On flows of viscoelastic fluids of Oldroyd type
with wall slip
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Abstract. We consider the boundary-value problem for the steady isothermal
flow of an incompressible viscoelastic liquid of Oldroyd type in a bounded
domain with a Navier type slip boundary condition. We prove that under
some restrictions on the material constants and the data, there exists a strong
solution which is locally unique. The proof is based on a fixed point argument
in which the boundary-value problem is decomposed into a transport equation
and a Stokes system.
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1. Introduction

The models of viscoelastic fluids formulated by Oldroyd [1, 2] (see [3, 4, 5] for al-
ternative derivations and perspectives), especially the Oldroyd-B model, have been
studied by several mathematicians since the pioneering work of Renardy [6] and
Guillopé and Saut [7]-[10]. Many results regarding the well-posedness of boundary-
value problems and initial-boundary-value problems for flows of liquids described
by these and related non-Newtonian models have been established; see [11]-[46]
and the references therein. These results deal with time-dependent or steady flows
of compressible or incompressible fluids in bounded, unbounded, exterior or thin
domains, in two or three dimensions, under various restrictions on the material con-
stants and other data. A variety of numerical methods for the simulation of such
flows have also been developed; see, e.g., [47]-[61].

Many of the numerical studies with Oldroyd type models focus on the stick-
slip problem that arises in the extrusion of polymer melts, where there is an abrupt
transition from the no-slip boundary condition at the solid surface of the die to
the shear-free slip boundary condition at the free surface of the extrudate and a
resulting stress singularity. A similar stress singularity occurs at contact lines in
free surface problems. In both problems, the stress singularity can be alleviated by
applying a partial slip boundary condition (such as Navier’s slip law) at the solid
surface (see, e.g., [62, 63, 64]). Moreover, there has been an extensive experimental
and theoretical investigation of the presence and role of wall slip (or apparent wall
slip) in the onset of flow instabilities (spurt) and surface defects (melt fracture and
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sharkskin) in polymer extrusion processes (see [65, 66] and [67, Section 11.5.4])
and errors in experimental methods for molten polymers [67, Chapter 10]. These
phenomena have much practical importance but are complex and only partly under-
stood despite the large amount of work (see the references in [65, 66, 67]) devoted
to the measurement, modeling and simulation of it.

On the other hand, the published well-posedness results for flows of Oldroyd
type fluids, including those of [11]-[46], are concerned with flows in fixed domains
and assume that there is no wall slip. To our knowledge, there is at present no
well-posedness result for the die-swell free surface problem of an Oldroyd type fluid
with partial slip at the solid surface. In fact, the much simpler problem of the flow
in a fixed domain with partial wall slip has apparently not been addressed. The aim
of the present article is to consider such a problem. For the sake of simplicity we
consider flows with the Navier slip boundary condition, but the method of proof —
which is based on the decomposition of the problem into a transport equation for
the extra-stress and a Stokes system for the velocity and pressure — can be adapted
to non-linear slip boundary conditions such as those employed in [68]-[71], where
the tangential traction is a non-monotone function of the slip velocity.

The outline of the paper is as follows. First we formulate the boundary-value
problem (Section 1.1) and state our main result (Section 1.2). Then we define the
notation (Section 2) and establish some auxiliary results (Section 3). Thereafter we
prove Theorem 1 and indicate how it can be extended to problems with non-linear
slip boundary conditions (Section 4). Lastly, we show that the solution is locally
unique (Section 5).

1.1. Problem formulation

We consider a class of rate type models of homogeneous incompressible viscoelastic
liquids, which we call Oldroyd type fluids. The Cauchy stress tensor is given by
T = —pl + S, where p is the pressure and S is the extra-stress, which satisfies the
equation

Da Da .
S+Alﬁs_2u0(D+)\gﬁD) in Q. (1.1)
Here Q is the flow domain and D, /Dt denotes the objective time derivative
D, oS
ES— E+U'VS+P(L(V’U,S), (1.2)
where a € [—1,1] and
P,(Vv,S):=SW —WS —a(SD + DS) (1.3)

= 20— a)(8Vv + (Vo)78) — L (1 +a)(S(Vo)" + (V0)$) (14)

with D = (Vv +(Vv)?) and W = 1(Vv—(Vv)7). The material constants fig, A
and Ao are the viscosity coefficient, the stress relaxation time and the retardation
time, respectively. We assume that

0< Lo, 0< Ay < A1 (15)

The special case of the derivative (1.2) with a = 1 (a = 0, a = —1, resp.) is
called the upper convected (corotational, lower convected, resp.) derivative and an
Oldroyd type fluid with a = 1 (a = —1, resp.) is called an Oldroyd-B (Oldroyd-A,
resp.) fluid. An Oldroyd-B fluid with Ay = 0 is known as a Maxwell fluid; with
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0 < A2 < Ay it is known as a Jeffreys fluid. In fact, equation (1.1) can be written
as the Maxwell type equation

I Da r .
E+ AlﬁE =2pu.D in Q, (1.6)

where E := § — 2un D is the “elastic part” of the extra-stress, and g, := poAa/A
and pe = po(l — Aa/A1) are the so-called Newtonian and elastic viscosity coeffi-
cients, respectively. With this notation, the conservation of linear momentum for a
steady flow becomes

pv -V — 1, Av 4+ Vp = divE + pf in Q, (1.7)

where p is the density and f is the body force per unit mass. Furthermore, since
the fluid is incompressible and the density is constant, the conservation of mass
reduces to

divv=0 in Q. (1.8)
We assume that the boundary, I, of € is impermeable. Thus
v.n=0 onl, (1.9)

where n denotes the outward unit normal vector. Moreover, we assume that the
liquid-solid interaction is governed by Navier’s slip condition,

[(E+2u,D)n], + K(v—w)=0 onT, (1.10)

where [-]; denotes the tangential component, K is a positive constant, w is the
velocity of the solid surface and w-n = 0 on I'. Thus,  is fixed but I’ (or parts of
T", which may be connected to each other or disconnected from other components
of I') may undergo steady tangential motion, e.g., rotation or stretching. For this
reason we do not assume that w is identically zero. This is also discussed in [72,
Remark 1.2].

