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Abstract

Representative agent models pin down equilibrium asset prices of an underlying
heterogeneous agents economy through the utility maximization problem of a rep-
resentative agent evaluated at aggregate endowment levels. This paper considers a
complete markets asset exchange economy in which all economic agents are expected
utility maximizers who share the same risk preferences but may have heterogeneous
endowments and beliefs. For arbitrary well-behaved Bernoulli utility functions we
derive belief aggregation formulas that characterize the beliefs of an expected utility
maximizing representative agent.
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1 Introduction
“Heterogeneous beliefs are a fact of life.” Xiong (2013, p.677)

Aggregation models pin down the equilibrium prices of an underlying economy through
the optimal zero net-trade decision of a single agent. Aggregation is analytically con-
venient because solving for the equilibrium prices for the underlying economy directly
would require, firstly, to solve multiple utility maximization problems for the net-trade
functions of all economic agents and, secondly, to find the market-clearing prices for all
these net-trade functions. Representative agent models are specific aggregation models
for which the single, i.e., representative, agent shares relevant preference features with
the economic agents in the underlying economy. Beyond the analytical convenience of
single agent models, representative agent models therefore provide important structural
insights about the underlying economies which can be used for policy recommendations,
economic interpretation, and empirical testing.! Aggregation works the better, the more
homogeneous the economic agents are. Lucas (1978) interprets the representative agent

“"stand in" for a large number of identical consumers” (p.1430). In reality, however,

as a
different economic agents have different risk-preferences, different beliefs, and different
endowments.

This paper derives aggregation results for complete markets asset exchange economies
under the assumption that the expected utility maximizing agents have identical risk
preferences—expressed through a well-behaved Bernoulli utility function—but hold different
beliefs and endowments.? The aim of our aggregation analysis is to describe technically

convenient representative agent models in the following sense.

We speak of a representative agent model for the underlying economy whenever the equi-
librium price ratios are equivalently pinned down by the optimal zero-trade of an
expected utility maximizing (representative) agent who has the same Bernoulli util-

IFor instance, whenever the representative agent closely resembles the economic agents, economic
policy recommendations can separate efficiency from income distribution considerations as the preference
maximization for this representative agent ensures efficient outcomes for all possible income distribu-
tions. This economic policy aspect of representative agent models goes back to the “unique community
indifference maps” analysis of Gorman (1953).

2A well-behaved Bernoulli utility function is strictly increasing, strictly concave, and continuously
differentiable on the strictly positive real line. We will also show how our results generalize to situations
in which agents have different well-behaved Bernoulli utility functions (cf. Remarks 3 and 7). We
also mention how our aggregation analysis could, in principle, be extended to an incomplete markets
environment (however, such extension would come with a significant loss of analytical convenience, cf.
Section 3.1.1).



ity function as the economic agents and who is endowed with either the average or
the aggregate endowments of the underlying economy.

Since the commonly shared Bernoulli utility function as well as the aggregate endowments
are fixed for the underlying economy, our technical challenge is to come up with belief
aggregation formulas that transform the economic agents’ heterogeneous beliefs into a
probability measure which stands for the representative agent’s belief.

To be specific, we consider a underlying complete markets asset exchange economy
with S states of the world w,, s € {1,...,S}, and n economic agents i € {1,...,n}.
Each economic agent ¢ holds a subjective belief—given as an additive probability measure
T; on (9,29)—and has endowments e;; in Arrow-Debreu securities s € {1,...,S}. The
representative agent p € {r, R} has endowments e,, whereby we distinguish between
an average, i.e., e,; = = > " | ¢;, and an aggregate, i.e., eg, = Y . €, representative
agent model. As our main results, we derive the following belief aggregation formulas for
arbitrary well-behaved Bernoulli utility functions (cf. Theorems 1 and 2).

General belief aggregation formulas. Fix an equilibrium of the underlying economy
and denote by c, the equilibrium consumption of agent i in state w,. There exists a
representative agent model for the underlying economy such that the representative
agent’s aggregate belief is given as the following additive probability measure 7, on

(9,29):
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for arbitrary agent coefficients v; > 0, i € {1,...,n}. Mathematically equivalently,
we have
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for arbitrary agent weights pu; > 0, i € {1,...,n}.



For the special cases of CARA (constant absolute risk aversion) and CRRA (constant
relative risk aversion) Bernoulli utility functions, we derive the following specifications of
the above general belief aggregation formulas.

Belief aggregation for CARA Bernoulli utility. There exists an average endow-
ment representative agent model for the underlying CARA economy such that the
representative agent’s p = r aggregate belief is given as

i)
- = - for all w, € Q.
> (I o)

s’=1 \i=1

T (ws) =

Belief aggregation for CRRA Bernoulli utility with risk aversion coefficient
~v > 0. There exists a representative agent model for the underlying CRRA economy
such that the representative agent’s p € {r, R} aggregate belief is given as

(Z (i, <ws>>i>

=1

Tp (WS) = g n
5 (z . w»i)

5 for all w, € Q (1)

si=1 =1

with Pareto agent weights® given as
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for an arbitrarily chosen s* € {1, ..., S}.

31 speak of ‘Pareto’ agent weights whenever these weights would enter into the utilitarian welfare
function that is maximized at the equilibrium allocation of the underlying economy, (which shows directly
the Pareto optimality of the equilibrium in our complete markets economy).



Belief aggregation for logarithmic CRRA Bernoulli utility, i.e., v = 1. The
aggregate belief (1) becomes the pf-weighted convexr combination of the economic
agents’ beliefs

T, (ws) = Zufm (ws) for all wg € Q2
i=1
with Pareto agent weights given as
Yy ejerm(wyr) ) )1
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for an arbitrarily chosen s* € {1, ..., S}.

The remainder of our analysis is structured as follows. Section 2 introduces the un-
derlying complete markets economy in which agents with heterogeneous beliefs exchange
Arrow-Debreu securities. Section 3 presents belief aggregation formulas for arbitrary well-
behaved Bernoulli utility functions. Section 4 uses these general formulas to derive belief
aggregation results for CARA, CRRA, and logarithmic Bernoulli utility functions, respec-
tively. Section 5 concludes with a brief discussion of related literature and an outlook on
multiperiod extensions of our model. Detailed mathematical proofs are relegated to the
Appendix.

2 Preliminaries: The underlying economy

We consider a static asset exchange economy in which the economic agents can freely
exchange Arrow-Debreu securities. This complete markets economy consists of n agents
i € {1...,n}, S states of the world wy € {wy,...,ws} = Q, and S corresponding Arrow-
Debreu securities s € {1, ..., S} with payoffs

1 ifw=wy

X, =

The endowment and net-trade vectors of agent ¢ in Arrow-Debreu securities are denoted
by e; = (€1, ..., €in) € RSy and 0; = (041, ..., 0;n) € R, respectively. We write

n
€s = E €is
=1
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for the aggregate endowment in Arrow-Debreu security s and

n n
Cs = E Cis = E 91’5 + €45
=1 =1

for the aggregate consumption in state ws.

