Online Appendix A: VB for the first-stage estimations

1 The Model

The model below is model (4) in the main body of the paper. For notational simplicity, we suppress
the subscripts that indicate the model is related to the i** equation of the panel SAR model.

Y =XT+E, (1)

where vec(E) ~ N(0,Xg ® IT). The dimensions of Y and the standardized regressors X are T x n
and T X p, respectively, and T is of dimension p X n.

Let S=FE'FE and Q = 2}_31, the likelihood in equation (1) can be expressed as

L(Q) x |Q|%exp{—%tr(SQ)}. (2)

2 The Priors

2.1 The Priors of T

Let v = vec(Y). Following Bhattacharya, Pati, Pillai, and Dunson (2015), we set hierarchical DL
prior for the jt* (j = 1,...,np) element of v as follows:

vilé, T ~ DE(¢;T), ¢j ~ Dir(a,...,a) (3)
Conditional prior for v; is DE(¢;7) implies a zero mean Double Exponential or Lapalace distribution
with the density f(v;) = (2@-7’)’%@9(—%) for v; € R.

Next, we set a Gamma prior for 7:
T ~ G(npa,1/2). (4)

The above hierarchical DL prior for 7; can be expressed as:

v~ N(0,4;0577), 1; ~ Exp(1/2) (5)

Hence, the prior of v is N(0,V) where V. = diag(¢1¢372, ..., Ynpd2,7°)



2.2 The Priors of Q

We set Exponential priors and DL priors for the elements of 2

Wiq ~ El'p(ﬁ), i= ]-7 w1
wij ~ N(0,00,i00 i;70)s Yw,ij ~ Bap(1/2), i <j=2,...n, (6)

2
B, 1/2)

buw,ij ~ Dir(ay, ..., a,), 1w~ G(

where with a slight abuse of notations, we use w;; and w;; to denote the diagonal and off-diagonal
elements of (2.

3 The Posteriors

3.1 The Posteriors of T and its related hyper parameters

The conditional posterior of v is N (%, V), where

V=V"1+0 (X'X))"},
F=V(Q® X" vec(Y).

The conditional posterior of 7 is giG(npa —np, 1,372, %) !
J

The conditional posterior of ¢; can be derived as following: First, we have §; ~ giG(a — 1, 1,2|~,]|).
Next let = = ?21 &;. The conditional posterior of ¢; can then be found to be ;/=.

22
The conditional posterior of 1/, is Inverse Gaussian with mean ¢j; and scale parameter 1.
J

3.2 The Posteriors of {2 and its related hyper parameters

Following Wang (2012), we focus on the last column and row of €2 then use Block Gibbs sampler to
update the relevant parameters and hyper parameters.
Let H be the n x n matrix with 0 diagonal elements and the off diagonal element at i*"* row and j**

column be vy, 3567, ;72 Partition Q, S and H as follows:

Q—n,—n W_n,n o S—n,—n S—_n,n o H—n,—n h—n,n
Q< wl_n,n Wnn ) S( sl—n,n Snn > H< h,—nﬂ hnn > (8)

where —n denotes the set of all indices except for n.

ly ~ giG(p, a,b) if f(y) oc y?~Lexp[—% (ay + b/y)].



Let by = wp,n — wl,, nQﬂll _pW—n,n and by = w_p, 5. The conditional posteriors are as follows:
T Spn + 8
by ~G(=+1
1 G( 2 + 1, 2 )
by ~ N(=CS_pn,C), C=((s+ $p)Qp _, + H) ', H* = diag(h—nn)

1/t ij ~ iG(1 [ Lo 1)
w” (9)

2|w;
Nng( 2 (az — 1), ,Z | ]|

i<y Qi
Ewij ~ 9iG(aw — 1,1, 2|wij), du,ij = fw,ij/wa,ij
i<j
4 Optimal VB ¢ densities
4.1 q(v)
a(y) ~ N3, V), (10)
where
V=V"'1+0eX'X)!
=V(Q® X )vec(Y),
and ] 1
V! = diag(= . )

Y1 ¢2 7—2 '(/)np ¢2 7-2

Note that using Matlab usually it is faster to calculate V by (V' 4+Q® (X'X)) I,,, than by directly
taking the inverse of (V™! + Q ® (X'X)).

