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Abstract. A graph property is any class of graphs that is closed under isomorphisms.
A graph property P is hereditary if it is closed under taking subgraphs; it is compositive
if for any graphs G1, G2 ∈ P there exists a graph G ∈ P containing both G1 and G2 as
subgraphs.

Let H be any given graph on vertices v1, . . . , vn, n ≥ 2. A graph property P is H-
factorizable over the class of graph properties P if there exist P1, . . . ,Pn ∈ P such that P
consists of all graphs whose vertex sets can be partitioned into n parts, possibly empty,
satisfying:

(1) for each i the graph induced by the ith non-empty partition part is in Pi, and
(2) for each i and j with i 6= j there are no edges between the ith and jth parts if vi

and vj are non-adjacent vertices in H.
If a graph property P is H-factorizable over P and we know the graph proper-

ties P1, . . . ,Pn, then we write P = H[P1, . . . ,Pn]. In such a case, the presentation
H[P1, . . . ,Pn] is called a factorization of P over P. This concept generalizes graph ho-
momorphisms and (P1, . . . ,Pn)-colorings.

In this paper we investigate all H-factorizations of a graph property P over the class
of all hereditary compositive graph properties for finite graphs H. It is shown that in
many cases there is exactly one such factorization.
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1. Introduction

Factorizations of graphs and properties of graphs were first considered through inves-
tigations of colorings of graphs. Many researchers, in different branches of mathematics,
have studied extensions of this topic such as H-coloring (to be homomorphic to a graph
H), (P1, . . . ,Pn)-coloring and joins in lattices of graph properties [1, 2, 3, 4]. All these
concepts are related to partitioning problems. The class of n-colorable graphs can be
viewed as the class of those graphs G for which there exists a partition of its vertex set
into sets V1, . . . , Vn, so that each induced subgraph G[Vi] is an edgeless graph. Allowing
other possibilities than edgeless graphs, say having a graph G[Vi] with property Pi, we
obtain the definition of the class of (P1, . . . ,Pn)-colorable graphs. On the other hand,
restricting requirements in the definition of n-colorability by requiring that edges between
parts Vi and Vj are forbidden in G for some listed pairs of indices from the set {1, . . . , n},
we obtain the definition of H-colorability (to be homomorphic to the graph H). In this
case H is a graph with vertex set {1, . . . , n} satisfying that i and j are non-adjacent in H
if and only if edges between Vi and Vj are forbidden.

In this paper we put together these generalizations of n-colorings and we investigate
the classes of graphs which have the special partitions which are described below.

A graph property P is any non-empty isomorphic closed subclass of the class of all finite
non-isomorphic graphs having at least one vertex I. The set I is called a trivial graph
property. A graph property P is hereditary if it is closed under taking subgraphs, P is
additive if for any two graphs G1, G2 ∈ P the (disjoint) union of G1 and G2 is also in P
and P is compositive if for any two graphs G1, G2 ∈ P there exists a graph in P containing
both G1 and G2 as subgraphs. Note that every additive graph property is compositive.
We denote the class of all hereditary graph properties and all hereditary and compositive
graph properties by L and Lc respectively. For instance, the graph properties Sk, Ok,
where Sk = {G ∈ I : ∆(G) ≤ k} and Ok = {G ∈ I : G is k-colorable} are hereditary
and additive (and thus compositive) for each k ∈ N. On the other hand, a graph property
that contains K3, all forests and all graphs obtained by taking the disjoint union of K3

and a forest is hereditary and compositive but not additive. Moreover, Okc = {G ∈ I : G
is a connected k-colorable graph} is an example of a graph property which is compositive
but not additive and not hereditary.

Let n ≥ 2 and let H be a graph with vertex set {v1, . . . , vn}. Let P1, . . . ,Pn be
graph properties, that is, classes of graphs closed under isomorphisms. We define a graph
property P to be H-factorizable over a class of graph properties P, if there exist properties
P1, . . . ,Pn ∈ P such that P consists of all the graphs whose vertex sets can be partitioned
into n parts, possibly empty, such that:

(1) for each i the graph induced by the ith non-empty partition part is in Pi, and
(2) for each i and j with i 6= j there are no edges between the ith and jth parts if vi, vj

are non-adjacent vertices in H.

If P is H-factorizable with factors P1, . . . ,Pn, then we write P = H[P1, . . . ,Pn]. In view
of this definition it is easy to see that the classes of n-colorable, (P1, . . . ,Pn)-colorable
and H-colorable graphs are Kn[O, . . . ,O], Kn[P1, . . . ,Pn] and H[O, . . . ,O] respectively
where O is the graph property to be edgeless and Kn is the complete graph on n vertices.
Moreover, Kn[P1, . . . ,Pn], where Kn denotes the complement of Kn, is the join of prop-
erties P1, . . . ,Pn in the lattice of hereditary graph properties closed under taking disjoint
unions [4].
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H-factorizability was first considered for the class of additive hereditary graph properties
[5, 6]. For given H-factorizable graph property P , the uniqueness of its H-factorization,
and the cardinality of minimal forbidden graph family were investigated in these papers.
Such problems were earlier intensively studied for n-colorability, (P1, . . . ,Pn)-colorability
and H-colorability [7, 8, 9, 10, 11, 12, 13].

In this paper we explore the H-factorizability of the class of compositive hereditary
graph properties. We prove the uniqueness of H-factorizations in this class based on a
unique representation of a graph in terms of the family of prime graphs. This representa-
tion can be constructed in accordance with Gallai’s result [14] which we discuss in Section
2. Section 2 also includes some definitions and observations.

In Section 3 we introduce the basic concept of factorizability. Besides special features
of the prime graph K2, some useful remarks are also formulated.

Section 4 investigates the uniqueness of an H-factorization for a prime graph H.
Section 5 contains the main results of the paper. It is readable immediately after

Section 3 and familiarization with the definition of a dominating vertex which is given
before Lemma 6.

