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ABSTRACT 

A new numerical solution scheme coined as the LIM 

(Locally-Integrated Meshless) method is formulated in this 

paper. As a Meshless formulation the LIM Method relies 

uniquely on a scattered non-ordered data point distribution 

within the domain of interest and does not require connectivity 

or polygonalization. In the LIM method formulation the field 

variable is approximated within localized overlapping regions 

containing a predetermined number of data points, as a linear 

combination of predefined expansion functions. These 

expansion functions are chosen in this study to be the well-

known Hardy Multiquadrics Radial-basis functions (RBF) with 

center at the data points within each localized region. A 

weighted-residual integration is applied on each region to 

minimize the difference between the approximated field and the 

exact one. In order to circumvent the integration of an 

unavailable exact field, the residual integral is decomposed into 

a collocation integral (weights are set to Dirac delta functions) 

and a fully-weighted integral, resulting in a formulation where 

the coefficients of the expansion can be expressed directly in 

terms of the values of the field variable at the data points. This 

approach allows mitigating the issues that arise when 

performing direct collocation where the resulting derivative 

fields are sensitive and inaccurate due to the ‘anchoring’ of the 

expansion to the data points. In contrast, the LIM yields 

derivative fields that are smooth and accurate as they are 

rendered from a ‘non-anchored’ expansion while providing the 

ability to express the expansion coefficients, and thus the 

derivative fields, directly in terms of the scattered data within 

each local region. This combination of features is critical for 

the implementation of the LIM method as a robust, stable, and 

accurate solution scheme of governing differential equations. 

 
INTRODUCTION 

In recent history, the area of physics-based engineering 

simulation has seen rapid increases in both computer 

workstation performance as well as common engineering model 

complexity, both driven largely in part by advances in memory 

density and availability of clusters and multi-core processors. 

While the increase in computation time due to model 

complexity has been largely offset by the increased 

performance of modern workstations, the increase in model 

setup time due to model complexity has continued to rise. As 

such, the major time requirement for solving an engineering 

model has transitioned from computation time to problem setup 

time. This is due to the fact that developing the required mesh 

for complex geometries can be an extremely complicated and 

time consuming task, and consequently, new solution 

techniques that can reduce the required amount of human 

interaction are desirable. 

While the finite element method (FEM) and the boundary 

element method (BEM) have been developed to a mature stage 

such that they are now utilized routinely to model complex 

multi-physics problems, they require significant effort in 

formulation, mesh generation, and data management. 

 

NOMENCLATURE 

( ), ( )
j j

x x   [-] Multiquadrics Radial-basis functions (RBF) 

( )
j

r x  [m] Euclidean distance between points x and xj 

c [m] RBF shape parameter 

,
j j

   [-] RBF expansion coefficients 

  [m3] Domain of interest 

R


 [-] Domain residual 

( )w x  [-] Weight function 

 L   [-] Derivative interpolation vector 

( )T x   [K] Temperature field 

( )V x   [m/s] Velocity Field 

   [kg/m3] Density 

p
c   [J/kgK] Specific heat capacity 

k   [W/mK] Thermal conductivity 
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Meshless methods are a relative newcomer to the field of 

computational methods. The term “Meshless Methods” refers 

to the class of numerical techniques that rely on either global or 

localized interpolation on non-ordered spatial point 

distributions. As such, there has been much interest in the 

development of these techniques as they have the hope of 

reducing the effort devoted to model preparation [1]-[7]. The 

approach finds its origin in classical spectral or pseudo-spectral 

methods [8]-[12] that are based on global orthogonal functions 

such as Legendre or Chebyshev polynomials requiring a regular 

nodal point distribution. In contrast, Meshless methods use a 

nodal or point distribution that is not required to be uniform or 

regular due to the fact that most such techniques rely on global 

radial-basis functions (RBF) [13]-[23]. RBF have proved quite 

successful in their application to an earlier mesh-reduction 

method, namely the dual reciprocity boundary element method 

(DRBEM) [24], [25]. However, global RBF-based Meshless 

methods have some drawbacks including poor conditioning of 

the ensuing algebraic set of equations which can be addressed 

to some extent by domain decomposition and appropriate pre-

conditioning [20]. Moreover, care must be taken in the 

evaluation of derivatives in global RBF-based Meshless 

methods. Although, very promising, these techniques can also 

be computationally intensive. Recently, localized collocation 

Meshless methods [26]-[28] have been proposed to address 

many of the issues posed by global RBF Meshless methods. 

