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Abstract. We consider the boundary-value problem for the steady isothermal
flow of an incompressible viscoelastic liquid of Oldroyd type in a bounded
domain with a Navier type slip boundary condition. We prove that under
some restrictions on the material constants and the data, there exists a strong
solution which is locally unique. The proof is based on a fixed point argument
in which the boundary-value problem is decomposed into a transport equation
and a Stokes system.
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1. Introduction

The models of viscoelastic fluids formulated by Oldroyd [1, 2] (see [3, 4, 5] for al-
ternative derivations and perspectives), especially the Oldroyd-B model, have been
studied by several mathematicians since the pioneering work of Renardy [6] and
Guillopé and Saut [7]–[10]. Many results regarding the well-posedness of boundary-
value problems and initial-boundary-value problems for flows of liquids described
by these and related non-Newtonian models have been established; see [11]–[46]
and the references therein. These results deal with time-dependent or steady flows
of compressible or incompressible fluids in bounded, unbounded, exterior or thin
domains, in two or three dimensions, under various restrictions on the material con-
stants and other data. A variety of numerical methods for the simulation of such
flows have also been developed; see, e.g., [47]–[61].

Many of the numerical studies with Oldroyd type models focus on the stick-
slip problem that arises in the extrusion of polymer melts, where there is an abrupt
transition from the no-slip boundary condition at the solid surface of the die to
the shear-free slip boundary condition at the free surface of the extrudate and a
resulting stress singularity. A similar stress singularity occurs at contact lines in
free surface problems. In both problems, the stress singularity can be alleviated by
applying a partial slip boundary condition (such as Navier’s slip law) at the solid
surface (see, e.g., [62, 63, 64]). Moreover, there has been an extensive experimental
and theoretical investigation of the presence and role of wall slip (or apparent wall
slip) in the onset of flow instabilities (spurt) and surface defects (melt fracture and
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sharkskin) in polymer extrusion processes (see [65, 66] and [67, Section 11.5.4])
and errors in experimental methods for molten polymers [67, Chapter 10]. These
phenomena have much practical importance but are complex and only partly under-
stood despite the large amount of work (see the references in [65, 66, 67]) devoted
to the measurement, modeling and simulation of it.

On the other hand, the published well-posedness results for flows of Oldroyd
type fluids, including those of [11]–[46], are concerned with flows in fixed domains
and assume that there is no wall slip. To our knowledge, there is at present no
well-posedness result for the die-swell free surface problem of an Oldroyd type fluid
with partial slip at the solid surface. In fact, the much simpler problem of the flow
in a fixed domain with partial wall slip has apparently not been addressed. The aim
of the present article is to consider such a problem. For the sake of simplicity we
consider flows with the Navier slip boundary condition, but the method of proof –
which is based on the decomposition of the problem into a transport equation for
the extra-stress and a Stokes system for the velocity and pressure – can be adapted
to non-linear slip boundary conditions such as those employed in [68]–[71], where
the tangential traction is a non-monotone function of the slip velocity.

The outline of the paper is as follows. First we formulate the boundary-value
problem (Section 1.1) and state our main result (Section 1.2). Then we define the
notation (Section 2) and establish some auxiliary results (Section 3). Thereafter we
prove Theorem 1 and indicate how it can be extended to problems with non-linear
slip boundary conditions (Section 4). Lastly, we show that the solution is locally
unique (Section 5).

1.1. Problem formulation

We consider a class of rate type models of homogeneous incompressible viscoelastic
liquids, which we call Oldroyd type fluids. The Cauchy stress tensor is given by
T = −p̂I + S, where p̂ is the pressure and S is the extra-stress, which satisfies the
equation

S + λ1
Da

Dt
S = 2µ0

(
D + λ2

Da

Dt
D

)
in Ω. (1.1)

Here Ω is the flow domain and Da/Dt denotes the objective time derivative

Da

Dt
S =

∂S

∂t
+ v ·∇S + Pa(∇v,S), (1.2)

where a ∈ [−1, 1] and

Pa(∇v, S) := SW −WS − a(SD + DS) (1.3)

=
1
2
(1− a)

(
S∇v + (∇v)T S

)− 1
2
(1 + a)

(
S(∇v)T + (∇v)S

)
(1.4)

with D = 1
2 (∇v+(∇v)T ) and W = 1

2 (∇v−(∇v)T ). The material constants µ0, λ1

and λ2 are the viscosity coefficient, the stress relaxation time and the retardation
time, respectively. We assume that

0 < µ0, 0 < λ2 < λ1. (1.5)

The special case of the derivative (1.2) with a = 1 (a = 0, a = −1, resp.) is
called the upper convected (corotational, lower convected, resp.) derivative and an
Oldroyd type fluid with a = 1 (a = −1, resp.) is called an Oldroyd-B (Oldroyd-A,
resp.) fluid. An Oldroyd-B fluid with λ2 = 0 is known as a Maxwell fluid; with
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0 < λ2 < λ1 it is known as a Jeffreys fluid. In fact, equation (1.1) can be written
as the Maxwell type equation

Ê + λ1
Da

Dt
Ê = 2µeD in Ω, (1.6)

where Ê := S − 2µnD is the “elastic part” of the extra-stress, and µn := µ0λ2/λ1

and µe := µ0(1 − λ2/λ1) are the so-called Newtonian and elastic viscosity coeffi-
cients, respectively. With this notation, the conservation of linear momentum for a
steady flow becomes

ρv ·∇v − µn4v +∇p̂ = div Ê + ρf in Ω, (1.7)

where ρ is the density and f is the body force per unit mass. Furthermore, since
the fluid is incompressible and the density is constant, the conservation of mass
reduces to

div v = 0 in Ω. (1.8)
We assume that the boundary, Γ, of Ω is impermeable. Thus

v · n = 0 on Γ, (1.9)

where n denotes the outward unit normal vector. Moreover, we assume that the
liquid-solid interaction is governed by Navier’s slip condition,

[(Ê + 2µnD)n]τ + K̂(v −w) = 0 on Γ, (1.10)

where [ · ]τ denotes the tangential component, K̂ is a positive constant, w is the
velocity of the solid surface and w · n = 0 on Γ. Thus, Ω is fixed but Γ (or parts of
Γ, which may be connected to each other or disconnected from other components
of Γ) may undergo steady tangential motion, e.g., rotation or stretching. For this
reason we do not assume that w is identically zero. This is also discussed in [72,
Remark 1.2].

