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The tripled fixed point is a generalization of the well-known concept of “coupled fixed point” In this paper, tripled coincidence
and common fixed point results for two hybrid pairs consisting of multivalued and single valued mappings on a metric space are
proved. We give examples to illustrate our results. In the process, several comparable coincidence and fixed point results in the

existing literature are improved, unified, and generalized.

1. Introduction and Preliminaries

The study of fixed points for multivalued contraction map-
pings using the Hausdorff metric was initiated by Nadler
Jr. [1]. After this, fixed point theory has been developed
further and applied to many disciplines to solve functional
equations. Banach contraction principle has been extended
in different directions. Some authors used generalized con-
tractions for multivalued mappings and hybrid pairs of single
and multi-valued mappings, while others used more general
spaces. Dhage [2, 3] established hybrid fixed point theorems
and obtained some applications of presented results. Gnana
Bhaskar and Lakshmikantham [4] introduced the notion of
a coupled fixed point and proved some coupled fixed point
results under certain contractive conditions in a complete
metric space endowed with a partial order. They applied their
results to study the existence and uniqueness of solution for
a periodic boundary value problem associated with a first-
order ordinary differential equation. Later, Lakshmikantham
and Ciri¢ [5] established the existence of coupled coincidence
point results to generalize the results of Gnana Bhaskar and
Lakshmikantham [4]; Karapinar [6] generalized these results
on a complete cone metric space endowed with a partial
order. Recently, Berinde and Borcut [7, 8] introduced the

concept of a tripled fixed point for nonlinear contractive
mappings in partially ordered complete metric spaces and
obtained tripled coincidence and fixed point results for com-
muting maps. Hussain et al. [9, 10] obtained some coupled
and tripled coincidence results without compatibility. Ili¢
et al. [11] obtained coupled coincidence and common fixed
point theorems for a hybrid pair of mappings. For other
related results in this direction, we refer to [12-16] and
references mentioned therein. The purpose of this paper is to
obtain tripled coincidence and common fixed point results
for two hybrid pairs consisting of multivalued and single
valued mappings.

Let us recall some definitions and well known results
needed in the sequel.

Let (X,d) be a metric space. For x € X and A ¢ X,
we denote d(x,A) = inf{d(x,y) : y € A}. The set of all
nonempty bounded and closed subsets of X is denoted by
CB(X). Let H be the Hausdorft metric induced by the metric
d on X; that is,

H (A, B) = max <lsupd (x, B), supd (y, A)]» , 1)

x€A y€B

for every A, B € CB(X).
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Lemma 1 (see [1]). Let A,B € CB(X) and o > 1. Then, for
every a € A, there exists b € B such that

d(a,b) < aH (A, B). 2)

Lemma 2 (see [1]). Let A,B € CB(X) and 0 < « € R. Then,
for every a € A, there exists b € B such that

d(a,b) < H(A,B) + a. (3)

Lemma 3 (see [1]). Let A, B € CB(X). Ifa € A, thend(a, B) <
H(A, B).

Definition 4. Let X be a nonemptyset, F: X x X x X — 2X
(collection of all nonempty subsets of X) and g : X — X.
An element (x, y,z) € X x X x X is called (i) a tripled fixed
point of F if x € F(x, y,z), y € F(y,z,x),and z € F(z,x, y)
(ii) tripled coincidence point of a hybrid pair (F, g) if g(x) €
F(x, y,2), g(y) € F(y,z,x) and g(z) € F(z, x, y) (iii) tripled
common fixed point of a hybrid pair (F,g) if x = g(x) €
F(x,y,2), y = g(y) € F(y,2,x),and z = g(z) € F(z,x, y).

We denote the set of tripled coincidence point of a hybrid
pair (F, g) by Y(F, g). Note that if (x, y,z) € Y(F, g), then
(y,2,x) and (z, x, ) are also in Y(F, g).

Definition 5. Let F: XxXxX — 2Xandg: X — X.Then
the hybrid pair (F, g) is called w-compatible if g(F(x, y,z)) <
F(gx, gy, gz) whenever (x, y,z) € Y(F, g).

Definition 6. Let F: X x Xx X — 2¥and g: X — X.The
mapping g is called F-idempotent at some point (x, y,z) €
X x X x X if g*(x) € F(gx, gy, g2), g°(y) € F(gy, gz - gx),
and g°(z) € F(gz, gx - gy).

