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PAET II 

A P P L I C A T I O N 

Practical cl:9:)licution of' the theoreticc.-::,1 formulae· de-

rived in. :Part I are l)Terrnntecl in J?a.rt II. Exc.-:.:,mples of the 

COH)lctely rc.ndon~ the bs,lanced j_:ncoriplete block, the ran-

ters VIII to XI. A,Jlications of the distribution-free 

:'.:t1Ul tiple compa:rison J}rocedv.:res for t}\e completely rr,,ndorn. 

and randomized blocJ- deui[~ns are :;i vcm in Cha1Yter XII. 

The originc1-l theory for the various 1J_etl"~ods of ana-

lysis dealt with was derived for &rbitrary functions of 

rar:.ks (pr·ovided these functions complied with specifj_ed 

conditions). 

'l'he distri bution--free te;;t s-catistics, in tJl-e spe-

cial case of ranks, for a two-way classification of treat-

rJents are given in the beginnin~; of each chapter in Part II. 

'..t:.he nethod of ::.~ubd.ivJ.sion of the ;::mm of squares of the 

rank totnls for treatnents is fully illustrated in order 

to shov.r how tl:e theori ccm be ,'.;eri.eralized to any number 

of' c0Epo:1e:nts. 

the forr!:uL:\e :Cor the speci:;_..,1 CQse of rr1Y"!ks instead 

of functions of· ran.ks are -~;j_ven bees.use~ 

1. The loss ir:. eLfic=Lency due to the use of ranks in­

stead of functions of r,'lnlrn is usually small; 

2. all the sampling studies on Lhe anplicabilitv of the . . ~ 

test statistics in Part I were for the special case of 

ranks; and 

3. in pr:.ictice the tenjen.cy v-:ill be to use ranks instead 

of functioT1s of ranks since the Cc!.lculations invo1 vec. are 

easier. 

An evaluation of the new methods appe&rs at the end 

of eacb. chc,pter i:n l'art II. 
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Part II is written in such a way that a person with 

only an elementary knowledge of biometry should be able 

to understand and apply the tests derived without neces­

sarily referring to all the details in Part I. 

Research workers applying these methods are advised 

to read the Appendix p. 264 before applying the methods 

discussed in the following chapters. 
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CH APTER VIII 

8. l Introduc-cion 

I'or the requ:1_:r:ements of tl:.e completely 2~andom design 

and its field of ::'..iJl11ica,tion the reader i2 referred to 

st2.tistical tsxt tcoks on c::~pe:riJ1G~:1t·:1,l design. 

c.Uotribution-free 1-;1e-t:lwd of an;:.:1.lysis based on re,n};::s, for 

2, trro-r,_:r::;,y classificz0,tio::::. of treo,tms:r.ts? virhere the desisn 

is a completely random one, are Liven. Jhe method of sub-

c]_i vision of -the toi~:::l su;',l of Ewuares of the rr.m.1-: totals 

for treatmentE, r,-:;~_::m tJ.1e tru1.tme:1t conbinations consist 

of two coE~l)One~J.ts 'J L:1 f-t.llly illustJ·c.ted i:n order to show 

hov-1 the theory ce.:n. he rseneralized. to any nu:tnber of com:po-

nents. 

functions of ~:an1rs, was derived by Lemmer (1964) and in 

Chapter III of this thesis. 

ro..nks ar·e illustr-2,ted in ~>,-:u..mple 8 .1. 'l1he CD,lculations 

by meEms of Van der Hae rel.en's ( 1957) transforI!:ation are 

illustrated in Exawple 8.2. 

In §8.4 a shoi·t sur:rn1ary of t~,e method of analy::Jis 

is given. The efficiency a:i_d ;.:;,n eva.luo.tion of the distri-­

bution-free methods are ~iven in §E.5 

Suppose there are k treatments or treatEient combir:a­

tions which can be subdivid2d into two components A and B 

at :m anc. p levels each re Dpectively. Suppose further 
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that all ~he k=mp treatment combinations are replicated 

tlie se .. n1e :nUIJbcr of t:Lmes for tt.e t}1eory to be: V:'~ .. lid). 

Indic.:1 te tLe rr:~Y'1k of X .. , in the joint r(~ .. nking ( in 
lJL. 

of ·c.Lc o bse:r:va-cio:ns 

If ties o..re pre.se:ct [1non[~ the observ.:~ tions 9 the nec~n of 
h ,:, c. '-"' 

+}·,e\r di· i0 1.·'='c-.;-•el,t i p ~110-v - ,.; /\ • \.., ..l.. -- ) - •• :> C, 

c::·.-ced to the tied obFicrvc, tio:;.-rn 

~_;, ... r __ _ •• _ i ,~_;- +·_;_·ie' h- + 1-"\ O' l, '=' ,::., v,,~-::, ..... v l. OI~l 1· ;,, ·'v· 1'1 ,~, ( l. _]. 1 - +11'1 t ·pe· .- '-t.,' n -~yi •1• . '-, - u..... .l. ..... u,J.. .. L u>--''--~.L V<_..•., __ ,,_ .¥...._._. 9 , J lJ .... v.-'-. ..,·J .. J..1.C ... -V 
.l. J 1.L 

c om 1J i na ti on ( i == l , • • • 9 1,1 ; j = 1 .? • • • 9 p ~ h = 1 9 • • • , n ) 3: 

Let 1101_,! ~ 

R .. = t.:..,r .. , 
lJ h lJD 

R. 
l. 

R. 
i. 

R . 
• J 

R . 
• J 

N 

R 
• • 

R 
• • 

=LR .. . lJ 
J 
-1 = p R_? 

.L " 

= 2B .. 
i lJ 

--1 
-- m R . 

" ;1 

= 11.r.1.p 

= ~6Il ~ . -
ij l,J 

= (mp )-lR 

Xrusl:al & VJallis (1952) d.efL::.od the follo"'iYi.g tc::st 

the that the 

k-treatmerrt combin: .. ',tions h,~_ve the 3t:tnw effect. ~}he test 

statistic rewritten in our notatj_on becomes; 

7TT) .L..:.. ..L • 

R fn 1) •.•...•••.•••••.• \ 0. . . 

•o•••••••••••••••(8.2) 

* Pron nov1 on it ,_~_-j_J_l for -;_he rest of tl~is cb.;:~pter be 
assumed that i t;::;.~:es t}:ie vr .. lues from 1 to m;; j the 
values from· 1 to p a:nd h the v2..lu,e~ from 1 to n. 
"l3oth m<Y-:-p ~ 2. 
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It has been shovm (by Kruskal & Wallis, 1952) that 

under H
0

, Ttot defined in (8.1) is distributed approxi­

mately as x2 with (k-1) degrees of freedom provided N=nk 

is not too small (i.e. N=nk>l5; cf. Siegel, 1956, p. 185). 

When k=3 and n ~. 5 the x2-approxim:-ition to the exact sampling 

distribution of Ttot is not sufficiently close. For such 

cases exact probabilities are presented in Table O of 

Siegel (1956). 

The test statistics for components A, Band the inter­

action AB may now be obtained as follows, from equation 

(8.1)~ 

Ttot = IQ.L,(R. . - R ) 2 
. . l J • • lJ 

wl1ere K = 12[N(H+l )nJ-1 
•••••••••••••o•••••••••••••(8.3) 

Tto+ = KLJ2i[R .. -R. -R .+R +(n. -R )+(R .-R )] 2 
V • • lJ l. •J •• lo •• •J •• 

lJ 

= Ki.iL[R .. -R. ~R .+R ] 2 + Kp1(R. -R ) 2+Km1(R .-R ) 2 
. . lJ l. •J • • . l. •. . •J • • 
lJ l ••••••~•••••••••(8.4) 

All the cross-terQs are zero. 

From equation (8.4) we now obtain: 

since R = ½n(N+l) 
• • 

=12[N(N+l)np]-1LJR? - 3(N+l) 
. l. 
l 

= Km1(R . - R ) 2 
j • J •• 

= 12[H(lT+l )r.un]-l ~R2 . - 3 (K+l) 
j • J 

[ - .,..., ~ J? = KU R .. - R. - R . + R --
ij lJ l. •J •• 

••••••••••••••••••• (8.5) 

•••••••••••••••••• (8.6) 

••••o•••••••••o•o••••••••••••••(8,7) 

1'he formulae in equations ( 8. 2) and ( 8. 5) to ( 8. 7) 
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are exactly the same 2.s those in ( 3 .18). ·:rhe calcule.ting 

fon:mlae rdiere a f1.mct:Lon of the Tan]cs 2,:re considered are 

In. Chap-cs r III i·c ws,s "':)roved ( for functions of :r·e,nks) 

the hypothesis 

distributed as 

"'" . .:r L 

m 
J_AB 

0 
r:; 

,r<-
.A 

are, asyrnptot~j_ c~~lly for W · ➔ ~ 9 under 

of freedom re s)cctively t provid(:;d certain conditions re--

gnrcling sr>ecif'ic function of ranks considerec'. are satisfied. 

In ths case of rnn.ks tl}emsel v2s [>,nd Van d.er W;.-·,erdens trc:ns-

forme.tion to 11 norrnal v,~i.lues" these condi tioru_.; are satis-

+~. -. ..1..lea • Under 

are not distributed s,symptoticnll.::r incl_ependent of each 

other. By tie2-ns of s2,m11ling s-cuc\ies it \V8,s i:1.deed. four1.d 

tkt t the test for, say, cor-1por:i.e::-i-t i~ :Jecone~1 niore conser-

vc.t:Lve nl·1~n the effects of the level~'. of corrnonent ~8 are 

irtcreased. 

mctions may be used: 

1. If a co1np0Ih~J1t con;:~i:Sts of cv10 lev2ls m::i_ly and N;;;; 40 

the U-tost of LTeJ:Ul - for that 

coraponent. Exact probabilities £or the U-test are tabu-

lated by SieGul (1956) up to lT~_!~-0 in T2,ble~1 rJ and K; and 

2. if' a component consi rrts of ·Lhree levels 2xJ.d N ~:.15, 

tl.:e exact pro1Jabilities t2,bulatEcl by U_egel (1956) in 

r.rn.st be uoed. 

I 17 _,_ }"' . . '"' ,..., + 1., - x· 2 ,· ' .... 1" -.r • ~ ,· t . . f t 1--, -;-: e st 11 3, - 0 L, J. er Ca,:) e ,:; V .J.. e ,. - c~ p }' -~ 0 ..t'..l 1112. l On O . .) l.!.. e ~ 

st~tistic for that component can be used. 

If ties are present among tho observe, tions the method 

of allocs:ting the nean rank, i.e. the E1ean of the ranks 
-

they would b2~ve l}..F:.d vrnre the:;- different, to the tied ob-

qorvations in eo,ch tie, kce:~)S tt_e total o:f the rnt1.ks con-

sts..n.t but cLen:_;es the sur,1 of sc:;_t1..c,res of the ronks. 
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Let t denote t1ie length of the ties a2id define now~ 

T ·••••••··••••••••o••••••••·•••••(G.8) 

where 2., denotf-::s the smnn12,tion over all ties. 
( t) 

Define further~ 

••••o•••••••••••••••••••••••••••(8.9) 

The only necessary alteration is that the different 

test criteria have to be divided by this correction term 

It should be noted t}1at if no tie fl are present, all t=l 

and thus T=O. The correction term then becomes 1. Accor­

ding to Siegel ( 1956) the x2-ap1)roxhmtion of Ttot is 

applicable if the length of any tie does not exceed 20% 

of the number of observations. This ITill probably also 

be sufficient for the x2-approxinations of 1l1 /\, TB and TAB 
.ti __ ) 

to 1Je applicable. 

In t12.e case of a factorial design there is a second 

method of analysis called the single degree of freedom 

appr·oach (cf. Anderso:n. & Bancroft, 1952, p. 272 and Goul­

den, 1952, p. 88). 

For k=mp treat:1.ents there exist (k-1) orthogonal com-

ponents corresponding to 

(r) defined by~ stants g .. 

the (k-1) orthogonal sets of con-

lJ 

i) . . > (r) = 0 L.JL,g • • 
ij lJ 

J_• i· ) ·. . ( r ) , ( r ' ) 0 L.JL..Jg .. g.. = 
ij lJ lJ 

r=l 9 ••• , k-1 ) 

~ ••••••.••••••••••••••• (8.10) 

) 

Let for this method: 

L = Ug ~ J?) R . . r= 1, ••• , k-1 
r ij lJ lJ 

• 0 0 ••••••••••••••••• ( 8 .11) 

and then 

var(Lr) = (12)-1N(lT+1)nL~[g~J?)J 2 
ij lJ 

•.•....•••..••••• (8.12) 

r=l 9 ••• , k-1 ...... ...........•..•• (8.13) 

vvill under H be 9 asymptotj_cally, for n &.-?" C>Q, indepen­
o 
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dently distribute~ as x2 with one degree of freedom each 

By rneanh of ( G .10) 9 ( c~ .11) s,nc1 ( 8 o 12) t1!.C lineD,r and 

higher order effects o:f c', cornponent 9 sri,y .A., in a factorial 

de[;ign c.s.n for instz_'.,r~cb ·he tested if desired, :provided 

In t}::.e case of t:Led o"L:f:ervatio:ns T.,,... ( f'. .13) is to be 
.L 

divided by CT (G.S) to yield T (co~r). r 

'i1hc a,pplice,tion of' 

il1w3trated by n1eans of an exa11lple in the :next par8.c;raph. 

nent consisti:1g of two cultivu.rs of 111aize c1 and c2 and 

in all poo~iH)le conbinr:.1,tions. :Sach trea tr,1ent combination 

'~tas replicated i:d:x tL1es ar!C.t the c::..perinen-cal desig::~. v,as 

as tlle corre s~•)Ordi::.1.g r2.nlrn of the i11<.li vidur.tl E)lot s are 

I 1he rarl.lcc; arc alloc~rted from tl2.e small 12st obse:r.:va tion 

to,kin; re .. :r.l: 1 to the L~1,r~;est observc:/cion taking ra.rik N=36. 

~able S.2 ~ives the interaction of cultiv~rs of maize 

x fertilizer. 1.flrn ra:r.J: toto,ls of cul ti vr:~rs of r.r1aize and 

the fertilizer levels are calcul::::,ted. 

It shou:Ld be noted that the total of' the re..:nks must 

alrrn.ys add up to :l_. j .. ( ~- ·.· 1 ) 7;,,-.1.-: . + = 3G x 37 = 666 in this 

case. 
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Table 8.1 - Yields and ranks (r) of maize cultivars (C) x ferti­
lizer (N) experiment 

. i : -~~-- ~ ----- l 

I
C~~:]_ __ rl:]_h j. C~N 2 rl2h rl3h C2Nl r2lh ClT 2 r22h i C2N]__ __ r2~1:, ' 
75pm ra.riKs: pm ran .s 1 pm pm pm ranW, l5pm rank 

i l I 15o2 9 ll]o8 3 \15.9 16 13.4 2 13.0 1 ! 15.7 14 
15.3 10 15.0 7 16.9 25 13.9 4 15.1 8 16.7 24 
14.9 6 15.6 13 17.6 28 16.1 18 16.0 17 18.0 29 
14.5 5 15~8 15 18.2 30 17.0 26 16.2 19 13.8 33 

~

15.4 11 16.6 23 18.3 31 15.5 12 16.J 20 . 18.9 34 

~-~~~ 21 1 7 0 5 __ 27 _J 19. 0 ---3 5 16. 5 22 1_18 ~---~-~-J 19. 2 ~-6 

Rij 62 I 88 i 165 -~7 97 j 170 
'---. .. ----- --- ·---------·~---··-· ... ·----------1.- ______________ ...___ __________ _ 

f--J 
co 
co 
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In the formulae of _§8.2 cultivars of maize are now 

taken as component A and nitrogen fertilizer 2s component 

B, thus rn=2 9 1J=3, k=6 and n=6. 

T tot 

l•
1-y,o·,-n ec•·1·:-iti· 0·1 ( 0 2) .1.' -- J.l ,, L C, .1. 0 • _ He have~ 

l 2 3 
= 12 [ nN ( H + 1 ) r- 1 LJ R? _: - 3 (?! + 1 ) 

i=l j=l lJ 

= 12[6 x 36 x 37]-1[G2 2+ss2+ ••• +97 2+1102J 

From equ2,tion ( 8. 5) ·we have~ 

= 12[npN(N+l)j-l~R? - 3(N+l) 
. l. 
l 

= .33 

:B'rom eq_u2. tion ( 8. S) r,e have~ 

12[ -.~( .. r 7 ) J. -J.,R2 = _ mmi J\+~ '-'· . -
. • J 
J 

3(N+1) 

= 14.95 
') 

) X 37 

From the table of the x~-distYibution we obtain 

X~ 01 ( 2) = 9. 21 vrhich [;leans that 'l1F is highly significant. 

Eote that :1 accordi:ng to the rules [;i ven in the previous 

po,ragraph, t , ., :x· 2 '"°' 1 - --, -• ,.,., '""l .L • ;,~ • 
2 . .:.8 :.. -c::.){H:OXlw.c..,t,lO.L.l lS applicable in this case. 

JT'rom equation (,3. 7) vie have~ 

rr = Ttot - 'rc,1 - T~,T -t:·c -· 

= 0.12 

If the above was a one-way classification with six 

treatments the test statistic H de::~ined by Kru.sl:al & Wallis 

(cf. ~2.3.4) would be the same as rtot calculated in the 

example. 

Suppose now the nitrogen fertilizer was ehosen on a 

factor:i_al basir~, with the three levels being at eq_uidis­

t8nt intervals 1 then we could proceed to split TN in two 
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orthogonal components corresponding to the linear and qua­

dratic effects of nitrogen fertilizer. 

This step is only necessary if the value ·)f TN is 

larger than x~05 (1) = 3.84 because if the va~ue of TN is 

smaller than 3.84 no component of N can be significant at 

the 5% level even if it containG the \Vhole value of TN. 

The values of the orthogonal polynomials correspon­

ding to the linear and quadratic components of nitrogen 

fertilizer component are obtainable from the tables of 

Fisher & Yates (1938). They are 

Linear (-1, o, 1) 

Qu~dratic (1, -2, 1) 

where the first value in both cases corresponds to N1 the 

second to n2 and the third to N",:,. 
) 

For the linear component the calculations proceed as 

follovm; 

1~[g~~)J 2 = m2.{g(~)J 2 
ij lJ j •J 

since the same set of vc1lues for the g~ ~) are taken for lJ 
all i. 

