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PART TIIT

A L L S A

Practical apnlication of the tihieoretical formulge de-
rived in Part 1 are ypresented in Part 1Y, IExemples of the
comnletely rrondon, the balanced incomplete block, the ran-
domized blocl and the latin sguare desgigns appear in Chap-
ters VIIT to XI, Anpnnlications of
anultiple comparison procedures for the completely rmndom
and rendomized blocl degigns are given in Chapter XIT1.

The original theory for the various metiods of ana-
lysie dealt with was dexived for arbitrary functions of
ranks (provided these functions complied with specified
conditions).,

.

The distribution~free teat statistics, in tie spe-

[énd

cial case of ranks, for & two-way classification of treat-
mnents are given in the begirning of each chapter in Part IIL.

The method of subdivision of the sum of sguares of the

rank totazls for ftreotnents is fully illustrated in order
to show how the theory caon he generazliged to any number
of components.

The formulaze ifor the gspecizl case of rarks instead
of functions of renks are ziven Lecause:
1. The loss in efficiency due to the use of ranks in-
stead of functions of ranks is usually small;
2. all the sampling studies on the applicability of the
test statistice in Part I were for the special case of
ranks; and
3 in practice the tendency will be to use ranks instead
of functicns of ranks since the calculations involved are
easlier,

An evaluation of the new methods appears at the end

of eachk chopter in Part II.
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Part IT is written in such a way that a person with
only an elementary knowledge of biometry should be able
to understand and apply the tests derived without neces-
sarily referring to all the details in Part I.

Research workers applying these methods are advised
to read the Appendix p. 264 before applying the methods

discussed in the following chapters.
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CHAPYER VIIT

DATDOM DuaT Gl

8.1 Introduction
For the requirements of the completcly random design
anc 1ts field of awvnlication the reader iz referred to
Cochren & Cox (1957), Federer (1955) and other stancard
statistical text books on experinentzl design.
In this chapitor (?(,,) te formulae for a general

Gigtribution-free metiwd of analysis based on ranks, for

kz

a two-way classificeticn of treatments, where the desgign

is a completely rexndom one, are given. IThe method of sub-

[t

Givision of the tetal sun of scuares of the rank totals
for treatments, vion the treatment conbinations conecist
of two comnonents, is fully illustiated in order to show
how the theory cen he generalized to any number of compo-
nents.

The origzinel vheory for this method of analysis, for
functions of ranks, was derived bv Lemmer (1964) and in
Chapter TI1I of this thesis,

The calculaviones invelved, for the special case of

ranks are illustreted in Zxomple 8.1, The calculations

-

involved when the ranks ore transformed to "normal valuegh
by means of Van der Waerden's (1¢57) transformation are
illustrated in Uxaumple 3.2,

In §8.4 a ghort summary of ti:e method of analysis

ig given, The efficiency and an evaluation of the distri-

bution-free methcds are given in Su.j and éS.G.

-3
0]
&)
t
ﬁ
CL
P
'
*.J
o
;0

892 .

Suppose there are k treatments or treatment combina-

tions which can be subdivided into two components A and B

at m and p levels each regpectively. Suppose further
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thaet all the k=mp treatment combinations are replicated

- T don P T T B ~ rn S
times (every trestnent combinoation must b

¢}

~renlicated

the same number of timeg for the theowy to be valid).
Indicoate the rank of X, .. in the joint ronmking (in

increasing order) of the observations DYy T. .., 1< 7. ..< U=kn,

If ties axe pnrecent among the observ;tions, the nesn of

tlre ranks they wovld nove had, had Ele\ dllLelent) szllo-

czted to the tied obscrvatiouns in each tie (ef. Chapter II1I).

r

A5 9n is the h-th cbzervation in the (i,])-th treotnen
Ao jLh

J=l, eeesPy D=l e,

&

combinaticn (i=l,...,:3
Let nows

R.. = 7.

it .= 2_.R .
oJ ;3 1

= -1

i . =m "R .
.J °<}

f

I (T41)

m]
I
—
g‘
[
N~—
I
|_
=
|
.}

~

Kruekal & Wallis (1952) defincd the following test
statistic (T, . ) to test the null hypothesis H_ that the
mbinotiong hieove the same effect. The test

statistic rewritten in our notation becomes:
M i T ’ "l f; 2 /
! = 12[1(JT.‘_)],‘LJ é.!é.t(.u.» T N e ) o-o-ooo.o-oooo-o-'\gcl)

= 12[F(ml)n] " rea[R, . - dn(341)]°

ig

—lL:JL)l]D\-i- - ’5(.[:'*'1‘/\ -na‘oc'loticQ’.0¢(802>

= 12{ W(¥+1)n]

¥ TFrom now on it will for vhe regt of this cluipter be
assumed that 1 In 'Le vodues from 1 to my J the
values from 1 to » and h the values from 1 to n.
Both mép> 2,
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It has been shown (by Kruskal & Wallis, 1952) that

under H_, T, . defined in (8.1) is distributed approxi-

ot
mately as X2 with (k-1) degrees of freedom provided N=nk
is not too small (i.e. N=nk »15; cf. Siegel, 1956, p. 185).
When k=3 and n% 5 the Xz-approximation to the exact sampling
distribution of T_toJt is not sufficiently close. For such
cases exact probahilities are presented in Table O of
Siegel (1956).

The test statistics for components A, B znd the inter-
action AB may now be obtained as follows, from ecguation

(8.1):

T, . o= kun(R.. - B )

ij ij .o
where K = 12[N(H+1)n]“l I €< P52

tot

s v = = = = w5 = 412

Tyot = kﬁg[Rij"Ri.“R.j+R..+(Ri.‘R..)+(R.j"R..)]

. wom w12 L agm w \2. o gm w22

= K22[R, .-R, -R .+R ]° + Kpx(H, -R )“+Im(R .-R )
C ) 13 1. ‘J L ) g l' L ] - * [ X
lJ l ..0...4...’.....(8.4)
All the cross-teris are zZero.
From equation (8.4) we now obtain:
= Kpu(E T )°

Ty =XKpa(R; - R

1
12[ (N1 )np]) 2[R, - Jnp(141)]°
i 1 ‘

i

since E = $n(W+1)

=12[1\T(P}+1)np]_12_(R§ - B(I‘I'*'l) .0.000...0-.00‘0000(805)
i .

T, = Kmx(R . - ® )°
j .J LN
= 12[N(H+1)nn] TL[R i - 3nm(¥+1)]°
j .
= 12[N(E+1)nm]‘1Asz = B(IHL)  eerenenrnrneneenss(8.6)
j .
R - e w 42
Tpp = K§§[Rij - R, - Ry R
= Ttot - TA hand TB .o.ou..-ooo‘..ooo'.0....00.'...(8.7)

The formulae in equations (8.2) and (£.5) to (847)
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&),
are exactly the same 2s thoze in {3.1&). The calculating
fornulae where a function of the Tankes are considered are

given in 95.5.

s

T

I

th and ar

‘u

L™
AB

the hypothesis H_ of no

digtributed asg X

of freedom r

n Chapter 1II it we

gnectively, provided certain conditions

I
Pl

for ¥ under

k..? = N
effects, muitually indenendently
(p-1) and (m-1)(p-1) degrees

re-—-

garding specific function of ranks considered are satisfied.
In the case of ranks tueneelves and Ven der Woerdens trans-

formation to "normal values® these conditions are satis-
fied. Under an alternative uypotihesls Ha these componen
are not distributed zgimpbtotically indevendent of each
other. By neens of sampling stucies it was indeed found
that the test for, ssy, component A bhecones more cConser-—
votive vien the effects of wiie levels of conmnonent are
increased.

In tie case or small semples the Following aporoxi-
notions may be useds
1. If a component coneists of Lwo levels orly and N£ 40
the U-test of Mann-Viditney (1047) be usged for that
commonent. Exuct probsgbilities for the U-tegt are tabu-
lated by Siegel (1856) up to ¥ 40 in Tebles J and K; and
2. if 2 component consists of three levels and NZ. 15,
tiie exact probebilities tabulated by Siezel (1956) in
Teble O (given for the Xrughkel-Wallis test) must be used.

In 31l other cases the X -agpproximation of the test

stutistic for that comp

If ties
of allocating the mean
they would hnve hed wer
acrvations in each tie

stant but chanzes
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Let t denote the length of the ties and define now:
4
(-t) - t) -u.tocoo-o..ootcoo-o'obooloootoo(8.8)

where 2 denotegs the summetion over sll ties.
(t)
Define further:
CT = l - T/(Ijj"l'g) .ll00.'0.0.'000...0000.."0..'..(8.9)

The only necessary alteration is that the different

ot

te criteria have to be divided by this correction term

6]

(CT) to give Ttot(corr), TA(corr), TB(corr) and TAB(corr).
It should be noted that 1f no ties are present, all t=1
and thus T=0., The corrcction term then becomes 1. Accor-
ding to Siegel (1656) the Xz—approximation of T, . is
apoplicable i1f the length of any tie does not exceed 20%
of the number of observations. This will probably also
be sufficient for the Xz—approxinations of TA, TB ana TAB
to be applicable.

In the case of a factorial design there is a second
nethod of analysis called the single degree of freedom
approach (cf. Anderson & Bancroft, 1652, b. 272 and Goul-
den, 1952, p. 88&).

For k=mp trestuments there exist (k-1) orthogonal com-

1o

ponents corresponding to the (k-1) orthogonal sets of con-

stants g(r) defined bys

13
ij (Q 10)
. (r) (r') )oo'vu-ocoooouo-...otll e
ii)  s2gst el = 0 T#r!
13710 Fid )

Let for this method:

_ s () _ i
Lr—'LiJEJgij Rij I'-l,...,l;-l .oo-a'oao---oooo.o.o(ggll)

and then

c-.'oooo(8¢12)

(T)]2

1oy L (e Yo
var(Lr) = (12) h(g+l)n4u[gij

ij
2 .
TI':LI'/V(DJI,(LI') rzlgoo.,l{—l 0000000o'ooot..o.i‘..(SQlB)

will under HO be, asymptotically, for NI --»eo, indepen-
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. P . s g
aently aistributed as X~ with one degree of freedom each

higner order zffects of & component, say A, in a factorial
design can for instonce be tested if desired, provided
the X" -approximntion of T, is considered apnlicable.

In the caze of tied obgervations T_ (£.13) is Lo be
AL

]

I

divided by CT (&.%) to yield Tr(corr).
7. 1 Lo oLy Pl . \%
The applicetion of the formulze given above aee

illustrated by meang of an exawple in the next paragraph.

Application

[ea)
.
AN}

Lrample 8.1 - To illustrate the cpplication of the formu-

loe given in <$.2 let us consider a hypothetical experi-

al

ment consisting of two cultivars of maize C, and 02 and

-

-~

tiree levels of nitro_en fercilizer Nl, N, and ﬁj applied
&

in all pogeible combinations.

¢}
b

trentrment combination

e c¢nperimental design was

._.J

vas replicated six tines and &
a completely randow desisn consisting of 36 plots.

In Table 8.1 the yields (ir bags per norgen) as well
as the corresnonding ranks of the individusl nlots are
Liven.

The ranks are allocoted from the smallest observation
tolking rarls 1 to the lorsest observation taking rank N=3%6,
‘e totals of the ranlks within each treatwment combination
R.. (i=1,2; j=1,2,3) are tlen calculated.

Yable 8.2 zives The interaction of cultivars of maise
x Tertilizer., Yhe rank totals of cultivars of maize and
the fertilizer levels are calculzted,

It should be noved that the total of the renis must
always add up to  HE(C+1l) = & x 36 x 37 656 in this

case.
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Table 8.1 - Yields and ranks (r) of maize cultivars (C) x ferti-

lizer (W) experiment

G Tiap (G2 Tion (G130 Tasn (901 Toin 1CoNo Tooy [ 00Ny Togy
bpm  ranks! bpm ranks| vpm ranks| bpm  ranks, bpm  ranks! bpm  ranks
15.2 a 13.8 3 15.9 16 13.4 2 13.0 1 15.7 14
15.3 10 15.0 7 16.9 25 13.9 4 15.1 & 16.7 24
14.9 6 15.6 13 17.6 28 16.1 18 16.0 17 18.0 29
14.5 5 15.8 15 18.2 30 17.0 26 16.2 19 13.8 33
15.4 11 16.6 23 18.3 31 15.5 12 16.3 20 18.9 34
16.4 21 17.5 27 19.0 35 16.5 22 18 .4 32 19.2 36
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in the formulaze of §8.2 cultivars of maize are now
taken as component A and nitrogen fertilizer =s component

B, thus m=2, p=3, k=€t and n=6.

co

Prom equation (8.2) we have
2 3
2 3 5 )
YL LRI - 3w
i=1 j=1 1J

=)
1

12[nN(H+1) ]

ct
O
*

= 12[6 x 36 x 37] (62488 +. . ,+97°+170%] - 3 x 37

Il

15.4

From equation (2.5) we have:
T, = 12[npE(I+1) TRRS - 3(n
s = npl (F+1) | 2RI = 3(H+1)
l [ ]

2

12[6 x 3 x 36 x 37] 7[315° + 351°] - 3 x 37

il

.33
From eguation (8.5) we have:

1o[nmi(0+1) J TR - 3(w1)

i

(&

*_3
1]

x 37171[146%1185

(o)

=12{6 x 2 x 3

= 14.95
L " e 2 s e e .
Frowm the table of the X"-digtribution we obtain
-
L2 . - ; . . . .o
X.Ol(g) = G.,21 which neans that T? is highly significent.
lote that, according to the rules given in the previous
. 2 . . . . . .
poragraph, the X -apnproximation is applicable in this case.

From equation (&£.7) we have:

5
=
Q

— _m
- Ttot L

T
v
I

C

0.12

i

If the above was a one-way classification with six
treatments the test statistic H defined by Kruskal & Wallis
(cT. §2.3.4) wonld be the sane as T, . calculated in the
example,

Suppose now the nitrogen fertiiizer was chosen on a

factorial basis, with the three levels being at equidis-~

tent intervals, then we could proceed to split Ty in two
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orthogonal components corresponding to the linear and qua-
dratic effects of nitrogen fertiligzer,

This step is only necessery if the value »f TN is
larzger than X?OB(l) = %,84 because if the value of TN is
smaller then %.84 no component of N can be significant at
the 5% level even if it contains the_whole value of TN'

The values of the orthogonal polynomials correspon-
ding to the linear and gquadratic components of nitrogen
fertilizer component are obtainable from the tables of
Fisher & Yates (1933). They are
Linear (-1, 0, 1)

Quadratic (1, -2, 1)
where the first value in both cases corresponds to Nl the
second to ﬁz and the third to NB'

For the linear component the calculations proceed as

follows:

21e}1 = nle}1?

since the same set of values for the g§?) are taken for
all i. J

= 2[(-1)° + 1°] = 4

From equation (8.11) we have:

Lo = s2e T, = 2eT)r
Ny ijg13 ij ijb’J o]
= —R.l + R.3

= =146 + 3%5 = 189
Eguation (8.12) becomes:

(12)*156 X 37 x 6 x 4

1}

var{L, )
Nl
= 2564

Substituting the values above in (8.13) yieldss

T, = (189)%/2664 = 13.41
1
Following the same procedure for the quadratic com-

ponent we obtain:
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It should be noted thet in this cace hoti. the nonpa-
rametric and thecparametric netrod of analysis lead to

the same conclusgion.