The agents are expected utility maximizers who share the same Bernoulli utility func-
tion u : [0,00) — RU{—o0} which is well-behaved in the following sense: w is strictly
increasing, strictly concave, and continuously differentiable on (0, c0) whereby we simply
set u (0) = —oo for the worst-case scenario of zero consumption. Agent i’s belief is given
as a subjective additive probability measure 7; on the space (Q, 29) with full support on
Q. Let p, denote the price of Arrow-Debreu security s, i.e., the state-price for a unit of
consumption in state ws. Given the state-price vector p = (pi, ..., ps) agent i chooses a
net-trade vector from her budget-feasible set

S
Bi(p,e;) = {ei ER¥|D pbi=00i+e € Rgo}
s=1
which maximizes her subjective expected utility over consumption ¢; = 6; + ¢; € Rgo

S

Eru(c) =Y u(lis+ eis) mi (ws) -

s=1

We call the above economy with heterogeneous agents the underlying economy.

Definition 1. A competitive equilibrium of the underlying economy, denoted (p*, 67, ...,0y),
is characterized by the following two properties:

(1) Ezpected utility mazimization at equilibrium prices: for i € {1,...,n}

07 € arg max Eru(0;+e;).
9¢€Bi(p*,ei) )

(ii) Market clearing in all states: for s € {1,...,5}
> o, =0.
i=1

Remark 1. While our formal analysis restricts attention to Arrow-Debreu securities,
our framework naturally extends to complete markets with arbitrary assets. If there is



any other asset in the economy-—characterized by the payoft function X : @ — Rso-the
equilibrium price of this asset, denoted p¥%, is identical to the price of the payoff-equivalent
portfolio of Arrow-Debreu securities, i.e.,

s
P =) X (ws) i
s=1
This pricing formula guarantees that there are no arbitrage-opportunities in the static
economy whenever we consider additional assets beyond Arrow-Debreu securities.

3 General belief aggregation analysis

A representative agent model in our sense generates the equilibrium prices of the un-
derlying economy at the zero net-trade whereby the representative agent is an expected
utility maximizer who has the same Bernoulli utility function as the economic agents in
the underlying economy. We distinguish between average and aggregate endowment rep-
resentative agent models, which we denote by r and R, respectively. The respective initial
endowments of the representative agent in both models are given as

ers = —€s and eps = €, (2)
n

for all s € {1, ..., S}.

Definition 2. Fiz an equilibrium (p*, 07, ...,0%) € RS x R™ of the underlying economy.
The single-agent economy with p € {r, R} is a ‘representative agent model’ for the
underlying economy if and only if the aggregate belief m, on (Q, 29) satisfies

(0,...,0) € arg max Eru (0, + eps) -

S
{(epl,...,ops)emsZpgepszo}
s=1

For well-behaved Bernoulli utility functions, any competitive equilibrium (p*, 07, ..., 0>)

5 Un

must be an interior equilibrium that satisfies the following first-order conditions: for all
ie{l,...,n}and all s € {1,..., S},

ul (0:5 + eis) Uy (ws) = )‘zp: (3)

Here \; > 0 denotes an agent-specific Lagrange multiplier which stands for the agent ’s
marginal utility from having an incremental unit of wealth available to be invested. The

7



equilibrium price-ratios for any Arrow-Debreu securities s, s’ € {1, ..., S} are determined
by the MRS (=marginal rate of substitution) conditions

py () mi(ws) ,
== 5 {i 11 1,... . 4
p:, " (C;;,) . (wsf) or all 7 € { ) ,TL} ( )

A representative agent model for this underlying economy is characterized by

Dy _ ' (€ps) p (ws) (5)
Py (epy) Ty (W)
for all s,s" € {1, ..., S}. Consequently, the aggregate belief 7, of a representative agent p €
{r, R} is any additive probability measure on (Q, 29) that satisfies for all s,s" € {1,...,5}
equation (5) provided that the n equations (4) also hold for all s,¢' € {1,...,5}. In
what follows we derive different—but mathematically equivalent—expressions for 7, through
mathematically equivalent transformations of these systems of equations.

3.1 A first belief aggregation formula for well-behaved Bernoulli
utility functions

Given arbitrary agent coefficients v; > 0 for ¢ € {1, ...,n}, transform (4) equivalently to

(2) - (wnes)

Multiplying over all agents and using (5) yields the following implicit characterization of
an aggregate belief.

Observation 1. There exists a representative agent model for the underlying economy
with well-behaved Bernoulli utility function whenever 7, is an additive probability
measure on (Q, 29) that satisfies, for all w,,wy € §2,

-
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; _ ( [ )Z“ " ( W (eps) 7, <ws>)>2?l”f’ -

* /
[/ (¢fy) i (wer)]” Py W (€pw) p (W

-
Il

—.

@
I
—

whereby the agent coefficients v; >0, i € {1,...,n}, are arbitrary.



By Observation 1, we have

v

[1 1 (et mi (w757
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Normalization Zle 7, (ws) = 1 yields the following belief aggregation result for well-
behaved Bernoulli utility functions.

Theorem 1. For any given equilibrium (p*,0;,...,0%) € RSy x R™ of the underly-
ing economy, there exists a representative agent model such that the representative
agent’s aggregate belief is given as the additive probability measure 7, on (Q,QQ)

satisfying
uf(ips) H [ () mi (ws)]%
Tp (Ws) = i=1 n for all W, € 0 (8)
H Cist 7Tl ws)]zlll
z:l

whereby the agent coefficients v; >0, i € {1,...,n}, are arbitrary.

Remark 2. By the belief aggregation formula (8), the two concepts of representative
agent models p € {r, R} coincide if and only if

T, = TR
=
PRAGH RN i f i
5,2 o (em/) = ; o or all s
=
ul (% Z?:l eis) _ ul (Z?:l eis) for all s S/. (9)

u' (% Z?:l eis’) o (Z?:1 €is')

The equivalence condition (9) is, e.g., satisfied for CRRA but not for CARA Bernoulli
utility functions whenever n > 1.



Remark 3. Observe that Theorem 1 easily generalizes to the case where the economic
agents have different risk-attitudes in the form of heterogeneous well-behaved Bernoulli
utility functions u;, ¢ € {1, ...,n}. Namely, fix some well-behaved Bernoulli utility function
u, for the representative agent and note that (8) becomes

n .
Vi

ey 1L i (i) m (w5

T, (ws) = =1 for all w, € Q. (10)

n Y
Vg

B ool | LGOI

=1

3.1.1 Discussion: Incomplete markets

The belief aggregation formula (8) applies to all economies in which the economic agents
with heterogeneous beliefs can freely exchange Arrow-Debreu securities. Starting with
Harrison and Kreps (1978) there exists an interest in combining heterogeneous beliefs
with incomplete asset markets, i.e., markets where institutional arrangements (e.g., short-
selling constraints) result in constraints that keep economic agents from freely exchanging
Arrow-Debreu securities. The question thus arises in how far our belief aggregation analy-
sis for complete markets could be carried over to incomplete markets.*

Consider the canonical example of an incomplete markets economy in which the eco-
nomic agents (i) can only trade their endowments in two different assets X : 2 — R>q and
Y : Q — Ry whereby (ii) the asset payoff matrix does not span R as there are S > 3
different states of the world. If there exists a competitive equilibrium (p*,67,...,0%) €
R?, x R™? characterized by FOCs, we must have

Py _ Yt (X (W) (eax +6ix)) X (wy) mi (w,)
Py o (Y () (e +65) Y (ws) mi (ws)

foralli e {1,....,n}.

Analogously to the characterization of aggregate beliefs (6) in Observation 1 (with v; =
1 for all 7), there would exist a representative agent model which generates the equilibrium
(p*, 07, ..., 6;,) of the incomplete markets economy whenever there are aggregate beliefs 7,

4Krueger and Lustig (2010) investigate for a continuum of agents with homogeneous beliefs in how far
aggregation results for complete markets carry over to incomplete asset markets.