Ji1rom eq_uation ( 8 .11) we have: 

:::: -R .1 + R • 3 

= -146 + 335 = 189 

Equation (8.12) becomes~ 

var(Lr) = (12)-136 x 37 x 6 x 4 
.dl 

= 2664 

SubstitutinJ the values above in (8.13) yields: 

TN = (189) 2/2664 = 13.41 
1 

Following the same procedure for the quadratic com-

ponent we obtain: 
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It should be noted. that in this ca::·e hotl~ the nonpa­

rametric and the•~para"T..etric ::ict:.-,.od of ar.!.1:u.:,rs1s lead to 

he illustratcQ with the aid of ttu ddta in the first exam-

ple. Tl.le c~J.lcule .. tinz fo:r·Dulae for functionG of :ran~:~s }Jave 

not l,een sunmarizcd in ·U::.is c}1c~2)tcr but are directly obtain­

able from j3.5.3 (p. 43). For the applicability of the 

x2-approximation in this cese see j3.8 (p. 62). 

The r2nks r .. , of Table c.J .1 are cHvided -::.:y the term 
J.Jli 

(::.:-+1)=37 to iive fraction.s o .. , • 
lJ.::l 

'11hese fractj_orrn are then 

transfor111ed Y1ith the aid of the values in Table 2 of Van 

der Waerden (1957) page 334 [Q(6ijh)J. 

The results obt~ined are presented in Table 8.5. 

vc:llues. 

·Get3t statistics cE:n no\'.' be calcu1u,tecl.. 

= 

( 0 0 ) 2 • O rl)2 ~ n~2 = -- .• 7 - + \-· .o + ••• + J .• :,·) 

= 3().22 

Vc:~n der Waerclen ( 19:)7) t2J:ml:,ted in i'able 12 the va-

( 
• _,:, J.. • 'c• ,-, . l.L no 018.:; c .. .r8 present). The value tabulated 

by him for N=3G is Oo83t. If the above value ts divided 

by N=36 we obtain O.G39 w!rlch is nearly the saRe except 

for rounding errorso 

= l~-. 799 
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Table 8. 5 - 1rransformed values of the ranks in Table 8 .1 
~<--- ,,. - / , i ~- - - -~- I -~-- -~., - --~; - - -~---r ,, ( . 

c'llh O( ~llh) <>i2h Q( a-1211) bl3h Q( 613h) ; ~2lh Q( 021h) i cS22h ·Q( 622h) 023h Q( 6 2311:) 
.243 -0.70 .081 -1.4-0 .,432 -0.17 .054 -1.61 .027 -1.93 . 373 -0.31 
.270 -0 .61 .189 -0.88 .6 76 0 .4 6 .108 -1. 24 .216 -0. 79 .649 -O.JB 
.162 -0.99 0 351 -0.38 .757 0.10 .486 -0.04 0 4 59 -0.10 • 784 o. 79 

I f-l 
.13 5 -1.10 .405 -0. 24 .811 o .. se .703 0. 53 0 514 0.04 .892 1. 24 I...O 

vJ 

• 297 -0. 53 .6 22 0.31 J.~ 38 0.99 .324 -0.46 , .541 0.10 
1 

.920 1.40 
l. 94 6 .. 568 0.17 .730 0.61 1.61 • 59 5 o. 24 I • 86 s 1.10 1-973 1.g3 

! 

-2. 58 ! z 22 • 
---·- ··-

zll. -3. 76 lz12. -1.98 
1

2 13. 4 .4 7 / z 21 • -1. 58 ! z 23 • 5.43 
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= 0.208 

T,,_,c 
J, I 

r:1 ( 0,....,.1 _!_c = ) • ) 

To calculate the linear component of fertilizer we 

have from equation (3.25): 

LIT '~ 
1 

n-l. >,Jr) ( = L....JL_;O. . z ~ . 
. . lJ J.J. 
lJ 

-- n Z ) 

:t 1 

= 6-~(6.34 + 9.90) = 6-~ X 16,24 

From equation (3.30) we heve: 

Substi tutinr; the above vgll.ws in ec~uation ( 3. 32) 

yieldG6 

T.,.,l•.--:-_-,

1 
= L~ /var( 11.1 ) = 12. 73 

hl \1 

In a similU,r vray the q_uc:dretic component cc.n be cal-

culated, viz. 

Comparing these values 7Ti th those obtained in Exam­

ple 8.1 we see tl~_at from both c:1.naly~3es the same coEclu-

sions are drawn. 

8.4 Summ2,ry of the procedure 

These are the steps in the distribution-free analy­

sis of a two-Day classific~tion of treatments in a oom-
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pletely random design usir.i.g ranks~ 

1. R.an}~ s:.11 tl:e observations for the k trea,tment combi-

natj_ons ir. a :2in:-;le ;::;eries 9 alloccti:'10 ranks from 1 to N 9 

a::. .. d De&""l r2,~.1ks to tied obse:rve,tions 9 

2. tho v:3.,lne of IJ I .J .• 1 

\.i j \ Li."..L8 sum of the ranks) 

for each of the k treat~ent combi~ations; 

set 1J.p a::. b1te::r~?.,ction table of the R .. 's and obtain lJ 
the total of the rarfr:s R. 

l. 
and H . 

• J 
for the two components 

A and B; 

4. ca1culate ·;;he test statistics 'l1t t' TA' T"R and T 1.,....b 0 __ , l. 

with the 2id of tl:e formulae ( 2,. ;l) , ( b. 5), ( 8. 6) and ( 8. 7) ~ 

5. if applicsble~ com~onents with one degree of freedom 

may now be cc1lcul,::::tecl wi.th tl:e aid_ of formula 1.r in equa-r 
tion (G.13); 

o. if a large pro3)ortion of -~ho observations arc tied 

(i.e. if the lengths of ~he ties are substantial), com-

:mte the C1i.' defined i:n ( C. 9) and c.i vide the test statis-

tics calc1.:lated in I:-.. and. 5. above lJy this ternq 

7. the method of asse crdnc,; the si,snifico,nce of any com-

ponent 1 say ~ at m levels depends on the value of m and Nn 

a) If m=2 m:d H-·:~ 40 tl:..e U-•test of l\i2xm- Whitney (1947) 

must be us(::•d. Exact prc•·-2.bilities for the U-test are ta-

bulated in Sie~el (1956) iP Tables J and K. 

used to determine tl.~c associated {Jrobabili ty under I-I 
0 

an T ,, ve;,lu0 as large 0,s that obsG:r-iFecl. 
1-'i 

of 

c) In all otL.er c;_:,,r:.-H?S 9 the f:)i:;nific2mce of a value as 

larce as the obs0rved value :_r :.:12,y l')e assessed by reference 

t · 1 x2 · , 1 o ,:; 1 e - -ca o e o 

8. 5. :8fficiencJ of the c.istri butio~o.-free tests 

Lemmer ( 19S4) in J..is Chapter V _proved that the asyri1p­

totic ['elative s;fficiency (a.r.e.) (for shift alternatives) 
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fo:r 1\., vrhe:.~ cor:1pc .. re d ·.!ith the P-te st, 

the 

t hJ,l:. 3 /fr. 

To conclndc-: ..I.. \J :for 3.l-

in tLe 

efficj_ent tl:e.n 

folloYrs ~ 

l. The calcul::-:,tio~:J.S hJ.volved r.:ic~~:- be less t}!m:. those for 

indepen-

de:1.t of t:r.te chstr:i.lmt:io:n. of tt'..e po:·; 1u1e,tion .from v;liich the 

can be a:ppl.iecl. a,t"l long as tL.e observrJ,tj_o::rn c~;,11. be re,nked. 

(This is not stric·cl:,/ tn:e i::1 tl;_e cc.se Fhero ties exist 

2.m.011.z the observe.-cio:n.s); 

J.e E:io1 which 
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analysed by ~eans of the distribution-free methods with-

out any pro1Jlem. In the parametric case it is necessary 

to use the higher order interdctions ~s e8timates of the 

error v._,ric-;,:,100 before the ]i~tec.t can be applied, Ylhich is 

not a very sound practice. 

The most im1rnrtant disadv::1-i-cEtge of tLe distribution-

free test ste.tistj.cs given in ;. 8. 2 is th2.t their a. r. e., 

com1x1red to the P-test ~ is unk1:.oun hut in gencr,:.1.l less 

than 3/rr if the requiretlents of the F-test are met in the 

case of shifting alternativeso 

It is thus recommended thnt the distribution-free 

tests should only be used if the F-test is not applicable 

or if doubt exists as to the applicnbility of the F-test. 
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CH APTER IX 

BLLA1~CED IECOMPLETE BLOCK D:CSIGrs ··-·· --··-----------·· .-..-.-.. -·---

The balanced incom:plete block design is used in prac­

tice v1hen a large number of treatments must be tested and 

the number of plots av,:2.ilRble in a homogeneous block is 

snaller than the nunber of treatments. 

For a full discussion on requirements, fields of 

application 1 arangenent of experi:•.'rnntal material, rando­

mization and. statistical analysis in thG parametric ce.,se, 

the I'ez::~der is referred to Cochran & Cox ( 1957). 

The distribution-free test statistics, in the special 

case of ranks 9 for a two-way classification of treatments 

. • ~C' 2 are given in bJ• • 
J 

The method of subdivision of the sum 

of squares of tb.e rank totals for tree,tuents, is fully 

illustrgted i:c. ore.er to show how the theory c2.n be gene­

ralized to any r.:.unbsr of compo~ents. 

The theory for this method of analysis is given in 

Chapter V, Part I. 

The application of the formulae j_s illustrated with 

. r an example in S 9. 3. A suminary of the steps in the analy-

sis appears in 69-4 and an evaluation of this Bcthod of 
.J 

analysis in §9-5. 

Suppose there are two factors or components A and B 

at m 2J1d p levels each respectively. (There can te any 

number of components and levels). fihus there are k=mp 

treatment co-r.1binations in toted. Suppose f1:!.rther:: 

t = number of treatment combinc.tions (plots) in•.each block 

(k~ t), ea.ch treo.tn:ent combination appears in a block 

only once 9 
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n - nu@ber of times any treatment combination is replica­

tedsi and is a. constant for all treatments; 

b = number of blocks= kn/t; 

A = number of times any two treatm2nt combinations appears 

in the same block 

= n(t-1)/(k-l) and is a constant for all possible pairs 

of treatmentso 

Within each block the observations are ranked from 

1 for the smalle.st Vcilue to t for the largest. If tied 

observc1,tions are present within a block the tied obser­

vations in each tie are Given the Ii.1ea11 rank of the rEml{s 

they vrnuld have hr~d if they had been different (cf. Chap­

ter IV). ·rhe observations in each block are ranked incle­

pende,ntly of the observations in any other block. 

Let now r. 'h be ·'.~he rank of X .. h where X. 'h is the lJ lJ lJ 
h-th replication of the (i,j)-th treatment combination 

It should be noted 

that these indexes have no connection with the blocks. 

R .. 
lJ 

R. 
1. 

R • j 

R 
•• 

R. 
]. . 

R 
• j 

R . . 

= 

= 

= 

::: 

= 

= 

Let now~ 

.Gr. 'h h lJ 

LR .. 
j lJ 

1R .. 
i lJ 

UR . . = ·}bt ( t+l) 
ij lJ 
-1 p R. 

l. 

-1 m R . 
• J 

= (mp)-lR = Jn(t+l) = ibt(t+l)/k 

n = nmp = bt 

Durbin (1951) defined the following test statistic 

:IE For the rest of this chapter it is assumed that i 
takes the value3 1, .... ,m; j the values 1, ••• ,P ;_1.,nd 
h the values 1 9 ••• ,n. 
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(Ttot) to test the null hypothesis H
0 

that the k treat­

ment combinations have the sa.me effect. The test statis­

tic rewritten in our notation becomes: 

Tt ..L. Ov 
= 12L )•,k( t+l) J-12i2{R .. 

ij lJ 
-- R J 2 

o••••••••••••••••(9.l) 

= 12[;\.k( t+l)] --l2..~[R .. . . lJ lJ 
i-n( t+l)] 2 

= 12[Ak(t+l)]-l~~R?. - 3n2 (t+l))-l 
ij ]_ J 

.••••••••••• (9.2) 

It was shovm by Durbin ( 1951) that under H
0

, Ttot 

defined in ( 9 .1) is asymptotically for n --:,i-•--'<:. 9 distri bu­

ted as x2 with (k-1) degrees of freedom. 

No exact probabilities are available in the case of 

small samples o In [,4 o 10 an estiF1..ate was obtained as to 
J 

when the x2-approximation may be applicable. It was esti­

mated that if the x2-approximation was applicable for a 

given k (number of treatments) ru1.d n' (number of replica­

tions) in the r:-.mdomizc .. d. block design it naJ also be appli­

cable for the same lr and 

n = n't(k-1)/k(t-l) •• 0 0. 0. 0 0 0 0 0 0 ••• " 0 •• 0. 0 •••••••• (9.3) 

replicntions in the ba.lanced i.ncomplete bJ.oclt design. 

T:1e test statistics for the components A, B and the 

interaction AB may be o1.:tai:ned from equation ( 9 .1) in a 

similar w~y as in equation (8.4). They are given by~ 

TA = 12[ ~pk{ t+l) r·1?[RJ. - ;}np( t+l)] 
2 

l 

= ~ ( 1 ]-L 2 ? ( ) i. -1 12LAPk t+J., ~Ri. - 311- t+l ~ 
l 

oo••••••••·••••(9.4) 

T B = 12[ /\mk( t+ 1)] .-.:_}[ B.. j - i-nm( t+ 1)] 2 

= 
t.' 

12 [ ,\n1k ( t + 1 ) ] - l ~i ~ .~ ~ - 3n 2 
( t + 1 ) ,.\ - l 

J ~· 
···••

0 ••······(9,5) 

TAB= Ttot - TA - TB ••••••o•o••••••••••••••••••••(9.6) 

The formulae given in eqvations (9.2), (9.4), (9.5) 

and ( 9. 6) are exactly the sar (:: ns those in equation ( 4. 94). 

J\f o exact prc-bo,bili tie 8 arc avatlable for the distri-
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butio:n of the test stc~tistics of the components in the 

case of small samples for t}1e follo;_ving reo.;-·rnns ~ 

1. ::,~or a given ~:wx1ber of treatrnents there e:dst several 

d . h' 1 ,.esigns ·w~ ic 1 can be used 9 c. g. vvhen k=5 9 designs vvith 

block sizes of 2 9 3 s,nd. 4 n-:ay oe used 7 a::-:i.c3 

2 • t :h.i s de :.d gn i s very- s e J_ c: o::~i use(~ if -the t re a tm en t s 

fo::cm ~:~ ·c,Jo- or higher-way le.~~-out si:;:1ce it is tben usually 

possil1le to confound some of the 

v.Ti th b1ocksJ tl2) .. s reduc:_nc the block e:j_zes ( cf o Cochr3.n & 

COX 9 1957). 

It ne,y ree.EO:t:.abJ.y be~ assumed that if the ~~2-approxi-

mation is applicablG for Ttot that it will also be apJli­

cable for the different components. 

In the c;:,.se -r·rhe:re tied observ.!J.tj_ons are present among 

the observations vri th:Ln ar('l :jlock the ~~rocedure i::5 as 

follows~ 

Let d denote the length of the a -th tie in the 
san s 

0 

s-th block c:,:i.7.d d.efj_ne 

c-.-. = L, ( d) d ) § (X sa SC\'. o e e • • o • • s o • • • o • • o • • • e • • • • • • . • • • • ( 9. • 7 ) 
s s s 

where 2.! denot 12s the f.::1.m1E1ation over 2,ll different values 
C( 

s 
in the s-th blocke 

Defi:ne further 6 

b 
CT= 1 - L c

0
/bt(t 2-1) ( C 8) 

• o • o • • • e • • • • • • • o o • • • • • • • I • • ~ • 

s=l 0 

T'he only necessary al·tcro.tior.. is that the different 

test criteria h;_:.we to be di vid2d b7 this correction term 

(e rr\) -i-:o gi' yr., ,n (co=-,•' 
- - c- .1tot:' . .Ll.Jj 

It should be notod -chat if no ties :n·e prcsr-:n.t w::_-t;l:in 

c,ny block 7 all the dsc,: =l a::.~d 
q 

tbJ.i.S C =0. 
s 

'i'he correction 

second. ;1iethod of c.11J.2lys:l.f3 n.;:1.r1oly the :3ingle d~;gree of 
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, __ ,, t,._ 

freedon. approach (cf. lmderuon 0 .. B0,:i.1crol't, l'J52, p. 272 

and Goulden, 1952 9 ~P. 

:F'or k=1:1p tree.t:;1.ents there exist C\:--1) orthogonal 

components corresvondi~g to ·the (k-1) orthogonal sets of 

const2,,nt s gi ~) defined b~,r ~ 
!) 

i) r -1 1,- 7 ) -·.L' 0 0 e ~ -\··-J... 
\ 

ii) 
~ .......................... (9.9) 
I 
') r/:-r' 
I 

Let for this method (cf. equation (4.95)): 

c,oooec•o•o•o•••••••••(S.10) 

si:~_ce ). = n(t-1)/(L:-1) 

T==l. 9 • 0 • 9 k-1 

·'; 

ly distributed as ~L with one de~ree of freedom (see 

Chapter IV) • 

l '<y v;,n1e.'?.'~.1.P- o. f' ec.,.·_1 .. ,1 °,,-,',:i· o,~--J., ( o 7 n' ·1'·he li· -ro ear r,·-.d hi' --her 
} li --~J ~ - J .c;. - J • -L c..) .}.. ..l O.,.L .• - .1 U,- . -

order effects of 21 c-Jmpo:n.ent
1 

say T
1 

__ ; in a factorj_el design 9 

can for inE1tance be tf:stecl if desj_red. 

In the case of tiec. observations in any of the blocks 

T (9.12) is ~o be divided by CT (9.3) to yield T (corr). r· r 

rn:1e application of the for:::ulae given above ts illu-

stn➔,ted in the next pc:.ragra:i;h. 