- The uvse of the transformsticon on the ranlks

ple. Tne calculating formulae for Funcitions of ranks have
not been sumnarized in this chantecr but are directly obtain-

able from §3.5.5 (p. 43). For the applicability oi +the
2
X"-aporoximation in this cease see_;; > (p. 62).
The renks rij of Table C.1l are divided Uy the term

(¥+1)=37 to zive fractions 6ijh' These fractions are then

<.

transformed with the aid of the values in Table 2 cof Van
S| s 3 ~ o
der Vaerden (1957) vpage 334 [0(6111)j.

The resultes obtuined are presented in Table 8.5.

Ay 1Y

Table 8.5 is the interaction table for the transformed

“ith the ald of the formul:zse in‘§3,5.3 the different

vest statistics carn now be calculated,
6
.0
1'.1}4- = [ Q( 6 o ) _]

a=1

(~0.70)% + (~0.61

i

30.22

Van der Waerden (1957) tabuloted in Table 12 the va-~

-1y
lue N (if no bties are present). The value tabulated

‘T

by him for N=3%0 is 0.8%¢. If the above value ig divided

IS5

\.

-

by ¥=3%G we obtain 0.£39 which is nearly the same excent
for rounding errors.

) “1,, .2
m — T E e\
Do = (H-1)(nihy) ™ i?“ij.

, ...
35(6 X 30.22) [ (~3.76) %40 . 45,43 ]
= 14.759

1§
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Table 8.5 - Transformed values of the ranks in Table 8.1
: : , : f , | . TV
o11n 0o115) a1 A8y 5) 163y A815) D0y 006s1,) ooy 2(6,5,) 953 U énqy)
243 -0.70 |.081 ~1.40 |.432 -0.17 !.054 -1.61 {.027 -1.93 |.378 -0.31
¢27O -0061 ¢189 —0-88 -676 0046 .108 —1-24 0216 —0079 064-9 "“0038
162 -0.99 [.351 -0.38 [.757 ©0.70 |.486 -0.04 |.459 -0.10 |.784  0.79
135 -1.10 |.405 -0.24 {.811 0.82 {.703 0.53 |.514 0.04 !.892 1.22
.297 -0.53 |.622 0.31 !.838  0.99 [.324 -0.46 |.541 0.10 |.920 1.40
-568  0.17 [.730  0.61 [.946 1.61 |.595 0.24 |.86% 1.10 !.973  1.93
i —
Zyp, =3-T6 jZ95, -1.98 |29, 4.47 iz, -2.58 255, -1.58 1223. 5.43 |

¢6T
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o

= 35(6 x 2 x 30.22) 1[(=6.54)%+(~3.56+9.50°]
= 14.560

T = (iul)\nphv) Lzz
-1 2
= 35(6 x 3 x zo.:,) H(-1.27)% + 1.277]
= 0.208
Tme = Tgoi ~ Ty 7 B = 0-03L

To calculate the lincar component of fertilizer we

have T

=
il

rom equation (3.25):

i - \
n “gLoi )(zj, -nz )
IJ J VJ. ® & o

1
P [ —
o “Ag(?>~ since z =0

jl 'J OJO L A
675~z 4+ 2'5.)

x %
672(6.,34 + G.90) = ® x 16,24

From equation (3.%0) we heves

var(i, ) = (X
Nl

nl? o
)Lgle

ij

(T)]Q

C1i]

P

-1

=(30.22 = 4)/35

Substituting the above values in ecuation (3.32)

yicldos

i —
4nT -

.l!l

12 fvar(L, ) = 12.73
q &l

In a similar way the quadratic component cen be cal-

culate

Ty =
a

C

ple &

~
2

ions

d, viz.
1.53
omparing these values with those obtained in Exam-

.1 we see tihat from both analyses the same conclu-

are drawn.

the procedure

Thege are the giteps in the distribution-~-free analy-

a two-vay classification of treatments in a ocon-

Q
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pletely random degign using ranke:s
1. Rank 211 the ohservations for the k treatment combi-
nations in a sinzle series, allocating ranks from 1 to N,

and mean ranks to ticd observetionss

2. determine the value of R (thie sum of the ranks)

L,
1]
for each of the ¥ treatnment combinationsg
3. set vy an interaction tadble of the Rij's and obtain

the total of the raniks R, and R . for the two components
A and Bg

4, calculate the test statistics Ttot’ TA’ TB and TAB
with the eid of the formulae (2.72), (£.5), (8.6) and (8.7);

5. if applicable, components with one degree of freedom

may now be calculatved with the aicd of formula Tr in equa-

O if a large pronoxrtion of the observations axc tied
(i.e. if the lengths of ithe ties are substantial), con-
2ute the C7 defined in (£.9) aud divide the test statis-

tics calculoved in 4, and 5., above by this terns

b

T the method of assegsing the significance of any com-

N

porent, say A &t m levels depcnds on the value of m and

a) If w=2 and W< 40 the U-test of Menn- Whitney (1947)

must be used. Exact prcrebilities for the U-~test are ta-
bulated in Siexzel (1956) in Tables J and K.

T

nm=3% and <215, Teble 0 in Siegel (1S656) must be

T’
S~—
bt
Hy

used to determine the associated probebility under HO of

an Tp value as large as that observed.

Y

c) In 211 oviier cuses, the giznificance of a value as

large as the obscerved value T ney be assessed by reference
: 2 R

to the X"-table.

Sfficiency of the digtribution~free tests ~siven in §8.2
- vy -/

Lemmer (1934) in Lis Chapter V proved that the asymp-

totic relative efficiency (a.r.e.) (for shift alternatives)
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for any component say A, whel. compared with the P-~tegt, in

D

the case of rormal distributed veriates, is 3/47, provided

S Eaptal o~ L0 a4 Sy = -A . . oy e . -
one ellects of Wi renainin COMMONCNITE e ZEeT0.

= . P T S e o Y -~ ! S LN . . g O VRSO

Irom geiniing otudices done (cf. S)./) it is seen thet
e - T ey m s JEe R, SO o I [ o A N, J—
the veluve of T. 1s depressed vaer “he effects of the levels

o PR
of the zenaini

red with the F-test

for normally digtribvied voaricies) 1w general will be less
han 3/17.
Te conclude it can be stoted that the a.r.e. for al-

ternative

(&)

g of shift, of the distrivuvion~free tect statis-

tics gGiven in

:)
[
‘ﬂ
3

C

:

case of normal distributed veristes, is w
o 3 ot -,1—] 1 s T
b_leruul ohiglier Toan /1/”—.

Tror theoresicnal cornsidcration (ef. Lerrer, 1664) it

con he exrected thet the Ven der YWoewrden tyne of tests
(ef. Lxamnle ~.2) will cenerally Le nore eftficient tha

e o A s e ‘
the teests discussed in this chapics (based on ranis), al-

T are more Gifificult o woHply.

los—-Iree methods

———

SN & IR DE RSO
Some o the 58 ASUIT

hodg whes compared withilie P~-tests con be sunmarised as
follovig:

1. The calculstiong inveolved mey bhe less tien those for
tie F-test;

s N -, s Fol | IR SR JE R Y B \S . 3.,

2 cne Clgtribution of the test statlistics === indeven-

deant of tne disvribution of the povwulaetion from wihidich the

crizinal observitions come znd the correspontii g tests

can e zopplied as long as tle observestions cen be ranked
(This is not strictly true in ile case where ties exist
among the obzervetions);

- n o . ,
5 a 2 f ciorial Jesigzn which iz »ot renlicated con be
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anelysed by means of the distribution-free metlhods with-

out any problem, In the parametric case it is necessary

to use the higher order interactions as estimates of the
error v.riance before the F-teat can be applied, which is

not a very sound practice.
The most important disadvontage of the distribution-

free test stetistics given in.§8.2 ig thet their a.r.e.,

compared to the T-test, is unkrovm but in generzl less

than 3/i7 i the requirements of the FP-test are met in the

-

case of ghifting alternatives.
It is thus recommended that the distribution-free
tests should only be used 1f the F-~test is not applicable

or if doubt exiete as to the anulicability of the F-test.
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CHAPTIER IX

BALANCED THCOMPLETE BLCCK DESIGIS

9.1 Introduction

The balanced incomplete block design is used in prac-
tice when a large number of treatments must be tested and
the number of plots availeble in a homogeneous block is
smaller than the nunber of treatments.

For a full discussion on requirements, fields of
application, arangement of experinental material, rando-
mization and statistical analysis in the parametric cease,
the rezder is referred to Cochran & Cox (1957).

The disvribution-free test statistics, in the special
case of ranks, for e two-way classification of treatments
are given in §9.2. The method of subdivision of the sum
of squares of the rank totals for treetments, is fully
ilJlustrated ir order to show now the theory can be gene-
ralized tco any number of components.

The theory for this method of analysis is given in
Chapter V, Part T.

The application of the formulae is illustrated with
an example in £C.3, A summary of the steps in the analy-

sis appears in $5.4 and an evaluation of this method of

4

analysis in é9.5.

9.2 Test statistics

Suppose there are two factcrs or components A and B
at m znd p levels each respectively. (There can Te any
number of components and levels). Thus there are k=mp
treatment combinationg in total. Suppose further:

t = number of treatment combinctions (plots) in.each block
(k% t), each treatment combination appears in a block

only onces
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n = number of times any treatment combination is replica-
ted, and is a comnstant for all treatments;
b = number of blocks = kn/+t;
A = number of times any two treatment combinations appears
in the same block
= n(t-1)/(k-1) and is a constant for all possible pairs
of treatments.

Within each block the observations are ranked from
1 for the smallest value to t for tne largest. If tied
ohservations are present within a block the tied obser-
vations in each tie are given the mean rank of the ranks
they would have had if they had been different (cf. Chap-
ter IV)., The observations in each block are ranked inde-
nendently of the observations in any other block,

Let now r.;h be “he rank of Xijh where Xijh is the
h-th replication of the (i,j)-th treatment combination
(i=1,...,m5 j=1,...,03 h=l,...,n)%¥ It should be noted
that these indexes have no connection with the blocks.

Let now:

Rij = 2%i4n
R = 2R. .
l. 3 l
J J
R . = 2R,
o] illj
R = 22R.. = 3bt(%t+1)
e 13
T = pin.
1’ * l.
T .=mn1R .
‘J .J
B = (mp)™'R = 3n(t+1) = 2bt(t+1)/k
v = nmp = bt
Durbin (1651) defined the following test statistic
X Por the rest of this chapter it is assumed that i

takes the values l,...,m; J the values 1l,...,p and
h the values 1,...,n.
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(Ttot) to test the null hypothesis Ho that the k treat-
nent combinations have the same effect. The test statis-

tic rewritten in our notation becomes:

\ 1 = 12
— (.t. > -
T‘to’t—12t'lk(t+l)] égJ[Rij R..] oaoo-oo.ocooao.o.(gol)
ol (e Y11y N 2
= 12[ Ak (t+1)] LL[Rij - sn(t+1) ]
ij

lZ[Ak(t+l)]'l;zR§j A G To ) Y - B~
ij ~—

Tt was shown by Durbin (1951) that under Ho, Tiot
defined in (9.1) is asymptotically for n —»-< , distribu-
ted as X2 with (k-1) degrees of freedom.

No exact probabilities are available in the case of
small samples. In §4.10 an estimate was obvained as to
when the quapproximation may be applicable., It was esti-
mated that if the Xgnapproximation was applicable for a
given k (number of treatments) and n' (number of replica-
tions) in the randomiézd block design it nay also be appli-
cable for the same Xk and
n = n't(k-1)/k(t~1) Cecacoscacossesscossossssresees(0:3)
repiications in the balanced incomplete block design.

The test statistics for the components 4, B and the
interaction AB may be oLtained from equation (9.1) in a

similar way as in equation (8.4). They are given by:

T, = 12[ Mpk(t+1) 7[R, ~ dnp(t+1)]°
i "t
= 120 pk(4+1)JTHRE - anf(H41) 0T Ll (S04)
1 L]
i J 2
TB = 12[ Amk(t+1)] ”@LR.j - snm(t+1) ]
R -
= 12{ Amk(t+1)] 1ijj -+ AT el (905)
j LY.
T =T —T, —-T 0'0000900..00.000‘.'00'-0.00!(9.6)

The formulae given in equations (9.2), (S9.4), (9.5)

and (9.6) are exactly the sar ¢ as those in equation (4.94).

o exact prchabilities are évallable for the distri-
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bution of the test statistics of the components in the

case of small sampleg for the following reaasons:

-4

1. For a given nunber of treatments there exist several
designs which can be used, c¢.g. when k=5, designs with

block sizes of 2, 3 ond 4 may ve used; and

2. this devign is very selcden usec if the treatments
foxrm & two~ or higher-way laycut since it is then usually

possihle to confound scome of +the hi her order interaction(s)

with blocks, thus reducing the block sizes (cf. Cochian &

CGox, 1957).

It may resegonably be assumed that if the Xgnapproxim
mation is egpplicable for Ttot tiat it will also be apnii-
cable for the different components.

In the case where tied observations are present among

&

the observations within any “lock tThe uvrocedure is as

followe:

Let Ay denote the length of the o_-th tie in the
g [}

2

s-th block and define

":z._; N 4 ~
CS O{(dsan 6_’ ) 000.0...0....0..0..‘Q..l...»....(g../)

2 S IS
where 2. denotes the summation over all different values
04

the a~th bhloclk,

. ~

Define further:

CT

o .
1‘- £ Cﬁ/‘b’t(t-"‘l) ooonocoooooo-'-oeoooooo'.a-<908)
s=1 "

The only necessary alteration is that the different

test criteria have to be divided by this correction term

(CT) to give ¥ (corr), TA(COTr), P.(corr) and ﬂp,(corr)

b

tot

It should e noted that if no vies are present within

}..J

=C, The correction

any block, all the d =1 axd thus

ns fa)
[S184 S

cerin then has the value o.L.

i

In the cnge of a factorial degign there existes a

second wethod of anslysis namely the single degree of
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freedon approach (cf. Anderson & Baucroit, 1°

WD
o
™
-
3
-
N
3
N

and Gouniden, 1852, n. &4).
For k=mp treatnents there exist (ix-1) orthogonal

components correcsuonding to the (k-1) orthogonal sets of

. (I‘) I ol And a
constants g; defined birs:
o
- o, () A -
1) zusz(bij = CJ I‘-_z_,oe.,*. .L?
= , (9.9)
[} QOBQOQOODDOOOBOOOOQQOOCO * _J
ii) ;4g§§)g§? A rér'
ij ‘

Let for this method (cf. equation (4.9%5)):

oovooeooOOOOQQQQQDOCQ(J.].O)

NS N "’l ‘1“; -
107 %-1)] p\u+l,\r~v)ﬁthg§1 J

13

)
3(12 /"k('t -')/Lé](-?/ﬂg oocoooo.cncouooc..o(?ol]-)

(B ) =

1]
since A= n(t-1)/(1:-1)
.T‘ = 1!2/.va.r(—[) ) -P:l k—l o o o e s 00 .(9 -_i( ‘
N.r r - -r o 9.609L. o * 8 & 0 ® 0 0 .--—/
will under HO be, asymuiotically for n <=, indepencant-
9 L o o) el
ly distributed as =7 with one dezree of freedom (see

Chapter IV).