For more than a decade the co-authors have been involved 

in numerical modeling of heat transfer, fluid flow, and solid 

mechanics problems using Boundary Element Methods (BEM), 

its derivative, Dual Reciprocity BEM, and other mesh reduction 

techniques, see [24], [25], [29]-[32]. In a series of recent 

publications [33]-[51], the co-authors have developed a 

Localized Collocation Meshless (LCM) Method based on 

Radial-Basis Function (RBF) interpolation for modeling of 

coupled viscous fluid flow, heat transfer problems, and fluid-

structure interaction problems. The LCMM features Hardy 

Multiquadrics RBF augmented by polynomial expansions over 

a local topology of points for the sought-after unknowns with 

an efficient formulation for computing the interpolations in 

terms of vector products. This approach is applicable to explicit 

or implicit time marching schemes as well as steady-state 

iterative methods. The LCMM technique lends itself very well 

to parallel computations. In recent publications [41]-[43], [45]-

[51], the LCMM is shown to be computationally more efficient 

than a comparative Finite Volume Method (FVM) code whilst 

affording the distinct advantage of solving the partial 

differential conservation field equations of fluid flow and heat 

transfer on a non-ordered set of points. The method has been 

extensively verified against benchmarks and validated finite 

volume codes for several cases. 

 

COLLOCATED VS. WEIGHTED RBF EXPANSION 

Assume a general function ( )f x  may be approximated as 

( )
a

f x within a domain    by expanding it in terms of a linear 

combination of N  predefined expansion functions ( )
j

x , as: 

1

( ) ( )

N

a j j

j

f x x 


       (1) 

The choice of functions ( )
j

x  dictates the nature of the 

expansion. For instance, the expansion functions ( )
j

x  may 

be selected from the family of Radial-Basis functions (RBF). 

Such functions consist of algebraic expressions uniquely 

defined in terms of the Euclidean distance ( )
j

r x  from a 

general field point x  to an expansion point 1...
j

x j N   

within the domain  . One example of these RBF is the well-

established inverse Multiquadrics RBF, [17], defined as: 

1

2 2
( )

( ) 1
j

j

r x
x

c




  
   
   

    (2) 

The behavior of this function has been largely studied in the 

literature, [14], [21], [23]. However, the so-called shape 

parameter c  single-handedly dictates the behavior of the 

expansion and, more importantly, its derivatives. Specifically, 

the larger the shape parameter c  the flatter the functions 

( )
j

x  become and, therefore, the smoother the derivative 

field. However, this shape parameter cannot be increased 

boundless because as the expansion functions become ‘flatter’ 

the resulting algebraic system to determine the expansion 

coefficients 
j

  becomes ill-conditioned, see [41]-[43]. A 

simple search process to determine the optimal value of this 

shape parameter has been shown to be effective. 

In order to minimize the difference between the function 

( )f x  and its approximation ( )
a

f x , a residual R


 may be 

defined such that the integrated weighted difference between 

these functions vanishes, hence: 

 ( ) ( ) ( ) 0
a

R f x f x w x d




       (3) 

The choice of weighting function ( )w x  in the residual R


 

definition dictates the nature of the interpolation of the function 

( )f x . For instance, if the weighting function ( )w x  is chosen 

to be a set of Dirac Delta functions ( , )
i

x x  centered at the 

same expansion points 1...
i

x i N   where the RBF 

expansion functions ( )
j

x  are referenced. This choice of 

weighting functions leads to: 