2. Preliminaries

All graphs considered in this paper are finite, undirected and simple. Let G denote
a graph with the vertex set V (G) and the edge set E(G). For a given v ∈ V (G) let
NG(v) and degG(v) denote the open neighborhood of v and the degree of v in the graph G
respectively. The maximum degree and the minimum degree in G taken over all vertices
of G will be denoted by ∆(G) and δ(G). We write G, Kn and Cn for the complement of
G, a complete graph and a cycle of order n respectively. For given graphs G1, . . . , Gn and
a graph H with V (H) = {v1, . . . , vn}, we will use the symbol H[G1, . . . , Gn] to denote the
graph whose vertex set is the union of V (G1), . . . , V (Gn) and whose edge set consists of
the union of E(G1), . . . , E(Gn) with the additional edge set {{x, y} : x ∈ V (Gi), y ∈
V (Gj), {vi, vj} ∈ E(H)}. To emphasize the special role of H in this definition, we call
it the base graph of H[G1, . . . , Gn]. Note that Kn[G1, . . . , Gn] is the disjoint union of the
graphs G1, . . . , Gn, frequently denoted by G1∪ · · · ∪Gn. Moreover, we adopt the notation
Kn[G, . . . , G] = nG

A graph G is homomorphic to a graph H if there exists a mapping ϕ : V (G) → V (H)
such that {u, v} ∈ E(G) implies {ϕ(u), ϕ(v)} ∈ E(H). Such a mapping is said to be a
homomorphism from G to H. A bijection ϕ from V (G) onto V (H) in which {u, v} ∈ E(G)
if and only if {ϕ(u), ϕ(v)} ∈ E(H) is called an isomorphism from G to H and in such a
case we say that G is isomorphic to H and we write G = H. An isomorphism from G to
G is called an automorphism (of G). We shall use the notation G1 ⊆ G2 to denote the
fact that G1 is isomorphic to a subgraph of G2; in such a case we often say that G1 is a
subgraph of G2.

Let [n] = {1, . . . , n}. If V (H) = {v1, . . . , vn} and V (G) = {x1, . . . , xm} and ϕ is a
homomorphism (or isomorphism with n = m) from H to G, then we often simplify the
notation by writing ϕ : [n] → [m] instead of ϕ : V (H) → V (G) and ϕ(i) = j instead of
ϕ(vi) = xj.

Following [14], a set W of vertices of a graph H is a module in H if for any two vertices
x, y ∈ W , the equality NH(x) \W = NH(y) \W is satisfied. The trivial modules in G
are V (G), ∅ and the singletons. A graph having only trivial modules is called prime.
We denote by PRIME the subclass of I of prime graphs on at least two vertices. It is
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worth mentioning that PRIME contains exactly one complete graph K2 and exactly one
disconnected graph K2. Moreover, there is no prime graph on three vertices.

We now present the main tool, a result of Gallai which describes the modular decom-
position of an arbitrary graph, which is to be used in this paper.

Theorem 1. [14] Let G be any graph with at least two vertices. Then exactly one of the
following conditions holds:

(1) G is disconnected and can be uniquely decomposed into its connected components,
(2) G is disconnected and can be uniquely decomposed into complements of connected

components of G,
(3) G and G are connected and there is some U ⊆ V (G) and a unique partition Π of

V (G) such that
(a) |U | ≥ 4,
(b) the subgraph of G induced by U is a maximal prime induced subgraph of G,

and
(c) every part S of the partition Π is a module in G with |S ∩ U | = 1.

There does not seem to be a convention on how to describe the modular decomposition
of a graph given in Theorem 1. Thus we give the most convenient way for the presentation
of our results.

Remark 1. Each graph G ∈ I on at least two vertices can be uniquely constructed by
taking |V (G)| copies of K1, using the operation H[G1, . . . , Gn], n ≥ 2 with H a prime base
graph and with G1, . . . , Gn graphs obtained in previous steps. The uniqueness is understood
to be up to automorphisms of the base graph and features of the special base graphs K2

and K2.

We now describe how to apply Theorem 1 to build the prime graph H mentioned in Re-
mark 1 for a given graph G. If G (G) is disconnected with components G1, . . . , Gs, s ≥ 2,
then we use the prime graph H = K2 (H = K2 respectively) s− 1 times. To be more pre-
cise, G = K2[Gi1 , K2[Gi2 , K2[. . . , K2[Gis−1 , Gis ] . . .]]] (G = K2[Gi1 , K2[Gi2 , K2[. . . , K2[Gis−1 ,

Gis ] . . .]]] respectively) where i1, i2, . . . , is is an arbitrary permutation of the numbers from
[s]. The structure of G does not depend on the permutation used but on properties of K2

(K2) used as base graphs in an application of the definition. If none of the above cases
hold (i.e. if G and G are connected), then we find maximal modules in G different from
V (G), say V1, V2, . . . , Vp. It is known that V1, V2, . . . , Vp are pairwise disjoint sets and they
form a partition of V (G). The last base graph H used in the construction has {V1, . . . , Vp}
as vertex set with two vertices Vr and Vs adjacent in H if and only if at least one vertex
from Vr is adjacent in G to at least one vertex from Vs, r, s ∈ [p]. It is evident that such
H is prime with at least four vertices and V (H) can play the role of the set U in condition
(3) of Theorem 1. At the same time V1, . . . Vp is the unique partition Π in Theorem 1.
Repeating the procedure for graphs induced in G by V1, . . . , Vp or for components of G
(complements of components of G) in the above cases, we obtain the next prime base
graphs of the construction. The procedure terminates if all graphs G[Vi], i ∈ [p] or all
components of G (complements of components of G) are isomorphic to K1.

Readers familiar with the notion of the modular decomposition tree of a graph [14, 15]
will see that the described construction corresponds to this tree. We focus on the structure
between modules and describe it from the top in the language of a known product of
graphs. Remark 1 implies the following observation.
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Remark 2. Let G,G1, . . . , Gn, G
′
1, G

′
2, . . . G

′
m ∈ I and H1, H2 be prime graphs. If G =

H1[G1, . . . , Gn] = H2[G
′
1, . . . , G

′
m] then H1 is isomorphic to H2. Moreover, if H1 has at

least three vertices, then there exists an automorphism ϕ of H1 such that for each i ∈ [n],
the graph Gi is isomorphic to the graph G

′

ϕ(i).

G is a generating set for a hereditary graph property P if G ⊆ P and every graph in P
is a subgraph of some G ∈ G. A generating set is ordered if its elements can be listed as
G1, G2, . . . such that Gi is a subgraph of Gi+1 for each permissible i. For example, for each
G ∈ I, the set {G} is a generating set for the hereditary and compositive graph property
consisting of all subgraphs of G.
A special case of a generating set for P ∈ L, the set of P-maximal graphs denoted M(P),
is {G ∈ I : G ∈ P and G+ e /∈ P for each e ∈ E(G)}. The following theorem joining the
notions introduced above was verified in [10].

