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Abstract. A systematic theory of product and diagonal states
is developed for tensor products of Z2-graded ∗-algebras, as well
as Z2-graded C∗-algebras. As a preliminary step to achieve this
goal, we provide the construction of a fermionic C∗-tensor product
of Z2-graded C∗-algebras. Twisted duals of positive linear maps
between von Neumann algebras are then studied, and applied to
solve a positivity problem on the infinite Fermi lattice. Lastly,
these results are used to define fermionic detailed balance (which
includes the definition for the usual tensor product as a particular
case) in general C∗-systems with gradation of type Z2, by viewing
such a system as part of a compound system and making use of a
diagonal state.
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1. Introduction

Detailed balance is a central topic in Statistical Mechanics. In the
quantum setting, it has been extensively studied and developed, see
e.g. [3, 4, 17, 40, 41]. However, to our best knowledge, no formula-
tions specific to graded algebras, which include fermionic systems, are
present in literature.

The goal of this paper is to develop a general theory of product
systems (or compound systems) endowed with a gradation of type Z2,
and to use this theory as an abstract framework for formulating detailed
balance aimed specifically at fermionic systems.

A central notion in this respect is a tensor product for two Z2-graded
∗-algebras, which we refer to as the Fermi tensor product. We consider
this product in a very general algebraic point of view, and successively
study its completion in a natural norm, which is introduced here, cor-
responding to the maximal C∗-cross norm for the usual tensor product.

A crucial issue in product systems is the product of states. In the
special case of Canonical Anticommutation Relations (CAR for short)
algebras, which reduce to the C∗-completion of the infinite tensor prod-
uct of 2× 2 matrices (see Section 4), the product state was introduced
and studied in [8, 9], where the reader is referred also for some relevant
applications. These states have a central role in the study of distribu-
tional symmetries. Indeed, in [18, 19] it has been stated that they are
exactly the ergodic normalised positive functionals invariant under the
action of the infinite symmetric group on the Fermi C∗-algebra. The
theory of product states for the Fermi tensor product, which includes
the CAR algebra as a special case, is therefore developed here along
with their GNS representation.

Equally important is the diagonal state, which is a key construction
in the theory of joinings and related ideas in ergodic theory. Diagonal
states for the usual algebraic tensor product of von Neumann algebras
have been studied and used with much success in noncommutative
ergodic theory, see in particular [10, 11, 24, 25, 26, 32, 34]. They
are also important in quantum detailed balance, where they provide
an abstract version of maximally entangled states, see in particular
[28, 29]. It is therefore to be expected that a fermionic version of
diagonal states, formulated in terms of the Fermi product, is crucial in
the context of detailed balance for fermionic systems.

In addition, a version of quantum detailed balance, tailored to sys-
tems consisting of indistinguishable fermions, was recently introduced
and studied in [27] for the special case of a finite lattice. On the one
hand, this confirmed the relevance of fermionic entangled states in the
present context. On the other hand, it equally serves as a further
and direct motivation for an abstract version of diagonal states for the
Fermi tensor product, which is developed in this paper.
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Moreover, in [27], in the case of the finite dimensional observable
algebra associated to a finite fermion lattice, initial steps were taken
to develop a duality theory for dynamical maps. This led to a charac-
terization of fermionic standard quantum detailed balance in terms of
the fermionic dual of the dynamics.

One remaining problem there was to determine if the fermionic dual
of a dynamical map has positivity properties corresponding to that of
the original map. It is one of the objectives of this paper to solve this
problem, even in a more general form, by developing a duality theory in
the von Neumann algebraic framework. Indeed, it will be seen that the
dual map has the same positivity properties (positivity, n-positivity, or
complete positivity) as the dynamical map itself, if the latter is even.

The final part of this work is devoted to formulate and discuss
fermionic standard quantum detailed balance in the general C∗-algebra
setup, focussing on conceptual aspects of the mathematical formula-
tion. In particular, the Fermi tensor product clarifies the analogy with
standard quantum detailed balance expressed in terms of the usual
tensor product.

As quantum detailed balance is the origin of this paper, it is worth
making some brief general remarks about this topic. The fermionic
quantum detailed balance condition we are interested in, that is fermio-
nic standard quantum detailed balance, is most directly motivated by
standard quantum detailed balance with respect to a reversing opera-
tion. The latter condition has been studied in [31, 30, 15, 28]. Closely
related work has appeared in [14, 21, 42, 44]. All of these in turn are
built on the early works on quantum detailed balance. We mention
[3], where to our knowledge this notion was first introduced for the
case of open quantum Markov systems. Agarwal’s approach was later
developed and extended in [17, 41], whereas in [4, 40] the authors intro-
duced perhaps the best known definition of quantum detailed balance
for quantum dynamical semigroups. We mention also the case in which
the notion is strictly connected to symmetry properties related to the
KMS condition [36].

As previously stressed, none of these references attempted to set up
detailed balance specifically for systems of indistinguishable fermions.
On the other hand, Markov chains and related matters (e.g. [2, 33])
and also the extension of the abstract theory of disordered systems
(cf. [12]) have been treated in the context of fermions, but without
reference to detailed balance designed specifically for indistinguishable
particles.

To set up the abstract algebraic framework, we work in terms of Z2-
gradings of ∗-algebras, and exploit the resulting Klein transformations.
This includes the notion of twisted commutant in the case of von Neu-
mann algebras, a concept developed in [22], and subsequently used in
[23]. Our approach allows us to move from the concrete realm of the
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above cited paper [27] to an abstract framework for fermionic systems,
where one can define a general version of the fermionic dual, that is
the twisted dual, of a positive linear map.

In [22], twisted duality for an algebra of fields was studied in terms
of the twisted commutant. This is related to locality, or more precisely
Haag duality (see [39] and [38], Section III.4.2) in the so-called algebraic
quantum field theory, when Fermi fields are involved. In this paper,
we define and study the twisted dual of a dynamical map, and more
generally of a positive linear map from one von Neumann algebra to
another.

We mention that twisted duality in the sense of [22] was shown for
the CAR algebra case in [35]. The reader is referred to [48], Section 13
for a result of this type, and [45] for further related work.

However, a particularly useful approach to this problem was followed
in [13], the main result of which will be applied in Section 12 in order
to connect our general results to the concrete case of the CAR algebra,
and contribute to solve the aforementioned problem.

The plan of the paper is as follows. Apart from the preliminary
Section 2, in Section 3 we collect some general results on the (analogue
of the) Gelfand-Naimark-Segal (GNS for short) representation arising
from a positive functional on a merely (i.e. without any topology)
involutive algebra, which is useful in the sequel.

In Section 4, we recall the main facts concerning G-graded involutive
algebras, focussing ourselves on the case of our interest G = Z2.

One of the main ingredients to treat Fermi systems, is the Jordan-
Klein-Wigner transformation (simply mentioned as the Klein transfor-
mation). After recalling its original definition, in Section 5 we inves-
tigate it in some detail from an abstract and concrete point of view.
Related concepts, in particular the twisted commutant of a von Neu-
mann algebra, are also discussed.

In Section 6, we recall the construction of the Z2-graded (Fermi) ten-
sor product of Z2-graded ∗-algebras, whereas in Section 7 we study the
product functional of two states on the algebraic Fermi tensor product
and show whether it is positive. Indeed, given two states, each of them
on the Z2-graded ∗-algebra, we define their product functional on the
above tensor product, and prove that it is positive if at least one of the
given states is even. This is a generalization of Theorem 1 in [8].

Furthermore, in Section 8 the maximal, possibly extended-valued,
seminorm on the algebraic Fermi tensor product is introduced, and it
is proved that it is indeed a C∗-norm. This gives rise to the Fermi
C∗-product, analogous to the completion of the usual tensor product
w.r.t. the maximal C∗-cross norm.

Even though it is not used in the rest of the paper, in Section 9 we
also provide the description of the GNS representation for any product
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state, which is indeed more involved than the usual one, and is achieved
via the Stinespring dilation.

Section 10 is mainly devoted to introduce the diagonal state for the
Fermi tensor product, and its GNS representation is investigated as
well.

Duality is then studied in Section 11, where we obtain an abstract
result required to solve our positivity problem from [27] mentioned
earlier.

As already pointed out, a duality theory is developed for positive lin-
ear maps between von Neumann algebras, by defining and investigating
the twisted duals of such maps in terms of the twisted commutants of
the von Neumann algebras, with particular emphasis on the positivity
properties of the twisted dual maps. The positivity problem for an
infinite Fermi lattice is then solved in Section 12.

The paper concludes with a proposal for fermionic detailed balance
in the abstract framework in Sections 13 and 14. Much of the fore-
going theory is applied there in order to motivate the proposal both
conceptually and technically, along with illustration by some examples.

2. Preliminaries

Let A be an involutive, or equivalently, a ∗-algebra. By aut(A) we
denote the group of its ∗-automorphisms.

For two linear spaces X and Y , we denote by X+̇Y and X�Y their
algebraic direct sum and tensor product, respectively. If in addition,
A and B are involutive algebras with ∗ denoting their involution, then
A⊗B will denote the algebraic tensor product A�B equipped with
the usual product and involution given on the generators by

(a1 ⊗ b1)·(a2 ⊗ b2) = a1a2 ⊗ b1b2 , (a1 ⊗ b1)† = a∗1 ⊗ b∗1 ,

for all a1 a2 ∈ A, b1, b2 ∈ B .1

If {Aι}ι∈I is a collection of C∗-algebras indexed by a set I, ⊕ι∈IAι de-
notes their C∗-direct sum as defined in Section L2 of [49]. It is nothing
but the C∗-completion of +̇ι∈IAι. If |I| < +∞, then +̇ι∈IAι = ⊕ι∈IAι

at the level of involutive algebras, where | · | denotes the cardinality.
For C∗-algebras A and B, we denote by A⊗max B and A⊗min B the

completion of A ⊗B w.r.t. the maximal and minimal C∗-cross norm,
respectively, see e.g. [47].

