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We present an existence result for generalized solutions of initial value problems obtained through the order completion method.
The solutions we obtain satisfy the initial condition in a suitable extended sense, and each such solution may be represented in a
canonical way through its generalized partial derivatives as nearly finite normal lower semicontinuous function.

1. Introduction

It is a virtual consensus among mathematicians specializing
in nonlinear partial differential equations (PDEs) that a
general and type independent theory for the existence and
basic regularity of generalized solutions of such equations is
not possible [1]; see also [2]. Within the setting of the usual
linear topological spaces of generalized functions that are
customary in the study of PDEs, this may perhaps turn out to
be the case. Here we may point out two possible reasons for
the failure of the mentioned customary spaces of generalized
functions to contain solutions of large classes of linear and
nonlinear PDEs.

Firstly, these spaces typically fail to contain sufficiently
singular objects. Indeed, the Sobolev spaces have been so
successful in the study of PDEs exactly because, in some cases,
they lead to rather regular, in fact even smooth, generalized
solutions of PDEs. On the other hand, singularities which
may occur in the solutions of nonlinear PDEs may be
rather arbitrary. We may recall that even in the case of
analytic nonlinear PDEs, the Cauchy-Kovalevskaia Theorem
[3] guarantees the existence of an analytic solution only
on a neighborhood of a given noncharacteristic analytic
hypersurface. As such, any solution which is defined on the
whole domain of definition of a given analytic system of
nonlinear PDEs, see, for instance [4], will in general admit
singularities. In the simplest case of an analytic function with

an essential singularity at a single point, the Great Picard
Theorem states that the function will attain every complex
value, with possibly one exception, in every neighborhood of
the singularity.

This brings us to the second reason for the failure of usual
spaces of generalized functions to contain solutions of large
classes of systems of nonlinear PDEs. Namely, the generalized
functions that are the elements of these spaces are typically
defined in terms of certain growth conditions. This is true, for
instance, of the Sobolev spaces, the elements of which must be
locally integrable, and the Colombeau algebras of generalized
functions [5], where the generalized functions are required
to satisfy certain polynomial type growth conditions near
singularities. In view of our remarks above concerning the
existence of solutions of analytic systems of nonlinear PDEs,
the deficiency of such growth conditions is clear. Indeed, an
analytic function which has an essential singularity at just
one point may grow faster than any polynomial near the
singularity and may therefore also fail to be locally integrable
on any neighborhood of that singularity.

However, and in contradistinction with the perviously
mentioned insufficiency of the customary functional analytic
methods, the order completion method, published in the
1994 monograph [6], delivers generalized solutions of a
large class of systems of continuous nonlinear PDEs. These
solutions are constructed as the elements of the Dedekind
order completion of suitable spaces of piecewise smooth



functions. Furthermore, the solutions obtained in this way
have been shown to satisfy a basic blanket regularity in
the sense that the solutions may be assimilated with usual
Hausdorff continuous interval valued functions [7].

Recently, see [8-10], the mentioned order completion
method was reformulated and enriched by introducing suit-
able uniform convergence spaces. This has led to a significant
improvement in the regularity of the generalized solutions
obtained, as well as significant new insight into the structure
of the solutions.

In this paper, we show how the techniques developed in
[10] may be adapted in order to also incorporate initial and/or
boundary values that may be associated with a given system of
nonlinear PDEs. As it turns out, in order to incorporate such
addition conditions into the theory, the methods that apply to
the free problem need only be modified slightly. This state of
affairs should be compared with the usual linear functional
analytic techniques for solving linear and nonlinear PDEs,
where the presence of initial and/or boundary values often
leads to significant complications, which typically require
entirely new methods. In this way we come to appreciate
yet another advantage of solving nonlinear PDEs by the
methods introduced in [10]. Namely, initial and boundary
value problems are solved by essentially the same techniques
that apply to the free problem.

The paper is organized as follows. In Section 2 we recall
some basic concepts relating to the spaces of normal lower
semicontinuous functions upon which the spaces of general-
ized functions are constructed in Section 3. The existence of
generalized solutions of a large class of initial value problems
is presented in Section 4, where we also discuss the structure
and regularity of the solutions.

2. Normal Lower Semicontinuous Functions

In this section we recall some basic facts concerning spaces
of normal lower semicontinuous functions upon which the
spaces of generalized functions are constructed. In particular,
the spaces of generalized functions are constructed as the
completions of suitable uniform convergence spaces, the ele-
ments of which are normal lower semicontinuous functions.
In order to make the exposition as self-contained as possible,
we also include a brief account of the spaces introduced in
[8-10].