10



that satisfy the equation

H oy u (X (W) (eax +8ix)) X (w,) i (wy)

_ (ziwwxw»%wxwmwA%v”_
St (Y (@) er) Y (@) 7y ()

In contrast to our complete markets economy, however, this equation is in S — 1 > 2

H Yot (Y (@) (e +03y)) Y (ws) s (ws)

unknown probabilities 7, (w;) so that we cannot pin down a unique additive probability
measure 7, as we did in Theorem 1. Moreover, while we might be able to pin down the
set of all aggregate beliefs 7, that are a solution to (11), this solution will depend on
the specifics of this incomplete markets economy, i.e., on the specific payoff functions X
and Y. That is, whereas belief aggregation formulas for complete markets are always
the same—because Arrow-Debreu securities can always be traded on complete markets—
belief aggregation formulas for incomplete markets are bound to be different for different
incomplete markets.

To conclude: Although it is, in principle, possible to come up with belief aggregation
results for incomplete markets economies, such models would lack the analytical con-
venience of a uniquely pinned down aggregate belief as well as the generality of belief
aggregation formulas for complete markets.

3.2 An equivalent belief aggregation formula with agent weights

Given arbitrary agent weights p, > 0 for ¢ € {1,...,n}, transform (3) equivalently to
o (c) mi (ws) = w\ips for all s € {1,...,S}. (12)

Because of

n

S () mi(ws) = pi Y phiforall s € {1,...,S}

=1 =1

> pa (c;) i (ws) .

i=1 Dy
n p:/ ?
3t (e mi (wy)

=1
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we obtain:

Observation 2. There exists a representative agent model for the underlying economy
with well-behaved Bernoulli utility function whenever the aggregate belief 7, satisfies

D (c5,) i (ws)
i=1

_ p_: . u’ (epS) Tp (ws)

Py W (eps) Ty (wyr)

> il (€ i ()
=1

for all wg,wy € Q) whereby the agent weights p; > 0, i € {1,...,n}, are arbitrary.
Straightforward transformation and normalization yields the next result.

Theorem 2. The aggregate belief (8) is mathematically equivalently given as

m Zmul (cf) mi (ws)
T, (ws) = =l for all w, € Q (13)

n
S
Zs’:l m Z Iu’iu, (C;(s’) T (wS')
i=1

whereby the agent weights p; >0, 1 € {1,...,n}, are arbitrary.

Remark 4. To see the economic intuition why we can freely choose the agent weights
;, think of them as agent ¢’s personal currency denominator: while every agent pays
price p? in terms of the same common currency, every ¢ translates this price into his own
personal currency through the denominator ;. This personal denomination does not
change the equilibrium price ratios as agent i’s \;-normalized marginal utility

/\—iul (cis) mi (ws)

‘bought’ at price p? is also denominated by the same factor u; to the effect that personal
price ratios coincide with the equilibrium price ratios. In other words, any personal cur-
rency denominations in the form of the agent weights 1, do not matter for the equilibrium
price ratios of the representative agent model.

12



3.2.1 Discussion: Pareto agent weights and welfare-maximization

By Theorem 2, we have the degree of freedom to fix arbitrary agent weights in (13) be-
fore we proceed and transform the belief aggregation formula (13) into analytically more
convenient expressions. Traditional representative agent analysis has worked with specif-
ically constructed agent weights, denoted 1}, which I henceforth refer to as Pareto agent
weights. The main reason® is that this standard analysis has interpreted the representa-
tive agent in terms of a benevolent dictator who replicates the Pareto-efficient equilibrium
allocation of the underlying complete markets economy through the maximization of the
utilitarian welfare function

WH* (Ch ey Cn) = ZM:EMU (Cl) . (14)
=1

In order to achieve this equivalence between an expected utility and a welfare-maximizing
representative agent, the Pareto agent weights pf, ¢ € {1,...,n}, in (14) must be con-
structed in such a way that the utilitarian welfare function is maximized at the equilibrium

*

consumption (cf, ..., ¢}).° For our complete markets economy—where competitive equilib-
ria are Pareto-efficient—we can easily describe the Pareto agent weights that must enter
the welfare function (14) in order to recast the equilibrium consumption of the underlying
economy as a welfare maximizing allocation.

The purpose of the following two propositions is to make our analysis comparable
to existing aggregation results in the literature that are formulated for CRRA Bernoulli

utility functions in terms of Pareto agent weights.

Proposition 1. For any given equilibrium (p*, 03, ...,0%) € RS, x R™ of the underlying

economy there exist weights p* = (3, ..., p) with pf >0 and Z,u:‘ =1 such that
i=1

5 Another reason is that utilitarian agent weights result in an analytically convenient expression of
aggregate beliefs for CRRA Bernoulli utility functions (cf. Proposition 5).

6The idea to equivalently describe equilibrium prices of Pareto-efficient competitive equilibria through
the welfare-maximization problem of a benevolent dictator with suitably specified agent weights goes back
to Negishi (1960). For details, see, e.g., Chapter 1E in Duffie (2001) who derives a representative agent
model from the maximization problem of a utilitarian welfare function whereby he writes: “Aside from
its allocational implications, Pareto optimality is also a convenient property for the purpose of security

pricing.” (p.8)

13



the utilitarian welfare function (14) is maximized at (07, ...,0;), i.e

’ . 9* E 928 18 K3 S
6,.07) € arg maanSZuz Z + eis) i (ws)

’ s=1

subject toZHis = Oand ;s +e;s >0 forall se{l,..,S}.

=1

Moreover, these Pareto agent weights are uniquely pinned down as

[T (¢ 7 (c00)

% k#i

> Tw () m(ws)

=1 k#j

for an arbitrarily chosen s* € {1,...,n}.

Proposition 2. The Pareto agent weights (15) are equivalently given as follows.

(1) In terms of the economic agents’ Lagrange multipliers:

g

Z H Ak Z (A~
J=1 k#j j=1

(i) In terms of equilibrium consumption and price levels:

(17)

We will later use the Lagrange multipliers expression (16) of the Pareto agent weights
to show the equivalence between our CRRA representative agent and the “consensus
characteristic” approach of Jouini and Napp (2007). The expression (17) for agent weights
in terms of equilibrium consumption and prices will recover Rubinstein’s (1976) classic
belief aggregation result for logarithmic Bernoulli utility in terms of a wealth-weighted
average of the economic agents’ beliefs.

14



Remark 5. There exist recent models which use the Pareto agent weight approach to
derive aggregation results for a continuum of agents i € (a,b) C R from the maximization
of a utilitarian welfare function given as

W)= [ Eoule)du (18)
i€ (a,b)

for appropriately constructed measure p*. The interval (a,b) thereby corresponds to the
possible deviations (measured by some real-number) from any agent’s subjective belief
to an objective probability measure. The Pareto agent weight measure p* in (18) must
thus also incorporate the density of agents of a given subjective belief corresponding to
a point in (a,b). For example, for a continuum of economic agents on the real line with
CRRA Bernoulli utility function, Atmaz and Basak (2018) use a belief aggregation result
from Basak (2005) under the assumption that different agents hold heterogeneous beliefs
about the mean of the dividend growth rate in a continuous time diffusion process. For a
continuum of economic agents on the open unit interval with log Bernoulli utility function,
Martin and Papadimitriou (2021) derive a representative agent result for a infinite horizon

binomial tree process.”