1

( ) ( ) ( , ) 0

N

j j i

j

x f x x x d  




 
   

 
   (4) 

This expression can be rearranged as: 
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1

( ) ( , )

( ) ( , )

N

j j i

j

i

x x x d

f x x x d

  










 

 



     (5) 

Taking advantage of the ‘Sifting’ property of the Dirac 

Delta function results in: 

1

( ) ( )

N

j j i i

j

x f x 


       (6) 

The expression in Eqn. (6)  represents a standard 

‘collocation’ of the function ( )f x  at the scattered locations 

1...
i

x i N  within the domain  . This results in a simple 

expression for the expansion coefficients 
j

 , such that: 

     
1

f 


       (7) 

The main advantage of following the ‘collocation’ approach 

is that the exact distribution of the function to be expanded 

( )f x  needs not be known but instead simple scattered 

information  f  is sufficient to achieve the expansion. In 

addition, the resulting expansion ( )
a

f x  is exact at the 

scattered locations 1...
i

x i N  . The issue with this is that 

‘anchoring’ the expansion at these scattered locations results in 

inaccurate derivative fields ( )
a

f x . 

On the other hand if a ‘weighted’ rather than a ‘collocated’ 

approach is followed, the resulting expression for the expansion 

coefficients 
j

  is: 

1

( ) ( , )

( ) ( , )

N

j j i

j

i

x w x x d

f x w x x d

 








 

 



     (8) 

Or in matrix-vector form: 

     
1

w w
f 



       (9) 

Construction of the coefficient vector  w
f  on the right-

hand side of Eqn. (9) requires the exact distribution of the 

function ( )f x  to be known, therefore, this expansion is not 

possible if only scattered information about this function  f  

is known. However, since the resulting expansion ( )
a

f x  is not 

‘anchored’ at the expansion points, its derivative field is 

smoother and more accurate.  

  

Example of Collocated and Weighted RBF Expansion 

An example drawing a comparison between an RBF 

collocation expansion and an RBF weighted expansion over a 

domain of interest   as a1 1  square is presented. The 

function to be tested is: 

1 1
( , ) sin( ) cosh / cosh

2 2

x
f x y y

   
    

   
 (10)  

A total of 25N   points to serve as data centers for the 

Multiquadrics RBF in Eqn. (2) are equally distributed in this 

domain. The point distribution and the test function contour 

plot are shown in Figure 1. 

 

 
Figure 1 Geometry and point distribution of RBF test case. 

 

The collocation is performed using the Multiquadrics RBF 

in Eqn. (2) with a shape parameter 6c   which yields a 

condition number for the collocation matrix of 
16

10 . The 

weighted expansion is performed using a weight function: 

 
1

( , ) ln ( )
2

i i
w x x r x


      (11) 

The choice of this weight function will be clarified in the 

next section. Notice that the weight function introduces a 

singularity when evaluated at the data center ( ) 0
i

r x  , 

however, this singularity is weak and eliminated when 

integrating over the domain. The same RBF with the same 

shape parameter are employed for the weighted expansion 

yielding a condition number for the expansion matrix of 
15

10 .   

Plots of the x-derivative, y-derivative, and Laplacian of the 

test function are shown in Figure 2, Figure 3, and Figure 4 

revealing very high qualitative accuracy. However, the 

quantitative results of these values at the domain center 

(0.5, 0.5)  as well as the RMS errors throughout the domain 

shown in  

Table 1 reveal that the weighted approach performs 

significantly better than the collocated approach.   
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Figure 2 Exact, collocated, and weighted /f x   

 

Figure 3 Exact, collocated, and weighted /f y   

 

Figure 4 Exact, collocated, and weighted 
2

f  

 

Table 1 Exact, collocated, and weighted values and norms 

 Exact Collocated Weighted 

  (0.5,0.5) RMS (0.5,0.5) RMS 

/f x    -0.079 -0.085 0.125 -0.079 0.005 

/f y    1.016 1.018 0.073 1.015 0.016 

2
f   -1.434 -1.450 0.488 -1.433 0.291 

 
 