Lastly, define E = ρ−1Ê, p = ρ−1p̂, ν0 = µ0/ρ, νn = µn/ρ, νe = µe/ρ (νn

and νe are the kinematic Newtonian and kinematic elastic viscosity coefficients,
respectively), K = K̂/ρ and A = ∇v + (∇v)T . Then, from (1.6)–(1.10), we have
the following boundary-value problem:

Problem 1. Find (E, v, p) such that E is symmetric and

E + λ1(v ·∇E + Pa(∇v, E))− νeA = 0 in Ω, (1.11)

v ·∇v − νn4v +∇p− div E = f in Ω, (1.12)

div v = 0 in Ω, (1.13)

[(E + νnA)n]τ + Kv = Kw on Γ, (1.14)

v · n = 0 on Γ. (1.15)

To write Problem 1 in dimensionless form, choose a characteristic length L and
a characteristic speed V and define x∗ = L−1x for all x ∈ Ω, Ω∗ = {x∗ : x ∈
Ω}, Γ∗ = {x∗ : x ∈ Γ}, t∗ = V L−1t, E∗(x∗) = V −2E(x), v∗(x∗) = V −1v(x),
w∗(x∗) = V −1w(x), p∗(x∗) = V −2p(x), λ∗1 = V L−1λ1, λ∗2 = V L−1λ2, ν∗n =
L−1V −1νn, ν∗e = L−1V −1νe, f∗(x∗) = LV −2f(x), K∗ = V −1K. Then, by writing
equations (1.11)–(1.15) in terms of these dimensionless quantities and omitting the
asterisks, we obtain a problem which is formally identical to Problem 1. Henceforth,
we consider this dimensionless form of Problem 1.
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Remark. We non-dimensionalize Problem 1 as above because it preserves the form
of the problem and makes the roles of the original material constants explicit in
our analysis. However, it is more common to derive a dimensionless form of the
problem by using the viscosity instead of the density to eliminate the mass di-
mension of the relevant variables. To do so, define x∗, t∗, v∗ and w∗ as before
but let E∗ = L(µ0V )−1Ê, p∗ = L(µ0V )−1p̂, f∗ = ρL2(µ0V )−1f , K∗ = Lµ−1

0 K̂,
ω = 1 − λ2λ

−1
1 (retardation parameter), Re = ρLV µ−1

0 (Reynolds number) and
We = λ1V L−1 (Weissenberg number). Then, omitting the asterisks, one obtains
the following dimensionless system:

E + We (v ·∇E + Pa(∇v, E))− ωA = 0 in Ω, (1.16)

Re v ·∇v − (1− ω)4v +∇p− div E = f in Ω, (1.17)

div v = 0 in Ω, (1.18)

[(E + (1− ω)A)n]τ + Kv = Kw on Γ, (1.19)

v · n = 0 on Γ. (1.20)

Here, ω = 1 in the Maxwell case and 0 < ω < 1 in the Jeffreys case.

1.2. Main result

We shall prove that for sufficiently small data, Problem 1 has a strong solution:

Theorem 1. Let Ω be a bounded domain in R3, locally situated on one side of its
boundary, Γ, with Γ ∈ C4. Furthermore, let f ∈ H1(Ω) and w ∈ H3/2(Γ) with
w · n = 0 on Γ. Then there are positive constants Λ = Λ(Ω, νn,K), CT = CT (Ω)
and C∗ = C∗(Ω) such that the following hold: If

0 < νe < Λνn, (1.21)

there is a positive constant D∗ = D∗(Ω, λ1, νn, νe,K) < (λ1CT C∗)−2 with the pro-
perty that if

D := ‖f‖1,2 + K‖w‖3/2,2,Γ ≤ D∗ (1.22)

then Problem 1 has a solution (E, v, p) ∈ H2
T (Ω)×H3(Ω)× H̄2(Ω) which satisfies

the a priori estimates

‖E‖2,2 ≤ 2νeC∗
√

D

1− λ1CT C∗
√

D
, (1.23)

‖v‖3,2 +
1
νn
‖p‖2,2 ≤ C∗

√
D. (1.24)

Remark. (a) In Section 5 we give sufficient conditions for the local uniqueness of
the solution for small data.
(b) The unusual a priori estimates (1.23)–(1.24) result from steps in the proof of
Theorem 1 aimed at maximizing D∗. One can derive a priori estimates which are
linear in D by imposing a stronger restriction on D; see the remark after the proof
of Theorem 1.
(c) We assume that µ0 and λ2 are positive because our method of proof requires
that µn > 0. Then the “Newtonian part”, 2µnD, of the extra-stress is nonzero
and we can apply results from the theory of Newtonian fluids to the subproblem
(1.12)–(1.15) in a fixed point formulation of Problem 1. Moreover, in order to obtain
suitable estimates in this approach, µe/µn = λ1/λ2 − 1 (= ω/(1 − ω) in (1.16)–
(1.20)) must be sufficiently small; this is assumption (1.21)2. Thus, the fluid is
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weakly viscoelastic, as in [7, 9]. This restriction on the fluid model is a consequence
of using equation (1.6) – which leads to a simple fixed point formulation of the
problem – and is not necessary for solving the original problem. Renardy [6] and
Talhouk [13] use a different approach to prove the solvability of the problem with
a no-slip boundary condition (v = 0 on Γ) for both the Maxwell model and the
Jeffreys model without assumption (1.21)2. The basic idea is to apply the divergence
operator to equation (1.1), substitute the resulting expression for div S into the
equation of motion and then solve the resulting system by a fixed point method.

2. Notation

Let Ω be a bounded domain in R3 that lies on one side of its boundary, Γ. The
smoothness of Γ will be specified by writing, for example, Γ ∈ C2,1 to indicate that
Γ is of class C2,1 (Lipschitz continuous second derivatives). We call Ω rotationally
symmetric if it has an axis of symmetry.

For q ∈ [1,∞], Lq(Ω) denotes the standard Lebesgue space and L̄q(Ω) := {f ∈
Lq(Ω) :

∫
Ω

f(x)dx = 0}. Furthermore, Lq(Ω) denotes a space of vector fields and
Lq

T (Ω) := {T = Tijei ⊗ ej : Tij ∈ Lq(Ω), 1 ≤ i, j ≤ 3} ≡ Lq(Ω)9 denotes a space
of tensor fields (ei denotes the unit vector along the xi-axis, i = 1, 2, 3, and we use
the convention of summation over repeated indices). The spaces Lq(Γ), Lq(Γ) and
Lq

T (Γ) are defined analogously. The norms in Lq(Ω), Lq(Ω) and Lq
T (Ω) are denoted

by ‖·‖q, and the norms in Lq(Γ), Lq(Γ) and Lq
T (Γ) are denoted by ‖·‖q,Γ. The inner

products in L2(Ω), L2(Ω) and L2
T (Ω) are denoted by (·, ·), and the inner products

in L2(Γ), L2(Γ) and L2
T (Γ) are denoted by (·, ·)Γ.