2. Main Result

Theorem 7. Let (X, d) be a metric space, S,T : X x X x X —
CB(X) and let g : X — X be mappings such that

H(S(x,y,2), T (u, v, w))

< ayd (gx, gu) + a,d (gy, gv) + asd (92, gw) W
+a,d (S(x, y,2), gx) + asd (T (u, v, w) , gu)

+agd (S(x, y,2),gu) + a,d (T (u,v,2), gx),

forall x, y,z,u,v,w € X, where a; = a;(x, y,z,u,v,w), i =
1,2,...,7, are nonnegative real such that

a+a,+as+a,+as+agt+a, <h<l (5)

IFS(XxXxX)UT(X x X xX) € g(X) and g(X) is complete
subset of X, then (S, g) and (T, g) have tripled coincidence
point. Moreover (S, g) and (T, g) have tripled common fixed
point if one of the following conditions holds:

(i) (S, g) and (T, g) are w-compatible, lim,,_, ..g"x = u,
lim,_, 9"y = vandlim,_ g"'z = w for some
(x,y,2) € Y(S,9) N Y(T,g), u,v,w € X and g is
continuous at u, v, w;
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(ii) if ¢°x = gx, g°y = gy, and g’z = gz and g is S, T-
idempotent for (x, y,z) € Y(S, g) N Y(T, g);

(iii) g is continuous at x, y, zforsome (x, y,z) € Y(g,S)N
Y(g,T) and for some u,v,w € X;lim, _, g"'u = x;
andlim,,_, ..g"v =y andlim,_, . g"z = w.

Proof. Let x,, ¥9,2, € X be arbitrary. Choose x,, y;,2, €
X such that gx; € S(xp, ¥p,20)> g1 € S(¥p» 2> %) and
gz, € S(zy, %y ¥y)- Choose x5, y,,z, € X such that gx, €
T(x1, y1521)s 9y, € T(y1,2, %), and gz, € T(zy, x, y;). This
can be done because S(X x X x X)UT(X x X x X) € g(X). If

a=a,=0a3=0a,=0a;=adg=a, =0, (6)
then
d(gx,, T (%1, 31,21)) < H(S (%0, 0, 20) > T (%1 31> 21)) = 0,

d (9x5, S (%3, ¥2,2,)) < H (T (x1, 1,21) S (%3 ¥2,23)) = 0.
(7)

Imply that

d(gx,, T (x, 1,2,)) =0, d (gxy S (x5, ¥2,2,)) = 0.

(8)
As T(xy, y1,2,) and S(x,, y,, z,) are closed,

g%, € T (x), y1,21) 9%, € S(xp y2,25) . (9)

Similarly

gn €T (n21,%,)s 9, €S(¥2.22, %),

(10)

92, € T (21, %1, 1) » 92, € S(25, %5, ) -

Hence (x;, y;,2;) and (x,, ¥,,2,) are tripled coincidence
points of pairs (T, g) and (S, g), respectively. Now assume that
a; > 0, for some i = 1,2,...,7 which gives that h > 0;
therefore, there exist

t, €T (y1,21, %),

ty €S(xy ¥2,2,) 5 (1)

ty €T (xp,y1.21),
ty € T (21, %1, 1),

ts € S(y2 22 %) te € S(23, %3 72)

such that

h
d(gxi.t)) < H (S (%0 ¥o» 20) » T (%15 31, 21)) + .

(o) Q) e

d(gyi-ty) < H(S (¥o> 200 %) » T (y1- 21, 1)) + =

=

d(gz;,t;) < H (S (29, % ¥9) » T (21, %1, 1)) + s
(12)

h
d(gxyty) < H(T (x5 91,21)5S (X0, 15, 25)) + &

(o) e

d(gysts) < H(T (1,21, %1),S (12,22, %5)) + —,

=

d(gzyts) < H(T (21, %1, 1) S (25, %3, 1)) + 5
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Since S(X x X x X)UT(X x X x X) € g(X), there exist x,, y,, By (4),
Z,, X3, ¥3, and z; in X such that t; = gx,, t, = gy,, t3 = g2,,
t, = gxs, ts = gys> and tg = gz;. Thus

h d (9x2n+1’9x2n+2)
d(gx1, 9x;) < H(S(x0, %0, 20) T (%1, y1521)) + A
d(gy1>9y2) < H (S (¥o> 20 %) » T (71,21, 1)) + g, < H (S (X3 Yomr Z20) s T (X2415 Yans1> Zana1)) + v
h
d (921, 92,) < H (S (20> %05 %) » T (21, %15 1)) + P < ayd (9% 9Xoni1) + Bd (9Y20> GY2n41)
(13)
h
d(gxy, gx3) < H(T (%1, 31,21) S (%35 120 25)) + P + a3d (922 9Zoni1) + A4d (S (X2 Yars Zon) > G%2)
h
d(gy» 9y3) < H(T (31,21, %), S (¥, 25, %;)) + PR +asd (T (X415 Yons1> Zons1) s 9%on11)
h
d (925, 923) < H (T (21, %1, 1) S (22, X3, 33)) + 6 + agd (S (Xam Yo Zan) > G%2041)
Continuipg this process, we obtain three sequences {x,}, {,}, +a,d (T (Xe1> Vons 1> Zons1) > G%on) + H
and {z,,} in X such that 6
%41 € S (Xas Yans Z2) » 9Yann1 € S (Vo Zows Xn) » < ayd (9% GXoni1) + %A (9Y2n> GY2n41)
oans €S (2o X Yon) +a3d (92op> 92Zops1) + A4 d (X415 9X0)