HYBRID RBF EXPANSION 

In order to mitigate the issues that arise when performing 

direct collocation where the resulting derivative field is 

inaccurate due to the ‘anchoring’ of the expansion, a hybrid 

approach is proposed so that the advantage offered by 

collocation of allowing expansion of a scattered field is 

preserved, while the advantages offered by the a weighted 

expansion are also enjoyed, in particular, the resulting 

derivative field is smooth and accurate as it is rendered from a 

‘non-anchored’ expansion. This combination of features is 

critical for the implementation of RBF expansions in the 

solution of governing differential equations for a robust and 

accurate Meshless Method, in particular, a Localized Meshless 

Method. 

Assume again a general function ( )f x  available only in 

discrete form  f  at a set of scattered points 1...
i

x i N   

within a domain  . This function can be approximated as 

( )
c

f x  by an RBF expansion of the form: 

1

( ) ( )

N

c j j

j

f x x 


       (12) 

In addition, assume that the function can also be 

approximated as ( )
w

f x  by another RBF expansion of the 

form: 

1

( ) ( )

N

w j j

j

f x x 


       (13) 

In order to minimize the difference between the function 

( )f x  and its approximations ( )
c

f x  and ( )
w

f x , a combined 

residual, R


, may be defined such that the integrated weighted 

differences between these functions vanishes as: 

 

 

( ) ( ) ( )

( ) ( ) ( ) 0

c c

w

R f x f x w x d

f x f x w x d






  

   




  (14) 

Now, let the two weighting functions ( )
c

w x  and ( )w x  

relate to each other as: 

2
( ) ( ) ( )

c
w x w x w x        (15) 

This expression is rather arbitrary but it allows relating the two 

weighting functions to each other as well as the ultimate 

purpose of explicitly separating the residual expression to form 

a weighted approximation of the function only in terms of its 

scattered information.  

Introducing the definition in Eqn. (15) into Eqn. (14) results 

in: 

 

 

2
( ) ( ) ( )

( ) ( ) ( ) 0

c

w c

f x f x w x d

f x f x w x d





  

   




    (16) 

Furthermore, the first integral on the left-hand side of Eqn. 

(16) can be defined as a residual 
c

R  and allowed to vanish 

while the second integral on the left-hand side of Eqn. (16) can 

be defined as a residual 
w

R  that vanishes as well. That is: 

 
2

( ) ( ) ( ) 0
c c

R f x f x w x d


        (17) 

And, therefore: 

 ( ) ( ) ( ) 0
w w c

R f x f x w x d


       (18) 

The next step consists in selecting the weighting function 

( )w x . An obvious choice will be to allow it to obey the 

following: 

2
( ) ( , )

i
w x x x        (19) 
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So that the expansion resulting from the residual 
c

R  in Eqn. 

(17) is a direct collocation, and, therefore: 

     
1

f 


       (20) 

Furthermore, the weighting function ( )w x  can be solved 

for directly from Eqn. (19), resulting in the well-known free-

space solution: 

 
1

( , ) ln ( ) 2
2

1
( , ) 3

4 ( )

i i

i

i

w x x r x in D

w x x in D
r x









   (21) 

Therefore, manipulation of the second residual 
w

R  in Eqn. 

(18) leads to: 

1 1

( ) ( ) ( , )

0

N N

j j j j i

j j

x x w x x d   


 

 
  

 



    (22) 

After rearranging: 

1

1

( ) ( , )

( ) ( , )

N

j j i

j

N

j j i

j

x w x x d

x w x x d

 

 









 

 

 

    (23) 

Defining the weighted matrices  w
  and  w

  as: 

  ( ) ( , )
w j i

x w x x d 


       (24) 

And: 

  ( ) ( , )
w j i

x w x x d 


      (25) 

Allows expressing Eqn. (23) in matrix-vector form as: 

     w w
          (26) 

The weighted matrices  w
  and  w

  in Eqns. (24) and 

(25) can be obtained by standard numerical integration 

realizing that the weighting functions ( , )
i

w x x  as defined in 

Eqn. (21) are singular at the expansion points 
i

x x . 