2} the linear snd higher

L""

By means of eqguation (9.1
order effects of a compenent say T ,in a Tactorisl design,
can for instance be tested 13 desired.

In the case of tied observations in any of the blocks

(9.12) is o be divided by C7 (6.3) to yield Ir(corr).

“he application of the foriulae given sbove §s illu-

strated in the ncext peragrarh.

Aoplication
This example is for illustration purposes only as it
has not been proved that the asymptotic approximation is

anplicable.
o suitable example was available and it was decided

vo take tle datsn from Tehle XI1I-I in Federer (1955) p. 42C.
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The ten treatments of Federer's example were artificially
divided into two components which will be called methods
of planting (P1 & PZ) and nitrogen fertilizer at five
levels (Rl, NZ’ N?’ }4 & NS). The design was a balanced
incomplete block design with 15 blocks of four plots each.
Bach treatment combination appeers six times in the expe-
rirment as a whole.

Suppose the data given in Table 9.1 were bags per
morgen of maize harvested on the plots. The design used
as well as the yields with their corresponding ranks appear

ir Table 9.1.

Table 9,2 - Interaction table of ranks for a 2 x 5

factorial exoeriment

o o e o e e 2 e

A .]Nl I, N, m, Ny | Ry,
5

P {17 17 20 22,5 23,5 | 100

P, ! 6 8 10 13 13 § 50

R . | 2% 25 30 35.5 36,5 ‘ 150

The different constants defined inu§9,2 are as follows:
A=2, k=10, t=4, n = 6.

If k=10, n'=2 replicetions are sufficient in the case
of the randomized block design for the X2—approximation
to be applicsble (cf, Chanter X). ith the aid of equa-
tion (9.3) we can now estimate the numnber of replications

needed in the balanced incomplete block design ahove for

the Xz-approximation to be wvalid (cf\'é4.10).

n=n't(k-1)/k(t-1) = (2 x 4 x 9)/(10 x 3) = 2.4

i.e. 3 replications will be sufficient and we have 6,
Thus it seems safe to use the Xz—approximation for the
distributions of the test statistics,

From Table 9.2 the following values can be calculated:
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SYRC. = 2574.50

ij
zni = 12500.00
i L 2
SRS, = 4646.50
j 9

Substituting the above values in equations (9.2),

(9.4), (9.5) and (9.6) yields:

. e 2
oy = 12(Ak(t41)] lé?Réj - 3n°(t+1)/)
= 12(2 x 10 x 5)"F x 2574.00 - 3 x 6° x 5/2
- 38.94
“1,.2 2
Tp = 12[Akp(t+1)] 2R - 3n (t+1)/x
i .
=12(2 x 10 x 5 % 5)"F x 12500 - 3 x 6° x 5/2
= 30.00
T, = lZ[Ank(t+l)]—lZjo - 3n°(t+1)/A
j .
=12(2 x 2 x 10 x 5)-1X 4646,50 - 3 x 62 x 5/2
= 80701
Twp = Tiot ~ Ty~ Tp
= 0.15

If the nitrogen fertiliser was originally applied at
equidistant levels, the linear and higher order effects
may be calculated with the aid of equation (9.12)., The
values of the orthogonal polynomials are obtainable from
the tables of Fisher & Yates (1938). The values corre-
sponding to the levels Nl’ N2, N?’ N4 and N5 for the 1li-
near component are (-2, -1, 0, 1, 2). The following may

now be calculated.

3508712 - m[elT)12 2 2[(-2)2 + (-1)2 + 02 + 12 4+ 27]
i i
= 20
(r)

since the same set of values for the gij are taken for

(r) _ polT),

all i, we write &1 g,
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From (9.10) we have:
Ly = §§g§§)3ij = §g5§)R.j
=R Rt Ry 2R,
= -2(23) - 25 + 35.5 + 2(36.5)
= 37.5
From (9.11) we have:
var(L,) = (12)‘1Ak(t+1)22[g§?)]2

i] J
(12)™F x 2 x 10 x 5 x 20 = 166.67

Substituting these values in (9.12) yieldss

T, = (37.5)°/166.67 = 8.44
1
where Nl means the linear effect of N.

The rest of the fertiliser component is obtained

by subtraction.

r 1

The results obtained can be summarised as in Table 9.7%

Table 9.3 - Distribution-free analysis of variance

| Source of variation DFé T

| Ploughing P11 30.,007F

| ' ;

) Linear % 1! 8.44%%
i Fertiliser b4 8.79

: Rest [ 3 0.35

. Interaction t4 0.15

| Total 9 ' 38,94

e - e — e m————

¥x significant at the 1% level

Summary of the procedure

The following are the steps in the distribution-
free analysis of a two-way classification of treatments
in a balanced incomplete block design by means of ranks:
1. Rank the observations within each block from 1 for
the smallest to t for the largest value, allocating mean

ranks to tied ~hanvirats Anas
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2. determine the value of Rij (the sum of the ranks)
for each of the k treatment combinations;

e set up an interaction table for the Rij's and obtain
the total of the ranks Ri. & R.j corresponding to the two
components A and B;

4, calculate the values of the test stetistics Ttot’

T T

and T, with the aid of the formulae (5.2), (9.4),

&’ 7B AD
(9.5) and (9.5);

5. if applicable, components with one degree of free-
dom may now be calculated with the aid of equation (9.12);
6. if a2 large proportion of the observations within a
block are tied (i.e. if the lengths of the ties are sub-
stantial), compute CT defined in (9.8) and divide the test
statistics calculated in 4., and 5., above by this term;

T the significance of any component is assessed by
making use of the qutables. It should be noted that for
a given number of treatment combinations (k), an estimate
of the number of replications neecded for the X2~approxi—
mation to be applicable is obtaincble from equation (9.3).
(cf. also ?4.10). o exact nrobabilities are available

for smell samples.

Evaluation of the new distribution-free methods

Some of the advanteges of the new distribution-free
wethod are as follows:
1. The calculations involved may be less than the corre-
sponding parametric analysis;

2. th

®

tests are independent of the distribution of the
observations. (This ie not strictly true in the case where
ties exist among the observations.)

Some of the disadvantages are the followings
1. No exact probubilities are available in the case of

small samples;
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2. The behaviour of the test statistics under an alter-
native hypothesis is unknown. However, it seems reasona-
ble to expeet that the -~ tests will generally tend to
be conservative under an alternative hypothesis;

3 The asymptotic relative efficiency of the method
given in_§9.2 when compared with the F-test is unknown,

but in general less than 3t/T77(t+1) if the requirements

of the F-tests are met in the case of shifting alternatives

(cf. #5,14 of this thesis where the randomized block de-
sign is considered; and Van Flteren & Noether, 1959).

To summarize it seems as if this method of analysis
does not contribute very much to the practical analysis
of experiments. From the theoretical viewpoint however,
the derivation of the test statistics ;gé of great impor-
tance since the formulae for a randomized block design
are readily obtainable as a special case from those for

a balanced incomplete block design.
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CHAPTER X

RANMDOMIZED BLOCK DESIGN

10.1 introduction
For the requirerments and fields of application of

the randomized block design the rcade:

8

ig referred to any
of the standard statistical text books on ¢xperimental
design (e.g. Cochran & Cox, 1857,

The distribution-free test statistics, in the special
case of ranks, for a two-way classification of treatments,
are given in f10.2. The wethod of subdividing the sunm
of squares of the rank totsls for treatments, is fully
illustrated in order to show how the theory can be gene-
rzlized to any number of components.

The theory for this method of analysis is given in
Chapter V, Part I.

The applications of the formulae arc illustrated with
examples in 10,35, ., short summary of the steps in the

¢

anzlysiz 1s given in 212,44, A discussion of the efficiency,
as well as a» evaluvation of the new methods, 'is given in

§10.5 and 310.5 respectively.

10.2 Test statistics

A 1 A M e i 2B Tt

‘J"

Supnose there are two factors or components A and B
each at m and p levels respectively. (rhere can be any
number of levels and/or comncnents). Thus there are in
all k=mn treatment combinations. Sunpose these treatment

combinations arec replicated n “Yimes and the design is a

randonmized bloclk design.

Tet v, ., be the rank of X.., when the observations
ijh ijh
the h-th replication or block are ranked, independent-

1 giving rank 1 to the smallest and ¥ to the largest
Ys 5

observation -n the block, i.c. 11, k (cf. Chapter V

155
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& Priedman, 1937). X is the observation in the h-th

ijh
revlication of the (i,j)-th treatment combination (i=l,..
eesM3 J=lyeee; D3 h=l,...,n)%F

If ties are present within a replication the tied
observations in each tie are given the mean rank of the

ranks they would have had if they had been different (ef.

Chapter V). TLet now:

Rij = ﬁrijh; iy = nmp;

—_ ° Ea) - ""l'D
Rl. -_— ?Rij 9 .[Ll . i p .LLi . 9

— 3 — _1 3
LL.J -— Zi'Rijp R.J = M I{. 9

. - -1
R = ALRij = 2nk(k+1l)s R = (mp)""R = in(k+1).
¢ @ ij LN ) e o

Priedman (1937) defined the following test statistic
(Ttot> to test the null hypothesis H_ that the k.treat-
ment combinations have the same effect. The test statis-

tic rewritten in our notation becomes:

7 12{nk(k+1) )7 Ho(R, - B

ij ¢

ceseossecscascsssl(10.1)

1l

tot

12[nk(k+1)]”1LZ[Bij - (k1) ]°
ij

It

12[nk(k+l)}”lZ;R§j = B0(K4L)  erenenennenss.(10.2)
= J

It can be shovn that under HO, Tiot defined in (10.1)
ig, asymptotically for n --»= , distributed as X2 with
(k-1) degrees of freedom. Siegel (1956) in Table N gives
exact probabilities associated with values as large as an
obgerved Ttot for k=%, n=2 to 9 and k=4, n=2 to 4. For
n and/or k largzer than these values, the associated proba-
bility may be determined by reference to the Xz—distri—
bution with (k-1) degrecs of freedom.

The test statistics for components A, B and the

x For the rest of this chapter it will be assumed that
the index i takes the values from 1 to m; j the values
from 1 to p and h the values from 1 to n. Both
mé&p=z2.
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ion A3 may be obtzined from eguation (10.1) as

; : = 2
|.I_‘ = K[_}L\t(R. . - R )
tot 13 1] o
where
K=12Lnl’\:(k+l>:}_l 000.'.0.600000OO..‘..‘..90'......(10'3)
GRS - O S S - SN ¢ I D PR ¢S DB b
‘tho‘t A~TL*1J 1. J.. —A‘. i L] >'.. .:)l L 3 ]
1
. . - - > .
= Kub(Ry -0, T 4 )% 4 k(K K )P
jj J ® .U . o -fJ o L N )
+ K. )2
ij L] e O
all cross-productys are zero.
e e D e
= K22 (R <R, H B )T 4 (R - )2
(4 1. OJ o 9 —‘ l. LN )
ij i
+ R (R -E )% el (1044)
j QJ LI ]
— m in m
= Typ + EA + lB
Prom (10.4) we now obtains
m - Ene (R in 2
T = Kpn(R, - R )
A A e
i
= 12| npk(k+1 ] - Ana(k+1) -
1 '
since B = #n(x+2)
.- oy — 2 7oy
= 12[_1"1}“15'\1{1‘1)] lZ.R] 31’]‘.74'1) 00000000000000.041005)
i~ ©
T > (T 0 \2
TB = I\_mg(R. - R‘./
J : l ]
= 12{nmk(k+1) ] 2{R . - dnm(k+1)]"
j v
- 12[nmk(k+1)]”*;R2j BN(KHL) eeenenreeannnnsa(10.5
j e )
m —_— T ) -~ ?‘ﬁ: . ko)
Tpn = ,z?(}“lj R R+ h”)
— _m
_Ttot T-[.:L J-‘T‘) '..90.9.0.’0'.00000“.B..‘....(lo.'?)
The formulae in eguations (10.2) and (10.5) to (10.7)
correspond to those in (5.66). The calculating formulae
for the case where a function of ranks 18 congidered,
are given in 3,.,, n. 120,
The test statistics TA’ TB and TAF are under Ho,
asymptotically for n - =, nutually independently distri-
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buted as X° with (m-1), (p-1) and (m-1)(p-1) degrees of
freedom respectively (cf. Chanters IV & V). Under an al-
ternative hypothesis Ha these components are not asympto-
tically independently distributed. By means of sampling
studies it was found (cf. £5.10) that the test for, say,
comporent A becomeg more conservative when the effects of
the levels of conmpoencnt 3 are increased.

To obtain the probabilities of obtaining a value as
large as or larger then the calculated value of a test
statistic (say TA) in the case of small samples, one of
the following alternatives should be. followed depending
on the value of k, m and n.

1. Exact probsbilities for TA are given in Table 10,1
for the following values of k, m and n:

a) k=4, m=2, n=2 to 4; and

b) k=6, m=2 and 3, n=2.