For m ∈ N and q ∈ [1,∞), Wm,q(Ω) denotes the standard Sobolev space with
the norm ‖ · ‖m,q (see, e.g., [73, p. 59]). For convenience we define ‖ · ‖0,q := ‖ · ‖q.
Furthermore, we denote the Hilbert space Wm,2(Ω) and its inner product by Hm(Ω)
and (·, ·)m, respectively, and let H̄m(Ω) := Hm(Ω) ∩ L̄1(Ω). If Γ ∈ Cm−1,1, we
denote the space of traces on Γ associated with Hm(Ω) by Hm−1/2(Γ), its inner
product by (·, ·)m−1/2,Γ and its norm by ‖ · ‖m−1/2,2,Γ. As above we use bold letters
and the subscript T to denote the corresponding spaces of vector-valued functions
and tensor-valued functions, respectively, and denote their norms as in the scalar
case. Furthermore, for m ∈ N,

Hm
τ (Ω) := {v ∈ Hm(Ω) : v · n = 0 on Γ},

where n is the outer unit normal vector on Γ and the boundary condition is meant
in the sense of traces, and

V m(Ω) := {v ∈ Hm
τ (Ω) : div v = 0 a.e. in Ω}.

For m = 0, 1, 2, . . ., Cm(Ω) denotes the linear space of all continuous functions on
Ω with continuous derivatives of all orders up to m on Ω, and Cm(Ω) denotes the
space of all functions in Cm(Ω) that, together with their derivatives of order up to
m, are bounded and uniformly continuous on Ω. The standard norm in Cm(Ω) is
denoted by ‖ · ‖Cm (see, e.g., [73, p. 10]).

If X and Y are normed linear spaces, R > 0, D ⊆ X and L : D → Y is
a bounded linear operator, then B(X,R) := {x ∈ X : ‖x‖X ≤ R} and ‖L‖∗ :=
sup{‖Lx‖Y : x ∈ D, ‖x‖X = 1}.
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In inequalities, C(Ω, . . .) denotes a generic positive constant which depends at
most on the quantities given in brackets and may have different values even in
the same calculation. Fixed constants are denoted by other symbols or by the addi-
tion of a subscript or superscript. In particular, by virtue of the Sobolev imbeddings
H1(Ω) ↪→ Lq(Ω), q ∈ [2, 6], and H2(Ω) ↪→ C0(Ω) (for which it is sufficient that
Γ ∈ C2; see [73, pp. 84–5]), there exist constants Kq = Kq(Ω, q), q ∈ [2, 6], and
K0 = K0(Ω) such that

‖u‖q ≤ Kq‖u‖1,2 for all u ∈ H1(Ω), (2.1)

‖u‖C0 ≤ K0‖u‖2,2 for all u ∈ H2(Ω). (2.2)

By repeated application of Hölder’s inequality and inequalities (2.1)–(2.2), one can
show that there exist constants K7 = K7(Ω) and K8 = K8(Ω) such that

‖uv‖1,2 ≤ K7‖u‖2,2‖v‖1,2 for all u ∈ H2(Ω), v ∈ H1(Ω), (2.3)

‖uv‖2,2 ≤ K8‖u‖2,2‖v‖2,2 for all u, v ∈ H2(Ω). (2.4)

These inequalities can be derived in more than one way (see, e.g., [73, p. 106] for a
proof of (2.4)) but one approach yields K7 =

√
K2

0 + K4
4 and K8 = 3K7; we shall

assume that K7 ≤ K8.
The following list gives special constants and the numbers of the equations

where they are introduced.

Λ (1.21), (4.11) D, D∗ (1.22), (4.12)
C∗ (1.24), (4.12) Kq, q ∈ [2, 6] (2.1)
K0 (2.2) K7 (2.3)
K8 (2.4) C2, γ2 (3.1), (A.10)

C1, γ1 (3.4), (A.13) α, θ (A.3), (A.12)
γ3 (A.7) C4, C

∗
4 , νK (3.10)

C5, C
∗
5 (3.11) c0 (3.14)

c2 (3.15) N1 (3.16)
c∗1 (3.17) C7 (3.18)
CT (4.2) C6 (4.8)
δ (4.2), (4.13) Q (4.10)

C8 (4.19) C9 (4.20)

3. Auxiliary results

The proof of Theorem 1 is based on a fixed point argument in which Problem 1 is
decomposed into a tensor transport equation and a Stokes system with Navier slip
boundary conditions. Lemmas 1 and 2 establish the solvability of a corresponding
transport equation and Stokes system, respectively, and give a priori estimates for
their solutions. The proof of Lemma 1 is given in the Appendix.

Lemma 1. Let Ω be a bounded domain in R3 that lies on one side of its boundary
Γ ∈ C2, let v ∈ V 3(Ω) and F ∈ H2

T (Ω), and let M : H2
T (Ω) → H2

T (Ω) be a bounded
linear operator. Then the following hold:
(a) There is a positive constant C2 = C2(Ω) with the property that if

γ2 := C2‖∇v‖2,2 + ‖M‖∗ < 1 (3.1)
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then there exists a unique tensor E ∈ H2
T (Ω) such that

E + v ·∇E + ME = F in Ω. (3.2)

Moreover,

‖E‖2,2 ≤ ‖F ‖2,2

1− γ2
. (3.3)

(b) Let E be as in part (a) and in addition suppose that M is bounded in the topology
of H1

T (Ω), i.e., ‖M‖∗1 := sup{‖MU‖1,2 : U ∈ H2
T (Ω), ‖U‖1,2 = 1} is finite. Then

there is a constant C1 = C1(Ω) ∈ (0, C2) with the property that if

γ1 := C1‖∇v‖2,2 + ‖M‖∗1 < 1 (3.4)

then

‖E‖1,2 ≤ ‖F ‖1,2

1− γ1
. (3.5)

(c) Let E be as in part (a) and in addition suppose that F is symmetric and
(MU)T ∈ {MU ,M(UT )} for all U ∈ H2

T (Ω). Then E is symmetric.

Lemma 2. (a) Suppose that Ω is a bounded domain in R3 with boundary Γ ∈ C2,1

(or Γ ∈ C3), ν > 0, K > 0, a ∈ L2(Ω) and b ∈ H1/2(Γ) with b · n = 0 on Γ. Then
the Stokes system

−ν4v +∇p = a in Ω, (3.6)

div v = 0 in Ω, (3.7)

ν[A(v)n]τ + Kv = b on Γ, (3.8)

v · n = 0 on Γ, (3.9)

has a unique solution (v, p) ∈ H2(Ω) × H̄1(Ω) and there is a constant C4 =
C4(Ω, ν, K) > 0 such that

ν‖v‖2,2 + ‖p‖1,2 ≤ C4(‖a‖2 + ‖b‖1/2,2,Γ). (3.10)

Moreover, if Ω is not rotationally symmetric, there are positive constants C∗4 =
C∗4 (Ω) and νK = νK(K) such that C4 ≤ C∗4 if ν ≥ νK .