However, simple adaption of the numerical integration scheme 

will mitigate this issue as the singularity is weak.  

Introducing the coefficients    from Eqn. (20) into Eqn. 

(26) and solving for the coefficients    results in: 

         
1 1

w w
f   

 

     (27) 

The coefficients    in Eqn. (27) are the expansion 

coefficients for the function ( )
w

f x  in Eqn.  (13). These are 

coefficients obtained through a weighted approach and 

therefore the resulting function ( )
w

f x  is not ‘anchored’ at the 

expansion points 1...
i

x i N  , yielding smooth and 

accurate derivative fields. In addition, as it can be seen in Eqn. 

(27), this expansion also offers the advantage of being able to 

be performed without knowledge of the exact distribution of the 

function ( )f x  but rather relies only on the scattered 

information  f , achieving the two desired goals critical in 

the implementation of this expansion in a Localized Meshless 

Method for the solution of governing differential equations.  

As it will be shown in the next section, the expansion 

coefficients 
j

  and 
j

  will not be explicitly computed. 

Instead, algebraic manipulations of the expansion formulae will 

allow expressing the derivative fields directly in terms of 

scattered values of the function within a localized influence 

region. Therefore, having two sets of expansion coefficients 

does not mean additional overhead in the solution process as 

these will be built implicitly into the approximation. 

 

LOCALLY-INTEGRATED MESHLESS (LIM) METHOD 

The hybrid RBF expansion presented in the previous section 

can be implemented in the formulation of a Locally-Integrated 

Meshless (LIM) method. Consider the topology of N  

influence points around the data center 
c

x  seen in Figure 5. 

xc

Topology Data Center xc

Topology Influence Points

 

Figure 5 Illustration of a topology around a data center, 
c

x . 

 

If any order derivative operator L  of the function ( )f x  is 

sought at the data center 
c

x  within the influence domain  ,  

( )
c

Lf x , it can be approximated using the weighted expansion 

( )
w

f x  as: 
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1

( ) ( ) ( )

N

c w c j j c

j

Lf x Lf x L x 


      (28) 

Introducing the expansion coefficients    in Eqn. (27) 

and writing the expression in matrix-vector form results in: 

   

        
1 1

( )
T

c c

T

c w w

Lf x L

L f

 

   
 





    (29) 

Where  c
L  is the vector of expansion function derivatives 

( )
j c

L x  at the data center 
c

x . Furthermore, defining: 

         
1 1T T

c w w
L L   

 

     (30) 

This allows approximating any order derivative L  of the 

function ( )f x  at a point 
c

x  within the domain  simply as: 

   ( )
T

c
Lf x L f       (31) 

Where the weighted derivative interpolation vector  L  in 

Eqn. (30) is only a function of the RBFs ( )
j

x  and ( )
j

x , 

the weighting functions ( , )
i

w x x , and the point distribution 

1...
i

x i N  . This feature is key to the implementation of 

this expansion approach in a Localized Meshless Method as the 

solution process would yield scattered function information 

 f  whose derivatives must be approximated to be evolved in 

time or iterated until convergence. Again, the weighted 

matrices  w
  and  w

  in Eqn. (30) can be obtained by 

standard numerical integration. The adaptive numerical 

integration scheme can be easily implemented within the 

regular domain constructed as the localized topology or 

influence region over each data center. Moreover, as these 

operators are only space-dependent, they may be pre-computed 

and stored at the setup stage of a solution process and later 

employed during the time-marching or iteration scheme; 

therefore not imposing additional overhead on the solution 

process.  