In this regard, let Q be an open subset of R*, and denote
by &/(Q) the set of extended real valued functions on Q. That
is, (Q) = {u : Q — R}, where R = R U {+co} is the
extended real line. The lower and upper Baire operators I :
Q) - J(Q)and S : H(Q) — H(Q) are defined through

T(w):Q5 x> sup{inf{u(y):yeV}:Ve?Z,}eR,
@)

Sw): Q> x+inf{sup{u(y):yeV}:Ve?Z,}eR,
2)
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respectively, where 7, denotes the neighborhood filter at x €
Q, see [11] or [12] for a recent presentation. The mappings (1)
and (2) satisfy
YVued(Q):
3)
T(w)<su<Sw).

Furthermore, the operators I, S and their compositions are
idempotent and monotone with respect to the pointwise
order on &/(Q). That is,

Yu e o (Q) :
(1) I (W) =1,
(2) SSW) =S,
(3) eSS W) =TS9 w),

(4)

and

Yu,v e o (Q):
<(1) I(u) < I(v) > (5)
u<v=| @) S <Sk) .
(3) Ie8)(u) <(IS)(v)

A function u € /(Q) is normal lower semicontinuous at
x € Q) whenever

(T2 8)(u)(x) = u(x), (6)

while u is normal lower semicontinuous on Q provided it is
normal lower semicontinuous at every point x € (); see [12,
13]. A normal lower semicontinuous function is called nearly
finite whenever

{x € Q:u(x) € R} is open and dense in Q. 7)

The set of nearly finite normal lower semicontinuous func-
tions on (Q is denoted by /" Z£(Q). Clearly, every continuous,
real valued function on Q is nearly finite and normal lower
semicontinuous, so that we have the inclusion

&’ (Q) c HNL(Q). (8)

Conversely, each function u € A/ Z(Q) is continuous on a
residual set. That is,

Yue VS ZL(Q):
3 B ¢ Q of first Baire category : 9)
x € O\ B=> u is continuous at x.

The following useful property of continuous functions
extends to /' Z(Q):

Yuve NS ZL(Q):
V D < Q) dense :
(10)
(VxeD:

ux)<v(x)) =u<vo.
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With respect to the pointwise order

(11)

<Vx€Q: )
Uusv

u(x) <v(x)

the set /' Z(Q) is a Dedekind complete lattice. In particular,
the supremum and infimum of a set & ¢ /' Z(Q) is given by

infof = (Io8)(¢p), (12)
supf = (I5)(y), (13)

respectively, where ¢ : Q > x — inf{u(x) : u € o/} and
v Q> x — sup{u(x) : u € }. Furthermore, the lattice
N Z(Q) is fully distributive. That is,

Vve S/ Z(Q):
VdcHNLQ):

uy = sup o = sup {inf {u, v} : u € I} = inf {u,, v}.
(14)

A useful characterization of order bounded sets in terms
of pointwise bounded sets is given as follows. If a set &/ ¢
N ZL(Q) satisfies

3 B c Q of first Baire category :
VxeQ\B: (15)
sup {u(x) :u € 9} < oo,
then
Juy e ¥Z(Q):
Vued: (16)
u < u.

The dual statement for sets bounded from below also holds.
For m € N U {0}, we consider the set

ML (Q)
={ue N¥ZL(Q) ]

(17)
AT c Q closed nowhere dense :

ue®"(Q\D)}.

Each of the spaces £ Z"(Q) is a sublattice of N/ Z(Q); see
[14]. In particular, MF°(Q) is o-order dense in N ZL(Q).
That is, for each u € / Z(Q) we have

3 (A, (1) c L (Q)
() A, <A Susp, <u,, neN, (18)
(2) sup{A,:neN}=u=inf{y, :neN}.

The spaces of generalized functions introduced in [10]
are constructed as the completions of suitable uniform
convergence spaces. In this regard, a uniform convergence
structure is defined on .#Z°(Q) in the following way.

Definition 1. Let X consist of all nonempty order intervals in
ML (Q). Let J, denote the family of filters on ML (Q) x
A Z°(Q) that satisfy the following. There exists k € N such
that

Viji=1,...,k:
3%, =(I])cx:
Ju; e ¥ZL(Q):

W r,cr

+1 = "n >’ neN,

(2) sup{inf[,];:n € N} = u; =inf{supli:n € N},

@) ([ x[z]) o n (2] x [Z]) « %
(19)

The uniform convergence structure 7, is first countable and
uniformly Hausdorff. Furthermore, a filter # on MF(Q)
converges to u € M Z°(Q) with respect to £, if and only if

3 (L)1 () € ML (@)

(1) nENZAnSAnH S/’ln+1 S‘”n’
(20)
(2) sup{A,:neN}=u=inf{y, :neN},

@) [{[Aoin] in €N} € .

The completion of the space .4 Z°(Q) with respect to the
uniform convergence structure 7, may be represented as
the set #/ £(Q), equipped with the appropriate uniform
convergence structure. This completion result follows essen-
tially as an application of the order completeness of /" Z(Q))
and the approximation property (18). The correct uniform
convergence structure on J Z(Q) is defined as follows.