(b) Suppose, in addition, that m ∈ N, Γ ∈ Cm+3, a ∈ Hm(Ω) and b ∈ Hm+1/2(Γ).
Then (v, p) ∈ Hm+2(Ω) × H̄m+1(Ω) and there is a constant C5 = C5(Ω,m, K/ν)
such that

ν‖v‖m+2,2 + ‖p‖m+1,2 ≤ C5(‖a‖m,2 + ‖b‖m+1/2,2,Γ). (3.11)
Moreover, if Ω is not rotationally symmetric, C5 ≤ C∗5 = C∗5 (Ω,m) if ν ≥ νK .

Proof. (a) Problem (3.6)–(3.9) is a particular case of the generalized Stokes system
studied by Beirão da Veiga [74] (we have µ = λ = 0, g ≡ 0, a ≡ 0 in the notation
of [74]) and the existence and uniqueness of a solution (v, p) ∈ H2(Ω) × H̄1(Ω)
are immediate consequences of Theorems 1.1–1.2 of [74]. (Theorem 1.1, which deals
with weak solutions, requires that Γ ∈ C1,1. Theorem 1.2 of [74] is stated with the
hypothesis Γ ∈ C2,1 and for simplicity some calculations in its proof are performed
with Γ ∈ C3, but it is mentioned (see [74, pp. 1096, 1102]) that Γ ∈ W 3,3 is
sufficient.) Moreover, Theorem 1.2 of [74] gives the a priori estimate

‖v‖2,2 + ‖p‖1,2 ≤ C(Ω, ν,K)(‖a‖2 + ‖b‖1/2,2,Γ) (3.12)

but does not specify the dependence of the constant on ν and K. We shall show how
estimate (3.10) can be derived from inequality (3.12) and calculations in [74]. To
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avoid a lengthy repetition of these calculations, we shall refer directly to equations
in [74].

For problem (3.6)–(3.9), the definition of a weak solution in [74] means that
(v, p) ∈ H1

τ (Ω)× L1(Ω) and

νB1(v, φ)− (p, div φ) + K(v, φ)Γ + (div v, ψ) = (a, φ) + (b, φ)Γ

for all (φ, ψ) ∈ H1
τ (Ω)× L1(Ω), where B1 is the bilinear form defined by

B1(v, φ) = 2(D(v), D(φ))− (div v, div φ), v, φ ∈ H1(Ω).

This implies that div v ≡ 0 and

νB1(v,v) + K‖v‖22,Γ = (a, v) + (b, v)Γ. (3.13)

By Lemma 2.2 of [74] with µ = 0 and ν = 1, there is a positive constant c0 = c0(Γ)
such that

‖∇φ‖22 ≤ B1(φ, φ) + c0‖φ‖22,Γ for all φ ∈ H1
τ (Ω). (3.14)

Furthermore, recall (see, e.g., [75, pp. 51, 56]) that ‖∇(·)‖2 is a norm on H1
τ (Ω)

and is equivalent to ‖ · ‖1,2; there is a constant c2 = c2(Ω) such that

‖φ‖1,2 ≤ c2‖∇φ‖2 for all φ ∈ H1
τ (Ω). (3.15)

There are two cases to consider.
Case 1: Ω is not rotationally symmetric. In this case it follows from the proof

of Lemma 2.3 of [74] with µ = 0 and ν = 1 that for every ε > 0 there exists
N1 = N1(Ω, ε) > 0 such that

‖φ‖22,Γ ≤ ε‖∇φ‖22 + N1B1(φ,φ) for all φ ∈ H1
τ (Ω). (3.16)

(Note that the number N in [74, eq. (2.22)] depends on ν: B = νB1 and N = N1/ν.)
Thus, by inequalities (3.14) and (3.16) with ε = ε0 := (2c0)−1,

c∗1‖∇φ‖22 ≤ B1(φ, φ) for all φ ∈ H1
τ (Ω), (3.17)

where c∗1 = c∗1(Ω) = (2[1 + c0N1(ε0)])−1 (the constant in [74, Lemma 2.3] is
c1 = νc∗1). Hence, by applying inequalities (3.15) and (3.17), the Cauchy-Schwarz
inequality and the trace theorem to equation (3.13), we get

ν‖v‖1,2 ≤ c2ν‖∇v‖2 ≤ C7

c∗1
(‖a‖2 + ‖b‖2,Γ). (3.18)

with C7 = C7(Ω) = max{1, Ct}c2
2, where Ct = Ct(Ω) is the constant from the trace

theorem.
Note that the derivation of estimate (3.18) does not exploit the fact that K is

strictly positive. It can be improved as follows. If K/ν ≥ c0, it is not necessary to use
inequality (3.16); see Case 2 below. If K/ν < c0, it follows from inequalities (3.14)–
(3.16) with ε = εK := (2[c0 −K/ν])−1 that

ĉ1‖∇φ‖22 ≤ B1(φ, φ) +
K

ν
‖φ‖22,Γ for all φ ∈ H1

τ (Ω),

where ĉ1 := (2[1 + (c0 − K/ν)N1(εK)])−1 > c∗1 since εK > (2c0)−1 and since we
can assume that N1 is a decreasing function of ε. Thus, by proceeding as before,
we obtain estimate (3.18) with ĉ1 in place of c∗1.

Case 2: Ω is rotationally symmetric. Inequality (3.14) implies that

‖∇φ‖22 ≤ max
{1

ν
,
c0

K

}(
νB1(φ, φ) + K‖φ‖22,Γ

)
for all φ ∈ H1

τ (Ω). (3.19)



On flows of viscoelastic fluids of Oldroyd type with wall slip 9

Thus, by applying inequalities (3.15) and (3.19) to equation (3.13), we get

min{ν,K/c0}‖v‖1,2 ≤ c2 min{ν, K/c0}‖∇v‖2 ≤ C7(‖a‖2 + ‖b‖2,Γ). (3.20)

Now, in both cases it follows from equations (3.6)–(3.9) that (νv, p) is the solution
of the Stokes system

−4u +∇p = a in Ω, (3.21)

div u = 0 in Ω, (3.22)

[A(u)n]τ + u = b + (ν −K)v on Γ, (3.23)

u · n = 0 on Γ, (3.24)

which is of the form (3.6)–(3.9) with ν = 1 and K = 1 in the left-hand side terms.
Thus, in Case 1 it follows from estimates (3.12) and (3.18) that

ν‖v‖2,2 + ‖p‖1,2 ≤ C(Ω)(‖a‖2 + ‖b‖1/2,2,Γ + |ν −K|·‖v‖1/2,2,Γ)

≤ C(Ω)(1 + |1−K/ν|)(‖a‖2 + ‖b‖1/2,2,Γ), (3.25)

which gives estimate (3.10). Choose any ξ > 0 (e.g., ξ = 0.5) and let νK = ξK.
Then |1 − K/ν| ≤ ξ1 := max{1, 1/ξ − 1} if ν ≥ νK . Thus, we can set C∗4 =
C(Ω)max{2, 1/ξ}.

