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Abstract:

The aim of this paper is to introduce a class of generalized Suzuki type (��;  ')�contractive multivalued
operators and to prove the existence of �xed point and common �xed point of such operators in the setup of
b-metric spaces. Some examples are presented to support the results proved herein. Our results generalize
and extend various results in the existing literature. An estimate of Hausdor¤ distance between the �xed
point sets of two generalized Suzuki type (��;  ')�contractive multivalued operators is obtained. We further
investigate the Ulam-Hyers stability of �xed point problem of operators considered herein in the framework
of b-metric spaces.
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1 Introduction and preliminaries

The concept of a distance between two objects plays a vital role in mathematics and its related disciplines.
Consequently, there have been several generalizations of a metric function.
By replacing the triangular inequality with a more weaker axiom, Czerwik [9] initiated a notion of a

b-metric as follows:

De�nition 1.1 [9] Let X be a nonempty set and b � 1 a given real number. A function d : X �X ! R+
is said to be a b-metric if for any x; y; z 2 X; the following conditions hold:

b1- d(x; y) = 0 if and only if x = y;

b2- d(x; y) = d(y; x);

b3- d(x; y) � b (d(x; z) + d(z; y)) :

The pair (X; d) is called a b-metric space with parameter b � 1.

If b = 1; then b-metric space is a metric space. However, the converse does not hold in general ( compare
[2, Example 3.9] and [8, 9, 20] ).
Let (X; d) be a b-metric space and P (X), Cl(X), B(X); CB(X) and K(X); the family of all subsets of

X; the family of all closed subsets of X; the family of all bounded subsets of X; the family of all closed and
bounded subsets of X and the family of all compact subsets of X; respectively. Let A;B 2 P (X):
The gap functional D induced by the b-metric d on X is given by

D(A;B) =

8><>:
inf

a2A;b2B
d(a; b); if A 6= B 6= ;;

0; if A = B = ;;
+1; otherwise.
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The excess generalized function � induced by the b-metric d on X is given by

�(A;B) =

8><>:
sup
a2A

D(a;B); if A 6= B 6= ;;

0; if A = ;;
+1; if B = ;; A 6= ;:

Pompeiu-Hausdor¤ generalized functional H induced by the b-metric d on X is de�ned as

H(A;B) =

8<: max f�(A;B); �(B;A)g ; if A 6= B 6= ;;
0; if A = B = ;;
+1; otherwise.

The functional � induced by the b-metric d on X is given by

�(A;B) =

8><>:
sup

a2A;b2B
d(a; b); if A 6= B 6= ;;

0; if A = B = ;;
+1; otherwise.

Following lemma from [9, 10, 20] is crucial to prove the main result of the paper.

Lemma 1.2 Let (X; d) be a b-metric space; x; y 2 X and A;B 2 CB(X): The following statements hold:

c1) (CB(X);H) is a b-metric space and (CB(X);H) is complete whenever (X; d) is complete;

c2) D(x;B) � H(A;B) for all x 2 A;

c3) D(x;A) � b (d(x; y) +D(y;A)) ;

c4) For h > 1 and �a 2 A; there is a �b 2 B such that d(�a;�b) � hH(A;B);

c5) For every h > 0 and �a 2 A; there is a �b 2 B such that d(�a;�b) � H(A;B) + h;

c6) D(x;A) = 0 if and only if x 2 �A = A;

c7) For fxng � X, d(x0; xn) � bd(x0; x1) + :::+ b
n�1d(xn�2; xn�1) + b

n�1d(xn�1; xn);

De�nition 1.3 Let (X; d) be a b-metric space. A sequence fxng in X is called:

c8- Cauchy if and only if for � > 0; there exists n(�) 2 N such that for each n;m � n(�) we have d(xn; xm) <
�;

c9- Convergent if and only if there exists x 2 X such that for all � > 0 there exists n(�) 2 N such that for
all n � n(�) we have d(xn; x) < �. In this case we write limn!1 xn = x:

It is known that a sequence fxng in b-metric space X is Cauchy if and only if lim
n!1

d(xn; xn+p) = 0 for

all p 2 N . A sequence fxng is convergent to x 2 X if and only if limn!1 d(xn; x) = 0: A subset Y � X is
closed if and only if for each sequence fxng in Y that converges to an element x, we have x 2 Y: A subset
Y � X is bounded if diam(Y ) is �nite, where diam(Y ) = sup fd(a; b); a; b 2 Y g. A b-metric space (X; d) is
said to be complete if every Cauchy sequence in X is convergent in X.

An et al. [2] studied the topological properties of b-metric spaces and stated the following assertions.

c10- b-metric is not necessarily continuous in each variable;

c11- If b-metric is continuous in one variable then it is continuous in other variable;

c12- A ball in b-metric space (X; d) is not necessarily an open set. An open ball is open if d is continuous
in one variable.
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Lemma 1.4 (compare [17]) Let (X; d) be a b-metric space, A;B 2 P (X): If there exists a � > 0 such that
(i) for each ~a 2 A; there exists a ~b 2 B such that d(~a;~b) � �; (ii) for each ~b 2 B; there exists an ~a 2 A such
that d(~a;~b) � �; then H(A;B) � �:

Let T : X ! P (X) and f : X ! X. We call (f; T ) a hybrid pair of mappings. The �xed point problem
of T is to �nd an x 2 X such that

x 2 Tx: (1)

A point x 2 X is called:

1. a �xed point of T if it solves the �xed point inclusion (1);

2. coincidence point of (f; T ) if fx 2 Tx;

3. common �xed point of (f; T ) if x = fx 2 Tx:

The end point problem of T is to �nd an x 2 X such that Tx = fxg. The �xed point inclusion (1) is said
to be generalized Ulam-Hyers stable if there exists a increasing function � : R+ ! R+ which is continuous
at t = 0; such that for each " > 0 and for each solution u� of

D(u; Tu) � "; u 2 X (2)

there exists a solution z� of (1) such that

d(u�; z�) � �("):