4.2 ¢(71)
np o 1
q(7) ~giG[npa*np,l,Z%%z+ij)1/2¢ ], (11)
=1 J

Let x = >0, 2(b —l—VN)l/2 , we have

VXEnpa—npt1(v/X)
Knpafnp(\/;()

7=

Knpa—np+1(vX)
Knpa—np(V/X)

Konpa—np+2(v/X)
Knpa-np(V/X)

= ( )l

=72+ x]

where K,[e] is the modified Bessel functions of the second kind.



4.3  q(v;)

(12)

Let p =
=
and
Ej =1+4+1/p
4.4 q(¢;)

9(&) ~ 9iGla—1,1,2\/3] + V) (13)
Let @w = 24/77 4+ V;, we have

e A
T Kea(V@)
d
" ’UCL’I"(f') _ w{Ka-l—l(\/E) _ [ Ka(\/a) ]2}
e Kafl(\/a) Kafl(\/a) 7
where var(e) denotes the variance.
Scaling &;, we have o
- _ &
YTEmE
d
o - 2 var(&;)
Doty

Thus, the optimal ¢ density of ¢; ; takes the following form:

S AL (1)

)~ giGla—1,38, YL
q(¢]) gr (a = g] Z]zl é—]

Q(bl) ~ G(77§n,n)? (15)



where i
Snn = §(Snn +tr( X' XV,) + s),

and o
Vo= Vv(n—l)xp+1:n><p,(n—1)><p+1:n><p~
Hence T
by =2
Sn,n
4.6 q(bs)

Let 5y = S—pn+8—_nn, where §_,, , is a (n—1) x 1 vector with the j element being tr(X'X A;)
and A; = V(J’*l)><p+1:jxp’(j*1)xp+1:jxp' ?

(Z(b2) ~ N(_égf’nmmé)a (16)
where o
C=(25,,0L +H )7}
and o -
b2 — (_Csfn,n)

Note that H = diag(h_p ), and j*" element of h_,, ., is Y jn @2 5, T2

w,jn’w
4.7 q(7,)

’I’L2—7’L

P 1
5 (a0 = 1), 1> S 2(@" + Cjy) /P —]." (17)

i<k w,jk

q(1w) ~ giG|

Let X = Zk2(w7k2 +Vij)V*(¢w k) t, we have
1<
— Xerfa2 g, 1)1 (VW)
Kozon (g, -1y (VX)

Tw

T72:7—72+X [K#(aw71)+2(\/i) _ K#T_n(awfl)%*l(\/xj) 9

Koz oy (WXa) 0 Kz ) (Vi)

2

2To calculate 5_; ;, for i # n, we need to delete the relevant (i — 1) X p+ 1 to i X p rows and (i — 1) X p+ 1 to
i X p columns of V' to construct Aj.
3Note that C;; changes when k changes.



4.8 q(Yun)

Let p, =

and
77[}w,jn =1+ 1/,%

4.9 Q(¢w,jn)

Q(fuhjn) ~ giG(aw -1,1,2 V wj"2 + 6jj) (19)
Let w, = 2\/@2 —l—éjj, we have

—_ VEKa (V)
w,jn Kaw—l(\/Fw) )
and
Kanrl(\/’wiu)) [ (\/7) ] }
Ka,-1(vV@w) —1(VTw)

var(fw,jn) = ww{
where var(e) denotes the variance.

Scaling &, jn, we have

— §w,jn
D jn = ———,
Zj<lc€w,jk
and (e )
—— —=2  var(§w,n
@2 . =0 gn =
cam T (Y G gn)?
i<k

Thus, the optimal ¢ density of ¢, ;; takes the following form:

2\/@jn” + (Cj5)?
9(buwjn) ~ 9iGla =1, &, i) ) (20)

7j<k- ’ Z fw,jk‘

j<k




5 ELBO

The evidence lower bound (ELBO) is as follows:?

