(@1,22))

x9 € Txy then the proof is finished. Let xo ¢ Txo, then by similar process we obtain
0< D(SCQ,T.’EQ) < ’(/J (d(l’l,xg)) (12)
and z3 € Tzo such that

0 < d(z2,73) < 1 D(22, T22) < 19 (d(z1,22)) = ¥ (q¥ (c0)) - (13)

Note that o # x3 and a(ze,z3) > a.(Tz1,Txe) > 1. Thus a(ze,z3) > 1 implies that a(T'ze, Txz3) > 1. By
(13) we have

W (d(w2,w3)) < ¥° (g (o)) - (14)

2
If g0 = M, then g2 > 1. Now if x5 € Tz then the proof is finished. Let x3 ¢ Tx3. Continuing this

Y (d(z2,73))

way, we obtain a sequence {x,} in X and it satisfies: z, 1 € Ty, Tpt1 # Tn, @ (Tpt1, Tniz) > 1,

0 < D(@n+1, Tnt1) < 9 (d(@n, Tpt1)) (15)

and
0 < d(@ny1, Tntr2) < P" (g (co)) - (16)

Now we prove that {z,} is a Cauchy sequence in X. Note that

A(Tp, Tnyp) < bd(Tp,Tni1) + b2d($n+lv Tpt2) + oo+ bp_ld(xnﬂif% Tpyp-1) + bp_ld(wnﬂkl’ Tpip)

< 0" (gt (co)) + BPY" (g (o)) + e+ BPTHPTE (qi) (o)) 4 0P TP (g (o))
= (T (o)) + B (g o) + B (g (o))

1 n+p—2 o 1 n+p—2 o n—2 o
= 2 Z b' " (q¢ (o)) = =] ( Z b' " (qy (co)) — ZbIW (g (Co))> .

i=n—1 i=1 i=1
That is
1 n+p—2 o n—2 .
d(n, nip) < g | D VU (a¥ (c)) = Db (qv (o)) | - (17)
1=0 =0

We set S, = S b (q1 (co)). Then, we have
i=0

1
A(wnsntp) < gy (Snopz = Snoa). (18)

It follows from 1.8 that 50 b’ (¢) converges for any ¢ > 0. Thus lim S,_5 = S for some S € [0, 00). From

n—oo

(18), we obtain that lim d(z,,Zn4+p) =0 for all p € N and {z,,} is a Cauchy sequence in X. Consequently,
n—oo



there exists z € X such that lim d(z,,2) = 0 and hence a(z,, z) > 1. Now we show that z € F(T'). Assume

n—oo

on contrary that z ¢ Tz, that is, D(z,Tz) > 0. We claim that either

1
§D(xn,T:cn) < bd(xy, 2) (19)
or .
iD(xn+l7 Txn—i—l) < bd(mn-i-lv Z) (20)
holds for all n € N*. If not, there exists an ng € Ny such that
1
§D(xn0,Txn0) > bd(Zn,, 2) (21)
and 1
§D(xno+17Txno+1) > bd(xnoJrl?Z)' (22)

Now by (15), (21) and (22), we have

d(xnoa x’l’bo-‘rl) < bd(l‘no ) Z) + bd(’z) mno-i-l)
1 1
< 7D(xnoaTmno) + *D($7L0+17T$n0+1)

2 2
1 1
< gd(mnovmno-‘rl) + §w (d(xno7xno+1))

1 1
< id(mnoazno-&-l) + §d(mno’xno+l)
= d(x7lg7x7la+1)7

a contradiction. Hence either (19) or (20) holds for an infinite subset Ny of N*. As a(z,,,2) > 1 and T is an
a,—admissible, o, (Tz,,Tz) > 1. Now if (19) holds for all n € Ny, then we have

D(@n41,T2) < H(T2,,T) < au(Twy, T2)H(Ta,, T2)
< Y (Mp(zy,2)) + ¢ (Rr(zn, 2))
¥ (max {d(ﬂfm 2), D, Tn), D(z, T2), 21 T2) ;;D(f% Tzn) })
+¢ (min {d(zn, z), D(z, Tn)})
o (a2 e, Dz 1), P TR ) )
+o (min {d(z,, 2),d(z, Tn+1)}) -