4 Belief aggregation formulas for specific Bernoulli
utility functions

This section applies the general belief aggregation formulas of Theorems 1 and 2 to CARA,
CRRA, and logarithmic Bernoulli utility functions, respectively.

4.1 CARA Bernoulli utility

Consider a CARA Bernoulli utility function such that for ¢ > 0
u(c) = —exp (—ac)

where a > 0 denotes the agents’ constant absolute risk-aversion coefficient. As we have
the degree of freedom to choose arbitrary agent coefficients v; > 0 in (8), let us simply

"These existing aggregation results for a continuum of agents seem to depend on highly specific assump-
tions about the economic agents’ Bernoulli utility functions and their heterogeneous belief distributions
on (a,b). While it would be interesting to come up with a more general analysis of aggregation results
for a continuum of agents, such technically difficult task is beyond the scope of the present paper.

15
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Substituting the respective expressions (2) for e,;, p € {r, R}, gives us immediately the
following characterizations for the aggregate beliefs 7, and 7, respectively.

Proposition 3.

(1) There exists an average endowment representative agent model for the underlying
CARA economy such that the representative agent’s aggregate belief is given as

()

> (It )

s’=1 \i=1

- for all w, € Q. (19)

T (ws) =

(ii) There exists an aggregate endowment representative agent model for the underlying
CARA economy such that the representative agent’s aggregate belief is given as

exp ((1 - 1) ae, (Hw wy )
ot e ([0)

TR (ws) = - for all w, € Q.

n
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Remark 6. The non-normalized version of (19) for the average endowment model
appears already in Rubinstein (1974, Theorem (Aggregation)) who refers to

— (H i (ws)) for all wy € Q (20)
i=1

as ‘composite beliefs’. Rubinstein (1974, p.232) writes: “[...] one caveat applies. The
composite beliefs [...], a geometric average of individual beliefs, does not fulfill all the
properties of a probability measure.” The same holds true for Jouini and Napp (2007,
Example 2.1) who refer to the non-normalized beliefs (20) as a ‘consensus characteristic’.
Our normalization in Proposition 3 transforms the ‘composite beliefs’ or/and ‘consensus
characteristic’ for the CARA economy into additive probability measures without affecting
the preferences of the representative agent.

Remark 7. To be precise, Rubinstein (1974) even considers the more general case
where different economic agents with CARA Bernoulli utility can have different absolute
risk aversion coefficients «;. Based on Remark 3, we can easily do the same. Suppose
that the representative agent has CARA Bernoulli utility with risk coefficient «,. Specify
the agent coefficients as

for all i and observe that (10) becomes®

1

1 " Yi=1 %
— 5 X — Q€ 5 CL)
exp(—apeps) P P 521 L al | | e 5
i=1

Ty (ws) = -
S 1 1 - o | Zim1
D1 P g—— exXp <—apes/m> H (i (wyr)] >
: i=1
Consequently, whenever we have the weighted endowment model e,, = —=1=;¢, for all

zla

s, the belief of the representative agent is given as

(H i <ws>13?> o
S (H m <wsf>12‘5) o

which yields (19) as our special case of the average endowment model with a homogeneous

Tp (ws) =

CARA Bernoulli utility function, i.e., o; = a, = « for all 7.

8For a formal proof, see Zimper (2022).
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4.1.1 Discussion: The “adjustment coefficient” approach by Calvet, Grand-
mont, and Lemaire (2018)

As in our aggregation analysis, Calvet, Grandmont, and Lemaire (2018) also consider ag-
gregate beliefs defined as additive probability measures. Instead of using our ex-post nor-
malization procedure, however, these authors embed—from the very outset—normalization
into their aggregation analysis through the concept of an ‘adjustment coefficient’.

Belief aggregation result of Calvet et al. (2018, Proposition 4) for CARA
Bernoulli utility. Suppose that all agents share the same CARA Bernoulli util-
ity function with absolute risk-aversion coefficient «. Then there exists a unique
adjustment coefficient r° characterized through the equation

iexp <(T° —-1) a%) exp (zn: % In; (w)) =1 (21)

=1
such that the additive probability measure ©° given by

n

s 1
T = exp <(r° —-1) a%) exp (Z Elnm (ws)> for all s € {1,...,5}

=1

forms the aggregate belief of the representative agent for the average endowment
model.

The adjustment coefficient r° ensures, by its very characterization (21), that 7° is an
additive probability measure which satisfies 25:1 7% = 1. Although this normalization
through an adjustment coefficient is a clever way to obtain aggregate beliefs that are prob-
ability measures, it comes with the drawback that an explicit expression for r° (rather
than just its implicit characterization through (21)) is, in general, not available. What
we can do, however, is the next best thing and introduce S different state-dependent
adjustment coefficients instead of a single adjustment coefficient for all states. For these
state-dependent adjustment coefficients we can easily obtain an explicit expression. To
this purpose, introduce state-dependent adjustment coefficients ¢, s € {1, .., S}, satisfy-

iexp ((7“;’, —1) ae;/) exp (i % Inm; (ws/)> =1 (22)

=1

ing
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and define the additive probability measure 7° such that

s — 1
7o = exp ((7“0 - 1) a%) exp (Z " In; (ws)> for all w, € Q (23)

=1

Next suppose that this probability measure 7° coincides with our aggregate belief 7,
given by (19). Straightforward transformation then results into the following expression
for the state-dependent adjustment coefficient for state s:

T, = Ty (ws) (24)

" exp <Z % In 7, (ws))
exp ((7“ —1a n) exp (Z - In 7; (ws)> = — Zzln
Z exp (Z Llnm, (wsx)>

<
» o
I

—_

|
Q|
S
=3
R
@

>

o
N
-
|

=3
3
&

[¥2)

-
~_

As the 7, (w,) in (24) are additive probabilities, equation (22) must hold. Collecting the
above arguments shows that the aggregate beliefs of our Proposition 3 can be equiva-
lently described as beliefs with state-dependent adjustment coefficients whereby state-
dependence is exclusively driven by the aggregate endowments in different states.

Proposition 4. Consider the CARA representative agent model with average endow-
ment.

(i) We have that 7° = 7, such that 7, is given by (19) and 7° is given by (23) with
state-dependent adjustment coefficients defined as

e —1—ae—lnzeXp <Z_1n7ﬁ(ws )) (25)

s'=1

(ii) For the special case that the aggregate endowments are identical across states, i.e.,
es = ey for all s,s', Calvet et al.’s (2018) adjustment coefficient r°, implicitly
characterized through (21), coincides with (25).
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4.2 CRRA Bernoulli utility

Consider now a CRRA Bernoulli utility function such that for ¢ > 0

u(c) = = if v#1
Inc ify=1

where v > 0 denotes the relative risk aversion coefficient. An application of belief aggre-
gation formula (13) gives us for CRRA Bernoulli utility

(es)" Z i (i)~ i (ws)
Ty (ws) = = (26)
SANTOLD SIRER LA

for p € {r, R} whereby the agent weights p, are arbitrary positive numbers. When we
fix the agent weights as Pareto agent weights (15), we obtain the following analytically
convenient expression of aggregate beliefs.