Lastly, define E = p~'E, p = p~'p, 1o = po/p, Vn = fin/p, Ve = fic/p (vn
and v, are the kinematic Newtonian and kinematic elastic viscosity coefficients,
respectively), K = K/p and A = Vv + (Vv)7. Then, from (1.6)-(1.10), we have
the following boundary-value problem:

Problem 1. Find (E,v,p) such that E is symmetric and

E+M(@w-VE+P,(Vv,E)) —v.A=0  inQ, (1.11)
v-Vo—v,Av+Vp—divE = f in Q, (1.12)

dive =0 in Q, (1.13)

(E+v,A)n], + Kv=Kw onT, (1.14)

v.en=0 on I (1.15)

To write Problem 1 in dimensionless form, choose a characteristic length L and
a characteristic speed V and define * = L~z for all z € Q, Q* = {z* : x €
QL I ={z*:xz e}, t* = VL E'(z*) = V2E(z), v*(z*) = V 1v(),
w*(z*) = Viw(x), p*(z*) = V2p(x), \j = VL7 IN, A = VLI, vf =
LYW=ty vi = LWy, f*(x*) = LV=2f(x), K* = V"1K. Then, by writing
equations (1.11)—(1.15) in terms of these dimensionless quantities and omitting the
asterisks, we obtain a problem which is formally identical to Problem 1. Henceforth,
we consider this dimensionless form of Problem 1.
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Remark. We non-dimensionalize Problem 1 as above because it preserves the form
of the problem and makes the roles of the original material constants explicit in
our analysis. However, it is more common to derive a dimensionless form of the
problem by using the viscosity instead of the density to eliminate the mass di-
mension of the relevant variables. To do so, define x*, t*, v* and w* as before
but let E* = L(uoV)"'E, p* = L(uoV)™p, £* = pL?(uoV)~'f, K* = Ly 'K,
w = 1—Ag\]" (retardation parameter), Re = pLV ;" (Reynolds number) and
We = N VL~! (Weissenberg number). Then, omitting the asterisks, one obtains
the following dimensionless system:

E+We(v-VE+ P,(Vv,E)) —wA =0 in Q, (1.16)
Rev-Vv— (1 —w)Av+Vp—divE = f in €, (1.17)
dive=0  inQ, (1.18)

(E+(1-w)A)n],+ Kv=Kw onT, (1.19)

ven=>0 onT. (1.20)

Here, w =1 in the Maxwell case and 0 < w < 1 in the Jeflreys case.

1.2. Main result

We shall prove that for sufficiently small data, Problem 1 has a strong solution:

Theorem 1. Let Q be a bounded domain in R?, locally situated on one side of its
boundary, T, with T € C*. Furthermore, let f € H'(Q) and w € H**(T) with
w-n =0 on . Then there are positive constants A = A(Q, vy, K), Cr = Cp(2)
and C, = C(2) such that the following hold: If

0 < rve < Avy, (1.21)

there is a positive constant Dy, = D, (2, A1, Un, Ve, K) < (M C7C,) ™2 with the pro-
perty that if

D= |fll12+ K|wl3/22r < D (1.22)
then Problem 1 has a solution (E,v,p) € H#(Q) x H*(Q) x H*(Q) which satisfies
the a priori estimates

21/66’*\/5
|Ell22 < ————F~, (1.23)
1 - \CrCVD
1
[vlls,2 + 7“27”2,2 < C0,VD. (1.24)

Remark. (a) In Section 5 we give sufficient conditions for the local uniqueness of
the solution for small data.

(b) The unusual a priori estimates (1.23)—(1.24) result from steps in the proof of
Theorem 1 aimed at maximizing D,. One can derive a priori estimates which are
linear in D by imposing a stronger restriction on D; see the remark after the proof
of Theorem 1.

(c) We assume that pg and Ay are positive because our method of proof requires
that u, > 0. Then the “Newtonian part”, 2u, D, of the extra-stress is nonzero
and we can apply results from the theory of Newtonian fluids to the subproblem
(1.12)—(1.15) in a fixed point formulation of Problem 1. Moreover, in order to obtain
suitable estimates in this approach, pe/pn = A/A2 —1 (= w/(1 — w) in (1.16)-
(1.20)) must be sufficiently small; this is assumption (1.21)s. Thus, the fluid is
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weakly viscoelastic, as in [7, 9]. This restriction on the fluid model is a consequence
of using equation (1.6) — which leads to a simple fixed point formulation of the
problem — and is not necessary for solving the original problem. Renardy [6] and
Talhouk [13] use a different approach to prove the solvability of the problem with
a no-slip boundary condition (v = 0 on T') for both the Maxwell model and the
Jeffreys model without assumption (1.21)5. The basic idea is to apply the divergence
operator to equation (1.1), substitute the resulting expression for div.S into the
equation of motion and then solve the resulting system by a fixed point method.