Definition 2. A filter % on N/ L (Q) x / ZL(Q)) belongs to the
family 7! whenever, for some positive integer k, we have the
following:

Vi=1,...,k:
3 (1), (4) c oz’ Q)
Ju e ¥Z(Q):

(1) Ay <Ay <y, <p, neN, (21)

(2) sup{A;:neN}:ui:inf{‘u;:neN},

& ] D] [w]) <
Here Y = {I' :ne N} withI! = {ue ML : X <u<u}

For m > 1 the usual linear partial differential operators
D* . €"(Q) — %°Q),|a] < m extend uniquely to
mappings

DML (Q) — ML (Q), o <m, (22
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which may be defined as
D ML (Q)3ur— (1 8) (Du)e L (Q), |a|<m.
(23)

The space A4 ZL™(Q)) is equipped with the initial uniform
convergence structure #,, with respect to the family of
mappings (22). That is,

V|| <m:

Ue g, = ( (D% x D%) (U) € fo>' (24)
Clearly 7,, makes each of the mappings (22) uniformly
continuous. In fact, it is the coarsest uniform convergence
structure with respect to which each of the mappings (22)
is uniformly continuous. Since the family of mappings (22)
is countable, it follows from the first countability of 7, that
the uniform convergence structure 7, is also first countable.
Furthermore, the family of mappings (22) separates the
points of /4 Z™(Q), that is:

Yuve dL"(Q):
I |a| <m: (25)
D*u+ D%,

so that the uniform convergence structure #,, is uniformly
Hausdorft. As such, we may construct its completion, which
we denote by #/ Z™(Q). This notation is due to the fact that,
as we will shortly see, we may identify the completion of
AMZL™(Q) in a canonical way with a subspace of N LM,
for a suitable integer M. Indeed, see [14], the mapping

D: ML (Q) > ur— (D°U) ., € ML (M, (26)

with 4 Z°(Q)™ equipped with the product uniform conver-
gence structure, is a uniformly continuous embedding. As
such, it may be extended in a unique way to an injective
uniformly continuous mapping

D /2" (Q) 3 ut v (2™ e @M. (27)

la|l<m

Here the mappings

P NLTQ) - NL(Q), lal<m (28)
are the unique uniformly continuous extensions of the
mappings (22).

3. Spaces of Generalized Functions

The space of generalized functions 4/ Z"(Q)) was shown in
[10] to contain generalized solutions of a large class of systems
of nonlinear PDEs. However, as mentioned in Section 1, this
existence result does not take into account any initial and/or
boundary values that may be associated with a given system of
nonlinear PDEs. In order to also incorporate such additional
conditions, we need only modify the construction of the
space #/ ZL™(Q) slightly.

Abstract and Applied Analysis

In this regard, consider a system of K nonlinear PDEs:
D'u(t,y) =G (t, Voenn ,DZDfui (ty),.. ) (29)

witht e R, y € R m>1,0 < p<m,qEe€ Nk_1,|q|+p <m
and with the Cauchy data

Dfu(ty, y) = g8, (»), O0<p<m, (th,y)eS  (30)

on the hyperplane

S={(tyy): y e R"'}. (31)

We assume that the initial data (30) satisfies
K
Vosp<m:g, e € " P(R"). (32)

It follows immediately from the results presented in [10]
that the system of nonlinear PDEs (29) admits a generalized

solution in A gm(Rk)K. However, such a solution may fail
to satisfy the initial condition (30) in any suitable extended
sense.

In order to incorporate the initial condition (30) into
our solution method, we introduce the following spaces of
functions. Denote by ﬂZZ(Q) the set

Vi=1,...,K:
VO<p<m:
—Jucawzm@F| YaeNT o<lgl+p<m:

(1) 98w, (y10)=Dlgy; (), yeR*!
(2) S.Z?,f u; is continuousat (y,t;)
(33)

where O = R*"! x R. Foreachi = 1,...,K, every0 < p <m
and each g € N*! such that 0 < |g| + p < m, we consider the

space . 32 " p(Q)’ which is defined through
ML, (Q)
Vy e RET (34)
= {ue/ﬂgo Q) | (1) u(y,to):Dqu,l— (») }
(2) u is continuous at (y,t,)

Clearly, for every 0 < p < m, and p € N such that 0 <
Igl + p < m,and each i = 1,..., K we may define the partial
differential operators

> . m 0
D MLy (Q) — ML, (D), (35)
as in Section 2 through
PP u=(109)(DFw;). (36)