ELBO = E{logp(Y,~,7,%,9,b1,b2, 7w, Y, ¢w) } — E{log q(v, 7,1, ¢, b1,b27, Yu, ¢u) }
= E{log p(Y|7,7, %, 6, b1, baTes, Y, b0)} + E{logp(7)} + D E{logp(b1)} + Y E{logp(bo)}
+ Eflogp(¢)} + E{log p(¥)} + E{log p(7)} + E{log p(¢dw)} + E{log p(vw)} + E{log p(7,)}
— E{logq(7)} = > _ E{logq(b1)} — > E{logq(b2)} — E{logq(¢)} — Eflogq(¢)} — E{logq(r)}
— E{logq(¢w)} — E{log ()} — E{logq(7.,)}

(21)
where
E{lng(Y|77 T, ¢7 ¢7 b17 b27 Tw, ¢W7 (]Sw)} =
T — 1 — ’ ’ r n ’ (22)
- 5log|Z| ~5 [vec(Q)] vec(Y'Y —2XBY + XBB X + ZXKJ-X ) + const,
j=1
where the elements of K; are retrieved from appropriate rows and columns of V,
1 1 —Iyr—1= —137
E{logp(v)} = —§E[log(|V|)} ~3 [”y V> +tr(V V)] + const, (23)
where Ellog(|V])] = 2272, E[log(w )+210g(¢;)]+2an[10g( 7)), Ellog(v;)+21log(6;)] = [5~ a(;) log(¥;)dib;+
2 [, q(¢)log(¢;)de; and Ellog(t)] = [;° q(7)log(7)dr.
E{logp(b1)} = —(v — 1)log(3n,n) — s + const, (24)
1 11— — —
E{logp(bz)} = —5Elog(|H™))) - 5 [ble*bz + tr(’H**lc)} + const, (25)
where Ellog(|H*[)] = 3272 Elog(thw,ij)+210g(dw,i;)]+2(n—1) Elog(r,)], [log(ww w)+2 log(¢w,ij)] =

fo % Jij 10g(¢w Z])d'l/}w ij +2 fo ¢w 2]) 10g(¢w Zj)d¢w ij and E IOg Tw fo Tw IOg Tw)dTw

E{logp(t)} = —npa {/000 (g(7)logT) dT:| — 0.57 + const, (26)
E{logp(y)} = —0.5 Z@ + const, (27)
Bllogp() =~(a- )Y | [ (a(op1ogs)) i, (29

41t is seen that the ELBO described below contains many constant terms. Those terms need to be dropped from
ELBOs in VB iterations to speed up the process.



nT-—n

Ellogp(r)} =~ —"a, { / ~ (q(r) log 1) drw} —05 { / g dn,] + const,

2

0 0

(n*—n)/2

Bllogp(vu)} = =05 3 [ (ugalihus)) b + const,
j=1

(n27n)/2 0o
Bllogp(0.)) =~ — 1) 3 | [T (0050800060
j=1
E(log (1)} = ~log(|V]) + const,

E{logp(b1)} = log(Sp,n) + const,

E{logp(bs)} = —%E(log(C)) + const,
Blloga(r)} = [~ a(r)loga(r)ir

Efloga(@)} =Y /O ~ g(wy) log a(w;)dv;

np

Blloga(@)} =Y [ at;)logates)do

E{logq(rw)} = /OOO q(7,) log q(7,)de,.

(n?-2)/2

Blloga(w)} = Y /0 7 Wy 108 (10 )i

n?-2)/2

( 00
Ellogg(@)} = / 0() 108 4 )dbu
j=1 70

(40)



Online Appendix B: VB for the second-stage estimations

1 The Model

For notational simplicity, we suppress the subscripts denoting the i*" variable in model (5) of the
main paper. In addition, we use Z and 6 to denote the matrix of the regressors and the vector of

parameters used in that model.

y=270+u (1)

where y is T x 1 vector of responses, Z is the T' X k matrix of standardized regressors, u is the T x 1

vector of i.i.d Normal errors with mean 0 and unknown variance 2.

2 The Priors

Following Bhattacharya, Pati, Pillai, and Dunson (2015) (BPPD), we elicit hierarchical DL prior
as follows:!