'I1his example j_s for illustration pu:rposes only as it 

has not been proved that the asymptotic epproxination is 

I•o sui.t~::ble exaL:.ple v.,rar, s:v-ail2.ble 2and it vms clecidec~ 

to take t].:.o dat.~:~ fro/-~ ~:2::lc XIII-I in Federer ( 1955) p. LJ-20. 
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Table 9.1 - Yields and ranks (r) of a. 2 x 5 factorial experiment 
r -•·-··--·- ---· . - ··•··-r- ···-·••--·•------···--·--·-- ---------------· ... -s••··--·-···--·· .... .. -·-••--··-··-··•-··---·•·----·--·7 

B~ocksj P1N5 '.-- P1N4_J_.-.-!~NN~3 . P1~2_ ___ t?1 

~
1N1 I FlT 5 _ _:2~LJ. ___ _3-2N1 _~t----=2-N.?_. __ +' ____ !lr1 j 

---- Pm ~ bpm r bpm r bpm r bpm r II bpm r bpm r I bpm r bpm r . bpm r 
-

1 
1 l 

1__ , __ ~-- 9 .~.! _ _:i_•-·~ • 7 ___ ... ) ·· ·-· • - ··- ·•• ---·-· . _5~.t -·-· .. ?_ • .?.~ o ____ ~ . .\ -----••- ·- •- ··---•••· • •···•-+-·•··-----• . •· ..... ---- . -•· I - • •• , ......... . 

1- ---~ - -- - -- --- ~- t-~- ---!- -~~ 8 
___ 3___h~ 3---3 -- --- -- - ----➔1 ::----+-_ 4 ~-3-·-2+·-- -- ----1 - --- ---- f -· 6 ··---l-- --

·-·---·-•··--•• - ----------- .. ·-i----·-•·--- - ---·------- -·•• '-----· ---·-· -----· ---·-+-- ... ---------•·• -- --·--- ···•···-J--.--. -----•·--·-·-+--· ---------. ----·-1-·••·-·· --- ··-·- ·-· -· -~ - ! : i-- ·-} \· · -·- · --e_. 7· -
3 +1 : 5. · · ··3 · 6 

_:.§ · .?...i · - ·· · · · · (~ 8 
· · .Jc -4 : 2 · · -2-t-·- · · ··t 2 . s 1 

. . 6 . . : -· +g-:-6-- --~r . ---··- -----7--- . . I ·---- - • i--- --· . -15 :-i-. --3. - 4-:6 ... ·2+3 ·• 6. 1··r· . . . --- . 
T----+--··-----·--\ ·~ f ·- . --~-- ' -------+----•··--·1-· ----·----- ------1---·-----·--·· :·--·s··-·- --- . --

9 • 4 ~-7_._4 ______ 3_ .~. ··•- --- -- --· .. -·----·-·. ~.f _ -·-·-?--i----- ·- __ jJ .. ~----•·--·---~ -·-·-

-----·- --• ---·-···-·-----··•---·------- .. --.... -···-----· ------- --~---- ---·----- -.. ·-------,-··-·--·-----r --·-•----- .. --;-·- ···-· .... ·----···--· .. -·•- -··-

IRl~. i 23. 5 i -22.5 l 20 I 1 7 I 17 j 13 l 1Jt--10··1•···-·-·-8-t-· --6-- ! 
: I I I 1 ; f I ~-··-------·- ... -----1..-------·-----~-.. ------·----------L-.... --- -~--·~--------·---- ·--- --,-

I\.) 

0 
\.>J 
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The ten treatments of Federer 4 s example were artificially 

divided into two components which will be callee~ methods 

of planting (P1 & P2 ) and nitrogen fertilizer at five 

levels (N11 n
2

, N
3

, H 
4 

IL rr
5
). The design was a balanced 

incomplete block design with 15 blocks of four plots each. 

Each treatment combination appears six times in the expe-

ricent as a whole. 

Suppose the data given in Table 9.1 were bags per 

morgen of maize harvested on the plots. The design used 

as well as tl'1e yields with thej_r corresponding r83J.ks appe[~r 

in Table 9.1. 

Table 9.2 - Interaction tc,ble of ranks for a 2 x 5 

factorial ex~eriment 

The different constants defined in j 9..,2 are as follows: 

A= 2, k = 10~ t = 4, n = 6. 

If k=lO 9 nv=2 replicPtions are sufficient in the case 

of the randomized block design for the X2-approximation 

to be applicnblc (cf. ChaJter X). 1.ii th the aid of equa­

tion ( 9. 3) we can now estirn2:te the number of replications 

needed in the bal&l1ced incomplete block design above for 

the x2-approxirnation to be valid (cf. i4.10) • 
.J 

n = n't(k-1)/k(t-l) = (2 x 4 x 9)/(10 x 3) = 2.4 

i.e. 3 replications will be sufficient and we have 6. 

'l'hus it seems safe to use the x2-approximation for the 

distributions of the test statistics, 

Fro1;1 'lable 9. 2 the followin0 va.lues can be calculated~ 
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II 2 2574.50 R .. = .. lJ 
lJ 
' 2 12500.00 LR. = . l. l 
'..:-1 2 

4646.50 2.iR . = 
j • J 

Substituting the above values in equations (9.2), 

( 9. 4) , ( 9 • 5 ) . and ( 9 o 6 ) yi e 1 d s ~ 

= 12[1\ k( t+l) ]-1uR?. - 3n2 ( t+l) /A 
ij lJ 

= 12(2 X 10 X 5)-l X 2574.00 - 3 X 62 
X 5/2 

Tp 

= 38.94 

= 12[Akp(t+l)]-1~R? 3n2(t+l)/;\ 
. l. 
l 

= 12(2 X 10 X 5 X 5)-l X 12500 - 3 

= 30.00 

= 12[Ank(t+l)]-11R2 . - 3n2(t+l)/A 
j • J 

X 62 
X 5/2 

= 12(2 X 2 X 10 X 5)-lx 4646.50 - 3 X 62 
X 5/2 

= 8.79 

= 0.15 

If the nitrogen fertiliser was originally applied at 

eqiddistant levels, the linear and higher order effects 

may be calculated with the aid of equation ( 9 .12). irhe 

values of the orthogonal polynomials are obtainable from 

the tables of Fisher & Yates (1938). The values corre­

sponding to the levels N1 , N2 , N3, N4 and N5 for the li­

near conponent are (-2, -1, O, 1, 2). The following may 

now be calculated. 

since the same set of values for the g~~) are taken for 
lJ 

all i, we write g~~) = 
lJ 
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From (9.10) we have~ 

~·~· (r) ~· (r) Lr = LiLig . . R. . = Lig . R . 
ij lJ lJ j ~J •J 

= -2R.l - R. 2 + R. 4 + 2R. 5 
= -2(23) - 25 + 35.5 + 2(36.5) 

= 37.5 

From (9cll) we have: 

var(Lr) = (12)-1>k(t+1)1L[g~~)J 2 
ij lJ 

= (12)-l X 2 X 10 X 5 X 20 = 166.67 

Substituting these values in (9.12) yields: 

TN = (37.5) 2/166.67 = 8.44 
1 

where N1 means the linear effect of N. 

The rest of the fertiliser component is obtained 

by subtraction. 

TNr = TN - TN
1 

= 8.79 - 8.44 = 0.35 

The results obtained can be summarised as in Table 9-~ 

Table 9.3 - Distribution-free analysis of variance 

l Source of variation DF i 
L... . --·--- --·. _...... .. . ... ·----·. ·-- ........... j .... . . . i 

T 

i Ploughing 
I 

I 

Linear 
Fertiliser 

Rest 
Interaction - . ·-·- ·-·--··· ~---· ·-•··--·-"---- .. ,. .... ,.. __ 

; Total 

1 

4 

4 

9 

·--- ·:· 

\ 

l! 
! 
! 

3/ 

~:'11: 

30. 00-">-A. 

8.79 

0.15 

38.94 

8. 44** . 

0.35 

I* significant at the 1% level 

9. 4 Summarx of the J?roce(_iuJ'..'e 

The following are the steps in the distribution­

free analysis of a two-way classification of treatments 

in a balanced incomplete block design by means of ranks: 

1. Rank the observations within each block from 1 for 

the smallest tot for the largest value, allocating mean 

 
 
 



 Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2022

207 

2. deter1:1ine the value of R. . ( the sum of the re,nks) lJ 
for each of the k treatment combinations; 

set up an interaction table for the R .. 'sand obtain lJ 
the total of the ranks R. & R . corresponding to the two 

1.. • J 

components A and B; 

calculate the values of the test stetistics T~ t' 
vO 

TA' TB and TAD with the aid of the formulae (9.2), (9.4), 

( 9 • 5 ) and ( 9 . 6 ) ; 

5. if applicable, components with one degree of free­

dom may now be calculatec"~. i-,·,ri th the aid of equation ( 9 .12); 

6. if a large proportion of the observations witbin a 

block are tied (ioe. if the lengths of the ties are sub­

stantial), compute CT defined in (9.8) and divide the test 

statistics c2clculated in 4. and 5. above by this term; 

7. the significance of any component is assessed by 

making use of the x2-tables. It should be noted that for 

a given number of treatment combinations (k), an estimate 

of the number of replications needed for the x2-approxi­

mation to be applicable is obtain~ble from equation (9.3)i 

(cf. also h4.10). No exact probabilities are available 
) 

for small samples. 

Some of the advantages of the new distribution-free 

method are as follows: 

1. The calculations involved may be less than the corre­

sponding parametric analysis; 

2. the tests are independent of the distribution of the 

observations. (This is not strictly true in the case where 

ties exist among the observations.) 

Some of the disadvRntages are the following: 

1. No exact probc:,,bilities are available in the case of 

small samples; 
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2. The behaviour of the test statistics under an alter­

native hypothesis is unknoym, However, it seems reasona-

ble to expe«t th&t the tests will generally tend to 

be conservative under an alternative hypothesis; 

3. The asymptotic relative efficiency of the method 

given in j9,2 when compared with the F-test is unknovm, 

but in general less than 3t/7T(t+l) if the requirements 

of the F-tests are met in the case of shifting ;~t-lternatives 

(cf. :'> 5, 14 of this thesis where the randomized block de-
.,; 

sign is considered; and Van }U teren & No ether, 1959). 

To summarize it seems as if this method of analysis 

does not contribute very much to the practical analysis 

of experiments. From the theoretical viewpoint however, ,~ 
the derivation of the test statistics~ of great impor-

tance since the formulae for a re,ndomized block design 

are readily obtainable as a special case from those for 

a ba.l&nced incot1plete block design. 

 
 
 



 Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2022

209 

C H A P T E R 

ILi .. NDOMI'.6LD BLOCK DESIGN 

10.1 Introduction 

E'or the requirenents a:J_d fields of a~~plic3,tion of 

the randomized block design the reader i.E~ referred to any 

of the standard statistical text books on experiuental 

c.esign (e.g. Coc}J.ra,n & Cox 9 1S57). 

The dist:ribntion-free test statistics 1 in the special 

case of r:'anks 9 for a tvvo-vre~~r classificHtion of treatmentsJ 

are given in 51c.2. The ~ethod of subdividing the sum 

of squares of the rank totals for treatments !I if.i fully 

illustrated in order to show how the theory can be gene-

rclized to any number of components. 

ifi1e theory for this method of anal;rsis is given in 

Chapter V, Fart 1. 

The applicc.:ttions of the fornulae arc n .. lustrated with 

exarnpJc f_; =i_n. \. 1 C • 5 • ~- -• .:.,hort in the 

A ~iscnssion of the efficieLc~ 

§10.5 and jl0.5 respectively. 

Suppose there are t~o factors or components A and B 

each at m and p levels respecti vTly o ( Lh(_;rG can be any 

number of levels anct/or cor::;:>cnents). Thus ·chere are in 

all k=rnp treatment cornbina,t:Lons. Suppose these treatment 

combina.tions arc re:plj_cat0d. JJ ·:;i~:1e;::; and the desi,.-?;n is a 

r-a~~'ldoI1;_ized block design. 

Iet rl. ,;h be the rank of X .. i when the observations 
eJ l J 1.l. 

in th::: h-·{.;L r~p1icat:i.on or 11lock are ranked, independc·nt-

ly:? gi virv:~ rt~nk 1 to tho smallest ano k to the lar,~;est 
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& Friedman? 1937). Xijh is the obs8rvation in the h-th 

replication of the (i 9 j)-th treatment combination (i=l, •• 

If ties are present within a replication the tied 

observations in each tie a.re ~iven the mean rank of the 

ranks they would have he.,d if they had been different (cf. 

Chapter V). Let now: 

R .. ' ·:•T = / r 0 = nmp; h ijh~ .J.lj 

lJ 

R. = ~R .. ; R. = 
--1-p p .J.I..• 

1. . lJ l. . l. 
J 

D 2.R .. ; R -1 
= = m H 0 

.l.1. • j • j • 'i 

i lJ • J 

R = i-.2iR .. = ½nk(k+l); R = (mp)-lH = ½n(k+l). 
• • ij lJ . . 

Friedman (1937) defined the following test statistic 

(Ttot) to test the null hy9othesis H
0 

that the k.trcat­

ment combin~:);tions have the same effect. 1I1he test statis­

tic rewritten in our notation becomes~ 

Ttot = 12[nk(k+l) ]-111.i(R .. - R ) 2 •.••••••••.••••• (10.1) 
ij lJ 

__ , c < )J--1~• ·c 1 < )J2 12 nk k+l ~~- Rij - ;tn k+l 
lJ 

= 12 [ nk ( k + 1) ] -lL2.:Hf . - 3n ( k + 1) ••••••••••••••• ( 10. 2) 
.. lJ :_ J 

It can be shown that under :i:-109 Ttot defined in (10.1) 

l. s·, t t · 11 f -~ d,1· str1· buted as x2 v,11· th asymp o 1 ca y or n ---:-,,,..c.-...-::.' , ... v 

(k-1) degrees of freedom. Siegel (1956) in Table N gives 

exact probabilities associated with values as large as an 

observed Ttot for k=3 9 n=2 to 9 and k=4, n=2 to 4. For 

n and/or k larf,er than these values, the associated proba­

bility may be d_eterr1inect by reference to the x 2-distri­

bution with (k-1) degrees of freedom. 

The test statistics for components A, Band the 

:JE For the :::-eGt of this chr:;,pter it will be assumed that 
the index i takes the values from 1 tom; j the values 
from 1 to p :J.:nd h the values from 1 to n. Both 
m & p ~2o 
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interaction A~ may be obtained from equation (10.1) as 

follov;s; 

·rtot = K2_2_,(R .. - R ) 2 
.. lJ lJ 

vrhere 

. (, \--1 
K = 12[nlu, K+l I J " o o o • • o • e o o o o o o o • • • • • • • • o • • • • • • • • ( 10 • 3) 

rfl 
-'-tot 

all cross-product~ are zeroo 

T A 

= Kl2__;(R . . -R. -lf .+R ) 2 

ij lJ l. oJ •• 

rn 
1. AG + TA + T 

I3 

From (10.4) we now obtain: 

.- · , J ·-1 r = 12Lnrl,..f 7K+-, 1 1 P ·J:.J'>..\ ..L;_ L;I.. ... L• 

..! i. 
J.. 

since R 

TB 

n, 

.LAB 

• , I -1 2 
= 12 L np kl k + 1 J ] - L'.. R . - 3 n (:': -+-1 ) 

i ]_ 0 

--· 

= 

:::: 

= 

2 Km2.i(H . - R ) 
j • J •• 

12[nmk(k+l) r·1}lH . - imm(k+l)] 2 
. • J 

,J 
12[runk(k+l )]-·lLR2 . -· 3n( k+l) 

j • J 

IQiL(R .. - IL 
i j l J J. • 

IT . + R ) 2 
• J •• 

......... (10.4) 

0 0 • 0 ••• 0 0 0 • 0 •••• '10. 5) 
C j 

eoeoeoee-•o••••••(lO .. ~J 

= Tt t -- T. - T.-J 0 Pi.. _[) 
• • • 0 0 • 0 •••• 0 •• 0 0 0 0 0 0 ... 0 ••••••• ( 10. 7) 

Tho f ormul2.,e i:1 equations ( 10. 2) ::md ( 10. 5) to ( 10. 7) 

correspond to those in ( 5. 66). 'I:he calculating formulae 

for the c:·:,,~rn vvh0re a function of tht:~ rankD is considered~ 

are gj_ven in 

The test statistics TA' are under H 9 0 

asyt1ptotically for n · ~;,-.::..:J 9 nJ.Ut'l).ally independently d.istri--
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buted as x2 with (m-1), (p-1) and (m-l)(p-1) degrees of 

freedom respectively (cf. Chapters IV & V). Under an al­

ternative hypothesis H these components are not asympto-
a 

tically independently distributed. By means of sampling 

studies it was found (cf .. f 5 .10) that the test for, say, 

component A becomes more conservative when the effects of 

the levels of coDpo~~nt Bare increased. 

To obtain the probabilities of obtaini1:..g a value as 

large as or larger than the calculated value of a test 

statistic (say TA) in the case of small samples, one of 

the following al ternati.ves should be. followed depending 

on the value of k, m and n. 

1. Exact probabilities for TA are given in Table 10,1 

for the following values of k, m and n: 

a) 

b) 

2. 

k=4, 

k=6, 

For 

For 

m=2, n=2 to 4; 

m=2 and 3, n=2. 

TB the values of 

all other v13,lues 

and 

m and p should be interchanged. 

of k, m and n the x2 d. .L • b - 1svr1 u-

tion may be used with (m-1) de~rees of freedom. If, how­

ever, any of the components consists of two levels only, 

a continuity correction of a½ should be 2pplied (i.e. a 

½ subtracted from the highest rank total and a½ added 

to the smallest rnnJ~ total for that component) before ·che 

value of the corresponding test statistic is calculated, 

In the case of ties the following correction term 

is used (cf. Kendall 9 1955, p. 100): 

CT = 1 - 2Jtr h/ nk ( k 2 -1 ) • • • • • • • • • • • • • • • • • • • • • • • • • • • • ( 10 • 8 ) 
h 

where 

= 2-i ( t 3 - th) ; 
(th) h 

length of any tie v:i thin replicc.te h; 

= summation over all different values in the h-th re­

plicz.tion. 
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Table 10.1 - Exceeding probabilities of obtaining a value 

as large as or larger than the calcv.lated 

VD,lue TA 

! -;- 1' 11 j Exact i iT~ ; Exact J 

L---~---·- .£. J_ Prob __ . ___ ! ________ J __ .. _____ ; _}:'rob•~·--' 
I . ! . I • I ! i 4- • s , o • o 5 6 

1 
1 

9 • 14. 3 : o • o o o 1 
1 

1
1 

m=2; 2.7 I 0.167: 8.143: 0.0037 1 

I I I ! 