The partial differential operator 97, is defined in a similar
way, namely, as

Dy MLy (Q) 5w (108) (D)) € ML (Q). (37)
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The method for constructing generalized solutions of the
initial value problem (29) to (30) presented here is essentially
the same as that used in the case of arbitrary systems of
nonlinear PDEs, which is developed in [10]. In particular,
generalized solutions are constructed as elements of the
completion of the space ./ 3;”(0), equipped with a suitable
uniform convergence structure. In this regard, we introduce
the following uniform convergence structure on /4% 2 ap ()
Definition 3. Let X consist of all nonempty order intervals

in /%32% p(Q). Let 7 denote the family of filters on
0 0

/%gi’q)P(Q) X ﬂgiﬂw

exists k € N such that

Viji=1,...,k:

La.p
(Q) that satisty the following. There

3% =())cx:
Elqu/Vg(Q):

W r,cr

+1 = "n 2 neN,

(2) sup{inf[i ine N} =u; = inf{sup]r{ ine N},
@) ([Edx [z -0 (2] x [Z]) « %
(38)

Proposition 4. The family of filters 7., , on ML’

Lap l,q,P(Q) x

M 92 o.p () is a Hausdorff uniform convergence structure.
Furthermore, a filter & on %ggq,P(Q) converges to u €
ﬂg?’q,p(ﬂ) if and only if there exists a family £5 = (I,,) of

nonempty order intervals on ./%Sf?’q) P(Q) such that

W I,,cI,, neN,

(2) V'V € Q nonempty and open : (39)
ﬂInIV = {uly
neN

and [24] € F.

Proof. The first four axioms of the definition of a uniform
convergence structure [15] are clearly fulfilled, so it remains
to verify

YUY € F,:
(40)
U oV exists = UV € F,.

In this regard, take any %, 7" € 7, such that % o 7 exists,
and let ¥,...,%, and 2,..., %, be the collections of order
intervals associated with % and 7/, respectively, through
Definition 3. Set

O = {(l, 7):[Z] e [Z;] exists}. (41)
Then, by [15, Lemma 2.1.1]

%7 2 (V([Z]x[2]) o ([2] x [5]) : (1)) € @}

(42)

Now (1, j) € ® if and only if
VmneN: I, NI #0. (43)
For any (1, j) € ®, set 3 ; = (I,/) where, for each nn € N
I = [inf (1) Avinf (1)), sup (I,) v sup (I,{)] . (44)
Now, using (42), we find
Uo7 2( [z x[2]: (1)) e @}
2 (M[z] = 2] () € 0}

Since A F°(Q) is fully distributive, the conditions in (38)

(45)

follow by Lemma 5.
The second part of the proposition follows by the same
arguments used in the proof of [8, Theorem 8]. O

The proof of Proposition 4 relies on the following.

Lemma 5. The set MS°

i P(Q) is a lattice with respect to the
pointwise order.

Proof. Consider functions u,v € ./%32% P(Q)’ and set w =

supfu, v} € ML (Q). In view of (13) it follows that w(x) =
(I °8)(p)(x), x € Q where p(x) = sup{u(x),v(x)}, x € Q.
Assume that

Ay, e[R{k,ae[R:w(yO,to)>a>Dqu,i (yp).  (46)
It then follows that S(¢)(yo, ) > a > Dg,,(y,). Therefore
V§>0:
3 (¥srts) € Bs (yorto) - (47)
¢ (ys:ts) > a>Dlg,. (v)

so that we obtain a sequence (y,,t,) in Q which converges to
(0> t) and satisfies

VneN:u(y,t,) >a>Dlg,(y)=u(ypty), (48)

or
vneN:v(y,t,) >a>Dlg ,(y)=v(yty). (49

But both u and v are continuous at (y,t,) for each y € R,
which contradicts (48) and (49). Hence (46) cannot hold, so
that w(y,t,) = Dg; ,(y) for each y € R*"!. Furthermore,
since both 1 and v are continuous at (y, t,) for each y € R*,
it follows that ¢ is continuous at each of these points. As such,
¢ is normal lower semicontinuous at each point (y, t,) so that
we have

w(y,ty) = (L 8) (9) (1:10) = 9 (o)

q k-1 (50)
=Dg;,(3.ty), yeR".



In the same way, we see that w is upper semicontinuous at
every point (y,t,). Therefore w is continuous at (y,t,) for
every y € R¥! so that w € ﬂggq"o(ﬂ).

The existence of the infimum of u and v follows in the
same way. O

The completion of /) ..p(€2) may be represented as a

suitable space of nearly finite normal lower semicontinuous
functions. In particular, consider the space

NZgp (Q)

“fue V¥Z Q)
(51)
|3 NpedL, ,(Q):

A<u<ulb.

Note that .%S?qp(ﬁ) C N0 p(Q). As such, in order to
show that /&, ,(Q) is the completion of ﬂEZqu(Q), we
must introduce a Hausdorff uniform convergence structure
flqu on N/Z,;,,(Q) in such a way that the following
conditions are satisfied.