On taking limit as n tends to infinity on both sides of above inequality, we have
D(2,Tz) <9 (D(2,Tz2)) < D(2,T2)

a contradiction. Consequently z € T'z. Similarly, when (20) holds for an infinite subset N; of Ny, we obtain
that z € Tz. m

Corollary 2.2 Let (X,d) be a complete b-metric space, o : X x X — [0,00) and T : X — CIl(X) an
. —admissible mapping. Suppose that for any x,y € X

1
§D(a:,Tx) < bd(z,y) implies that a.(Tx, Ty)H(Tx, Ty) < Y(Mr(z,y)) + LRr(z,y)

where ¢ € Wy and L > 0. Then T is a MWP operator provided that there exists xg € X and x1 € Txg such
that a(zg,z1) > 1 and for any sequence {z,} in X with x,, — x for some x in X implies that oz, ) > 1,
n € Np.

Proof. Set ¢(t) = Lt for all t € R* in Theorem 2.1. m



Corollary 2.3 Let (X,d) be a complete b-metric space, o : X x X — [0,00) and T : X — CIl(X) an
. —admissible mapping. Suppose that for any x,y € X

1
§D(x,Tx) < bd(z,y) implies that o, (Tx, Ty)H(Tx, Ty) < p(Mrp(z,y))

where ¢ € Wy, Then T is a MWP operator provided that there exists ro € X and x1 € Txg such that
a(zp,z1) > 1 and for any sequence {x,} in X with x, — = for some x in X implies that o(z,,z) > 1,
n € Np.

Proof. Put ¢(t) = 0 for all t € R* in Theorem 2.1. =
Corollary 2.3 generalize and extend [7, Theorem 1], [3, Theorem 2.1], [15, Theorem 3.1], and [19, Theorem
2.9.

Corollary 2.4 Let (X,d) be a complete b-metric space, o : X x X — [0,00) and T : X — CI(X) an
. —admissible mapping. Suppose that for any x,y € X

where ¢ € Wy. Then T is a MWP operator provided that there exists xg € X and x1 € Txg such that
alxzg,x1) > 1 and for any sequence {x,} in X with x, — x for some x in X implies that a(x,,z) > 1,
n € Np.

Corollary 2.5 Let (X,d) be a complete b-metric space, a : X x X — [0,00) and T : X — CIl(X) an
o —admissible mapping. Suppose that for any x,y € X

1

§D($,T{E> < bd(x,y) implies that a.(Tx, Ty)H(Tx, Ty) < ¥(d(z,y)) + p(d(z,y))
where 1 € Wy and p € ®. Then T is a MWP operator provided that there exists xg € X and x1 € Txg such
that a(xg,z1) > 1 and for any sequence {x,} in X with x, — x for some x in X implies that a(x,,z) > 1,

n € Np.

Example 2.6 Let X = {x1, 22, 73,%4,25}. Define the mapping d: X x X — R by

d($2,$5) = d(1‘3,1‘4) = d($3,$5) = d(l‘g, 134) = 5,
d(:L’Q,LEg) = d($1,$4) = d($1,$5) = 9,

d(xl,xg) = d(ml,x3) = 4,

d($4,$5 = 1,

d(z,x) =0 and d(x,y) = d(y,x) for all z,y € X.

As 9 =d(za,23) £ d(xa, 1) + d(x1,23) = 8, d is not a metric on X. Clearly, (X,d) is a complete b-metric
space with parameter b > g > 1. Define a mapping T : X — CI(X) by

{z1} if v = 21, 22, 23,
Tx=q {x2} if v = x4,
{z3} if x = 5.

8
Define o : X x X — RY by a(w;,z;) =1 for all i,j € {1,2,3,4,5}. If we set (t) = §t and o(t) = 0 for
t € RT, then v € ¥4 and ¢ € ®. Note that
H(Tz,Ty) =0 < (Mr(z,y))

holds for any x,y € {x1,x2,23}. We now consider the following cases:
If v =21 and y € {x4,x5} then

H(Tx,Ty) = 4 <8 = ¢(d(21,y)) < p(Mr(21,9)) + ¢(Rr(21,9))-



When x € {z2,z3} and y € {x4,x5}. Then for x £y,
40
H(Tz,Ty) =4 < - = 9(d(z,y)) < ¢(Mr(z,y)) + p(Rr(z,y)).
Note that for x = x4, y =22 and x = x5 y = T3

%D(x, Tx) = = bd(x,y).