; k=4 I 1. 2 I O. 445 j I 7. 429 0. 0111 

! n=2 I o. 3 o. 119 I 1 1 .coo 0.0230 
! ! 0.0 loOOO ! 6.857 0.0289 

I 

---T·1~·2··-7·· 0·:009·· ! 6 .143 I· o. 0401 

s.o l 0.031. i 5.s11 0.0556 
m=2 3. 2 0 .121 I i 5. 286 I O. 07 3 3 
k=4 1.8 0.284 l 5.143 j 0.0859 

n=lli
1 

0.8 ; 0.5181 m=3 I 4.4291_ 0.1156 
o. 2 I 0.825 I k=6 J 4.000 I 0.1556 

I I I 

0. 0 1 1. 000 ! n=2 l 3. 857 ! 0 .17 48 
-· ___ J -·--- • l I 

9.60 0.002 3.571 0.1956 

7.35 

5.40 

m=2 3.72 

k=4 2.40 

0.008 

0.029 

0.079 
i 

O .179 j 

3. 000 I 0.2519 

2. 714 ! 0.3141 

I 2. 2G6 I 0.3585 

I 1.857 ' 
l 

0.4563 

I n=4 1.35 0.340 ! 1.714 0.5170 
i 

0.60 

0.15 

o.oo 

0.571 I 1.286 I 0.5778 

0.849 j 1.000 i o.nn 
1.000 ! o. 571 1 o. 7985 

. ··-·-····-1 7. 714 ---·-· - ' ·---! I 0.429: 0.8844 0.005 
I i 

' 6. oss I 0.015 · 0.143 1 0.9193 

i 

m=21 
k=6i 

i 
~

1 n=2 r 
l 

I 
I 

4.667' 0.040 
t 

3. 429 j C. 090 

0.000 I 1.0000 
I 
I 
I 

2. 381 I 0.170 

1.524: 0.290 i 

o.s51 ! o.455 I 
o.3s1 ! o.655 ! 

o. 09 5 l o. sso ! 
0.000 ! 1.000 I 

~----.:.-- ~--··_i ______ _ 

The only necessary alteration is that the different 
test statistics have to be divided by this correction term 

(CT) to give Ttot(corr) 1 TA(corr) 1 TB(corr) and TAB(corr). 
It should be noted thut if no ties are present all 

th=l and thus all fh=O. The correction term then becomes 1. 
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In the case of a factorial design there is a seco:rtd 

method of analysis called the sing1e degree of freedom 

approach ( cf o Anderson & Bnncro:~t, 1952 9 po 27~~ and Goulclen 9 

1 05,...,, ., 08) ~ c::'.9 .!_Jo O • 

For k=n~ treatments there exist (k-1) orthogonal com­

the (k-1) orthogonal sets of con-

. \ 
l/ r=l 7 •• o , k-1 ) 

) 

~-1r• l 
Let for this method; 

·. ( r) 
= L_JL,g . . R. ~ . 

. . lJ lJ 1.J -
then 

r=l 9 o o. 1 1'::-l 

V,;,r( L ) 
r 

( 12 ) -1 1.r ( 1,. 1 ) -. > L- j r ) J 2 = ... rLL~ .l\.. + L-·'-· o . . 
. . l J l,J . 

V O e e O • 0 0 • 4t e • 0 • 0 e I •• e e e ( 10 e ~j) 

•••• 0 • 0 • 0 •• Q O • 0 • 0 •• ( 10 .10) 

•····•···••••o•••••(l0.11) 

(cf. (5.66) and. Chapters IV & V). 

1\_. •-· L~/var( Lr) 9 r=l 9 • o • 9 k--1 ••o•o•••••••••••••(l0.12) 

will under H
0 

~ be ar.3ymptotict"lly for n -➔ y..::, independently 

distributed as x2 with one degree of freedom each. 

~By means of ( 10 .10) 9 ( 10 o 11) t:,nd ( 10 .12) the linear 

d b · b 1 f'f' ' .... 1- m • t·· mi _ig .er oraer e :ec~s 01 a compone~~ say 1A,1n a _ac 
torial design 9 can for instance be tc::;;:;ted if desired pro­

vided the x2-appi:·oxime.,tion of TA is cr,:_-i_r,idcred a:)plicable. 

In -the case of tied o bservc1.tio11s 9 T ( 10 .12) is to r 
be divided by CT (10.B) to yield Tr(corr). 

10. 3 !Pzlicn~tiop 
;E2:.?1ru?..hl:_)__Q_~l. - To J.1lu.utr:-rce the application of ~he for­

mulae a h;ypoti-·etic.s.l factoric~l design vi.Ti th three c~_1l ti vars 

of E1f.d~~\::: c19 c
2 

and c
3 

r:~nd four ~ 2vels of nitrogen ferti-

1izer N19 1:r,1 , N :~ and l.·'.1.1 is considcrud. 'rhe design used 
C ~ T 

was a randomized block design 9 with six replications. 

~1:hc ,yields in br-,[;;3/moriten for the different plots as 

well as the corres:-io:nding r=:nks are :ore sented in Table 10 o2. 
~.i thin 23,ch replj_c2, tion the obserw;.tions are ra,nke( 

from the smallest to the lr;,r,_;2st Vc~lue and t}~e totals cf 

the rcmks for eecJ-.:. tre.~tti11c:nt combine.ti on are obtained. 

These totals are sat out in Table 10.2. 

rr~able lC. 2C\is the interaction table of cul ti vars of 

maize x fertilizer. Cultivars af m&ize are now taken as 

co1;J_ponent A and nitrogen fc:rti1L0:er as component B in 
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Table 10 :1 - Yields and ranks ( r) of cul ti vars of maize ( C) x fertilizer ( N') 

experiment 

Repli-! · . . . Treatment combinations . - . .. / 
r----- --·---·--···-· ----·· -------·----·- - --- --·--- ·-·- -- -------~-•----·-·---·--·--,----···--- --- ··----~ 

cat es ~-~.:!:_-=\]-_Q_~;LN2 rl2h ClN 3 ~13lJ._fi ~l N 4 r}jh _ 
1 

-~2~1 _: 2]-J:ill _ _?~~~?. r 22h. 
; · bpm r i upm r pm r pm r upm r bpm r • I , 

1 ! 15.2 4 17 .. 4 8 14.8 3 jl5.8 5 13.3 1 17.1 6 

2 j 13 .1 2 16. 0 9 12. 6 1 \ 14. 0 4 13. 2 3 ! 15. 9 8 
, ' I 

3 16.4 3 I 16.0 2 16-9 4 j 17.1 5 17.2 6, j 20.4 11 

4 14. 9 4 15. 9 7 18. 3 11 ! 14. 8 3 13. 2 1 : 15. 0 5 1· 

I I ! I 
!JI 5 1 14. 6 2 15 e 2 3 1 7 • 2 9 1 13 o 3 1 _£ 5 • 3 4 : 16 o O 6 I 

I l l 

r--6·----~~~4 2~ - ~:~8 3;--r-~:;4 3:J~t 2~0 . ~:~8 2~ --7-~:~3 3~---~ 
. -- --------··- -- ' - ---- -~-- ·- - - - - . - - -- ----· ·-- -----

r-••-·•-•· I---------•-·---~--• •• --------•--•·----•- - •·-----·••--·•, 
! B.epli1 Treatment combinations l 
lcates i C2N3 r23h I C2N4 r24h I C3N1 r3lh I C3N2 r32h i C3N3 r33h ! C3N4 r34h 
---· ·-ropm ___ r_iopm·-r I bj;)m r bpm . r ! bpm r _Jopm- . -:;:-·-· I 

1 i 18.6 10 111.2 1 l! 14.4 2 17.5 9 i 19.1 12 19.3 11 i 
2 ( 15 .1 6 ! 18. o 12 , 16. 3 11 16. 2 10 15. 5 7 114 • 6 5 I 
3 I 20.3 10 , 19.0 1 i 15.3 1 19.9 9 21.6 12 11s.5 s l , I i ' ' 

4 f 17.4 9 18.0 10 ; 14 .. 2 2 i 15 .. 8 6 19.2 12 j 16.3 8 

f __ ; __ t~l:_; _____ ; ~;:; J~_l~~:~ :J~!:~ ; ~~:: ___ ~: ___ !~~:; __ ~~--~ 
! ; R23 50 R24 57 i R31 23 : R32 44 R33 59 ~ 34 55 i 
------••o, ... -. --·--~----- -----·----------·---- -·-- --------:-- -----· .. _,. ______ ~ 

f\.) 

I-' 
\J1 
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fornulae ( 10. 5) to ( 1 '. 7) 9 thus r:·1=3 9 p=4 ~ k=l2 and n=6. 

To calculate the test ~tatistics for the different 

components we proceed as follc~s: 
~ro= P0 110 ti·on (1(1 2' ~lP 

1
i]QV8° ~- __ .d"' ,_., ..i_ ....,.,,.-4., . .1....i • ·- ) , • ..J _a_.v o 

T tot 
r· ( ) ] -· l ) 4 2 , ) = 12Lnk ~:+l L L· R. ~ - 3n(_k+l 

i=J. j=l lJ 
1 r, ') 

l ') ( C 12 ~,. 1,. ) - ( 2 7 C:. ' r:: -~-.::... \ = c_. 0 )~ .. 'f:_ ) ~ J_ T o • • o o + .) :J ) 

= 28.23 

- 3 X 6 X 13 

Frorn equations (10.5) to (10.7) we obtain~ 

rr = 12 r- •1 ·n].,.. ( 1-,...+l ' l - l , P 2 - 7,11 ( _L,-_..l.., 1 ) ~ C L .I.-;:-'... .J.l. ) - ~.:.,.li. .,,. 
l 

= 12(6 X 4 X 12 X 13)-1 (123 2 + 1542 + 1812 ) - 3 X 6 X 13 
= 5.70 

T-~ 12r 1 ( l - ']-l ,., 
.t.-: = Lnm { .-:+l; t.~Rc.. - 3n(k+l) 

J • J 

- 12(6 X 3 X 12 X 13)-1 (642+119 2+145 2+1402 ) - 3 X 6 X 13 

== 17.63 

TCE = 'l' - T - 71 
tot C '"N 

= 2B.23 - 5.70 - 17.63 

= 4.90 
1'here are no ties among the observations within m1.y 

replication and thus it is not :necessary to calcul;~te CI' 

in eauation (lC.8). 
If the calculated value of s,ny of the test statistics 

is lar2;er thc::,n the v2.l1.1e needed to be significEnt by means 

of the x2 distribution at the 5~ level with one degree of 

freedom (i.e. 3.341), we May proceed to subdivide the test 

statistic into coLlponents with one ~egree of freedom, if 

it makes any seEse 9 ioe. if the::-ce is linear contrast(s) 

a!ilong the levels of the component, orthogonal to all other 

contrasts, we would like to make (e.g. calculating the 

line2r aLd higher order effects of a fertiljzer being 

·d~e T8c"1,S0ll for this lS 

thQt if the test statistic for one of· the components with 

one degree of freedom is nearly as large as the test sta­

tistic for the ori{?;in,··,l couponent, the test for this com­

nonent with one degree of fr2edom will be significant. 

In the a,:)ove exam:-:ile · cul ti vars c2~"Ylnot be subdivided 

into single de;ree of freedom components, and arethus ig­

nored. If, hov,ever, thr-;: fertilizer were 2.p_p1ied on a ft\C-­

torial basis,~i1ere the differe~t levels of the fertilizer 

2,re equidistan fro~:-:. erwL other, the linearj qv.adratic 
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and cubic co~ponents c2n be calculated with the aid of 

orthogonal polyno~ials (cf. the tables of Fisher & Yates, 

193G). The constants obtained from the tables for the 

linear component which correspond to the four fertilizer 

levels are (-3~ -1 9 1, 3). Since these constants are the 

same for all three cultivars of corn we denote them by 

With th2 aid of equations (10.10) to (10.12) the linear 

effect of nitrogen fertilizer can be calculated. 

'-'\ 2 2 -( r 2 
LLJg. . = ml.ig . = 3 L - 3 ) + 
ij lJ j • J 

LN = 'ug . . R .. = ~g .R . 
1 ij lJ l.J j •J •J 

= [(-3)64 + (-1)119 + 145 + 3(140)] 

= 254 

where L indicates the linear effect of nitrogen ferti­
Nl 

lizer. 

var(L r ) 
1\1 

= ( )-1 ( ) ~, 2 12 :nk k+ 1 L.L..Jg .. 
ij lJ 

= (12)-l X 6 X 12 X 13 X 60 

= 4680 

TN = L~ /var(LN) 
1 l'il 1 

= (254) 2/4680 = 13.79 

The test statistic for the rest of the fertilizer 

effect is obtained by subtracting this last value from 

TN. I1he results obtcdned above CB.n be summarized as in 

Table 10.3. (Note that, according to the rules given in 

the previous paragraph 9 the x2-approximation is applicable 

in this case.) 

The observations were also analf.sed according to the 

parmnetric method of a:i::i.alysis and. the results obtained 

are tabulated in Table 10.4. 
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Table 10.3 - Distribution-free inalysis of variance 

--------- -~----------
; Sou:t·ce of V[::1,riatj_or-l, 1}1:7; T i 

1•-·•--· .. ··- -··•---·------------------ ·---~ 

Cultivars 2 5.70 

i"Linear 
}fertilizer) 

(Tte st 

i 

( 1 ! 

3~ 
I ,....,, 
: c:. : 

i 

6 
~ .... ·---···--· --··-·----·-·-·-~~-.--------~--------
! 

! Tot&l 11 · 2E.~.23 
I 1.....------------
¼31 significant at the lf level 

Table 10.4 - ?ara.mstric anelysis of variance 

--------- -----------·· 
Source of variation: F 

I 

I Re11licates 5 
I 

i 
; (1111-l-i v-:::i-.... c, I J\..-, l.,_ ,~,..l...., 2 3 7 /; ?f: . ""\" . 
i 

! \ Linear 
j :B1ertilizer/, 
j \.Re st 
I 

j Interaction 
i 
; Error 

3[11· 
'r. 
l c. ' 

i 
t 

' i 

6 
I 
: 5 tj 

1.53 

1 . 
+.~---····· ·----•-·--·-···-·-·-----------------
!_. Total : 71 ·,! 

I ' 
~' -------------J'----·-- '····--·-··---···-----·-·---·---- f 

. ·r· t +. ,, ~cl:,( 1e~rP.l. :1: f.ngn1 icc~n :~ . .., TDe :1 .· , ..:: 

:JOE sit;nifieant at the l7b leve 1 

Loth the i:rn.ra~-net:r i c and noLpc,r ;'s!Jetc i c ri1s thods showed 

the li::.-1e2 .. r effect of ni tro0en fsrtilisi-:,r significant at 

the 11;; level. ~2he parametric method. fur-+;her sho~1ed 

metric method did. not dec~~a.r:e it. significant. 

Examule 10. 2 - To illustrate the me·chod of analysis for .. -. . r:±::nn-~-

th€ s1,ecial case wt.ere use is mad.e of the transformation 

of the rar~s to ;inorliial values; suggested by-· Van der 

Wc:.erden ( 1957) ( see ,) 5. 5. 3)? the sa.u1e--,j"bserva tions as in 

Example 10.l is used. The ap~licability of the x2-approxi­

r1ation in this case ii can be based. on the same o.rgument as 

given in the laet seTitence of §3.8. 
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Divide the ranks in 1I1able 10.'l by (k+l)=l3 and these 

values ( 5 .. h) are then transformed \Vi th the aid of the lJ 
values in Table 2 of Van der Waerden (1957) p. 334 [Q(6ijh)J. 

The results obtained are given in Table 10.5 together 

with the totals z .. for each treatment combination. 
lJ• 

Table 10.5 - Transformed values (Tr) of the ranks in 

Table 10 .1. - -------·-··----· ---' : 

! Repli-1 Treatment combinations 
! cates '··-••·-

. ---·-·-•-·-·-- _____ ..,.,.,. 

1 

2 

3 

4 

5 

I 6 

Q( 811h) l Q( 012h )j 
T ·-r-T I 

r I r i 
I i 

-0.50 I 0.29 l 
' I 

-1.02 0.50 ! 
I . 

-0.74 -1.02 . 
I 

-0.50 0.10 i 
-1.02 -0.74 I 

! 
; 

-0.10 0.50 i 
I 

! 

Q( 613h) j 
T r 

-0.74 

-1.43 

-0. 50 

1.02 

0.50 

0.29 
••·-•--

-0.86 
t-·•·--···--
l z .. 
• lJ • 

-3.88 -0.37 

2 -0.10 

3 o. 74 0.10 ! -1.43 

4 0.50 

5 0.29 

' 6 0.10 
f 
1- -··--· 

2.27 I z .. l 
I 

I o. 741 -1.02 

d
o 74 -0.29 

-1.02 
--+------+--- ' .......... ___ _ 

. 6 ! 4.13 t -3.7 t 

Q(~l4h) j Q(t;2lh)'. Q(c522h) ! 
~-.......,,,...--- I m-- ... -, 

1: . J.:_ I .L I 
r ; r I r i 

-0.29 -1.43 
1 

-0.10 I 

-0.50 -0.74 i 0.29 i 

-0.29 --0.10 

-0.74 -1.43 

-1.43 -0.50 

o. 74 -0.29 

-2.51 -4.49 

0.74 0.10 

0.50 1.43 

-0.10 1.43 

0.10 1.43 

-0.74 -0.50 
---------·- ---
1.00 I 5.32 I 

1.02 

-0.29 

-0.10 

-1.43 i 
I ---..., 

-0.61 I 
I 

___ _..., 

0.29 

0.29 

1.02 

J.J. ---------·-·-·-~ ..... ----•·--

Table 10.6 is the interaction table for the trans­

formed values, as well as the totals for cultivars of 

maize z. (i==l,2,3) and nitrogen fertilizer z. (j=l,2,,3,4). 
1.. •J• 

 
 
 



 Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2022

22C 

Table 10.6 - Interaction (tranzformed ranks) of culti­

vars maize x fertilizer 

From equations (4.5) and (4.6) we now calculate: 

since z = 0 

= 0.663 

Van der Waerden (1957) tabulated in Table 12 the va­

lues for d 2 (if no ties are present). The value tabulated 

by him for k=l2 values is 0.661, which is.nearly the same 

as the one above. The difference is probably due to roun­

ding errors. 