For states ω ∈ S(A), ϕ ∈ S(B), we denote by

ψω,ϕ ∈ S(A⊗min B)

1We introduce the symbols · and † to denote the product and the involution in
A⊗B in order to distinguish them from the analogous operations (denoted by the
standard symbology) in the Z2-graded tensor product A F B whenever A and B
are equipped with a Z2-grading.
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the product state on the C∗-algebra A⊗min B. A fortiori, ψω,ϕ is also
well defined as a state on A ⊗max B. Therefore, with an abuse of
notation we write ψω,ϕ ∈ S(A⊗max B), or merely ψω,ϕ ∈ S(A⊗B).

Let A be a C∗-algebra, and ϕ ∈ S(A) a state. By
(
Hϕ, πϕ, ξϕ

)
,

we denote the Gelfand-Naimark-Segal (GNS for short) representation
associated to the state ϕ, see e.g. [47]. If in addition θ ∈ aut(A) is
a ∗-automorphism leaving invariant the state ϕ, then there exists a
unitary Vϕ,θ acting on Hϕ which implements θ, that is

Vϕ,θπϕ(a)V ∗ϕ,θ = πϕ(θ(a)) , a ∈ A .

The quadruple
(
Hϕ, πϕ, Vϕ,θ, ξϕ

)
is called the covariant GNS represen-

tation associated to the triple (A, θ, ϕ).
If A is a C∗-algebra with a C∗-subalgebra B, the linear mapping

E : A → B is called a projection if E(b) = b for all b ∈ B, and is
said to be a B-bimodule map if E(ab) = E(a)b, and E(ba) = bE(a)
for all a ∈ A, b ∈ B. A positive B-bimodule projection E is called a
conditional expectation.

If Φ : A 7→ B is a linear map between the C∗-algebras A and B, it
is said to be completely positive if all maps

Φ⊗ idMn(C) : Mn(A)→Mn(B) , n = 1, 2, . . .

are positive.

3. The GNS representation for algebraic probability
spaces

We recall and extend some properties concerning the Gelfand-Naimark-
Segal representation associated to a so-called algebraic probability space.

An algebraic probability space is a pair (A, ϕ) where A is an involutive
algebra, and ϕ is a positive linear functional.2

We report without proof (see e.g. [47]) the following well-known
result.

Proposition 3.1. Let ϕ be a positive functional on the involutive al-
gebra A. Then the sesquilinear form (x, y) ∈ A× A 7→ ϕ(x∗y) ∈ C

(i) is hermitian: ϕ(y∗x) = ϕ(x∗y),
(ii) and satisfies the Cauchy-Bunyakovsky-Schwarz inequality:

|ϕ(y∗x)|2 ≤ ϕ(x∗x)ϕ(y∗y) .

By Proposition 3.1, we first see that A is equipped with the semi-
inner product (x, y) 7→ ϕ(y∗x), with seminorm ‖x‖ := ϕ(x∗x)1/2. Let

nϕ := {x ∈ A | ϕ(x∗x) = 0}
2A positive linear functional ϕ on the involutive algebra A is an element of the

algebraic dual of A assuming positive values on positive elements:

ϕ(a∗a) ≥ 0 , a ∈ A .
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be the left ideal associated to ϕ, and denote by Hϕ the completion
of the quotient space A/nϕ w.r.t. the seminorm ϕ(x∗x)1/2. As usual,
a ∈ A 7→ aϕ ∈ Hϕ denotes the canonical quotient map.

In addition, it is matter of routine to check that, for each a, x ∈ A,

πoϕ(a)xϕ := (ax)ϕ

uniquely defines linear operators on the common dense domain

Dπoϕ(a) = {xϕ | x ∈ A} =: Dϕ .
The main properties of πoϕ are summarised in the following:

Theorem 3.1. Let ϕ be a positive linear functional on the involutive
algebra A. With the above notations, the following hold true.

(i) On Dϕ, we have for a, b ∈ A and α, β ∈ C, πoϕ(αa + βb) =
απoϕ(a) + βπoϕ(b), πoϕ(ab) = πoϕ(a)πoϕ(b).

(ii) For x ∈ A, πoϕ(x)∗ ⊃ πoϕ(x∗) and therefore the linear operators{
πoϕ(x) | x ∈ A

}
are closable on the common core Dϕ.

(iii) πoϕ(x∗) ⊂
(
πoϕ(x)

)∗
and therefore πoϕ(x) is hermitian, provided

x = x∗.
(iv) For πϕ(x) := πoϕ(x∗)∗ we have πϕ(x)∗ ⊂ πϕ(x∗), and therefore

πϕ(x)∗ is Hermitian, provided x = x∗.
(v) For x ∈ A, if for some constant Ax we have ϕ(a∗x∗xa) ≤

Axϕ(a∗a) for all a ∈ A, then Dπoϕ(x) = Hϕ and therefore πoϕ(x)

is bounded.
(vi) If for the uniform constant C we have |ϕ(x)| ≤ Cϕ(x∗x)1/2 for

all x ∈ A, then there exists ξϕ ∈
⋂
x∈ADπoϕ(x∗)∗ which is cyclic,

i.e. πoϕ(A)ξϕ = Hϕ, and such that

ϕ(x) =
〈
πoϕ(x∗)∗ξϕ, ξϕ

〉
, x ∈ A .

Proof. (i) is trivial. For (ii), we have

〈πoϕ(x)aϕ, bϕ〉 =〈(xa)ϕ, bϕ〉 = ϕ(b∗xa)

=ϕ((x∗b)∗a) = 〈aϕ, (x∗b)ϕ〉
=〈aϕ, πoϕ(x∗)bϕ〉 ,

and therefore πoϕ(x)∗ extends πoϕ(x∗). Since πoϕ(x) admits the closed
extension πoϕ(x∗)∗, it is closable.

Concerning (iii), (
πoϕ(x∗)

)∗
= πoϕ(x∗)∗ ⊃ πoϕ(x) .

Concerning (iv), by (ii), we get

πϕ(x∗) = πoϕ(x)∗ ⊃ πoϕ(x∗) = πoϕ(x∗)∗∗ =
(
πoϕ(x∗)∗

)∗
= πϕ(x)∗ .

If (v) is satisfied for some x ∈ A, then πoϕ(x) is bounded on the dense
domain Dϕ. Therefore, it uniquely extends to a bounded operator on
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the whole Hϕ, which coincides with its closure by the closed graph
theorem.

Suppose that (vi) holds true. Then xϕ ∈ Hϕ 7→ ϕ(x) uniquely
extends to a bounded linear functional on Hϕ and therefore, by the
Riesz theorem, ϕ(x) = 〈xϕ, ξϕ〉 for a uniquely determined vector ξϕ ∈
Hϕ. In addition,

〈πoϕ(x∗)aϕ, ξϕ〉 = 〈(x∗a)ϕ, ξϕ〉 = ϕ(x∗a) = 〈aϕ, xϕ〉 ,
and so ξϕ ∈ Dπoϕ(x∗)∗ with πoϕ(x∗)∗ξϕ = xϕ. By (ii) this gives that ξϕ is
cyclic, and we get

ϕ(x) = 〈xϕ, ξϕ〉 = 〈πoϕ(x∗)∗ξϕ, ξϕ〉 .
�

In the general setting previously described, by (vi) of Theorem (3.1),
the candidate for the GNS representation associated to the algebraic
probability space (A, ϕ) can be viewed as the collection of the closed
operators {πoϕ(x∗)∗ | x ∈ A}, acting on the Hilbert space Hϕ.

We note that, without assuming further conditions, such operators
of the GNS representation associated to an algebraic probability space
do not enjoy the good well-known properties of the usual situation
arising in the C∗-algebraic setting. However, for the purpose of the
present paper, we only deal with cases for which (v) and (vi) in the
previous theorem are satisfied for each a ∈ A.3. In this situation, the
GNS representation is commonly denoted by the triple (Hϕ, πϕ, ξϕ),
uniquely determined up to unitary equivalence, see e.g. [47], Section
I.9.

4. Z2-graded ∗-algebras

For Z2 = {1,−1} with the product as the group operation, the in-
volutive algebra A is an involutive Z2-graded algebra if

A = A1+̇A−1

and
(Ai)

∗ = (A∗)i , AiAj ⊂ Aij , i, j = 1,−1 .4

More generally, for a group G an involutive G-graded algebra A
would be an algebraic direct sum

A = +̇g∈GAg ,

equipped with a product and an involution satisfying

AgAh ⊂ Agh , A∗g ⊂ Ag−1 , g, h ∈ G .

3The properties (v) and (vi) of Theorem 3.1 hold true for each a ∈ A, provided A
is an involutive Banach algebra equipped with a bounded approximate unity, and
therefore when A is a C∗-algebra, see e.g. [47]

4Another standard terminology would be involutive superalgebra.
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The linear subspaces Ag, for g ∈ G, are called the homogeneous compo-
nents of A. Elements of Ag, for any g ∈ G, are correspondingly called
homogeneous elements of A. For the unit e ∈ G, the homogeneous
component Ae is an involutive subalgebra of A containing the identity
1IA if A is unital.

Since we only deal with Z2-graded algebras, we do not pursue the
situation associated to a general group G any further. In the case of
G = Z2, for each homogeneous element x ∈ A±1 we correspondingly
indicate its grade by

∂(x) = ±1.

Suppose now we have an involutive Z2-graded algebra A = A1+̇A−1

as above, and define θ : A→ A as

θdA1= idA1 , θdA−1= −idA−1 .

It is almost immediate to check that θ ∈ aut(A) is an involutive ∗-
automorphism (i.e. θ2 = idA). Conversely, let θ ∈ aut(A) such that
θ2 = idA, and consider

ε1 :=
1

2
(idA + θ) , ε−1 :=

1

2
(idA − θ) ,

A1 := ε1(A) , A−1 := ε−1(A) .