TRy
\%
x| ©

Hence, for any z,y € X,
1
§D(ac,Tx) < bd(z,y) implies that a(Tx, Ty)H(Tz,Ty) < ¢ (Mr(z,y)) + o(Rr(z,y)).

Thus all the conditions of Theorem 2.1 are satisfied. On the other hand, if xt = x4, y = x5, then we have

H(Tzy,Txzs) = d(zo,23) =9 > ¢ (Mp(z4,25))

D T D T
= < ax d:I}'4,IZ'5 $47Tx4) D(IIJ5,TIL'5)’ (.T4, x5);_b (5[:5, 1'4)})

4 (d(x4,:c3)9+ d(xs,22)) })

= <max{d T4, T5), (T4, T2), d(z5, x3),

_ (max 1,5,5, }) ¢(5)=%.

H(TQ?4,TIE5) =9 ﬁ % - 1/) (MT($47:C5))

Hence

Hence [3, Theorem 2.1], [7, Theorem 1], [15, Theorem 3.1], [19, Theorem 2.2] are not applicable in this case.

Corollary 2.7 Let (X,d) be a complete b-metric space, o : X x X — [0,00) and f : X — X an a—admissible
and a generalized Suzuki type (o, 1) — contractive mapping. Let zg € X and 1 = fxo be such that a(xg, x1) >
1. Then f has a fized point provided that for any {z,} in X with x, — x for some x in X gives that

a(xy,x) > 1. Moreover the fized point of f is unique if X has property (H).

Proof. By Theorem 2.1, F(f) is nonempty and f is a Picard operator. To prove the uniqueness: Let u
and v be two fixed points of f such that u # v. Due to property (H), there exists a point z € X such that
alu,z) > 1 and a(v,z) > 1. As f is a—admissible, we have a(u, f*z) > 1 and a(v, f*z) > 1, for all n > 1.

Since f is a Picard operator so lim "z = w € F(f). Clearly

1
id(u,fu) =0 < bd(u, f*12).
Note that

d(u, f"z) al fu, f " 2)d(fu, f£7712) < o(M(u, f"712)) + @(Ry(u, f7712))

n—1 n—1
< 9 <maX{d(U,fn_lz),d(u,fu)7d(f"—1z’ff"—1z), d(u, ff Z);;)d(f z, fu) }) .

IN

N

Taking limit as n — oo on both sides of above inequality we get
d(u,w) < (d(u,w)) .

This implies that u = w. Similarly, we obtain that w = v. Hence the result follows. m



3 Common fixed point results in b-metric spaces

As an application of Theorem 2.1, we obtain the existence of coincidence and common fixed point of gener-
alized Suzuki type (au,,,)—contractive hybrid pair of operators in the framework of b-metric spaces.

Definition 3.1 Let (X,d) be a b-metric space. A hybrid pair (g,T) is called generalized Suzuki type
(s, ) —contractive pair of operators if there exists a 1) € ¥y and ¢ € ® such that for any z,y € X

%D(gx, Tzx) < bd(gz, gy) (23)
implies
a. (T, Ty)H (T, Ty) < ¢ (Mg,r(z,y)) + ¢ (Rgr(2,y)) - (24)

Definition 3.2 Let (X,d) be a b-metric space. A hybrid pair (g,T) is called generalized Suzuki type
(s, ) — contractive pair of operators if there exists a 1 € Wy such that for any z,y € X

1
§D(gﬂc,Tx) < bd(gz, gy)
implies
a. (T, Ty)H(Txz, Ty) < ¥ (M, r(z,y)).

Definition 3.3 Let (X, d) be a b-metric space. A hybrid pair (g,T) is called Suzuki type (au.,v¥)—contractive
pair of operators if there exists a b € Wy such that for any z,y € X

1
7 D(gz, Tz) < bd(gz, gy)
implies
Definition 3.4 Let (X,d) be a b-metric space and f,g : X — X. A pair (f,g) is called Suzuki type