In Case 2, a similar application of estimates (3.12) and (3.20) yields esti-
mate (3.25) if ν ≤ K/c0. However, if ν > K/c0, we obtain

ν‖v‖2,2 + ‖p‖1,2 ≤ C(Ω)(1 + c0|ν/K − 1|)(‖a‖2 + ‖b‖1/2,2,Γ). (3.26)

(b) It follows from part (a) and the classical theorem of Agmon, Douglis and Niren-
berg [76, Theorem 10.5] that (v, p) ∈ Hm+2(Ω)× H̄m+1(Ω) and

‖v‖m+2,2 + ‖p‖m+1,2 ≤ C(Ω,m, ν,K)(‖a‖m,2 + ‖b‖m+1/2,2,Γ).

Furthermore, application of the same theorem to the system (3.21)–(3.24) yields
the estimate

ν‖v‖j+2,2 + ‖p‖j+1,2 ≤ C(Ω, j)(‖a‖j,2 + ‖b‖j+1/2,2,Γ + |ν −K|·‖v‖j+1/2,2,Γ)

for j = 1, 2, . . . , m. Thus, in Case 1, it follows from this inequality with j = 1, the
trace theorem and inequality (3.25) that

ν‖v‖3,2 + ‖p‖2,2 ≤ C(Ω)(‖a‖1,2 + ‖b‖3/2,2,Γ + |ν −K|·‖v‖3/2,2,Γ)

≤ C(Ω)[1 + |1−K/ν|(1 + |1−K/ν|)]·
· (‖a‖1,2 + ‖b‖3/2,2,Γ). (3.27)

By repeating this argument with j = 2, 3, . . . , m we obtain

ν‖v‖m+2,2 + ‖p‖m+1,2 ≤ C(Ω, m)(‖a‖m,2 + ‖b‖m+1/2,2,Γ)·
· (1 + |1−K/ν|+ |1−K/ν|2 + · · ·+ |1−K/ν|m−1

)
, (3.28)

which gives estimate (3.11). Thus, with νK and ξ1 as in the proof of part (a)
(below (3.25)), we can take C∗5 = C(Ω,m)(1 + ξ1 + ξ2

1 + · · ·+ ξm−1
1 ).

In Case 2, a similar argument leads to estimates (3.27)–(3.28) and (3.11) if
ν ≤ K/c0. If ν > K/c0, we apply estimate (3.26) instead of (3.25) and obtain

ν‖v‖m+2,2 + ‖p‖m+1,2 ≤ C(Ω, m)(‖a‖m,2 + ‖b‖m+1/2,2,Γ)·
· (1 + |1−K/ν|+ · · ·+ |1−K/ν|m−2 + (ν/K)|1−K/ν|m−1

)
,
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which is also of the form (3.11). ¤

Remark. If ∂Ω consists of more than one separate component, say ∂Ω = Γ ∪ Σ,
where Γ and Σ are closed manifolds without boundary and dist(Γ,Σ) > 0, one can
impose the no-slip boundary condition on Σ to avoid the complications that arise
when Ω is rotationally symmetric. In particular, since there is a positive constant
C = C(Ω,Σ) such that C‖v‖1,2 ≤ ‖D(v)‖2 for all v ∈ H1(Ω) with v = 0 on Σ
(see, e.g., [77]), it is not necessary that K > 0 for coercivity in the Stokes problem if
Ω is rotationally symmetric. Moreover, the regularity results used in the preceding
proof remain valid (see [74, p. 1081]).

Lastly, we recall a classical fixed point theorem of Schauder [78].

Lemma 3. Suppose that V is a non-empty, convex and compact subset of a complete
metric space X and Φ : V → X is a continuous mapping such that Φ(V ) ⊆ V . Then
Φ has a fixed point.

4. Proof of Theorem 1

Proof. If D = 0, (E, v, p) ≡ (0, 0, 0) is a solution of Problem 1 and satisfies esti-
mates (1.23)–(1.24). Thus, assume that D > 0, let R > 0 (the value of R will be
chosen later) and let VR := B(V 3(Ω), R) and X := H2(Ω).

(1) VR is nonempty and convex. To verify that VR is compact in H2(Ω), let
(un) be any sequence in VR. Then (un) is bounded in the Hilbert space H3(Ω) and
therefore has a subsequence (unk

) which converges weakly to some u in H3(Ω).
Hence, unk

−→ u in H2(Ω) because H3(Ω) ↪→↪→ H2(Ω), and u ∈ VR because
‖u‖3,2 ≤ lim inf ‖unk

‖3,2 ≤ R.
(2) Let u ∈ VR and consider the tensor transport equation

E + λ1u ·∇E + λ1Pa(∇u, E) = νeA(u) in Ω. (4.1)

One can show by means of inequality (2.4) and the Cauchy-Schwarz inequality that

‖GH‖2,2 ≤ K8‖G‖2,2‖H‖2,2 for all G, H ∈ H2
T (Ω).

Thus, Pa(∇u, E) ∈ H2
T (Ω) and

‖Pa(∇u, E)‖2,2 ≤ 2K8‖∇u‖2,2‖E‖2,2 for all E ∈ H2
T (Ω).

Hence, the mapping M : E 7→ λ1Pa(∇u, E) defines a bounded linear operator
M : H2

T (Ω) → H2
T (Ω) and ‖M‖∗ ≤ 2λ1K8‖∇u‖2,2 ≤ 2λ1K8R. Furthermore, F :=

νeA(u) ∈ H2
T (Ω). Assume that λ1CT R < 1, where CT = CT (Ω) := C2 + 2K8.