Lemma 4.1. With the above notations, the ∗-automorphism θ induces
a structure of involutive Z2-graded algebra on A.

Proof. We have only to show A1 ∩ A−1 = {0}, the others properties
being trivial. Indeed, let us take a, b, c ∈ A such that

b+ θ(b)

2
= a =

c− θ(c)
2

.

Then θ(a) = a = −θ(a), which gives a = 0. �

As a consequence, for an involutive algebra A a Z2-grading is always
induced by an involutive ∗-automorphism, and therefore we can state
the following

Definition 4.2. A Z2-graded involutive algebra is a pair (A, θ), with
A an involutive algebra and θ ∈ aut(A) such that θ2 = idA.

We then also refer to θ as a Z2-grading of A, and denote by A+ := A1

the even part (which is indeed a ∗-subalgebra of A), and by A− := A−1

the odd part of A, respectively. As a consequence, for any a ∈ A, we
can write a = a+ +a−, with a+ ∈ A+, a− ∈ A−, and this decomposition
is unique. Moreover, one has θ(a+) = a+, θ(a−) = −a−.

Any involutive algebra is endowed with the trivial Z2-grading in-
duced by θ = idA, if no nontrivial ∗-automorphism is selected. In this
case, A+ = A and A− = {0}.

In the sequel, we will not indicate the grading automorphism when-
ever the latter is fixed, without risk of confusion.
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Let
(
A(i), θ(i)

)
, i = 1, 2, be a pair of Z2-graded involutive algebras,

together with a map T : A(1) → A(2). T is said to be even if it is
grading-equivariant:

T ◦ θ(1) = θ(2) ◦ T .
When θ(2) = idA(2) , the map T : A(1) → A(2) is even if and only
if it is grading-invariant, that is T ◦ θ(1) = T . As a particular case
when

(
A(1), θ(1)

)
= (A, θ) and

(
A(2), idA(2)

)
=
(
C, idC

)
, a functional

f : A→ C is even if and only if f◦θ = f . If the map T (or the functional
f) is Z2-linear, then it is even if and only if T d

A
(1)
−

= 0 (fdA−= 0).

We now specialise the situation to the following example. It comes di-
rectly from quantum field theory and statistical mechanics, and is based
on the Canonical Anticommutation Relations algebra on a countable
set of indices.

Recall that for an arbitrary set L, the Canonical Anticommutation
Relations (CAR for short) algebra over L is the C∗-algebra CAR(L)

with the identity 1I generated by the set {aj, a†j | j ∈ L} (i.e. the Fermi
annihilators and creators respectively), and the relations

(aj)
∗ = a†j , {a

†
j, ak} = δjk1I , {aj, ak} = {a†j, a

†
k} = 0 , j, k ∈ L .

A Z2-grading is induced on CAR(L) by the ∗-automorphism θ acting
on the generators as

θ(aj) = −aj , θ(a†j) = −a†j , j ∈ L .

Notice that, by definition,

(4.1) CAR(L) = CAR o(L) ,

where

(4.2) CAR o(L) :=
⋃
{CAR(I) | I ⊂ L, finite }

is the dense subalgebra of the localised elements.
For a countable index set L ∼ N, CAR(L) can be identified with the

C∗-infinite tensor product of L-copies of M2(C), that is

(4.3) CAR(N) ∼
⊗
N

M2(C)
C∗

.

As shown in [47], Exercise XIV.1, the above isomorphism is achieved
by a Jordan-Klein-Wigner transformation. We briefly report such a
construction for the convenience of the reader. Indeed, consider Uj :=

aja
†
j−a

†
jaj, V0 := 1I, and Vj :=

∏j
n=1 Un, for j = 1, 2, . . . . The Jordan–

Klein–Wigner construction is defined as follows

e11(j) := aja
†
j , e12(j) := Vj−1aj ,

e21(j) := Vj−1a
†
j , e22(j) := a†jaj ,
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and provides a system of commuting matrix units {ekl(j) | k, l = 1, 2}j∈N
in CAR(N). Now fix a set of points [1, l] ⊂ N and consider the system
of matrix units localised in r ∈ N, that is

{εirjr(r)}irjr=1,2 ⊂
⊗
N

M2(C)
C∗

.

It turns out that the map

ei1j1(1) · · · eiljl(l) 7→ εi1j1(1)⊗ · · · ⊗ εiljl(l)

where ik, jk = 1, 2, k = 1, 2, . . . , l and l ∈ N, realises the isomorphism
(4.3) as a consequence of (4.1) and (4.2).

We also recall that in this case the Fock representation of the CAR
algebra is realised on the anti-symmetric Fock space over h := `2(N),

as the map sending the algebraic generators a†j and aj to the anti-
symmetric creation and annihilation operators, respectively [16]. These
operators will be explicitly recalled in Section 12, where we return to
the fermionic relations to solve a problem in duality that was raised in
[27].

5. The Klein transformation

We exhibit a simple but useful construction of a Jordan-Klein-Wigner
(Klein for short) transformation. Such a (spatial) construction gener-
alises the analogous one for the models living on the lattice Zd and
outlined in Section 4, and includes those already present in literature
(e.g. [16, 22, 23, 38]).

Consider a Hilbert space H, together with a self-adjoint unitary Γ ∈
B(H), i.e. Γ2 = 1IH, where 1IH is the identity operator on H. The
adjoint action γ := adΓ of Γ naturally equips B(H) with a Z2-grading.5

Notice that for any a ∈ B(H)

Γa+ = a+Γ , Γa− = −a−Γ .

We can define the Klein transformation κΓ on B(H) induced by Γ as

κΓ(a+ + a−) := a+ + Γa− , a+ + a− = a ∈ B(H) .

Together with κΓ, we can equally well define the map ηΓ by

(5.1) ηΓ(a+ + a−) := a+ + ıΓa− , a+ + a− = a ∈ B(H) .

Both κΓ and ηΓ are linear, invertible and identity preserving maps,
but ηΓ is a ∗-automorphism and κΓ is not unless Γ = idH. Indeed,
κ−1

Γ = κΓ, and

(5.2) η−1
Γ (a+ + a−) := a+ − ıΓa− , a+ + a− = a ∈ B(H) .

5Notice that γ(Γ) = ΓΓΓ∗ = Γ3 = Γ, hence Γ is even.
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Moreover, κΓ(a∗) = κΓ(γ(a))∗, and κΓ(ab) − κΓ(a)κΓ(b) = 2a−b− for
any a, b ∈ B(H). We refer to ηΓ as the twist automorphism of B(H)
induced by Γ. Notice that in terms of the linear bijection

(5.3) ε̃ := ε1 + ıε−1 : B(H)→ B(H)

(whose inverse is given by ε̃−1 = ε1 − ıε−1), we have that

(5.4) ηΓ = ε̃ ◦ κΓ = κΓ ◦ ε̃ ,

which is relevant in relation to even maps in Section 11.
The twist automorphism ηΓ of B(H) is in fact the adjoint map of a

unitary K on H. More in detail, let P+ and P− the two projections
onto the eigenspaces of Γ, i.e.

P+ :=
1

2
(1IH + Γ) and P− :=

1

2
(1IH − Γ) ,

and define the unitary

(5.5) K := P+ − ıP− .

Observe that, for any a ∈ B(H),

K2 = Γ , a+K = Ka+ , a−K
∗ = ıKa− .

As a consequence,

(5.6) ηΓ(a) = KaK∗

for any a ∈ B(H).
The following definition gives a key concept for the paper, see e.g.

[22], Section IV.

Definition 5.1. For a Hilbert space H, fix a self-adjoint unitary Γ ∈
B(H). For any S ⊆ B(H), the twisted commutant SoΓ of S is defined

as SoΓ := κΓ(S ′).

The twisted commutant SoΓ depends on the self-adjoint unitary Γ.
Sometimes, we omit to point out such a dependence if this causes no
confusion. We mention that the term “graded commutant” is also used
for the twisted commutant, see e.g. [48], Section 12.

For the remainder of this section we focus on the von Neumann
algebraic set-up, which forms the basis for duality in Sections 11 and
12.

Proposition 5.2. Let (M,H) be a von Neumann algebra and Γ ∈
B(H) a self-adjoint unitary. Then Mo

Γ = ηΓ(M′), and therefore Mo
Γ

is a von Neumann algebra.
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Proof. With η = ηΓ and Mo =Mo
Γ, first we have

Mo =ε1(M′)⊕ Γε−1(M′) = ε1(M′)⊕ Γε−1(−ıM′)

=ε1(M′)⊕ Γ
(
− ıε−1(M′)

)
= ε1(M′)⊕ ıΓε−1(M′)

=η(M′) .

The fact that Mo is a von Neumann algebra easily follows if one
checks η(M′) = η(M)′. Indeed, suppose x′ ∈M′. For any x ∈M

η(x′)η(x) = η(x′x) = η(xx′) = η(x)η(x′) ,

hence η(M′) ⊂ η(M)′. Let now take y ∈ B(H) such that yη(x) −
η(x)y = 0 for each x ∈M, i.e. y ∈ η(M)′. Then

η
(
η−1(y)x− xη−1(y)) = 0 ⇐⇒ η−1(y)x = xη−1(y) , x ∈M .

Therefore, η−1(y) ∈M′, that is η(M)′ ⊂ η(M′), which combined with
the previous computations leads to the assertion. �

As (5.2) yields

(5.7) κΓ(M) = ηΓ(M) = η−1
Γ (M) ,

Proposition 5.2 and (5.7) give the following chain of equalities

(5.8) κΓ(M′) = ηΓ(M′) =Mo
Γ = ηΓ(M)′ = κΓ(M)′ .

With an abuse of language, we still refer to the map ηΓ as a Klein
transformation because it produces the same twisted commutant as
κΓ and has the added advantage of being a ∗-automorphism, which is
crucial for the definition of the diagonal state in Section 10.

Proposition 5.3. Let (M,H) be a von Neumann algebra, and Γ ∈
B(H) a self-adjoint unitary. Then

Moo
Γ := (Mo

Γ)oΓ = adΓ(M).