1) V&, qp(Q) is complete with respect to j; e
(2) V&, 0P (Q) as a dense sub-
space.

(Q)) contains /%gqu

(3) If Y is a complete, Hausdorft uniform convergence
space, then any uniformly continuous mapping ¢ :

/%ff?qp(ﬂ) — Y extends in a unique way to a
uniformly continuous mapping ¢* : #'Z; ap( Q) —
Y.

The appropriate definition of the uniform convergence
structure on A/ gi’q)p(ﬂ) is similar to Definition 2.

Definition 6. Let jf)w denote the family of filters on
N g p( Q) X N, (Q) that satisty the following. There
exists k € N such that

Viji=1...,k:
3 (). () < MLy, (@
Ju; e NZy,(Q):

(52)
(1) )‘J < /\iwrl = Mn+1 l"i’ neN
k
@ (] zDa(w] < []) < 2
=
where each uj € ./V.g,qp(Q) satisfies uj; = sup{}t{'1 :neN} =
inf{u/ :ne N} and X; = {I] : n € N} with
D={ued,,,Q): N <usyl}. (53)
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That the family of filters ff’ op does indeed constitute a

Hausdorft uniform convergence structure on /' Z; ; (Q2) can

easily be seen. Indeed, 7! i.q,p 18 nothing but the uniform con-
vergence structure associated with the following Hausdorff

convergence structure through [15, Proposition 2.1.7]. A filter
FonNZ;,,(Q) convergestou € /'Z; , ,(Q) if and only if

3 (M) (o) € ML, () :

(1) An = /\wrl SHpy S Py NE N,

@ () o ]y

neN

) U] :ineNf ¢ 7
Theorem 7. The space V' Z;
convergence structure j }
completion of./ﬂglqp( )

(54)
= {u};y, V € Q open,

i.q.p(Q) equipped with the uniform

» is the uniform convergence space

Proof. That /' Z;, ,(Q) is complete follows immediately by
the above remarks. Furthermore, it is clear that the subspace
uniform convergence structure on /%3’1 a P(Q) is equal to
ji’q,P. To see that ,/%SZ?,M(Q) is dense in ./Vgi,q’p(()),
consider any u € A Qi,q,P(Q). We claim

u=sup, (55)
where

d={vea; Q) :us<uv}. (56)

L4.p

Suppose that this were not the case. Then, since / Z(Q) is
Dedekind order complete, it follows that there is some v, €
NZL(Q) so that u, = sup . Since (55) does not hold, it
follows that 1, must satisfy u > u,. Furthermore, it is clear
from (51) that u, € ./foi,q,},(ﬂ). In view of (10) and the
semicontinuity of u and u, we have

3 W < Q nonempty and open :
Je>0:

57
V (y,t) eW: &7

uy(y,t) +e <u(yt).

From (51) it follows that W N RFT x {to} = 0. As such, it
follows that v + (e/2)xy € /' Z;, ,(Q) for each v € & and

that b
v+§XW£u0<u, ved. (58)
It now follows that
vs(IoS)<u0—§XW><u0, ved, (59)

which is a contradiction. Thus (55) holds. The fact that
./ﬂggq)p(ﬂ) is dense in ‘/V“[Zi,q,p(Q) now follows from the fact
that #/ Z£(Q) is order separable [8].

The extension property for uniformly continuous map-
pings follows by a straightforward argument. O
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An important property of the uniform convergence space

/LCZ?,W(Q) and its completion /' Z; () relates to the
inclusion mapping
it ML, Q) — ML (Q) (60)

and its extension through uniform continuity
i NL () — NZ(Q). (61)

Indeed, it is clear form Definitions 1 and 3 that the mapping
(60) is in fact uniformly continuous. Similarly, the inclusion

mapping
ig: N L,y (Q) — NL(Q) (62)

is uniformly continuous. Since the mappings (61) and (62)
coincide on a dense subset of /'Z; ,P(Q)’ it follows that
(61) is simply the inclusion mapping 262). This is related to
the issue of consistency of generalized solutions of (29) to
(30), which we construct in the sequel, with solutions in the
space N F™Q)K; see [10]. We will discuss this in some detail
in what follows, after the uniform convergence structure on
M 3;" () has been introduced.

In this regard, the uniform convergence structure 7,
on M SZZ(Q) is defined as the initial uniform convergence

structure with respect to the mappings (35) to (37). That is, a
filter % on /L‘Z;”(Q) X ./%3;"(0) belongs to 7, if and only
if

Vi=1,..,K: (D], xD]}) (%) € 7, (63)

and

VO<p<m:

quNk_l, 0<|gl+p<m:
(64)
Vi=1,...,K:

(2 x DN UxU) e 7

iyt i,yt Lg,p*

Clearly the family consisting of the mappings (35) through
(37) separates the points of /%3;"(0). As such, the uniform
convergence structure 7, is uniformly Hausdorff. In partic-
ular, see [14], the mapping

D2y Q) — ([[#L],, (@) x ML Q) (65)
which is defined through

D(u)=(...,927pu,..