With the aid of the formulae in equations (4.86) to 

(4.69) (cf. ~5.5.3) we now proceed to calculate the values 

of the different test statistics. 

Ttot = ( k-1) ( nko 2 )-1u,z? . . . lJ. 
J.J 

= 11(6 X 12 X 0.663)-1[(-3.88) 2 + ••• + 3.76 2
] 

= 28.25 

4 
= (k-l)(mAftd 2)-l i z2 . 

j =l • J. 

-1 2 2 = 11(6 X 3 X 12 X 0.663). [(-12.13) +0.02 + 

6.732+5.38 2] 

= 17.78 

? -1 :,3 2 
= (k-l)(npko~) ~ z. 

i=l l •• 

=· 11(6 X 4 X 12 X 0.663)-1[(-7.62) 2+1.302+6.32 2] 

= 5.74 
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= 28.25 - 17.78 - 5.74 

= 4.73 

For similar reasons as i:n Example 10.1 we now pro­

ceed to calculate the test statisticscorresponding to the 

linear effect of nj_troge.n fertilizer with the aid of equa­

tions (4.90) to (4.92). 

LN 
1 

Thus 

1 -*, ··,. = Il "''L1L.Jg .z. = n--2iig .z 
• j • • J lJ. • J ij 

1 

= 6--2 [ ( - 3) ( -12 .13) + 

.1. 

= 6 -}X X 5 9 • 2 4 
_, 2 2 

= ( k-1) kd 2.2.Jg . 
i ~ . J 

C) 

j 

(-1)(0.02) + 6.73 + 3(5.38)] 

= (11)-l X 12 X 0.663 X 3[(-3) 2 + (-1) 2 + 12 + 32] 

= (11)-l X 477.36 

2 2 
= 11\T /var ( L-r.-r ) = ( 11 x 5 9 • 2 4 ) / 6 x 4 7 7 • 3 6 = 13 • 48 

1, 1 1\ l 

The test statistic for the rest of the fertilizer 

effect is obtained by subtracting this last value from TN. 

The results obtained above can be prese~ted as in Table 10.7. 

With this analysis the same conclusions are drawn as 

in Example 10.1 where ranks themselves were considered 

(i.e. the linear effect of nitroge~ fertilizer signifi­

cant at the l~~. lsvel and cul ti vars not significant). 
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I~E:IwJe ~o. ~- - 1.1:his ex2.r.0.ple illustrates the analysis of 

a 33 factorial design with 4 replicates. Tho special case 

of rar.:.\.-s vYill be 

mulae in §10.2. 

. ~ , ( . -'- . cons1Qerec i.e. ~n ex~ension of the for-

To illustrate the ap·_· J.ice,tion of the :;~ormulae for 

more tha,n two com})Onents the cxam::)le in Cochrcm & Cox 

(1957) p. 196 was used. In thi~J example the effectr~ of 

three levels of ni tro,~.en, three of phosphorus and three 

of potash on the germin~tion of lettuce seedlings, con­

ducted at the seed laborat2ry, Iowa State Collese, were 

tested. The seeo. \Vas thoroughly mixed, and chvided into 

100 samples of about 60 seeds e2ch and germinated. At 

the en~ o1 5 to 7 days the normal seedlings were counted. 

The 0.ata in Table 10. 8 shm:· the nuI.1ber of normal lettuce 

l)lo.nt s ns well as their corre s::1onc1.ing ranks. 

The computations proceed as follows: 

1. Rank the obrJerve,tion.s ,ri thin s,1,ch replic2.tion from 

tr.e smallest to the L""':.rc:c :_ t. For tiec1 observatior4s give 

been c?.iffcrent. In this exc?.Iilple k=27=nu1:1ber of -creatnent 

combinations. ~Che indexes i 9 j, h c2,n to,ke on tln:-ee va.,lues 

1 1 2, 3 each anC~ they SUi:"l OVf;!' the levelf:1 of the compo-

nents T, P and K respectively; 
4 

2. calculate R .. , = L.J r . .. 
1 

as in 1.rable 10. 8; 
1Jil -l lJ 1S S-

obtain the three interc~ction ta.bl es for N, P and K; 

4. calculate the different test 

: 12[n x 32 x k(k+l)]-l 1 R? 
. 1 1 •• 

-1 i~: 2 
= 12(4 X 9 X 27 X 23) (605 + 

~ 9.27 

statistics as follows: 

- 3n(k+l) 

It should be noted that n x 32 
= 36 is the number of 

plots (ranks) added together to obtain the total R. 
l • ~ 

{ i:!:l, 2, 3) ·which is sc_!_uarcc1 .• This can be applied right 
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Table 10. 8 - Humber 2,nd rank ( r) of :nornal lettuce plants 

emerging i~ a 33 experiment (based on data 

from Cochr2:.n & Cox 9 1957) 
,_11.Tree.1=--------------;--------·- · , ·- -- -~-- -p · ··-To-fai_i. 
. . .t , Rep .•. 1 · Ren.. 2. I Re D. 3 l .... Le. p. 4 1 l. : • men s , : _,_ . · · ran :es · 
!n p 7'r :N9. -- r ;-· No • ··--- r·TN o. -- r-,. -- No. ---·r - i --· R · .. b-

1
! 

I : I • I lJ -
! : ' I • I 

~ 0 1 2 ; 11 2 37 ?7> 51 30 °2 ! 41 °2 l 60 5 I 
I ~- ✓• l l.. ◄ ! . L ! :,le, ! 
I j . ! I 

; 1 2 2 11 2 22 11 ; 19 8.5, 29 9.5! 31.0 i 
! 2 2 0 13 5 34 20.5· 19 8.51 26 5 39.0; 
t I 
t 

i 2 0 2 12 4 27 14 22 13.51 35 

26 17 I 31 

16 
i 

11 0 1 11 2 
I 
I 

l o 2 1 30 11 

14 

13 

6 

5 

I 
I 

27 1s. 5 l 29 

12. 5 j 
i 9.51 
I 

I i i 
; o o o 41 11. 51 40 

j 1 1 0 21 7 • 5 38 

I 

27 i 38 
! 

I 

I 

25 I 52 
I 

27 l 
! 
I i 

25 I 27 18.5! 32 14 

!211 21 7.5 
I I 2 o 1 , 42 19 
I 

I 1 2 1 20 6 
I 

! 2 1 0 24 9 

0 1 1 

1 1 2 

l 1 0 0 

0 0 2 

38 14 

39 15 

61 27 

40 16 
I 

12 3 I 
I 

25 15.5 28 7.5 

34 20.5! 11 
i 

1: 42 23 
I 
I 

39 26 

37 23.5 

35 

19 

22 

9 

32 18 

16 7.5 

18 5-5! 31 12.51 

17 4 I 24 3 
I 

19 s.5l 3s 19.5 
I 

22 13.51 

42 

29 

27 

21 

I 

37 17.51 
39 21 , 

I 
33 15 l 

2 2 2 

0 2 0 

1 1 1 

l O 2 

i 

46 21.51 12 3 20 11 15 1.5 
i 

i 
1 

2 2 1 

44 20 21 10 19 8.5; 47 25 ! 
I 46 21.51 12 3 37 24 

48 23 

58 26 

53 24 

54 25 

I 

31 16.5l 2s 20 
I 

33 19 i 21 12 

30 15 I 40 26 
i 
I 

26 12.5! 36 23 
I 

28 

50 

15 

7-51 

26 I 
I 
t 

1.5, 
I 37 17.5i 

44 24 i 

37 13: 26 12.5 1 13 2 l 27 6 
' I 

47.5 

37.5 

44.0 , 

96.5 

65 .o I 
l 

33.5 

63.5 

I 
t 

50.0 I 
39. 5 ' 

j 
64.0 j 

! 
55.0 

93.0 

59. 5 j 
l 

37.0 

63. 5 I 
56.0 i 

I 
85 • 5 I 

58.5 

82.5 

84.5 

33.5 

41.0 ' 

0 0 1 

0 1 0 

2 1 2 

0 2 2 

1 2 0 

41 11.5i 3116.5 14 3 l 25 4 

25 10 ! 16 7-5! 18 5.51 30 11 34.0 

i 2 0 0 3 2 12 ! 6 1 i 2 5 15 • 5 ! 38 19. 5 j 48. 0 ! 
J..._.. _ ____,_ ____ ___._____ _____... _____ ~.----·•-: 
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Table 10. 9 - l'J x P interaction table ( rsnks) 

; : P i P
1 

P R. : 
~- -----+---~---·-~---------- 2 ' __ !_~---·; 
' N · 27-8 c:· i 218. 0 '1· 148. 5 1

1 60~ 0 . 
l ..... 0 ! ./ • '.J \ 1 i ./ • I 

N1 i 215.0 i 176.0!115.01507.01· 
I i ! 

....,_ N2 ! 159.0 ~~6.5 '. 13~•5140~:0 i 
l R . 1613.5 : 500.5 1 398.0 ; 
L- ~J • I --·--·----- ____ _ __ __J 

Table 10.10 - N x K interaction table (ranks) 

Table 10.11 - P x K interaction table (ranks) 

L--_ J~Q_ : K1_J_~2 _ _J 
i P 1237.5 \1s3.5! 192.5; 
I O I : : 

I ! ' I 

P1 ; 189. O I 15 3. 5 i 158. O j 
I I , 1 

I I • 1 

i P2 !136.5 : 152.s 1 109.0 l 
--------·--.l.--·---·•··••-~-----. -·---·· .,J 

through as a general rule nai~iely ( excel)t for the constant 

12[k( k+l) ]-l) the rank totc:il ·which is squared should be 

divided b_y the nu11ber of observations (ranks) from which 

it is obtained. 

T p 
3 

x k(k+l)]-l 1 R2 . - 3n(k+l) 
j =l • J • 

= 12[36 

= 12(36 X 27 X 28)-1 (613.5 2+500.5 2+3982) - 3 X 4 X 28 

= 10.25 

From Table 10.9 
3 3 

= 12[12 x k(k+l)]-l ~ i R?. - 3n(k+l) - T.1.v - T.r0 
i=l j=l lJ. -~ 

= 12(12 X 27 X 28)-1 (238.5 2+ ... +134.5 2 ) - 3 X 4 X 28 

- 9.27 - 10.25 

= 4.31 
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3 
= 12l36k(k+l)]-l ~ R2 

1 - 3n(k+l) 
. 1 •• .D. n= 

= 2.50 

From 'I'able 10 .10 
7 n 2 

Tl~= 12(12 x 27 x 28)-L(244.5~+ ... +118) - 3 x 4 x 28 
~h. 

- 9.27 - 2.50 

= 4.01 

Fro::n Ta.1)le 10 .11 

TPK = 12(12 X 27 X 28)-1 (237.5 2+ ••• +152.5 2) - 3 X 4 X 28 
- 10.25 - 2.50 

= 1.98 

The value of 'I'nPK was not calculated since it 

is partly co~founded with blocks in this example. 

Calculate the correction term as defined in equation 

(10.8). 

In replication 1 there are three ties of two values 

and one tie of three values. 

In replication 2 there are five ties of two and one 

of three .. 

~ = [5(23 - 2) + (33 - j)J = 54 

In replication 3 there are four ties of two values 

and one tie of four valuer~. 

C4 = 

CT = 

ln replication 4 there are six ties of two values. 

6(2) - 2) ··-
4 

Thus LC = 
~3=1 s 

Substituting 

[1 - 216/4 X 

~-5 6 

216 

this value 

27(27 2-1)] 

in (10.8) yields: 

= 0.9973 

All the test statistics calculated above should be 

divided by this corraction term. The results obtained 

are suurn.arize(t in Table 10 .12. 
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It should be noted that the number of observations 

is large enough for the x2-approximation to be applicable. 

Table 10.12 - Distribution-free analJsis of normal 

lettuce plants in a 33 e:~peri.ment 

' ~ource o-f · · :u .. ---· DF i T i T(corr) 
: variation; , i 

--------·----·- ..... ...__. --------l----·••---··-l--. .. --· ··-··-· --··----4-
N 2 ; 9 2 7 '. o -~ OII ; 

'. • • "J•./ I 

2 j l O • 2 5 ! 10 • 2 8 ~I ; D 
J.. 

K 2 2.501 2.51 

NP 4 4.31\ 4.32 
j 

NK 4 4.01 I 4.02 
I 

! 
PK 4 1.98; lo99 

stgnificant at the --l~f°-lev·et 

Comparing these results with the results for the pa­

rametric analysis of vari8llce given in Cochr&n & Cox (1957) 

p. 199 7 it is seen that both these methods showod 

hi{;hly significrmt. 

next the linear a:nd quadratic com:ponsnts of the 

N ar.t.:.~ 

fertili~ers (except K since TK<3.84) are calculated with 

the aid of orthogonal polinomials given in the tables of 

F'isher 8~ Yates ( 1938). Prom the tables the values fo:r 

the two compone1·ts arc; 

Linear 

Quadratic 

-1 0 

1 -2 

1 

1 

vinere the three values of the two co:nponents given above 

correspond to the 19 2 ar..~ 3 Jevc2.s cf +lr.:.e different. ferti-­

lizerd respectively and since they are the se.me for the 

two remaining components.we.indic_at€ them by g. , g . ]_ • • • J • 

and g for N, P and K respectively. - •• h 

or the linear component of the fertilizers we cal-

culate~ 

y·, -._ r.-2 
LJL:I...Jf!). 

ijh 1 
• • 

·-... 2 
- ,:...i..LJg -· 

i jh •. J. 
. •. ' . 2 9 -.:- ( 7 ) 2 12 J = L..L.JL.Jg b = L - --- + = 18 
ijh ..... 
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For N1 we get from (10.10): 

= '·. L' rf R = L..J/..J ',--. , . l • • 1 
ijh·--1 •• lJ 1 

= -605 + 400 = -205 

Prom ( 10 .11) and ( 10 .. 12) ~,~,e have; 

') 

TN = 12(-205)~/(4 X 27 X 28 X 18) = 9.26 
1 

where N1 indicates the linear effect of nitrogen fertili-

zer. Similarily 

The value of TK is not calculated since T1r is al-
~l ~ 

ready smaller than 3.8~-1 9 the value required for T~.. to 
1\1 

be signific2,nt at the 51[ level. 

The quadratic com~;:ionents may be calculated in the 

same way as the linear components or they can be obtained 

cslculated as follows: 

Thus 

', '' 2 6Ug .. 
ijh lJ. 

~2.Lig. . R . . l = 
ijh lJ. lJ l 

I - • 
+ \ ·-·.l) 

TJ~ ~ - 12(65.5) 2/(4 X ?7 X 28 X 12) - 1.42 
.'Jlj_-'l 

Similarily 

The resv.lts cbtaincc.. 3.~'? c~,1111mar:i.zer.:1 in Table 10.13. 

Comparinc t~ner:1e :-eesul ts with those obt&inec~ in Coch­

nm & Cox (l<J57) J;. 199 u:::ing j_)ar;1Ewtric p:cocecl.ures, it 

is seen th._;,t both rnEithods showed r:
1 

and P
1 

sj_gnificant 

c.t the liS lcv•)l. In addition tt.i.8 1Ja2.1ametr1c riethod fur-
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Table 10.13 -- Distribution-free analysL3 of indi­

viQual coEponents 

u .r:l 1 10.23 ~ 
7 ,--, ~) C:.. X:!E 
-L \..·el.. V 

I 

}) 1 (l 
0.01 

i 

0.01 

y- n 1 1. 4~~ I 1. ,'}.2 .,_ll .:: i I 
-- ..J_ 

ther showed sig11ificcnt at the 5r,; level. 

~hese are the steps in the distribution-free analy­

sis of a two-way c1r1.ssificntj_on of treatments in a rando­

:1~i:zed block design by rieans of rD,nks ~ 

1. RE;,nk t::-le obser'Ic.tions vvithin es.ell replication from 

l for the smallest v9,luc to J.?~ for tY.e 13,rgest value, allo~-

c2..ti:ng rnegn r:inb=~ to tie·J ob::;orvationD;; 

2. deterPine the v.:--J.ue of Ei -i ( the sure of the ranks) for 
tJ 

each of the k treatneLt corabinations; 

3. set u::_;; au j_nte~".'2.ction tc.:~tle of the Rij vs and obt8..in 

the tot.:-11 of the ranks R.; and R . cor:responding to the 
..L • • J . -

calculate the test c-+a J.-; sti· C"' r-·, ,._; u, L, __ ,_ o .Ltot :1 T 111 d 1 A' 1.B an AB 

wj_th the aid of formul2se (10o2) 9 (10.5), (10.6) and (10.7); 

5. if a,p1ic2ble 1 conponents with one degree of free­

dom may now be calculated with the aid of e~uation (10.12); 

6. if a large proportion of the observations within a 

replic~te are tied (i.e. if tho lengths of the ties a~e 

substa:c.t:i . .s.l) co:.Tipute or defined in ( 10. 8) and divide the 

test sta·tistics calculated in 4. and 5. above by this 

term; 
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7. the method of assessing the :sign.ificance of any com-

:r;onent, on -tl::.e value of m, k 

and n. 

a. Exe.ct probal')i1ities are t:;;,lmlated in Table 10.1 fo:' 

I'"\ 

~). For all other values of~, m and n t~e X~-approxi-

mation should be use<i at (rn-•J.) degrees of freedom. It 

should be noted t::·:_::::.t c:. continuit_y corr.::;ction of a J should 

two levels only, before the v2lue of the corresponding 

test statistic is c2.lcul ~-:,ted. If the v2.1ue of tl:is com-

ponent must be subtracted to obtain the L.1.t(.:ro.,ction (cf. 

equc,tion (10.7)) we firr:t c<1,lcul;~.J,te the; test statistic 

for the compone:t1.t at two lev(:.ls "Ni thout a continuity 

correction, use this value to calculate the interaction 

and then calculate the test statistic aJain ~ith the con­

tinuity correction and U[:Je this v:::~lue to test the srH>-~ 

cific component. 

10.5 Effic~encv of the distribution-free tests 
-------· ......... ..._ ______ a.......ld~~--..:.&.•-6 ---- ·-----··:"~--............... . 