Theorem 2. [10] For any graph property P, the following are equivalent:

(1) P ∈ Lc,
(2) P has a generating set; moreover, for any graph L ∈ P and any generating set G

for P, the set {G ∈ G : L ⊆ G}, denoted by G[L], is also a generating set,
(3) P has a (finite or infinite) ordered generating set,
(4) P has a (finite or infinite) ordered generating set {H1, H2, . . .} in which Hi is
P-maximal and it is an induced subgraph of Hi+1 for all permissible i.

Let P1, . . . ,Pn ∈ Lc, G ∈ I and let H be a graph with V (H) = {v1, v2, . . . , vn}.
An H[P1, . . . ,Pn]-partition of G is defined as a partition (V1, . . . , Vn) of V (G) such that
the existence of {xi, xj} ∈ E(G) with xi ∈ Vi, xj ∈ Vj, i 6= j implies the existence
of {vi, vj} ∈ E(H) and G[Vi] ∈ Pi or Vi = ∅ for i ∈ [n]. The symbol H[P1, . . . ,Pn]
denotes the class of all graphs possessing an H[P1, . . . ,Pn]-partition. In other words,
H[P1, . . . ,Pn] consists of all graphs H[G1, . . . , Gn] such that Gi ∈ Pi, i ∈ [n], and all
their subgraphs. Evidently the condition P1, . . . ,Pn ∈ Lc forces that H[P1, . . . ,Pn] ∈ Lc.
For P = H[P1, . . . ,Pn] we say that H[P1, . . . ,Pn] is an H-factorization (or, briefly, a
factorization) of P over Lc and P1,P2, . . . ,Pn are H-factors (or, briefly, factors) of this
factorization.

Let P1, . . . ,Pn ∈ Lc, and let H be a graph with V (H) = {v1, . . . , vn}. Next let
P = H[P1, . . . ,Pn] and suppose there exists a P-maximal graph G such that each
H[P1, . . . ,Pn]-partition (V1, . . . , Vn) ofG satisfies Vi 6= ∅ for all i ∈ [n]. ThenH[P1, . . . ,Pn]
is called a proper H-factorization of P over Lc and the set of all P-maximal graphs having
the desired property is denoted by M∗(H[P1, . . . ,Pn]).
For example, let P = P3[Q,Q

′
,Q], where {K2} and {K1} are generating sets for Q

and Q′ respectively. Then P3[K2, K1, K2] ∈ M∗(P3[Q,Q
′
,Q]), which shows that this

P3-factorization of P is indeed proper.
We now formulate an obvious remark which appeared in [12] for the case H = Kn.

Remark 3. Let P1, . . . ,Pn ∈ Lc and let H be a fixed graph. Every graph G ∈M∗(H[P1, . . . ,
Pn]) has the form H[G1, . . . , Gn] with Gi a Pi-maximal graph for all i ∈ [n].

Note that for each graph G ∈ M∗(H[P1, . . . ,Pn]) and any supergraph G
′

of G in I,
we have in each H[P1, . . . ,Pn]-partition (V1, . . . , Vn) of G

′
that Vi 6= ∅ for all i ∈ [n]. It

follows that if H[P1, . . . ,Pn] is a proper H-factorization of P , then M∗(H[P1, . . . ,Pn]) is
a generating set for P .
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In the light of Theorem 1 we can see that, if H is a graph on at least two vertices, then
each H-factorization of a given graph property P can be viewed as a composition of G-
factorizations with G being prime graphs. To get a feeling for arguing with an extendend
structure, we start with the following lemma.

Lemma 1. Let H1 and H2 be prime graphs with V (H1) = {v1, . . . , vn}, V (H2) = {v′1, . . . v
′
m},

and let H1[P1, . . . ,Pn], H2[P
′
1, . . . ,P

′
m] be proper factorizations of P over Lc. Then

H1 = H2 and consequently n = m. Moreover, if n ≥ 3 and G ∈ M∗(H1[P1, . . . ,Pn])∩
M∗(H2[P

′
1, . . . ,P

′
n]), and (V1, . . . , Vn) is an arbitrary H1[P1, . . . ,Pn]-partition of G, and

(V
′
1 , . . . V

′
n) is an arbitrary H2[P

′
1, . . . ,P

′
n]-partition of G, then there exists an automor-

phism ϕ : [n] −→ [n] of H1 such that V
′
i = Vϕ(i), i ∈ [n].

Proof. By points (4) and (2) of Theorem 2 we can construct a generating set for P consist-
ing of only P-maximal graphs from the set M∗(H1[P1, . . . ,Pn]) ∩M∗(H2[P

′
1, . . . ,P

′
n]). It

follows from Remark 3 that each such graphG satisfiesG = H1[G1, . . . , Gn] = H2[G
′
1, . . . , G

′
n]

and using Remark 2, by the assumption that H1, H2 are prime, we know that H1 is iso-
morphic to H2.
Let n ≥ 3 and (V1, . . . , Vn), (V

′
1 , . . . , V

′
n) be the assumed partitions ofG ∈M∗(H1[P1, . . . ,Pn])

∩M∗(H2[P
′
1, . . . ,P

′
n]). It follows that G = H1[G[V1], . . . , G[Vn]] = H1[G[V

′
1 ], . . . , G[V

′
n]].

The assertion now follows from Remark 2. �

3. C-reducibility

For a given graph H with V (H) = {v1, . . . , vn}, we say that a graph property P ∈ Lc

is H-reducible over Lc if there exist non-trivial properties P1, . . . ,Pn ∈ Lc such that
H[P1, . . . ,Pn] is a proper H-factorization of P . Otherwise, P is called H-irreducible over
Lc.

If H[P1, . . . ,Pn] = H[P ′1, . . . ,P
′
m] = P and there exists an automorphism ϕ of H

satisfying P ′ϕ(i) = Pi we do not distinguish between these two H-factorizations.
Let C ⊆ PRIME. A graph H on at least two vertices is said to be a C-graph if all

base graphs used in the unique construction of H in accordance with Remark 1 are from
C. Moreover, we adopt the convention that for each C ⊆ PRIME, the graph K1 is a
C-graph. For instance, being a co-graph is equivalent to being a {K2, K2}-graph.

A graph property P ∈ Lc is C-reducible over Lc if P is H-reducible over Lc for some H
being a C-graph on at least two vertices, otherwise P is called C-irreducible over Lc. Each
H-factorization of P over Lc, where H is a C-graph, is said to be a C-factorization of P
over Lc. A C-factorization of P over Lc is irreducible if all its factors are C-irreducible over
Lc.