9j|¢), T ~ DE(d)jT), ¢j ~ DZ"I"(CI,, veey a) (2)

Conditional prior for 6; is DE(¢;7) implies a zero mean Double Exponential or Lapalace dis-
tribution with the density f(6;) = (2¢j7)’1exp(—zfjl) for 0; € R.

Next, we set a Gamma priors for 7 and o~2:

T~ G(ka,1/2), 072~ G(v,S). (3)

n the main paper, we use & to denote a hyperparameter e to distinguish it from that set for the first-stage
estimation. For notational simplicity, we drop “on the hyperparameters in this appendix.



The above hierarchical DL prior for ¢; can be expressed as:

N(0,9;937°), ; ~ Eap(1/2) (4)

Hence, the prior of § is N(0,V) where V = diag(¢1¢372, ..., YriT?).

3 The Posteriors

Multiply the likelihood and the priors, we have

L(y|0,0°)p(8]¢, 7, 0%)p(1)p(¢)p(c?)

1 1 ) LI 16, |
oc(m)Te:vp[—ﬁ(y—Z@ (y — 20)] le;[l 2¢ﬂ6xp[—j;ﬁ]>< )
rkaLlerp(—=) x Hgb;‘ ! Hr=lexp(—S/o?)
j=1

or

L(y|0,0°)p(0]¢, 7, ¢, 0)p(T)p(¢)p(e)p(c?)

k
1 1
oc(\/?)Texp[—&TQ(y Z0) (y — Z0)) H

k
Tka*lexp(fg) X Hd)?_l X H exp(—1h;/2) x (672)" Lexp(—S/o?)

Jj=1

2
In (6), the items involving 6 are exp|— 52 (y—Z0)' (y—Z0)) XH] 1 \/ﬁexp[— Zj 1 wﬁﬁ]

Thus, the conditional posterior of 8 is N(b, V), with V = [0722'Z + V1|7t and b = 02V Z'y.

1 ko 1051

In (5), the items involving 7 are Zpexp[—3> ; %—T] x rha=l

exp(—7%), which can be writ-

ten as TR R lexp[—1(r + %(Zle %jl))] Thus the conditional posterior of 7 is ¢iG(ka —
ko200

kvl’ijl ¢jj )'2

To find the conditional posteriors of ¢;, we integrate 7 out following BPPD. Collecting the

terms involving ¢,, we have H?Zl(qb?_lq%j) [Z, TR eap(— T )exp|— Z§:1 JZ—_jTl]dT. Thus, we can

2y ~ giG(p, a,b) if f(y) o< y?~ exp[—3(ay + b/y)].

10



derive the conditional posterior of ¢; as following: First, we have &; ~ giG(a —1,1,2(6;]). Next let

—_

== }?:1 &;. The conditional posterior of ¢; can then be found to be &;/E.

_1 2
In (6), the terms involving ;s are H?:l Y, Fexp|— Z?Zl wﬁ%] X H?:l exp(—1;/2). Thus
195

2,2
the conditional posterior of 1/1; is Inverse Gaussian with mean 4/ % and scale parameter 1.
J

In (6), the terms involving o~2 are

(ﬁ?)T“p[‘Qiz(y = 26)'(y = 20)] x (o7*)" " ewp(=S/0?)

Thus the conditional posterior of 072 is G(L + v, 1(y — Z0)' (y — Z0) + ).

4 Variational Bayes

The optimal VB ¢ densities are as follows:

4.1 q(0)

q(@) ~ N(aa V)a (7)
where

T

V(2 gy
S
_ T + v —
_ (2 /
V! = diag(r ! ¢y, (0T 677 7)
k
Ellog(|V ")) = > Ellog(s;) + 2log(¢;)] + 2k E[log(7)],
j=1

where

oo

Ellog (1) + 2log(6;)] = /0 gy log(uhy )iy + 2 /0 a(6;) log(6;)do;

11



and

Emaﬂ%=Amqﬁﬂ%@%h

4.2 q(oc7?)
_ T —
q(a Q)NG(§+I/’S>7 (8)
where
- 1 _ 2 _
S = 5[||y —Z0|| +tr(Z'ZV)] + S
Hence
7%= %j ?
S )
and

Bllog(o)] = ¥+ 5 ) — log(S)

where (o) is the Digamma function.