 

Implementation of the LIM Method  
For the purpose of illustrating the implementation of the 

LIM approach to the solution of heat transfer and fluid flow 

problems, the advection-diffusion of energy equation will be 

employed. Advection-diffusion of energy in a flow field V of 

an incompressible fluid with constant density  , specific heat 

p
c , thermal conductivity k , without heat generation or 

viscous dissipation is governed by: 

2

p

T
c V T k T

t


 
    

 
    (32) 

In order to arrive at a solution of Eqn. (32), the domain  , 

the boundary  , as well as a complete set of boundary 

conditions along with an initial condition for the temperature 

field T  are required.  

A time-marching scheme may be formulated to explicitly or 

implicitly march the solution from the initial condition. For 

instance, if a first-order explicit time-marching scheme is 

adopted for a 2D problem, the following form is arrived at: 

1 2

n

n n

i i

p
i

k T T
T T t T u v

c x y


  

      
  
 

  (33) 

Where u  and v  are the x and y components of the velocity 

field V respectively. In this case, the subscript i  is an index for 

the location of the scattered data center within the domain 

while the superscripts n  and 1n   indicate the previous and 

current time values separated by a time step t . Solutions of 

this equation using the LCM method and implementation of 

this time-marching scheme have been extensively shown by the 

authors in a variety of settings, see [41]-[51]. The current work 

concentrates on the approximation of the derivative fields 

present in Eqn. (33), 
2
T , /T x  , and /T y  , using the 

LIM approach. That is, these derivative fields will be tested in 

extreme circumstances to show that the LIM method provides a 

robust alternative capable of accurately approximating these 

derivatives and hence allowing for a stable and accurate time-

marching scheme implementation.  

In order to arrive at a robust, accurate, and stable time-

marching solution scheme, it is imperative to be able to 

accurately approximate the values of the derivative fields 
2
T , /T x  , and /T y   at any data center 

i
x  using just 

scattered information from neighboring data centers. This can 

be accomplished by using the derivative interpolation vectors 

 L  in Eqn. (30). In addition, the fact that these vectors 

depend only upon the location of the data centers 
c

x , the 

choice of RBFs ( )
j

x  and ( )
j

x , and the weighting 

functions ( , )
i

w x x , allows for the computation of these 

vectors to be performed at a pre-processing stage of the 

problem to later be used during the time-marching scheme, 

rendering the formulation very efficient.  

The availability of such interpolation vectors  L  derived 

using a weighted-residual approach rather than a collocation 

approach is essential for the stability of the solution scheme. 

Derivatives yielded through collocation can exhibit small 

perturbations due to the anchoring of the values at the data 

center. This behavior is propagated through the time-marching 

scheme and affects the stability of it. Derivative values yielded 

through a weighted-residual formulation offer an inherent 

smoothing behavior capable of mitigating these issues. In 
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addition, if the advection-diffusion problem is dominated by the 

convective derivatives /u T x   and /v T y  , upwinding 

schemes can be easily implemented by evaluating the 

derivatives upstream of the data center using the same 

formulation presented in the previous section. 

 

Derivative Field Approximation Test Case 
To illustrate the accuracy in the approximation of the 

derivative fields a simple test case is presented by introducing a 

test function ( , )T x y  as: 

 2 2
( , ) 1 sin

3 2

x y x y
T x y e x y

  
   

 
   (34) 

The function in Eqn. (34) does not represent a solution to the 

advection-diffusion equation (32) but rather an arbitrary 

function that exhibits extremes and non-monotonic behavior 

within the influence region to be selected. This will serve the 

purpose of validating the claims of accuracy of the derivative 

fields. A localized region of influence or topology for 

integration of the weighted-residual formulation was selected as 

a circle of radius 1R   around the origin (0, 0) . A total of 

13N   points were scattered in the topology. The choice of 

the test function in Eqn. (34) was made to ensure that its 

variability was high enough so that the function could exhibit 

highly non-linear and non-monotonic behavior within the 

region of influence as shown in Figure 6 along with the point 

distribution in the topology. 