The first part of the statement of Lemma 1 allows us to deduce the theorem below.

Theorem 3. If a graph property P is {H}-reducible over Lc for some prime graph H
then P is {H1}-irreducible over Lc for each prime graph H1 which is not isomorphic to
H .

Proof. If P is {H}-reducible and {H1}-reducible over Lc for prime graphs H and H1, then
H = H1 by Lemma 1. �

The problems of {H}-reducibility, over Lc and over other classes of graph properties were
earlier discussed only for H = K2 and H = K2 [7, 8, 9, 10, 11, 12, 13]. The second one (see
[8]) only over the class La of additive hereditary graph properties (which is closed under
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disjoint unions of graphs) because in such a class {K2}-reducibility is equivalent to being
a join of incomparable properties from the lattice (La,⊆) [1]. Properties which are {K2}-
reducible over a given class of properties always have an irreducible {K2}-factorization
over those class of graph properties unlike {H}-reducibility in general. We support this
observation by showing examples of hereditary compositive properties which are {K2}-
reducible over Lc but which have no irreducible {K2}-factorizations over Lc. In order to
do so, we need some definitions.

Let C ⊆ PRIME. A graph property P1 is C-infinite over Lc if there exists an infinite
sequence of graphs Hi in C, i ∈ N, and an infinite sequence of hereditary compositive
graph properties Pi, i ∈ N, such that Hi[Pj1 , . . . ,Pjni

] with Pjni
= Pi+1 is a factorization

of Pi over Lc (here ni is the number of vertices of Hi). Otherwise, P1 is C-finite over Lc.
For example the properties S2 = {G ∈ I : ∆(G) ≤ 2}, P∗ = {G ∈ I: each com-

ponent of G is a subgraph of C3} are {K2}-infinite over Lc. It is so because S2 =
K2[Q3, K2[Q4, K2[Q5, . . .]]] and P∗ = K2[Q∗, K2[Q∗, K2[Q∗, . . .]]], where Qi = {G ∈ I:
each component of G is a subgraph of Ci} and Q∗ = {G ∈ I: G is a subgraph of C3}.

It is very interesting that S2 = K2[Q3,R], where R = {G ∈ I: for each component
G
′

of G there is i ∈ N \ {1, 2, 3} such that G
′ ⊆ Ci}. This means that S2 has a proper

K2-factorization over Lc and hence it is {K2}-reducible over Lc. On the other hand P∗
is {K2}-irreducible over Lc. To observe it, suppose that for some s ∈ N, s ≥ 2, the
factorization P∗ = Ks[P1, . . . ,Ps] over Lc is proper. Now, for each i ∈ N there is a
finite number ji such that jiC3 /∈ Pi, otherwise Pi = P∗, contrary to the fact that the
factorization is proper. It means that kC3 /∈ P∗, for k =

∑
i∈[s] ji, which is impossible by

the definition of P∗.

Remark 4. Let C1 ⊆ C2 ⊆ PRIME. If a graph property P is C2-finite over Lc, then it is
C1-finite over Lc.

Using this fact, we can now conclude that both S2 and P∗ are C-infinite over Lc for all
C containing K2.

In the main part of the paper we study irreducible C-factorizations of P over Lc. To
obtain such a factorization we use a procedure in which a given reducible graph property
is decomposed until we obtain irreducible factors. It is not obvious that such a procedure
always terminates after finitely many steps, but the following fact can immediately be
observed.

Remark 5. Let C ⊆ PRIME. Each C-finite over Lc graph property P has an irreducible
C-factorization over Lc.

We now consider the C-infiniteness of a graph property on a set C.

Theorem 4. Let Hi, i ∈ N, be an infinite sequence of graphs in PRIME and let Pi,
i ∈ N, be hereditary graph properties such that Hi[Pi1 = Pi+1, . . . ,Pini

] is a factorization

of Pi over L. If there exists an infinite subsequence Hni
, i ∈ N, such that Hni

6= K2 for
each i, then P1 is the trivial graph property I.

Proof. We shall show that Kq ∈ P1 for each q ∈ N which implies that P1 = I. Let
{ik}k∈N be an infinite increasing sequence of positive integers such that Hik 6= K2, k ∈ N.
Evidently K1 ∈ Pi for each i ∈ N, and especially K1 ∈ Piq . Moreover, for each j > k we
have Pj ⊆ Pk, hence K1 ∈ Piq−1+1. Because Piq−1 has the Hiq−1-factorization as assumed
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and δ(Hiq−1) ≥ 1 (since Hiq−1 is different from K2), it follows that K2 ∈ Piq−1 . By the same
reasoning K3 belongs to Piq−2 , etc. Hence Kq is an element of Pi1 and finally Kq ∈ P1. �

Corollary 1. If K2 /∈ C ⊆ PRIME and P ∈ Lc is non-trivial, then P is C-finite over
Lc.

Using Remark 5, we can now also deduce the following result.

Corollary 2. If K2 /∈ C ⊆ PRIME and P ∈ Lc is non-trivial, then P has an irreducible
C-factorization over Lc.

We now turn our attention to questions about the irreducibility of C-factorizations for
sets C of prime graphs containing K2. Before we discuss this, we will prove a lemma which
will be useful in later sections too.

Lemma 2. Let P ∈ Lc be {K2}-irreducible over Lc and let G1 and G2 be two connected
graphs which are incomparable in (I,⊆). If G1 ∪ G2 ∈ P, then there exists a connected
graph G ∈ P such that G1 ∪G2 ⊆ G.
Moreover, if P ∈ Lc is {K2}-irreducible and {K2}-finite over Lc, then for any two con-
nected graphs G1 and G2 satisfying G1 ∪ G2 ∈ P there is a connected graph G ∈ P such
that G1 ∪G2 ⊆ G.