Proposition 5. There exists a CRRA representative agent model-which is the same
for the average and the aggregate endowment economy p € {r, R}—such that the
representative agent’s belief is given as

(Z (i <ws>>i>

i=1

Tp(Ws) = ——— - for all w, € Q (27)
> (Xm0
s'=1 \:i=1
with Pareto agent weights
H (CZS*)ify Tk (ws*)
. ki
:ui ~
YT ()7 e (i)
=1 kj

for an arbitrarily chosen s* € {1,...,S}.
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If the economic agents have identical beliefs, i.e., 7 = m; for all i, the specification
of the agent weights becomes irrelevant because the aggregate belief (27) reduces to the

shared belief ,
T (Ws) (Z (u;‘)”>

i=1

™ (ws) = — =7 (ws).

n gl
> o) (Z w:)i)
s'=1 =1

If the economic agents have heterogeneous beliefs, however, the agent weights matter for
the determination of the aggregate belief. Whenever agent ¢ has a greater weight than
agent j, L.e., uy > p3, agent ¢’s belief 7; makes a greater impact on the aggregate belief
than agent j’s belief 7;. In particular, we have the following limit relationship for any
fixed v > 0

(Z (i (ws>>i>

uln_{ll S Z':1n y T T (ws)
| Z(me(ws»i)
s=1 \i=1 -
lim 7, (ws) = m(ws).

His—

This is not surprising. By the FOCs for CRRA Bernoulli utility we have the general

“_?:(is)”a’(ws)
v \e) mw)

for any s. Compared to the belief 7; of agent j the belief of agent ¢ will make a greater

relationship

impact on the aggregate belief if agent ¢ consumes more in a state s than agent j to which
she attaches a smaller probability than agent j. Of course, if uf — 1, agent 7 tends to
consume infinitely more than any other agent j so that the underlying economy converges
to a single agent economy where only the belief 7; of agent ¢ matters.” Moreover, such
convergence happens faster for greater values of the relative risk-aversion coefficient ~.
That is, the belief of a wealthy economic agent will the stronger dominate the belief of a
poor agent, the more risk-averse the CRRA economy is.

9This argument comes with the caveat that the agent weights depend on the equilibrium consumption
allocation of all economic agents, which, in turn, depends on the risk-aversion coefficient v, the agents’
beliefs as well as their endowments. In other words, the agent weights are not exogenously given but
completely determined by the economy’s fundamentals, including the beliefs of all economic agents.
That is, when we keep the agents’ beliefs as well as 7 fixed, uf — 1 means actually that agent ¢’s initial
endowment in Arrow-Debreu securities becomes infinitely more than any other agent’s endowment.
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4.2.1 Discussion: The “consensus characteristic” approach by Jouini and
Napp (2007)

We show in detail that Jouini and Napp’s (2007) aggregation result for CRRA prefer-
ences in terms of a “consensus characteristic” becomes, after appropriate normalization,
identical to our CRRA belief aggregation result in Proposition 5. These authors define
subjective and aggregate beliefs with respect to some reference measure P, with full sup-
port on €, interpreted as the ‘true’ probability measure.

Aggregation result of Jouini and Napp (2007) for CRRA Bernoulli utility.
The representative agent for the CRRA economy can be described by the following
utility function

S
Uy, omrcs) = Y ufcs)m(ws) P (w,) (28)

such that the “consensus characteristic” m satisfies

m(ws) = (Z vi (m; (ws))i> for s € {1,..., 5}

with agent weights

j=1
where \; denotes agent i’s Lagrange multiplier.

This aggregation result in terms of a reference measure P combined with a “consen-
sus characteristic” m falls short of a representative agent model in our sense because
the aggregate utility function (28) is—with the notable exception of logarithmic Bernoulli
utility—not of the expected utility form. More precisely, mP in (28) is an additive proba-
bility measure if and only if v = 1. To see this, note that

Zm(ws)P(wS) = 1

Y



if and only if v = 1 because of

S
Zm (ws)

1

VIA & VIA

N

Although the “consensus characteristic” approach by Jouini and Napp (2007) is thus,
in general, not of the expected utility form, it must represent the same expected util-
ity preferences as the aggregate belief of the CRRA representative agent of Proposition
5. Based on a straightforward normalization argument, we formally prove the following
equivalence result in the Appendix.

Proposition 6. Introduce the normalized Jouini and Napp (2007) “consensus charac-

teristic”
m (w S>

Zm(wsr’)

The aggregate belief (27) of the CRRA representative agent of Proposition 5 is iden-

my (ws) = for s € {1,..., S}

tical to this normalized consensus characteristic, i.e.,

m, (ws) = 7, (wg) for s € {1,..., 5}

The straightforward normalization procedure of Proposition 6 transforms the CRRA
representative agent of Jouini and Napp (2007) into an expected utility maximizer with
additive beliefs. The only thing that is here special about the logarithmic Bernoulli utility

function is that we do not need any normalization to turn the consensus characteristic
s

into a probability measure because v = 1 implies Z m (wg) = 1 so that we already have

s'=1

m, = m for logarithmic utility. Jouini and Napp (2007) refer to this specific feature of
logarithmic Bernoulli utility in terms of martingales and density processes:

“The process m represents a consensus characteristic; however, as seen
above, except in the logarithmic case, case, it fails to be a martingale. Conse-
quently, it cannot be interpreted as a proper belief, that is, the density process
of a given probability measure. It is easy to see that it is not possible in general
to recover the consensus characteristic as a martingale [...].” (p.1157)
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In what follows we show how the normalized consensus characteristic, or rather its
density process with respect to Jouini and Napp (2007)’s reference measure P, can be
recovered as a martingale.!” To this purpose, introduce an information-filtration process
{Fi}icto,..my on the probability space (€2, Fo, P) where Q coincides with the finite state
space from the static set-up, Fy = {0,Q} and Fr = 292, and the reference measure P
has full support on €. For any probability measure 7 defined on (2, Fy) there exists the
Fr-adapted density process {Zi},cq 7y such that

dn

Zp= —

iP|, for t € {0,...,T} (29)

where the F;-measurable functlon 5 is the Radon-Nikodym derivative of 7 with respect
to P defined as 7
fr(A):/ T (w)dP for all A € F,

cu dP
The density process {Z;},, (0,7} is a P-martingale satisfying
dm dm
—| = — fort € {0,...,T 30
dP|, P(dpf)ore{”} (30)
t+1

To see this, let the F;, t € {0, ..., T}, be generated by partitions II;, ¢ € {0,...,T}, with
information cell I; € II; as generic element. For any A € F; we have that

di di
/%A apl,, (w)ydP=>"Y" 75 (@) P (1) (31)

ItgA wEIt
Since A € F; implies A € F;,1, we also have

dm d7r
/weA ke (dp Fir1 (w>> "= Z Z ]H_l)

Ii11C CA wGItJrl

=Y Y E@raln| P

LCAT41CIy \w€liy

- Y T wrm (32)

L,CAwel

10We use a more precise terminology than Jouini and Napp (2007) who interchangeably speak of
the consensus characteristic m for logarithmic utility as a ‘belief’/‘prior probability measure’ or ‘den-
sity process’/‘martingale’. In contrast, we refer to this consensus characteristic-or any normalized
consensus characteristic—as ‘belief’/‘prior probability measure’ whereas we use the notions ‘density
process’/‘martingale’ only for the adapted Radon-Nikodym derivatives of (normalized) consensus char-
acteristics with respect to the reference measure P.
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whereby the last step follows from

dm dr P(I)
Z Z — W) P (L1 | 1) | = — (w)
It+1g[t UJGQt+1 dP wely dP P (It)

as & must be constant on any I; due to A € F;. Finally, note that the integrals (31) and
(32) are identical which gives us the P-martingale property (30) for the density process
(29).