For TB the values of m and p should be interchanged.
2. For all other vslues of k, m and n the Xg-distribu-
tion may be used with (m-1) de.rees of freedom. If, how-
ever, any of the components consists of two levels only,
a continuity correction of a % should be applied (i.e. a

<

% subtracted from the highest rank total and a % added

to the smallest rank total for that component) before the

value of the corresponding tesv statistic is calculated,
In the case of ties the following correction term

is used (cf. Kendall, 1955, p. 100):

CT=l—Z;@h/nli(k2-l) oo-oooooocooooo-000000000000(1008)
h
where
- 3 _ .
e, = 2 (th th),
(t,)

th = length of any tie within replicate h;
(Z ): summation over all different values in the h-th re-

t

h

plicction.
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Table 10.1 - Exceeding probabilities of obtaining a value
as large as or larger than the calculated

wﬂueTA
{—‘ ;7 Ty Exact i iv T, , DBxact
. Prob. | | —— Frob.
g ;4.8 0.056 ! i 9.143§ 0.0007
|m=2: 2.7 | 0.167 | 8.143 | 0.0037
k=41 1.2 | 0.445 | 7.429 | 0.0111
I n=2] 0.3 | 0.779 7.000! 0.0230
' 0.0 | 1,000 | 6.657 | 0.0289
7.2 | 0.009 6.143 | 0,0407
5.0 | 0.037 5.571 | 0.0556
m=2| 3.2 | 0.121 5.286 | 0.0733
k=41 1.8 | 0.284 | 5.143 | 0.0859
=31 0.8 | 0,518 | m=3 ! 4.429 | 0.1156
0.2 | 0.825 | k=6 4.000| 0.1556
0.0 | 1.000 n=2§ 3.857 | 0,1748
1 9.60 | 0.002 £ 3,571 | 0.1956 i
{ 7.35 | 0.008 | 3.000 | 0.2519
5.40 | 0.029 2,714 1 0.3141
m=2| 3,72 | 0.079 | 2,286 | 0.3585
k=4| 2,40 | 0.179 | 1.857 | 0.4563
n=4| 1.35 ! 0.340 | 1.714 | 0.5170
0.6G | 0.571 1.286 | 0.5778
0.15 | 0.849 1.000§ 0.7111
0.00 | 1.000 0.571 | 0.7985
T 17,7141 0.005 0.429 1 0.8844
| 6.095 | 0.015 0.143 | 0.9793
4,667 0.C40 o.oooi 1.0000
m=2| 3.429 | €.090 |
|

k=6| 2,381 ; 0,170
n=2: 1.524 ; 0.290 !
0.857 ! 0,455 |

0.381 | 0.655 | i
0.095 | 0.880 { ‘
0.000 : 1.000;

The only necessary alteration is that the different
test statistics have to be divided by this correction term
(CT) to give Ttot(corr), TA(corr), TB(corr) and TAB(corr).

It should be noted that if no ties are present all
thzl and thus all wh=o. The correction term then becomes 1.
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In the case of a factorial design there is a second
method of analysis called the single d
approach (cf. Anderson & Bancrolt, 1952, D, 272 and eoulden,
1852, ». 38).

For k=mp treatments there exist (k-1) orthogonal com-

porients corresponding to the (k-1) orthogonal sets of con-

3\
ants gi?’ defined by:
i) %;g§§) = 0 r:l,..,,k—1% ( |
T A { © 96 0 0600 ® 8 e 00800 se GG lO-()
. - L -
ii) 4eg§§)g§§ =0 i %
1]
Le or this method:
o (r) \ . \
= I‘..-pr- = o 0 0 ] @ © 0 00 6060 0% s 0000 00O L] /
L, §§g13 R, | r=l, 0., k-1 (10.10
then
- )
var(Lr) = (12) nk(k+1)sz5§§)]‘ Ceestecsnssencasses(10.11)

(cf. (5.66) and Chapters IV & V).

T, = L;/var(Lr)9 r=1l,...,k-1 Ceceerrecssanensssll0,12)

will under HO, be asymptoticaelly for n -->.o, indenendently
distributed as Kz with one degree of freedom each,

By means of (10.10), (10.11) ard (10.12) the linear
and higher order effects of a component, say TA\lﬁ s fac
torial desiwn, can for instence be iLosted if desired pro-
vided the X -approximetion of TA is couneidered agouplicable.

In the case of %led observations, T, (10.12) is to
be divided by CT (10 .8) %o yield Tr( corr).

10.3 Application
Fxzmple 10,1 - To illustrate the application of the for-

mulae a hypotietical factorial design with three cultivars
C

r

of naigze C C, and
L, Z Jl’ 12

19 ]-\129 /z
was a randomized

ond four “evele of nitrogen ferti-

‘:L

N

LA
block degsign, with six replications.

lizer N M., and is congidered., The design used
T

The vields in begs/morzen for the different plots as
well as the corresnhonding ranks are onresented in Table 1C.2.

vithin each replication the observetions are ranked
from the smallest *to the lar est value and the totals of
thie ronks for eaoch trestment combinetion are chtained.
Thene tovals are set out in Tahle 10.2,

Table 1C.2qis the interaction table of cultivars of
maize x fertilizer. OCultivars of maize are now taken as

~

component A and nitrogen fertilirzer as componcnt I in
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Table 10.2 - Yields and ranks (r) of cultivars of maize (C) x fertilizer (W)
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formulae (10.5) to (1¢.7), thus

s m=3%;, p=4, k=12 and n=6,
To calculaete the test ¢tatistics for the different

m ! £ on Lo 1 S f}_ 2 — .
J__to_t = L2LILK(;-+1)] -4__.. i Rl:} - jn(l{'!‘l)
i=1 j=1
D(E v 12V ne 2, med T
= 1{3(0 X 12 . 1/) (?J.. 'f‘a.oao‘f"_/) ) - ) X o X 13
= 28.23
From eguations (10.5) 4o (1C.7) we obtain:
Ty =12 [npk(k+1)]™ l‘R?. -~ Zn(k+1)
1
=12(6 x 4 x 12 % 13)75(123% + 154° + 181°) - 3 % 6 % 13
= 5,70
T o= 12{mmk(k+1)] 2
i LTS R - 3n(k+1)
- 2
= 12(6 x 3 x 12 x 13) " H(64°4116°4145%4140%) - 3 x 6 x 13
= 17.6%3
Torr = Toot ~ To ~ T
= 28.2% ~ 5.70 - 17.6%
B 4090

There are no ties among the observations within any
replication and thus it is not necessary to calcul~te CT
in eguation (10.8).

If the calculated value of any of the test statistics
is larger then the velue needed to be significant by means
of the X2 distribution at the 5% level with one degree of
freedom (i.e. 3.5341), we may proceed to subdivide the test
statistic into conponents with one cegree of freedom, if
it makes any sense, i.e., if there is linear contrast (s)
among the levels of the component, orthogonal to all othexr
contrasts, we would like to make (e.g. calculating the

-

linear and higher order effects of a fertilizer being
lied st more than two levels). uwhe recason for this is
thot if the test statistic for one of the comronents with
one denree of freedom is nearly as large as the test sta-
tistic for the originsl component, the test for this conm-
nonent with one degree cof freedom will be 81gn1ficant.

In the above examnle cultivars cannot be subdivided
into single dezree of freedom componentes, and arethus ig-
nored. I1f,however, the fertilizer were cpplied on a faoc-
torial hasis,wisre the different levels of the fertilizer

ct

are eguidistan fron eacl. other, the linear, quadratic
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and cubic components can be calculated with the aid of
orthogonal polynomisls (cf. the tables of Fisher & Yates,
1935). The constants obtained from the tables for the
linear component which correspond to the four fertilizer
levels are (-3, -1, 1, 3). Since these constants are the
same for all three cultivars of corn we denote them by
(3=1,2,3,4).

With the aid of equations (10.1C) to (10.12) the linear

g.j

effect of nitrogen fertilizer can be calculated,

228°, = meg?. = 30(-3)° + (-1)° + 1% + 37 = 60
s iy e ] -
1] J
Ly = 248.:R.. =28 .R .
Nl 13 1j71) 3 oJ o)
= [(-3)64 + (-1)119 + 145 + 3(140)]
= 254
where LN indicates the linear effect of nitrogen ferti-
1
lizer,
_ ~1 s 2
var(LN ) = (12) nk(k+l)uagij

1 13
(12)™1 x 6 x 12 x 17 x 50

i

4€80

3
]

2
Ly /var(Ly )
1 N Ny

(254)2/4680 = 13.79

The test statistic for the rest of the fertilizer

N

i

effect is obtained by subtracting this last value from

T The results obtsined above can be summarized as in

il
Table 10.3. (Mote that, according to the rules given in
the previous naragraph, the X2—approximation is applicable
in this case.)

The observations were also analjxed according to the

parametric method of aralysis and the results obtained

are tabulasted in Table 10.4.

Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2022



4
&

“ UNIVERSITEIT VAN PRETORIA

e

UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

Table 10.3 - Distrivution-free analysis of variance

. Source of variation: DF: 5
' . ‘ e e
: —

! o T I .
i Cultivars i 2 0 5.70 !
i . t
! s ! ! , X
| {binear (1 xx313’78 |
i Fertilizer: ©o 30 LT7.8377 I
i Jiest ; 12 1. 5.85 i
. interaction 6 4.90 '
— S o
I Total 11 28,253 !
, :
¥¥ significant at the 1% level
Table 10.4 - Param=tric analysis of variance
| T 7
. Source of variationm: DF | k) X
L | L —
| . T .
| Replicates P 5
i ' !
! : X |
| Cultivars b2 3,74 |
i ¥X
! . . . A0
! {Linear | (1 X*g25 4¢
lFertilizer} i34 10,7577 !
! ‘Rest P12 L 2e52
| | 5
|Interaction 6 1 1.53 ;
; i
i l ! 3
i Error 155 |
?..,_. ——— . - - ;
éirtal 71 i

|

x significant =t the 5%
¥* significant at the 1%

cric methods showed

p

Both the parameiric and nonpsr:ine

the linear effect of nitrogen fertilizer significant at

the 1% level. 7he parametric mcthod fur+ther showed

cultivers significent =t the 5% level whilst the nonpara-

metric method did.hot declare it significant.

Example 10,2 - To illustrate the method of analysis for

the special case where use is made of the transformation

of the rarks to "noruwal values' suggested by Van der
Weerden (1957) (seef?5.5.3), the same-observations as in
Ixanple 10,1 is used. The apolicability of the Xz-approxi-
nmation in this case, can be bhased on the same argunent as

3y

J e

W
[ ]
N

ziven in the lasct sentence of %
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Divide the ranks in Table 10.2 by (k+1)=13 and these
values (6ijh) are then transformed with the aid of the
values in Table 2 of Van der Waerden (1957) p. 334 [Q(&ijh)].

The results obtained are given in Table 10.5 together

with the totals zij for each treaztment combination.

.

Table 10.5 - Transformed values (Tr) of the ranks in

Table 10,2

e ——
|

T ! . . !
t Repli~ Treatment combinations |

¢ e o —

‘

i : T; % Tr i Tr i Tr % ﬁTi H Tr ~j
|1 -0.50 f 0.29| -0.74 1 -0.29 % ~1.4% | =0.10 {
|2 P -l.02 o.50§ ~1.43 | -0.50 | -0.74 0.29 ;
3 § -0.74 -1.02% ~0.50 | -0.29 | -0.10 1.02 %
4 i ~0.50 | 0.10 i 1.021 -0.74 | -1.43 | -0.29 |
L5 .02 -0.74 g 0.50 | -1.43 | -0.50 { =-0.10 g
6 | -0.10 ; o0.50) 0.29! 0.74 | -0.29 1} -1.43 |
T“zij.; -3.88 | -0.37 L -0.86 [ -2.51 | -4.49 -o.éit:
*ﬁépli% Treatnent combinations "7
cotes | QSy5) | @650 Q6510 Q65500 | Qog)] Qlbgy) |
S e

1 C.74 ! 0.10; -1.02 |  0.50 1.4% 1.02

2 ~0.10 % 1.43 ] 1.02 L 0.4 0.10 | -0.29
3 0.74 | 0.10 ! ~1.43 0.50 1.43 0.29 |

4 0.50 i 0.74{ -1.02 | =0.10 1.43 0.29

5 0.29 0.74 | =0.29 0.10 1.43 1.02

% 6 0.10 1.02 | -1.02 | -0.74 | =-0.50 1.43
ey 2.27 | 4.15] -3.76 ] 1.00 | 5.32 | 3.75:}

Table 10.6 is the interaction table for the trans-
formed values, as well as the totals for cultivars of

naize zj (i=1,2,3) and nitrogen fertilizer z ; (j=1,2,3,4).
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Table 10,6 - Interaction (transformed ranks) of culti-

vars maize x fertiligzer

. g -

T T S SO O M M 0
{ Cy-3.88 -0.37 -0.86 -2.51 ~7.62 |
| ¢y l-445 -0.61 2.27 413 | 1.30
oy |-3.76 1.00 532 3.76 | 6.32
Ef.j.f*l2.13 0,02 6.73 5.38 | 0 |

From equations (4.5) and (4.6) we now calculate:

6? = (nk)-lzzz z?.h since z =0
ijh J o e o

(6 x 12)" [ (-0.50)%4(-1.02)%+. . .+(1.02)°+(1.43)?]

I

0.663
Van der Waerden (1957) tabulated in Table 12 the va-
lues for 6@ (if no ties are present). The value tabulated
by him for k=12 values is 0,661, which is.nearly the same
as the one above. The difference is probably due to roun-
ding errors.

With the aid of the formulae in equations (4.86) to
(4.869) (cf. §5.5.3) we now proceed to calculate the values

of the different test statistics.

_ Dy -1,. 2
Tiot = (k-1)(nko<) 2223 5
ij
= ""1 3 2 2
= 11(6 x 12 x 0.663) [ (=3.88)° + ... + 3.76%]
= 28,25
o<1 % 2
Iy = (-1)(nmkos=)™" 2 =z 3
3':1 L ] L ]
I ~1 2 2
= 11(6 x 3 x 12 x 0.663) [(—l2.13) +0,027+
6.73%+5.38°]
= 17.78
2\-1 2 2
Ty = (k-1) (npko“) _&121'.
1=

=11(6 x 4 x 12 x 0.663) [ (~7.62)%+1,30%+6.32%)
= 5.74
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i

28.25 - 17.78 - 5.74
4.7%

1l

For similar reasons as in Ixample 10.1 we now pro-
ceed to calculate the test statisticscorresponding to the
linear effect of nitrogen fertilizer with the aid of equa~

tions (4.90) to (4.92).
LN =n 228 Zys =D L8 .7 .
1 i3 +d 13 FRCPANEE

67*[(-3)(-12.13) + (-1)(0.02) + 6.73 + 3(5.38)]

o

i}

x 59.24
var(Ly ) (k-15£o2;&g
1 ij
= (11)7F x 12 x 0.663 x 3[(=3)° + (-1)% + 12 + 3°]
(11)™ x 477.36

I8

i

.

Thus

Ty

g = L5 /ver(Ly ) =(11 x 59.24%)/6 x 477.36 = 13,48
" 1

1
The test statiastic for the rest of the fertilizer
effect is obtained by subtracting this last value from TN‘

The results obtained above can be preserted as in Table 10.7.