%212 € T (X2p415 Yans1> Zans1) s
+asd (%212 GXons1) + A6 (9%2n11> GXons1)

Yoz € T (Vans1> Zansrs Xanse1) »
n

9Zons2 € T (Zanst> Xanr1> Yans1) » +a;d (%42 GXon) + s
(14) (16)

with

d (9%on1> G%ons2) which further gives

n

< H (S (X3 Yans Zan) > T (X215 Yans1s Zans1)) + r

(1 —as — 07) d (gx2n+1> 9x2n+2)

d (gy2n+1’ 9)’2n+z)
W < (@, +aq + a;) d (9% 9%241) 17)
< H (S (Yam Zoms X2n) > T (Vans 1> Zans1 Xams1)) + rE
hn
d , d , —.
d(92y11> 9Zm12) + ayd (92> GYoni1) + @A (9200 9Zoni1) + 3
< H (S(25 X9 Yon) > T (Zaps15 X2n11> Yon +—
(S a5 Yn) T Fansto Kansr: Y )) 6 Similarly it can be shown that
d (9x2n+2> 9x2n+3)
hn

< H (T (%2415 Yane1> Zans1) > S (Xane2s Yanszs Zonsn)) + I (1= a5 - ;) d (9y2011> G2nr2)

< (ay +ay +a;) d (9Y2 Y2n41)

d (9Yams2> GYons3) )
n + a,d (925> 92ome1) + B34 (9%0 9%ope1) + —>
<H (T (y2n+1x 22n+l’x2n+1)>s (y2n+2> ZZn+2>x2n+2)) + %, 2 (g w % +1) ? (g m 9%2 +1) 6 (18)
d (9zyp12> 9Zons3) (1= a5 - a;) d (923141> 9Z2n12)
2n+2> 2n+3
" < (ay +ay +a;) d (922 9Zon11)
< H (T (211 Xons1> Yani1) > S (Zans2s Xm0 Yonan)) + ra -

(15) + a,d (%2 G%2n41) + 338 (9Y20> GV an) + &



Again

d (9%425 9%on11)

h
<H (T (‘x2n+1’ y2n+1’z2n+1) N (x2n’ Yon> ZZn)) + Z

< ayd (g%241> 9%2,) + A (9Y2n115 GYon)
+ a3d (9Z3n11> 9%2n)

+ayd (T (X3011> Yans1> Zone1) > GXons1)

d(
+ an (S (xZn’ Yon> z2n) > ngn)
d(

19
T (x2n+1> Yon+1> Zzn+1) > ngn) (19)

n

h
+a;d (S (X2 Yams Zon) > GXome1) + 3

< ayd (9%yn11> 9%2) + B A (GYani1> GY2n)

+ dg

+ a3d (92Zopi1> 9Z2n) + A4 A (9% 2042 GXon11)

+ asd (g% 9%an) + 06d (GXan12> GX20)

+ a,d (gXgn11> GXonin) + 5’

which implies
(1 —ay = as) d (9x2n+2’ 9x2n+1)

< (ay + a5 + ag) d (9%301, 9%n) (20)
n

h
+ ayd (9Yane1> 9Y2n) + A (922011 GZ0n) + ra
Similarly, it can be shown that

(1 —ay = as) d (9)’2n+2’g)’2n+1)
< (a, + as + ag) d (9Yane1> 9Y2n)

+ ayd (9230015 922) + Ad (9%0115 GXon) + —
(21)
(1= ay - a5) d (922425 9Z2011)

< (a, + as + ag) d (923n41> 9220)
n

+ ayd (9Xop11> GXon) + 334 (GY2041> GY2n) + r
Let

Osne1 = A (9%ons1> G%ons2) + A (9Yani1> GYans2) 22)
+d (92415 9Zons2) -

From (17) and (18), we get
hn
(1-as—ay) 8y, <(a,+a,+ay+a, +a,)8,, + 5
(23)
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From (20) and (21) we get

n
(1-ay—ag) 8541 < (@) +ay + a5 + a5 +ag) 85, + —

(24)
Adding (23) and (24), we obtain
(2-a,-as-as - a;) 6y
(25)
< (2a, +2a, + 2a; + a, + as + ag + a;) 8,, + H".
Since by inequality (5), we get
a+a,+as+a,+as+ag+a, <h<l (26)
Hence
2(a, +ay +a;) +a, +as +ag +a,
=2(a1 +a2+a3+a4+a5+a6+a7)
—(a, +as +ag+ay)

(27)
<2h-(a, +as +ag+a,)
<2h-h(a,+as+ag+a,)
<h(2-a,-as—ag—a,).