In the speci.=1J_ case of ran:;::s the J-::.:Lgllest asymptotic 

rcl2"tivc efficie:r.cy (R.roe.) 1)btr. .. i1":..;:=~hle for ::n\y of the 

tE: st statist5.cs for 

45.14). This is tn1e if the effects of the levels of the 

remaining components are 3ero. 

From ~~m·:yJJ.i:ng stuclie s (cf. :S. :j .10) it was found that 
) 

the VE~lue depressed rrhen the effects of tJ:1e 

lev8ls of the remaining components v;e1~e not zero. As a 
- w\-\h-

conseq_~Qn0.e oJ th:i.s tho a. r. c. of r.r A ( com:pai-ed ,en. the T1
-

test whei1 the require:.-:,ients CH -1e 1 ~-.:i. }J'--test 2,rE: :net) ;:;ill 

generallJ be c')F;.aller tt.o,n 3k/n(:r.-:+l). 
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F·ror.1 tllc;~:-iretical consideratior~ (cf. Lemner, 1964) 

it c.-:::.11 be expected th-:::,.t the Van der \Jaerden t;ype of tests 

( Cf T:·x ,r11pl 0 10 ° \_ • J.J u..ii . '-' • ("_ ) will generally ts more efficient than 

the tests discussed in this chapter (based on ranks), 

although they are more difficult to apply. 

10.6 Discussion and evaluatj_on 

Some of the acbre,ntages of the distribution-free test 

statistics prese .. ~ted in this chapter) when compared with 

the corresponding I 1-te s-c for a rcffidornized block desi;n, 

are the followi~;: 

1. The distribution-free tests are in contrast to the 

F-te st i11clepenc1 ent of 2.ssUJ!.1pti.ons such as addi ti vi ty (i.e. 

no block x treatment interaction) a~d normality; 

2. t}1e calculations involved are prob.s~bly a little ea-

sier than those for the F-test in tha special case of 

3. in the ce,se of a split :•1lot deE:d:~n tiJ?reare no pro-

blems in obtc.,ining the corre:c·c, error term since the di­

str:i butio::1.-frce tests are j_ndepend ent of an cstima te of 

the error variance. 

The most important dirmd-vantage of the distribution­

free test statistics is the fact that the a.r.e. of the 

test ,3tatistic(~, vrl~2n compared v:ith the 7-test, if the 

l'f.:(tuirements of thE; latter are met 1 is unknovm but lef:-rn 

thc:m 3k/17(k+l) for shift alternatives in the special case 

of ranks. 

Thus we may conclude by s2,yin6 thc:'.,t the F-test should 

always be used when j_ts requirements are fully met. In 

all other cases preference should be given to the distri-

bution-fyee tests. 
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CH APTER XI 

LA'I'IN SQUARE D:E:SIGES 

11.1 Introduction ------~--~·-· ··--~&-
In this chapter three distribution-free mt:;thods of 

analysis are presented for latin square designs. The first 

two are for a latin square design replicated once only a:.1d 

the third for a latin square design replicated several 
ol-

times. All three these methods of analysis are given for 
I'\ 

the case where the treatments form a one-way classifica-• 

tion. If the treatments form a multi-vvay classifica.tion 

the test statisticf{ for the different components can be 
-\o ~G\\ 

obt2.ined in a similar manner ~ in equation (8.4). 

For the randor1ization~ requirements arl.d analysis of 

variance i:n the paranetric case of latin square designs 

the reader is referred to Cochran & Cox (1957). 

The formulae for the three methods of analysis are 

given in fll.2 for the special case of ranks. The formu­

lae for functions of ranks arE: obtainable from Chapter VI 

( p. 144). 

An illustration of the application of the formulae 

. . . · 11 7 ls €:;l Ven l n (;" • :.) • A sun1rnary of the procedure:· is given 

in ,S-11. 4 and an evaluation of the three methods of analy-
J 

·~ehree methods of Emalysis a.re presented for the ana­

lysis of a lati:..'1 square design. '.I1he formulae are ,~;i ven 

for the specj_al case of ranks only. A full discussion 

of these methods as vrell as the formulae for functions 

of ranks are obtainable in (6.5 (p. 153). _., 
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c~om denigr1 

All the observations in the latin squnre are ranked 

giving rank l to the smallest observation and nmk N:::k2 

(k = ~v_mber of rovvs, columi:1s or treatmsnt.,3) to the large st 

observation. If tied observations are present the tied 

observations • 1 I • 

i2:1. cac.0. -cie arc (;i ven the mean rank of the 

ran1::s they would have had if they had been different. 

Let Y .. (~ ) be the observation in thG i-th rovr,, :i-th lJ n ' ~-
column where h correspond:::_; to the treatment applied to 

the plot ( i :i j) and let :r.: -; (l ) be the r8,nk allo<;atcd to 
j_ v l 

Yij(h) in the joint r-?.nkinr;. Let further Hh be the total 

of the ranks corrcspondi:n(; to t~;_e h-th treatment. 

The test statj_stic to tc[~t .Jc-he null hyrothesis that 

the effect of t1h: troatmcntf;; is the sa .. me is obtainable 

from (6.7) (p. 154) as a special case and i2 exactly the 

scr11c as th8 c~1e defined by }~ruske,l 8 V!alliE-; ( J ~)52) (cf. 

(8.2) with n=k). In tho not~tion of this ch&pter it be-

comes~ 
k 

1 = 12k[N(N+l) J-l LJ (Rh - r )2 •••••••••••••••••••• (11.1) 
h=1 •. 

lr 

= 12[N(N+l)k]-l f Rb2 3(N+l) ••••o•••··•·•••••••••(ll.2) 
h=l l. 

where 

- -1 R - lr- R .... ,"11 - ·:-... 1. h 

- -2, \ r = k t....., __ ,r . . ( h ) 
• • i ·j lJ 1 

'--' 

N - k2 - ~ ' and k is the number of treatments, rows or eo-

lUliillS. 

If k=3 the cxci.Ct probc,bili ties tabulatt=~d for the 

Krusk2,l-Wallis (1952) teDt s"tEitistic may b(~ used to dc­

termir.e v1hethcr the v.::~lue of the calcul1:;, tod tc st statis­

tic ( T) is si;~;nifj_ca:nt. F'or k > 3 tho tables of the x2 
-

distribution may be used at (k-1) degrees of freedom. 
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If ties are present the correction term given in 

equation (S.9) ;imst be c~:;,lcule,tec~. and T (ec:_uation (11.2)) 

must be divided by CT to yield T(corr). 

rrhe a:pplica tion of the method of anal;:rsis discussed 

abovE: will be il1ustr2,ted in Example 11.1. 

The -:cows ( or colunms) arc considi::red as blocks and 

ranks ( r .. (b)) are allocated wi thii:. rows ( or columns) to 
lJ -

the observations (Yij(h)) as described. in Chapter X. To 

tied observations the mean rank is allocated as usual. 

If it is Jmow1-i beforehand that say the effect of rows is 

larc:er than t.hat of colur:ms, ranks should be allocated 

within rows. If howeveT no l)rior lc10wledge is available, 

e.i the-:c- c2JJ. be selected _at. :r-s.:.1•:lon; 

e,s blo ckf1. 

Let Rh ai})3,in be the total of the ranks corresponding 

to the h-th treatment. 

The t€st statistic to test the nt~ll hypothesis that 

the effect of all treatIY1ents is the same is obtainable 

from ( 6 .10) as a special case e.nd is exactly the Sa2!le as 

the one defined by FriedmaL (1937) (cf. (10,2) with n=k). 

In the notation of this chapter it becomes: 

T = 12(k+l)-l ! (Rh - r )2 , ................ ....... (11.3) 
h=l k •• 

= 12[k2 (k+l) ]-l 1 R1~ -3k(k+l) ••••••••.•••••••••••• (11.4) 
h=l .l. 

v.1here all the sy1;1bols ha~,.re the same meaning as in t} 11. 2 .1. 

For k=3 and 4, the exact probabilities calcule.ted 

for Friedman's ( 1937) (cf. Siegel, 1956, Table }_') test 

statistj_c must be used. For k > 4 the x2--approxi:m.a tion 

at (k-1) degrees of freedom may be used. 

If ties are prese1.:.t among t.he observations within a 
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block the CT· definE:d in ( 10. 8) must be calcule.ted and T 

(equation (1ln4)) r:n.,rnt be divide(J. bl this vs,lue to yield 

T(corr). 

The application of the cinal~rsis accorr:lj_ng to I/iethod 

II is illustrated i.n Exc.mple ~-· l~L 2. 

11. 2. 3 Method III - The_ la;th1 ~sq2-1are §e '.":dfi_n re1,licatecl several 

times 

Suppose we have a k x k latin sq_ut:.:re design repli­

cated n tiri1es. :Sach lE.tin sq_uare is now consj_dered as 

a block. Ranks are nm1 allocated to the observ~:::-..tJ.cns 

v:i thin each le.tin squz3,re from 1 for the rnn.allest observa­

tj on to k 2 for the largest observation. If tied observa­

tions are present among the observations v,rj_thin a latin 

square desir~n the tied observations vvi thin each tie are 

\.;;i ven the mean r2.nk of th(➔ :ranks they- vveuld have had, hnd 

they been fifferent. 

The surn of tL.e ran.Ks for tho h-th tre2-tment ( 11==1, ••• , k) 

is denoted by Rh. 

lhe test statist1c t6 test t~c null hypothesis that 

the effect of all tregtrnents is the same is obtainable 

from ( 6 .13) as a specirtl case and is exactly the same as 

TA defined in eq_v.ation ( 5. 66), or from equation ( 10. 5) 
2 with k=k and p=k. Rewritten in our notation it becomes; 

~ ~ 1 k 2 2 
T = 12lnk)(k~+l)]- ~ Rh - 3n(l:: +l) ................. (11.5) 

h=l 

For k=2 (m in 1r2,ble 10.1 and k 2 for k in Table 10.1) 

and. n=2 ex.r:tct probabilities are available in Table 10.1 
'? 

of this -thesis. For all other values of k and n the X'--

approximation at (k-1) degrees of freedon may be used. 

If ties are present among the observations i11 a 

latin square the value CT defined in equation (10.S), with 

k substj_ tuted by k 2 , must be ce,lculated and T ( equation 

 
 
 



 Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2022

235 

(10.5)) must be divided by this correction term to yield 

T(corr). 

Attention is drawn to the following: 

1. Method I can also be used to analyse a design as men­

tioned above. In this case ranks should be allocated from 

1 for the smallest to nk2for the largest; 

2. Method II can also be used to analyse the above de­

sign. Ranks should again be allocated within rows (or co­

lumns). This time however there will be nk such rows 

(or columns); and 

3. which of the three methods is the most efficient for 

the above design will depend on the size of the squares, row 

and/or column effects. 

An illustration of the application of Method III is 

given in Example 11.3 

11.3 Application 

Example 11.1 - An example given in Cochran & Cox (1957) 

p. 121 is used to illustrate the application of the for­

mulae of Method I. 

This experiment was conducted to demonstrate the 

difficulty in selecting, by personal judgment, unbiased 

samples even from relatively small populations. In this 

experiment each population consisted of a small area of 

wheat containing about 80 tillers, the shoots being slight­

ly over two feet in length. There were six samplers. 

Each sampler inspected each area and measured the lengths 

of eight tillers as a sample from that area. The quantity 

that will be analysed is the difference between the mean 

height of eight selected tillers and the true mean height 

in the corresponding area, i.e. the sampler's error. 

The samplers represent experimental treatments, the 

six areas the columns and the order of sampling by the 
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samplers the rows
7 

of a 6 x 6 latin square desi[;n. 

Table 11.1 gives the field plan (alphabetic letters); 

the height of the shoots from which a constant was sub-
ht.V\c~ 

tract ed. -~ tne negative values ( values without brackets); 

and the rr:mks corresponding to the heights (values between 

brackets). 

Table 11.1 - Samplers error in tj_llers heights(cm) and 

ranks (r) obtained in a 6 x 6 latin square 

design 
----·-

,: ; columns : 
+---- ,:··•···-··•·--·-·-·--•·---·---·---·-··--··---·•· .... --~· ···-·- •·•··- ·-·- - ~- .. -·---.J 
i Rows I : II III ! 
L .... ____ .. l--·-•-·-• ; i-·------------------------·--·· ---4 
: 1 cm r I cm r ; cm r ! 

' . ' 
I i 

F 3. 5 ( 8. 5) i ( 18) i A 6. 7 ( 28) j 
i 

I B 4.2 

II 

III 

IV 

V 

B 

C 9.6 

D 10.5 

E 

! VI A 

( 33) \ 

( 34) ! 
I 

( 36) ! 
(7) 

(25) 

F 

E 

C 

A 

D 

1.9 

3.7 

10.2 

7.2 

7.6 

(4) l D 5.8 (23.5) ! 
l 

( 11) ; F1 -2. 7 ( 2) 

( 35) ! B 
i 

( 30) I C 
' 
' 

( 31) j E 

4,6 (20) 

4.0 (15.5) 

-0.7 (3) 
~ __ ... -·•--•··· ···-. -·--------- ------ -•···-------- ----- .. _,...,.._, ________ ,. _____ 

,.... ..... __ --- -·-------- ----•·----··----··-~----·-•--•--·--·-------
j 

' columns 
i 

L~~,~~-1 __ ~--~~--- .. __ ! · -~-------J___ vr ___ .... _ .. J 
: cm r 1 cm r ! cm r 1 
I I ! i 

I I D 6. 6 ( 27) i C 4 .1 ( 1 7) j E 3. 8 ( 1 7. 5) . 

II A 4.5 (19) IE 2.4 (5) i C 5.8 (23.5) 

IIII B 

IV E 

I l 
(11) l D 6.0 (26) j A 7.0 (29) 

t 

(11) A 5.1 (22): F 3.s:(13.5) 
I 

V :E' - 3 • 3 ( 1 ) E 3 • 5 ( 8. 5 ) l D 5 • 0 ( 21 ) 

!._ V_!_J C 3 • 0 ( 6 ) _ F 4 ~_Q. ( 15 , 5 ) !_ B 8 • 6 .. ( 3-_?). j 
Next the rank and yield totals for each treatment 

were obtained. The latter is not necessary but is ob­

tained for interest sake~ 

Rank(Rh) 

Yield 

A B C D E 

153 122.5 131 164.5 50.5 44.5 

364 335 367 415 160 72 
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From equation (11.2) we now calculate~ 

T = 12[N(N+l)~]-l 1 R~ - 3(N+l) 
h=l 

= 12(36 X 37 X 6)-1 (1532
+ ••• + 44.5 2) - 3 X 37 

= 19.88 with 5 d. f. 

From the tables for x2 we obtain x2
0h(5) = 11.1 and . .) 

2 x. 01 (5) = 15.1. Thus the value for treatments calculated 

above is highly significEi.:-.:1t. 

Although there are a few tied observations we do not 

calculate CT since if \Ie divide ~1 by CT, T(corr) will be 

larger than T which is already hic;hly significo..nt. 

The mean squaresfor the different components accor­

ding to the parametric method of analysis are presented 

in Table 11.2. 

Table 11.2 - Parametric analysis of variance 

--•-··-••···--------·-·---····-. ··-•-•· ···-·-- ·- . --· ... ·-·· ·- ··- 7 
! Source of vartationi :0F ! MS ! 
r•-· ------- --••·-••··-··-- --•·+·•-•-i------··-·- --i 
l Rows j 5 ii. 5 • 7 2 l 
! ' .Ut i 
; ColUiTinS I 5 15. 77 l 
1 

r - J t 1· 5 I 31 12~:JE i , 1Te a cm en s . I . • ; 
! : 1· 

' I 

i Error ! 20 3.33 I 
significant· at the l~:, lev·e1···--I 

In the above example the conclusion dravm from both 

analyses is the same namely that the treatme:.1ts differ 

significantly from each other. This will not always be 

the case. 

pxan!.E,_1 .. ~_ll. 2 - To illustrate the anal~rsis according to 

Method II the yields in Table 11.l hnve been ranked within 

rows (by tossing a coin to decide whether it should be 

rows or columns) from the smallest to the largest. ;1'he 

corresponding ranks are set out in Table 11.3. 
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Table 11.3 - Ranks allocated (within rows) to the ob~ 

servations given in Table 11.1 

i 
. 

F 1 B 4 t .A 6 I D 5 C 3 

B 6 
i 

F 1 I D 4.5 A 3 E 2 I 

! 

-----··•·- , 
E 2 

C 4.5 

·c 6 E 3 F 1 B 2 D 4 A 5 

D 6 C 5 B 3 E 1 A 4 F 2 
i 

E 2 i A 6 C 4 F 1 B 3 D 5 
I I 

A 4 D 5 E 1 C 2 F 3 
I 

I I I B 6 
' -i.. ----· ··-•-·--- ---~ 

The rank totals for the different treatments are~ 

A B C D E F 

Rh 28 24 24.5 29.5 11 9 

Fron equation (11.4) we obtain: 
k 

T = 12[k2(k+l)]-l L Rt -3k(k+l) 
h=l 

12(6 2 
X 7)-1 (282 2 - 3 X 6 X 7 = + ••• + 9) 

= 18.4, d,f.=5 

This value is also highly significant but a little 

smaller than the one calculated in Example 11,1. 

If it was knovm prior to seeing the data that the 

effects of the different columns would be higher than the 

effects of the different row~or if by chance it was de­

cided to allocate ranks within column3;the value of T 

would have been 18.69, again smaller than the one calcu­

lated in Example 1. 

Attention is dravm to the fact that from theoretical 

considerations it is to be expected that Method I will 

be a more efficient procedure compared with Method II 

when the row and column effects are small or zero. 

Example 11,. 3 - The example of Hodges & Lehmann ( 1962) is 

used to illustrate the third method of analysis. 

Three treatments A, Band Care compared in two 3 x 3 
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squares yielding the follov.ring observations. 

/-. ··-----.. --- 4 
i Square 1 I 

B 4.461 (6)i C 2.798 < 3) I A 7.402 (9) 
i I 

A 3.412 (4)j B 2.405 (2) I C 5.227 (7) 
I i 

C 3.454 (5). A 2 . 16 9 ·_:, ( l ) i B 6.717 (8) 
i 

Square 2 

C 5.424 ( 2) l B 9.670 ( 9) ! A 9.669 (8) 
I I 

B 5.062 (l)j A 9.368 ( 7) ; C 5.710 (3) 
I I 

A 6.605 < 4) I C 7.786 ( 6) l B 7.427 ( 5) 
___ __. 