4.3 q(7)

k
o(7) ~ giGlka — £,1,5 2@ +vjj)1/2;], )

j=1 j

Let x = Y, 2(F, +V5)/2L, we have

VXEka—k+1(/X)
Kra—k(y/X)

S|

and
? _ ?2 + X[Kka—k-ﬁ-Q(\/)i() _ (Kka—k-ﬁ-l(\/y) )2]

Kra—r(v/X) Kra—1(v/X)

where K,[e] is the modified Bessel functions of the second kind.

12



4.4 q(¢;)

1), (10)
_ Jaz
Let p = T
1
— =y
¥j
and
Ej =1+1/p
Note that to calculate ELBO, we need to use the following optimal ¢ density of ;.3
¥; 1/2 —(¥; — p)?
N = (2L 11
alty) = () expl =) ()

4.5 q(¢;)

. 2 =
(&) ~ giG(a —1,1,2/0; + (V;)?) (12)
Let w = 2\/?3 + (V;)2, we have

¢ _ VEK(/B)
/ Kafl(\/a) ’

and

var(ey) = (VD - (L,

where var(e) denotes the variance.

Scaling £, we have

5o b

B

31f x is distributed as f(z), then y = 1/x is distributed as y%f(%)

13



and
| war(g)

7 L)
SR DU

Thus, the optimal ¢ density of ¢; takes the following form:

k k
a(6;) ~ giGla — 1,3 €;,(2/0; + (V;)2)/ (O )l

4.6 FELBO

The evidence lower bound (ELBO) is as follows:*

ELBO = E{logp(y7 07 027 (ba T, 7/})} - E{logq(ga 023 ¢a T, %ZJ)}
= E{logp(yl0,0°, ¢, 7,9)} + E{log p(0)} + E{log p(o?)}

+ E{logp(¢)) + E(log p(1)} + E{log p(7)}

— E{log(q(0))} — E{logq(o®)} — E{log ()} — E{log q(¢)} — E{logq(v)} + ...

where

Bllogply}0%.6.7.1)) = 5 log(2x) ~ 5 -biv + ) + og(S) = 257

u+%

k 1 1 .
E{logp(0)} = —5 log(27) — §E[log V]| — 5[9 V70 +tr(V V)],
2 T — S
Blogp(0™)} = vlogS ~1ogT(v) — (v~ D[-(v + +) +log(S)] (o),

l/+%

k k 1 —
E{logq(0)} = *(5 + 5 log(27) + 5 log [Vil),

(14)

(18)

41t is seen that the ELBO described below contains many constant terms. These terms need to be dropped from

ELBOs in VB iterations to speed up the process.

14



E{logq(c ™)} = —[v + % —log(S) + log(T'(v + g)) - v+ g — (v + %)] (19)

Notice that

E{logp(yl0,0°, ¢,7,9)} + E{log p(8)} + E{log p(c®)} — E{log(q(0))} — E{logq(c?)}

_ g — 3 log(2m) +  los((V)) — 3 Blloa(V]] — 5[0V "8+ tr(V""¥)] + v los(s) ~ logT(»)

T T
= (v + ) log(3) + log(v + )
1, 1 1 = i T
=3 log(|V]) — 5E[10g(|V|)] — 5[0 V>0 +tr(V= V) — (v + E)log(s) + Const.
(20)
Above terms are the baseline ELBO discussed in Gefang et al. (2022). The additional terms

are as follows:

E{logp(r)} = —logT'(ka) — ka[/ooo(q(r) log T)dr] — 0.57

o (21)
= —ka[/o (¢(1)logT)dr] — 0.57 + Const.
k 1 1 k
E{logp(¥)} = Z(log —0.59;) 52 + Const. (22)
k 00
E{log p(¢) = logT'(ka) — klogT(a) — (a — 1) Z / q(6;)log ¢;)do;]
A =t (23)
~--n) /0 (4(65) log ;) ddy]
E{loga(r)} = / ) loga(r)dr. (24)
k 00
Ellogg)} =Y /0 4(5) log (t;)de; (25)
j=1

15



k 0o
Flloga(@)} =3 / a(6;) log a(6,)dé,
j=1"0

Terms in EIBO that do not have clear analytical forms can be numerically estimated.