2. Notation

Let Q be a bounded domain in R® that lies on one side of its boundary, I'. The
smoothness of " will be specified by writing, for example, I' € C?! to indicate that
T is of class C%! (Lipschitz continuous second derivatives). We call 2 rotationally
symmetric if it has an axis of symmetry.

For q € [1,00], L(2) denotes the standard Lebesgue space and L4(f2) := {f €
LYQ) : [, f(x)dz = 0}. Furthermore, L?(€2) denotes a space of vector fields and
LL(Q) = {T = Tjje; @ e; : T;; € LU(Q),1 < 4,5 <3} = L9(Q)? denotes a space
of tensor fields (e; denotes the unit vector along the x;-axis, i = 1,2, 3, and we use
the convention of summation over repeated indices). The spaces L(T"), LY(T") and
L%(T') are defined analogously. The norms in L7(Q), L(Q2) and L1.(Q2) are denoted
by || |l4, and the norms in L4(T'), LY(T") and L%.(T') are denoted by ||-||4,r. The inner
products in L?(Q), L*(Q) and L2.(Q2) are denoted by (-,-), and the inner products
in L?(T'), L*(T") and L2(I") are denoted by (-, -)r.

For m € N and ¢ € [1,00), W™12(Q)) denotes the standard Sobolev space with
the norm || - ||,,,4 (see, e.g., [73, p. 59]). For convenience we define || - |jo,q == - |l4-
Furthermore, we denote the Hilbert space W™ 2(Q) and its inner product by H™ (£2)
and (-, -)m, respectively, and let H™(Q) := H™(Q) N LY(Q). T € C™ L1 we
denote the space of traces on I' associated with H™(2) by H™~'Y/2(I'), its inner
product by (-, )mm—1/2,r and its norm by || - ||;,—1/2,2,0- As above we use bold letters
and the subscript T' to denote the corresponding spaces of vector-valued functions
and tensor-valued functions, respectively, and denote their norms as in the scalar
case. Furthermore, for m € N,

HQ)={ve H"(Q):v-n=0o0nT},

where n is the outer unit normal vector on I' and the boundary condition is meant
in the sense of traces, and

VT(Q):={ve H(Q):dive =0 a.e. in Q}.

For m =0,1,2,..., C"™(Q)) denotes the linear space of all continuous functions on
Q) with continuous derivatives of all orders up to m on €, and C™(f2) denotes the
space of all functions in C™(Q) that, together with their derivatives of order up to
m, are bounded and uniformly continuous on (2. The standard norm in C™(€Q) is
denoted by || - ||cm (see, e.g., [73, p. 10]).

If X and Y are normed linear spaces, R > 0, D C X and L : D — Y is
a bounded linear operator, then B(X,R) := {z € X : ||z|x < R} and || L||* :=
sup{[|Lz|ly - x € D, [lz]x = 1}.
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In inequalities, C'(£2,...) denotes a generic positive constant which depends at
most on the quantities given in brackets and may have different values even in
the same calculation. Fixed constants are denoted by other symbols or by the addi-
tion of a subscript or superscript. In particular, by virtue of the Sobolev imbeddings
HY(Q) — Li(Q), q € [2,6], and H*(Q) — C°(Q) (for which it is sufficient that
I' € C? see [73, pp. 84-5]), there exist constants K, = K,(Q,q), ¢ € [2,6], and
Ky = Ko(£2) such that

lully < Kgllull12  for all u € H(Q), (2.1)
ullco < Kollullze  for all u € H2(Q). (2.2)

By repeated application of Holder’s inequality and inequalities (2.1)—(2.2), one can
show that there exist constants K7 = K7(Q) and Kg = Ks(2) such that

lv|l12 for all u € H*(Q),v € H'(Q), (2.3)
[v||2.2  for all u,v € H*(Q). (2.4)

[uv]l,2 < Krllullz,2

uvl2,2 < Ksllull2,2

These inequalities can be derived in more than one way (see, e.g., [73, p. 106] for a
proof of (2.4)) but one approach yields K7 = /K2 + K} and Kg = 3K7; we shall
assume that K7 < Kg.

The following list gives special constants and the numbers of the equations
where they are introduced.

A (121),(4.11) D,D.  (1.22),(4.12)
C. (1.24), (4.12) Kpqe 26 (2.1)
Ko (22 Ky (2.3)
Ks  (24) C2,72 (3.1), (A.10)
Cron (3.4),(A.13) a6 (A3),(A12)
Y3 (A7) 04, CZ{, VK (310)
Cs,C: (3.11) c (3.14)
e (3.15) N (3.16)
¢ (3.17) Cy (3.18)
Cr (4.2) Co (4.8)
5 (4.2),(4.13) Q (4.10)
Cs  (4.19) Co (4.20)

3. Auxiliary results

The proof of Theorem 1 is based on a fixed point argument in which Problem 1 is
decomposed into a tensor transport equation and a Stokes system with Navier slip
boundary conditions. Lemmas 1 and 2 establish the solvability of a corresponding
transport equation and Stokes system, respectively, and give a priori estimates for
their solutions. The proof of Lemma 1 is given in the Appendix.

Lemma 1. Let Q be a bounded domain in R® that lies on one side of its boundary
L cC? letvecV3Q)and F € H2(Q), and let M : H2(Q)) — HZ(Q) be a bounded
linear operator. Then the following hold:

(a) There is a positive constant Co = Co(Q)) with the property that if

Yo 1= CQ||VU| 2,2+ ||]\4H>k <1 (31)
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then there exists a unique tensor E € H%(Q) such that

E+v-VE+ME=F in Q. (3.2)
Moreover,
[ F||2,2
E < ==, 3.3
[ |2,2_1_72 (3.3)

(b) Let E be as in part (a) and in addition suppose that M is bounded in the topology
of H-(Q), i.e., ||M||; = sup{|MU|12 : U € HZ(Q),||U|}1.2 = 1} is finite. Then
there is a constant C1 = C1() € (0,Cs) with the property that if

71 1= C1l|Voll22 + M7 <1 (3.4)

then I
El. < 1.2 3.5
1Bz < T— o (3.5)

(c) Let E be as in part (a) and in addition suppose that F is symmetric and
(MU)T € {MU,M(U™")} for all U € H2(Q). Then E is symmetric.