Then from (27), we get
(2-ay—as —as - a;) Oy
(28)
<h(2-a,-as—as—a;)0,, +Hh"
As1/2-a,—as—ag—a;) <1,
8yps1 < hS,, +H". (29)
By the similar process as above, we can show that
8, < hdy, | +H". (30)
Thus we have
Osps1 < h (K6, +H") +H"
=16, + W+ 1"

(31
<h (h82n_2 + h"ﬁl) + W

=18, , +20"™" + .
Continuing this process, we obtain

Oypey < K18, + nk™ 4 B

2n+1
< W™ (W8, + h) + nk™ + 1
— hn+281 + hn+2 + nhn+1 + hn
(32)
< W™ (W8, +1) + K™ + nh™! + 1"
— hn+380 + 2hn+2 + nhﬂ+1 + hn

<H'Sy + (n+3)H".
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Similarly

8py Sh(hOy o + W' ) + ' = W28, , + 20", (33)
Continuation of this process implies that

8,, <8, +2n-1H'

<h" (h8y +1) + 2n-1) K"

(34)
= "8, + W+ 2n- 1) K"
< W8, +2nh".
By (32) and (34), we have
8, <H™8, + 20" + (n+ 1)K
(35)
< W'y +2nh" Vn>3.
That is,
8, < '8, + 2nk" (36)

holds true for all n > 3, where

8, = d (9%, 9%ni1) + A (9Y> GYi1) + A (920 gznﬂ)& |
37

Now for every m,n € N with m > n > 3, we have

A (9% G%min) + A (V> Gmin) + A (92> GZimin)
= d (gxn’ gxnﬂ) + d (gxn+1’gxn+2)
+etd (gxn+mfl’gxn+m) +d (gyn’ gynﬂ)
+d(GYns1> Pni2) ++ + A(GVim-1> Tnem)
+d (gzn’ gzn+1) +d (gzn+l> gzn+2)
(38)
+o+d (gzn+m—1’ gzn+m)

< (W8 +2nh™) + (W8, + 2 (n+ 1) ™)

oot (h”*m’l(So +2(n+m-— l)h’”m*l)
m+n—1 . m+n—1 .
g( Y Ko +2 ) ih’).

Since h < 1, we conclude that {gx,}, {gy,}, and {gz,} are
Cauchy sequences in g(X). By completeness of g(X), there

exists x, y,z € X such that gx, — gx, gy, — gy, and
gz, — gz. Then from (4), we get

d(T (x,3,2),9x) <d(T (x,,2), 9%311) + d (X115 GX)
d(T (x, y,2) gx)

< H(T (%, 3,2),S (X3 Yo 220)) + d (%15 9X)

< a,d (9x, 9%5,) + a,d (9Y, 9Y2n) + a3 (92, 925,)
+ayd (T (x, y,2), gx) + asd (S (X2 Yaw> Z20) » 9%20)
+agd (T (%, y,2) , g%3) + A (S (X35 Vo> 22) » 9%)
+d (gx241> 9X)

< a,d (9%, 9x3,) + a2d (9Y 9Yan) + 3 (92 925)
+a,d (T (x,y,2), gx) + asd (9Xo.1, 9%21)
+agd (T (%, ¥, 2) > g%a,) + 870 (9X31> GX)

+d (gx2n+l’ gx) .
(39)

On taking limits as n — o0, we get
d(T (x..2),9x) < (a; + ag) d (T (x, 3, 2) . gx),  (40)
which implies that
d(T (x,y,2),gx) = 0. (41)

And hence gx € T(x,y,z). Similarly gy € T(y,z,x),
gz € T(z,x,y). And gx € S(x, y,2),gy € S(¥,2,%), gz €
S(z, x, y). Thus (x, y, z) is a tripled coincidence point of (S, g)
and (T, g). Suppose that (i) holds; then, for some (x, y,z) €
Y(g,S) and Y(g,T), we have gx € S(x, y,2), gy € S(¥,2,x),
gz € S(z,x,y), and gx € T(x,y,2), gy € T(y,2,x), gz €
S(z, x, y). Since (S, g) and (T, g) are w-compatible, we have

9(S(x,».2)) € S(gx gy, 92)
(42)