If �(t) = ct with c > 0; then the �xed point problem is said to be Ulam-Hyers stable. For more discussion
on Ulam-Hyers stability of �xed point problems, we refer to [12, 14, 18, 22].
We denote F (T ); E(T ); C(f; T ); F (f; T ) and U by the set of all of �xed points of T , the set of all end

points of T , the set of all coincidence points of (f; T ); the set of all common �xed point of (f; T ) and the set
of all solutions of (2); respectively.
The hybrid pair (f; T ) is called w�compatible ( [1]), if f(Tx) � T (fx) for all x 2 C(f; T ). The mapping

f is called T�weakly commuting at some point x 2 X if f2(x) 2 T (fx):
In what follows we assume that a b-metric d is continuous in one variable.
A mapping T : X ! P (X) is called a multivalued weakly Picard operator (MWP operator [17]), if for

all x 2 X and for some y 2 Tx, there exists a sequence fxng satisfying (a1) x0 = x; x1 = y, (a2) xn+1 2 Txn
for all n � 0, (a3) fxng converges to some z 2 F (T ): The sequence fxng satisfying (a1) and (a2) is called
a sequence of successive approximations of T starting from (x; y). If T is a single-valued mapping, then we
call it Picard operator provided that it satis�es (a1) to (a3).
Let T : X �! P (X) be a MWP operator. De�ne the mapping T1 : G(T )! P (F (T )) by

T1(x; y) = fz : there is a sequence of successive approximations of T starting from (x; y) converging to zg

where G(T ) = f(x; y) : x 2 X; y 2 Txg is the graph of T: A mapping t : X ! X is called selection of
T : X �! P (X) if tx 2 Tx for all x 2 X:

De�nition 1.5 [17] Let (X; d) be a metric space and c > 0. A MWP operator T : X �! P (X) is
called c�multivalued weakly Picard (brie�y c�MWP) operator if there exists a selection t1 of T1 such that
d(x; t1(x; y)) � cd(x; y) holds for all (x; y) 2 G(T ):

One of the main result dealing with c�MWP operators is the following:

Theorem 1.6 [16] Let (X; d) be a metric space and T1; T2 : X ! P (X). If Ti is a ci�MWP operator for
each i 2 f1; 2g and there exists � > 0 such that H(T1x; T2x) � � for all x 2 X: Then H(F (T1); F (T2)) �
�maxfc1; c2g:

We need the following Lemma in [13] to prove coincidence and common �xed points of (f; T ).
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Lemma 1.7 [13] Let X be a nonempty set and f : X ! X, there exists a subset E � X such that
f(E) = f(X) and f : E ! X is one-to-one.

Consistent with [4, 5, 6], following de�nitions and results will be needed in the sequel.
Let  ;' : R+ ! R+. Consider the following classes:

a1- � = f' : ' is nondecreasing and continuous at t = 0g;

a2- 	1 = f :  is increasing andlimn!1  n(t) = 0; for any t � 0g: The function  2 	1 is called a
comparison function. It is well known that if  2 	1; then (i) for any n � 1; nth� iterate of  is also
a comparison function (ii)  is continuous at t = 0 and (iii)  (t) < t for any t > 0;

a3- 	2 = f :  is nondecreasing and
P1

n=1  
n(t) <1 for all t > 0 g:Clearly, 	2 � 	1;

a4- 	3 = f :  is increasing and there exists an n0 2 N; a 2 (0; 1) and a convergent series of nonnegative
numbers

P1
n=1 un such that for any t � 0;  

n+1(t) � a n(t)+un for all n � n0g: The function  2 	3
is called a (c)�comparison function.

a5- 	4 = f :  is monotone increasing and there exists an n0 2 N; a 2 (0; 1), b � 1 and a convergent
series of nonnegative numbers

P1
n=1 un such that for any t � 0; bn+1 

n+1(t) � abn n(t) + un for all
n � n0g: The function  2 	4 is called a (b)�comparison function. If b = 1; then 	3 = 	4:

Lemma 1.8 [4] If  is a (b)�comparison functions with b � 1, then the series
P1

n=0 b
n n(t) is convergent

for all t 2 R+ and the function rb(t) =
P1

n=0 b
n n(t) : R+ ! R+ is increasing and continuous at t = 0:

From above lemma, we have 	4 � 	1:
Let X be a nonempty set, � : X �X ! R+, f : X ! X and T : X ! P (X). A mapping f is called

��admissible if for any x; y 2 X

�(x; y) � 1 implies that �(fx; fy) � 1: (3)

Let A;B 2 P (X). De�ne
��(A;B) = inf

a2A;b2B
�(a; b):

A mapping T is called ���admissible if for any x; y 2 X

�(x; y) � 1 implies that ��(Tx; Ty) � 1: (4)

A mapping T is called (��; f)�admissible if for any x; y 2 X; �(fx; fy) � 1 implies that ��(Tx; Ty) � 1:
The set X is said to have a property (H), if for any x; y 2 X with x 6= y; there exists w 2 X such that

�(x;w) � 1; �(y; w) � 1.
Let (X; d) be a b-metric space, g : X ! X and T : X ! Cl(X): We set:

Mg;T (x; y) = max

�
d(gx; gy); D(gx; Tx); D(gy; Ty);

D(gx; Ty) +D(gy; Tx)

2b

�
MT (x; y) = max

�
d(x; y); D(x; Tx); D(y; Ty);

D(x; Ty) +D(y; Tx)

2b

�
RT (x; y) = min fd(x; y); D(y; Tx)g and
Rg;T (x; y) = min fd(gx; gy); D(gy; Tx)g :

Motivated by [11, 19, 21], we give the following de�nition.