Lemma 2. (a) Suppose that § is a bounded domain in R? with boundary T € C?*
(orT €C?),v>0,K>0,acL*Q) andbe HY*T) withb-n =0 onT. Then
the Stokes system

—vAv+Vp=a inQ, (3.6)
divv=0 1in Q, (3.7

v[A(v)n]; + Kv=b onT, (3.8)
v.-n=0 onT, (3.9)

has a unique solution (v,p) € H?*(Q) x HY(Q) and there is a constant Cy =
Cy(Q,v,K) > 0 such that

v[ollz.2 +lIplle < Calllallz + [bl[1/2.2.r)- (3.10)

Moreover, if Q0 is not rotationally symmetric, there are positive constants C; =
Ci(Q) and vk = vg(K) such that Cy < C} if v > vi.
(b) Suppose, in addition, that m € N, T € C™*3, a € H™ () and b € H™ /(D).
Then (v,p) € H™(Q) x H™Y(Q) and there is a constant Cs = C5(Q,m, K/v)
such that

V[vllm+2,2 + Ipllmt12 < Cs(llallm,2 + [[Bllmt1/2,2,0)- (3.11)
Moreover, if Q is not rotationally symmetric, Cs < CF = C5(Q,m) if v > vk.

Proof. (a) Problem (3.6)—(3.9) is a particular case of the generalized Stokes system
studied by Beirdo da Veiga [74] (we have p = A =0, g = 0, a = 0 in the notation
of [74]) and the existence and uniqueness of a solution (v,p) € H?(Q) x H'(Q)
are immediate consequences of Theorems 1.1-1.2 of [74]. (Theorem 1.1, which deals
with weak solutions, requires that I' € C1*. Theorem 1.2 of [74] is stated with the
hypothesis I' € C?! and for simplicity some calculations in its proof are performed
with T' € C3, but it is mentioned (see [74, pp. 1096, 1102]) that I' € W33 is
sufficient.) Moreover, Theorem 1.2 of [74] gives the a priori estimate

l2.2 + [lpll2 < C(Q,v, K)(lall2 + [[bll1/2,2,r) (3.12)

but does not specify the dependence of the constant on v and K. We shall show how
estimate (3.10) can be derived from inequality (3.12) and calculations in [74]. To

lv
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avoid a lengthy repetition of these calculations, we shall refer directly to equations
in [74].

For problem (3.6)—(3.9), the definition of a weak solution in [74] means that
(v,p) € HL(Q) x L*(Q) and

vBi(v,¢) — (p,div ) + K (v, ¢)r + (dive,¥) = (a,¢) + (b, ¢)r
for all (¢,v) € HL(Q) x L'(Q), where B; is the bilinear form defined by
Bi(v,¢) = 2(D(v), D(¢)) — (divv,dive), v,¢ € H'(Q).
This implies that dive = 0 and
vB1(v,v) + K|v|3 = (a,v) + (b,v)r. (3.13)

By Lemma 2.2 of [74] with = 0 and v = 1, there is a positive constant ¢ = ¢o(T")
such that

IV@lI3 < Bi(d, @) + collpll3 for all ¢ € HL(2). (3.14)

Furthermore, recall (see, e.g., [75, pp. 51, 56]) that || V(:)||2 is a norm on HZ(Q)
and is equivalent to || - ||1,2; there is a constant co = c2(£2) such that

H¢||1’2 < C2HV¢H2 for all ¢ € H,lr(Q) (315)

There are two cases to consider.

Case 1: Q is not rotationally symmetric. In this case it follows from the proof
of Lemma 2.3 of [74] with ¢ = 0 and v = 1 that for every ¢ > 0 there exists
Ny = N1(Q,¢) > 0 such that

9|13 < ellVo|3+ NiBi(¢,¢) for all ¢ € HL(). (3.16)

(Note that the number N in [74, eq. (2.22)] depends on v: B = vB; and N = Ny /v.)
Thus, by inequalities (3.14) and (3.16) with e = g := (2¢) 71,

GIVSIE < Bi(,¢) forall ¢ € HL(9), (3.17)
where ¢f = ¢1(2) = (2[1 + coN1(g0)])~! (the constant in [74, Lemma 2.3] is

¢1 = vct). Hence, by applying inequalities (3.15) and (3.17), the Cauchy-Schwarz
inequality and the trace theorem to equation (3.13), we get

C
v[vlliz < cov|[Vollz < C*Z(llallz + [Ibll2,r)- (3.18)
1

with C7 = C7(Q) = max{1, Cy }c3, where C; = C;() is the constant from the trace
theorem.

Note that the derivation of estimate (3.18) does not exploit the fact that K is
strictly positive. It can be improved as follows. If K /v > ¢g, it is not necessary to use
inequality (3.16); see Case 2 below. If K/v < ¢y, it follows from inequalities (3.14)—
(3.16) with & = e := (2[co — K/v])~! that

A K
a[[Vel3 < Bi(¢,¢) + —[l5r forall ¢ € H(Q),

where ¢ = (2[1 + (co — K/v)N1(ek)])™ > ¢} since ex > (2¢p) "' and since we
can assume that N7 is a decreasing function of €. Thus, by proceeding as before,
we obtain estimate (3.18) with ¢é; in place of ¢f.