Proof. With η = ηΓ, we start by noticing that η(M′) = η(M)′ (cf.
(5.8)), and η2 = adΓ. Therefore, by Proposition 5.2,

(Mo
Γ)oΓ = η(η(M′)′) = η(η(M)′′) = η(η(M)) = η2(M) = adΓ(M) .

�

The following simple facts generalise the known ones on the standard
vectors.

Proposition 5.4. Let (M,H) be a von Neumann algebra, and Γ ∈
B(H) a self-adjoint unitary. For ξ ∈ H, and K the unitary given in
(5.5), we have

(i) ξ is cyclic for M ⇐⇒ Kξ is separating for Mo
Γ,

(ii) ξ is separating for M ⇐⇒ Kξ is cyclic for Mo
Γ.
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Proof. We prove (i), (ii) being similar. Indeed, ξ is cyclic forM ⇐⇒ ξ
is separating for

KM′ = KM′K∗K = (KM′K∗)K =Mo
ΓK ,

that is Kξ is separating for Mo
Γ, and the last equality follows from

(5.6). �

A case of interest for our purposes will be when (A, θ) and ϕ ∈ S(A)
are a Z2-graded C∗-algebra and an even state, respectively. Since
ϕ is θ-invariant, we can look at the GNS covariant representation(
Hϕ, πϕ, Vϕ,θ, ξϕ

)
. As Vϕ.θ is a self-adjoint unitary, we can directly con-

sider the Z2-grading induced on B(Hϕ) by its adjoint action, making(
B(Hϕ), adVϕ,θ

)
an involutive Z2-graded algebra in a canonical way.

Indeed, we consider a von Neumann algebra (M,H) with a Z2-
grading given by the involutive ∗-automorphism θ, and a cyclic vector
ξ. We suppose also that the normal state

µ(b) = 〈bξ, ξ〉 , b ∈M
is even, i.e. µ ◦ θ = µ. In this case we say θ is a Z2-grading of (M, µ),
and θ and µ can be extended to all of B(H). Namely, the map

Γbξ := θ(b)ξ , b ∈M
uniquely extends to a self-adjoint unitary operator on H, denoted by
Γ with an abuse of notation.

The ∗-automorphism γ of B(H), defined as γ := adΓ endows B(H)
with a Z2-grading structure, and indeed extends θ since θ(b) = ΓbΓ for
any b ∈M.

For the functional µ, it is simply extended as an even state by ω ∈
S(B(H)), where

ω(a) := 〈aξ, ξ〉
for all a ∈ B(H). Notice that

(5.9) ω(κΓ(a)b) = ω(ab)

for all a, b ∈ B(H), this property being useful in connection with duality
in Section 11.

Moreover, since Γξ = ξ, ξ is invariant for K. Thus (5.6) yields that
ηΓ(M) is a von Neumann algebra with cyclic vector ξ, and ω ◦ ηΓ = ω.

Remark 5.5. We point out the following useful facts:
(i) Moo

Γ =M;

(ii) ξ is separating for Mo
Γ;

(iii) if ξ is separating for M, then it is cyclic for Mo
Γ.

Indeed, (i) follows from Proposition 5.3 as adΓ(M) = M, whereas
(ii) and (iii) are immediate consequence of Proposition 5.4, since in our
case Kξ = ξ.
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As the adjoint action of Γ leavesM globally stable, one has adΓ(M′) =
M′. As a consequence, γ′ := γdM′ is a Z2-grading of (M′, µ′), where

µ′ := ωdM′ . In addition, adΓ(Mo
Γ) =Mo

Γ, and therefore γo := γdMoΓ is

a Z2-grading of (Mo
Γ, µ

o), where µo := ωdM oΓ .

Finally, we notice that we can take the right version of κΓ as the
Klein transformation, that is

(5.10) κΓ ◦ γ = γ ◦ κΓ : B(H)→ B(H) : a 7→ a+ + a−Γ .

This forces us to get the right version of ηΓ, given by η−1
Γ in (5.2).

However, because of (5.7) and Proposition 5.2, the twisted commutant
is not affected by this choice, nor is there any effect on the content
of our main results regarding duality collected in Theorem 11.2 and
Theorem 12.4.

6. The (algebraic) Fermi tensor product

Let A and B be two involutive Z2-graded algebras, or equivalently
∗-superalgebras in the common language from Section 4. We now dis-
cuss the definition of the involutive Z2-graded tensor product A F B
between A and B, which perhaps could be known to experts.

Concerning the linear structure, one notices that

A�B = +̇i,j∈Z2(Ai �Bj) = A⊗B ,

where on the r.h.s. we used the symbol “⊗” to recall that the usual
operations of taking adjoint “†” and product “·” are also defined on
the l.h.s. .

For homogeneous elements a ∈ A, b ∈ B and i, j ∈ Z2, we recall the
following definitions

ε(a, b) :=

{
−1 if ∂(a) = ∂(b) = −1 ,

1 otherwise .

ε(i, j) :=

{
−1 if i = j = −1 ,

1 otherwise .

(6.1)

Consider the generic elements x, y ∈ A�B. We can write

x := ⊕i,j∈Z2xi,j ∈ ⊕i,j∈Z2(Ai �Bj) ,

y := ⊕i,j∈Z2yi,j ∈ ⊕i,j∈Z2(Ai �Bj) ,
(6.2)

and we set

x∗ :=
∑
i,j∈Z2

ε(i, j)x†i,j ,

xy :=
∑

i,j,k,l∈Z2

ε(j, k)xi,j·yk,l .
(6.3)
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Notice that for x = a�b and y = A�B, where a,A ∈ A and b, B ∈ B,

x∗ =ε(a, b)x† = ε(a, b)a∗ � b∗ ,
xy =ε(b, A)(a⊗ b)·(A⊗B) = ε(b, A)aA⊗ bB .

Proposition 6.1. The involution and product operations on A � B
given in (6.3) are well defined, and make the linear space A � B an
involutive algebra.

Proof. It is almost immediate to show that the operations in (6.3) make
A �B an involutive algebra, provided they are well defined. For the
latter property, take x and y as in (6.2). If x = 0 or y = 0, then xi,j = 0
or yi,j = 0 for all i, j ∈ Z2, and therefore x∗ = 0 and xy = 0. �

Definition 6.2. The tensor product A�B, endowed with the involution
and product given in (6.3), is called the (algebraic) Fermi tensor product
of A and B, and is denoted by A F B.

For the involutive Z2-graded algebras (A, α) and (B, β), their Fermi
tensor product A F B is naturally equipped with a structure of invo-
lutive Z2-graded algebra, by putting(

A F B
)

+
:=
(
A+ �B+

)
+̇
(
A− �B−

)
,(

A F B
)
− :=

(
A+ �B−

)
+̇
(
A− �B+

)
.

(6.4)

In this situation, such a grading is induced by the involutive automor-
phism θ = α F β given on the elementary tensors by

(6.5) (α F β)(a F b) := α(a) F β(b) , a ∈ A , b ∈ B .

7. The product state

In the present section, for the involutive Z2-graded algebras (A, α)
and (B, β), and for given ω ∈ S(A) and ϕ ∈ S(B), we study whether
the product functional of ω and ϕ is well defined and positive on the
Fermi tensor product A F B.

If needed, we suppose without loosing generality that A and B are
unital with units 1IA and 1IB, respectively. The general situation can
be generalised by adding the identities, or considering approximate
identities on A and B as well.

Although a detailed study of the product functional relative to con-
crete systems based on the CAR algebra can be found in [8, 9], here
we provide the analysis for the abstract Fermi systems we are dealing
with.

To this aim, we first denote by S(A)+ the convex set of the even
states on A, and observe that the linear structure of the algebraic
tensor product involutive algebra A F B is indeed the same as A⊗B
and A�B. Namely,

A⊗B = A�B = A F B
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as vector spaces. For ω ∈ S(A) and ϕ ∈ S(B), the product functional
ω × ϕ on A F B is defined as usual by

(7.1) ω × ϕ
( n∑

j=1

aj F bj

)
:=

n∑
j=1

ω(aj)ϕ(bj),
n∑
j=1

aj F bj ∈ A F B .

It is well known that the functional given in (7.1) is well defined on
A�B, and therefore on A F B. In addition, even though it coincides
with the state ψω,ϕ on A ⊗ B, in general it is not positive on the
involutive algebra A F B.

In what follows, we show that the positivity criterion for product
states established in [8] also holds for the most general case treated in
the present paper.

Proposition 7.1. Let ω ∈ S(A), ϕ ∈ S(B) and suppose ω or ϕ is
even. Then ω × ϕ is positive on A F B. In addition, for any x, y ∈
A F B one has

|(ω × ϕ)(x)| ≤(ω × ϕ)(x∗x)1/2 ,

(ω × ϕ)(x∗y∗yx) ≤Cy(ω × ϕ)(x∗x) ,
(7.2)

where Cy is a positive constant depending on y.

Proof. We can suppose without loss of generality that ω is even, i.e.
ω ◦ α = ω, the other case being similar. Concerning the positivity of
the product state, we compute for homogeneous a,A ∈ A and b, B ∈ B

(ω × ϕ)
[
(a F b)∗(A F B)

]
=(ω × ϕ)

[
(a∗ F b∗+)(A F B)

]
+(ω × ϕ)

[
(α(a∗) F b∗−)(A F B)

]
=(ω × ϕ)

(
a∗A F b∗+B

)
+(ω × ϕ)

(
α(a∗A) F b∗−B

)
=ω(a∗A)ϕ(b∗B)

=ψω,ϕ
[
(a⊗ b)†·(A⊗B)

]
.

Therefore, for general

c :=
n∑
i=1

ai F bi ∈ A F B = A⊗B

it follows that

(ω × ϕ)(c∗c) =
n∑

i,j=1

ω(a∗i aj)ϕ(b∗i bj) = ψω,ϕ(c†·c) ≥ 0 .