Proof. In the first part of the proof we only assume that G1 and G2 are arbitrary connected
graphs in P . Suppose that P does not contain any connected graph G satisfying G1∪G2 ⊆
G. Consider a (finite or infinite) ordered generating set G = {H1, H2, H3 . . .} for P , such
that G1 ∪G2 ⊆ H1 ⊆ H2 ⊆ . . .; its existence is guaranteed by Theorem 2. By assumption
each graph Hi is disconnected and we can assume that it has a form Hi = H1

i ∪H2
i ∪ · · · ∪

Hsi
i , si ≥ 2, i ∈ J , with Hj

i a connected component of Hi for all permissible parameters

i, j. Then we define a (finite or infinite) graph T with V (T ) = {Hj
i : i ∈ J, j ∈ [si]}

and E(T ) constructed in the following way: for each i ∈ J for which i+ 1 ∈ J , choose an
arbitrary embedding of Hi in Hi+1 (as a subgraph). With respect to that embedding for
this fixed i ∈ J and any j ∈ [si], there is a k ∈ [si+1] such that Hj

i ⊆ Hk
i+1. For each such

set of indices we have an edge {Hj
i , H

k
i+1} in E(T ). Note that T is a forest. It follows

because Hj
i has to be contained in exactly one component of Hi+1 for fixed i, j. A crucial

observation is that T has at least two components. This is a consequence of the fact that
G1 and G2 are contained in different components of Hi for each i ∈ J . Moreover, at least
two components of T contain vertices which are components of H1. Assume that T has
components {Tq}q∈U . Clearly, U can be finite or infinite. Let W q

i = {j ∈ [si] : Hj
i is a

vertex of the component Tq of T}.
We now consider two cases:

(1) G1, G2 are incomparable in (I,⊆) and P is {K2}-irreducible over Lc.
Let U1 be the set of indices q in U such that at least one vertex of V (Tq) contains
G1 as a subgraph. Recall that our construction of T implies that G2 is not a
subgraph of any vertex in V (Tq), where q ∈ U1. Next, let for all i, W 1

i = ∪q∈U1W
q
i

and W 2
i = ∪q∈U\U1W

q
i . Now we construct two properties:

P1 = {G ∈ I : G ⊆ ∪j∈W 1
i
Hj
i , i ∈ J}, and P2 = {G ∈ I : G ⊆ ∪j∈W 2

i
Hj
i , i ∈ J}.

The definitions imply that P1, P2 are hereditary. Further observe that for any
G∗1, G

∗
2 ∈ P1 one can find indices i1, i2 ∈ J , say ii > i2, such that G∗s ⊆ ∪j∈W 1

is
Hj
is

,

s ∈ {1, 2}. Thus ∪j∈W 1
i1
Hj
i1

contains both G∗1, G
∗
2 as subgraphs and hence P1 is



UNIQUE FACTORIZATION OF GRAPH PROPERTIES 9

compositive. Similarly we can prove an analogous fact for P2. By the definition,
P = K2[P1,P2] and this {K2}-factorization of P over Lc is proper because G1 ∪
G2 /∈ P1 ∪ P2. This contradicts the {K2}-irreducibility of P .

(2) To prove the last part of the assertion it is enough to consider the case in which
G1 ⊆ G2 and P is {K2}-irreducible and {K2}-finite over Lc.
For each permissible q, consider the graph property Pq = {G ∈ I : G ⊆
∪j∈W q

i
Hj
i , i ∈ J}. This defines countable many (finite or infinite) properties, each

of which is hereditary and compositive. In the infinite case P = K2[P1, K2[P2, K2[P3,
K2[. . .]]]], which means that P is {K2}-infinite, a contradiction.

In the finite case we consider the numbers k, p defined in the following way
k = max{m ∈ N : mG2 ∈ P}, and p = |U |. Evidently 1 ≤ k ≤ p. Let
Tq1 , . . . , Tqk be the components of T satisfying that G2 is contained in at least
one of the vertices of V (Tqi), i ∈ [k]. First we suppose that k ≥ 2. Hence,
assuming that W ∗

i = ∪m∈[k]\{1}W
qm
i we have P = K2[Q1,Q2], where Q1 = {G ∈

I : G ⊆ ∪j∈W ∗i H
j
i , i ∈ J}, Q2 = {G ∈ I : G ⊆ ∪j∈[si]\W ∗i H

j
i , i ∈ J} . The

last factorization is proper because kG2 ∈ P and kG2 /∈ Q1 ∪ Q2. Using the
same arguments as before, we can see that the properties Q1,Q2 are hereditary
and compositive, which means that the factorization is over Lc. For k = 1 we
construct the proper factorization P = K2[Q1,Q2], where Q1 = {G ∈ I : G ⊆
∪j∈W q1

i
Hj
i , i ∈ J}, Q2 = {G ∈ I : G ⊆ ∪j∈[si]\W

q1
i
Hj
i , i ∈ J}. This factorization,

as before, has the desired properties. �

Using Lemma 2 we can check at once that Sk, for k ≥ 2, is {K2}-reducible over Lc

because there is no connected graph in Sk containing as subgraphs two graphs which are
incomparable in (I,⊆), connected and k-regular.

Assume that Sk, k ≥ 2, has irreducible proper {K2}-factorization Ks[Q1, . . . ,Qs], s ≥ 2,
over Lc. Using Lemma 2 once again with the {K2}-irreducibility of Qi over Lc for each
permissible i, we can observe that for all s+1 graphs G1, . . . , Gs+1 which are incomparable
in (I,⊆), k-regular and connected, we have G1∪ · · · ∪Gs+1 /∈ Ks[Q1, . . . ,Qs] = Sk, which
is in contrast to the definition of Sk.

Now we consider the graph property R = K2[Sk,Sk]. Obviously, the given factorization
of R over Lc is proper because for every two k-regular graphs G1 and G2, the graph
K2[G1, G2] ∈ R and K2[G1, G2] /∈ Sk. Clearly, by definition, R is {K2}-reducible over Lc.
Hence, from Theorem 3 it is {K2}-irreducible over Lc. Further, by the same reasoning as
before R is {K2, P5, K2}-reducible over Lc and still does not possess an irreducible proper
{K2, P5, K2}-factorization over Lc. Moreover, it is {K2, P5, K2}-infinite and {K2}-finite
over Lc. In fact, R is C-infinite for each C containing {K2, K2}.

In general, note that if P is C-finite over Lc and P = H[P1, . . . ,Pn] is its C-factorization
over Lc, then each Pi is C-finite over Lc. On the other hand, C-infiniteness of each Pi does
not imply C-infiniteness of P .

4. Uniqueness

Lemma 3. If P ∈ Lc is {K2}-irreducible and {K2}-finite over Lc, then the set of all
connected graphs in P is compositive.
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Proof. Suppose that G1, G2 are connected graphs in P having no connected common
supergraph in P . Hence, because P ∈ Lc, we have G1 ∪ G2 ∈ P . Applying Lemma 2 we
obtain a contradiction. �

The assertion of the next lemma was stated earlier in [8] for properties, which are
{K2}-irreducible over La; the proof presented here imitates their proof.