Table 10.7 - Distribution-free analysis of variance

iSource of Vtrlutlon DF | T |
— - e

Cultivars ;2 ©5.745

{
‘ ‘Linear | 1 13, 47**
!“extlllaerw | 30 117, 78XSH
{Rest 2 { 4.30

1nteractlon i 5 4.7%

o — —— _T - .._,.,...ﬁ

Total 11 28.25 !
e e e § I - <
b33 >1fn1flcart at the 1% level

With this analysis the same conclusions are drawn as
in Example 10.1 where ranks themselves were considered
(i.e. the linear effect of nitrogen fertilizer signifi-

cant at the 19 level and cultivars not significant).
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Lxenple 10,3 ~ This exemple illustrates the analysis of
a 55 factorial desipgn with 4 replicates. The special case
of rarks will be considered (i.e. an extension of the for-
mulae in ¢1C.2

To illustrate the ap-licetion of the Tormulae for
more than two components the example in Cochran & Cox
(1957) ». 1% was used. In this example the effects of
three levels of nitrogen, three of phosphorus and three
of potash on the germinntion of lettuce seedlings, con-
ducted at the seed lsborateary, Iowa State College, were
tested, The sgeed was thoroughly mixed, and divided into
108 samples of about 60 secis ecch and germinated, At
the end of 5 to 7 days the normal seedlings were counted,
The data in Table 10.8 shov' the number of normal lettuce
plants os well as thelr corresgnonding renks,

The computations procced as follows:
1, Rank the observations within each replication fron
the gmallest to the lorselt. For +tied obeservetions give
the mean rank of the ranlks they -rould have had 1f they had
been diffcrent. In this example k=27=number of treatment
combinations., The indecxes 1,j,h con tzke on thrvee values
1, 2, 3 each anl they sux over the levels of the compo-
nents I’y P and K resoectively;

= i r,.. . as in Tabkle 10.8;

ijh g1 1ibs
. obtain the three interaction tables for N, P and K;

2. calculatve P

3
4. calculate the different test statistics as follows:

2 i1 D o )
Ty = 12[n x 3% x k(k+1) ] 2 Ry - 3n(K+l)
’ 1-1
- 12(4 x 9 x 27 z 28)" (6052 + 507° + 400°) - 3 x 4 x 283

]

9.27

It should be noted that n x 52 = %36 is the number of

plots (ranks) added together to obtain the total Ri

LR

(i=1,2,%) which is scuared. This can be applied right
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Table 10.8 - Humber =2nd rank (r) of ncrmal lettuce plants

emerging in a 33 experiment (based on data

from Cochran & Cox, 1957)

IRt 4 e e b+ i e e ——— e i

T;g;i:di Rep. l § Rep. 2 L Ren. 3 ~ Rep. g—? igﬁfé_~
Th‘ﬁTiT“NBT“er No. "x [ Wo. %[ To. }"P{;;“
o120 11 2 3723.5 30 224 41 22! 69.5
122 : 11 222 1l g s 29 9.5 1.0 |
§ 220 13 5 34 20.52 19 8.5 26 5 i 39.0
2002 § 12 41 27 14| 22 13.50 35 16 | 47.5
f 101 E 11 2014 6! 26 17 31 12.50 37.5
go 211 30 11 i 13 5] 27 18.5) 29 9.5 44,0 |
i 000 4117.5 40 271 38 25| 52 27 | 96.5
1110 21 7.5 38 251 27 18.50 32 14 | 65.0
211! 21 7.5 12 31 25 15,5, 28 7.5 33.5
2 01§ 42 19! 34 20.5/ 11 1 ;42 23 63.5
121120 6! 35 26| 18 5.5% 51 12.5] 500
210 24 9] 37255 17 42 3| 39.5
011 3 14, 35 22 | 15 8.5 38 19.5{ 64,0
1121 33 15| 19 9| 22 13.51 37 17.5 55.0
100 61 27 32 18 | 42 27 | 39 21 ! 93.0
002} 40 16| 16 7. 29 21 3315 % 59.5
222 46 21,5012 3| 20 11 ! 15 1.5/ 37.0
020 44 201 21 10| 19 8.5/ 47 25 | 63.5
111 | 4621.5 12 3| 37 24 | 28 7.5, 56.0
102 48 23| 31 16.5] 28 20 | 50 26 | 85.5
221|658 2 33 19 1 21 12 | 15 1.5 56.5 |
001! 53 24| 30 15 ! 40 26 % 37 17.5,  82.5
010 54 25 26 12.5| 36 23 { 44 24 ; 84.5
212 | 37 13! 2612.5 13 2|27 € | 33.5
022 | a 17,5 31 16.5] 14 3 % 25 4 i 41.0 |
1201 25 10| 16 7.5[ 18 5.5 30 11 | 54.0
(200132 121 6 125155 3819.5 45.0]
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Table 10.9 - ¥ x P interaction table (ranks)

! PP, | ;
N IR e N - B s
R S s P
. T 1238.5: 218.01 148.5 | 605.0
} ' i ]

L owy i21o o‘ 176. o‘ 115.0 fs o’
N, 1159.0 106, 5 154.5 !400.0;
'R . 1613.5: 500. 5! 395.0 i ;
ede 1L -

Teble 10.10 - N x X interaction table {renks)

; T ' 'K |
o i %o ! ! - Ko

N, 1244.5 ;190 5] 170.0!

1 : f

| N ,192.0 [145.5 . 171.5)

f |

N, 1126.5 2155 5 116.01

R 1,%63 0 [489.5 459. 5

et e @ o e

Table 10.11 - P x K interaction table (xranks)

[ T :
| K K K |
U e, LS
| P, §237 5 1183.5 ! 192.5 |
Py ;189 0 1153. 5' 158.0 |
i 9 !
! P2 '136 5 1)? 5 109.0;

through as a general rule nanely (except for the constant
12[k(k+l)]“1) the rank total which is squared should be
Givided by the number of observations (ranks) from which

it is obtained.

>
To o= 12[36 x k(k+1)]7F 2 RS, - 3n(k+l)
P j___l .J.
(o) "l 2 ,—-2 - 2
= 12(3%6 x 27 x 28) (613.5°4500,5°+398) ~ 3 x 4 x 28
= 10.25
From Table 10.9
12 22
Typ = 12[12 x ¥(k+1)] 121 ngR 5. = 3n(k+l) - Ty = Ty

i

12(12 x 27 x 28)~1(238.5%...4134.5°) - 3 x 4 x 28
- 9027 -~ 10.2)

= 4,31
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3
N
Il

12036k(x+1) 171 2 R® | - sn(i+1)
h:l o ol

= 12(3%6 x 27 x 28)"1(563%4489.54459.5%) - 3 x 4 x 28

]

2.50

From Table 10.10

e = 12012 x 27 x 28)7H(244.5%+...4118%) - 3 x 4 x 28
- 9.27 - 2.50
= 4.01
From Tanle 10C.11
TPK = 12(12 x 27 x 28)_1(237.52+...+152.52) -3 x4 x 28
- 10.25 - 2.50
= 1.98
The value of Ty was not calculated since it

is partly confounded with blocks in this example.
Calculate the correction term as defined in equation
(10.8).
In replication 1 there are three ties of two values
and one tie of three values.
o =327 - 2) + (3° - 3)] = 42
In replication 2 there are five ties of two and one
of three.
¢ = [5(27 - 2) + (37 - 5)] = 54
In replication 3 there are four ties of two values
and one tie of four values.
[4(27 = 2) + (47 - &)] = 8

In replication 4 there are six ties of two values.

G

i

C, = 6(27 - 2) = %6
Thuga ic g = 216
Substgztting this value in (10.8) yields:
cr = [1 - 216/4 x 27(27°-1)] = ©.9973
A1l the test statistics calculated above should be

divided by this correction term. The results obtained

are swmarized in Table 10.12.
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(03‘&

It should be noted that the number of observations

. - 2 . . .
ig large enough for the X -approximation to be applicable.

Table 10.12 - Digstribution-free analysis of normal

-~

ettuce plants in a Bj experiment

S o o e e N P P P

i Source of.

: "wmopom : - i
'variation; 0% 1 1 ; T(corr) ?
o e e+ emoanbmn ___4__.__J| R X—f‘{
; W L 20 9.270  9.30%%
§ P . 2 j10.25!1 10.28%% !
: K L2 . 2.501 2.51 |
f i | i |
: ’ | H )
B 4 L4 431 4,32 i
[ i i i 1
; NE .4 4,011 4.02 |
i ; ) i !
. PK b4 11,987 1.99

%%  significant at the 1% leve

o

Comparing these results with the results for the pa-
rametric smalysis of wvarience given in Cochran & Cox (1957)
., 189, it is seen that both these methods showed N and
nigkly significant.

Next the linear and quadratic components of the
fertilizers (except X since TK<13.84) are calculated with
the aid of orthogenal polinomials given in the tables of
Fisbher & Yetes (1938). Prom the tables the values for
the two compone:r ts are:

Linear -1 0 1

Quadratic 1 -2 1

wnere the three values of the two components given above
correspoiid to the 1, 2 arn? 3 levcle of *he different fexrti-
lizers respectively and since they are the same for the

two remaining components.we indicate them by & . . g.j.

and g ) for M, P and K respectively.

.Ol
or the linear component of the fertilizers we cal-

culates

- Sy Nt o 2
2iLgL = 4&&g2, = LL&gz n = 9L("1)2 + 1) = 18
ijh f*t ijh o cdr ijn R
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For I; we cet Tfrom (10.10):

= = /. . pend _,,f 5 400 = —?\
Ly, @4‘"1..T1]b c8;, By, = -905 + 400 = -205
ijh i

From (10, 1]) and (10.12) we hsve:
D -
T, = 12(-205)°/(4 = 27 x 28 x 18) = 9.26
where Nl indicates the linear effect of nitrogen fertili-

zer., Similarily

T 10.23
Py
The value of Ty is not calculated since TK is al-
Kq 4
ready smaller than 3.841, the value recuired for T, %o

il
be significent at the 5% level.
The quadratic components may be calculated in the
same way as the linear components or they can be obtained
T

by subtraction. The interactions ElPl, thl etc. can be

c.lculated as follows:

¥ = VRPN K} P P = N. P, - T_P. - W N3
NPy (]x3 1,1)(13 *1) 1.513 a2y MlPB + NiPy

= 833, T 831, T 813, T 817,
NiBy = 8- 3 - 23,1~ 81,3+ 811
Thus
"l L ) PN , 2 2.
ALAgi' = ;4;35 o= ALT o+ (-1 o+ (=1)° + 1‘J = 12
ijh *d ijn ot

For hlll we get from Table 1C.9
2.2.4.8 . co= 228, . Ro. o= 134,5 - 159,0 - 1435.5 + 235.5
ijh 1. th 13 1j.71].

= 65.5

5 2
T » = 12(65.5)/(4 x 27 x 28 x 12) = 1.42
e
171
Similarily
Ty o = 1.44
K *
171 |
The results chitaineld are eummarized in Table 1C.13%.
Comparing thnese results with those cobtaeined in Coch-
ren & Cox (1557) p. 196 ucing parametric procedures, it
is seen thot both methods showed Ei and Pl significant

et the 1% levsl. In addition the parametric method fur-
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Table 10.1% - Distribution-free analysis of indi-

vidual components

O U

DOUXCE OX gy i m oy |

; SO DF LT ¢ T(corr) |

cvariation: T P tleorr)

: ) : | i

L —— - o
1 1 9.26, 9,207

1

H 1
i 1 { A ! i
! 1 : ! i
: ! !

, |

i N 1. 0.01 L.01
| P 1 10.2%; 10.06%%

s
l,....]
(@]
&)
[
)
&
e

A2 !

1
l.44 1.47

¥x  significsnt at the 1% Tevel

ther showed K., =nd Nlﬁl significant at the 5% level.

10.4 Summary of the nrocedure

these are the steps in the distribution-free znaly-
sis of a two-way classification of treatments in a rando-
wmized block design by eans of ranks:

1. Renl the observetions within each replication from

1 for the smallest value to ¥k for thre largest value, allo-
cating mean ranls to tied observations;

. (the sum of the ranks) for

2 determine the value of Ri.
J

each of the k treatrent combinationsg
3. set up au interescltion tarls of the Rij's and obtain

the total of the ranks R, and R 3 corresponding to the

Lo .
two comwonents A and B

1

4, calculate the test shtatistics Ttot’ TA’ EB and TAB
with the aid of formulae (10.2), (10.5), (10.6) and (10.7);
5. if epplicable, comporents with one degree of free-
dom may now be calculated with the aid of esuation (10.12):

a

G if a large proportion of the observations within a

replicate are tied (i.e. if the lengths of the ties are

,

test statistics calculated in 4, and 5., above by this

t

4]

Tring
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Te the method of assessing the significance of any com~
ronent, say A)at w levels demends on the vaiue of m, k

and n.

o

[ .
X ~apnroxi-

Bt
L ]
Fed
@]
=
o
:._l
!
@)
ct
>y
0]
1.
<
H
Q]

2
O
i~

K]

0
=
¢
]
[
s
o
hl

b

mation should be used at (1) degrees of freedom, 1t

e

should be noted that 2 convinuiiy corraction of a siiould
he applied to the rank ftotals, if the component containrs
two levels only, before the value or the cerrssponding
test statistic is calculated. If the value of this com-
ponent must be subtracted to obtain the interaction (cf.

.

equation (10.7)) we first calculate the test statistic

for the compoiient at two levels without a contianuity
correction, use this value to calculatve tie interaction
and vher. calculate the test statistic agein with the con-

-

tinuity correction and use this value to test the gpe=

cific comnonent.

Lffic-ency oi |

I the distribution-free tests ziven in ;;ozg
In the specinl case of ranis the highest asymptotic
relative efficiency (a.r.e.) obtainable for any of th
teet statistics say T,, vhen comneared vvith the M. %est, for
o

alternatives of shift, ie 3k/a(k+l), in the case of nor-

mel distributed varistes (ef. Lemmer, 1964, p. 168 and
b &

,
¢

£5.14), This is true if the effects of the levels of the

>

remeining compcneints are sero.

From samnling studies {cf. $5.10) it was found +that
5
the velue of say T, was depressed when the effects of the

“A
levels of the remaining components weve not gero. As a
with.
conseguence of this the a.r.c. of TA (eompared #=m the F-
test when the requirenents Or <ws Fotest are met) will

generally be gsmaller than 3k/ﬁ(k+1).
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From theoretical consideratior (cf. Lemmer, 1964)
it can be expected thet the Van der Vaerden type of tests
(cf, Example 10.2) will generally Te more efficient than
the tests discussed in this chapter (based on ranks ),

although they are more difficult to apply.

10.6 Discussion and evaluation

Some of the sdvantages of the distribution-free test
statistics prese.ted in this chapter, when compared with
the corresponding I-test for a rundomized block aesign,
are the followin:

1. The distribution-free tests are in contrast to the
P-test independent of assumptions such as additivity (i.e.
no block x treatment interaction) and normality;

2. tihe calculations involved are probebly a little ea-

U}

sier than those for the F-tsst in the specisl case of

3. in the cese of 2 split »lot desizn tihereare no pro-
blems in obitcining the corrsci error term since the di-
gtribution~frce tests are independent of arn cstimate of
the error variance,

The most important disadvantage of the distribution-
free test statistics is the fact that the a.r.e. ol the

test =

tatisticn, when compared witii the T-test, 1f the

<
n

requirements of the latter are met, is unknown but less
than 3%/;(k+1l) for shift alternatives in the special case
of ranks.