The values in brackets are the ranks obtained by 

ranJ.ring the observations from 1 to 9 within each latin 

sq_uare. The rank totals for ~he treatments are as follmvs ~ 

A B C 

31 26 
2 In this example k=3, n=2 and 2.iRh == 2726. 

h 
Substituting these values in equation. (11.5) yields: 

T = 12[n1c3(k2+1)]-11R~ - 3n(k2+1) 
h 

= 12[2 X 33 X (9+1)]-l X 2726 - 3 X 2 X 10 

= 0.58 

This value is not significant. 

The parametric analysis yielded the following result: 

Source of variation DF 

Rows 
Columns 
Squares 
Treatments 
Error 

the 

4 
4 
1 
2 
6 

5% 

MS F 

1.4725 
10.1906 
45.6840 
2.9035 5.973I 
0.48605 

level ~ ~ignificant at 
The high mean square obtained for columns depresses 

the value of 11 in the nonparametric analysis and this 

is the reason for the small value obtained for T. 
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11.4 Smmna:.r;y of the _procedures 

Only the special case of ranks is considered. 

11.4.1 1'.1Iethod I - These are the steps in the analysis of a 

k x k la tin square design: l hi :1 :i I r 1 J . 0 
· tcei AJ93 aE 0J9CO ~ 

1. All the N=l:2 observations are ranked in a single se­

ries assigning ranks from 1 to N9 allocating mean ranks 

to tied observations; 

2. the total of the ranks Rh in the h-th treatment 

(h=l 9 ••• ,k) is determined; 

3. the value of the test statistic T defined in (11.~) 

is calculated; 

4. if a large proportion of observ2tions is tie~ cal­

culate CT given in (8.9) and divide the test statistic 

calculated in 3. above by CT to obtain T(corr); and 

5. the signific[u1ce of T o::c T( corr) may be assessed as 

follmvs ~ 

a. If k=3 the tables for the Kruskal-Wallis (1952) 

test statistic umst be use0.; and 

b. for k> 3 the x2-approxit~.o:tion at (k-1) degrees 

of freedom @1st be used. 

11.4.2 Method II 

1. If no prior kno,.;;;le(Jge is available as to the size of 

the effects of rows and colu~u1s a coin is tossed to decide 

whether ranks will be allocated within rows or colurrms. 

2. The observations are ranlrnd vii thin rows ( or columns) 

from 1 for the smallest to k for the largest, allocating 

mean ranks to tied observations. 

3. The total of the ranks Rh in the h-th treatment (h=l, •• 

•• ,k) is determined. 

4. The value of the test statistic T defined in (11.4) 

is calculated. 

5. If a lar,;:e proportion of observe. tions is tied 
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calcula.te CT given in (10.8) a.i.vid d.ivide the test statis­

tic calculated in 4. above by CT to obtain T(corr). 

6. The signific2nce of Tor T(corr) may be assessed as 

follows~ 

ao For k=3 and 4 use the exact probabilities calcu­

lated for Friednmn's (1937) (cf. Siegel, 1956, Table N) 

test statistic; and 

b. for k >4 use the x2-approximation at (k-1) de­

grees of freedom. 

1.4.3 Method III -These arG the steps in the analysis of a k x k 

latin square design which is replicated n times. 

1. The observations witl::in each latin square are ranked 

from 1 for ~~he smallest to 1:2 for the largest, allocating 

mean ranks to tied observations. 

2. The totsl of the ranks Rh (h=l, •.• ,k) for the h-th 

treatment is then determined. 

3. The value of the test etatistic T defined in (11.5) 

is calcul2-ted. 

4. If a larce proportion of the observations in a latin 

square is tied, CT iiven in (10.8) is co,lculated and the 

test statistic calculated in 3. above divided by this CT 

to obtain T(corr). 

5. The significance of Tor T(corr) may be assessed as 

follows~ 

a. For k=2 anu n=2 use the exact probabilities tabu­

lated in Table 10.1; and 

b. k > 2 and/ or fi -:;,, 2 the x2-approximation at ( k,....l) 

degrees of freedom must be used. 

1.5 Evaluation of the new methods 

The three distribution-free methods of analysis pre­

sented in this chapter are easy to apply ar..d are not de­

pendal'lt on the <.1istri but ion of the population from which 
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the observations come. 

The efficiency is, however, unknown but is not very 

high when compared with the F-test if the requirements 

of the F-te st are met, especially vrhen large row and/ or 

column effects exist. This statement is effectively illu­

strated in Example 11.3. 

Hodges & Lehmann (1962) presented a rank method of 

analysis for a latin square design, but the application 

of the method is very cumbersome. 

Thus it still remains a problem to find an efficient 

distribution-free method of analysis for a latin square 

design. 
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CH APTER XII 

, 
DISTRIBU'rION-FRJ[;Z ]\IULTIPLE CO]:.[JJJ~RISON PROCEmJRI:S 

12.1 Introduction 

12.2 

If in an analysis of variance the null hy9othesis of 

equal population means is rejected (i.e. the test statis­

tic for treatments is significent) one vIOuld like to nmke 

decisions as to which neans are responsible for the sig­

nificant result. 

In this chapter multiple comparison procedures are 

1:,resented (§12.2) and illustrated with examples (§12.3) 

for a completely rc=.:mdom design and a randomized block de-

sign. 

I·he theory for the multiple comparison procedures 

was derived in Chapter VII for functions of ranks. Only 

the formulae for the special case of ranks itself are 

considered. 

:Formulae ------~-~-
12. 2 .1 Co1;_wlete~y zandor.. _ desi21 

The one-~ay classification of treatments is consi­

dered first. Suppose there are k treatments each repli­

c2,ted an equal number of times 1 ss.y n. Rank the N=nl.: ob­

servations Xjh ( j=l 9 ••• ,lq h=l, •.• ,n) jointly giving rank 

1 to the smallest observation. If ties are present among 

the observationsj the tied observations in each tie are 

given the mean nmk of the ranks they would have :had, had 

they been different. Denote the rank of ·\r by r.1--1 and 
n 

Ajh J.1..:.. 

let R. = 2.: r.h be the total of the ranks belonging to 
J h=l J 

the j-th treatment. 

The test statistic for treatr1ents defined by Kruskal 

& Wallis (1952) (cf. equation (2.12)) is next calculated. 

If this value is significant any contrast amongst the 
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treatments defined by~ 

/\ k 
lV = 6 c.R. 

j=l J J 
• • • • • • • • • o o o o • o o • • • • • • o • • • • • a • • • o • • • • • ( 12 • J .. ) 

k 
where the c.'s are constants subject to L c. = 0 and 

J j=l J 
not all the c' s zero, a~.y be compared with 

1 k 
TR = [ ( 12) -lnN ( E + 1) J 2 qcx , . ( l ~ I c . I ) 

,K,:x:> j=l J 
······••0••···(12.2) 

where qN ,r is the upper ex point of the studentized 
1.1v , .b •. 1 i:,O 

range for k treatraents at ~ degrees of freedom for error 

variance. 

If now I JI exceeds TR the contrast 4" is declared sig­

nificant at the lOOcxf level. 

The formula for compe,ring any two treatments (i.e. 

by means of the absolute value of the difference of the 

rank totals of the two treatments) is directly obtainable 

from equation (12.2) above by substituting c,1=1 and Oj• =-1 

and all other e's= O, i.e. 

········••0••·······(12.3) 

If any of the differences \R. - R. vl . J J 
( . ..L.' • • ' 1 JrJ ; J 'J = ' • • 

•• ,k) exceed LSDR we say the j-th and j'-th treatments 

differ. 

In the case where the k treatments are composed of 

two components A e,nd B at m and p levels each, respective­

ly (cf. Chapter VIII) and if the test statistic calculated 

for, say component A, is significant a multiple compari-­

son method for the different levels of component A~ can 

be obt2i.ined directly by observing that the m levels of 

component A are each replicated n' = np times instead of 

n times. Ec1uc1,tions ( 12 .1) and ( 12. 2) can now respective-

ly be written ac" Q n 

/\ m m 
:--v = ~ C. R. L...J c. = 0 

. 1 l. l. . 1 l. 
:::!..= l= 

where R. is the total of the ranks in the i-th level of 
l. 

A; and 
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where n' = np in this case. 

The test statistic for pairwise comparison of the 

different levels of component A is obtained from equation 

(12.3). 

LSDR = [(12)-ln'N(}T+l)]iq_ ........................ (12.5) 
A a,m,~ 

where nv = np. in this case. 

The above procedure seems to be applicable if n ~ 4 

and the total number of observations N ~ 20. 

It should be kept in mind that a multiple comparison 

technique will l!sually only be applied when an overall 

significa...11.t difference has been fauna. by means of an ana­

lysis of variance technique. 

Since the analysis of variance procedure presented 

in Chapter VIII and the multiple comparison techniques 

presented above are based on the same underlying theory, 

the application of the corresponding distribution-free 

multiple comparison techniques seem~ justified when the 

corresr)onding distribution-free analysis of vari2.nce pro­

cedure is considered applicable. 

The one-way classification of treatments is consi­

dered first. 

Suppose there are k treatments and n replications. 

RariJc the k observations within each blocJc ( or replication) 

giving rank 1 to the smallest observation. If tied obser­

vations are present among the observations within a block 

the tied observations in each tie are given the mean rank 

of the ranks they would have had, had they been different. 

Denote the rank of Xjh (j=l, .•• ,k; h=l, ••• ,n) by rjh. 

The total of the ranks in the j-th treatment is given by~ 
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n 
R. = L r.h 

J h=l JJ. 

The test statistic for treatments defined by Friedman 

(1937) (cf. §2.3.7) must now be calculated. If this test 

statistic is significant 9 eJ1.y contrast amongst 

the treatments tefined by 

I\ k 
lrJ = L, C.R. 

j=l J J 
k 

where the c.~s ar2 constar...ts subject to ~ c. =0 and not 
J j=l J 

all c vs = 0, may be compared \CJi th 

••••oeoeoooe(l2.7) 

where q_ 1 is the upJ)er a point of the studentized range 
CX, n: ,oo 

for k treatments at .•:1J degrees of freedom fo:r error variance o 

If now itf! (equation (12.()) exceeds (equation 

( 12. 7)) the contrast ir:3 declared si;;T1.ific::m.t at the 100cx~6 

level. 

'I'he formulae for comparin(~; any two tre[ttments (i.e. 

by means of the absolute value of the difference of the 

rarJc totals of tlw tv10 treatrn:~nts) v.,ith each other is di­

rectly obtainable from eq1_1..ation ( 12. 7) above by subs ti tu ting 

c. = 1 and c., = -1 and all other c 1 s = O, i.e. 
J J 

1 1 
LSDn = [ (12)- nk0~+1)r2·q ,.- . • ••••• o ............... • (12.8) ir a,.n.9',xJ 

If any of the difference s JR . - R . r/ ( j / j ' 9 j , j ' =1 , •• 
J J . 

• • , k) exceed LSDT1 it is concluded t1u:::t the j-th and j '-th .rr 

treatments differ. 

In the case where the k treatments are composed of 

two components A and Bat m and p levels eac~ respective­

ly (cf. Chapter X) and if the test statistic calculated 

for, say coepone~t A9 is si;,.nificant a multi-

ple comparison ~ethod for the different levels of compo­

nent A9 can directly be obtained by observing that the 

m levels of component A 2,,re each rspJ.icated n' ::;: np tixnes 

instead of n times. :sq1.~ations (12.6) 2nd (12.7) can thus 
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be written as: 
m m 

:~.' = L C. R. ' ~ C. = 0 .••. 0 • 0 •••••••• 0 ••••••• ( 12. 9) 
. 1 1. 1. . 1 1. l= l= 

where R. is the total of the ranks in the i-th level 
l. 

of A; and 

LSDFrA = [(12)-
1

n•k(k+l)]½qo:,m, ,., (\!/d) ........ (12.10) 

where n' = np in this case. 

The test statistic for pairwise comparisons of the 

different levels of component A is obtained from (12.8). 

LSDFrA = [(12)-1n 1 k(k+l)]½qo:,m,•,L' ................. (12.11) 

where n' = np in this case. 

The following corrections to equations (12.7), (12.8), 

(12.10) and (12.11) are recommended in the case of small 

samples (cf. 7.3.3)~ 

1. If k ~ 4 a ½ should be added to the values calculated 

by means of the formulae mentioned; and 

2. for k). 4 no correction seems to be necessary. 

A remark similar to that given at the end of 912.2.2 

is also applicable here. 

The formulae, for a completely random design with 

unequal sample sizes, are not quoted here. They can, 

however, be obtained from Chapter VII. 

2.3 Af>.Elication 

In all the examples below the requirements regar­

ding sample sizes, for the theory to be applicable, are 

met. 

Example 12.1 - The application of the formulae for a 

completely random design is illustrated by means of an 

example used by Steel (1961). 

The Kruskal-Wallis (1952) test statistic calculated 

on the data in Table 12.1 is highly significant, and we 

thus continue to calculate the LSDR with the aid of equa­

tion (12.3). 
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Table 12.1 - Final weights (gm) and ranks (r) of chickens 

at six weeks for various sources of protein 

supplement 
t 

H L Sb s f M C 
•-• ••~ •H • • •••"•" ----- ----·• 

gm r gm r gm r gm r gm r gm. r 
108 1 141 5 193 14 226 21 153 8 216 18 

124 2 148 7 230 2~- 2S5 36 206 16 222 20 

136 3 169 11 243 26 320 42 242 25 260 31.5 

140 4 181 13 248 27 322 43 257 29.5 318 41 

143 6 203 15 250 28 334 47 263 33 352 52 

160 9 213 17 267 34 339 48 303 37 359 53 

168 10 229 23 271 35 340 49 315 39 368 54 

179 12 257 29.5 315 4C 341 50 325 44 379 55 

217 19 260 31.5 327 45 392 58 344 51 390 57 . 

227 22 309 38 329 46 423 60 380 56 4-04 59 
! 

' R. 88 190 I 319 454 338.5 440.5 L-.J ___ I 

From the tables of the studentized range we obtain~ 

q 05 6 = 4.03 
• ' 'oO 

Thus 

LSDn = [ ( 12 )-1nE(N+l) Jftq 05 h 
00 '"t'- • 9 ) 

= [(12)-l X 10 X 60 X 61]½ X 4.03 

= 221 

The value of q 05 c. o0 = 4.03 was obtained from 
. '0' 

Federer (1955) Table II-1 on page 22-23. 

The results obtained can be presented as follows~~ 

H 

88 

L Sb 

190 319 ---

M C Sf 

338.5 440.5 454 

H is decla:red significantly different from Sb, M, C 

and Sf while Lis significantly different from C and Sf. 

This result is exa,ctly the same as the one obtained by 

Steel ( 1961). 
I see footnote atboitom of the next page (p. 249) 
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For the Tukey parametric procedure, we find means 

of 160.2 (H) 9 211.0 (L), 267 .4 (SbL 278.8 (M), 323.2 (Sf) 

and 326.8 (C). Also Sx = 18.03. For Tukey's test the 

least significant difference is 75.2. 

Using this LSD to compare the means, leads in this 

example to the same conclusions as olJtained by the non­

parametric procedures. 

Examyle )~2. 2 - Suppose one wants to decide which cf the 

levels of the nitrogen fertilizer differed from each other 

in Example 8.1. 

From the studentized range table the following value 

is obtained. 

q. 05' 3 ',;<) = 3. 32 

With the aid of formula (12.5) we calculate~ 

LSD = [ ( 12 )-1runH( N+l) l½ qa n cxJ RN ,~, 

= [(12)-l X 6 X 2 X 36 X 37]½ X 3.32 

= 111.18 

The results obtained can be surmnarized as follows~ 

N 
3 

335 

The highest level of nitrogen fertilizer differs 

from the other two levels. 

EX¥J...P}-_e 12. 3 - To illustrate the application of the for­

mulae for the set of all contrasts take the values of 

Example 12.1. 

Suppose we vvant to compare E and L w·i th the re st of 

the treatments. From (12.1) we have~ 

~ The method of underlining treatments which are not 
declared sigt1.ificc1nt used in multiple comparison pro­
cedures may be adopted for application to rank sum 
procedures. 
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k 
41 = Li c.R. = 

j=l J J 

= 2(88) + 2(190) - Jl9 - 454 - 338.5 - 440.5 

Ylhere 
k 

= -996 

L c. = 2 + 2 - l - 1 - 1 - 1 = 0 
j=l J 

1: 
i L lc-{= ½(2+2+1+1+1+1) = 4 
.. j=l J 

From ( 12. 2) we hcwe ~ 

Since l ~ \ ;;884 we conclude tl-:.0,t the contrast is sig-

:nificant. 

E:x£:~rmle 12. 4 - '110 illuctr~::~te the u;32 of the distribution-
-~----· ....... ----- .&. ....... --.....-

free mul ti:;le con1pariso11 IH'Ocec":.un;s derived for a rando-

mized block design an experiment was used which consisted 

of f'ive cultivz2.rs of t::aize wLicl1 vn~s tested over two years 

and replicated five ti~es. 
- . \NO.S . 
the desie::n-we,::e a randonnzed 

block designo '.I·he Jie1c'~s and ro.:iks are s;iven in •.r;:i,ble 12.2. 

vars of maize (C) tested over two years (Y) 

('( ~r 

v3il 
bpm r .... 

44 4 
I 

2 44 -· I Ji 35 1 61 lC 51 5. fj 54 7 

3 4-5 2 41 1 5C 8 ! 40 4 51 I 
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-; 
treatment combinations 

+-
I 

C3Y2 Rep1. 

opm r 

-···•·-·-·---, . - . r 

C4Y1 I C4Y2 ! C5Y1 --i.--,-_ r,-1 r l bpm r ( bpm r 

1 46 h 
.,,) 56 10 41 s I 51 s 

2 37 2 50 4 
! 