Lemma 4. Let P ∈ Lc be {K2}-irreducible and {K2}-finite over Lc. Then there exists a
(finite or infinite) ordered generating set of connected graphs for P.

Proof. Let {Gi : i ∈ J}, (J = [s] for some natural s or J = N) be the set of all connected
graphs in P . Let H1 = G1 and, for each i ∈ J \ {1}, let Hi be a connected graph
which contains Hi−1 and Gi as subgraphs simultaneously. The existence of such graphs
is guaranteed by Lemma 3. Of course H1 ⊆ H2 ⊆ . . .. Moreover, {Hi : i ∈ J} is a
generating set for P because, in accordance with Lemma 2, each disconnected graph in
P has a connected supergraph and, by the construction, each connected graph in P is
contained in Hi for some i ∈ J . �

Lemma 5. Let P be a non-trivial graph property which is {K2}-finite over Lc and, for
n ≥ 2, let Kn[P1, . . . ,Pn] be an irreducible proper {K2}-factorization of P over Lc. Then
there is no proper Km-factorization of P over Lc with m > n.

Proof. Suppose, to the contrary, that such a factorization Km[P ′1, . . . ,P
′
m] exists. As we

noted earlier properties Pi and P ′j are then {K2}-finite over Lc for all permissible i, j. Let

j ∈ [n] be fixed and let {Hj
s : s ∈ Lj}, (Lj = N or Lj = [kj] for some natural number kj)

be an ordered generating set for Pj that consists of only connected graphs. The existence
of such sets follows from Lemma 4. Let W = N if for at least one j, Lj = N and let

W = [max{kj : j ∈ [n]}], otherwise. Put Hj
s = Hj

|Lj | for s ∈ W , s > |Lj|, j ∈ [n].

It is obvious that {Hi = H1
i ∪ · · · ∪ Hn

i : i ∈ W} is a generating set for P . Now, if a
graph G has a form G1 ∪ G2 ∪ · · · ∪ Gn with Gi ∈ Pi, i ∈ [n], then there exist indices
mi, i ∈ [n], satisfying Gi ⊆ H i

mi
and m∗ = max{mi : i ∈ [n]} and therefore G ⊆ Hm∗ .

Since Km[P ′1, . . . ,P
′
m], m > n, is a proper factorization of P , there is a P-maximal graph

G∗ satisfying the definition. One can then find an index q such that G∗ ⊆ Hq which is a
supergraph of G∗ and shows that the corresponding factorization of P is proper too. This
means that Hq has at least m components which gives n ≥ m, a contradiction. �

Now we are in a position to prove the first unique factorization type theorem.

Theorem 5. Each non-trivial graph property P ∈ Lc which is {K2}-finite over Lc has a
unique proper irreducible {K2}-factorization over Lc.

Proof. By Lemma 5 it is enough to consider only the proper factorizations of P with the
same number of factors. Let Kn[P1, . . . ,Pn], Kn[P ′1, . . . ,P

′
n], be two irreducible proper

{K2}-factorizations of P over Lc . We shall show that there exists a permutation σ :
[n]→ [n], such that P ′i = Pσ(i). Let {Hj = H1

j ∪· · ·∪Hn
j : j ∈ W} be a generating set for

P , which was constructed as in Lemma 5 using the ordered generating sets {H i
j, j ∈ W}

for Pi, i ∈ [n], of connected graphs. Without loss of generality we can assume by Theorem
2 that each graphHj is a supergraph of graphs L1 and L2 simultaneously, where L1 and L2

are graphs showing that the factorizations Kn[P ′1, . . . ,P
′
m] and Kn[P1, . . . ,Pn] are proper

factorizations of P respectively. It implies that in an arbitrary Kn[P ′1, . . .P
′
n]-partition



UNIQUE FACTORIZATION OF GRAPH PROPERTIES 11

of Hj all partition parts are non-empty. It means that for each j ∈ W there exists a
permutation σj : [n] → [n] satisfying H i

j ∈ P
′

σj(i)
. The set of all permutations of the set

[n] is finite. If W is infinite then at least one permutation in the sequence {σj, j ∈ W}
is repeated infinitely many times. In that case let σ be such a repeated permutation
and let σ = σ|W | if W is finite. Moreover, let W ∗ = {j ∈ W : σ = σj}. Obviously,
the set of all Hj, satisfying j ∈ W ∗ is a generating set for P . It is so because for each
G ∈ P there exists an index k such that G ⊆ Hk, and then there exists an index j > k
satisfying σj = σ. By the same reasoning and the construction we know that for an
arbitrary i ∈ [n], the set {H i

j, j ∈ W ∗} creates the generating set for Pi. We shall

show that Ps = P ′σ(s) for each s ∈ [n]. Suppose G ∈ Ps for fixed s ∈ [n]. Then there

exists k ∈ W ∗ such that G ⊆ Hs
k. But Hs

k ∈ P
′

σ(s) so that Ps ⊆ P
′

σ(s). Assume to

the contrary that X ∈ P ′σ(s) \ Ps. Moreover let X∗ be a connected graph in Ps which

is not in the graph property Kn−1[P1, . . . ,Ps−1,Ps+1, . . . ,Pn] (its existence follows from
the fact that the factorization Kn[P1, . . . ,Pn] is proper, {K2}-irreducibility of Ps and
Lemma 3). Obviously X∗ ∈ P ′σ(s). By the compositivity of P ′σ(s) there exists a graph

G
′ ∈ P ′σ(s) which contains both X and X∗ as subgraphs. Thus by Lemma 4 such a

graph is contained in a connected graph Y which is in the graph property P ′σ(s). Of course

Y ∈ P , consider a Kn[P1, . . . ,Pn]-partition of Y . It is easy to see that Y has to miss of the
properties P1, . . . ,Pn because of its connectivity. By the construction, and in particular
since X∗ ⊆ Y , it must be Ps, which contradicts the assumption that X /∈ Ps. �

Given a graph H and two vertices v1, v2 of H, we say that v1 dominates v2 in H if
NH(v2) is a proper subset of NH(v1), v1 is a dominating vertex in H if there exists a
vertex v2 such that v1 dominates v2 in H.

The next lemma plays a key part in the argument for uniqueness in the general case.