Since the normalized consensus characteristic m, of Proposition 6 is a probability
measure on (€2, Fy) (coinciding with the aggregate belief (27)), we can set 7 = m, to

obtain the density process {Z;},c(, _r such that

_dm,

=
t ap Fi

for t € {0, ..., T} (33)

where the Radon-Nikodym derivatives of m, with respect to P form a P-martingale.
Using the normalized consensus characteristic of Proposition 6, such density process can
thus be defined for general CRRA Bernoulli utility functions with v > 0 and not only
for the special case of logarithmic Bernoulli utility function with v = 1. In other words,
there is nothing special about the Bernoulli utility function in terms of martingales or
density processes when we use the normalized consensus characteristic of Proposition 5
rather than the non-normalized consensus characteristic originally used by Jouini and
Napp (2007).

4.3 Logarithmic Bernoulli utility

For the special case of logarithmic CRRA Bernoulli utility, i.e., v = 1, the aggregate belief
(27) becomes the pf-weighted convex combination of agents’ beliefs

T, (ws) = Z,uz‘m (ws) forall s € {1,...,5}

=1

as the denominator in (27) reduces to one, i.e.

S n n S
5SS = 3o Y ) = 1

s=1 i=1
By (17), the Pareto agent weights for CRRA Bernoulli utility functions are equivalently
given as

S * >k
* Zs:l ps (Cis)7
:ui T 0n

> (Slamten))

i=1
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which becomes for logarithmic Bernoulli utility
S kK
M;k = — Zs:l DsCis

Z (25:1 PEC;Z)

=1

Using the budget condition
S s
D_Pich =D _pie
s=1 s=1

gives us a classic belief-aggregation result that is already mentioned in Rubinstein (1976).

Proposition 7. (Rubinstein 1976). For logarithmic Bernoulli utility the represen-
tative agent’s aggregate belief is the wealth-weighted average of all economic agents’

beliefs, i.e., for p € {r, R}

T, (ws) = Zufﬁi (ws) for all ws € Q

i=1

such that the Pareto agent weights are given as

where
s
w'L - pseis
s=1

denotes agent i’s wealth evaluated at equilibrium prices.

Since the endogenously determined equilibrium prices are central to wealth-weighted
average aggregation, Rubinstein’s (1976) belief aggregation result does, in general, not
show how the agent weights are determined through the economic fundamentals. However,
there are two notable exceptions in terms of endowment distributions for which we do not
need to know the equilibrium prices (which cancel out) in order to characterize agent

weights through economic fundamentals.

Corollary 1. Consider the Pareto agent weights (34).
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(1) Suppose that all economic agents have identical endowments, i.e., e;s = %es for all
ie{l,...n} and all s € {1,...,S}. Then all Pareto agent weights are also identical,
1.€.,

1
pr =—forallie{l,...,n}
n

(ii) Suppose that there are two economic agents i and j such that, for all s € {1,..., S},
eis = aejs for some factor a > 0. Then we have for the relationship of both Pareto
agent weights that

pi = apy;

Assume now that the heterogeneous beliefs of the agents are unbiased in the sense
that “the heterogeneous beliefs have an average nonzero bias” (Levy et al. 2006, p.1319).
For the generic case in which not all agents have the same equilibrium wealth levels
the beliefs of the representative agent will be biased whenever the average belief over
all economic agents is unbiased. That is, even if we follow the argument of Levy et
al. (2006, p.1319) that “[...] it seems reasonable to assume that expectations are not
systematically dependent on wealth and that investors do not have a systematic bias in
their expectations”, Corollary 1 implies that the aggregate beliefs of the representative
agent cannot be described as rational expectations in an economy with different wealth
levels.

Next we go beyond Rubinstein’s (1976) characterization of aggregate beliefs in terms of
endogenous equilibrium wealth levels and provide a characterization of the representative
agent’s aggregate belief exclusively in terms of the exogenous economic fundamentals, i.e.,
in terms of the beliefs and endowments in the underlying economy.

Proposition 8. Suppose that all economic agents have a logarithmic Bernoulli utility
function, i.e., v = 1. Then the aggregate beliefs (27) become the p}-weighted convex
combination of the economic agents’ beliefs

T, (ws) = Zufm (ws) for all wg € Q

i=1
such that the Pareto agent weights are given as
N leiexmi(wyr -1
[1(Sen (B2 0) +enr)
. ki
Ky = n s () 1 (35)
1 ejermi(wgr
Z H (Zs/;ﬁs* <Z?:1 ejslﬂj(ws*)ek‘g/) + 6k5*>

h=1 k+h
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for an arbitrarily chosen s* € {1,...,S}.

Observe that the characterization of the Pareto agent weights (35) is mathematically
equivalent to the following expression

Zn: e's*ﬂ—'(ws/)
N
i—1 e-S*ﬂ'j UJS/
Z (2317’&8* (Zil:l Ejs/ﬂj(ws*)) €hs' T ehs*)

h=1

By comparing the mathematically equivalent expression (17) of agent weights from Propo-
sition 2, i.e.,

S *
Zs:l Ds€is

7 n 9

Z (Zle p§6j8>

=1

with the expression (36), we can immediately recover the equilibrium price ratios

P Z?:l ejs<Tj (Ws)

= = =5 for all s € {1,..., 5}
D~ Zj:l €jsmj (wWs+)

with Arrow-Debreu security s* being the numeraire. The next result reformulates Rubin-
stein’s (1976) belief aggregation formula exclusively in terms of economic fundamentals.

Corollary 2. The Pareto agent weights (35) are equivalently given as

7
Zs’;ﬁs* (ﬁ) €is! + €ig*

= - fori e {1,...,n}

n
Z (Zs/#s* (%) Chs' T ehs*)

h=1

such that the equilibrium price ratios satisfy

Py _ D i1 s (W)

Pi 2y T (Wer) €

for all &' € {1,..., S}

for an arbitrarily chosen numeraire Arrow-Debreu security s* € {1,...,S}.
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5 Concluding remarks: Related literature and an out-
look on multiperiod complete markets economies

There exists a large literature which convincingly argues that heterogeneous beliefs are the
rule rather than the exception for real-life decision makers whereby heterogeneity of beliefs
might help to explain empirically observed asset price patterns.!’ While many authors
simply treat different beliefs as ‘a fact of life’, other authors offer deeper decision-theoretic,
behavioral or/and psychological explanations why beliefs might differ (such explanations
range from different degrees of overconfidence as, e.g., in Scheinkman and Xiong (2003)
to different belief-optimization problems as in Brunnermeier, Gollier, and Parker (2009)).

Most closely related to our own analysis is the belief-aggregation literature that con-
siders a complete markets framework with finitely many agents and states of the world,
namely, Rubinstein (1974, 1976), Jouini and Napp (2007), Calvet, Grandmont, and
Lemaire (2018). Within this framework—which is also the framework of this paper—the
arbitrage-free equilibrium prices of a static economy are characterized in terms of a finite,
strictly positive state-price vector, i.e., a finite vector of equilibrium prices for Arrow-
Debreu securities.!?