De�nition 1.9 Let (X; d) be a b-metric space. A mapping T : X ! Cl(X) is called a generalized Suzuki
type (��;  ')�contractive multivalued operator if there exists a  2 	4 and ' 2 � such that for any x; y 2 X

1

2
D(x; Tx) � bd(x; y) (5)

implies that
��(Tx; Ty)H(Tx; Ty) �  (MT (x; y)) + ' (RT (x; y)) : (6)

If in the above de�nition, Cl(X) is the family of all singletons fxg � X; then T : X ! Cl(X) is called a
generalized Suzuki type (��  ')�contractive operator.
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De�nition 1.10 Let (X; d) be a b-metric space. A mapping T : X ! Cl(X) is called a generalized Suzuki
type (��;  )�contractive multivalued operator if there exists a  2 	4 such that for any x; y 2 X

1

2
D(x; Tx) � bd(x; y)

implies that
��(Tx; Ty)H(Tx; Ty) �  (MT (x; y)) :

If in the above de�nition, Cl(X) is the family of all singletons fxg � X; then T : X ! Cl(X) is called a
generalized Suzuki type (��  )�contractive operator.

2 Fixed points of generalized Suzuki type (��;  ')�contractive mul-
tivalued operators

In this section, we obtain �xed point results for generalized Suzuki type (��;  ')�contractive multivalued
operators in complete b-metric spaces. We start with the following result.

Theorem 2.1 Let (X; d) be a complete b-metric space, � : X �X ! [0;1) and T : X ! Cl(X). Assume
that

d1- T is a generalized Suzuki type (��;  ')�contractive multivalued operator;

d2- T is an ���admissible mapping;

d3- there exists x0 2 X and x1 2 Tx0 such that �(x0; x1) � 1;

d4- if there is a sequence fxng in X such that xn ! x; then �(xn; x) � 1 for all n 2 N�:

Then T is a MWP operator.

Proof. Let x0 and x1 be two given points in X such that �(x0; x1) � 1: If x0 = x1; then x0 2 Tx0: De�ne
a sequence fxng by xn = x1 = x0, n 2 N�: Clearly, xn 2 Txn and fxng converges to x = x0 2 F (T ):
Hence T is a MWP operator. Suppose that x0 6= x1 and x1 =2 Tx1. Obviously, �(x0; x1) � 1 implies that
��(Tx0; Tx1) � 1: Also,

1

2
D(x0; Tx0) � d(x0; x1) � bd(x0; x1): (7)

Thus we have

0 < D(x1; Tx1) � H(Tx0; Tx1) < ��(Tx0; Tx1)H(Tx0; Tx1)

�  (MT (x0; x1)) + ' (RT (x0; x1))

=
 

�
max

�
d(x0; x1); D(x0; Tx0); D(x1; Tx1);

D(x0; Tx1) +D(x1; Tx0)

2b

��
+' (min fd(x0; x1); D(x1; Tx0)g)

�  

�
max

�
d(x0; x1); d(x0; x1); D(x1; Tx1);

d(x0; x1) +D(x1; Tx1)

2

��
+' (min fd(x0; x1); d(x1; x1)g)

�  (max fd(x0; x1); D(x1; Tx1)g) :

That is
0 < D(x1; Tx1) �  (max fd(x0; x1); D(x1; Tx1)g) : (8)

If max fd(x0; x1); D(x1; Tx1)g = D(x1; Tx1); then we have

0 < D(x1; Tx1) �  (D(x1; Tx1)) : (9)
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As D(x1; Tx1) > 0 and  2 	4,
0 < D(x1; Tx1) < D(x1; Tx1);

gives a contradiction. Hence
0 < D(x1; Tx1) �  (d(x0; x1)) : (10)

We may choose x2 2 Tx1 and q > 1 such that

0 < D(x1; Tx1) � d(x1; x2) < qD(x1; Tx1):

Thus
0 < d(x1; x2) < qD(x1; Tx1) � q (d(x0; x1)) = q (c0) ; (11)

where c0 = d(x0; x1): Note that x1 6= x2; and �(x1; x2) � ��(Tx0; Tx1) � 1: Thus �(x1; x2) � 1 and hence

��(Tx1; Tx2) � 1: As  2 	4;  (d(x1; x2)) <  (q (c0)) : If we set q1 =
 (q (c0))

 (d(x1; x2))
; then q1 > 1: Now if

x2 2 Tx2 then the proof is �nished. Let x2 =2 Tx2; then by similar process we obtain

0 < D(x2; Tx2) �  (d(x1; x2)) (12)

and x3 2 Tx2 such that

0 < d(x2; x3) < q1D(x2; Tx2) � q1 (d(x1; x2)) =  (q (c0)) : (13)

Note that x2 6= x3 and �(x2; x3) � ��(Tx1; Tx2) � 1: Thus �(x2; x3) � 1 implies that �(Tx2; Tx3) � 1: By
(13) we have

 (d(x2; x3)) <  2 (q (c0)) : (14)

If q2 =
 2 (q (c0))

 (d(x2; x3))
; then q2 > 1: Now if x3 2 Tx3 then the proof is �nished. Let x3 =2 Tx3: Continuing this

way, we obtain a sequence fxng in X and it satis�es: xn+1 2 Txn; xn+1 6= xn; � (xn+1; xn+2) � 1;

0 < D(xn+1; Txn+1) �  (d(xn; xn+1)) (15)

and
0 < d(xn+1; xn+2) <  n (q (c0)) : (16)

Now we prove that fxng is a Cauchy sequence in X: Note that

d(xn; xn+p) � bd(xn; xn+1) + b
2d(xn+1; xn+2) + :::+ b

p�1d(xn+p�2; xn+p�1) + b
p�1d(xn+p�1; xn+p)

� b n�1 (q (c0)) + b
2 n (q (c0)) + :::+ b

p�1 n+p�3 (q (c0)) + b
p�1 n+p�2 (q (c0))

=
1

bn�2
�
bn�1 n�1 (q (c0)) + b

n n (q (c0)) + :::+ b
n+p�2 n+p�2 (q (c0))

�
=

1

bn�2

n+p�2X
i=n�1

bi i (q (c0)) =
1

bn�2

 
n+p�2X
i=1

bi i (q (c0))�
n�2X
i=1

bi i (q (c0))

!
:

That is

d(xn; xn+p) �
1

bn�2

 
n+p�2X
i=0

bi i (q (c0))�
n�2X
i=0

bi i (q (c0))