Case 2: Q) is rotationally symmetric. Inequality (3.14) implies that

VI3 < max{ . L (vB1(9,6) + K|9lr) forall o€ HAQ).  (3.19)
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Thus, by applying inequalities (3.15) and (3.19) to equation (3.13), we get
min{v, K/co}|v]l1,2 < comin{v, K/co}|Voll2 < Cr([lall2 + [[bll2r).  (3.20)

Now, in both cases it follows from equations (3.6)—(3.9) that (vv,p) is the solution
of the Stokes system

-Au+Vp=a in Q, (3.21)
diva =0 in Q, (3.22)
[A(u)n|, +u=b+ (v —-K)v onTl, (3.23)
u-n=0 on T, (3.24)

which is of the form (3.6)—(3.9) with » = 1 and K =1 in the left-hand side terms.
Thus, in Case 1 it follows from estimates (3.12) and (3.18) that
12 < C(Q)(llall2 + 1Bll1/2,20 + [v = K[-[[v]l1/2,2,7)

< @)1+ [1-K/v)(lall2+ 1bll1/2,2r), (3.25)
which gives estimate (3.10). Choose any £ > 0 (e.g., £ = 0.5) and let v = K.
Then |1 — K/v| < & = max{1,1/¢ — 1} if v > vg. Thus, we can set C} =
C () max{2,1/&}.

In Case 2, a similar application of estimates (3.12) and (3.20) yields esti-

mate (3.25) if v < K/cg. However, if v > K/cy, we obtain

v[vllz2 + lIplle < CE)(1 + colv/K —1])([lallz + [[b]l1/2,2,r)- (3.26)

(b) It follows from part (a) and the classical theorem of Agmon, Douglis and Niren-
berg [76, Theorem 10.5] that (v,p) € H™?(Q) x H™+(Q) and

|V|lmy2,2 + IPllmr12 < CQm, v, K)(||allm2 + |0l mt1/2,2,0)-

Furthermore, application of the same theorem to the system (3.21)—(3.24) yields
the estimate

vlvlla2 + [lp

v[olljre2 + Ipli+r2e < CQ5)(lallj2 + [bllj+1/2.20 + v = Kl- [0l j41/221)
for j =1,2,...,m. Thus, in Case 1, it follows from this inequality with j = 1, the
trace theorem and inequality (3.25) that
v[vllsz + lIpllz2 < C)(lalliz + [[blls/2,20 + v — K|-|v]l3/2,2,r)
<COM+1-K/v|(1+]1-K/v|)]
“(llall1,2 + [1bll3/2,2.,7)- (3.27)

By repeating this argument with j = 2,3,..., m we obtain

V[vllm+2,2 + Ipllmt1,2 < CQ,m)(lallmz2 + [|bllm+1/2,2,0)
I+ 1=K/ +1-K/vP+-+[1-K/v""), (3.28)
which gives estimate (3.11). Thus, with vx and & as in the proof of part (a)
(below (3.25)), we can take Ci = C(Q,m)(1 +& + & +---+ &1,

In Case 2, a similar argument leads to estimates (3.27)—(3.28) and (3.11) if
v < K/cy. If v > K/cg, we apply estimate (3.26) instead of (3.25) and obtain

V[[Vllma2,2 + Plms1,2 < C(Q,m)(|allm,2 + [|0llmt1/2,2,0)
A+ =K+ + L= K" 4 (v/K) L= K/v|™ 1),
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which is also of the form (3.11). O

Remark. If Q) consists of more than one separate component, say 02 = I' U X,
where I and ¥ are closed manifolds without boundary and dist(T", X) > 0, one can
impose the no-slip boundary condition on ¥ to avoid the complications that arise
when € is rotationally symmetric. In particular, since there is a positive constant
C = C(Q,%) such that C|[v|12 < |D(w)]|z for all v € H'(Q) with v = 0 on ¥
(see, e.g., [77]), it is not necessary that K > 0 for coercivity in the Stokes problem if
Q is rotationally symmetric. Moreover, the regularity results used in the preceding
proof remain valid (see [74, p. 1081]).

Lastly, we recall a classical fixed point theorem of Schauder [78].

Lemma 3. Suppose that V is a non-empty, conver and compact subset of a complete
metric space X and ® : V — X is a continuous mapping such that ®(V) C V. Then
® has a fized point.

4. Proof of Theorem 1

Proof. If D =0, (E,v,p) = (0,0,0) is a solution of Problem 1 and satisfies esti-
mates (1.23)—(1.24). Thus, assume that D > 0, let R > 0 (the value of R will be
chosen later) and let Vi := B(V?3(Q), R) and X := H?*(Q).

(1) Vg is nonempty and convex. To verify that Vx is compact in H?(Q), let
(w,) be any sequence in Vg. Then (u,,) is bounded in the Hilbert space H?(2) and
therefore has a subsequence (u,, ) which converges weakly to some u in H?(Q).
Hence, u,, — u in H?(Q) because H?(Q) << H?*(Q), and u € Vi because
||’U/||372 < lim inf H’U,nk ||372 < R.