Lemma 6. Let H be a prime graph without any dominating vertices with V (H) =
{v1, . . . , vn}, n ≥ 4. Let G be a fixed graph, P1, . . . ,Pn ∈ Lc, and let (V1, . . . , Vn) be
an H[P1, . . . ,Pn]-partition of G∗ ∈ M∗(H[P1, . . . ,Pn]). Let Xk = G∗[Vk] if G /∈ Pk, and
let Xk be a graph in the graph property Pk and containing both G∗[Vk] and G as subgraphs

if G ∈ Pk, and let Ĝ = H[X1, . . . , Xn]. Then each H[P1, . . .Pn]-partition of Ĝ is of the
form (V (Xϕ(1)), . . . , V (Xϕ(n))) with ϕ an automorphism of H satisfying G ∈ Pϕ(i) if and
only if G ∈ Pi.

Proof. Let (W1, . . . ,Wn) be an arbitrary H[P1, . . . ,Pn]-partition of Ĝ. Let V
′

k , for k ∈ [n],
be an arbitrary set contained in V (Xk) such that G∗[Vk] ⊆ Xk[V

′

k ] and |Vk| = |V
′

k | (actually
G∗[Vk] = Xk[V

′

k ] because G∗[Vk] is a Pk-maximal graph). According to Lemma 1 there
exists an automorphism ϕ of H satisfying V

′

k ⊆ Wϕ(k), k ∈ [n]. We shall show that

V (Xk) = Wϕ(k), k ∈ [n]. If not, let v ∈ V (Xk) \ V
′

k be a vertex such that v ∈ Wϕ(l) and
l 6= k.

(1) There exists i ∈ [n] \ {k, l} such that vi is adjacent to vk and it is non-adjacent
to vl in H. Since ϕ is an automorphism of H, we have that {vϕ(i), vϕ(l)} /∈ E(H).

But, by the construction of Ĝ, v is adjacent to all vertices of V
′
i , where V

′
i ⊆ Wϕ(i),

a contradiction.
(2) NH(vk) \ {vl} ⊆ NH(vl). The facts that H is prime and does not have dominating

vertices imply that {vl, vk} ∈ E(H) and the degree of the vertex vk is smaller
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than the degree of the vertex vl. Hence, G∗[Vl] +K1 ⊆ Ĝ[V
′

l ] +K1. Furthermore,

Ĝ[V
′

l ]+K1 is isomorphic to Ĝ[V
′

l ∪{v}] and this graph is an element of Pl giving that
(V1, . . . , Vl∪{x}, . . . , Vk\{x}, . . . , Vn), for an arbitrary x ∈ Vk, is an H[P1, . . . ,Pn]-
partition of G∗, contrary to Lemma 1.

The number of indices i ∈ [n] such that Wi induces in Ĝ the graph containing G is the
same as the number of i ∈ [n] for which Xi has the desired property and it equals the
number of indices i ∈ [n] satisfying G ∈ Pi. This implies the last claim of the theorem. �

Theorem 6. Let H be a prime graph on at least three vertices none of which is dominating
in H. If a graph property P has a proper {H}-factorization over Lc, then it is unique.

Proof. Let H[P1, . . . ,Pn], H[P ′1, . . . ,P
′
n] be two different proper H-factorizations of P over

Lc. By Theorem 2, there is a (finite or infinite) ordered generating set G = {G1, G2 . . .}
in which each Gi is P-maximal and it is an induced subgraph of Gi+1. Also, by The-
orem 2, it can be assumed that all graphs Gi are from the set M∗(H[P1, . . . ,Pn]) ∩
M∗(H[P ′1, . . . ,P

′
n]) with graphs in (G[L1])[L2] for L1, L2 showing that the given factoriza-

tions are proper. Let (Vi,1, . . . , Vi,n), ((V
′
i,1, . . . V

′
i,n)) be an arbitrary H[P1, . . .Pn]-partition

of Gi (H[P ′1, . . .P
′
n]-partition Gi respectively). By ϕ1, . . . , ϕs we denote all automorphisms

of H. By Lemma 1 there exists an index l = l(Gi) ∈ [s] satisfying V
′
i,j = Vi,ϕl(j), j ∈ [n].

We shall now show that there exists an index p ∈ [s] such that for each permissible i we
can find an H[P1, . . . ,Pn]-partition (Wi,1, . . . ,Wi,n) of Gi and an H[P ′1, . . . ,P

′
n]-partition

(W
′
i,1, . . . ,W

′
i,n) of Gi satisfying the equality W

′
i,j = Wi,ϕp(j), j ∈ [n].

If G is the finite r-element set then we put p = r and Wi,j = V (Gi) ∩ Vr,j, j ∈ [n] if
Gi is isomorphic to H[V (Gi) ∩ Vr,1, . . . , V (Gi) ∩ Vr,n] and W

′
i,j = V (Gi) ∩ V

′
r,j, j ∈ [n] if

Gi is isomorphic to H[V (Gi) ∩ V
′
r,1, . . . , V (Gi) ∩ V

′
r,n]. If G is infinite then p equals an

arbitrary infinitely many times repeated number in the sequence l(G1), l(G2), . . . which is
well described because l(Gi) ∈ [s] for all indices i. In this case Wi,j = V (Gi)∩Vt,j, j ∈ [n],
where t is an arbitrary index greater then i such that l(Gt) = p and Gi is isomorphic to
H[V (Gi)∩Vt,1, . . . , V (Gi)∩Vt,n]. Similarly W

′
i,j = V (Gi)∩V

′
t,j, j ∈ [n], where t is the same

index as in the previous line and Gi is isomorphic to H[V (Gi)∩ V
′
t,1, . . . , V (Gi)∩ V

′
t,n]. In

both cases depending on the finiteness of G the equality W
′
i,j = Wi,ϕp(j) holds, for j ∈ [n]

and all permissible indices i.
We continue to show that P ′j = Pϕp(j) for all j ∈ [n]. Let for the fixed j ∈ [n], Qj be

a graph property for which {Gi[W
′
i,j] : all permissible i} is a generating set. Of course

Qj ⊆ Pϕp(j) and Qj ⊆ P
′
j. Let us take a look at the inverse inclusions. First suppose

that there is an L ∈ P ′j \ Qj for selected j ∈ [n]. Let q be fixed and (W
′
q,1, . . . ,W

′
q,n)

be a partition as in the paragraph above. Similarly to Lemma 6, let Yk = Gq[W
′

q,k] if

L /∈ P ′k and Yk be a graph in the graph property P ′k which contains both Gq[W
′

q,k] and

L as subgraphs if L ∈ P ′k. Put Ĝ = H[Y1, . . . , Yn]. It then follows by Lemma 6 that an

arbitrary H[P1, . . .Pn]-partition of Ĝ is of the form (V (Yϕ(1)), . . . , V (Yϕ(n))) with ϕ being

an automorphism of H satisfying L ∈ P ′ϕ(j) if and only if L ∈ P ′j. The next observation

is that, because G is a generating set for P and Ĝ ∈ P , there exists an index r such
that Ĝ ⊆ Gr. For each H[P ′1, . . . ,P

′
n]-partition of Gr we can construct the H[P ′1, . . . ,P

′
n]-

partition of Ĝ taking as a partition part the intersection of the previous one with V (Ĝ).
Thus, by Lemma 6, in each H[P1, . . . ,Pn]-partition of Gr, especially in (W

′
r,1, . . . ,W

′
r,n),
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we obtain L ⊆ Gr[Yr,j], which proves that L ∈ Qj, contrary to the assumption. Thus
there is no such L and P ′j ⊆ Qj. The case where Pϕp(j) ⊆ Qj is dealt with similarly.