!
: (17)

We set Sn =
nP
i=0

bi i (q (c0)). Then, we have

d(xn; xn+p) �
1

bn�2
(Sn�p�2 � Sn�1) : (18)

It follows from 1.8 that
P1

i=0 b
i i (t) converges for any t � 0: Thus lim

n!1
Sn�2 = S for some S 2 [0;1): From

(18), we obtain that lim
n!1

d(xn; xn+p) = 0 for all p 2 N and fxng is a Cauchy sequence in X: Consequently,
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there exists z 2 X such that lim
n!1

d(xn; z) = 0 and hence �(xn; z) � 1: Now we show that z 2 F (T ): Assume
on contrary that z =2 Tz; that is, D(z; Tz) > 0: We claim that either

1

2
D(xn; Txn) � bd(xn; z) (19)

or
1

2
D(xn+1; Txn+1) � bd(xn+1; z) (20)

holds for all n 2 N�: If not, there exists an n0 2 N0 such that

1

2
D(xn0 ; Txn0) > bd(xn0 ; z) (21)

and
1

2
D(xn0+1; Txn0+1) > bd(xn0+1; z): (22)

Now by (15), (21) and (22), we have

d(xn0 ; xn0+1) � bd(xn0 ; z) + bd(z; xn0+1)

<
1

2
D(xn0 ; Txn0) +

1

2
D(xn0+1; Txn0+1)

� 1

2
d(xn0 ; xn0+1) +

1

2
 (d(xn0 ; xn0+1))

<
1

2
d(xn0 ; xn0+1) +

1

2
d(xn0 ; xn0+1)

= d(xn0 ; xn0+1);

a contradiction. Hence either (19) or (20) holds for an in�nite subset N1 of N�: As �(xn; z) � 1 and T is an
���admissible, ��(Txn; T z) � 1: Now if (19) holds for all n 2 N1; then we have

D(xn+1; T z) � H(Txn; T z) < ��(Txn; T z)H(Txn; T z)

�  (MT (xn; z)) + ' (RT (xn; z))

=
 

�
max

�
d(xn; z); D(xn; Txn); D(z; Tz);

D(xn; T z) +D(z; Txn)

2b

��
+' (min fd(xn; z); D(z; Txn)g)

�  

�
max

�
d(xn; z); d(xn; xn+1); D(z; Tz);

D(xn; T z) + d(z; xn+1)

2b

��
+' (min fd(xn; z); d(z; xn+1)g) :

On taking limit as n tends to in�nity on both sides of above inequality, we have

D(z; Tz) �  (D(z; Tz)) < D(z; Tz)

a contradiction. Consequently z 2 Tz: Similarly, when (20) holds for an in�nite subset N1 of N0; we obtain
that z 2 Tz:

Corollary 2.2 Let (X; d) be a complete b-metric space, � : X � X ! [0;1) and T : X ! Cl(X) an
���admissible mapping. Suppose that for any x; y 2 X

1

2
D(x; Tx) � bd(x; y) implies that ��(Tx; Ty)H(Tx; Ty) �  (MT (x; y)) + LRT (x; y)

where  2 	4 and L � 0. Then T is a MWP operator provided that there exists x0 2 X and x1 2 Tx0 such
that �(x0; x1) � 1 and for any sequence fxng in X with xn ! x for some x in X implies that �(xn; x) � 1,
n 2 N0:

Proof. Set '(t) = Lt for all t 2 R+ in Theorem 2.1.
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Corollary 2.3 Let (X; d) be a complete b-metric space, � : X � X ! [0;1) and T : X ! Cl(X) an
���admissible mapping. Suppose that for any x; y 2 X

1

2
D(x; Tx) � bd(x; y) implies that ��(Tx; Ty)H(Tx; Ty) �  (MT (x; y))

where  2 	4. Then T is a MWP operator provided that there exists x0 2 X and x1 2 Tx0 such that
�(x0; x1) � 1 and for any sequence fxng in X with xn ! x for some x in X implies that �(xn; x) � 1,
n 2 N0:

Proof. Put '(t) = 0 for all t 2 R+ in Theorem 2.1.
Corollary 2.3 generalize and extend [7, Theorem 1], [3, Theorem 2.1], [15, Theorem 3.1], and [19, Theorem

2.2].

Corollary 2.4 Let (X; d) be a complete b-metric space, � : X � X ! [0;1) and T : X ! Cl(X) an
���admissible mapping. Suppose that for any x; y 2 X

��(Tx; Ty)H(Tx; Ty) �  (MT (x; y))

where  2 	4. Then T is a MWP operator provided that there exists x0 2 X and x1 2 Tx0 such that
�(x0; x1) � 1 and for any sequence fxng in X with xn ! x for some x in X implies that �(xn; x) � 1,
n 2 N0:

Corollary 2.5 Let (X; d) be a complete b-metric space, � : X � X ! [0;1) and T : X ! Cl(X) an
���admissible mapping. Suppose that for any x; y 2 X

1

2
D(x; Tx) � bd(x; y) implies that ��(Tx; Ty)H(Tx; Ty) �  (d(x; y)) + '(d(x; y))

where  2 	4 and ' 2 �. Then T is a MWP operator provided that there exists x0 2 X and x1 2 Tx0 such
that �(x0; x1) � 1 and for any sequence fxng in X with xn ! x for some x in X implies that �(xn; x) � 1,
n 2 N0:

Example 2.6 Let X = fx1; x2; x3; x4; x5g. De�ne the mapping d : X �X ! R+ by

d(x2; x5) = d(x3; x4) = d(x3; x5) = d(x2; x4) = 5;
d(x2; x3) = d(x1; x4) = d(x1; x5) = 9;
d(x1; x2) = d(x1; x3) = 4;
d(x4; x5) = 1;
d(x; x) = 0 and d(x; y) = d(y; x) for all x; y 2 X:

As 9 = d(x2; x3) � d(x2; x1) + d(x1; x3) = 8; d is not a metric on X. Clearly, (X; d) is a complete b-metric

space with parameter b � 9

8
> 1. De�ne a mapping T : X �! Cl(X) by

Tx =

8<: fx1g if x = x1; x2; x3;
fx2g if x = x4;
fx3g if x = x5:

De�ne � : X � X ! R+ by �(xi; xj) = 1 for all i; j 2 f1; 2; 3; 4; 5g: If we set  (t) = 8

9
t and '(t) = 0 for

t 2 R+; then  2 	4 and ' 2 �. Note that

H(Tx; Ty) = 0 �  (MT (x; y))

holds for any x; y 2 fx1; x2; x3g: We now consider the following cases:
If x = x1 and y 2 fx4; x5g then

H(Tx1; T y) = 4 � 8 =  (d(x1; y)) �  (MT (x1; y)) + '(RT (x1; y)):
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When x 2 fx2; x3g and y 2 fx4; x5g: Then for x 6= y,

H(Tx; Ty) = 4 � 40

9
=  (d(x; y)) �  (MT (x; y)) + '(RT (x; y)):

Note that for x = x4; y = x2 and x = x5 y = x3

1

2
D(x; Tx) =

5

2
>
9

8
= bd(x; y):

Hence, for any x; y 2 X;

1

2
D(x; Tx) � bd(x; y) implies that �(Tx; Ty)H(Tx; Ty) �  (MT (x; y)) + '(RT (x; y)):

Thus all the conditions of Theorem 2.1 are satis�ed. On the other hand, if x = x4; y = x5; then we have

H(Tx4; Tx5) = d(x2; x3) = 9 >  (MT (x4; x5))

=  

�
max

�
d(x4; x5); D(x4; Tx4); D(x5; Tx5);

D(x4; Tx5) +D(x5; Tx4)

2b

��
=  

�
max

�
d(x4; x5); d(x4; x2); d(x5; x3);

4 (d(x4; x3) + d(x5; x2))

9

��
=  

�
max

�
1; 5; 5;

40

9

��
=  (5) =

40

9
:

Hence
H(Tx4; Tx5) = 9 6�

40

9
=  (MT (x4; x5))

Hence [3, Theorem 2.1], [7, Theorem 1], [15, Theorem 3.1], [19, Theorem 2.2] are not applicable in this case.

Corollary 2.7 Let (X; d) be a complete b-metric space, � : X�X ! [0;1) and f : X ! X an ��admissible
and a generalized Suzuki type (�;  )�contractive mapping. Let x0 2 X and x1 = fx0 be such that �(x0; x1) �
1. Then f has a �xed point provided that for any fxng in X with xn ! x for some x in X gives that
�(xn; x) � 1: Moreover the �xed point of f is unique if X has property (H).

Proof. By Theorem 2.1, F (f) is nonempty and f is a Picard operator. To prove the uniqueness: Let u
and v be two �xed points of f such that u 6= v: Due to property (H), there exists a point z 2 X such that
�(u; z) � 1 and �(v; z) � 1: As f is ��admissible, we have �(u; fnz) � 1 and �(v; fnz) � 1; for all n � 1:
Since f is a Picard operator so lim

n!1
fnz = w 2 F (f): Clearly

1

2
d(u; fu) = 0 � bd(u; fn�1z):

Note that

d(u; fnz) � �(fu; ffn�1z)d(fu; ffn�1z) �  (Mf (u; f
n�1z)) + '(Rf (u; f

n�1z))

�  

�
max

�
d(u; fn�1z); d(u; fu); d(fn�1z; ffn�1z);

d(u; ffn�1z) + d(fn�1z; fu)

2b

��
:

Taking limit as n!1 on both sides of above inequality we get

d(u;w) �  (d(u;w)) :

This implies that u = w: Similarly, we obtain that w = v: Hence the result follows.
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3 Common �xed point results in b-metric spaces

As an application of Theorem 2.1, we obtain the existence of coincidence and common �xed point of gener-
alized Suzuki type (��;  ')�contractive hybrid pair of operators in the framework of b-metric spaces.

De�nition 3.1 Let (X; d) be a b-metric space. A hybrid pair (g; T ) is called generalized Suzuki type
(��;  ')�contractive pair of operators if there exists a  2 	4 and ' 2 � such that for any x; y 2 X

1

2
D(gx; Tx) � bd(gx; gy) (23)

implies
��(Tx; Ty)H(Tx; Ty) �  (Mg;T (x; y)) + ' (Rg;T (x; y)) : (24)

De�nition 3.2 Let (X; d) be a b-metric space. A hybrid pair (g; T ) is called generalized Suzuki type
(��;  )�contractive pair of operators if there exists a  2 	4 such that for any x; y 2 X

1

2
D(gx; Tx) � bd(gx; gy)

implies
��(Tx; Ty)H(Tx; Ty) �  (Mg;T (x; y)) :

De�nition 3.3 Let (X; d) be a b-metric space. A hybrid pair (g; T ) is called Suzuki type (��;  )�contractive
pair of operators if there exists a  2 	4 such that for any x; y 2 X

1

2
D(gx; Tx) � bd(gx; gy)

implies
��(Tx; Ty)H(Tx; Ty) �  (d(gx; gy)) :

De�nition 3.4 Let (X; d) be a b-metric space and f; g : X ! X. A pair (f; g) is called Suzuki type
(�;  )�contractive pair if there exists a  2 	4 such that for any x; y 2 X

1

2
d(gx; fx) � bd(gx; gy)

implies
�(fx; fy)d(fx; fy) �  (d(gx; gy)) :

Theorem 3.5 Let (X; d) be a b-metric space, (g; T ) a generalized Suzuki type (��;  ')�contractive pair
with T (X) � g(X) and g(X) a complete subspace of X. Suppose that T is (��; g)�admissible and there
exists x0 2 X and gx1 2 Tx0 such that �(gx0; gx1) � 1: Then C(g; T ) is nonempty provided that for any
sequence fxng in X with gxn ! gx implies that �(gxn; gx) � 1: Furthermore, the set F (g; T ) is nonempty
if any of the following conditions hold:

e1- The pair (g; T ) is w�compatible, lim
n!1

gn(x) = w for some w 2 X and x 2 C(g; T ) and g is continuous
at w;

e2- The mapping g is T�weakly commuting at some x 2 C(g; T ) and g2x = gx;

e3- The mapping g is continuous at at some x 2 C(g; T ) and lim
n!1

gn(w) = x for some w 2 X.