(2) Let u € Vg and consider the tensor transport equation

E+M\u-VE+ MP,(Vu,E)=v.A(u) in Q. (4.1)
One can show by means of inequality (2.4) and the Cauchy-Schwarz inequality that
IGH |22 < K3||G|l22||H|[22 for all G, H € HE(Q).
Thus, P,(Vu, E) € H2(Q) and
[Pa(Vu, E)|j2,2 < 2Ks||Vu2,2

Hence, the mapping M : E +— A\ P,(Vu, E) defines a bounded linear operator
M : H2(Q) — H2(Q) and |M||* < 2\ Ks||Vu|22 < 2A\; KgR. Furthermore, F :=
veA(u) € H2(Q). Assume that \;CrR < 1, where Cr = Cr(Q) := Cy + 2Ks.
Moreover, assume that

E|zo for all E € HA(Q).

1-0

<
-~ MCr
for some § € (0,1) (the value of § will be chosen later; see (4.13)). Then, by
Lemma 1(a), equation (4.1) has a unique solution, E, in H%(Q) and

2v,||Vull2,2 < 2U.R < 2U.R
— )\10T||V’U,||272 —1-XMCrR ~— 4 ’
Furthermore, F is symmetric and it follows from the definition of P, that (MU)T =
MU™) for all U € HZ(Q). Thus, by Lemma 1(c), E is symmetric.

R

(4.2)

[E]2,2 < 1 (4.3)
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Next, consider the Stokes system

vy M+ Vp=fFf+divE —u-Vu in Q, (4.4)
dive =0 in Q, (4.5)

vn[A(w)n|, + Kv = Kw — [En|, on T, (4.6)
v-n=>0 on I, (4.7

where E is the solution of equation (4.1). By Lemma 2, this problem has a unique
solution (v, p) € H*(Q) x H?(Q). Thus we can define a mapping ® : Vg — V3(Q)
by ®(u) = v. By construction, if v is a fixed point of ® then the corresponding
triple (E, v, p) is a solution of Problem 1.

(3) The next step is to show that ®(Vg) C Vg for suitable choices of D, and
R. To this end, let u, E, v and p be as in part (2) above. By virtue of the trace
theorem, there is a constant Cs = Cg(£2) such that

[ div El[12 + [[[En]:|3/2,2,r < Cs[| E|2.2- (4.8)
Furthermore, it follows from inequality (2.3) and the Cauchy-Schwarz inequality
that
[u- Va2 < Krlul3 .
Thus, by estimates (3.11) (with m =1 and C5 = C5(, vy, K)) and (4.3),
[vll3,2 + %HPHM < %(CG||E||2,2 + Kallull3 2 + | fll12 + Kllwlls/2,2,0)

_G (206;63

= v,

+ K;R? + D) . (4.9)

The right-hand side of (4.9) is less than or equal to R if and only if

Q2 Q 2 Un 2061/6
D < —K:R)=— - K - — = — .
< R(Q — K7R) 1K, (R 5, ) Q Cs 5
Now, @ > 0 for all 6 > 2C5Csv,/vy,. Assume that inequality (1.21) holds with
A = (2C5C6)~ L. Then

(4.10)

2C5Csv,
< 2bsbet,
Un

0 <1 (4.11)

Moreover, for any given § € I = (2C5Cgve/vn, 1), the largest possible value of D
in inequality (4.10) is D, := Q*/(4K7) if R. := Q/(2K7) = \/D./K7 = Ci«\/ Dy,
where O, = (K7)~1/2, satisfies inequality (4.2). Thus, in order to maximize D, we
choose the largest § € I such that

1 n 206V, 1-6

Ro=— 2 28 < . (4.12)
2K7 \ C5 1 MCr

As a function of §, the left-hand side of this inequality increases monotonely from

zero on I and the right-hand side decreases monotonely to zero on I. Hence, the

largest value of ¢ in I for which the inequality holds, is the value at which equality
holds, namely

1 CT)\ll/n 1 CT/\1Vn 2 46’66"1“)\11/6
=—-(1- = 1-— . 4.1
0=35 ( 205K, ) + 2\/( 205K, ) + K, (4.13)
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With this choice of §, assume that 0 < D < D, = Q*/(4K7) and set R = \/D/K; =
C.V/D. (Note that by (4.10)5 and (4.13), D, depends only on Q, A1, v, v and K.)
Then R < R. = Q/(2K7). Hence, it follows from inequality (4.9) that v € Vg:

1 C 2CsV, n
[vllss + —[lpllas < — (| =22 — 22| R4 2K-R*) + R
Un Un ) 05
= §(2K7R ~QR+R<R. (4.14)

n

(4) Tt remains to show that ® is continuous in the topology of H*(Q). For i = 1,2,
take u; € Vg and let E; denote the solution of equation (4.1) with u; in place of
u. Let u := uy —ug and E := E; — E5. Then

E + )\1’1111 -VE + AlPa(Vul, E)
=v.Au) — Mu-VE; — M\ Py (Vu,Es) in Q. (4.15)
Define M; : HZ(Q) — HZ(Q) by M1(E) = A\ P,(Vuy, E). Then it follows as in
p&I‘t (2) that 72(’114) = C2||vu1||272 + ||M1||* S )\10TR < 1. Thus, by Lemma 1(&),
E is the only solution of equation (4.15) in H2((2). Furthermore, by applying in-
equality (2.3) and the Cauchy-Schwarz inequality, one can show that
|w-VEs|12 < K7||VEz||12]ull22 (4.16)

and that ||GH||1’2 < K7HG||2’2||H||1’2 for all G € H%(Q) and all H € H%(Q) It
follows that

[ Pa(Vu, Es)|1,2 < 2K7| Eal2,2]|Vul1,2 (4.17)
and that || P,(Vu1, E)|j1,2 < 2K7||Vu, E||; 2 for all E € H2(Q), which implies
that

|2,2]