 

 

 

Figure 6 Point distribution and contour plot on region of 

interest 

A comparison between the derivative values rendered by the 

Localized Collocation Meshless (LCM) approach and the 

Locally-Integrated Meshless (LIM) approach are presented in 

Table 2. These solutions reveal that the evaluation of the 

derivatives at the topology data center 
c

x  by the LIM approach 

are more accurate in reference to the exact solution than those 

rendered by the LCM approach when applied to this highly 

non-linear and non-monotonic temperature distribution.  

  

 

 

Table 2 Derivative values from LCM and LIM compared to 

exact solution 

 Exact LCM LIM 

/T x    -0.333 -0.305 -0.334 

/T y    -0.500 -0.460 -0.486 

2
T   -1.667 -1.578 -1.726 

 

 

LIM Method Example 
The LIM method is now tested by approximating the 

solution of an advection-diffusion problem in a 10 1cm  

channel with laminar fully-developed flow with a developing 

thermal field. The fluid is air with density 
3

1.225 /kg m  , 

specific heat 1006.43 /c J kgK , thermal conductivity 

0.0242 /k W mK , and absolute viscosity 
5

1.79 10 /kg m s


   . The velocity profile is parabolic 

with a maximum velocity at the horizontal center line 

0.25 /U m s . The flow is incoming from the left with a 

bulk temperature 273
in

T K  while the channel top and 

bottom walls are kept at a temperature 373T K . The outlet 

condition on the right-hand side is considered adiabatic. The 

meshless model is setup using 110 points distributed around the 

boundary and 250 collocation points uniformly distributed in 

the interior as seen in Figure 7. The LIM method approximation 

is compared to a solution provided by ANSYS Fluent using a 

finite volume mesh with 4825 nodes. The temperature contour 

plot shown in Figure 8 reveals excellent qualitative agreement 

between the Fluent and LIM approximations while Figure 9 

shows very good quantitative agreement between these two 

approximations at 1/4, 1/2, 3/4, and the full length of the 

channel. 

 

 

Figure 7 Meshless point distribution for advection-diffusion 

example in a channel. 

 

 

 

Figure 8 Fluent and LIM method temperature contour plots. 
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Figure 9 Fluent and LIM Temperature profiles at 1/4, 1/2, 3/4, 

and full length of the channel flow. 

 

CONCLUSION  
A new numerical solution scheme coined as the LIM 

(Locally-Integrated Meshless) method is formulated in this 

paper. As a Meshless formulation the LIM Method relies 

uniquely on a scattered non-ordered data point distribution 

within the domain of interest and does not require connectivity 

or polygonalization. In the LIM method formulation the field 

variable is approximated within localized overlapping regions 

containing a predetermined number of data points, as a linear 

combination of predefined expansion functions. These 

expansion functions are chosen in this study to be the well-

known Hardy Multiquadrics Radial-basis functions (RBF) with 

center at the data points within each localized region. A 

weighted-residual integration is applied on each region to 

minimize the difference between the approximated field and the 

exact one. In order to circumvent the integration of an 

unavailable exact field, the residual integral is decomposed into 

a collocation integral and a fully-weighted integral, resulting in 

a formulation where the coefficients of the expansion can be 

expressed directly in terms of the values of the field variable at 

the data points. This approach allows mitigating the issues that 

arise when performing direct collocation where the resulting 

derivative fields are sensitive and inaccurate due to the 

‘anchoring’ of the expansion to the data points. In contrast, the 

LIM method yields derivative fields that are smooth and 

accurate as they are rendered from a ‘non-anchored’ expansion 

while providing the ability to express the expansion 

coefficients, and thus the derivative fields, directly in terms of 

the scattered data within each local region. This combination of 

features is critical for the implementation of the LIM method as 

a robust, stable, and accurate solution scheme of governing 

differential equations. The LIM method is formulated for 

energy advection-diffusion problems, validated using a test 

function, and tested in a channel flow example yielding 

significantly accurate results. 
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