10



Proof. By Lemma 1.7, there is a set E � X such that g : E ! X is one-to-one and g(E) = g(X): De�ne a
mapping T : g(E)! CB(X) by T gx = Tx for all g(x) 2 g(E): The mapping T is well de�ned because g is
one�to-one. As (g; T ) is generalized Suzuki type (��;  ')�contractive pair, for any x; y 2 X8>>>>>>><>>>>>>>:

1

2
D(gx; Tx) � bd(gx; gy))

implies that
��(Tx; Ty)H(Tx; Ty)

�  

�
max

�
d(gx; gy); D(gx; Tx); D(gy; Ty);

D(gx; Ty) +D(gy; Tx)

2b

��
+' (min fd(gx; gy); D(gy; Tx)g)

where  2 	4 and ' 2 �. Thus8>>>>>>><>>>>>>>:

1

2
D(gx; T gx) � bd(gx; gy))

implies
��(T gx; T gy)H(T gx; T gy)

�  

�
max

�
d(gx; gy); D(gx; T gx); D(gy; T gy); D(gx; T gy) +D(gy; T gx)

2b

��
+' (min fd(gx; gy); D(gy; T gx)g)

for all gx; gy 2 g(E): As g(E) is complete so is g(X). By given assumption, there exists x0 2 X and gx1 2 Tx0
such that �(gx0; gx1) � 1: That is, there exists x0 2 X and gx1 2 T gx0 such that �(gx0; gx1) � 1: Since
T is (��; g)�admissible, �(gx; gy) � 1 gives ��(Tx; Ty) � 1; that is, ��(T gx; T gy) � 1 and hence T is
���admissible. It follows from Theorem 2.1 that the mapping T on g(E) is a MWP operator. Thus we
may choose a point u 2 g(E) such that u 2 T u: Since u 2 g(E) = g(X), there exists x 2 X such that
gx = u: Hence gx 2 T gx = Tx; that is, x 2 C(g; T ): To prove F (g; T ) 6= ;: Suppose that (e1) holds. Now,
lim
n!1

gn(x) = u for some u 2 X and the continuity of g at u imply that gu = u and hence lim
n!1

gn(x) =

gu: This further implies that �(gn(x); gu) � 1: As T is (��; g)�admissible, �(Tgn�1(x); Tu) � 1: From
w�compatibility of (g; T ); we have gn(x) 2 T (gn(x)) ; that is gn(x) 2 C(g; T ) for all n 2 N: Clearly,

1

2
D(gn(x); T

�
gn�1(x)

�
) � d(gn(x); gn(x)) = 0 � bd(ggn�1(x); gu):

Thus, we have

D(gnx; Tu) � H(Tgn�1x; Tu) � ��(Tg
n�1(x); Tu)H(Tgn�1x; Tu)

�  max

�
d(gnx; gu); D(gnx; Tgn�1x); D(gu; Tu);

D(gnx; Tu) +D(gu; Tgn�1x)

2b

�
+'

�
minfd(gnx; gu); D(gu; Tgn�1x)g

�
�  max

�
d(gnx; gu); d(gnx; gnx); D(gu; Tu);

D(gnx; Tu) + d(gu; gnx)

2b

�
+' (minfd(gnx; gu); d(gu; gnx)g) :

On taking limit as n!1 on both sides of above inequality, we obtain that

D(gu; Tu) �  (D(gu; Tu)) :

Hence D(gu; Tu) = 0 implies that u = gu 2 Tu: Now if (e2) holds, then g2x = gx for some x 2 C(g; T ).
Also, g is T�weakly commuting, gx = g2x 2 Tgx: Hence gx 2 F (g; T ). If (e3) holds , then we have
lim
n!1

gn(u) = x for some u 2 X and x 2 C(g; T ): By continuity of g, x = gx 2 Tx: Hence in all cases,

F (g; T ) 6= ;.

Theorem 3.6 Let (X; d) be a b-metric space, (g; T ) a generalized Suzuki type (��;  )�contractive pair with
T (X) � g(X) and g(X) a complete subspace of X. Suppose that T is (��; g)�admissible and there exists
x0 2 X and gx1 2 Tx0 such that �(gx0; gx1) � 1: Then C(g; T ) is nonempty provided that for any sequence
fxng in X with gxn ! gx implies that �(gxn; gx) � 1: Furthermore, the set F (g; T ) is nonempty if any of
the following conditions hold:
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e4- The pair (g; T ) is w�compatible, lim
n!1

gn(x) = w for some w 2 X and x 2 C(g; T ) and g is continuous
at w;

e5- The mapping g is T�weakly commuting at some x 2 C(g; T ) and g2x = gx;

e6- The mapping g is continuous at at some x 2 C(g; T ) and lim
n!1

gn(w) = x for some w 2 X.

Theorem 3.7 Let (X; d) be a b-metric space, (g; T ) a Suzuki type (��;  )�contractive pair with T (X) �
g(X) and g(X) a complete subspace of X. Suppose that T is (��; g)�admissible and there exists x0 2 X and
gx1 2 Tx0 such that �(gx0; gx1) � 1: Then C(g; T ) is nonempty provided that for any sequence fxng in X
with gxn ! gx implies that �(gxn; gx) � 1: Furthermore, the set F (g; T ) is nonempty if any of the following
conditions hold:

e7- The pair (g; T ) is w�compatible, lim
n!1

gn(x) = w for some w 2 X and x 2 C(g; T ) and g is continuous
at w;

e8- The mapping g is T�weakly commuting at some x 2 C(g; T ) and g2x = gx;

e9- The mapping g is continuous at at some x 2 C(g; T ) and lim
n!1

gn(w) = x for some w 2 X.