HM1||]‘ S 2>\1K7||V’LL1||272. (418)
Thus, since C; < Cy and K7 < Kg,
Y1(u1) = Ci||[Vu|l2,2 + [|Mi][f < v2(u1) < MCrR < 1.
Hence, by estimates (3.5) and (4.3) and inequalities (4.16)—(4.17),

2V€ 1+ 3)\1K7R
1-\CrR 1-MCOrR)"
Next, for i = 1,2, let (v;,p;) be the corresponding solution of the Stokes sys-
tem (4.4)—(4.7). Let v := v; — v9 and p := p; — pa. Then

|Ell1,2 < Csllull22, Cs:= (4.19)

—vpAv+Vp=divE —u;-Vu —u-Vuy in €,

dive =0 in Q,
vn[A(v)n], + Kv = —[En|, on T,
v-n=0 onI.

By Lemma 2(a), (v,p) is the only solution of this problem in H?*(Q) x H'(Q).
Thus, by estimate (3.10), the trace theorem, inequality (2.2), the Cauchy-Schwarz
inequality and estimate (4.19),

Unllvll2,2 + lIpll12 < Ca(Q, v, K)(Col [Ell12 + Kollui||2,2]| V|2
+ Kol|[Vuzl2,2]ul2)
S 04(0809 + 2[(01%)||’I.L||2,27 (420)
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where Cy = Cy(Q?). Hence, ® : X D Vg — X is (Lipschitz) continuous.
(5) In view of Lemma 3 and paragraphs (1)—(4) above, we conclude that ®

has a fixed point v € Vi. The a priori estimates (1.23)—(1.24) follow from esti-
mates (4.3) and (4.14) and the definition of R. O

Remark. (a) The simple fixed point formulation of Problem 1 in the proof of Theo-
rem 1 is possible because of the explicit equation, (1.6), for the elastic part of the
extra-stress. The advantage of this is evident when one compares it with the fixed
point formulations of similar flow problems with wall slip for fluids of grade two
and three in [79]-[81], which involve additional quantities and auxiliary problems.

(b) For small values of D it is desirable to have a priori estimates which are linear
in D instead of estimates (1.23)—(1.24). To this end, we carry out the proof of
Theorem 1 with R = D/¢ for some ¢ > 0. Then, by inequality (4.2), a sufficient
condition for the right-hand side of estimate (4.9) to be less than or equal to R
is that X/d + Y(1 — 6) + Cs¢/v, < 1, where X := 2C5Cgv. /v, < 1 by (4.11),
Y := C5K7/(vp,A1Cr). This holds if, e.g., § = max{3X/(2X +1),1—-(1-X)/(3Y)}
and ¢ = v, (1 — X)/(3C5). Thus, with 0 < D < D, := ¢R., R := (1 —-9)/(MC7r),
we obtain a solution which satisfies

2u.D
dp
(¢) The slip boundary conditions considered in [68]-[71] are of the form

D
1Bl < =

1
[vl[32 + —lpll2,2 <
l/n

(E + pnA)n], + Q(jv —w|)(v —w) =0 onT, (4.21)

where @ : [0, 00) — [0, 00) is given. (In [68]-[71], w = 0 and the function z — Q(z)z,
2 > 0, has a local maximum followed by a local minimum.) To see how the proof
of Theorem 1 can be adapted to the corresponding boundary-value problem, let
Q(x) =K+ S(m) with K > 0 and, for example, S’(O) = 0. Then we write boundary
condition (4.21) as

pin|An]; + Kv = Kw — S(jv — w|)(v —w) — [En], onT
and replace boundary condition (4.6) by
vp[An), + Kv = Kw — S(|lu — w|)(u —w) — [En], onT,

where S(z) = p~'V~'§(Vz), z > 0. By imposing suitable restrictions on S
(see [81], where the slip condition is also of the form (4.21)), one can then derive
an existence and uniqueness result similar to Theorem 1.

5. Uniqueness of the solution

Here we show that the solution constructed in the proof of Theorem 1 is locally
unique under slightly stronger restrictions on the data.

Theorem 2. Assume that the hypotheses of Theorem 1 and inequalities (1.21)—(1.22)
are satisfied. Furthermore, let Dy be a positive number such that

0<D <D< D..
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(a) Suppose that Q is not rotationally symmetric. Then there is a constant v, =
v(Q, \1, ve, K, Do) with the property thalf if v, > vy, then Problem 1 has only one
solution (E,v,p) in H2(Q) x H*(Q) x H*(Q) that satisfies

[v][3.2 < Cxr/ Dy. (5.1)

(b) Suppose that Q is rotationally symmetric. Then there is a constant K, =
K. (Q, A1, ve, Dg) with the property that if cov,, > K > K, then Problem 1 has only
one solution (E,v,p) in H2(Q) x H*(Q) x H(Q) that satisfies inequality (5.1).

(c) In both (a) and (b), the solution satisfies ||v||z2 < C.V/D and is therefore
isolated if D < Dy.

Proof. Since 0 < Dy < D,, we can carry out the proof of Theorem 1 with Dy and
Ry := C.\/Dy in place of D (which may be zero) and R, respectively. Suppose
that (E,v,p) € HZ(Q) x H*(Q) x H*(Q) is a solution of Problem 1 and satisfies
inequality (5.1). Then, in the notation of the proof of Theorem 1, v € Vg, and it
follows from the definition of ® and the uniqueness of the solutions of the transport
equation (4.1) and the Stokes system (4.4)—(4.7) that v is a fixed point of ®. Hence,
it is sufficient to show that ® has only one fixed point in Vg, .