16

(26)



Online Appendix C: Heatmaps of the spatial weights matrices

1 Models where N = 50

(a) Sparse Wy, (b) Dense Wh
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Figure C1: True spatial weights matrices
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0.4, T = 30 and dense Wn0

(b) Ao

0.4, T'= 30 and sparse W’“O

(a) 2o

H

(d) Ao = 0.6, T = 30 and dense Wno

(C) Ao = 0.6, T'= 30 and sparse Wy

(f) Ao = 0.4, T =100 and dense VVnO

(e) Ao = 0.4, T = 100 and sparse Wy,

(h) Ao = 0.6, T"'= 100 and dense Wn0

0.6, T' = 100 and sparse W"O
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(a,) Ao = 0.4, T'= 30 and sparse W"O (b) Ao = 0.4, T = 30 and dense VV,L0

(C) A = 0.6, T = 30 and sparse VVn0 (d) A = 0.6, T = 30 and dense ‘/Vn0
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(e) Ao = 0.4, T"'= 100 and sparse W”o (f) Ao = 0.4, T = 100 and dense Whng
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Figure C3: Estimated spatial weights matrices with horseshoe priors
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2 Models where N = 100

(b) Dense Wn0

(a) Sparse Wn0

1ces

True spatial weights matri

Figure C4
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(a) Ao = 0.4, T = 50 and sparse Wi, (b) Ao = 0.4, T = 50 and dense Wi,

(C) Ao = 0.6, T = 50 and sparse

(g) Ao = 0.6, T = 200 and sparse Wy, (h) 2o = 0.6, T = 200 and dense Wy,
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Figure C5: Estimated spatial weights matrices with D-L priors
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(a,) Ao = 0.4, T = 50 and sparse W

(b) Ao = 0.4, T = 50 and dense Wi,

025

Figure C6: Estimated spatial weights matrices with horseshoe priors
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Online Appendix D: More plots on VB estimates vs. MCMC posterior draws

In this appendix, we present the MCMC posterior draws, VB estimates, and true para-
meters corresponding to the non-zero elements of the spatial weight matrices. We use W1,
n =? to indicate the non-zero element preceding the diagonal entry in the n** row of the
spatial weight matrix, and Ws, n =7 to indicate the non-zero element that following the
diagonal entry in the n'* row of the spatial weight matrix. Each subfigure displays the
histogram of MCMC posterior draws (in light blue), the VB point estimate (in red), and
the true value of the parameter (in dark blue).
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Figure D1: Plots of MCMC posterior draws against VB estimates and true parameter values, with D-L

priors
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Figure D2: Plots of MCMC posterior draws against VB estimates and true parameter values, with D-L
priors 25



Figure D3: Plots of MCMC posterior draws against VB estimates and true parameter values, with D-L

priors
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Figure D4: Plots of MCMC posterior draws against VB estimates and true parameter values, with
horseshoe priors 27
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Figure D5: Plots of MCMC posterior draws against VB estimates and true parameter values, with
horseshoe priors 28



Figure D6: Plots of MCMC posterior draws against VB estimates and true parameter values, with
horseshoe priors 29



Online Appendix E: Data Sources

Spreads: monthly data from Statistical Data Warehouse, European Central Bank
Ratings: monthly data from Fitch, Standard and Poor’s and Moody’s

The ratio of government debt to GDP: quarterly data from Thomson Reuters Data-
stream

Real GDP growth: quarterly data from Thomson Reuters Datastream

Current account balance as a percentage of GDP: Either monthly or quarterly data
from Thomson Reuters Datastream

Harmonised Consumer Price Index: monthly data from Thomson Reuters Datstream

Political uncertainty: quarterly data from IFO World Economic Survey. Two vari-
ables have been used in order to create the variable political uncertainty. 1) The
present climate for foreign investors, political stability (which was discontinued),
which was updated with information from the new variable, 2) Political instability,
using an appropriate mapping for the reported values of each variable.
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