For a pair of single-valued mappings, we have the following result.

Corollary 3.8 Let (X; d) be a b-metric space, (f; g) a Suzuki type (�;  )�contractive pair with f(X) � g(X)
and g(X) a complete subspace of X. Suppose that f is (�; g)�admissible and for x0 2 X with gx1 = fx0, we
have �(gx0; gx1) � 1: Then C(g; f) is nonempty provided that for any sequence fxng in X with gxn ! gx
implies that �(gxn; gx) � 1: Furthermore, F (g; f) is nonempty if f and g are weakly compatible ( that is f
and g commute at their coincidence points ). Also, g and f have unique point in F (g; f) if g(X) has property
(H):

4 Stability Results in b-metric spaces

In this section, we �nd an upper bound of Hausdor¤ distance between the �xed point sets of two generalized
Suzuki type (��;  ')�contractive multivalued operators and then we study the Ulam-Hyers stability of �xed
point problem of such mappings in the setup of b-metric spaces.

Theorem 4.1 Let (X; d) be a complete b-metric space, � : X �X ! [0;1) and T1; T2 : X ! P (X). If the
following conditions hold:

d1- for each i 2 f1; 2g;

1

2
D(x; Tix) � bd(x; y) implies that ��(Tix; Tiy)H(Tix; Tiy) �  i(d(x; y)) + 'i(d(x; y)) (25)

for any x; y 2 X; where  i 2 	4 and 'i 2 �;

d2- Ti is ���admissible mapping for each i 2 f1; 2g;

d3- there exists x0 2 X and x1 2 Tix0 such that �(x0; x1) � 1 for each i 2 f1; 2g;

d4- if there is a sequence fxng in X such that xn ! x; then �(xn; x) � 1;

d5- there exists � > 0 such that for all x 2 X; H(T1x; T2x) � �:

Then for each i 2 f1; 2g; F ix(Ti) is a closed subset of X; Ti is a MWP operator and

H(Fix(T1); F ix(T2)) � b2maxf�1; �2g

where �i =
1P
k=0

bk ki (�) :
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Proof. It follows from Corollary 2.5 that Fix(Ti) 6= ; for each i 2 f1; 2g: Let fxng be a sequence in Fix(T1)
such that xn ! z as n!1: Then �(xn; z) � 1: As T1 is ���admissible, �(Txn; T z) � 1: Clearly

1

2
D(xn; T1xn) = 0 � bd(z; xn):

Hence

D(z; T1z) � bd(z; xn) + bD(xn; T1z)

� bd(z; xn) + bH(T1z; T1xn) � bd(z; xn) + b��(T1xn; T1z)H(T1z; T1xn)

� bd(z; xn) + b 1 (d(z; xn)) + b'1 (D(xn; T1z))

� bd(z; xn) + b 1 (d(z; xn)) + b'1 (d(xn; z)) :

On taking limit as n ! 1 we obtain that D(z; T1z) = 0; that is, z 2 T1z and hence F (T1) is closed.
Similarly, F (T2) is a closed subset of X. From Corollary 2.5, we conclude that for each i 2 f1; 2g; Ti is
a MWP operator. Following arguments similar to those in the proof of Theorem 2.1 with x0 2 F (T1) and
x1 2 T2x0; we obtain a sequence a Cauchy sequence fxng such that xn+1 2 T2xn for all n � 1 and it satis�es

xn+1 6= xn;
� (xn+1; xn+2) � 1
0 < D(xn+1; T2xn+1) �  2 (d(xn; xn+1))
0 < d(xn+1; xn+2) <  n2 (q (c0))

(26)

for all n � 1; where c0 = d(x0; x1): We choose an element u in X such that xn ! u as n!1 and u 2 T2u:
As in the proof of Theorem 2.1 we obtain

d(xn; xn+p) �
1

bn�2

n+p�2P
k=n�1

bk k2 (q 2 (c0)) �
1

bn�2

n+p�2P
k=n�1

bk k2 (q 2 (�))

=
1

bn�2

�
n+p�2P
k=0

bk k2 (q 2 (�))�
nP
k=0

bk k2 (q 2 (�)) + b
n n2 (q 2 (�))

�
:

(27)

On taking limit as p!1 on both sides of above inequality, we obtain that

d(xn; u) �
1

bn�2

 1X
k=0

bk k2 (q 2 (�))�
nX
k=0

bk k2 (q 2 (�)) + b
n n2 (q 2 (�))

!
(28)

and hence by Lemma 1.8,
1P
k=0

bk k2 (t) converges for any t � 0: Thus there exists �2 � 0 such that

1P
k=0

bk k2 (�) = �2. Then from 28, it follows that

d(xn; u) �
1

bn�2

 
�2 �

nX
k=0

bk k2 (q (�)) + b
n n2 (q (�))

!
(29)

and for n = 0; we get d(x0; u) � b2�2: Hence for x0 2 F (T1); there exists u 2 F (T2) such that d(x0; u) � b�2:
Similarly, for each z0 2 F (T2); we get v 2 F (T1) and �1 � 0 such that d(z0; v) � b2�1: It follows from
Lemma 1.4 that

H(F (T1); F (T2)) � b2maxf�1; �2g:

Theorem 4.2 Let (X; d) be a b-metric space and T : X ! Cl(X) be a multivalued mapping as given in
Corollary 2.5 hold. Then following statements hold:

u1- The �xed point inclusion (1) is ��11 �generalized Ulam-Hyers stable provided that for x 2 F (T ); there
exists z 2 U such that �(x; z) � 1; where �1 : R+ ! R+ given by �1(t) = t� b2 ( (t) + '(t)) is strictly
increasing and onto;
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u2- If E(T ) 6= ;; then the �xed point inclusion (1) is ��12 �generalized Ulam-Hyers stable provided that for x 2
F (T ) there exists z 2 U such that �(x; z) � 1; where �2 : R+ ! R+ given by �2(t) = t� b ( (t) + '(t))
is strictly increasing and onto;

u3- If S : X ! Cl(X) is such that for x 2 F (S); there exists z 2 F (T ) such that �(x; z) � 1 and for
x 2 F (T ); there exists z 2 F (S) such that �(x; z) � 1; and H(S(x); T (x)) � � for all x 2 X; then
H(F (S); F (T )) � ��11 (b2�);

u4- If S : X ! Cl(X) is such that for x 2 F (S); there exists z 2 E(T ) such that �(x; z) � 1 and for
x 2 E(T ) there exists z 2 F (S) such that �(x; z) � 1; and H(S(x); T (x)) � � for all x 2 X; then
H(F (S); F (T )) � ��12 (b�);

u5- If fxng is a sequence in X and there exists a unique x� 2 E(T ) such that �(xn; x�) � 1 and

lim
n!1

D(xn; Txn) = 0:

Then limn!1 d(xn; x
�) = 0: In this case, we say an end point problem is well-posed with respect to

b-metric d;

u6- If fxng is a sequence in X; and there exists a unique x� 2 E(T ) such that �(xn; x�) � 1 and
limn!1H(fxng; Txn) = 0: Then limn!1 d(xn; x

�) = 0: In this case, we say an end point problem is
well-posed with respect to Hausdor¤ b-metric H;

u7- If fxng is a sequence in X; and there exists a unique x� 2 E(T ) such that �(xn; x�) � 1 and
limn!1D(xn; Txn) = 0; then there exists a sequence of successive approximation yn such that

lim
n!1

d(xn; yn) = 0:

This is known as limit shadowing property of the multivalued operators.

Proof. (u1-) It follows from Corollary 2.5 that T is a MWP operator and hence F (T ) is nonempty. If
x� 2 F (T ); then by given condition there exists a y� 2 U such that �(x�; y�) � 1: As T is ���admissible;
we have ��(Tx�; T y�) � 1: Since y� 2 U; therefore D(y�; T y�) � " for any given " > 0: Clearly

1

2
D(x�; Tx�) = 0 � bd(x�; y�):

Thus

d(x�; y�) � bD(x�; Tx�) + bD(Tx�; y�) = bD(Tx�; y�)

� b2 (H(Tx�; T y�) +D(Ty�; y�))

� b2 (��(Tx
�; T y�)H(Tx�; T y�) + ")

� b2 ( (d(x�; y�)) + ' (d(x�; y�)) + ")

� b2 ( (d(x�; y�)) + ' (d(x�; y�)) + ") :

Now, �1 (d(x
�; y�)) = d(x�; y�)�b2 ( (d(x�; y�)) + ' (d(x�; y�))) : From the above inequality we have �1 (d(x�; y�)) �

b2" and hence
d(x�; y�) � ��11

�
b2"
�
:

Consequently the �xed point inclusion (1) is ��generalized Ulam-Hyers stable, where � = ��11 :
(u2-) Let E(T ) 6= ;; then d(x�; y�) = D(Tx�; y�) � b (H(Tx�; T y�) +D(Ty�; y�)) : Following arguments

similar to those in the proof of (u1), result follows.
(u3-) Let x� 2 F (S); then there exists a y� 2 F (T ) such that �(x�; y�) � 1: By ���admissibility of T

we obtain that ��(Tx�; T y�) � 1: Clearly

1

2
D(x�; Tx�) = 0 � bd(x�; y�):
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Thus

d(x�; y�) � bD(x�; Sx�) + bD(Sx�; y�) = bD(Sx�; y�)

� b2 (H(Sx�; Tx�) +D(Tx�; y�))

� b2 (H(Sx�; Tx�) +H(Tx�; T y�))

� b2 (�+H(Tx�; T y�))

� b2 (�+ ��(Tx
�; T y�)H(Tx�; T y�))

� b2 (�+  (d(x�; y�)) + ' (d(x�; y�)))

� b2 (�+  (d(x�; y�)) + ' (d(x�; y�))) :

Now, �1 (d(x
�; y�)) = d(x�; y�)� b2 ( (d(x�; y�)) + ' (d(x�; y�))) : From the above inequality we obtain that

�1 (d(x
�; y�)) � b2�: Consequently for every x� 2 F (S); there exists a y� 2 F (T ) such that d(x�; y�) �

��11
�
b2�
�
: Similarly it can be proved that for every y� 2 F (T ); there exists a x� 2 F (T ) such that d(x�; y�) �

��11
�
b2�
�
: Hence by Lemma 1.4 we obtain that

H(F (S); F (T )) � ��11
�
b2�
�
:

(u4-) The proof follows using the similar arguments to those in the proof of (u3) with de�nition of E(T ):
(u5-) Let fxng be a sequence in X: By given assumption, there exists a unique x� 2 E(T ) such

that �(xn; x�) � 1; and limn!1D(xn; Txn) = 0: Then we obtain a sequence fung such that un 2 Txn
and limn!1D(xn; Txn) = limn!1 d(xn; un) = 0: As T is ���admissible, ��(Txn; Tx�) � 1: Note that
1
2D(x

�; Tx�) = 0 � bd(xn; x
�): Hence

d(xn; x
�) � b (D(xn; Txn) +D(Txn; x

�))

� b (D(xn; Txn) +H(Txn; Tx
�))

� b (D(xn; Txn) + ��(Txn; Tx
�)H(Txn; Tx

�))

� b (D(xn; Txn) +  (d(xn; x
�)) + ' (d(xn; x

�))) :

This implies that
d(xn; x

�)� b( (d(xn; x�)) + ' (d(xn; x�))) � bD(xn; Txn):

That is �2 (d(xn; x
�)) � bD(xn; Txn): Taking limit as n tends to1, the result follows. (u6) follows from (u3)

as D(xn; Txn) � H(fxng; Txn): (u7-) From (u5) it is clear that limn!1 d(xn; x
�) = 0: Since x� 2 E(T ); so

there exists a sequence of successive approximations de�ned as yn = x� for all n such that limn!1 d(xn; yn) =
limn!1 d(xn; x

�) = 0:
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