9(T (x.,2)) < T (9. 97, 92),
for (x, y,2z) € Y(g,S) and Y(g, T). Since gx € S(x, y,z), gy €
S(y,2,x) and gz € S(z, x, y). So g*x € S(gx, gy, gz), g’y €
S(gy, 9z, gx), and gzz € S(gz, gx,gy) (= (gx,gy,gz) €
Y(g,9)). Similarly g*x € T(gx, gy, 92), g°y € T(gy, gz, gx),

and gzz € T(gz. gx,gy)(= (gx.gy,92z) € Y(g,1)).
Continuing in this way, we get

gnx €S (gn—lx’ gn—ly’ gn—lz) ,

gny € S (gn—ly) gn—lz’ gn—lx) , (43)

gnz €S (gn—lz, gn—lx’ gn—ly) ,
which implies

(9% 9" " 9.9""2) €Y (g.9),
(44)

(9% g" "y, g"'2) €Y (g, T)



foralln > 1 and

gnx €S (gn—lx’ gn—ly, gn—lz) ,
(45)

gnx eT (gn—lx) gn—ly) gn—lz) )

Since lim,, _, ,g"x = u, lim,,_, ..g"y = vand lim,_, . g"z =
w for (x, y,z) € Y(S, g) and Y(T, g) and g is continuous at u,
vand w, so we have u = gu, v = gv, and w = gw. Now using
(4), we get

d(gu,S (u,v,w)) <d(gu, g"x) +d (g"x,S (u, v,w)),
d (gu S (u,v,w))

<d(gu,g"x)+H (T (g"ﬁlx, 7'y, g"ilz) .S (u, v, w)) ,
d (gu. S (u, v,w))

<d(gu,g'x) + ad (g"x, gu) + a,d (g"y, gv)

n-1 n—

+ayd (g"z, gw) + a,d (T (g %9 'v,g lz) , g"x)

+asd (S (u,v,2), gu)

n—

+agd (T (g"ilx, 9 'v.9 lz) , gu)
+a,d (S u,v,w),g"x)

<d(gu,g"'x) +a,d(g"x, gu)
+a,d (g"y, gv) + a:d (g2 gu)
+a,d(g"'x, g"x) +asd (S (w, v, 2), gu)

+agd (g"x, gu) + a,d (S (u, v,w), g"x).
(46)

On taking limits asn — o0, we get

d(gu,S (u,v,w)) < (as +a,)d (gu, S (u,v,w)),  (47)

which implies that
d(gu, S (u,v,w)) =0, (48)
and hence
gu € S(u,v,w). (49)
Similarly,
gveS(v,w,u), gw € S(w,u,v). (50)
Consequently,
u=gucSu,vw), v=gveSvw,u),
(51)
w=gweS(w,uv).
Similarly,
u=gucT (uv,w), v=gveT(wu)
(52)

w=gweT (w,u,v).
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Hence (u, v, w) is a tripled fixed point of (S, g) and (T, g). Now
suppose that (ii) holds. Since g is S, T-idempotent for some
(x,y,2) € Y(g,5) and (x, y,2z) € Y(g,T), we have gzx €
S(gx. 9y, 92), gy € S(gy, 92, 9%), g’z € S(gz, gx, gy),
and g°x € T(gx,gy.g92), g’y € T(gy. gz gx), g'z €
T(gz, gx, gy). Since we have g’x = gx, g’y = gy and
gzz = gz.So

gx=g'x€S(gx,9y.92),  gy=9g"y €S(gy.92 9%),

9z =g’z € S(92, 9%, gy) »

gx=g'x €T (gx,gy,92), gy =gy <T(g 92 9x),
9z =g’z € T(gz, gx, gy) -
(53)

Hence (gx, gy, gz) is a tripled common fixed point of (S, g)
and (T, g). Now suppose that (iii) holds. For some (x, y, z) €
Y(g,S) and Y(g,T'), we get

gx €S(x,9,2), gy €S(y.z,x),
9z €S(z,x,y), gx €T (x,9,2), (54)
gy eT(y.2x), gzeT(zxy).

Since g is continuous at x and y, we get gx = x, gy = y, and
gz = z. Thus

x=gxeS(x,y,2), y=gyeS(yzx),

z=gz€S(z,x,y), 5)

x=gxeT(x,y2), y=gyeT(y.zx),

z=9gz€T(z,x,y).
This implies that (x, y, z) is a tripled common fixed point of

(S, g) and (T, g). ]

If in Theorem 7, S = T,g = I (the identity mapping),
then we have the following result.

Corollary 8. Let (X, d) be a metric space and T : X x X x
X — CB(X) such that

H(T (x,9,2),T (u,v,w))
< ayd (x,u) + ayd (y,v) + a3d (2, w)
(56)
+a,d(T (x,y,2),x) +asd (T (u, v,w) ,u)
+agd (T (x,y,2),u) + a,d (T (u,v,2) , x),

forall x, y,z,u,v,w € X, where a; = a;(x, y,z,u,v,w), i =
1,2,...,7, are nonnegative real satisfy (5). Then T has a fixed
point.