Moreover, assume that

R ≤ 1− δ

λ1CT
(4.2)

for some δ ∈ (0, 1) (the value of δ will be chosen later; see (4.13)). Then, by
Lemma 1(a), equation (4.1) has a unique solution, E, in H2

T (Ω) and

‖E‖2,2 ≤ 2νe‖∇u‖2,2

1− λ1CT ‖∇u‖2,2
≤ 2νeR

1− λ1CT R
≤ 2νeR

δ
. (4.3)

Furthermore, F is symmetric and it follows from the definition of Pa that (MU)T =
M(UT ) for all U ∈ H2

T (Ω). Thus, by Lemma 1(c), E is symmetric.
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Next, consider the Stokes system

−νn4v +∇p = f + div E − u ·∇u in Ω, (4.4)

div v = 0 in Ω, (4.5)

νn[A(v)n]τ + Kv = Kw − [En]τ on Γ, (4.6)

v · n = 0 on Γ, (4.7)

where E is the solution of equation (4.1). By Lemma 2, this problem has a unique
solution (v, p) ∈ H3(Ω)× H̄2(Ω). Thus we can define a mapping Φ : VR 7→ V 3(Ω)
by Φ(u) = v. By construction, if v is a fixed point of Φ then the corresponding
triple (E,v, p) is a solution of Problem 1.

(3) The next step is to show that Φ(VR) ⊆ VR for suitable choices of D∗ and
R. To this end, let u, E, v and p be as in part (2) above. By virtue of the trace
theorem, there is a constant C6 = C6(Ω) such that

‖div E‖1,2 + ‖[En]τ‖3/2,2,Γ ≤ C6‖E‖2,2. (4.8)

Furthermore, it follows from inequality (2.3) and the Cauchy-Schwarz inequality
that

‖u ·∇u‖1,2 ≤ K7‖u‖22,2.

Thus, by estimates (3.11) (with m = 1 and C5 = C5(Ω, νn,K)) and (4.3),

‖v‖3,2 +
1
νn
‖p‖2,2 ≤ C5

νn

(
C6‖E‖2,2 + K7‖u‖22,2 + ‖f‖1,2 + K‖w‖3/2,2,Γ

)

≤ C5

νn

(
2C6νeR

δ
+ K7R

2 + D

)
. (4.9)

The right-hand side of (4.9) is less than or equal to R if and only if

D ≤ R(Q−K7R) =
Q2

4K7
−K7

(
R− Q

2K7

)2

, Q :=
νn

C5
− 2C6νe

δ
. (4.10)

Now, Q > 0 for all δ > 2C5C6νe/νn. Assume that inequality (1.21) holds with
Λ = (2C5C6)−1. Then

0 <
2C5C6νe

νn
< 1. (4.11)

Moreover, for any given δ ∈ I = (2C5C6νe/νn, 1), the largest possible value of D

in inequality (4.10) is D∗ := Q2/(4K7) if R∗ := Q/(2K7) =
√

D∗/K7 = C∗
√

D∗,
where C∗ = (K7)−1/2, satisfies inequality (4.2). Thus, in order to maximize D∗ we
choose the largest δ ∈ I such that

R∗ =
1

2K7

(
νn

C5
− 2C6νe

δ

)
≤ 1− δ

λ1CT
. (4.12)

As a function of δ, the left-hand side of this inequality increases monotonely from
zero on I and the right-hand side decreases monotonely to zero on I. Hence, the
largest value of δ in I for which the inequality holds, is the value at which equality
holds, namely

δ =
1
2

(
1− CT λ1νn

2C5K7

)
+

1
2

√(
1− CT λ1νn

2C5K7

)2

+
4C6CT λ1νe

K7
. (4.13)
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With this choice of δ, assume that 0 < D ≤ D∗ = Q2/(4K7) and set R =
√

D/K7 =
C∗
√

D. (Note that by (4.10)2 and (4.13), D∗ depends only on Ω, λ1, νn, νe and K.)
Then R ≤ R∗ = Q/(2K7). Hence, it follows from inequality (4.9) that v ∈ VR:

‖v‖3,2 +
1
νn
‖p‖2,2 ≤ C5

νn

([
2C6νe

δ
− νn

C5

]
R + 2K7R

2

)
+ R

=
C5

νn
(2K7R−Q)R + R ≤ R. (4.14)

(4) It remains to show that Φ is continuous in the topology of H2(Ω). For i = 1, 2,
take ui ∈ VR and let Ei denote the solution of equation (4.1) with ui in place of
u. Let u := u1 − u2 and E := E1 −E2. Then

E + λ1u1 ·∇E + λ1Pa(∇u1, E)

= νeA(u)− λ1u ·∇E2 − λ1Pa(∇u, E2) in Ω. (4.15)

Define M1 : H2
T (Ω) → H2

T (Ω) by M1(E) = λ1Pa(∇u1,E). Then it follows as in
part (2) that γ2(u1) = C2‖∇u1‖2,2 + ‖M1‖∗ ≤ λ1CT R < 1. Thus, by Lemma 1(a),
E is the only solution of equation (4.15) in H2

T (Ω). Furthermore, by applying in-
equality (2.3) and the Cauchy-Schwarz inequality, one can show that

‖u ·∇E2‖1,2 ≤ K7‖∇E2‖1,2‖u‖2,2 (4.16)

and that ‖GH‖1,2 ≤ K7‖G‖2,2‖H‖1,2 for all G ∈ H2
T (Ω) and all H ∈ H1

T (Ω). It
follows that

‖Pa(∇u,E2)‖1,2 ≤ 2K7‖E2‖2,2‖∇u‖1,2 (4.17)
and that ‖Pa(∇u1,E)‖1,2 ≤ 2K7‖∇u1‖2,2‖E‖1,2 for all E ∈ H2

T (Ω), which implies
that

‖M1‖∗1 ≤ 2λ1K7‖∇u1‖2,2. (4.18)
Thus, since C1 ≤ C2 and K7 ≤ K8,

γ1(u1) = C1‖∇u1‖2,2 + ‖M1‖∗1 ≤ γ2(u1) ≤ λ1CT R < 1.

Hence, by estimates (3.5) and (4.3) and inequalities (4.16)–(4.17),

‖E‖1,2 ≤ C8‖u‖2,2, C8 :=
2νe

1− λ1CT R

(
1 +

3λ1K7R

1− λ1CT R

)
. (4.19)

Next, for i = 1, 2, let (vi, pi) be the corresponding solution of the Stokes sys-
tem (4.4)–(4.7). Let v := v1 − v2 and p := p1 − p2. Then

−νn4v +∇p = div E − u1 ·∇u− u ·∇u2 in Ω,

div v = 0 in Ω,

νn[A(v)n]τ + Kv = −[En]τ on Γ,

v · n = 0 on Γ.