Thus we may conciuce by saying that the F-test should
always be used when its requirements are fully met. In

all other cases preference should be given to the distri-

bution-free tests,
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CHAPTER XI

-

LATIN SQUART DESIGES

Introduction

In this chapter three digtribution-frce methods of
anzalysis are presented for latin square designs. The first
two are for a letin square design replicated once only and
the third for a latin square design replicated several
times. All %hreéf%hese methods of analysis are given for

lie case where the treatments form a one-way classifica-

tion., If the treatments form a multi-way classification

the test statistics for the different components can be
) \\'\a\

obtained in a similar manner == in ecquation (8.4).

For the randomization, requirements and analysis of
variance in the paraetric case of latin square designs
the reader is referred to Cochran & Cox (1957).

The formulae for the three methoas of analysis are
given in §ll.2 for the special case of ranks. The formu-
lae for functions of ranks are obtainable from Chapter VI
(pe 144).

An illustration of the application of the formulae
is given in§;11.3. A sumnmary of the procedure: is given

in jll.4 and an evaluation of the three methods of analy-

sis in $11.5.

Methods of anaslysis for s latin square design

“hree methods of enalysis are presented for the ana-
lysis of a latia square design. The formulae are given
for the special case of ranks only. A full discussion
of these mevhods as well as the formulae for functions

of ranks are obteirnable in 66.5 (p. 153),
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2 _comvnletely ran-

-

com design

givi

(k

£11 the observations in the letin square are ranked
ing rank 1 to the smallest observation and rank H=k

= number of rows, colusms or treatments) to the largest

observation., If tied observations are present the tied

L

observations in cach tie arc siven the mean rank of the

ranks they would have had 1f tliey had been different.

Let Y (1) be the obscrvation in the i-th row, j-th
d i

column where h corresponds to the treatment applied to

th

o
<

plot (i,j) and let riﬂ(h) be the renk allocated to

Yi'(h) in the joint ranking., Let further Rh be the total

of

the ranks corresponding to the h-th treatment.

The test statistic to test the null hypothesis that

the cffect of the treatments js the same is obtainable

Tron (6.7) (p. 154) as a spccial case and ic exactly the

some as the cne defined by Kruskel ¢ Wallis (1952)(cf.

(8.2) with n=k). In the notation of this chapter it be-
comess
Ly’ a=1 LA - 2

1‘=12kL]\rtN+l)j ‘@(Ph"r >~ '.ooc.ocoot--o'oooto(llol)

h-_-l- - .0
1 € o
= 12[1\7(_I+1)k] Z.. qu - 3(N+l) o.-Qooo.ooco.‘.......(ll.g)

h=1

wherc

= _ -1

Rh = k Rh

- =255

I'.. = k LA.I‘ (h)

N = k2, and k is thc number of trecatments, rows or eo-

lurins.,

i k=3 the cxact proverilities tabulated for the

Kruskel-Wallis (1952) test statistic may be used to de-~

termnire whether the value of the calculsted test statis-

tic (T) is significant. Tor k>3 the tables of the X

di

N
|

stribution may be used at (k-1) degroes of freedom.
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If ties are present tiie correction term given in
equation (8.9) must be calculated and T (equation (11.2))
must be divided by CT +o yield T(corr).

The application of the method of analysis discussed

above will be illustrated in Exampnle 11.1.

4

lethoda IT - The latin square treated as a randomized block

design

The rows (or columms) are considered as blocks and
ranks (rlj(h)) are allocated within rows (or columns) to
the observations (Y ij(h)' as described in Chapter X, To
tied obgservations the mean rank is allocated as usual,
If it is known beforehand that say the effect of rows is
larzer than +nat of colwms, renks should be allocated
within rows. If however no prior knowledge is available,
either can be gelected at zznlom

es blocks,

et Rh azain be the total of the renks corresponding
to the h-th treatment.

The test statistic to test the null hypothesis that
the effect of all treatments is the same is obtainable
from (6.10) as a special case end is exactly the same as
the one defined by Friedmar (1937) (ef. (10.2) with n=k).

In the notation of this chapter it becomess

aF L.
12(1(+1) LJ (R - T 0000000-.0't't.'..,'ttt.o(llba)

L—l [ N 1
12[ k% (%+1) ]'1 L G S 6T ) R ¢ 5 DY

T

l

where all the symbols have the same meaning as in 211.2.1.
For k=% and 4, the exact probabilities calculsted
for Friedman's (1637) (cf. Siegel, 1955, Table 1) test

2~ﬂpprox11at10n

statistic must be used. PFor k>4 the X
at (k-1) degrees of freedom may be used,

If ties are present among the observations within a
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block the CT defined in (10.£) must be calculated and T
(equation (11.4)) must be divided by +this value to vield
T(corr).

The application of the analysis according to Method

IT is illusitrated in Ixaemplew 11.2.

Method IIT - The latin scuare desien replicated several

times

suppose we have a k x k latin sgquare design repli-
cated n times. BDach latin square 4is now considered as
a vtlock. Ranks are now allocated to the observaticns

within each latin scuare from 1 for the smallest observa-
2

~

tion to k" for the largest observation. If tied observe-
tions are present among the observations within = latin
squarc desisn the tied observations within each tie are
siven the mean rank of the ranks they would have had, had
they been ¢ifferent.

The sum of the ranks for itho h-th treatment (h=l,...,k)
is cdenoted by R

The test statistic to test tne null hypothesis that
the effect of all treatments is the same is obtainable

from (6.1%3) as a special case and is exactly the same as

T, defined in equation (5.66), or from equation (1C.5)
with k=k2 and p=k. Rewritten in our anotetion it hecomes:
3 -1k
T = 12[nk”(k° +1\] 2 R CB(EP41)  eenrreeeenonsesa(11.5)
h—l

For k=2 (m in Table 1C.1 and k° for k in Table 10.1)
and n=2 exact probabilities are available in Table 10,1
of this thegis. For all other values of k and n the X2-
approximation at (k-1) degrecs of freedom may be used.

If ties are present among the observaticns in a
latin square the value CT defined in equation (10.2), with

kX substituted by k2, must be calculated and T (equation
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(10.5)) must be divided by this correction term to yield
T(corr).

Attention is drawn to the followings:
1. Method I can also be used to analyse a design as men-
tioned above. In this case ranks should be allocated from
1 for the smallest to nk2for the largest;
2. Method II can also be used to analyse the above de-
sign. Ranks should again be allocated within rows (or co-
lumns). This time however there will be nk such rows
(or columns); and
3. which of the three methods is the most efficient for
the above design will depend on the size of the squares, row
and/or column effects.

An illustration of the application of Method III is

given in Example 11.3

11.3 Application

Example 11.1 - An example given in Cochran & Cox (1957)

p. 121 is used to illustrate the application of the for-
mulae of Method I.

This experiment was conducted to demonstrate the
difficulty in selecting, by personal judgment, unbiased
samples even from relatively small populations. In this
experiment each population consisted of a small area of
wheat containing about 80 tillers, the shoots being slight-
ly over two feet in length. There were six samplers.

Each sampler inspected each area and measured the lengths
of eight tillers as a sample from that area. The quantity
that will be analysed is the difference between the mean
height of eight selected tillers and the true mean height
in the corresponding area, i.e. the sampler's error.

The samplers represent experimental treatments, the

8ix areas the columns and the order of sampling by the
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samplers the rows,of a 6 x 6 latin square design.

)
Table 11.1 gives the field plan (alphabetic letters);

the height of the shoots from which a constant was sub-

\
tracted.iﬁﬁ;rqﬁhe negative values (values without brackets);
and the ranks corresponding to the heights (values between

brackets).

Table 11.1 - Samplers error in tillers heights(cm) and

renks (r) obtained in a 6 x 6 latin square

design

: i columns o ’."_“*“”J?
I e e e e o e e e ]
. Rows| I ; T ! 111 3
““”“"T"‘”*cm T ; o T é cm 'f'"‘%
LT F 3.5 (8.5)§ B 4,2 (18)§ A 6.7 (28) §
11 B 89 (33 F 1.9 (41D 5.8 (23.5) |
1) ¢ 9.6 (34)|E 3.7 (1), ® 2.7 (2) |
v | D 10.5 (36)1 ¢ 10.2 (35)! B 4.6 (20) i
vViE 3.1 (7); A 7.2 (ao)i C 4.0 (15.5) é
| VI 1A 5.9 (25)§ D 7.6 (31)§ T -0.7  (3) f
T m_”{- ) ‘columns - i
rﬁmmnw,i;ﬁfq-m_r_wwwvmwmwymwwmwim“ww
- cm 7 cil T cm T

I | D 6.6 (27)§ ¢ 4,1 (A7) E 3.8 (17.5)

IT | &4 4.5 (19)!1E 2.4 (S)E ¢ 5.8 (23.5)
1110 B 3.7 (11)!D 6.0 (96)‘ 7.0 (29) |
Iv . B 3.7 (11)| A 5.1 (22); F 3.8,(13.5) |

Vo F -3.3 (1)1 3 3.5 (8.5)! D 5.0 (21)

VI ;¢ 3.0 (6)'F 4.0 (15, 5)' B 8.6 (32)

Next the rank and yleld totals for each treatment
were obtained. The latter is not necessary but is ob-

tained for interest sake:

A B c D E T
Rank(Rh) 15% 122.5 131 164.5 50.5 44.5
Yield 364 335 367 415 160 72
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Prom equation (11.2) we now calculate:

. | k 2
12[N(E+1)k] ™™ 2 R 3(K+1)
h=1

=]
il

;-

o P 2 ]
12(%6 x 37 x 6)77(153°+ ... + 44.5°) - % x 37
19.88 with 5 4. f.

From the tables for X° we obtain X?OE(S) = 11,1 and
X?OI(S) = 15.1. Thus the value for treatments calculated
above is highly sisnificant.

Although there are a few tied observations we do not
calculate CT since if we divide T by CT, T(corr) will be
larger than T which is already hichly significant.

The mean squares for the different components accor-

ding to the parametric method of analysis are presented

in Table 11.2.

Table 11.2 - Parametric analysis of variance

e e e e e = e g
i Source of variation: DF ! MS |
- - . - " ; __‘
! Rows 51 5.72

! i
. Columns 5 115.77%* |
' t

| Ureatments 5 |51.12% |
i ' !
| Error 201 3.33 ?

¥%¥ significant at the 1% level

In the above example the conclusion dravm from both
analyses 1s the same namely that the treatments differ

significently from each other. This will not always be

the case,

Example 11,2 - To illustrate the analysis according to

KMethod I the yields in Table 11.1 have been ranked within
rows (by tossing a coin to decide whether it should be
rows or columns) from the smellest to the largest. fhe

corresponding ranks are set out in Table 11.3.
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Table 11.3 -~ Ranks allocated (within rows) to the ob-

servations given in Table 11.1

F 11 B 4] 4 6D 5] ¢C 3|8 2 |
B 6 E Fo1 g D4.50 4 5| FE 2| C 4.5
¢ 6/ ®E 31 F 1L!B 2! D 4|4 5
D 6 , Cc 5!3 3|8 1| A 4| F 2
B 24 6/C 4(F 1|B 3|D 5
A 4 ! D 58 1 E C 2{F 3|3 6

The rank totals for the different treatments are:
A B C D i) F

R, @28 24 24,5 29.5 11 9

Fron equation (11.4) we obtain:

=
]

k
120x%(142) ] 2 RS -3k (k1)
n=1

12(6%2 x 7)71(28° + .o +9%) =3 x6 x 7

1l

18-4 ’ d.f.ZS

This value igs also highly significant but a little
smaller than the one calculated in Example 11,1.

If it was known prior to seeing the data that the
effects of the different columns would be higher than the
effects of the different rows, or if by chance it was de-
cided to allocate ranks within column;/the value of T
would have been 18.69, again smaller than the one calcu-
lated in Example 1,

Attention is drawn to the fact that from theoretical
considerations it is to be expected that Method I will
be a more efficient procedure compared with Method II

when the row and column effects are small or zero.

Example 11.3 - The example of Hodges & Lehmann (1962) is

used to illustrate the third method of analysis.

Three treatments A, B and C are compared in two 3 x 3
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squares yielding the following observations.

- -t mem toal

Square 1
B 4,461 (6)] C 2.798 (3)] & 7.402 (9)
A 30412 (4)] B 2.405 (2) | € 5.227 (7)
C 3.454 (B)j A 2.1693(1) | B 6.717 (8)

Sqguare 2
C 5.424 (2)% B 9.670 (9) ! A 9.669 (8)
B 5.062 (1), £ 9.365 (7)i C 5.710 (3)
i
)|

B 7.427 (5)

P——

A 6.605 (4)i ¢ 7.786 (6)

The values in brackets are the ranks obtained by
ranking the observations from 1 to 9 within each latin

square. The rank totals for ‘he treatments are as follows:

A B C
Rh 33 31 26
In this example k=3, n=2 and ARi = 2726,

h
Substituting these values in equation. (11.5) yields:

3
It

12[nko (k% +1)]”1h R - 3n(k°+1)

12[2 x 32 x (9+1)]7F x 2726 - 3 x 2 x 10

i

1l

0.58
This value 1s not significant.

The parametric analysis yilelded the following result:

- —~—

Source of variation DF MS F

Rows 4  1.4725

Columns 4 10,1906

Sguares 1 45.6840

Treatments 2 2.9035 5.973%
_Error 6  0.48605

* significant at the 5% level
The high mean square obtained for columns depresses

the value of T in the nonparawetric analysis and this

is the reason for the small value obtained for T,
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11.4 Summary of the procedures

Only the special case of ranks is congsidered,

11.4.1 Method I - These are the steps in the analysis of a

s

kX x k latin square design:
1. All the N=k2 obgervations are ranked in a single se-
ries assigning ranks from 1 to N, allocating mean ranks
to tied observations;
2. the total of the ranks Rh in the h-th treatment
(h=1,...,k) 35 determined;
3. the value of the test statistic T defined in (11.2)
18 calculated;
4 if a large proportion of observations 1is tied}cal—
culate CT given in (8.9) and divide the test statistic
calculated in 3. above by CT to obtain T(corr); and
5. the significance of T or T(corr) may be assessed as
follows:

a. 1f k=3 the tables for the Iruskal-wWallis (1952)

test statistic nust be used; and
b, for k> 3 the Xg—approxination at (k-1) degrees

of freedom must be used.