Corollary 9. Let (X,d) be a metric space and S, T : X x X x
X — CB(X) and g : X — X be mappings such that
H(S(x,,2),T (u,v,w))

K (57)
<3 [d (gx, gu) +d (gy, gv) + d (g2, gw)]
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forall x, y,z,u,v,w € X, wherek € [0,1). If S(X x X x X) U
T(X x X x X) € g(X) and g(X) is complete subset of X. Then
(S, g) and (T, g) have tripled coincidence point. Moreover (S, g)
and (T, g) have tripled common fixed point if anyone of the
conditions (i)-(iii) of Theorem 7 holds.

Theorem 10. Let (X, d) be a metric space and S,T : X x X x
X — CB(X)and g: X — X be mappings such that
H(S(x, y,2),T (u,v,w))

< hmax {d (gx,gu),d (gy, gv).d (g2 gw),

d(S(x,y.2),9x),d(T (u,v,w), gu),

d(S(x,y,2),9x) +d(T(u,v,z),gu)]>
2
(58)

for all x,y,z,u,v,w € X, where h € [0,1). If S(X x X x
X)UT(X x X x X) € g(X) and g(X) is complete subset of X.
Then (S, g) and (T, g) have tripled coincidence point. Moreover
(S, g) and (T, g) have tripled common fixed point if one of the
conditions (i)-(iii) of Theorem 7 holds.

Proof. Let x,, ¥9,2, € X be arbitrary. Choose x;, y;,2, €
X such that gx; € S(xy, ¥9,20)> g1 € S(¥y» 20> %) and
gz, € S(zy, xy, ¥p)- Note that T'(x,, y1,2,), T(y;,2;, %) and
T(zy,x,, y;) are well defined. Choose x,, ¥,,z, € X such
that gx, € T(x,y,2), gy, € T(y,z,%)), and gz, €
T(z,x, y,)- If b = 0, then following similar arguments
to those given in Theorem 7, we obtain that (x,, ¥;,2;) and
(x5, ¥5,2,) are tripled coincidence point (T, g) and (S, g),
respectively. Now assume that & > 0, set k = 1/+vh. Then
k > 1, so there exists

ty €T (xp,¥1,21)5 ty €T (y1,21,%)s

ty € T (2%, 1) ty €S(xp 92:2,) (59)

ts €Sy 2 %)) te € S(22:%2 1)

such that

d(gxy,t;) < kH (S (%0, Y0, 20)» T (1> y1,21)) »
d(gy1>ts) < kH (S (¥p> 205 %0) > T (31,21 %1)) »
d(gz1,t3) < kH (S (29, X0> ¥0) > T (215 %1, 1)) »

d(gxyty) < kH (T (x5 y1,21),S (%3, 12, 25)) s

d(gysts) < kH (T (1,21, %1) S (2,22, X5)) »

d(gzyts) < kH (T (21, %15 31) S (225 %3, 1)) -
(60)

Since S(X x X x X)UT(X x X x X) € g(X), there exist x,, ¥,
Z,, X3, V3, and z, in X such that t; = gx,, t, = gy,, t; = g2,,
t, = gxs, ts = gys, and tg = gz;. Thus

d(gx1, gx,) < kH (S (xo, ¥9» 29) > T (X1, ¥1,20)) »
d (gy1> 9y2) < kH (S (¥, 20: %0) > T (31> 21, %1)) »

d(gz,, gz,) < kH (S (29, %5 o) > T (21, X15 11)) »
(61)

d (gx2,gx3) <kH (T (x1>)’1’z1)>8 (x2>)’2’zz))>
d(gy» gy;) <kH (T (1,215 %1) S (12,22, X5)) »

d (923 923) < kH (T (21, %1, 1) »S (225 %55 1)) -

Continuing this process, we obtain sequences {x,}, {y,},
and {z,} in X as gxp,,1 € S(Xp YopsZon)s GVonn1 €
SYans Zons X2n)> GZani1 € S(Zow Xpus Yap)> and gxy,, €

T(X2p415 Yons1> Zans1)> GVans2 € T(Vapi1> Zans1> Xone1 )
9%z € T(Z3n415 X115 Yans1) such that

d (%1 9%2ns2)
< kH (S ('xZn’ Yow ZZn) > T (x2n+1’ Yont+1> 22n+1)) >

d (gy2n+1 > 9)’2n+z)

< KH (S (Y20 Zams X20) > T (V2415 Zane1> Xami1)) »

d (9Z2n+1) 922n+2)

< kH (S (2o X200 Y2n) > T (Zans 1> Xame1> Yans1)) »

d (9x2n+2’ 9x2n+3)

< KH (T (X30015 Yane 1> Zani1) S (X425 Yanszs Zansa)) »