By Lemma 2(a), (v, p) is the only solution of this problem in H2(Ω) × H̄1(Ω).
Thus, by estimate (3.10), the trace theorem, inequality (2.2), the Cauchy-Schwarz
inequality and estimate (4.19),

νn‖v‖2,2 + ‖p‖1,2 ≤ C4(Ω, νn,K)(C9‖E‖1,2 + K0‖u1‖2,2‖∇u‖2
+ K0‖∇u2‖2,2‖u‖2)

≤ C4(C8C9 + 2K0R)‖u‖2,2, (4.20)
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where C9 = C9(Ω). Hence, Φ : X ⊃ VR → X is (Lipschitz) continuous.
(5) In view of Lemma 3 and paragraphs (1)–(4) above, we conclude that Φ

has a fixed point v ∈ VR. The a priori estimates (1.23)–(1.24) follow from esti-
mates (4.3) and (4.14) and the definition of R. ¤

Remark. (a) The simple fixed point formulation of Problem 1 in the proof of Theo-
rem 1 is possible because of the explicit equation, (1.6), for the elastic part of the
extra-stress. The advantage of this is evident when one compares it with the fixed
point formulations of similar flow problems with wall slip for fluids of grade two
and three in [79]–[81], which involve additional quantities and auxiliary problems.

(b) For small values of D it is desirable to have a priori estimates which are linear
in D instead of estimates (1.23)–(1.24). To this end, we carry out the proof of
Theorem 1 with R = D/φ for some φ > 0. Then, by inequality (4.2), a sufficient
condition for the right-hand side of estimate (4.9) to be less than or equal to R
is that X/δ + Y (1 − δ) + C5φ/νn ≤ 1, where X := 2C5C6νe/νn < 1 by (4.11),
Y := C5K7/(νnλ1CT ). This holds if, e.g., δ = max{3X/(2X +1), 1−(1−X)/(3Y )}
and φ = νn(1−X)/(3C5). Thus, with 0 < D ≤ D∗ := φR∗, R∗ := (1− δ)/(λ1CT ),
we obtain a solution which satisfies

‖E‖2,2 ≤ 2νeD

δφ
, ‖v‖3,2 +

1
νn
‖p‖2,2 ≤ D

φ
.

(c) The slip boundary conditions considered in [68]–[71] are of the form

[(Ê + µnA)n]τ + Q̂(|v −w|)(v −w) = 0 on Γ, (4.21)

where Q̂ : [0,∞) → [0,∞) is given. (In [68]–[71], w ≡ 0 and the function x 7→ Q̂(x)x,
x > 0, has a local maximum followed by a local minimum.) To see how the proof
of Theorem 1 can be adapted to the corresponding boundary-value problem, let
Q̂(x) = K̂ + Ŝ(x) with K̂ > 0 and, for example, Ŝ(0) = 0. Then we write boundary
condition (4.21) as

µn[An]τ + K̂v = K̂w − Ŝ(|v −w|)(v −w)− [Ên]τ on Γ

and replace boundary condition (4.6) by

νn[An]τ + Kv = Kw − S(|u−w|)(u−w)− [En]τ on Γ,

where S(x) = ρ−1V −1Ŝ(V x), x ≥ 0. By imposing suitable restrictions on S
(see [81], where the slip condition is also of the form (4.21)), one can then derive
an existence and uniqueness result similar to Theorem 1.

5. Uniqueness of the solution

Here we show that the solution constructed in the proof of Theorem 1 is locally
unique under slightly stronger restrictions on the data.

Theorem 2. Assume that the hypotheses of Theorem 1 and inequalities (1.21)–(1.22)
are satisfied. Furthermore, let D0 be a positive number such that

0 ≤ D ≤ D0 ≤ D∗.
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(a) Suppose that Ω is not rotationally symmetric. Then there is a constant ν∗ =
ν∗(Ω, λ1, νe,K, D0) with the property that if νn > ν∗, then Problem 1 has only one
solution (E, v, p) in H2

T (Ω)×H3(Ω)× H̄2(Ω) that satisfies

‖v‖3,2 ≤ C∗
√

D0. (5.1)

(b) Suppose that Ω is rotationally symmetric. Then there is a constant K∗ =
K∗(Ω, λ1, νe, D0) with the property that if c0νn > K ≥ K∗, then Problem 1 has only
one solution (E, v, p) in H2

T (Ω)×H3(Ω)× H̄2(Ω) that satisfies inequality (5.1).

(c) In both (a) and (b), the solution satisfies ‖v‖3,2 ≤ C∗
√

D and is therefore
isolated if D < D0.

Proof. Since 0 < D0 ≤ D∗, we can carry out the proof of Theorem 1 with D0 and
R0 := C∗

√
D0 in place of D (which may be zero) and R, respectively. Suppose

that (E, v, p) ∈ H2
T (Ω) ×H3(Ω) × H̄2(Ω) is a solution of Problem 1 and satisfies

inequality (5.1). Then, in the notation of the proof of Theorem 1, v ∈ VR0 and it
follows from the definition of Φ and the uniqueness of the solutions of the transport
equation (4.1) and the Stokes system (4.4)–(4.7) that v is a fixed point of Φ. Hence,
it is sufficient to show that Φ has only one fixed point in VR0 .

(a) By inequality (4.20), the property of C4 stated in Lemma 2(a), the defi-
nition of C8 in (4.19) and the definition of R0, Φ is a contraction on VR0 if νn > ν∗ :=
max{νK , C∗4 (C8C9 + 2K0R0)}. (For comparison with part (b) below, note that by
estimate (3.25) we can take, for example, νK = K/c0 and C∗4 = C(Ω) max{2, c0}.)

(b) Inequality (4.20) and the definition of C4 by inequality (3.26) imply that
Φ is a contraction on VR0 if νn > K/c0 and

1
νn

+
c0

K

∣∣∣∣1−
K

νn

∣∣∣∣ <
1

C(Ω)(C8C9 + 2K0R0)
.

Thus, it is sufficient that c0νn > K ≥ K∗ := c0C(Ω) max{2, c0}(C8C9 + 2K0R0).
(c) Since D ≤ D0, the solution in Theorem 1 is the unique solution in either

part (a) or (b). Thus, by estimate (1.24), v lies in the interior of VR0 if D < D0. ¤

Remark. Parts (a) and (b) of Theorem 2 are treated separately because Lemma 2(a)
does not ensure that the constant C4 in inequality (4.20) is uniformly bounded with
respect to νn when Ω is rotationally symmetric.

Appendix

Transport equations similar to equation (3.2) have been studied by, amongst others,
Beirão da Veiga [82, 83], Novotný [84, 85] and Talhouk [13]. Here we give a self-
contained proof of Lemma 1 to show how estimates (3.3) and (3.5) are derived.