(a, 1) — contractive pair if there exists a ¢ € Wy such that for any z,y € X

%d(g% fx) < bd(gz, gy)
implies
alfz, fy)d(fz, fy) < (d(gz, gy)) -

Theorem 3.5 Let (X,d) be a b-metric space, (g,T) a generalized Suzuki type (a*,ww)—contmctive pair

with T(X) C g(X) and g(X) a complete subspace of X. Suppose that T is (o, g)—admissible and there

exists o € X and gry; € Txy such that a(gxo,gx1) > 1. Then C(g,T) is nonempty provided that for any

sequence {x,} in X with gz, — gz implies that a(gx,, gx) > 1. Furthermore, the set F(g,T) is nonempty

if any of the following conditions hold:

ei- The pair (g,T) is w—compatible, nlin;o 9" (x) = w for some w € X and x € C(g,T) and g is continuous
at w;

ey~ The mapping g is T—weakly commuting at some x € C(g,T) and g’z = gu;

e3- The mapping g is continuous at at some x € C(g,T) and nlingo 9" (w) = x for some w € X.

10



Proof. By Lemma 1.7, there is a set E C X such that g : E — X is one-to-one and g(F) = g(X). Define a
mapping 7 : g(E) — CB(X) by Tgz = Tx for all g(x) € g(F). The mapping 7 is well defined because g is
one-to-one. As (g, 7)) is generalized Suzuki type (., ,,)—contractive pair, for any z,y € X

1

5 Dlgz, T) < bd(g, gy))

implies that

< (max {dcqx, 9y). D(gzr, ), D(gy, T).

4+ (min {d(gz, gy), D(gy, Tx)})
where ¢ € Uy and ¢ € ®. Thus

D(gx,Ty) 2+bD(gy, Tz) })

1
5 D92, Tgz) < bd(gz, gy))

implies
a.(Tgz, Tgy)H(Tgz,Tgy)

< (max d(gz, gy), D(gz, T gz), D(gy, T gy),
+ (min {d(gz, gy), D(gy, T gz)})

for all gz, gy € g(F). As g(F) is complete so is g(X). By given assumption, there exists g € X and g1 € Tz
such that a(gzg, gz1) > 1. That is, there exists g € X and gx; € T gxg such that a(gzg,gx1) > 1. Since
T is (o, g)—admissible, a(gz,gy) > 1 gives a.(Tx,Ty) > 1, that is, a.(Zgx,7gy) > 1 and hence T is
a,—admissible. It follows from Theorem 2.1 that the mapping 7 on g(FE) is a MWP operator. Thus we
may choose a point u € g(FE) such that w € Tu. Since u € g(E) = g(X), there exists x € X such that
gz = u. Hence gz € Tgx = Tz, that is, z € C(g,T). To prove F(g,T) # 0: Suppose that (e;) holds. Now,
nlingo g"(x) = u for some u € X and the continuity of g at v imply that gu = u and hence nhﬂngo g (x) =

gu. This further implies that a(g"(z),gu) > 1. As T is (au,g)—admissible, a(T'g" *(z),Tu) > 1. From
w—compatibility of (g,T"), we have g"(z) € T (¢"(z)), that is ¢"(x) € C(g,T) for all n € N. Clearly,

D(gz, T gy) ;;D(g% Tgx) })

%D(g"(fv%T (9" M(x))) < d(g"(x),g"(x)) = 0 < bd(gg" (), gu).

Thus, we have

D(g"e,Tu) < H(Tg"'2.Tu) < an(Tg" (@), Tu)H(Tg" "z Tu)
< yYmax {d(g"x’gu)7D(g”Lx’ Tg" 'z, D(gu, Tu), D(g"x,Tu) +2€(gu, Tg" ') }
+¢ (min{d(g"z, gu), D(gu, Tg"_lx)})
<

wmax{d<g”xvgu>,d<g”x,g”x>,D(gwm,

+¢ (min{d(g"z, gu), d(gu, g"z)}) .
On taking limit as n — oo on both sides of above inequality, we obtain that

D(gu, Tu) < ¢ (D(gu, Tw)) .