A (9Y2ns2 9Y2ns3)

< KH (T (Yans1> Zons1s Xan11) > S (Vans2s Zanss Xone2)) »

d (922n+2’ g22n+3)

< kH (T (o415 Xan115 Yane1) »S (Zanss Xans2s Yanea)) -
(62)



From (58), we have

d (9x2n+1’ 9x2n+2)

< kH (S (%2 Yam Z2n) » T (%2015 Vane1> Zane1))

< Vhmax {d (%2 9%211) >4 (9Y2> GY2011) »
d (923 9Z2n11) » 4 (S (X3 Yo Z2n) » 9%20) »
d (S (X2 Yo Zon) » 9%2n) »

(T (x2n+1’ Yont1> Zzn+1) > 9Xon+1

1
+ (S (X Yo 220) - %) 5 |

< Vhmax Jld (9% 9%2n11) > A (Y200 GV 2001) »
d (gZZn’ gZZn+1) > d (gx2n+1’ ngn) >
d (9%X2n41> 9%2n) > (A (9% 242> GXons1)

1
+d (gX241> 9%2n)) 5}

< Vhmax {d (9%20-1> 9%20) » A (9Y2n-1> GY2n) »
d (92215 gZZn)} >
d (gXZn’ gx2n+1)
< Vhmax {d (9%2-1>9%2n) > A (V201> GV2n) »

d (921> 9220) » A (9% GX2p1) 5
d (9x2n+1’ 9x2n) >

d (gx2n’ ngn—l) +d (gx2n+l’ g'xZn) }
2

< Vhmax {d (9%20-1> 9%20) » A (9Y2n-1> GV2n) »
d (921> 922) » A (%2415 ngn)} .

(63)

Hence, if we suppose that d(gx,,, 9xy.1) <
VAd(gXs1» 95,), then

d (g% 9Xoni1) = 0. (64)

Therefore,

d (gx2n> gx2n+1)
< Vhmax {d (9%2n-1>9%2,) A (9Y20-15 GY2n) » (65)

d(922-1> 922)} -
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Similarly, we obtain

A (9Yam 9Yans1)
< Vhmax {4 (9Yan-1>9Y20) » A (92215 922 »
d (ngn—l’ ngn)} >

(66)
d (922> 9Z2m11)
< Vhmax {d (92, 1> 922,) »d (9%2-1> 9%0) »
d(9yan-1> 9y} -
Using (65) and (66), we obtain for all € N
d (g%, g%n1) < (VR)'S,
d(gym gyunr) < (VR)'S, (67)

d (gz,,, gzn+1) < (\/E)”&

where § = max{d(gx,, gx,),d(gy,> gy1), d(gzy> gz;)} Thus
for m,n € N with m > n.

d (9%> 9% in)
< d (gxw gxn+l) +d (gxn+1’gxn+2)
+o+d (gxn+m—1>gxn+m)

(68)
< (VR)'s+ (VB)" 6+ (VR)™ s

Hence we conclude that {gx,} is a Cauchy sequence in
g(X). Similarly, we obtain that {gy,} and {gz,} are Cauchy
sequences in g(X). Since g(X) is complete, there exists
x, ¥,z € X such that gx, — x, gy, — y,and gz, — =z.
Thus from (58),

d(T (x,y,2),gx)
<d (T (x,3,2), gXpn1) + d (9% 241> 9%)
< H (T (%, ,2) S (X2 Yam> Zan)) + A (gX115 9X)

< hmax {d (9%, 9%3,) A (gy> 9y2n) -4 (92, 925, »

d(T (x,.2),gx),d (S (X2 Yaw> 9Z20) » G¥2n) »
(d(T(x, y,2), gx3)

1
+ (S (X Y 9720)95) 5 |

+d (g%41> 9%)
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< hmax {d (9%, 9%3,) A (gy> 9¥2n) -4 (92, 925,) »

d(T(x, y,2), gx),d (9%s1> 9%2) »

d (T (x,y,2), gx;,) +d (g%3,11> 9%) }
2

+d (gxy415 9%) .
(69)

On taking limitasn — oo, we get
d(T (x.,2),9x) <hd(T (x.y.2),9x),  (70)
which implies that
d(T (x,y,2),gx) = 0. (71)

As T(x, y,z) is closed, gx € T(x,y,z). Similarly, gy €
T(y,z,x), gz € T(z,x,y). Therefore (x, y,z) is a tripled
coincidence point of T' and g. Similarly, (x, y, z) is a tripled
coincidence point of S and g. Thus (x, y,2) is a tripled
coincidence point of (S, g) and (T, g). Suppose that (i) holds;
then, for some (x, y,2) € Y(g,S) and Y(g, T), we have gx €
S(x, y,2), gy € S(y,2, x), gz € S(z, x, y) and gx € T(x, y,z),
gy € T(y,z,x), gz € S(z,x, y). Since (S, g) and (T, g) are
w-compatible, we have