Proof. (a) Consider the scalar transport equation

z + v ·∇z = f in Ω, (A.1)

where f ∈ H2(Ω) is given. By Green’s formula, (v ·∇z, z) = 0 for all v ∈ V 1(Ω)
and all z ∈ H1(Ω). It follows that equation (A.1) has at most one solution in H1(Ω)
and therefore the tensor transport equation

E + v ·∇E = F in Ω, (A.2)
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which is a system of independent equations of the type (A.1), has at most one
solution in H1

T (Ω). Furthermore, in view of the imbeddings H2(Ω) ↪→ C0(Ω) and
H1(Ω) ↪→ L3(Ω), it follows from (the proof of) Theorem 5.3 and Remarks 2.1
and 8.1 in [84] (with k = 2, q = 2, n = 3, a = 0, i = 1) that there exists a positive
constant α, which is independent of v, f and the size of Ω, such that if

αθ < 1, θ := ‖∇v‖C0 + ‖∇2v‖0,3, (A.3)

then equation (A.1) has a unique solution z ∈ H2(Ω) and

‖z‖2,2 ≤ (1− αθ)−1‖f‖2,2. (A.4)

Hence, if inequality (A.3) holds, equation (A.2) has a unique solution E ∈ H2
T (Ω)

and ‖E‖2,2 ≤ (1−αθ)−1‖F ‖2,2. In other words, if inequality (A.3) holds, the linear
mapping L : H2

T (Ω) → H1
T (Ω) defined by LE = E + v ·∇E is injective, its range

contains H2
T (Ω), it has a continuous right inverse L−1

R : H2
T (Ω) → H2

T (Ω) defined
by L−1

R (F ) = E, and ∥∥L−1
R

∥∥∗ ≤ (1− αθ)−1. (A.5)

Equation (3.2) can now be written as

(L + M)E = L(I + L−1
R M)E = F , (A.6)

where I denotes the identity operator on H2
T (Ω). Now, by inequality (A.5),

∥∥L−1
R M

∥∥∗ ≤ γ3 := (1− αθ)−1‖M‖∗. (A.7)

Thus, if γ3 < 1, i.e., if
αθ + ‖M‖∗ < 1, (A.8)

then it follows from a classical theorem that the mapping I + L−1
R M : H2

T (Ω) →
H2

T (Ω) is a homeomorphism. Moreover, by inequality (A.7),
∥∥(I + L−1

R M)−1
∥∥∗ ≤ (1− γ3)−1. (A.9)

Hence, equation (A.6) has a unique solution, namely E = (I +L−1
R M)−1L−1

R F , and
it follows from estimates (A.5) and (A.9) that

‖E‖2,2 ≤ (1− αθ − ‖M‖∗)−1‖F ‖2,2. (A.10)

Now, by inequalities (2.1) and (2.2), θ ≤ (K0 + K3)‖∇v‖2,2. Thus, with C2 :=
α(K0 + K3), inequality (3.1) implies inequality (A.8), and estimate (A.10) implies
estimate (3.3).

(b) We recall that estimate (A.4) is obtained by deriving estimates of ‖z‖2,
‖∇z‖2 and ‖∇2z‖2, which is done by standard arguments involving the Cauchy-
Schwarz and Hölder inequalities. In particular, we get

(1− ‖∇v‖C0)‖z‖1,2 ≤ ‖f‖1,2, (A.11)

‖z‖2,2 ≤ ‖f‖2,2 + αθ‖∇z‖1,2, (A.12)

where α := max{2,K6}. Thus, if inequality (A.3) holds and E is the solution of
equation (A.2), then ‖∇v‖C0 < 1 (since α > 1) and it follows from inequality (A.11)
that ‖E‖1,2 ≤ (1 − ‖∇v‖C0)−1‖F ‖1,2. Thus, L−1

R is bounded in the topology of
H1

T (Ω) and
∥∥L−1

R

∥∥∗
1

:= sup
{∥∥L−1

R F
∥∥

1,2
: F ∈ H2

T (Ω), ‖F ‖1,2 = 1
} ≤ (1− ‖∇v‖C0)−1.
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Now suppose that inequality (3.1) holds and let E be the solution of equation (3.2).
Then E = L−1

R (F −ME) and ‖∇v‖C0 ≤ K0‖∇v‖2,2 ≤ C2θ < 1 since K0 < C2.
Thus

‖E‖1,2 ≤ (1−K0‖∇v‖2,2)−1(‖F ‖1,2 + ‖M‖∗1‖E‖1,2) (A.13)

and therefore (1 − γ1)‖E‖1,2 ≤ ‖F ‖1,2, where γ1 is defined as in inequality (3.4)
with C1 := K0. Hence, inequality (3.4) implies estimate (3.5).

(c) By definition of L, (LE)T = L(ET ). If (ME)T = M(ET ) then (L +
M)(ET ) = (LE + ME)T = F T = F = (L + M)E and thus ET = E because
L + M is injective. Alternatively, if (ME)T = ME then L(ET ) = (LE)T =
(F −ME)T = F −ME = LE and thus ET = E because L is injective. ¤
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[21] C. Guillopé & R. Talhouk, Steady flows of slightly compressible viscoelastic fluids
of Jeffreys’ type around an obstacle, Differential Integral Equations 16 (2003), 1293–
1320.

[22] L. Chupin, Some theoretical results concerning diphasic viscoelastic flows of the Old-
royd kind, Adv. Differential Equations 9 (2004), 1039–1078.

[23] L. Molinet & R. Talhouk, Existence and stability results for 3-D regular flows of
viscoelastic fluids of White-Metzner type, Nonlinear Anal. 58 (2004), 813–833.

[24] L. Molinet & R. Talhouk, On the global and periodic regular flows of viscoelastic
fluids with a differential constitutive law, NoDEA Nonlinear Differential Equations
Appl. 11 (2004), 349–359.

[25] D. A. Vorotnikov & V. G. Zvyagin, On the solvability of the initial-value problem for
the motion equations of nonlinear viscoelastic medium in the whole space, Nonlinear
Anal. 58 (2004), 631–656.

[26] N. Arada & A. Sequeira, Steady flows of shear-dependent Oldroyd-B fluids around
an obstacle, J. Math. Fluid Mech. 7 (2005), 451–483.

[27] F.-H. Lin, C. Liu & P. Zhang, On hydrodynamics of viscoelastic fluids, Comm. Pure
Appl. Math. 58 (2005), 1437–1471.

[28] R. Salvi, Existence and uniqueness results for non-Newtonian fluids of the Oldroyd
type, Int. Rev. Pure Appl. Math. 2005 (2005), 159–212.

[29] R. Salvi, Existence and uniqueness results for non-Newtonian fluids of the Oldroyd
type in unbounded domains, In: Regularity and other aspects of the Navier-Stokes
equations, 209–237, Banach Center Publ. 70, Polish Acad. Sci., Warsaw, 2005.
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