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The constructal size of a heat exchanger
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The architecture of heat exchangers is a classical subject that has been studied extensively in the
past. In this paper, we address the fundamental question of what the size of the heat exchanger
should be, in addition to what architectural features it should have. The answer to the size question
follows from the tradeoff between (1), the useful power lost because of heat transfer and fluid flow
and (2), the power destroyed during transportation, manufacturing, and maintenance. Changes in
heat exchanger size induce changes in the opposite sign in the power requirements (1), and (2).
This fundamental tradeoff regarding size is illustrated by considering one side of a heat exchanger
(one flow passage) in laminar flow and in fully rough turbulent flow, with several duct cross
sectional shapes and arrays of channels in parallel. The size tradeoff is present in heat exchanger
applications across the board, from vehicles to stationary power plants. Published by AIP

Publishing. [http://dx.doi.org/10.1063/1.4991014]

NOMENCLATURE

a optimal size of duct cross section, Ay, Eq. (18) (mz)

A surface area (mz)
A; area of duct cross-section (mz)
b slenderness of flow passage, Eq. (19)
ci_s constant factors
cp specific heat (J kg*1 K™
D, hydraulic diameter (m)
D,.s reference diameter (m)
D dimensionless diameter
f friction factor, Eq. (2)
g gravitational acceleration (m s 2)
h  heat transfer coefficient (W m > K™ !)
L flow length (m)
L.r reference flow length (m)
L dimensionless flow length (m)
M mass (kg)
m  mass flow rate (kg s h
m,s reference mass flow rate (kg sfl)
m dimensionless mass flow rate
N number of channels
p perimeter, m
Po  Poiseuille constant
Q heat transfer rate (W)
Qref reference heat transfer rate (W)
Q dimensionless heat transfer rate
r dimensionless factor, Eq. (10)
Re Reynolds number (UD;/v)
St Stanton number
Sgen entropy generation rate (W K™
t  wall thickness (m)
T temperature (K)
U mean fluid velocity (m s~ ")
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V  vehicle speed (m s~ ")
Vol volume (m?)

W width (m)
W power (W)

Greek symbols

AP pressure drop (Pa)
AT  temperature difference (K)
i viscosity (kg s 'm™")
v kinematic viscosity (m2 s_l)
p fluid density (kg m )
ps solid density (kg m )

I. INTRODUCTION

Heat exchangers are an established technology for
power generation, refrigeration, and heat transfer engineer-
ing in general. They also serve as one of the pillars of ther-
mal science. Books and articles on heat exchangers appear
regularly,''* and they document the permanent interest in
this subject.

The fundamental question in heat exchanger design is
how the flow configuration affects the performance of the
flow component. The performance has a thermal aspect (the
degree of thermal contact, e.g., the effectiveness) and a fluid-
mechanical aspect (the pressure drop or the pumping power).
The two aspects of performance are pursued separately or
together, as in the search for the reduced entropy generation
rate or exergy destruction rate.'"'? Inside a specified size
(volume, weight, or cost), the designer’s search is for heat
and fluid flow configuration—the aspect ratio and the shape
of the profile of each flow passage—that offers improved
thermal and mechanical performance. As we will show in
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Sec. VI, this traditional activity concerns the designs that
occupy the “shape” plane in Fig. 6.

In this paper, we propose a fundamental step beyond the
traditional course and question the size itself. What size
should the heat exchanger have in order to serve best the
larger installation (a vehicle, for example) that must use the
heat exchanger as a component? Along with this question,
we will consider the configuration (the aspect ratios) and the
thermo-fluid performance as well; however, the new aspect
is the size. It is the problem of determining the size, and the
effect that the size has on performance. We show how and
why larger heat exchangers perform better, and as a conse-
quence, we unveil the physics basis for the phenomenon of
economies of scale'? in heat exchangers.

A fundamental step is most clear when presented in the
simplest setting. As their name indicates, heat exchangers
are devices that facilitate the transfer of heat between two or
more fluid streams, which are usually separated by thin solid
walls (heat transfer surfaces). The wall acquires a tempera-
ture distribution that results from the thermal interaction
between the mating streams. The simple setting chosen for
the following analysis consists of only one of the streams
and its thermal contact and friction with the wall, which has
an assumed temperature. This simple model applies to one
side of a two-stream heat exchanger and also to one-stream
cooling systems, as in packages of electronics. The objective
of the following analysis is not a specific application; rather,
it is to unveil the size and the relationship between the size
and global performance.