These arguments yield P ′j = Pϕp(j) for all j ∈ [n]. �

We now show with an example that the assumption about the non-existence of dominat-
ing vertices in H is necessary. Consider the prime graph H = P4, the path on four vertices,
which has dominating vertices. Let V (P4) = {v1, v2, v3, v4} and E(P4) = {{vi, vi+1} : i ∈
[3]} and let P1 = {G ∈ I : each component of G is a subgraph of a cycle C3 or C5},
P2 = P4 = {K1}, P3 = {G ∈ I : each component of G is a subgraph of a cycle C5 or C4}.

Consider a factorization P4[P1,P2,P3,P4] of P . It is easy to see that the graph
P4[C3, K2, C4, K1] confirms that the factorization is proper. However, P does not have a
unique proper factorization since another representation could be P = P4[P∗1 ,P2,P3,P4],
where P∗1 = {G ∈ I : each component of G is a subgraph of C3}.

The next theorem complements Theorems 5 and 6.

Theorem 7. [9, 10] Each graph property P ∈ Lc has a unique irreducible proper {K2}-
factorization over Lc.

5. Main results

We now give the two main theorems of the paper and give one short proof for both of
them obtained by applying our earlier results.

Theorem 8. Let C be a family of prime graphs without dominating vertices and let K2 /∈ C.
Each non-trivial graph property P ∈ Lc has a unique proper irreducible C-factorization
over Lc.

Theorem 9. Let C be a family of prime graphs without dominating vertices. If a non-
trivial graph property P ∈ Lc is C-finite over Lc, it has a unique proper irreducible C-
factorization over Lc.

Proof. By Corollaries 1, 2 and Remark 5 there exists at least one irreducible proper C-
factorization of P over Lc.
Assume that H1[P1

1 , . . . ,P
n1
1 ], H2[P1

2 , . . . ,P
n2
2 ] are two different irreducible proper C-

factorizations of P over Lc. If at least one of the graphs H1 and H2 is isomorphic to
K1, then P is C-irreducible over Lc and P = P1 = P ′1. Next, suppose that |V (H1)| ≥
|V (H2| ≥ 2. Remark 1 implies that Hi is either disconnected with components H1

i ,
H2
i , . . . ,Hsi

i (this case is possible only in the proof of Theorem 9) or Hi is disconnected

with components H1
i , H2

i , · · · , H
si
i or Hi = Gi[H

1
i , . . . , H

si
i ] with Gi ∈ C \ {K2, K2},

i ∈ {1, 2}. Of course Hj
i is a C-graph for j ∈ [si] and i ∈ {1, 2}. In each case we re-

lable the vertices of Hi such that V (Hi) = {v1
i , . . . , v

ni
i } and V (H1

i ) = {v1
i , . . . , v

|V (H1
i )|

i },
V (Hj

i ) = {v∑j−1
t=1 |V (Ht

i )|+1, . . . , v
∑j

t=1 |V (Ht
i )|
}, 2 ≤ j ≤ si. Evidently ni =

∑si

t=1 |V (H t
i )|.

Moreover, the above forces three mutually exclusive possible forms of a proper factoriza-
tion of Hi[P1

i , . . . ,P
ni
i ] (of which only the last two need to be considered for the proof of

Theorem 8):

(1) Hi[P1
i , . . . ,P

ni
i ] = Ks1 [H

1
i [P1

i , . . . ,P
|V (H1

i )|
i ], . . . , Hsi

i [P
∑si−1

t=1 |V (Ht
i )|+1

i , . . . ,Pni
i ]],

(2) Hi[P1
i , . . . ,P

ni
i ] = Ks1 [H

1
i [P1

i , . . . ,P
|V (H1

i )|
i ], . . . , Hsi

i [P
∑si−1

t=1 |V (Ht
i )|+1

i , . . . ,Pni
i ]],

(3) Hi[P1
i , . . . ,P

ni
i ] = Gi[H

1
i [P1

i , . . . ,P
|V (H1

i )|
i ], . . . , Hsi

i [P
∑si−1

t=1 |V (Ht
i )|+1

i , . . . ,Pni
i ]].
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Thus, by Theorem 3, for both the H1-factorization and the H2-factorization we have the

same possibility (either (1), or (2) or (3)). Let Qji = Hj
i [P

∑j−1
t=1 |V (Ht

i )|+1
i , . . . ,P

∑j
t=1 |V (Ht

i )|
i ]

for all permissible i, j. In case (1) ((2)), Remark 1, the assumption about {K2}-irreducibility
({K2}-irreducibility) of Pji (applied for Hj

i = K1) and the above consideration lead to the

assertion that Qji is {K2}-irreducible ({K2}-irreducible respectively) for all permissible

i, j. Moreover, in case (1), Remark 4 implies that each Qji as a graph property which is
C-finite over Lc, is {K2}-finite over Lc. Hence, in accordance with Theorem 5 (Theorem

7), s1 = s2 = s and there exists a permutation ϕ satisfying Qj2 = Qϕ(j)
1 for all j ∈ [s].

In case (3), by Theorem 3, G1 is isomorphic to G2 and by Theorem 6 there exists an auto-

morphism ϕ of G1 such that Qj2 = Qϕ(j)
1 for all j ∈ [s]. We apply the same reasoning for

all Qji which are C-reducible over Lc. This procedure terminates by the assumption that
P is C-finite over Lc. Finally we compose all automorphisms and permutations obtained
from this procedure in order to observe that H1 is isomorphic to H2. At the same time

this shows that there exists an automorphism ϕ of H1 such that Pj2 = Pϕ(j)
1 . �
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