D(g"z,Tu) + d(gu, g"x) }
2b

Hence D(gu,Tu) = 0 implies that u = gu € Tu. Now if (ez) holds, then g?z = gz for some = € C(g,T).
Also, g is T—weakly commuting, gr = g?x € Tgx. Hence gr € F(g,T). If (e3) holds , then we have
lim ¢"(u) = z for some u € X and x € C(g,T). By continuity of g, x = gr € Tx. Hence in all cases,

n—oo

F(g,T)#0. m

Theorem 3.6 Let (X,d) be a b-metric space, (g,T) a generalized Suzuki type (o, )— contractive pair with
T(X) C g(X) and g(X) a complete subspace of X. Suppose that T is (., g)—admissible and there exists
xzo € X and gxy € Txo such that a(gxo, gx1) > 1. Then C(g,T) is nonempty provided that for any sequence
{z,} in X with gx,, — gz implies that a(gx,,gz) > 1. Furthermore, the set F(g,T) is nonempty if any of
the following conditions hold:

11



ey~ The pair (g,T) is w—compatible, lim ¢"(x) = w for some w € X and x € C(g,T) and g is continuous
n—o0
at w;

es- The mapping g is T—weakly commuting at some x € C(g,T) and g*x = gz;

es- The mapping g is continuous at at some x € C(g,T) and lim ¢"(w) =z for some w € X.
n—oo

Theorem 3.7 Let (X,d) be a b-metric space, (g,T) a Suzuki type (a.,)—contractive pair with T(X) C
9(X) and g(X) a complete subspace of X. Suppose that T is (., g)—admissible and there exists xg € X and
gr1 € Txg such that a(gxo,gx1) > 1. Then C(g,T) is nonempty provided that for any sequence {x,} in X
with gz, — gx implies that a(gx,, gzr) > 1. Furthermore, the set F'(g,T) is nonempty if any of the following
conditions hold:

er- The pair (g,T) is w— compatible, nlingo 9" (x) = w for some w € X and x € C(g,T) and g is continuous
at w;

eg- The mapping g is T—weakly commuting at some x € C(g,T) and g*x = gz;

eg- The mapping g is continuous at at some x € C(g,T) and lim ¢"(w) =z for some w € X.
n—oo

For a pair of single-valued mappings, we have the following result.

Corollary 3.8 Let (X,d) be a b-metric space, (f,g) a Suzuki type (a, 1)—contractive pair with f(X) C g(X)
and g(X) a complete subspace of X. Suppose that f is (c, g)—admissible and for xg € X with gx1 = fxg, we
have a(gxo, gx1) > 1. Then C(g, f) is nonempty provided that for any sequence {x,} in X with gz, — gx
implies that a(gx,, gx) > 1. Furthermore, F(g, f) is nonempty if f and g are weakly compatible ( that is f
and g commute at their coincidence points ). Also, g and f have unique point in F(g, f) if g(X) has property

(H).

4 Stability Results in b-metric spaces

In this section, we find an upper bound of Hausdorff distance between the fixed point sets of two generalized
Suzuki type (., ¥,,)—contractive multivalued operators and then we study the Ulam-Hyers stability of fixed
point problem of such mappings in the setup of b-metric spaces.

Theorem 4.1 Let (X,d) be a complete b-metric space, o : X x X — [0,00) and T1,T> : X — P(X). If the
following conditions hold:

di- for each i € {1,2},

S D(a, Toa) < bi(e,y) implics that o (T, T)H(Tia, Tey) < u(dl9) + g, (d(w,9))  (26)

for any x,y € X, where ¢, € ¥4 and ¢; € P;
ds- T; is a.—admissible mapping for each i € {1,2};
ds- there exists xg € X and x1 € Tz such that a(zg,x1) > 1 for each i € {1,2};
dy- if there is a sequence {x,} in X such that z, — x, then a(z,,x) > 1;
ds- there exists A > 0 such that for all x € X, H(Tyx, Tex) < \.
Then for each i € {1,2}, Fiz(T;) is a closed subset of X, T; is a MWP operator and

H(Fiz(Ty), Fiz(Ty)) < b max{\;, Ao}

o0
where X\; = 3. bRk (N).
k=0

12



Proof. It follows from Corollary 2.5 that Fixz(T;) # 0 for each ¢ € {1, 2}. Let {z,,} be a sequence in Fiz(T})
such that x,, — z as n — co. Then «a(z,,2) > 1. As T} is a,—admissible, a(T'z,,Tz) > 1. Clearly

1
§D(a:n,T1wn) =0 < bd(z,z,).