Il. SIZE

The size of a flow component in a complex flow system
can be determined from the tradeoff between the losses asso-
ciated with the flow component and the losses associated
with moving the complex flow system on the landscape.'*'*
This tradeoff is illustrated in Fig. 1. We demonstrated the
existence of the tradeoff by determining the diameter of a
single tube with a specified fluid mass flow rate and the sur-
face of a heat transfer area with a specified heat transfer rate.
In this article, we consider the more complex configuration
where both the fluid stream and the heat current are present.
As in all problems of constructal design, the configuration
(shape and size) is the unknown that must be determined.

One stream in a heat exchanger has the specified mass
flow rate m (Fig. 2). The stream receives the specified heat
transfer rate Q from the solid surface that it bathes. The flow
path length is L, and the flow cross sectional area is A¢. The
wetted perimeter of Ay is p, and therefore, the heat transfer
area is A =pL. The hydraulic diameter associated with A
and p is Dy, = 4A¢/p.

There are three sources of thermodynamic losses (irre-
versibility, entropy generation, and exergy destruction) in
the operation of the heat exchanger. One is the pumping
power

Wy =—o1, (1)

where AP is the pressure drop along the flow path length L
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~ / Time

Imperfections, penalties

Size

FIG. 1. Every flow component has a characteristic size, which emerges from
two conflicting trends. The useful energy dissipated because of the imperfec-
tion of the component decreases as the component size increases. The useful
energy spent by the efficient system (vehicle and animal) increases with the
component size. The sum of the two penalties is minimum when the compo-
nent size is finite, at the intersection between the two penalties. In time, the
component evolves toward smaller sizes because it improves and its penalty
(the descending curve) slides downward.

4L 1
AP =f — ~pU? 2
D, 27V 2)

and the mean flow velocity is U = m/(pA¢). The definition of
friction factor f used in this paper is given by Eq. (2). The f
value generally decreases with the Reynolds number (Re)
based on the duct hydraulic diameter Dy, If the flow is fully
developed laminar, the friction factor is equal to Po/Re, where
Po is the Poiseuille constant (for example, Po = 16 for a round
flow cross section). If the flow is fully developed turbulent,
and if the duct wall is smooth, f decreases considerably more
slowly (as Re " orRe™!? ) as Re increases. Many f(Re) cor-
relations exist, for example, Refs. 7 and 15. For the sake of
analytical simplicity, in the following analysis, we assume that
the duct is smooth, the flow regime is fully developed turbu-
lent, and the Re interval is sufficiently narrow, such that for
this interval, the f value for Eq. (2) is approximated by a con-
stant equal to the friction factor averaged over that interval.
For example, according to the classical Moody chart (Ref. 15,
p- 373), in the Re interval 10* - 105, the f value decreases from
0.0075 to 0.0045, which recommends approximately f = 0.006
for the assumed constant f. In summary, the pumping power is

Wi =ci— 3
1 thA%7 ()

M
{}o Lx

./

FIG. 2. General notation for a duct with a specified mass flow rate and a
heat transfer rate.
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where ¢, is a constant parameter:

.3
o =2f . @)
p

Another source of imperfection is the heat transfer Q
through the surface A
Wz =T Sgen,Qv &)
where T is the absolute temperature of the environment (and
of the same order as the temperature of the heat exchanger
surface), and S,  is the entropy generation rate due to the
flow of heat across the temperature gap AT, which is the
temperature difference between the average surface tempera-
ture and the bulk temperature of the fluid,
: Q Q _ Qar
Seeno == —— X —— 6
enQ T T_AT T T ©

where in addition we assumed that AT < T. The temperature
difference that drives the heat current Q is

Q

AT = —|
hpL

(M

where h = pcp U St, which is valid for single phase flow, and
here, St is the Stanton number. Condensers and boilers
require a different formulation. The Stanton number St is
treated as a constant based on the same argument as the one
made for f under Eq. (2). Eliminating AT and S gen, AT from
Egs. (5)—(7), we conclude that

. D
W2 = Cy rh , (8)
where ¢, is a second constant parameter:
-2
Q
)

2 A mep TSt

Finally, there is a power loss associated with carrying
the heat exchanger on the horizontal landscape with the
specified speed V,

W3 =rMgV, (10)

where Mg is the weight of the heat exchanger, and r is a dimen-
sionless factor that accounts for the medium in which the vehi-
cle moves (water r ~1, air r ~107", and land 107 '<r< 1)14
and for the current state of the technology of transportation.
The mass of the heat exchanger is due to the fluid of density p
and the solid walls of density p, and thickness t