57 9 l 56 8 51 5.5 

3 47 3 60 9 55 6 I 61 10 56 7 
l 

9 I 64 7. 5 56 s. s 
I I 

3 1 63 s.5 12 10 I 
33 fg5 42 '278 31 1 

The data in TQble 12. 2 were anal:tsed accordj_ng to 

the method described in Chapter X. The results obtained 

are given in Table 12.3 

Table 12.3 - Distribution-free analysis of variance 
----- j -r-------------, 

Source of vs,riatim~ T I 
-culti~ars----·-· , 4 j 27 .-56Ii··1 
Years I 1 j 2 • 028 1 

IntGraction I: 4 I 0.681 
. I ~-----·------·----·-···-··-----;------·- , . -··---·---

Tot r:1.l I 9 / 31. 069 
...... J:_lt __ S_ l __ g-·n-i~f-: i-c-D.i-1 t-c-), t_+_..ur.-1e-. _1_1/.,.._{,

1 Te.Ve r--·--·-1 

To decide which cultivars differ from the rest, cal­

culate the least significant difference ( LSDF ) v1i th the 
'T 

aid of equation (12oll) 

LSDFrc = [(12)-
1n 1 k(k+l)]½qo:,k,o0 where n'=5 x 2 = 10 

1 1 
= [(12)- X 10 X 10 X 11]~ X 3.86 

= 36.85 

Applying this value to the totals of the ranks for 

the cultivars of maize we obtain: 
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For the parametric case S- = 10746 and the means 
X 

c1 (41.7), c2(56.2), c3(48.8), c4(55.2) and c5(57.3). 

The LSD for the means calculated &ccording to Tukeyvs w 

procedure is 7. 05. Tt.e results obte: .. ined. in -the pars,metrj_c 

co..se can be presented as follovrs ~ 

C 
2 

56.2 57.3 

Tukey's procedure in the p&rametric case showed that 

more varieties differe~t t~an the distribution-free pro-
/i 

cedure. 

'l1he ~teps in the a1)l)licatio11 of the (Jistribution-f:ree 

multiple comparison procedures for the si')ecio..l case of 

ranks~ are the folloTTin~: 

112.tions in a single se:rj_es, o.ssiz:i1.ing rs,nks fron 1 to N, 

allocating me.qn ranks ·co t;j_cd o"bscrva.tio:v:.s, 

2. the total of t:he r,:::,::.1.t:s for ever; trstdinent ( corJ.bi-

3. tLe l'~rusl:al- h=~ .. llis (19:)2) test statistjc or the 

culated;; 

4. if the test statistic c~lcul2t6d in 3. above turns 

out to be significant proceed as follows: 

a. For any contnrnt G .. rno~1g the trer,,tments use equa-

tions (l~.2) or (12.4) depending on wheth0r the 

test statistic for the one- or more-way oJ.assifi­

cation vras calculated in 3. above; 

b. for :pc:irvrise cornl)arisons .. use equations ( 12. 3) or 
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5. a contrast or the difference of any pair of treat­
\-\s 

ments is c~eclc"'..red sign.ifice,nt if •·~ absolute vs-,lue 

exceeds t~e VQlue c2lculated in 4a. or 4b. respectively; 

6. these metJ:wds of cor:.1:arj_son are valid if N ~20 and 

the number of :rc:;;:lj_ca-cions V1i-c 1:'._in 8. treatuent ~ 4. 

The steps in the applicatio~ of the distribution-free 

multiJle comparison Jrocedures, for the special case of 

1. The observations vdthin eac}: re:9licatj_or:_ are ra!.1ked 

from 1 for the smallest value to k for the largest value, 

alloce,ting r.1ea:r1. r~).nks to tiec. obcerve. tions; 

2. the total o:f the ro,nlrn for every tree.tnent ( combi-

n~tion) is determined; 

3. tj_·_e Fried:• ian ( 1937) -ce f;t statistic or the appro1?riate 

test statistic (cf. Cha,ter X) is calculated; 

4. if the test statiE:!tj_c c.-:.lculated nJove turns out to 

be significart proceed as follows: 

C 

a. For 2,11-y cortraLt arno:-: the trec--,.t"Lents use eq_ua-

test statistic for the one- or I!lore-v::-:,y classifi-

cation was calc~lated in J. above; 

b. for pairwise co~parisons use equations (12.8) or 

(12.11), 

5. a contrast or a differe:-icrJ of 8.ny ::;air of treatments 
\"'"'!> ie declared significant if -~, a·bsolute vo.lue exceeds 

tL.e vc:,lue calculo:ced j_n 4a. or 4b. res:pecti ve1y; and. 

6. for any contrast a½ should be added to the value 

calculated with eq_uatio:ns ( 12. 7), ( l~Z o 8) 1 ( 12 .10) or 

( 12 .11) if k£- 4. }for 1c >4 ::.10 correction is necessary. 
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12.5 Evaluation of the methods 

The distribution-free multiple comparison procedures 

presented in this chapter are~ 

1. Easy to calculate; 

2. applicable to the new methods of analysis presented 

in this thesis; and 

3. independent of the distribution of the population 

from which the data come. 

Their efficiency, however, is unknown but it can 

reasonably be expected that these methods will be con­

servative compared with the parametric methods if t/,.e re­

quirenents of the latter are met. It seems safe to use 

these methods in practice. 
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S U L I,: A R Y 
.... _ _._ --·-· .... -..,...-..~-.. ... , ................ -·---·. _. 

1he purpose of tl:.e r:ork presented nas f'irstly to de-

vcJ..02) c~istri bution-i:ree netl.:.oc~s of s,na.lysi s anc1 raul tir:>le 

conparison proced_urec for tc~sic experir.~ente,l designs rrhere 

ly to present these ~ethods in such 2 Day th~t a research 

norker v1ith an eler:ientcTY knm 01edge of biometry would be 

sble to apply t~ese 2ethods wit~out ~uch difficultyo 

This thesis is ~ivided into two partso Pnrt I deals 

v1ttl1 the ma:ther:1.2.tic:~~1 c1eriv,~:.tion of test statistics and 

thei:!' exr,ct 2.n( Ets~;·r.0.)totic 6.istri but ions ( under the null 

for different ex,erimental designs 1 as vvell 

as t:-:i.e investigation of the c:.i_,:::iplicabili ty of the tests 

based on these test otatistics under an alternative hypo-

thesis by means of s2mplin~ studies; Part II deals with 

the sp,1ic2tion of the tests terived in Part l. 

The neF developnents i:t1 Part I cs,n be sm~1marised as 

follows~ 

Le 2nn er ( 19 6 4 ) c1. c rived. t e s -c st c:./c is tic s base c~ on 2, 

function of the ranks of t>·2 obscrvs,tions for the diffe-

rent corc1ponents in a t1.rn-1.7ay classJ..fication of t:reatments 

as their asymptotic distributions (fistribution-free) on 

t~c e,ssumption t}~.,..·t the null hypotL.esis was t:i--:-ue. By 

neans of Gc;,Y:;_plir:i.g stFc1ies it 1:.ro,s found. that these tests 

for the c~ifferent conrponcnts 1 j_n ·~he S}}eci0.l cnse of 

r.:u1L:s, tehded to be conserve.ti ve ( j_. e. did not reject 

the null hyJotheris too soon) under different alterna-

ti ve hy};)Otheses anc~ due to this and ceTtain theoretical 

co:r.:.sidere,tions iJc was conclude<J -Ll.LLsLi these tests wBre 

applicclble under tbe null as well as under an alterna-

tive hypothesis. Distribution-free tests vere also 
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developed for a factorial design, knovm as the single 

degree of freedom approach. The underlying theory and 

practical h1vestigr:tion -v1hicb. led to the above mentioned 

results, are given in Chapter III of this thesis. 

·J:he theoreticc1.l developnent of test statistics and 

their distributions under the null hypothesis for the 

different components of a multi-way classification of 

treatments v1hen t~rie design was a balanced incomplete 

block desic;n is presented in Chapter IV. Since a balanced 

incomplete block tesign, where the treatments consisted 

of more t~an one component, is very seldom used, the for­

mulae are of little use in practice. They are, however, 

of theoretice.l interest since the formulae for a rando­

rtdzed block decign are obtainable from them as a special 

case. 

In the case of s. randomized block clesi6n (Chapter V) 

the exact probability of obt2ining a value as large or 

lar;er than the calculs.ted vslue for the test statistic 

vras calculc1ted in the cs.se of small se..mples for different 

values of the test statistic. Next the distribution of 

the test st2.tistic in the case of small samples, was 

· · a b · 1 3 d x2 :, · · · b t · approxima~e y ~1e I - an · -a1s~r1 u ions. The exceed-

ing probabilities for the given test statistic, obtained 

by using these two approximations 7 were then compared 

with the exact value of the exceeding probability of the 

given test statistic for the tifferent values of the 

test statistic. The results obtained are given in Chap­

ter V. It was found that the x2-~istribution could be 

used to calculate probabilities in all cases where the 

exact :probabilities were not avcdlable. By means of 

saJ:.1pling studies the s.:pplicabili ty of the tests for the 

different corn.ponenti::: was investigated under an alterna-
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ti ve hypothesis in -che special case of ro.,nks. Similar 

to the com:;:iletely ra.nd.om design it vms found tl~~\t these 

tests were applic~ble un~er the null as well as under 

rm .s.,1tern8,ti ve h:r~')otr ... esi s. Under t}1e o,l ternati ve hy110-

thesis they tended to be conserv~tive (i.e. did not re­

ject the null hypothesis -'coo soon). 

The possibility of correctii:_c; t~::.e obeervations in 

a latin square desicn, by sutracting the estimated row 

and colunn effects from. the observations, and then apply­

ing a test statistj_c for a corn.pletel:r random desi6n, nas 

investibated. The discussion of the problem and results 

obts,i:ned in the sa:r1.1J;:>ling studies, are presented i1'l Chap~ 

ter VI. It vms four.tel. that such a 1n·ocedure generall;'.l 

tended to reject the null hypothesis too soono Three 

r.:ethods were tlien )resented for the analysis of a latin 

sque,re de sign. '.rwo were for the cese uhere the la tin 

sc1l1.c,:re was replicc-7,tecl once and one for the case where it 

was re,licated sever~l tiraes. All these methods µere 

found to be 1.rn.satisf:.'i.ctory since they tended to be very 

conserve:.ti ve 9 especially vrhen the row and/ or column 

effects were su"bstantial. 

Asym:ptotic multiple comparison procedures v,rere de­

rived for the com1)letely rc,Edom design and for the rando­

mizeg. block design and o,re presented in Ch2pter VII. 

Estimations were given as to the sample sizes needed 

for these formulae to be applic2sble. 

Part II deals with the application of the tests de­

rived in Part I. At the begim1ing of each Cho.:pter in 

F2.rt II the formulae for puryose of calculating were 

given for the special c:s,sc of rc:,nks 9 a:nd their applica­

tion then illustr2,tec1 \Vi th an exan)le. 

Eowever 9 in Lxa~Jples 8. 2 and 10. 2 the applic,:_:i,tions 
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of the tests were illustrsted for the special case where 

the ranJ.rn were tr2:.nsfor~11ec~ to Hnorr:1al valuesn 9 

for,r,,qt. ,.... 1 l"f'O' c,·'- - l 1---,, V- dr:::, \,In ~,.,,9 ( 1957) d<..,, J_on ol.::-.::,oe ... , t.,8C. JJ an vr ,1cve.l.tL8n . • 

a trans­

In these 

tr.io e:x:mn:ples the formul2-e for ce,lculating i)UJ:'~)oses were 

obt&ined from Part I. 

I,,lost of the ex2..111~9les for purpose of illustr2~tion 

rrere taken from the field of a2,ronoE1y. The methods pre­

sented in this thesis, however, are applicable to any 

field of research as long as the requirements of the 

S:?ecifj_c design used are met. 

Part II was r1ri-cten in sv .. ch a way that a person 

vlith an elemente.ry knovrledge of bio:::etry s11.ould be able 

to understand it and apply the raethods. 

In conclusion it may be said that this thesis ,re­

ser:ts distribution-free an2,,lysis of Vc;,riance methods 

for the com:i;:iletely rando1:1 9 tl:e 1Jalancec1 incomplete block, 

the rEmdomized block and the la tin square designs. 

l~ltiple comparison procedures were given for the com­

pletely random e,no .. the rcmdomizec1 block desiGT1s. These 

distribution-free methods 9 however,tendedto be conser­

vatj_ve wLen they were used under an alternative hypo-

thesis. 
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APPENDIX 

The. consistency ,E_robl.em whep_ interaction~ are pr:_e_~_ent 

Undesirable consistency properties exist in the tests 

for main effects if there is an interaction effect (not 

necessarily significant). 

The two examples below, based on a two-way classifi~ 

cation of treatments, where the design is a completely 

random design, will illustrate this statement. 

In the examples below it is assumed that the observa­

tions Xijh is rectangularly distributed on the interval 

[c .. -½; c . . +½] •0.1here any c .. (i=l, ••• ,m; j=l, ••• ,p) is the lJ lJ lJ 
combined effect of the corresponding two main effects and 

the interaction effect in the (i,j)-th cell. It is further 

assumed that n observations are obtained in each cell, The 

special case of ranks will be considered. 

~xa~le_ 1 - Suppose we have two components A and B at four 

and two levels each respectively with the effects of the 

levels of the B component all zero. 

Table A - The effects and the total of the ranks in the 

cells of a 4 x 2 experiment 

. Bo Bl 
. --....... ,~ ...... ,._ •····-·--·- __ , _________ .,.,.__ ___ ., ___ ,_..,,_ .. ______ ·- ··•-· ·-- -i---.. ·---·--- .. -.-· ~------ .. - ··--·- .... 

A
0 

; c11 =-15 c12=-3 c1 • ~-18 
! R11=½n(n+l) R12=½n(3n+l) R1 .-1n(4n+2) 
l 
I 

Al ! c21 =4 I R21 -/,n(lln+l) 

A2 i c31 =5 
i R31=½n(l3n+l) 

c22=-2 
R22=½n(5n+l) 

C32=2 
R32=½n(7n+l) 

c 2 .=2 
R2 .-1n(l6n+2) 

03.=7 
R3.=½n(20n+2) 

c 4.=9 A3 C41=6 
n41-}n(l5n+l) 

C42==3 
R42=~m( 9n+l) , R4 • =i·n( 24n+2) 

+---· ···-··--·-- ·- ·--•·····------··· -····•·---·-··•·· ➔ 
1 C 1=0 C ?==0 : I • • ~ I 

/ R. l =ln( 40n+4) R. 2==½n( 24n+4) l R •• =½Sn( 8n+l) 
--- -- .. .,._. __________ --·- ~--------·--- -----------··----
The test statistics for the different components are 

directly obtainable from equation (3.18) and are given by: 
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m 
- ½np(N+1)] 2 

TA = 12[npN(N+l)]-l L [R. ) 
. 1 l. ) l= 

12[nmN(N+l)]-l f [R - ½nm(N+1)] 2 ) 
TB = • j ~ ... (A) j=l 
and ) 

m p 
- ½n ( N + 1 ) ] 2- TA -

) 
TAB = 12[nN(N+l)]-l 2, 1 [R .. TB) 

i=l j=l lJ 
where 

n = number of observations per cell; 

p = number of levels of component B; 

m = number of levels of component A; and 

N ::: nmp. 

Substitution of the values in Table A in the formulae 

of equation (A) yieldsg 

TA= 42n2/(8n+l); TB= 12n2/(8n+l); 2 TAB= 9n /(8n+l). 

Although the effects of the levels of component B 

are zero 1 the value of the test statistic TB is> 0 and 

tends to infinity as n tends to infinity and thus will 

become significant for n sufficiently large. 

~xample 2 - In this example both components A and Bare 

at three levels with the effects of the levels of compo­

nent Ball zero. 

Table B - The effects and totals of ranks in the cells of 

a 3 x 3 experiment 

B
0

jc11~-15 c12=7 c13=8 , e1 ,~o 
1R11-~n(n+l) R12=½n(15n+l) R13-~n(l7n+l)i R1 ,~½n(33n+3) 

B1 c 21=6 c 22=5 c23=-ll c 2 ,=0 

R21=½n(l3n+l) R22=½n(lln+l) R23=½n(3n+l) R
21

=½n(27n+3) 

B2 jc31=4 c32=-7 c33=3 c31 xO 
R31=½n(9n+l) R32-~n(5n+l) R33=½n(7n+l) 

1 
R3 .=½n(2ln+3) 

. . . .. t -
c. 1:-5 c. 2=5 c, 3=0 i 

"!. l"~~1:_~~3n+3) R ~.~~½n(_?_~=.+2~.--R.).=-~n.( 27n+3 )J _._R •• s½9n( 9n+l) 
11vith the aid of the formulae in equation (A) \Ye obtain: 

TA= 32n2/9(9n+l); TB= 8n2/(9n+l); 

TAB= 616n2/9(9n+l). 
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Once again the effects of the levels of component 
B are zero whi.le the value of the test statistic for compo­
nent B tends to infinity as n~---:-;=.:-

The possibility that an interaction effect c.~n cause 

the test statistic for a main effect to reach a signifi­
cant value, although no nain effect exists, is illustrated 
by the above two examples. 

The most extreme case abserved thus far is Exa,mple 1 

aboveo In this example the test statistic for TB has B 

significant value if n=2 o 'rhe ratio TAB/TB = 3/ 4 inde­
pendent of n. In all other examples where an incorrect 

decision was obtained the ratio TAB/TB was> 3/4. 
If no interaction effect is present an increase in 

the effects of the levels of one main component will gene­
rally decrease the value of the test statistic for the re­
maining main component. This was shown in the practical 
investigation which is reported in ;3.7. 

It seems thus advisable not to attach any value to 
the outcome of the test for a main component (B) if the 

ratio TAB/TB)½ and to be careful if it is in the vicini­
ty of a½ provided the value of TAB is not significant. 

If the value of TAB is significant or if the ratio TAB/TB 
is~½ and the main effect is significant the treatment com­
binations are to be considered as a one-way classification 
and can be compared with each other by mear.s of multiple 
comparison procedures (cf. Chapter XII). 

Remark: A similar result holds for the randomized block 
design and it seems advisable* not to attach any value to 
the outcome of the test statistic for a main component (B) 

if the ratio TAB/TB -._ 1 in this case. 

In the parametric case Finney D.J. (1948) (Main 
effects and inteTactions. Jnl. Am. Statist. Ass, Vol. 43, 
566-571) and Elston R.Co & Bush tr. (1964) (The hypothesis 
that can be tested when there are interactions in an ana­
lysis of variance model. Biometrics, Vol. 20, 681-698) 
discussed the problem of estimating main effects when 
interactions are present. 

~ This is to be considered as preliminary advice until 
further investigation of this phenomenon has been 
undertaken e.g. by means of sampling studies. 
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