Concerning the last assertion, we consider the GNS representation(
Hψω,ϕ , πψω,ϕ , ξψω,ϕ

)
of ψω,ϕ ∈ S(A⊗min B). Then for x, y ∈ A F B,

|(ω × ϕ)(x)| =
∣∣〈πψω,ϕ(x)ξψω,ϕ , ξψω,ϕ

〉∣∣ ≤ ∥∥πψω,ϕ(x)ξψω,ϕ
∥∥
Hψω,ϕ

=ψω,ϕ(x†·x)1/2 = (ω × ϕ)(x∗x)1/2 .
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Analogously,

(ω × ϕ)(x∗y∗yx) = ψω,ϕ(x†·y†·y·x)

=
〈
πψω,ϕ(y)πψω,ϕ(x)ξψω,ϕ , πψω,ϕ(y)πψω,ϕ(x)ξψω,ϕ

〉
=
∥∥πψω,ϕ(y)πψω,ϕ(x)ξψω,ϕ

∥∥2

Hψω,ϕ

≤
∥∥πψω,ϕ(y)

∥∥2

B(Hψω,ϕ )

∥∥πψω,ϕ(x)ξψω,ϕ
∥∥2

Hψω,ϕ

=
∥∥πψω,ϕ(y)

∥∥2

B(Hψω,ϕ )
(ω × ϕ)(x∗x) ,

and (7.2) follows after taking Cy =
∥∥πψω,ϕ(y)

∥∥2

B(Hψω,ϕ )
. �

8. The Fermi tensor product C∗-algebra

The present section is devoted to complete the Fermi algebraic prod-
uct A F B of two Z2-graded C∗-algebras A and B w.r.t. the standard
maximal norm, obtaining A F maxB.

On A F B, we define the seminorm

(8.1) []c[]max := sup{‖π(c)‖ | π is a representation}, c ∈ A F B .6

Theorem 8.1. The seminorm in (8.1) is indeed a C∗-norm on A F B.

Proof. We start by noticing that for any c ∈ A F B (8.1) satisfies
[]c∗c[]max = []c[]2max, that is it defines a C∗-seminorm.

Fix now an element in c ∈ A F B of the form c =
∑n

i=1 λiai F bi
with λi ∈ C, ai ∈ A, bi ∈ B, and ‖ai‖, ‖bi‖ ≤ 1. By reasoning as in
Lemma 3.3 in [32], it follows that

‖π(c)∗π(c)‖ ≤ n
n∑
i=1

|λi|2 < +∞.

Therefore []c[]max is finite, since the inequality above is independent of
the representation π.

Suppose that the Z2-grading on A is induced by α ∈ aut(A), and
denote ε := 1

2
(idA+α) the conditional expectation of A onto A+ = ε(A),

the C∗-subalgebra of even elements. In order to check that c 6= 0 ⇒
[]c[]max > 0 for each such

c ∈ A F B = A⊗B ⊂ A⊗min B ,

we fix states ω ∈ S(A), ϕ ∈ S(B) such that ψω◦ε,ϕ(c†·c) > 0. These
states exist because the set of product states separates the points of
A ⊗min B, see e.g. [47], Theorem IV.4.9 (iii). By (7.2) and Theorem

6By [] []max, we are denoting the maximal norm (8.1) on the Z2-graded algebra
A F B to distinguish that from the maximal C∗-cross norm‖ ‖max on the usual
tensor product A⊗B.
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3.1, we can take the GNS representation
(
Hω◦ε×ϕ, πω◦ε×ϕ, ξω◦ε×ϕ

)
and

compute

[]c[]2max ≥‖πω◦ε×ϕ(c)‖2 ≥ ‖πω◦ε×ϕ(c)ξω◦ε×ϕ‖2

=‖πψω◦ε,ϕ(c)ξψω◦ε,ϕ‖2 = ψω◦ε,ϕ(c†·c) > 0 .

�

Definition 8.2. The completion of A F B w.r.t. the norm in (8.1)
is denoted by A F maxB and simply called the Fermi C∗-tensor product
between the Z2-graded C∗-algebras A and B.

Remark 8.3. Notice that A F maxB is naturally endowed with the
following structure of Z2-graded algebra

A F maxB = (A F maxB)+ ⊕ (A F maxB)−

where
(A F maxB)± = (A F B)±

for (A F B)± given in (6.4). Such a grading is induced by (the extension
of) the involutive automorphism in (6.5).

For the sake of completeness, we report the following statement,
which is nothing else than the Fermi version of Proposition IV.4.7 of
[47].

Theorem 8.4. Let (Ai, αi), i = 1, 2 be Z2-graded unital C∗-algebras,
and B an arbitrary unital C∗-algebra. If the unital ∗-homomorphisms

πi : Ai → B, i = 1, 2 ,

satisfy

(8.2) π1(a1)π2(a2) = ε(a1, a2)π2(a2)π1(a1) ,

where ε is given in (6.1), and a1 ∈ A1, a2 ∈ A2 are homogeneous
elements, then there exists a unique ∗-homomorphism π of A1 F maxA2

into B such that

π(a1 F a2) = π1(a1)π2(a2), ai ∈ Ai, i = 1, 2.

Moreover, π
(
A1 F maxA2

)
is the C∗-subalgebra of B generated by π1(A1)

and π2(A2).
If in addition B is a Z2-graded C∗-algebra whose grading is generated

by the involutive β ∈ aut(B) satisfying

πi ◦ αi = β ◦ πi , i = 1, 2 ,

then π ◦ (α1 F α2) = β ◦ π.

Proof. The map (a1, a2) ∈ A1 × A2 7→ π1(a1)π2(a2) ∈ B is a bilinear
form. Therefore, by universal property of the tensor product A1�A2 =
A1 F A2, there is a unique linear map πo : A1 F A2 → B such that

πo(a1 F a2) = π1(a1)π2(a2), ai ∈ Ai, i = 1, 2 .
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We now check that πo is a ∗-homomorphism. Indeed, for c :=
∑m

i=1 xi F yi
and d :=

∑n
j=1 rj F sj in A1 F A2 with the xi, yi, rj and sj homoge-

neous, we get by (6.3) and (8.2),

πo(c
∗) =

m∑
i=1

πo
(
ε(xi, yi)πo(x

∗
i F y∗i

)
=

m∑
i=1

ε(xi, yi)π1(x∗i )π2(y∗i )

=
m∑
i=1

(
ε(xi, yi)π2(yi)π1(xi)

)∗
=

m∑
i=1

(
π1(xi)π2(yi)

)∗
=

( m∑
i=1

π1(xi)π2(yi)

)∗
= πo(c)

∗ ,

and

πo(cd) =
m∑
i=1

n∑
j=1

πo
(
(xi F yi)(rj F sj)

)
=

m∑
i=1

n∑
j=1

ε(rj, yi)πo
(
(xirj F yisj)

)
=

m∑
i=1

n∑
j=1

π1(xi)
(
ε(rj, yi)π1(rj)π2(yi)

)
π2(sj)

=

( m∑
i=1

π1(xi)π2(yi)

)( n∑
j=1

π1(rj)
)
π2(sj)

)
=πo(c)πo(d) .

πo is defined on the dense involutive subalgebra A1 F A2 of A1 F maxA2,
then arguing as in [20], Proposition 4.1 and Proposition 4.3, one finds
it uniquely extends to a bounded map, denoted by π, on the whole
A1 F maxA2 which is indeed a ∗-homomorphism. As an immediate con-
sequence, π

(
A1 F maxA2

)
is generated as a C∗-algebra by π1(A1) and

π2(A2).
Concerning the last assertion, it is enough to prove this on the dense

set of generators of the form c =
∑n

i=1 xi F yi, obtaining by (6.5)

π
(
(α1 F α2)(c)

)
=

n∑
i=1

π
(
α1(xi) F α2(yi)

)
=

n∑
i=1

π1(α1(xi))π2(α2(yi))

=
n∑
i=1

β(π1(xi))β(π2(yi)) = β

( n∑
i=1

π1(xi)π2(yi)

)
= β(π(c)) .

�

We end the present section by briefly discussing the following fact,
for the sake of completeness. Indeed, define

[]c[]min := sup{‖πϕ×ψ(c)‖ | ϕ ∈ S(A)+, ψ ∈ S(B)+}, c ∈ A F B .
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Obviously, []c[]min ≤ []c[]max. Since the set of the even product states
considered above separates the points of A F B (cf. [47], Theorem
IV.4.9 (iii)), []c[]min is actually a norm, and

A F B
[] []min ∼

(
⊕{ϕ,ψ|ϕ∈S(A)+, ψ∈S(B)+} πϕ×ψ

)(
A F B

)
.

This norm can be viewed as the analogue of the minimal C∗-cross
norm in the Fermi situation, see e.g. [47], Definition IV.4.8, for the
case involving the usual tensor product.

In the sequel we never use A F B equipped with []c[]min. So we
do not to pursue this analysis further, postponing a more exhaustive
treatment to somewhere else.

9. The GNS representation of the product state

The present section is devoted to describe in some detail the GNS
representation of (the extension of) the product state on the Fermi
C∗-tensor product between two Z2-graded C∗-algebras.

As before, ε : A :→ A+ is the conditional expectation of the Z2-
graded C∗-algebra (A, θ) onto its even part.

Since [A+,B] = 0 (in A F maxB) with B also a Z2-graded C∗-algebra,
we note that

A+ F B = A+ ⊗B and A+ F maxB = A+ ⊗max B .

Define now the linear map

Eo : A F B→ A+ F B ⊂ A+ F maxB = A+ ⊗max B

given, on the homogeneous elements a ∈ A, b ∈ B, by

Eo(a F b) := ε(a) F b = ε(a)⊗ b .

It is well defined by the universal property of tensor products, and in
addition the following result holds true.

Lemma 9.1. The linear map Eo is completely positive, and therefore
it extends to a bounded linear map

E : A F maxB→ A+ F maxB = A+ ⊗max B ,

which is indeed a conditional expectation, preserving the identity if A
and B are unital.