M = pA¢L + p,pLt. an

When the fluid is a gas, p;>>p and M is dominated by the
second term, and W3 becomes

. L
Wi = Ar — 12
3 C3 ‘D, (12)
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where
c3=4rgVpt. (13)

Taken together, Egs. (3), (8), and (12) yield the total
expenditure of power W = W + W, + W3, which can be
expressed as

. L /¢ Dy,
W=— (— A —. 14
Dy <A1%+03 f)+C2 L (14)

There are two degrees of freedom, Ay and Dy,/L, and W can
be minimized with respect to both, by solving OW /OA; = 0
and OW /9(Dy/L) = 0. The minimum-W design is repre-
sented by the constants a and b reported below

1/3
(Af)gp = (2 Cl) —a, (15)

C3

D _ _ 1/2
<Lh) =o' e (27 421 T = 19)
opt

The minimum destruction of useful power is

. 1
Won =~ (24 csa) +cob. (17)
b \a?

The constants are shorthand for the following groups of
physical parameters:

fes \
m
(fpzpsg\”> = (Al o
' , 3 (D
b=2323121/6 2 (cprst)'/2 (£ rgvi :<—h) :
Q P L opt
(19)

These groups indicate that when other parameters are fixed,
(Ap)ope varies proportionally with m and (Dy/L)gp, is propor-
tional to m/Q. In particular, the proportionality between
(Apop and m means that the mean fluid speed (Uyp =m/
PAsop) does not depend on the fluid flow and heat transfer
duties of the system (m, Q)

1/3
Uopr = (5 ] th) . (20)
f p

We discover in this way that the internal flow should be
faster in faster vehicles (larger V), as in the case of blood
flow in the whale versus the minnow. The internal flow
should also be faster in media that are more resistive to
vehicle movement (larger r), such as movement in water
versus movement in air. Furthermore, if we combine Eqgs.
(17)—(19) and then use the definitions of ¢y, ¢,, and c3, we
find that the minimal power required by heat exchanger
operation is

1/6 1/3
. f .
Wonin = 22/3 31/2 (§> Q (cpTSH ™2 <rth %) .

21)
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In conclusion, the overall power requirement scales in pro-
portion with the heat transfer rate duty Q.

When the fluid is a liquid and p is comparable with py,
M is dominated by the first term in Eq. (11), and W
becomes

W3 = cs AfL, (22)

where c,=r1g Vp. The results (14), (18), and (19) are
replaced by

. c1 L Dy
W= (— A¢Dy ) — — 23
(A%+C4fh>Dh+CzL7 (23)
. 1/3
e
A =|— 24
( t)opl (rp3gVDh> ) ( )

1/3

5 .
(h) =232 312 ¢1/6 T (o gp) /2 <ps rgVDh>
L opt Q P

(25)

The only difference between Egs. (18) and (19) and Egs. (24)
and (25) is that the wall thickness t is replaced by Dy, which
now plays the role of an additional degree of freedom. Unlike
inzgq. (19), now the optimal duct length L is proportional to
D,

Figure 3 shows the Dy/L value for minimum W as a
function of m for different values of Q for circular tubes,
where M = m /My, Q= Q/Qref, m,r = 1 kg/s, and
Q. = 1 kW. Figure 4 shows the diameter D and the heat
exchanger length L for minimum W as a function of  for
different values of Q, where D =D/Dys, L = L /Ly,
Dif = 1 m, and L,y = 1 m. The working fluid was air at
300K. The wall material was copper with the thickness
t=3 mm. The speed V was set at 1 m/s.

lll. ROUND OR POLYGONAL CROSS SECTIONS

The configuration of the heat exchanger is now com-
plete. The configuration means aspect ratios and sizes. For

0.5

0.4

0.3
D, r
L
0.2
0.1
0.0

m

FIG. 3. The optimal Dy,/L ratio for different heat transfer rates for air flowing
in a pipe at T=300K and St=0.0015.
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FIG. 4. The optimal D and L values for different heat transfer rates, for air
flowing in a pipe at T=300K and St =0.0015.

example, if the shape of the duct cross-section is round or a
regular polygon, Dy, is the diameter of the inscribed circle'”

[Fig. 5(a)]:
Ar = D?, (26)
and Egs. (15) and (16) yield

1/2
D, =~ a'2, Lo~ 27)
b
Equations (26) and (27) are exact when the duct cross section
is square. If the cross section is flat (elongated), for example,
as the channel between parallel plates of width W, Fig. 5(b),
then