., ) (66)

is a uniformly continuous embedding. As such, it follows
that the mapping (66) extends to an injective, uniformly
continuous mapping

D : WL (Q) — ([ [N Ligp () x ¥ L Q) (67)

where N 3;”(0) denotes the uniform convergence space
completion of /%JZ;”(Q). In particular, for eachi = 1,...,K,

every 0 < p < m,and each g € N*! such that 0 < p+|g| < m
the diagrams

D!
NLE(Q) (TN L1 p( ) x H¥ L)
!
P
‘/Vgi,q,p(g)
D? K
NLG(Q) (TN Ligp( Q) x ¥L(Q)

(68)

commute, with 7; ; ,

9?5? and 9;’? the extensions through uniform continuity of
the mappings (35) and (37), respectively.

The meaning of the diagram (68) is twofold. Firstly, it
explains the regularity of generalized functions in /" Z'(Q).
In particular, each generalized partial derivative of a general-
ized function u* € 3;”((2) is a nearly finite normal lower

semicontinuous function. Therefore, each such generalized
function may be represented as an element of the space

(H./VQ‘Z,»)F(Q)) x N Z(Q)X in a canonical way. Secondly, these
diagrams state that each generalized function u* € Z4(Q)
satisfies the initial condition (30) in the sense that

and 71; the appropriate projections and

Vi=1,...,K:
VO<p<m:

- (69)
VqgeN 7, 0§p+|q|§m:

DIt (ty, y) = D'g,; (tr, y), y € R

4. Existence of Generalized Solutions

With the system of nonlinear PDEs (29) we may associate a
mapping

T: MLy (Q) — ML (K, (70)



the components of which are defined through
T;j: MZLy ()5 u
— ([29)(2]u+G; (... 2 u,..))

e ML Q).
(71)

We arrive at the notion of generalized solution of the initial
value problem (29) and (30) in the context of the space
N 3;(0) by suitably extending the mapping (70) to a
mapping

T . WL (Q) — VAT (72)

Such an extension is obtained through the uniform continuity
of the mapping (70). In this regard, we have the following.

Theorem 8. The mapping (70) is uniformly continuous.

Proof. 1t follows from (60) through (61) that the inclusion
mapping

i MLy (Q) — MFPT( QK (73)

is uniformly continuous. The result now follows from the
commutative diagram

ML) ML ()N

AP (K
(74)

and the uniform continuity of T,, which is the mapping

defined on .4 Z™(Q)* through the nonlinear partial differ-
ential operator; see [10]. O]

In view of Theorem 8 the mapping (70) extends in a
unique way to a uniformly continuous mapping (72). As such,
the generalized initial value problem corresponding to (29)
and (30) is given by the single equation

Tt =0, (75)

where 0 denotes the element in // Z(Q)X with all compo-
nents identically 0. A solution of (75) is interpreted as a
generalized solution of (29) through (30) based on the fact
that each solution of (75) satisfies the initial condition in
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a suitable generalized sense, as mentioned in (69). Further-
more, in view of (60) to (62) and the diagram (74) we obtain
the commutative diagram

Tt

NL(Q) VEL(ON

VEA(ON
(76)
with i* injective and Tg the uniformly continuous extension
of the mapping
Ty : ML (K — L () (77)

associated with the system of nonlinear PDEs (29). In
particular, the mapping i* is the inclusion mapping. As such,
each solution u* € 3;"(0) of (75) is a generalized solution
of the system of nonlinear PDEs (29) in the sense of the spaces
of generalized functions introduced in [10]. The main result
of this section is the following.

Theorem 9. Foreach0 < p <m,letg, € %m’p(Rk’l)K. Then
there is some u* € /VZ;”(Q) so that

T = 0. (78)

Proof. Let us express ) = R x R as

a=Jc, (79)

veN

where, for v € N, the compact set C, is an n-dimensional
interval

C, = [a,b,)] (80)
witha, = (ay1,...,a,,), b, = (b,1,-..,b,,) € R, and a,,; <
b, ; for every j = 1,...,n. We assume that {C, : v € Ni is
locally finite, that is:

VxeQ:
3V < Q a neighborhood of x : (81)

{veN:C,nV+0} is finite.