Hence

D(z,T2) bd(z,xp) + bD(xp, T1 2)
bd(z,xy) + bH(T 2, Tixy) < bd(z,2,) + bas (Thxy, Th2)H (Ty 2, Th )
d(zwn) + bipy (d(2,2n)) + bpy (D(2p, T12))

bd(z, xn) + by (d(z, 2n)) + bipy (d(2n, 2)) -
On taking limit as n — oo we obtain that D(z,T1z) = 0, that is, z € Tyz and hence F(T}) is closed.
Similarly, F'(T3) is a closed subset of X. From Corollary 2.5, we conclude that for each ¢ € {1,2}, T; is
a MWP operator. Following arguments similar to those in the proof of Theorem 2.1 with zy € F(T1) and
x1 € Thxg, we obtain a sequence a Cauchy sequence {x,,} such that x,,11 € Thx, for all n > 1 and it satisfies

VAN VAN VAN VA

Tn+1 7& Tn,

a(Tpg1,Tny2) > 1 (26)
0< D(.Z‘n+1, T237n+1) < % (d(xny xn+1))

O < d(zn-&-la m71-1—2) < 7/}’; (qq/} (CO))

for all n > 1, where ¢y = d(zg, z1). We choose an element v in X such that z,, — u as n — 0o and u € Thu.
As in the proof of Theorem 2.1 we obtain

1 n+p—2 ok n—+p—2 ok
A(Tns Tptp) < pn—2 > b5 (qy (o)) < pn—2 > b5 (qys (V)
k=n—1 k=n—1 (27)
1 n+p—2

= 5z ( S bRk (0 (V) — 32 Rk (0, (V) + 5705 (v, (A))) :

On taking limit as p — oo on both sides of above inequality, we obtain that

1 o0 n n
d(n,u) < 3= (Z UL (qiby (V) = > B¥5 (qiba (V) + 105 (qibs (A))) (28)
k=0 k=0
and hence by Lemma 1.8, io: bRk (t) converges for any ¢ > 0. Thus there exists Ay > 0 such that
k=0
Z V¥ (A) = Xo. Then from 28, it follows that
1 n .
A, ) < 7 <A2 = 6 (g () + 6708 (g (A))) (29)
k=0

and for n = 0, we get d(zg,u) < b*)\q. Hence for zg € F(Ty), there exists u € F(T5) such that d(xq,u) < b)s.
Similarly, for each zy € F(T3), we get v € F(T1) and A\; > 0 such that d(z,v) < b2);. It follows from
Lemma 1.4 that

H(F(Ty), F(Ty)) < b*max{\, A2 }.

Theorem 4.2 Let (X,d) be a b-metric space and T : X — CI(X) be a multivalued mapping as given in
Corollary 2.5 hold. Then following statements hold:

w;- The fived point inclusion (1) is (] —generalized Ulam-Hyers stable provided that for x € F(T), there

exists z € U such that a(x,z) > 1, where (1 : RT — R given by (,(t) =t —b? (Y(t) + ¢(t)) is strictly
increasing and onto;
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uy- IfE(T) # 0, then the fized point inclusion (1) is (5 ' —generalized Ulam-Hyers stable provided that for z €
F(T) there exists z € U such that a(z, z) > 1, where (5 : RT — R given by (5(t) =t —b(¢(t) + (1))
is strictly increasing and onto;

uch that o(x,z) > 1 and for

us- If S : X — CU(X) is such that for x € F(S), there exists z € F(T) s
,T(x)) < A for all x € X, then

x € F(T), there exists z € F(S) such that a(z,z) > 1, and H(S(x)
H(F(S), F(T)) < ¢ (0°));

us- If S+ X — CUX) is such that for x € F(S), there exists z € E(T) such that a(x,z) > 1 and for
x € E(T) there exists z € F(S) such that a(x,z) > 1, and H(S(z),T(z)) < X for all x € X, then
H(F(S), F(T)) < ¢ (bA);

us- If {x,} is a sequence in X and there exists a unique =* € E(T) such that a(x,,z*) > 1 and

lim D(z,,Tx,) = 0.

n—oo

Then limy, 00 d(xy, z*) = 0. In this case, we say an end point problem is well-posed with respect to
b-metric d;

ug- If {z,} is a sequence in X, and there exists a unique z* € E(T) such that a(z,,z*) > 1 and
lim, oo H{xn}, Txyn) = 0. Then lim,,_,o d(z,,x*) = 0. In this case, we say an end point problem is
well-posed with respect to Hausdorff b-metric H;

ur- If {z,} is a sequence in X, and there exists a unique xz* € E(T) such that a(z,,z*) > 1 and
lim,, oo D(2p, Tzy) = 0, then there exists a sequence of successive approzimation y, such that

lim d(z,,y,) =0.

n—oo

This is known as limit shadowing property of the multivalued operators.