Ar %th, (28)
and Egs. (15) and (16) yield
2a 2a
Dy, =— L=—. 2
"W bW 29

The duct volume that corresponds to designs (27) and (29)
is, respectively,

a’/? 2a?
Vol = — Vol = —. 30
ST T ow (30)

IV. CHANNELS IN PARALLEL

If the wetted surface is more complicated, for example,
with channels in parallel [Fig. 5(c)] or with one channel per-
pendicular to other tubes or fins, the hydraulic diameter is
smaller than in Eq. (26). We write

Ar = ND?, (31)

where N is the number of parallel channels or the apparent
“pores” visible in the cross section Ay.
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FIG. 5. (a) Duct with a cross section shaped as a regular polygon. (b) Duct
with a flat rectangular cross section. (c) Cross section consisting of several
channels in parallel.

In such designs, Eqgs. (27) are replaced by

1/2 1/2
a a

The flow volume

3/2
A (33)

Vol = AL = le/Z

decreases as N increases, i.e., as the details of the internal
structure become finer. In the same direction of miniaturiza-
tion, the minimal power required by the heat exchanger
remains constant (independent of N), cf. Eq. (17).

V. LAMINAR FLOW

The formulation developed so far can be extended to
additional classes of applications. For example, as heat
exchangers evolve toward miniaturization, from compact
heat exchangers to microscales (cf. Ref. 14, Fig. 4.2), the
flow regime prevails as laminar throughout the flow architec-
ture. For such applications, the analysis of Sec. II can be
repeated by starting with Eq. (2), in which the friction factor
for laminar flow is

f_Po

= (34)

where Po is the Poiseuille constant (Po=16 for a round
cross section and Po =24 for a flat cross section). The new
feature in the analysis is that Eq. (3) is replaced by
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. L
Wi=c¢5 ——, 35
1 =Cs DIA; (35)
where
4y Pom’
Cc5 = T (36)

Because the dependence of W, on L, Dy, and As in Eq. (35)
is qualitatively the same as in Eq. (3), the ensuing analysis
that replaces Eqs. (15)—(21) reveals the existence of the same
kind of tradeoffs, optimal A; and Dy,/L, and minimal overall
power requirement, W = Wl + W2 + W3.

VI. STATIONARY APPLICATIONS

The design domain occupied by heat exchangers is consid-
erably wider than the applications analyzed in Secs. II-V. The
common features of these applications are that the heat exchang-
ers belong to vehicles that move on the landscape with the speed
V. At least as prevalent are the stationary heat exchangers, such
as in plants for power, refrigeration, and air conditioning. For
these, the power required for transporting the heat exchanger,
Eq. (10), does not hold. There is however an additional power
requirement (W 3) that is of economic origin, and just like in Eq.
(10), it is greater when the heat exchanger is larger.

This contribution to W3 is a function of factors that vary
from one installation to the next, stationary or not. Examples
are the power spent on manufacturing and assembling the heat
exchanger, the power spent on bringing the heat exchanger
components to the site, and the power spent on maintaining

W, + W, + W,

W, >> W,

s“°Qe

S/'ze

W,

FIG. 6. A flow system has shape and size. The shape is the tradeoff between
heat transfer and fluid flow irreversibilities.'""'> The size is the tradeoff
between the sum of the first two irreversibilities and the irreversibility asso-
ciated with carrying and constructing the flow system.



064902-6 Bejan et al.

and cleaning periodically the heat exchanger. All these fea-
tures of stationary heat exchanger design and operation con-
tribute to the new W requirement such that each contribution
increases monotonically with the size of the heat exchanger.

In conclusion, the new W3 increases monotonically with
the size M, and this means that the qualitative impact of the
new W3(M) function has the same character as in the analy-
sis developed for moving heat exchangers. Said another way,
the tradeoffs unveiled in Secs. II-V are also present in sta-
tionary applications, albeit with a different (empirical)
expression in place of Eq. (10).

Figure 6 is a qualitative summary of the fundamental
step made in this paper. Any flow configuration has two
basic characteristics, shape and size. The overall irreversibil-
ity of the heat exchanger (W; + W, + W3) can be mini-
mized in two ways: in the “shape” plane at fixed size, (i) by
balancing the heat transfer and fluid flow irreversibilities,
and (ii) by exploring the ‘“size” dimension of the design
space, as was anticipated in Fig. 1. The present results indi-
cate the best combination of the shape and size that endow
the flow configuration with minimum thermodynamic losses.
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