Proof. It is easy to see that Eo leaves the elements of A+ F B invariant
and preserves the identity, provided A and B are unital. Moreover, it
is a real map. Indeed, for a ∈ A and b ∈ B (6.3) gives

Eo(a F b)∗ = (ε(a) F b)∗ = ε(a)∗ F b∗

=ε(a∗) F b∗ = Eo(a
∗

F b∗) = Eo
(
(a F b)∗

)
.
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In particular, this implies that the bimodule property for Eo follows as
soon as we show it is right A+ F B-linear. To this aim, consider

x :=
m∑
i=1

ai F bi ∈ A F B , y :=
n∑
j=1

cj F dj ∈ A+ F B ,

where the elementary factors in the tensors can be taken homogeneous.
Since the cj belong to A+,

ε(bi, cj) = 1 , i = 1, . . . ,m , j = 1, . . . , n .

Therefore, as ε is a A+-bimodule map, we have

Eo(xy) =
m∑
i=1

n∑
j=1

Eo(aicj F bidj) =
m∑
i=1

n∑
j=1

ε(ai)cj F bidj

=
m∑
i=1

n∑
j=1

(
ε(ai) F bi

)(
cj F dj

)
=

( m∑
i=1

ε(ai) F bi

)( n∑
j=1

cj F dj

)
=Eo(x)y .

We now show that Eo is completely positive. By reasoning as in Propo-
sition 9.3 of [46], it is enough to verify that it is positive. To this goal,
first take homogeneous elements a, c ∈ A and b, d ∈ B. Then

(a F b)∗(c F d) = ε(a, b)ε(c, b)(a∗c F b∗d) .

We note that if ∂(a)∂(c) = −1 then ε(a∗c) = 0, and if ∂(a)∂(c) = 1
then ε(a, b) = ε(c, b). Therefore,

Eo
(
(a F b)∗(c F d)

)
= ε(a∗c) F b∗d .

Thus in all situations, for x =
∑n

i=1 ai F bi ∈ A F B we obtain

Eo(x
∗x) =Eo

(( n∑
i=1

ai F bi

)∗( n∑
j=1

aj F bj

))

=
n∑

i,j=1

ε(a∗i aj) F b∗i bj

=
m∑
k=1

n∑
i,j=1

ci(k)∗cj(k) F b∗i bj

=
m∑
k=1

( n∑
i=1

ci(k) F bi

)∗( n∑
i=1

ci(k) F bi

)
≥ 0 ,
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where we used the fact that, for some integer m, the positive matrix
[ε(a∗i aj)]

n
i,j=1 ∈ Mn(A+) can always be written as a sum of m posi-

tive matrices
{

[ci(k)∗cj(k)]ni.j=1

}m
k=1
⊂ Mn(A+) (see e.g. [47], Lemma

IV.3.1).
The complete positivity of Eo allows us to argue as in [20], Propo-

sition 4.1 and conclude that it uniquely extends to a bounded linear
map E on the whole A F maxB, which turns out to be a conditional
expectation onto A+ F maxB = A+ ⊗max B. �

Let Φ : A → B be a completely positive map between the C∗-
algebras A and B, together with a positive linear functional ϕ on B.
Obviously, ϕ ◦ Φ is a positive linear functional on A. Let (Hϕ, πϕ, ξϕ)
and (Hϕ◦Φ, πϕ◦Φ, ξϕ◦Φ) be the GNS representations of ϕ and ϕ ◦ Φ,
respectively. Consider the Stinespring dilation (H, π, V ) of πϕ ◦ Φ :
A → B(Hϕ), see e.g. [47], Theorem IV.3.6. Let P ∈ π(A)′ be the
self-adjoint projection onto the cyclic subspace π(A)V ξϕ ⊂ H.

Lemma 9.2. The GNS representation (Hϕ◦Φ, πϕ◦Φ, ξϕ◦Φ) of the positive
functional ϕ ◦ Φ is (PH, Pπ, V ξϕ).

Proof. In order to prove the assertion, it is enough to check that, if
a ∈ A then 〈Pπ(a)V ξϕ, V ξϕ〉 = ϕ ◦ Φ(a). Indeed,

〈Pπ(a)V ξϕ, V ξϕ〉 =〈π(a)V ξϕ, V ξϕ〉 = 〈V ∗π(a)V ξϕ, ξϕ〉
=〈πϕ(Φ(a))ξϕ, ξϕ〉 = ϕ(Φ(a)) .

�

Proposition 9.3. Let A and B be Z2-graded C∗-algebras and ω ∈
S(A)+, ϕ ∈ S(B). Consider the product state ψω,ϕ on A+ ⊗max B =
A+ F maxB.

The GNS representation of the product state ω × ϕ ∈ S
(
A F maxB

)
is given by

(
PH, Pπ, V ξψω,ϕ

)
, where:

(i)
(
Hψω,ϕ , πψω,ϕ , ξψω,ϕ

)
is the GNS representation of ψω,ϕ;

(ii) (H, π, V ) is the Stinespring dilation of the completely positive
map πψω,ϕ ◦ E : A F maxB→ B

(
Hψω,ϕ

)
, with E the conditional

expectation given in Lemma 9.1;
(iii) P ∈ π

(
A F maxB

)′
is the self-adjoint projection onto the cyclic

subspace π
(
A F maxB

)
V ξψω,ϕ ⊂ H.

Proof. As ψω,ϕ◦E = ω×ϕ, the proof directly follows from the previous
lemmata. �

10. The diagonal state

In the present section we investigate the Fermi counterpart of the
diagonal state defined in [32], which plays a crucial role to define the
(fermionic) detailed balance.
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We start by recalling some basic facts about the the opposite algebra
A◦ of a fixed involutive algebra A. Indeed, A◦ is A as a linear space,
with the product x ◦ y := yx and involution (x◦)∗ := (x∗)◦.

For any map T : A → X from A to the point-set X, the opposite
map T ◦ : A◦ → X is simply defined as

T ◦(a◦) := T (a) , a ∈ A .

We note that if Φ : A → B is a (completely) positive linear map be-
tween involutive algebras, then Φ◦ is also (completely) positive, whereas
if Φ is a ∗-homomorphism, then so is Φ◦.

Correspondingly, if (A, θ) is Z2-graded, then (A◦, θ◦) is also a Z2-
graded involutive algebra in an obvious manner and, for an even linear
functional f : A→ C, the opposite functional f ◦ is also even.

In order to define the diagonal state, we start with an even state
ϕ ∈ S(A)+ of the Z2-graded C∗-algebra (A, θ) with central support
sϕ ∈ Z(A∗∗) in the bidual.7 Since ϕ is invariant under θ and has central
support in the bidual, we can look at its covariant GNS representation(
Hϕ, πϕ, Vϕ,θ, ξϕ

)
and consider the Tomita conjugation Jϕ, acting on

Hϕ, associated to ϕ. We report the following well-known facts:

Jϕπϕ(A)Jϕ = πϕ(A)′ ,

Vϕ,θπ(x) = π(θ(x))Vϕ,θ , x ∈ A

JϕVϕ,θ = Vϕ,θJϕ .

(10.1)

Take the Z2-graded ∗-algebra A F A◦, together with the functional

δoϕ : A F A◦ → C ,
and the linear map

πoδϕ : A F A◦ → B(Hϕ) ,

defined on the generators by

δoϕ(a F b◦) :=〈πϕ(a)ηVϕ,θ
(
Jϕπϕ(b∗)Jϕ

)
ξϕ, ξϕ〉 ,

πoδϕ(a F b◦) :=πϕ(a)ηVϕ,θ
(
Jϕπϕ(b∗)Jϕ

)
, a, b ∈ A .

(10.2)

The above maps are obviously well defined by the universal property of
the algebraic tensor product A� A◦ = A F A◦. Their main properties
are summarised in the following

Theorem 10.1. The linear maps δoϕ and πoδϕ respectively extend to a
state δϕ, and to a representation πδϕ of A F maxA

◦ satisfying:

(i) the GNS representation of δϕ is (Hϕ, πδϕ , ξϕ);

(ii) πδϕ
(
A F maxA

◦)′′ is the von Neuman algebra πϕ(A)′′
∨
πϕ(A)oVϕ,θ

generated by πϕ(A) and its twisted commutant πϕ(A)oVϕ,θ .

7A state ϕ ∈ S(A) on a C∗-algebra A has central support if and only if whenever
it is considered as a state on the bidual W ∗-algebra A∗∗, the cyclic vector ξϕ ∈ Hϕ

is also separating for πϕ(A)′′, see [43], p.15.
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Proof. The theorem is proved once we show that πoδϕ extends to a ∗-
representation of A F maxA

◦, which is equivalent to show that πoδϕ is a
∗-representation of A F A◦. The remaining parts are left to the reader.

Fix a, b, c, d ∈ A homogeneous, and take into account (10.1). For the
adjoint, if ∂(b) = 1 we easily get

πoδϕ
(
(a F b◦)∗

)
= πoδϕ(a F b◦)∗

Concerning the remaining cases where ∂(b) = −1, we get

πoδϕ(a F b◦)∗ =
(
πϕ(a)(ıVϕ,θJϕπϕ(b∗)Jϕ)

)∗
=− ıJϕπϕ(b)JϕVϕ,θπϕ(a∗) = ıVϕ,θJϕπϕ(b)Jϕπϕ(a∗)

=ıVϕ,θπϕ(a∗)Jϕπϕ(b)Jϕ = ∂(a)ıπϕ(a∗)Vϕ,θJϕπϕ(b)Jϕ

=∂(a)πϕ(a∗)
(
ıVϕ,θJϕπϕ(b)Jϕ

)
= πoδϕ

(
(a F b◦)∗

)
.