11.4.2 Method IT
1. If no prior knowledge is available as to the sigzge of
the effects of rows and colurms a coin is tossed to decide
whether ranks will be allocated within rows or columns.
2. The observations are ranked within rows (or columns)
from 1 for the smsllest to k for the largest, allocating
mean ranks to tied observations.
3. The total of the ranks Ry, in the h-th treatment (h=1,..
«eyk) is determined.
4, The value of the test statistic T defined in (11.4)
is calculated,

5 If a large proportior of observations 1is tied
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calculate CT given in (10.8) and divide the test statis-
tic calculated in 4. above by CT to obtain T(corr).

6. The significance of T or T(corr) may be assessed as
follows:

a. For k=% and 4 use the exact probabilities calcu-
lated for Friedmen's (1937) (cf. Siegel, 1956, Table N)
test statistic; and

b, for k>4 use the X2~approximation at (k-1) de-

grees of freedom.

llethod III -These are the steps in the analysis of a k x k

latin square degign which is replicated n times.

1. The observations witkin each latin square are ranked
from 1 for the smallest to k2 for the largest, allocating
mean ranks to tied observations.

2. The totel of the ranks Rh (h=1,...,k) for the h-th

3
o
oY)

treatment is then deterni
% The value of the test statistic T defined in (11.5)
is calculated.
4, If a large oronortion of the observations in a latin
square is tied, CT given in (10.8) is calculated and the
test statistic calculated in 3. above divided by this CT
to obtain T(corr).
5. The significance of T or T(corr) may be assessed as
follows:

a. For k=2 and n=2 use the exact probabilities tabu-

lated in Table 10.1; and
b. ¥> 2 and/or n >2 the X2—approximation at (k-1)

degrees of freedom must be used.

Evaluation of the new methods

The three distribution-free methods of analysis pre-
sented in this chapter are easy to apply arnd are not de-

)

pendant on the distribution of the population from which
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the observations comne.

The efficiency is, however, unknown but is not very
high when compared with the P-test if the requirements
of the F-test are met, especially when large row and/or
column effects exist. This statement is effectively illu-
strated in Exanple 11.3.

Hodges & Lehmann (1962) presented a rank nethod of
analysis for a latin square design, but the application
of the method is very cumbersome.

Thus it still remains a problem to find an efficient
distribution-free method of analysis for a latin square

design,
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CHAPTIR XII
DISTRIBUTION-RY MULTIPLE COMPARISONW PROCEDURLS

12.1 Introduction

If in an analysis of variance the null hyvncthesis of

equal population means is rejected (i.e. the test statis-

tic for treatments is

gl

Pt

decisions as to whic

ificant result.

significent) one would like to meake

mneans are responsible for the sig-

In this chepter multiple comparison procedures are

presented (§12.2) and

for a completely random design and

sign.

illustrated with examples (§12.3)

a

randomized block de-

Ihe theory for the multiple comparison procedures

was derived in Chapter VII for functions of ranks.

Only

the formulae for the special case of ranks itself zare

considered.

12.2 Iormulee
12.2.1 Completely randon desicm

The one-way class

dered first. Suppose

ceted an equal number

=1

A5

servations th (

1 to the

the observations, the

smallest obgervation.

ification of treatments is consi-
there are k treatments each repli-
Rank the N=nk ob-

of times, say n.

yeesyk; h=1l,...,n) jointly giving renk

If ties are present among

tied observations in each tie are

given the mean rank of the ranks they would have had, had

they been different.

let R.
J

the j-th treatment.

= Tr.
h=1 9

Denote the rank of th by r., and

jh

n be the total of the ranks belonging to

The test statistic for treatments defined by Kruskal

& Wallis (1952) (cf. equation (2.12)) is next calculated.

If this value ig signi
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treatments defined by:
A k
W: ZJO-R- ..Ql'.l..cOO0.00....QOOI0...'..".....(12.]..)
j=1 JJ .
where the cj‘s are constants subject to 2 c. = 0 and
j=1

not all the c's zero, may be compared with

(e
1

- -1 (1 % S
TR - [(12) l’lI.(l.+1)] qa,k,':)o(z_.l ]!le) .......-.-..--(12.2)
ig the upper « point of the studentized

I b

where qa,k,m;
range for k treatments at « degrees of freedom for error
variance.

If now H;lexceeds TR the contrast QL is declared sig-
nificant at the 100ua% level.

The formula for compering any two treatments (i.e.
by means of the absolute value of the difference of the
rark totals of the itwo treatments) is directly obtainable
from equation (12.2) above by substituting cy=1 and cy =-1
and all other c's = 0, i.e.
)—1

i
LSDR = [ (12 nN(N+l)]2qa,k,0° P -3

If any of the differences [Rj - Rj,{ (3Z3's 3,3'=1,..
..,k) exceed LSD, we say the j-th end j'-th treatments
differ.

In the case where the k treatments are composed of
two components A znd B at m and p levels each, respective-
ly (cf. Chapter VII1) and if the test statistic calculated
for, say component A, is significant a multiple compari-
son method for the different levels of component A, can
be obtained directly by observing that the m levels of
component A are each replicated n' = np tines instead of

n times. Xcuations (12.1) and (12.2) can now respective-

ly be written as:

A il m
| = J . R. L . = O
xy 'A Cl. i, 3 K 01.

i=]1 i=1

where Ri is the total of the ranks in the i~th level of

.

A and
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- -1 . 1 1m‘
Tp = [(22) 7 n'N(+1) J%a, . o (32 |cj[) ceseveaeea(l2.4)
A 7 i=1
where n' = np in this case.

The test statistic for pairwise comparison of the
different levels of component A is obtained from equation
(12.3).
18Dy = [(12) tnrw(m+1) ]

i

!

[

v

q(X,l]l,’x') .o‘oavo'ooooootlo‘.‘o(lZ'E)

where n' = np in this case.

The above procedure seems to be applicable if n> 4
and the total number of observations N 220,

It should be kept in mind thaet a multiple comparison
technique will usually only be applied when an overall
significant difference has been found by means of an ana-
lysis of wvariance technique.

Since the analysis of variance procedure presented
in Chapter VIII and the multiple comparison techniques
presented above are based on the same underlying theory,
the application of the corresnonding distribution-free
multiple comparison teckniques seem® justified when the
correshonding distribution-free analysis of variance pro-

cedure is considered applicable.

12.2.2 Randomized block design

The one-way classification of treoatments is consi-
dered first.

Suppose there are k treastments and n repnlications.
Rank the k observations within each block (or replication)
giving rank 1 to the smallest observation. If tied obser-
vations are present among the observations within a block
the tied observations in each tie are given the mean rank
of the ranks they would have had, had they been different.

Denote the rank of th (j=lyeee5k; h=1,...,n) by Ty

The total of the ranks in the j-th treatment is given by:
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n
R. = 2
d n=1

The test statistic for treatments defined by Friedman

Tin

(1937) (ef. §2.3.7) must aow be celculated. If this test
gstatistic is significant, any contrast amongst

the treatments Cefined by

A k
= 2 c.R
v j=1 JJ
- k
where the cj”s ars constants subjecct to 2 Cj =C and not
j=1
all ¢'s = O, may be compared with
1 1 k
= - - F) Lo ]
Tpp = [(12) 7 nk(k+1)] U, 1c, 20 (“jlfcji) chencaseeaee(12.7)
where o _ . is the upper « point of the studentized rang
o, k400

for k treatments at <« degrees of freedom for error variance.

If now W] (equation (12.£)) exceeds T, (equation

(12.7)) the contrast ig declared simmificant at the 100
level.

The formulae for comparing any two treatments (i.e.
by means of the absolute value of the difference of the
rark totals of the two treatm:nts) with each other is di-

rectly obtainable from equation (12.7) above bysubstituting

oj = 1 and Cj' = -1 and¢ all other c's = G, i.e.
-1 L "
"{ - ~ 1:( 1 P2 ,:\
LSDPI‘ [(14) NI ¢\"'1):‘ q‘OC,k,mO .0000.ooocoolco..‘o.'.(lf—-.t')

!
i>v]

If any of the differences ,Rj i'! (GGA3's 3,3'=1, ..

.e,k) exceed LSD it is concluded thet the j-th and j'-th

Fr
treatments differ.
In the case where the k treatments are composed of
two components A and B at m and p levels each respective-
1y (cf. Chapter X) and if the test statistic calculated
for, say componert A, is siznificant a multi-
ple comparison method for the different levels of compo-
nent A, can directly be obtained by observing that the

m levels of component A are each replicated n' = np tinmes

instead of n times. Zguations (12.6) and (12.7) can thus
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be written as:

VAN m g ( )
‘}‘: =Z‘c- R- ’ ‘C- =O ® @ § ® 0o & 0O & 0 & 5 0 5 " 0O O 0 ® O O T OO 12'9
©oi=1 P e i=1 *e

where Ri is the total of the ranks in the i-th level

of A; and
-1 1 .
—— ] 2 1 g i
LSDp, = [(12) "n'k(k+1)]%ay oo (2 2005 1) .vnenel.(22.10)
A i=1
where n' = np in this case.

The test statistic for pairwise comparisons of the
different levels of component A is obtained from (12.8).

LSD._ = [(12) In'k(x+1)]%q e (12.11)

FrA
where n' = np in this case.

OlyMy ol

The following corrections to equations (12.7), (12.8),
(12.10) and (12.11) are recommended in the case of small
samples (cef. 7.3.3):

1. If k£4 a % should be added to the values calculated
by means of the formulae mentioned; and

2. for k> 4 no correction seems to be necessary.

A remark similar to that given at the end of $12,2.2
is also applicable here.

The formulae, for a completely random design with
unequal sample sizes, are not quoted here. They can,

however, be obtained from Chapter VII,

Application

In all the examples below the requirements regar-
ding sample sizes, for the theory to be applicable, are

met.

Example 12,1 - The application of the formulae for a

completely random design is illustrated by means of an
example used by Steel (1961).

The Kruskal-Wallis (1952) test statistic calculated
on the data in Table 12,1 is highly significant, and we
thus continue to calculate the LSDR with the aid of equa-

tion (12.3).
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Table 12.1 - Finzl weights (gm) and ranks (r) of chickens

at six weeks for various sources of protein

supplement

H L Sb Sf M C

gm T gm T gm T gm r| gnm r am T
108 14 141 5 19% 14| 226 21| 153 8 216 18
124 2| 148 7 230 24| 265 36 | 206 16 222 2C
136 31| 169 11 24% 261 320 42 | 242 25 260 31.5
14C 4} 181 13 248 271 322 43| 257 29.5 318 41
143 61 20% 15 250 281 334 47 | 263 33 352 52
160 91| 213 17 267 341 339 48 | 303 37 359 53

168 10| 229 25 | 271 35| 340 49 | 315 39 | 368 54
179 12 | 257 20.5, 315 4C| 341 50 | 325 44 | 379 55
217 19| 260 31.5| 327 45| 392 58 | 344 51 | 390 57
227 221 309 38 329 46 | 423 60 | 380 56 404 59
R, 60 190 39| 454  338.5 440.5

L ~—

From the tables of the studentized range we obtain:

.05,6,00 = 4,03
Thus
o =1 riuean ) 1E
LOD:R= [(12) l'll‘i(i\'+1)J q.OB’(O)oQ
] _ 1
= [(12)™ x 10 x 60 x 61]% x 4.03
= 221

The value of q.05,6,oo = 4,03 was obtained from

Federer (1955) Table II-1 on page 22-23.

The results obtained can be presented as follows:*

H L S M C S

b hil
88 150 319 338.5 440.5 454

H is declared significantly different from Sb’ M, C
and Sf while L is significantly different from C and Sf.
This result is exactly the same as the one obtained by

Steel (1961).
¥ see footnote at bottom of the next page (p. 249)
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For the Tukey parametric procedure, we find means
of 160.2 (H), 211.0 (L), 267.4 (Sb), 278.8 (M), 323.2 (Sf)
and 326.8 (C). 4lso S = 18.03, For Tukey's test the
least significant difference is 75.2.

Using this LSD to compare the means , leads in this
example to the same conclusions as obtained by the non-

parametric procedures.

Example 12,2 - Suppose one wants to decide which cf the

levels of the nitrogen fertilizer differed from each other
in Example 8.1,

From the studentized range table the following value
is obtained.

OJ".O593,‘-’JO = 3-32
With the aid of formula (12.5) we calculate:

-1 %

= [(12) 7 mi(M+1) ]®q

Ry

LSD WyDy 09

1
[(12)™ x 6 x 2 x 36 x 37]% x 3.32

11

= 111.18
The results obtained can be summarized as follows:
T N \
kl N, N5
146 185 335

The highest level of nitrogen fertilizer differs

from the other two levels,

Example 12.% - To illustrate the application of the for-
mulae for the set of all contrasts take the values of
Example 12.1.

Suppose we want to compare H and L with the rest of

the treatments. From (lZ.l)we have:

x The method of underlining treatments which are not
declared significant used in multiple comparison ovro-~
cedures may be adopted for application to rank sum
procedures,
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A oo
- > = R. - R, - - R, - R,
1% _jilojRj = 2Ry + 2R, - Ry - B, 5 = Rg
= 2(82) + 2(190) - 319 - 454 - %38.5 - 440.5
- _906
where
i’
L Cc, =2+ 2 -1 -1=-1-12=20
=17
=
+ Lic.[z E(2424+1+1+1+1) = 4
_1J
j=1
From (12.2) we Lave:
E ) k
Tr = [(12)7 nr(\+1)]“qa9k’ﬂJ *J “ A c5])

]

[(12)™L % 10 % 60 x 61]% x 4.03 x 4 = se4

Since {y | »884 we conclude tiot the contrast is sig-

nificant.

Ixempie 12.4 -~ To illustrate the upe of the distribution-
free multinle comparison nrocedures derived for a rando-
mized block design an exyperiment was used which consisted
of Ffive cultivers of maoize wiich was tested over two years

. . . - wWas
anc replicated five times. The designwere a randomized

&

block deeign. The yields and ranks are given in Table 12.2.

Table 12.2 - Yields (bmm) and rarks (r) of five culti-

vaers of maize (C) tested over two years (Y)

O
| Treatment combinations
I _ L v —
H VY ¢y A X, C v
.mﬁepl, Clil 61“2 62«1 02f2 311 _
bom v bpm r| bom | bom  r | bpm 1
1 41 27 3% 152 9 50 T 44 4
2 44 3135 1161 10| 5 5.5 54 7
3 45 2| 41 1|58 8! 48 4| 51 5
4 15 20 35 1166 10| 64 7.5] 52 4
5 4410 45 2148 51 63 8.5] 60 6.5
*ot 219 101198 61286 421276 %2,5,261 26.5
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] § treatment combinations ?
14... . - o . . - ' e——
‘Reply  Cs¥, | G,y C ¥y | Cg¥y CsY,
bpm r{bom T | bpmr!bpm r | bpm
1 46 5156 10 47 6,51 3 43 3
2 372156 4 57 9156 8 51 5.5
3 &7 316G 9 55 6161 10 56 7
4 1 49 3156 5.5 65 9164 7.5 56 5.5
5 48 460 6.5, 46 3|63 8.5, 72 10
Tot. | 227 17 |282 35 270 33 295 42 278 31

The data in Teble 12.2 were analysed according to
the method described in Chapter X. The results obtained

are given in Table 12.3%

Table 12.3 - Distribution-free analysis of variance

w— ; Y -
Source of veriation| DF | T |
. [ ]
Cultivars 4 127.56*3E
Years 1 2.8286
Interaction 4 0.581
oo ——— t -t e W
| —
Total i 9§ 31.06¢
! e

%% signiricont at the 1% level

To decide which cultivars differ from the rest, cal-
culate the least significant difference (LSDFr) with the
aid of equation (12.11)

) - 1
[(12)™tn'k(x+1) ]%q

L3D where n'=5 x 2 = 10

i

Fr N RE ]

c
- 1
[(22)7% x 10 x 10 x 11]% x 3.86

36.85

Applying this value to the totals of the ranks for
the cultivars of maize we obtain:

C1 03 Cy 05 02

16 43.5 68 73 T4.5
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For the parametric case Si = 1.746 and the means

¢, (41.7), C,(56.2), C,(48.8), C,(55.2) and C4(57.3).