9(S(x,»,2)) < S(gx gy, 92)»
(72)

9(T(x,,2)) < T (gx, 9y, 92) »

for (x, y,2z) € Y(g,S) and Y(g, T). Since gx € S(x, ¥,z), gy €
S(y,2,x), and gz € S(z, x, y). So g°x € S(gx, gy, gz), g°y €
S(gy, gz, gx), and g’z € S(gz, gx, gy) (= (g9x, gy, gz) €
Y(g,9)). Similarly g°x € T(gx, gy, g2), g°y € T(gy, gz, gx)
and g’z € T(gz, 9% gy), (= (9x,gy.92) € Y(g,T)).
Continuing in this way, we get

(6" g "' y.g"'2) €Y (g.5),

1 1 1 (73)
(9% 9" " y.9"'2) €Y (g.T)
foralln > 1 and
gnx €S (gn—lx’ gn—ly’ gn—lz) ,
(74)

gnx eT (gn—lx’ gn—ly) gn—lz) )

And lim,,_, g"x = u, lim,,_, ,g"y = vand lim, _, ,g"z =
w for (x, y,2z) € Y(S,g) and (x, y,z) € Y(T, g). Since g is

continuous at u, v, and w, we have u = gu, v = gv,and w =
gw. Now using (58), we get

d(gu, S (u,v,w))
<d(gu,g"x)+d(g"x,Su,v,w))
<d(gu, g"x)
+H (T (g"_lx, 7"y, g"_IZ),S(u, v, w))
<d(gu,g"x)
+ hmax {d (9"x, gu).d (g"y, gv).d (9"z gw),
d (T (gn—lx) gn—ly) gn—lz) , gnx) ,
d(S(u,v,w),gu),
(d (T (gn—lx’ gn—ly’ gn—lz) , gnx)
+ d(S(u,vw),gu)) %} ,
<d(gu g'x)
+ hmax {d (9"x, gu),d(g"y,gv),d (d"z gw),

d(g"x,g"x),d (S (u,v,w), gu),

d(g'x, g"x) +d (S (u,v,w), gu) }
5 :

(75)
Taking limitasn — oo, we get
d(gu,S (u,v,w)) < hd (S (u,v,w), gu). (76)
Hence
d(gu,S (u,v,w)) =0, (77)
and therefore
gu € S(u,v,w). (78)
Similarly,
gveS(v,w,u), gw € S(w,u,v). (79)
Consequently,

u=gucSu,vw), v=gveSkwu),

(80)
w=gweSw,uv).

Similarly,

u=gucTuv,w), v=gveT(wu),
(81)

w=gweT (w,u,v).
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Hence (u,v,w) is a tripled common fixed point of (S, g)
and (T, g). Now suppose that (ii) holds. Since g is S, T-
idempotent for some (x,y,z) € Y(g,S) and (x,y,z) €
Y(g,T), we have g>x € S(gx, gy, g2), g°y € S(gy. gz, gx),
g’z € S(g9z,9x,9y), and g°x € T(gx,gy,gz), g°y €
T(gy, gz, gx), g’z € T(gz, gx, gy). Since we have g°x =
gx, g°y = gy and g’z = gz. So,

gx = g°x € S(gx, gy, gz) »
gy =3y €S(gy, 92 9x),
9z =g’z € S(g9z, g%, gy) »
, (82)
gx = g'x € T(gx, gy, gz),
gy =9y €T(gy, 92, 9x),
gz =g’z € T (gz, 9%, gy) -
Hence (gx, gy, gz) is a tripled common fixed point of (S, g)

and (T, g). Now suppose that (iii) holds. For some (x, y,z) €
Y(g,S) and (x, y,2) € Y(g,T), we get

gx €S(x,v,2), gy €S(y,w,x),
gz €S(z,x,y), gx €T (x,y,2), (83)
gy eT(y,w,x), gz €T (z,x,y).

Since g is continuous at x and y, we get gx = x, gy = y, and
gz = z. Thus

x=gxeS(x,y,2), y=gyeS(pwx),

z=gz€S(z,x,y), x=gxeT(x,y,2z), (84)

y=gyeT(ywx), z=gzeT(z,x,).
This implies that (x, y, z) is a tripled common fixed point of
(S, g) and (T, g). O

Conclusion. In this paper, we established tripled coincidence
and common fixed point results for a pair of hybrid mappings
in the context of complete metric spaces. These results are
extensions of results in [4, 5,11] to the case tripled coincidence
and common fixed points. Our results may be the motivation
to other authors for extending and improving these results to
be suitable tools for their applications.
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