Concerning the product, if ∂(b) = 1 = ∂(d) or if ∂(b) = 1 and ∂(d) =
−1, we again easily get

πoδϕ
(
(a F b◦)(c F d◦)

)
=πoδϕ(ac⊗ b◦d◦) = πoδϕ(ac⊗ db)
=πϕ(a)πϕ(c)Jϕπϕ(b∗)JϕηVϕ,θ

(
Jϕπϕ(d∗)Jϕ

)
=πϕ(a)Jϕπϕ(b∗)Jϕπϕ(c)ηVϕ,θ

(
Jϕπϕ(d∗)Jϕ

)
=πoδϕ(a F b◦)πoδϕ(c F d◦) .

Let now ∂(b) = −1 and ∂(d) = 1, we get

πoδϕ(a F b◦)πoδϕ(c F d◦) =πϕ(a)(ıVϕ,θJϕπϕ(b∗)Jϕ)πϕ(c)Jϕπϕ(d∗)Jϕ

=∂(c)πϕ(ac)(ıVϕ,θJϕπϕ(b∗d∗)Jϕ)

=πoδϕ
(
(a F b◦)(c F d◦)

)
.

Finally, with ∂(b) = −1 = ∂(d) we get

πoδϕ(a F b◦)πoδϕ(c F d◦) =πϕ(a)(ıVϕ,θJϕπϕ(b∗)Jϕ)πϕ(c)(ıVϕ,θJϕπϕ(d∗)Jϕ)

=∂(c)πϕ(ac)Jϕπϕ(b∗d∗)Jϕ

=πoδϕ
(
(a F b◦)(c F d◦)

)
.

�

The state δϕ above defined is called the diagonal state associated
with ϕ.

Suppose for simplicity that A is unital, and look at the marginals of
δϕ. Since

δϕdA F
max

1I◦A
= ϕ , δϕd1IA F

max
A◦= ϕ◦ ,

δϕ can be considered the diagonal state associated to the product state
ϕ×ϕ◦ ∈ S

(
A F maxA

◦), in analogy to the classical and the usual tensor
product cases, see e.g. [24, 32].
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We also note that the diagonal state δϕ is in general not normal (i.e.
not “absolutely continuous”) w.r.t. the product state ϕ × ϕ◦, unless

πϕ×ϕ◦
(
A F maxA

◦)′′ is atomic.8

To end the present section, we briefly discuss the case when M is a
Z2-graded W ∗-algebra, and ϕ ∈ S(M) a normal even state.

For a pair of Z2-graded W ∗-algebras (M, α) and (N, β), we can define
on M F N the maximal binormal norm as follows. As before, if c ∈
M F N, we put

[]c[]bin
max := sup{‖π(c)‖ | π is a representation s.t.πdM, πdN are normal} .

Obviously,
[]c[]bin

max ≤ []c[]max .

The C∗-algebra M F
bin
maxN is nothing else than the completion of M F N

w.r.t. the above norm.9

For any normal faithful even state ϕ on the Z2-graded W ∗-algebra
(M, θ), the diagonal state δoϕ extends to a state, denoted with an abuse

of notation also with δϕ, on M F
bin
maxM

◦ as well. Its GNS representation
is described as in Theorem 10.1, and

πδϕ
(
M F maxM

◦)′′ = πδϕ
(
M F

bin
maxM

◦)′′ = πϕ(M)
∨

πϕ(M)oVϕ,θ .

We leave the details to the reader.

11. Duality

This section sets up a duality theory for positive linear maps between
von Neumann algebras via the twisted commutants.

Consider two von Neumann algebras (M,Hµ) and (N ,Hν) with
cyclic vectors ξµ and ξν respectively, and states

µ(a) = 〈aξµ, ξµ〉 ν(b) = 〈bξν , ξν〉 ,
for all a ∈ M and b ∈ N . Assume that the algebras are Z2-graded,
i.e. we take (M, θµ) and (N , θν), and that µ and ν are also even. Let
Γµ ∈ B(Hµ) and Γν ∈ B(Hν) be the self-adjoint unitary operators
which allow to extend θµ and θν to the whole B(Hµ) and B(Hν) by
γµ := adΓµ and γν := adΓν , respectively. For the Klein transformations
and twisted ∗-automorphisms we use the shorthand notations κµ, ηµ
and κν , ην , respectively.

Recall that for any positive linear map Ψ : M → N such that
ν ◦Ψ = µ, its dual Ψ′ : N ′ →M′ is defined via

(11.1) 〈Ψ′(b′)aξµ, ξµ〉 = 〈b′Ψ(a)ξν , ξν〉
8A W ∗-algebra M is said to be atomic if it is generated by the set of its minimal

projections. It turns out to be equivalent to the fact that M is a direct sum of type

I factors.
9For the concept of binormal tensor product A ⊗bin

min B of W ∗-algebras, that is
the completion of the algebraic tensor product A⊗B of the W ∗-algebras A and B
w.r.t. the minimal binormal C∗-cross norm, see e.g. [37].
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for all a ∈M and b′ ∈ N ′. The reader is referred to [1], Proposition 3.1
and [29], Theorem 2.5 for more details and properties. In what follows
we remove the subscripts for the twisted commutants of M and N ,
since no confusion can arise. For µo and ν o defined as in Section 5, one
has the following

Proposition 11.1. For any positive linear map Ψ :M→N such that
ν ◦Ψ = µ, there exists a unique unital Ψo : N o →Mo satisfying

(11.2)
〈
Ψo(bo)aξµ, ξµ

〉
=
〈
boΨ(a)ξν , ξν

〉
for all a ∈ M and bo ∈ N o. In addition, if Ψ is unit preserving then
µo ◦Ψo = ν o, and Ψo is faithful.

Proof. Indeed, let us take

(11.3) Ψo := κµ ◦Ψ′ ◦ κνdN o .
Since κ−1

ν (N ′) = κν(N ′) = N o, the last equality coming from (5.8),
Ψo : N o → Mo. Thus, condition (11.2) follows from (5.9) and (11.1).
Namely, for all a ∈M and bo ∈ N o〈

Ψo(bo)aξµ, ξµ
〉

=
〈
Ψ′(κν(b

o))aξµ, ξµ
〉

=
〈
κν(b

o)Ψ(a)ξν , ξν
〉

=
〈
boΨ(a)ξν , ξν

〉
.

Note that (11.2) uniquely determines Ψo as ξµ is cyclic forM, and sepa-
rating forMo by Remark 5.5. Moreover, Theorem 2.5 in [29] gives that
Ψ′ is unital, and then (11.3) entails Ψo is identity preserving. Assuming
that Ψ(1IM) = 1IN , we get from (11.2)

(µo ◦Ψo)(bo) =
〈
Ψo(bo)ξµ, ξµ

〉
=
〈
boΨ(1IM)ξν , ξν

〉
= ν o(bo)

for all bo ∈ N o. As a consequence, if Ψo((bo)∗bo) = 0 one has ν o((bo)∗bo) =
0. Therefore bo = 0, since ξν is separating for N o. �

We call Ψo the twisted dual of Ψ. Achieving positivity of the twisted
dual needs a further assumption on Ψ, namely that it has to be even,
as shown in the next result.

Theorem 11.2. Assume that Ψ is grading-equivariant, i.e. Ψ ◦ γµ =
γν ◦ Ψ, and ν ◦ Ψ = µ. Then Ψo as defined in (11.3) is positive, even,
with unit norm, and is given by

Ψo = ηµ ◦Ψ′ ◦ η−1
ν dN o= η−1

µ ◦Ψ′ ◦ ηνdN o .
In addition,

(a) if Ψ is n-positive for some n ∈ N, then so is Ψo;
(b) if Ψ is completely positive, then so is Ψo;
(c) if Ψ is unit preserving, while ξµ and ξν are separating forM and
N respectively, then

Ψoo := (Ψo)o :M→N
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is well-defined and

Ψoo = Ψ.

Proof. Recall that Γµξµ = ξµ, Γνξν = ξν , and γµ(M′) =M′, γν(N ′) =
N ′. Then, since γν ◦ Ψ = Ψ ◦ γµ, for a ∈ M and b′ ∈ N ′ we get from
(11.1) that

〈Ψ′(γν(b′))aξµ, ξµ〉 = 〈Γνb′ΓνΨ(a)ξν , ξν〉 = 〈b′ΓνΨ(a)Γνξν , ξν〉
= 〈b′γν(Ψ(a))ξν , ξν〉 = 〈b′Ψ(γµ(a))ξν , ξν〉
= 〈γµ(Ψ′(b′))aξµ, ξµ〉 .

As ξµ is cyclic for M, and therefore separating for M′, it follows that

Ψ′ ◦ γν = γµ ◦Ψ′ .

Since both κν and κµ are even, from (11.3) one finds Ψo is grading-
equivariant, i.e.

Ψo ◦ γν = γµ ◦Ψo .

It also follows that

(11.4) Ψ′ ◦ ε̃ν = ε̃µ ◦Ψ′ ,

for ε̃µ and ε̃ν defined as in (5.3). As kν = k−1
ν , by (5.4) and (11.4) one

has

Ψo = ε̃µ ◦ ε̃−1
µ ◦ κµ ◦Ψ′ ◦ κνdN o

= ε̃µ ◦ κµ ◦Ψ′ ◦ ε̃−1
ν ◦ κ−1

ν dN o
= ηµ ◦Ψ′ ◦ η−1

ν dN o .

Similarly, Ψo = η−1
µ ◦ Ψ′ ◦ ηνdN o . As ηµ and ην are ∗-automorphisms,

the positivity of Ψo follows from that of Ψ′. Likewise, ‖Ψ′‖ = 1 implies∥∥Ψo
∥∥ = 1.

Arguing as above, the n-positivity and complete positivity of Ψo fol-
low from the corresponding properties of Ψ′, which in turn are implied
from that of Ψ, by [1], Proposition 3.1. This proves (a) and (b).