Proof. (u;-) It follows from Corollary 2.5 that T is a MWP operator and hence F(T') is nonempty. If
x* € F(T), then by given condition there exists a y* € U such that a(z*,y*) > 1. As T is a,—admissible,
we have a, (Tx*, Ty*) > 1. Since y* € U, therefore D(y*,Ty*) < ¢ for any given € > 0. Clearly

%D(x*,T:c*) =0 < bd(z*,y").
Thus
bD(z*,Tx*) + bD(Tz",y*) = bD(Tx*,y")
b* (H(Tz",Ty") + D(Ty",y"))
b (e (Ta*, Ty ) H(T2*, Ty") + )
b* (w(d(z",y")) + ¢ (dz",y")) +¢)
b* (w(d(z",y")) + @ (da",y")) +e).

Now, ¢; (d(z*,y*)) = d(z*, y*)—b* (Y(d(z*,y*)) + ¢ (d(z*,y*))) . From the above inequality we have (; (d(x*,y*)) <
b%e and hence

(VAN VAN VAN VAN VAN

z*,
¥,

d(z*,y") < ¢ (b%).

Consequently the fixed point inclusion (1) is €é—generalized Ulam-Hyers stable, where & = (7.

(ug-) Let E(T) # 0, then d(z*,y*) = D(Tz*,y*) < b(H(Tz*,Ty*) + D(Ty*,y*)) . Following arguments
similar to those in the proof of (u;), result follows.

(us-) Let z* € F(S), then there exists a y* € F(T') such that a(z*,y*) > 1. By a.—admissibility of T'
we obtain that o, (Tz*,Ty*) > 1. Clearly

1
§D(aj*,Tm*) =0 < bd(z*,y").
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Thus

d(z*,y*) < bD(z",Sx™)+bD(Sz",y") = bD(Sz",y")
< B (H(Sz*,Tx*) + D(Tx*,y"))
< B (H(Sz*,Tx*) + H(Tz*,Ty"))
< V(N + H(Tx*, Ty"))
< PP\ + . (Te*, Ty H(Tz*, Ty*))
< B Oy + o (day"))
< (A Y(d(”,y) + e (d@”,y) -

Now, Cl (d(z*,y*)) = d(x*,y*) — b* ((d(z*, y*)) + ¢ (d(z*,y*))) . From the above inequality we obtain that
(1( (x*,y*)) < b2X. Consequently for every z* € F(S) there exists a y* € F(T) such that d(z*,y*) <
Gt (b)) . Similarly it can be proved that for every y* € F(T), there exists a 2* € F(T) such that d(z*,y*) <

(7" (v*)) . Hence by Lemma 1.4 we obtain that
H(F(8), F(T)) < (7 (0%))

(ug-) The proof follows using the similar arguments to those in the proof of (us) with definition of E(T).

(us-) Let {z,} be a sequence in X. By given assumption, there exists a unique z* € E(T) such
that a(z,,2*) > 1, and lim, o D(2y, T2,) = 0. Then we obtain a sequence {u,} such that u, € Tx,
and lim,, 0o D(Zpn, Txy) = limy, oo d(Tn,un) = 0. As T is a,—admissible, o, (Tx,, Tx*) > 1. Note that
iD(z*,Tz*) = 0 < bd(zy,z*). Hence

d(xn,z") < b(D(xp,Tn)+ D(Txy,z*))
< b(D(xp,Txy) + H(T2zp, Tx"))
< b(D(xy, Txn) + (T, Ta*)H (Tx,, T2*))
< b(D(wnaTmrL) +¢(d($’m )) —|—<p(d(.73",33*))) :

This implies that
d(xp, ") — b (d(zn, ")) + @ (d(Tn, x¥))) < DD (zp, Txp).

That is (5 (d(zy, z*)) < bD(zy, Txy). Taking limit as n tends to oo, the result follows. (ug) follows from (u3)
as D(xp, Txy,) < H{zn},Txy,). (uz-) From (us) it is clear that lim, . d(x,,x*) = 0. Since z* € E(T), so
there exists a sequence of successive approximations defined as y,, = «* for all n such that lim,, o d(z,, yn) =
lim, 00 d(@p,2*) =0. W
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