To see the novelty of our belief aggregation formulas, note that Rubinstein (1974,
1976) as well as Jouini and Napp (2007) describe aggregate beliefs as additive probability
measures only for the special case of logarithmic but not for CARA or for general CRRA
Bernoulli utility functions. For non-logarithmic CRRA Bernoulli utility functions, Jouini
and Napp (2007) introduce a ‘consensus characteristic’ instead of an additive probability
measure. Although Calvet et al. (2018) consider aggregate beliefs given as additive
probability measures, they only provide an implicit characterization of these aggregate
additive beliefs in terms of an ‘adjustment coefficient’, which exists but whose value is
hard to pin down in a closed form representation of aggregate beliefs. These existing
aggregation results for CARA and CRRA Bernoulli utility functions and our CARA and
CRRA representative agent models provide mathematically equivalent characterizations
of equilibrium prices. Given this mathematical equivalence, what exactly is the advantage
of our representative agent models—in terms of expected utility maximizing representative

UFor early contributions see, e.g., Rubinstein (1974, 1976), Williams (1977), Detemple and Murthy
(1994), Zapatero (1998), Chiarella and He (2002), Basak (2005). For more recent articles see, e.g.,
Jouini and Napp (2007), Chiarella, Dieci, and He (2011), Carlin, Longstaff, and Matoba (2014), Bhamra
and Uppal (2014), Chabakauri (2015), Baker, Hollifield, and Osambela (2016), and Borovicka (2018).
Campbell (2003; Chapter 5.3), Xiong (2013), Calvet, Grandmont, and Lemaire (2018), Zhang and Zhang
(2020) as well as the references in Martin and Papadimitriou (2021).

120ther authors like Bhamra and Uppal (2014), Atmaz and Basak (2018) and Martin and Papadimitriou
(2021) also consider a complete markets set-up but with non-finite state or/and agent spaces.
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agents—over these existing aggregation models whose single agent is not an expected utility
maximizer?

The major advantage of working with a representative agent who is an expected utility
maximizer becomes clear when we move from a static to a multiperiod Arrow-Debreu
economy. In the companion paper Zimper (2022), I consider the notion of an equilibrium
for a multiperiod Arrow-Debreu economy in which the expected utility maximizing agents
are not necessarily Bayesian decision makers.!® For a fixed number of time periods 7" > 1
introduce the following family of information partitions of the state space 2

0, = {1}, ..., [} fort € {0,...T}

such that IT;, 4 is strictly finer than IT;. At any given information cell I; € I, ¢t € {0, ..., T},
the economic agents have subjective beliefs 7; [1;] defined as additive probability measures
on (I t 2”). Moreover, at any given information cell the economic agents can trade Arrow-
Debreu securities in order to maximize their expected utility over final consumption in
period T. According to a standard argument from multiperiod equilibrium analysis,
aggregation results for the static complete markets economy immediately carry over to
aggregation results for this multiperiod complete markets economy in the specific sense
that all price-ratios of Arrow-Debreu securities in the multiperiod economy are already
pinned down as the price-ratios of the static economy in which trade only happens in the
initial period (cf. Arrow 1974; Chapter 19 in Mas-Colell, Whinston, and Green 2006).
This standard argument is based on the notion that equilibrium prices in a multiperiod
economy must be arbitrage-free, which in turn is only satisfied under the implicit assump-
tion that all economic agents are Bayesian decision makers. That is, equilibrium prices
in a multiperiod economy are arbitrage-free if and only if, for all ¢ € {1,...,n},

i ) (w) =m0 (w | ;) for allw € I, t € {0,...,T}

where ;0 denotes agent ’s prior defined on (Q, 29). For underlying economies which
allow at every information cell for a representative agent model, I show the following
result for multiperiod Arrow-Debreu economies:

The equilibrium prices are arbitrage-free if and only if the expected utility maximizing
representative agent is a Bayesian decision maker, i.e., if and only if

Ty L] (W) =7y (w | I;) forallw € Iy, t € {0,..., T}

13To be precise, I consider in Zimper (2022) the notion of a naive equilibrium where economic agents
are boundedly rational in the specific sense that the agents are not aware that they might be non-
Bayesian decision makers. Naivety has here the same meaning as in the multiperiod decision theoretic
literature where naive agents are not aware that their preferences might be dynamically inconsistent. Of
course, equilibria in multiperiod economies with fully rational, i.e., sophisticated, economic agents must
be arbitrage-free.
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where T,y denotes representative agent’s prior defined on (Q, 29) (cf. Theorem 2
in Zimper 2022).1

The question whether equilibrium prices are arbitrage-free or not is a fundamental
one. However, in order to judge whether an expected utility maximizing representative
agent is a Bayesian decision maker or not, the beliefs of this representative agent must be
given at any given information cell [, € II;, t € {0, ..., T}, as additive probability measures
m; [I;]. At this point, the ‘consensus characteristic’ approach of Jouini and Napp (2007)
might cause some confusion. This possible confusion is best illustrated by the following
statement in Atmaz and Basak (2018):

“The main idea, as discussed in detail by Jouini and Napp (2007), is to
summarize the heterogeneous beliefs in the economy by a single consensus
belief so that when the consensus investor has that consensus belief and is en-
dowed with the aggregate consumption in the economy, the resulting equilib-
rium is the same as in the heterogeneous-investors economy. In a model with
intertemporal consumption and a finite number of agents that have CRRA
preferences, Jouini and Napp (2007) show that when investors’ preferences
are not logarithmic, the consensus belief is not necessarily well defined since
the process that aggregates investors’ beliefs is not a martingale and hence not
a proper belief process. Unlike their analysis, as we demonstrate in the proof
of Proposition 1 in Appendix A, it turns out that this issue does not arise in
our setting and we obtain a well-defined consensus belief process for all val-
ues of risk aversion due to investors’ preferences being over horizon wealth.”
(Footnote 8, p.1234)

Firstly, notice that Atmaz and Basak (2018) appear to be surprised that they have
obtained an expected utility maximizing representative agent for general CRRA Bernoulli
utility functions which is seemingly different from the findings in Jouini and Napp (2007).
Moreover, these authors speculate that the absence of intertemporal consumption in their
model might be responsible for this difference. Our analysis shows, however, that there is

14To say that the representative agent is a Bayesian decision maker is equivalent to saying that his
belief process is a martingale with respect to the prior 7,9 in the following sense: for all w € €,

Ll (W) = > mp [l @), (1] (Ti)
- I 41 CI
oo (w|l) = Z Tpo (W | Teg1) mpo (Tegr | 1) -
I 1C1
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only an interpretational difference because one can mathematically equivalently transform
the non-expected utility maximizing ‘consensus investor’ of Jouini and Napp (2007) into
an expected utility maximizing representative agent. The issue of a not-well defined
belief process does not arise in the setting of Atmaz and Basak (2018) because these
authors derive for their diffusion process a CRRA representative agent model which is the
analogue of the CRRA representative agent model for our static Arrow-Debreu economy.
That is, contrary to the speculation by Atmaz and Basak (2018), the question whether
intertemporal consumption enters into the model or not has nothing to do with their
seemingly different finding from Jouini and Napp (2007).