Such a partition of Q) exists; see, for instance [16]. We also
assume that, for each v € N,

$nC, =0, (82)
or

$ N IntC, #0, (83)
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where & is the noncharacteristic hypersurface & = {(y,¢,) :
y € IRk_l}. For the sake of convenience, let us write x = (y,1)
for each (y,t) € R<!'x R. Let F : Qx RY — RX be
the mapping that defines the nonlinear operator T through
T(x,D)u(x) = F(x,...,D"u;(x),...). Fix v € N such that
(83) is satisfied. In view of the fact that the mapping F is both
open and surjective, we have

Vx, =(nt) €Cy:

F&(x)) € R, F(x,&(x,))=0:
368,e>0:
(1) {(x,0): |x-x,| <6} (84)
1 ‘ = x| <6 }
cinti (x,F(x,¢)) ,
1€-&(x))] <e

(2) F: By (x;) x By (€ (x;)) — R open.

In particular, if t; = f,, we may take &(x,) = (E?’P, &™) such
that

Vi=1,...,K:
YVO<p<m:

(85)

VqENk_l, 0<|gl+p<m:

P =Dg,,; (7).
For each x; € C,, fix &(x,) € RM in (84) so that (85) is
satisfied in case t; = t,. Since C,, is compact, it follows from
(84) that
36>0:
Vx, eC,:
de, >0:

(1) {(x,0): |x x| < &} (86)
|x - x| <6 }
lE-E(x)] <ey |

(2) F:Bs(x;) % B, (£(x,)) — R" open.

Cint { (x,F(x,£))

Subdivide C, into n-dimensional intervals I,,;,..., I, , with

diameter not exceeding § such that their interiors are pairwise
disjoint and, for each j = 1,..., u,,

L,nS =0, (87)
or

intl, ;NS 0. (88)

Ifa,; with j = 1,...,p, is the center of the interval ], ; that
satisfies (87), then by (86) we have

Je, ;> 0:
1) {(x0):xe1l,;}

xel,;

vj } (89)
&~ & ()] <es
(2) F:1,;x Bzew. (E (av’j)) — RX open.

On the other hand, if I, ; satisfies (88), set a, ; equal to the
midpoint of § N I, i Then we obtain (89) by (86) such that
(85) also holds. Take 0 < y < 1 arbitrary but fixed. In view of
[9, Lemma 5] and (89), we have

C int { (x, F(x,§))

Vx el ;:
JU, =Ue®"(R")"

36=6, >0: (90)

X € Ba (xl) n Iv,j
. ( (1) (DU; ()" € B, (& (ay,)) )
2) i<K=9y<T;(x,D)U(x) <0

with a = (g, p). Furthermore, if I,, j satisfies (88), then we also
have

Vi=1,...,K:

YOS p<m:

VgeN"" 0<|q+p<m: (1)

Vy € R .

DU, (1:t) = D9, ().
Indeed, in this case we may simply set

m—1

Ui (351) = ) (t=16)7 g, () + w; (8) (92)
p=0

for a suitable function w; € €™ (R) that satisfies
Vo< p<m:w? (&) =0. (93)
As above, we may subdivide [, ; into pairwise disjoint, n-
dimensional intervals J, ;,,..., L, 8O that for k =
L,...,u,; we have
; K
IV =Ueg"(RY)
V x € ]V,j,k :
(94)
(1) (DU € Be, (E(ayy)) ol <m,

(2) i<K= fi(x)-y<T;(x,D)U(x) < f; (x),
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and
Tk S =0, (95)
or
intl, ;NS #0. (96)
Furthermore, whenever J,, ;. satisfies (96), we have
Vi=1,...,K:
VO<p<m:
VgeN o<|gl+psm: (97)
Vye R

DI, (y,ty) = Dg,; (y).

Set
Uy ”VI
(U(0(Umn) ).
veN \ j=1
(98)
M
) (z(zm )
veN \ j=1
where X, . 18 the characteristic function of J, ;. Then I} is
closed nowhere dense, and V; € €"(Q \ 1"1) . Furthermore,
& NI is closed nowhere dense in & and
Vi=1,...,K:
VO<p<m:
VgeN', o<|gl+psm: (99)
Y (1) €S\ (50T
DIV, (3,t) = Dg,; ().
In view of (94) we have, foreachi=1,...,K
-y <T;(x, D)V, (x) <0, xeQ\I,. (100)

Furthermore, for each v € N, for each j = 1,...,u,, each
k= L.y each || < m, and everyi = 1,..., K we have

xeint], ;= & (VJ) e <DV, (x) < & ( )+€
(101)

For 0 < p < m, define the functions A, u7; € 'O\ 1),
where o = (p, q) with |g| = 0, as

(& (av,j) -2, if x € intl, .
AY (%) = 1 L& =0
Li DIV, (p.t) v, ; (1) if x €intI, j,
LixNS+0,
(102)
(& (av’j)+2€vyj if x €intl, ;.
nNs=0
o x) = 4 V]k
;i (%) DIV (y,t) + v,; (t) ifx eintl,
LxNS+0.
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Here v, ; is a continuous, real valued function on R such that
Uv,j (tO) =0,
(103)
0<v,; (t) < 2e,; t#0.
For all other «, consider the functions
AL (x) =& (av)j) -2e,; ifxeintl,;
(104)
uy; (%) = & (aw-) +2e,; ifxeintl,;
Then it follows by (101) that
AT (%) <DV (%) < py; (x),  x € Q\TY,
i i . (105)
y; (x) = A} (x) <4e,j;,  x€intl, ;.