The LSD for the means calculated according to Tukey's w
procedure is 7.05., Tre results obtained in the parsmetric
case can be presented ag follows:

Cl 05 04 bg C5

41-7 A(_’oj E\I-:‘;_) 5602 5703

Tukey's procedure in the psrametric cace showed that
more varieties differert tran the distribution-free »pro-
RS

cedure.

Suimary of the procedures

Completely random Cesisn
The stepsin the apnlication of the distribution-free

nmultiple comperison procedures for the snecial casc of
ranks, are the following:
1. Rank all tie observations for the I treatment combi-
nations in a single series, assigming ranks from 1 to N,
allocating mean rarks to tied observatiorns;
2, the total of the ranks fer every treatment (combi-
nation) is determined;
3, trhe ¥Vruslkal-vallis (1952) tcet statistic or the
appronriate test statistic (cf. Chapter VIII) is then cal-

culated; 9
4, 1f the test statistic culculated in 3. sbove turns
out to be significont proceed as follows:

a. For any contrast among the trestments use egua-
tions (12.2) or (12.4) depending on whether the
test statictic for the one- or more-wey oclessifi-
cation was calculuted in %. abowve;

b. for pairwise comparisons use equations (12.3) or

(12.5);
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a contrast or the difference of any pair of treat-

. s o L MYS
ments jg declared sigpificant if et absclute value

Xceedg tie value colculated in 4a. or 4b. respectivelys

6.

these methiods of comparison are valid if N >20 and

the number of rerlications within 2 treatnent 2 4.

Rendomized bloclk desisgn

f the distribution-Ffree

@]

The steps in the apnlication

multinle commerison mrocedures, for the special case of

r:nks, are the followingz:

-
L e

The cbservations within each renlicatior are ranked

from 1 for the smallest value to &k for the largest value,

allocating riean runks to b

2.

nxtion) is de

4
“Te

.

ec. obgervetions;

}_l.

~

the total of the renks for every treatment (combi-
eternined;

tie Friedian (1937) test statistic or the appropriate
statistic (ef. Chanter X) is calculated;

-
i

if the test statvistic celculated sbove turns out to

(o

be significart mroceed as follows:

5.

2. For any cortrast amon the trestments use equa-
tions (12.7) or (12.10) devencing or whether the
test statistic for the one- or more-woy classifi-
cagvion wes calculated in 9. above;

b, for pairwise compnarisons use equations (12.8) or
(12.11);

a contrast or & difference of eny wair of treatments
LYV3,

is declared siznificant if #kessr absolute value exceeds

the velue calculgted in 4a. or 4b, respectively; and

6.

should be added to tvhe value

wh-

for any contrast a

calculated with equations (12.7), (12.8), (12.10) or

(12.11) if k< 4. TFor k >4 no correction is necessary.
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12.5 ¥valuation of the methods

The distribution-free multiple comparison procedures

presented in this chapter are:

1. ILasy to calculate;

2. applicable to the new methods of analysis presented
in this thesig; and

3. indepencent of the daistribution of the population
from which the data come.

Their efficiency, however, is unknown but it can
reasonably be expected that these methods will be con-
servative compared with the parametric methods if tie re-
quirenents of the latter are met. It seems safe to use

these methods in vpractice.
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The purpose of the work presented was firstly to de-
velon cistrivution-riree methods of analysis and multinle
comparison procedures for tasic experimental designs where
the treavments forn o multi-way classification, and secend-
1y o »nregent these methodsg in such & way thet a research
worker with an elenentzry knowledge of biometry would be

eble to apply thesge netholds without much difficulty.

Thig thesis is divicded into two parts. Port I deals

with the mathermaticel derivaetion of test statistics and
their exnct and asvmototic distributions (under the null

hypotiesis) for different exnerimentsl designs, as well
s tie investigation of tThe anplicability of the tests

baged on these test statistics under an altermative hypo-

e J

thesis by means of gsempliny studies; Part 11 cdeals with

thie zpnlication of the tests

-

erived in Part L.

o
o)

The new developrients in Part I can be summarised as
Tollows:

Lemmer (1964) derived test statistics based on a

function of the ranks of ti»e observations for the diffe-

s
@
-
d.
@]

o
o)
.‘ZS
C)
[62]
'_J
]
13
W
<
o

-way classification of treatments
vnen the desicn was a comnletely rancom desizn, as well
as their asymwtotic distributions (distribution-free) on
the assunmprtion thrt the null hypothesis was true. Iy
neans of searnpling stucdies it was found that these tests
for the different components, in the special case of
ronks, tended to be conservetive (i,e.did not reject
the null hvootheris “oo goon) under different aliterna-
tive hypotheses and due to this and certain theoreticsl
conglderations it was concluded that these tests were
applicable under the null as well as under an alterna-

] ]

tive nypothesis. Distribution-free tests were also
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developed for a factorial design, knovm as the single
degree of freedom apnroach. The underlying theory and
practicel investigation which led %o the above mentioned
results, are given in Chapter III of this thesis.

The theoretical developnent of test statistics and
their distributions under <he null hypotiiesis for the
different components of a multi-way classification of
treatments when the design was a balanced incomplete
block design is presented in Chapter IV. Since a balanced
incomplete block cdesign, where the treatments consisted
of more tlan one conmponent, is very seldom used, the for-
mulae are of little use in practice. They are, however,
of theoreticel interest since the formulae for a rando-
nized block design are obtainable from them as a special
case,

In the case of & randomized block design (Chapter V)
the exact probability of obteining a velue as large or
larger than the calculated value for the test statistic
was calculated in the case of small samples for different
values of the test statistic. Next the distribution of
the test stetistic in the case of small samples, was
approximated by the B- and X2—distributions. The exceed-

ing probabilities for the given test statistic, obtained
by using these two approximstions, were then compared
with the exact value of the exceeding probability of the
given test statistic for the different values of the
test statistic. The resulte obiteined are given in Chap-
ter V. It was found that the Xg—distribution could be
used to cslculate probabilities in all cases where the
exact probabilitieswere not available. By means of
sampling studies the zpplicability of the tests for the

different components was investigated under an alterna-
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tive hypothesis in the special case of ranks. Similar
to the comnletely random design it was found that these
tests were applicable under the null as well ag under
an zlternative hynothesis. Under tne alternative hypo-
thesis they tended to be conservetive (i.e. did not re-
ject the null hypothesis too soon).

The possibility of correcting tie obgervations in

b -

a latin square design, by sutracting the estimated row

Q

and column effects from the observations, and then apply-
ing a test statistic for a completely random desizn, was
investigated. The discussion of the problem and results
obtained in the sampling studies, are presented in Chap-
ter VI. It was found that such a procedure generally
tended to reject the null hypothesis tooc soon. Three
niethods were then nresented for the analysis of a latin
scuere design. Two were for the case where the latin
gscucre was replicated once and one for the case where it
was repnlicated several times. All tliese methods were
found to be unsatisfuctory since they tended to be very
conservative, especially when the row and/or column
effectes were subvstantial,

Asymototic multiple comparigon procedures were de-
rived Tor "He completely random design and for the rando-
mized block design and are presented in Chapter VII.
Lstimations were given as to the sample sizes needed
for these Tormulae to be applicable.

Part II deals with the application of the tests de-
rived in Part I. At the beginning of each Chapter in
Fartv IT the formulae for purwnose of calculating were

ziven for the specilal czse of renks, and thelr applica-

tion then illustrated w

with an examnle,

]

-

However, in Lxsmples 8.2 and 1C.2 the applications
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Ry

of the tests were illustreted for “he svecial case where
the rarks were transformed to normal values®, a trans-

formation suggested by Van der Veaerden (1957). In these

twvo examples the formulse for calculating purnoses were

obteined from Partv I.

tost of the examoles for purpose of illustration
viere teken from the field of agronowmy. The methods pre-
sented in this thesis, however, are apnlicable to any
field of research as long es the recuirements of the
specific design used are net.

Part II was written in such a way that a person
with an elementery knowledge of bilometry should be able
to understend it snd apply the nethods.

In conclusion it may be said that this thesis pre-
sents distribution-free analysis of variance methods
for the completely random, tle balanced incomplete block,
the randomized block and the latin square designs.
Multiple ccmparison prcocedures were given for the com-
pletely random end the randomized block designs. These
digtribuvtion-free methods, however,tendedto be conser-
vative when they were used under an alternative hypo-

thesis.
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APPENDIX

The consistency problem when interactions are present

Undesirable consistency properties exist in the tests
for main effects if there is an interaction effect (not
necessarily significant).

The two examples below, based on a two-way classifi-
cation of treatments, where the design is a completely
random design, will illustrate this statement.

In the examples below it is assumed that the observa-
tions Xijh is rectangularly distributed on the interval

[Cij"%; cij+%] where any c¢.. (i=l,...,m; j=l,...,p) is the

ij
combined effect of the corresponding two main effects and

the interaction effect in the (i,j)-th cell. It is further
assumed that n observations are obtained in each cell., The

special case of ranks will be considered.

Example 1 - Suppose we have two components A and B at four
and two levels each respectively with the effects of the

levels of the B component all zero.

Table A ~ The effects and the total of the ranks in the

cells of a 4 x 2 experiment

D e

Ay €11=715 ©qp==3 | 0y, =18
! Rllzén(n+l) R12=%n(3n+1) i Ry =in(4n+2)
i L]
Ay lepp=d Cpp==2 Cp,=2
R21=%n(11n+1) R22=%n(5n+1) R, =$n(16n+2)
A2 : C3135 032:2 03.::7
R31=%n(13n+1) R32=%n(7n+1) R3 =$n(20n+2)
.A.3 041—_-6 04223 04."‘_"9 )
R41=%n(15n+1) R42=%n(9n+l) : R4.=%n(24n+2)
.mwwfwg*1;6u_ e 9;6.WW~*~”W?U“,._,umm.“"mw
R ,=tn(40n+4) R ,=3n(24n+4)| R =E8n(8n+l)

The test statistics for the different components are

directly obtainable from equation (3.18) and are given by:
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-1 ! . >
T, = 12[npN(N+1) ] z [Ri - 3np(N+1) ] )
. . g
P, o= 12[nmN(N+1)]"T § (R, - inm(N+1)]° )
B <_)_1 ).oo(A)
and )
"lg b 1 T 2 )
Thp = 12[nN(N+1) | 2 .% [Rij - gn(l\+l)]-—‘l‘A - TB)
i=1 j=1
where
n = number of observations per cell;

p = number of levels of component Bj;
m = number of levels of component A; and

N

i

nmp.
Substitution of the values in Table A in the formulae
of equation (A) yields:

1, = 420°/(8n+1); T, = 120%/(8n41); T, = 9n°/(8n+l).

AB
Although the effects of the levels of component B

are zero, the value of the test statistic TB is > 0 and

tends to infinity as n tends to infinity and thus will

become significant for n sufficiently large.

Example 2 - In this example both components A and B are
at three levels with the effects of the levels of compo-

nent B all zero,

Table B - The effects and totals of ranks in the cells of

a 3 x 3 experiment

§ Ao L Al A2 i
Byicyq=-15 012=7 c13=8 ; °1 =0
Rll’:%n(n‘*'l) 12 dn(lrjn“'l) 13-2n(17n+l) l p n(33n+3)
Bl c21=6 022=5 23=—11 2 =0
R21=%n(13n+1) R22=%n(lln+l) R23=%n(3n+l) 2 =tn(27n+3)
Byiesp=4 C5o=T °33=> | 03,70
] 3l~zn(9n+l) B 32~2n(5n+1) R33=§?E7n+l)wL“R3'=§n(?;Ei%}
--5 c 2:5 c, =0
R ,1=n(23043) R ,=in(31n43) R .5 zn(27n+3) R, ,=#9n(9n+1)

——ay

i e ——— e g e e i i g e e e e [P

Wlth the aid of the formulae in equatlon (A) we obtaln:
= 321°/9(9n+1) 3 Tq = 8n°/(9n+1);

Typ 616n2/9(9n+1)
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Once again the effects of the levels of component
B are zero while the value of the test statistic for compo-
nent B tends to infinity as n-—:

The possibility that an interaction effect c.on cause
the test statistic for a main effect to reach a signifi-
cant value, although no main effect exists, is illustrated
by the above two examples.

The most extreme case abserved thus far is Example 1
above. In this example the test statistic for TB has a
significant value if n=2. The ratio TAB/TB = 3/4 inde-
pendent of n. In all other examplea where an incorrect
decision was obtained the ratio TAB/TB was > 3/4.

If no interaction effect is present an increase in
the effects of the levels of one main component will gene-
rally decrease the value of the test statistic for the re-
maining main component. This was shown in the practical
investigation which is reported in y3.7.

It seems thus advisable not to attach any value to
the outcome of the test for a main component (B) if the
ratio T)n/Tp » % and to be careful if it is in the vicini-
ty of a 4 provided the value of TAB is not significant.

If the value of TAB is significant or if the ratio TAB/TB

is » % and the main effect is significant the treatment com-
binations are to be considered as a one-way classification
and can be compared with each other by mears of multiple
comparison procedures (cf. Chapter XII).

Remark: A similar result holds for the randomized block
design and it seems advisable®* not to attach any value to
the outcome of the test statistic for a main component (B)
if the ratio TAB/TB ~ 1 in this case.

In the parametric case Pinney D.J, (1948) (Main
effects and interactions. Jnl. Am. Statist. Ass, Vol, 43,
566~571) and Elston R.C. & Bush N, (1964) (The hypothesis
that can be tested when there are interactions in an ana-
lysis of variance model. Biometrics, Vol. 20, 681-698)
diseussed the problem of estimating main effects when
interactions are present.

¥ This is to be considered as preliminary advice until
further investigation of this phenomenon has been
undertaken e.g., by means of sampling studies.
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