(a) By inequality (4.20), the property of Cy4 stated in Lemma 2(a), the defi-
nition of Cs in (4.19) and the definition of Ry, ® is a contraction on Vg, if v, > v, :=
max{vg, C5(CsCy + 2KgRy)}. (For comparison with part (b) below, note that by
estimate (3.25) we can take, for example, vx = K/cg and C} = C(Q?) max{2,¢p}.)

(b) Inequality (4.20) and the definition of Cy4 by inequality (3.26) imply that
® is a contraction on Vg, if v, > K/cp and

Loy K L
Un K Un C(Q) (CgCg + 2KOR0) '
Thus, it is sufficient that covy, > K > K, := ¢oC(Q) max{2, ¢y }(CsCo + 2K Ry).
(c) Since D < Dy, the solution in Theorem 1 is the unique solution in either
part (a) or (b). Thus, by estimate (1.24), v lies in the interior of Vg, if D < Dy. O

<

Remark. Parts (a) and (b) of Theorem 2 are treated separately because Lemma 2(a)
does not ensure that the constant Cy in inequality (4.20) is uniformly bounded with
respect to v, when 2 is rotationally symmetric.

Appendix

Transport equations similar to equation (3.2) have been studied by, amongst others,
Beirao da Veiga [82, 83], Novotny [84, 85] and Talhouk [13]. Here we give a self-
contained proof of Lemma 1 to show how estimates (3.3) and (3.5) are derived.

Proof. (a) Consider the scalar transport equation
z+v-Vz=f in(, (A1)
where f € H?() is given. By Green’s formula, (v-Vz,2) = 0 for all v € V'(Q)

and all 2 € H(Q). It follows that equation (A.1) has at most one solution in H'(Q)
and therefore the tensor transport equation

E+v-VE=F in(, (A.2)
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which is a system of independent equations of the type (A.1), has at most one
solution in Hx(Q). Furthermore, in view of the imbeddings H?(Q) — C°(Q) and
HY(Q) — L3(Q), it follows from (the proof of) Theorem 5.3 and Remarks 2.1
and 8.1 in [84] (with k =2, ¢=2,n=3,a =0, i=1) that there exists a positive
constant «, which is independent of v, f and the size of €0, such that if

ab <1, 0:=[Vvllco + [V?v]los, (A.3)
then equation (A.1) has a unique solution z € H?(2) and

|22 < (1—af) | f[|2,2- (A.4)

Hence, if inequality (A.3) holds, equation (A.2) has a unique solution E € H2()
and ||E|j22 < (1—af) 7| F|2.2. In other words, if inequality (A.3) holds, the linear
mapping L : H2(Q2) — HL(Q?) defined by LE = E + v - VE is injective, its range
contains H2(Q), it has a continuous right inverse L' : H2(Q) — H2(Q) defined
by L' (F) = E, and

Iz

IR < (1 —a0)~t. (A.5)
Equation (3.2) can now be written as
(L+M)E=L(I+L;'M)E =F, (A.6)
where I denotes the identity operator on H2(f2). Now, by inequality (A.5),
L' M||" < vs = (1 — ab) | M]". (A.7)
Thus, if v3 < 1, i.e., if
af + | M||* <1, (A.8)

then it follows from a classical theorem that the mapping I + LglM : HA(Q) —
HZ(Q) is a homeomorphism. Moreover, by inequality (A.7),

[T+ L' M) < (1 —s) 7 (A.9)

Hence, equation (A.6) has a unique solution, namely E = (I—l—L}}lM)’lL;ilF, and
it follows from estimates (A.5) and (A.9) that

1Ell22 < (1= ab — [|[M]) 7 Fll22. (A.10)

Now, by inequalities (2.1) and (2.2), 0 < (Ko + K3)||Vv||2,2. Thus, with Cy :=
a(Ky + K3), inequality (3.1) implies inequality (A.8), and estimate (A.10) implies
estimate (3.3).

(b) We recall that estimate (A.4) is obtained by deriving estimates of ||z||2,
|[Vz|2 and ||V2z||2, which is done by standard arguments involving the Cauchy-
Schwarz and Holder inequalities. In particular, we get

(1= [Vollco)llzlle < [[f]l1,2; (A.11)

[2ll2,2 < [ fll2,2 + @@ V21 2, (A.12)

where « := max{2, K¢}. Thus, if inequality (A.3) holds and F is the solution of
equation (A.2), then || Vov|lco < 1 (since @ > 1) and it follows from inequality (A.11)

that ||E|12 < (1 — |V lco) " || F|1,2- Thus, L' is bounded in the topology of
H1.() and

LR} = sup{||[Lz' F||,, : F € HFE(Q),|F 12 =1} < (1= [Volco) "
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Now suppose that inequality (3.1) holds and let E be the solution of equation (3.2).
Then E = L' (F — ME) and |[Vv||co < Ko||[Voll2,2 < C20 < 1 since Ko < Cs.
Thus

B[z < (1= Kol Voll22) " (IFll2 + M7 E]1.2) (A.13)
and therefore (1 —v1)||E|l1,2 < ||Fl1,2, where ~y; is defined as in inequality (3.4)
with C := Kj. Hence, inequality (3.4) implies estimate (3.5).

(¢) By definition of L, (LE)T = L(ET). If (ME)T = M(E™") then (L +
M)(E") = (LE + ME)T = F* = F = (L + M)E and thus ET = E because
L + M is injective. Alternatively, if (ME)" = ME then L(ET) = (LE)"T =
(F—ME)" = F — ME = LE and thus E” = E because L is injective. O
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