Applying (89) restricted to Q\ I, and proceeding in a fashion
similar as above, we may construct, for each n € N such that
n > 1, a closed nowhere dense set I,, ¢ Q) such that

I, NS closed nowhere dense in &, (106)

afunctionV, € €"(Q \ I,)" and functions At € 2 (9)\
T,) so that, for eachi =1,...,K,

Y T (xD)V,(x) <0, x€Q\I,  (107)
n
and for every |a| < m
A1 () < A% (x) < DYV, (x) < iy (%)
(108)

< P‘Z—l,i (%), xeQ\TI,

o o 4€V>j .
g () = Ay () < —, x€ (int,;)n(Q\T,). (109)

Furthermore, for each 0 < p < mand g € N*' 5o that 0 <
Igl + p < m we have

DZan,i (1ty) = A‘:L,i (3. ty) = P‘Z,i (».to)
(y’tO) ¢ S n rn’

(110)
=Dg,;(»),
where a = (p, q).

Notice that the functions u,,, the components of which are
defined through

=(I-8)(V,;) (111)
belong to /%3;”(0). In view of (108) it follows that the
functions XZJ», ﬁz’i e MF°(Q), which are defined as

No=(e9(A%),  B=Ue9(), )
satisfy

S H ST (113)
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Furthermore, in case « = (p,q) with 0 < p < m and
g € N'such that 0 < p + gl < m, then )_LZI Ui €
ML 2 " p(Q). It now follows from (109) that the sequence (u,,)
is a Cauchy sequence in /%3;"(0). Moreover, (107) implies
that the sequence (Tu,) converges to 0 in ML QK. The
result now follows from Theorem 8. O

We have shown that the initial value problem (29)
through (30) admits a generalized solution in the space
N 3’;”(0). In particular, and in view of the commutative dia-
gram (74), the generalized solution constructed in Theorem 9
is a generalized solution of the system of nonlinear PDEs in
the sense of the spaces of generalized functions introduced in
[10]. Furthermore, this solution satisfies the initial condition
(30) in the sense that

YO<p<m:
quNk_l, Os|q|+pSm:
(114)
Vy € R
P (,ty) = Dg,, (v).
Furthermore, it follows by (9) that the singularity set
A |a|<m:
(pt)eQFi=1,....,K: (115)

of .
2:*u not continuous at (y,t)

of the solution u? is of first Baire category. In particular, there
exists a residual subset R of Q) such that each generalized
partial derivative of u’ is continuous at every point of R.

As mentioned in Section 1, it is known [3] that if the
mapping G : QxR — R in (29), as well as the initial data
(30) is real analytic, then the initial value problem admits an
analytic solution on a neighborhood of the noncharacteristic
hypersurface §'. Furthermore, Rosinger [4] showed that such
an initial value problem admits a generalized solution u, in a
suitable differential algebra of generalized functions, which is
analytic everywhere except on a closed nowhere dense set.
Since this solution is analytic in a neighborhood of &, it
follows thatu € 3;"(()) and satisfies

Tu = 0. (116)

As such, u is also a solution in the sense discussed in this
paper.

It should be noted that the customary spaces of gener-
alized functions that are typical in the study of nonlinear
PDEs may fail to contain generalized solutions of the initial
value problem (29) to (30). Indeed, it has been shown that
some of these spaces, such as spaces of distributions, fail
to contain generalized solutions even of €*°-smooth linear
PDEs; see, for instance [17]. Theorem 9 is therefore a first in
the literature. Namely, it is the first extension of the Cauchy-
Kovalevskaia theorem, within a suitable space of generalized
functions, on its own general and type independent grounds,
to equations that are not analytic.

1

The extent to which the solution constructed here may be
interpreted as a classical solution on some part of the domain
of definition of the system of equations is unknown at present.
Furthermore, it is unknown whether or not, in general, the
solution may be interpreted in terms of any of the spaces of
generalized functions that are typical in the study of linear
and nonlinear PDEs.

5. Conclusion

In this paper we have shown how the methods developed
in [10] may be modified in order to incorporate also initial
and/or boundary value problems. In this regard, generalized
solutions of a large class of nonlinear initial value problems
are constructed. It should be noted that the techniques used
to obtain the existence of solution are essentially the same as
those used in [10] for the free problem. In this way, we come
to appreciate another advantage of solving nonlinear PDEs
in the spaces of generalized functions used here and in [10].
Namely, and in contradistinction with the usual functional
analytic methods, initial value problems do not result in
significant additional complications in the solution method.
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