Secondly, to observe about Jouini and Napp’s ‘consensus characteristic’ approach that
“the process that aggregates investors’ beliefs is not a martingale and hence not a proper
belief process” could mean two different things. On the one hand, it could mean that
the consensus investor is not an expected utility maximizer because his beliefs are not
given as additive probability measures 7, ;] for all I, € II;, t € {0,...,7}. On the
other hand, it could mean that this consensus investor can be equivalently described as
an expected utility maximizer at any information cell I; but that he is not a Bayesian
decision maker, that is, the 7, [/;] are well-defined probability measures on (It, 21t) but
there is no prior 7, such that 7, [I[;] = m, (- | I;) for all I;. If this latter meaning was
the correct one, then the equilibrium prices pinned down by the Jouini and Napp (2007)
consensus investor would give rise to unrealized arbitrage opportunities (cf. Theorem 1 in
Zimper 2022). Again, our representative agent analysis clarifies this ambiguity: Since we
can mathematically equivalently transform the Jouini and Napp (2007) consensus investor
into an expected utility maximizing representative agent, the modeller has to decide after
this transformation whether the representative agent is either described as a Bayesian or
a non-Bayesian decision maker.

To summarize the major advantage of the representative agent models derived in this
paper: In a multiperiod extension of the complete markets static economy, our expected
utility maximizing representative agent can be modelled either as a Bayesian or a non-
Bayesian decision maker. This distinction is crucial for the question of whether equilibrium
prices are arbitrage-free or not. In contrast, one cannot meaningfully speak of Bayesian
versus non-Bayesian decision making under the ‘consensus characteristic’ approach of
Jouini and Napp (2007) because this ‘consensus characteristic’ is not a probability measure
for non-logarithmic Bernoulli utility.
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Appendix: Mathematical proofs
Proof of Proposition 1. The corresponding FOCs for the constraint maximization of

the welfare function W« (¢, ..., ¢1) results in
1= u

u' (cf,) mi (ws) _ i k#j (37)
w (¢,) my (ws) 1 T

where Z pr = 1. We claim that the equation system (37) is solved through the agent

o k=1
welgnts
[T () me (ws)
. ki
Hi = (38)
pBY | CACAEACN
J=1 k#j

for all i € {1,..,n}. To verify this claim, rewrite (37) as

* u’ (C;S> T (ws) B .
a (v (ct) mi (ws) + 0 (c3,) 75 (ws)) <1 Z /“‘k)

J ktg,i

and substitute (38) for the LHS to obtain

[T () m (@)

ki

1T w () me (ws)

i=1 ki
o () 75 (ws) ( - )
(u’ (ct,) mi (ws) + o/ (c;'fs) j (ws)) ! Z Hr
<~

(' (i) mi (ws) +u' () w5 (W) TT ' (i) e () (39)

k#jyi

= S T () mi(we) = > [T v () 7 (ws) D i

i=1 ki i=1 ki ki

Next substitute
H w (Chs) T (w5)
* m#k

ST () 7 (02)

i=1 mi
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in the RHS of (37) to obtain, after some transformations,

(u' (cf) mi (ws) + ' (¢5,) w5 (wa)) [ o (ef) i (w2)

k4

E Hu Crs) Tk (Ws) E Hu Cros) T (ws)

i=1 k#i k#j,i m#k

=

[T (i) me () + T () 7 (02)

k#i k#j
ZHU (Crs) Tr (ws) Z Hu Cros) T (Ws)
i=1 k#i k#j,i m#k
=4
ZHu Crs) Tk (Ws) ZHu Crs) Tk (Ws)
i=1 k#i i=1 k#i

This proves that (38) for all i € {1,..,n} indeed solves the equation system (37).00C]

Proof of Proposition 2. Part (i). Because of
u' (cj) i (ws) = Aip, (40)

the Pareto agent weights are equivalently given in terms of the agents’ Lagrange multipliers

as
L1 () e (ws) 1T
p= - == (41)
P3N | KACSEACH DB || B
J=1 k#j j=1 k#j

Next introduce the notational convention

and rewrite (41) as

/[«" . k#i
Z H (Wk)_l
J=1 k#j
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Without loss of generality let ¢ = 1 and observe that

H (nk)*l

ki 1

- (nk)_l n g(ﬂk)

i=1 (H(m

ki

1

n n n

me [ Jow)  ns [ [ m | [

14 —k=2 4 k=2 4. k=2

m [ [ ns [ [ m | o

k2 k#3 kn.
H (7%)
_ k=1
H(nk) +772H(77k)+773H(77k) +"'+77nH(77k)
k=1 k=2 k=2 k=2
h

Mt +n3t- 1,
which gives us the desired expression for j,.
Part (ii). Rewrite the FOCs (40) as

D

Summing up over all states gives

s N s
Yo = S ()
s=1

u' (k)

*
S

s=1

> p
> =
s=1

u' (k)
Substitution gives (17).00
Proof of Proposition 5. Using expression (16) for Pareto agent weights in (12)
implies

piv' (ciy) mi (ws) = ———1%
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for all 7 which yields for CRRA Bernoulli utility

mo_ <C_>7 m; (ws)

/JJ; C;'(s T (ws)
(M:Wl (WS) ) o C?s
lj’;fﬂ-j (ws) C;s

at the equilibrium consumption (cf, ..., ;). Recall from Remark 2 that we can restrict

oy by

2=

attention to p = R as the two representative agent models » and R must coincide for
n

CRRA Bernoulli utility. Since epy, = e, = Zcz‘s, this system of equations over all

i=1
i € {1,...,n} has the solution
1
c n(ui milws))
1
> (15 ()"
j=1

Consequently,

Substituting back into (26) for s and ', respectively, and using expression (15) for the
agent weights yields the desired belief aggregation result.[][]
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Proof of Proposition 6. Step 1. Using the Lagrange multipliers expression (16)

for the Pareto agent weights in (27) of Proposition 5 gives us

2=

i=1

(Z(u%(ws))i) = |2 | )

and therefore

: - A\ s (Z (O‘i)_lﬂi(ws/))i)
Z(Z(M:ﬂ'i(ws,))w> S PR

si=1 =1

implying, by (27),

§ (B

Step 2. Next use the Jouini and Napp (2007) characterization of the consensus

characteristic y



to see that

m (UJS) _ =1
S 8 n . A\
o) 3 (300 e
si=1 si=1 \i=1
which gives us the desired result
m (wy)
T (ws) = S .
> m(ws)
s/=1

o

Proof of Proposition 8. Step 1. Observe that the optimal net-trade function of
agent i in Arrow-Debreu security s, which satisfies for all s’ the MRS

T (ws) (ezs + eis)_l - Ds

T ((,US/) (91'8/ —+ eis/)_l Dst

as well as the budget condition
s
Zpseis =0
s=1
is given as

92’5 (p> €i, 7T'i) =T (ws) ]Eeis’ — €is Zﬂ'i (wsl) fOI‘ au s € {17 RS S} (42)
Ds
s'#s s'#s

Step 2. From the market-clearing condition we obtain

> 0is(phejm) = 0
j=1

¢

Il
o

(ﬂ-j (ws) Z p_%ejS’ — Gs Z Ty (WS’))
=1 s'#s

j Ps s'#s

¢

SN @) e = S0 e (wa)

s

s'#s s'#s j=1
=
n
Dy Zj:l ejsTj (Wyr)
D > e Ty (ws) ejsr
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Substituting (43) in the optimal net-trade function (42) gives, after straightforward trans-
formation, the equilibrium consumption of agent ¢ in Arrow-Debreu security s:

S e (wy)
Cis = Uis (D", €1, mi) + €is = mi (W) (Z (Z’j‘ — (oj )e; “Ci |+ €is
s) Cjs

s'#s 7=1 ﬂ-J

Finally, substituting the equilibrium consumption into the Pareto agent weights for loga-
rithmic utility, i.e.,

* k#i
Iui = n 9
ST ()™ 7 (we)
h=1 k#h

gives the desired result.[]]
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