Lastly, for (c) since Ψ(1IM) = 1IN , by Proposition 11.1 we have µo ◦
Ψo = ν o. Furthermore, Remark 5.5 ensures that ξµ and ξν are cyclic for
the von Neumann algebras Mo and N o, respectively. Reasoning as in
the case of Ψo, one sees that

Ψoo = κν ◦ (Ψo)′ ◦ κµdM
is indeed a map fromM to N , as a consequence of (5.8). Moreover, it
is well-defined as we assumed that Ψ is positive, and ν ◦Ψ = µ.

Since Ψo and Ψ are positive, for any a ∈ M and bo ∈ N o, by (11.2)
one finds〈

Ψoo(a)boξν , ξν
〉

=
〈
aΨo(bo)ξµ, ξµ

〉
= 〈Ψo((bo)∗)a∗ξµ, ξµ〉

= 〈(bo)∗Ψ(a∗)ξν , ξν〉 =
〈
Ψ(a)boξν , ξν

〉
.
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Therefore Ψoo(a) = Ψ(a), since ξν is separating for N , and cyclic for
N o. �

Similar to the proof above, one sees that when Ψo is positive, (11.2)
can also be expressed as

(11.5)
〈
aΨo(bo)ξµ, ξµ

〉
=
〈
Ψ(a)boξν , ξν

〉
for all a ∈ M and bo ∈ N o. Thus, when Ψ is grading-equivariant a
duality in terms of the twisted commutants can be given in precise
analogy to duality in terms of the commutants.

Remark 11.3. We notice that for λ = µ, ν, our convention to use
κλ rather than κλ ◦ γλ (see (5.10)) as the Klein transformation has no
effect on Theorem 11.2. Indeed, in the latter case one would exploit
the form (11.5) for the twisted dual of Ψ, rather than (11.2). It can be
easily checked that in the proof of Proposition 11.1, instead of (5.9) we
would then use the property

〈aκλ(γλ(b))ξ, ξ〉 = 〈abξ, ξ〉

for a, b ∈ B(H), thus obtaining the same twisted dual and the same
results in Theorem 11.2 for both the Klein transformation conventions.

12. The lattice

In this section, as an application of the theory developed above, we
solve, even in a more general form, a problem from [27] which we briefly
describe for the convenience of the reader.

Let h be a finite dimensional or separable infinite dimensional (com-
plex) Hilbert space, describing the space for a single fermion particle.
Denote the resulting Fermi (or anti-symmetric) Fock space as H, with
〈·, ·〉 as inner product, linear in the first variable, and f∅ as the vacuum
vector. The linear space H is nothing else than the Fock representation
of CAR(L) introduced in Section 4, when L is finite (i.e. h = C|L|)
or L ∼ N (i.e. h = `2(N)), and we refer the reader to [16], Section
5.2 for a treatment of the matter, and for the description of the basic
operators on it as well. The latter ones are indeed the creation and
annihilation operators denoted by a†(x), and a(x) for x ∈ h, respec-
tively. They have unit norm on H, are mutually adjoint, and satisfy
the anticommutation relations

{a(x), a(y)} = 0

{a†(x), a(y)} = 〈x, y〉 1IH
(12.1)

for all x, y ∈ h.
The lattice L indexes an orthonormal basis for h, say (el)l∈L, and we

use the notation

al := a(el) , a†l := a†(el) , l ∈ L .
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After recalling that alf∅ = 0 for all l ∈ L, we also write

(12.2) f(l1,...,ln) := a†l1 ...a
†
ln
f∅

for all l1, . . . , ln ∈ L, and n ≥ 1.
For any subset I of L, letDI be a set of finite sequences (l1, ..., ln) in I,

for n = 0, 1, 2, 3, ..., with lj 6= lk when j 6= k, such that each finite subset
of I corresponds to exactly one element of DI . The empty subset of I
corresponds to the sequence with n = 0, which is denoted by ∅ ∈ DI .
Note that DI is countable when I is infinite. For s = (l1, . . . , ln) and
t = (k1, . . . , km) in DI such that li 6= kh for any i, h, one denotes
st := (l1, . . . , ln, k1, . . . , km) ∈ DI . Here, for t = ∅ or s = ∅ one has
st = s or st = t, respectively. Note that (fs)s∈DL is an orthonormal
basis for H, where fs for s = (l1, . . . , ln) ∈ DL is given by (12.2).

Let (A(I),H) be the von Neumann algebra generated by {al : l ∈ I},
and consider a set of probability outcomes (ps)s∈DI , i.e. ps ≥ 0, and∑

s∈DI ps = 1. In addition, let ι : I → ι(I) ⊆ L be a bijection such
that I ∩ ι(I) = ∅.

In what follows we consider two states. First, Tr(ρI ·) ∈ S(A(I))
such that ρI is the diagonal density matrix

(12.3) ρI =
∑
s∈DI

psfs on fs ,

where x on y ∈ B(H) is defined as

(x on y)z := 〈z, y〉x

for all x, y, z ∈ H. To obtain the second state, we introduce the so-
called fermionic entangled vector

(12.4) ζ :=
∑
s∈DI

p1/2
s fsι(s) ∈ H

where ι(s) = (ι(l1), ..., ι(ln)) if s = (l1, ..., ln). The fermionic entangled
pure state ϕ ∈ S(A(I ∪ ι(I))) is defined by

ϕ(a) := 〈aζ, ζ〉

for all a ∈ A(I ∪ ι(I)). It is straightforward to show that ϕdA(I)=
Tr(ρI ·), and ϕdA(I)= Tr(ρι(I) ·). Moreover, ϕ leads to the following
bilinear form

A(I)×A(ι(I)) 3 (a, b) 7→ Bϕ(a, b) := ϕ(ab) ∈ C .

Assuming that I is finite and ps > 0 for all s ∈ DI , in [27], Theorem
7.3, it was shown that any linear map

Ψ : A(I)→ A(I).

has a unique (necessarily linear) fermionic dual map

Ψϕ : A(ι(I))→ A(ι(I))
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such that for all a ∈ A(I) and b ∈ A(ι(I))

Bϕ(Ψ(a), b) = Bϕ(a,Ψϕ(b)) .

In the same paper, after showing that Bϕ(a, b) need not be positive
when a and b are, the question was raised whether there are assump-
tions ensuring that Ψϕ inherits positivity, n-positivity or completely
positivity from Ψ. Here, we solve this problem even in the more gen-
eral case of countable I.

The problem is not affected when L is replaced by I ∪ ι(I), since in
this case we restrictH to the Hilbert space spanned by {el | l ∈ I∪ι(I)},
say HI∪ι(I), which gives a faithful representation of A(I ∪ ι(I)). Thus,
without loss of generality, we can work in terms of

(12.5) ι : I → L\I .

To reach our goal we apply a result stated in [13], where the twisted
duality of the CAR algebra is expressed in terms of the so-called self-
dual approach due to Araki (see [5] and [6], as well as the review [7]),
rather than in the usual terms of creation and annihilation operators.
In the next lines we briefly remind the reader how to connect the two
formulations.

Consider the Hilbert space

h2 := h⊕ h

with orthonormal basis given by the vectors (ek, el)k,l∈L. We define an
anti-unitary operator C : h2 → h2 by

C(ek, el) = (el, ek)

for all k, l ∈ L. Let E be the the so-called basis projection, i.e. the
projection of h2 onto h⊕ 0. Then one has

E + CEC = 1Ih2 .

The basic operator in the self-dual approach is

c(z) := a†(ECz) + a(Ez) ∈ B(H)

for z ∈ h2. Here, an element (x, 0) of h2 is identified with the element
x of h, i.e. we set a(x, 0) := a(x) for all x ∈ h. Note further that for

all l ∈ L, c(el, 0) = al and c(0, el) = a†l . Finally, c(z)∗ = c(Cz) for any
z ∈ h2.

For any closed C-invariant subspace Z of h2, in [13] the authors
consider the von Neumann algebra (M(Z),H), where

M(Z) := {c(z) | z ∈ Z}′′ .

Their main result is

(12.6) M(Z)′ = KM(Z⊥)K∗ ,
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where K : H → H is the unitary operator defined by

(12.7) Kfs =

{
fs if s has even length ,
−ifs if s has odd length ,

for all s ∈ DL (see [13], Sections II.B and VII).
We now specialise to

Z := span({(ek, 0) : k ∈ I} ∪ {(0, el) : l ∈ I}) ,

where one finds

(12.8) M(Z) = A(I) .

Furthermore, µI ∈ S(A(I)) defined by µI(a) := 〈aζ, ζ〉 for all a ∈ A(I),
is the state determined by the density matrix ρI in (12.3).

In the remainder of this section we assume that for any s ∈ DI

ps > 0 .

The following proposition is crucial in order to apply our abstract
results to the fermionic entangled state. When I is finite, the statement
was proved in [27], Proposition 7.6 (ii).

Proposition 12.1. The fermionic entangled vector ζ in (12.4) is cyclic
for A(I) in H.

Proof. As noted above, we reduce the matter to infinite countable I.
Let us first introduce some notation. For a sequence s = (s1, ..., sn) ∈
DI , we write a(s) := asnasn−1 · · · as1 . If for s, t ∈ DI all entries of s
are also present in t (even in a different order), we say that t contains
s, written as s ⊂ t, and in this case we define t\s ∈ DI as the string
consisting of those entries of t which are not in s (the order of which
is determined by our choice of DI).

Now fix s, t ∈ DI , and define

ζ2 := a(t)ζ .

If r ∈ DI does not contain t, then by (12.1) the terms p
1/2
r frι(r) in ζ

are annihilated by at. Therefore, ζ2 consists exactly of all the terms of
the form

±p1/2
r f(r\t)ι(r) ,

for r ∈ DI,t := {q ∈ DI | t ⊂ q}. In particular, p
1/2
t fι(t) appears as a

term in ζ2. The probabilities not appearing in these terms add up to

p :=
∑

r∈DI\DI,t

pr .

So, for any given ε > 0, there is a finite subset F of DI,t such that∑
r∈F

pr > 1− p− εpt ,
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or equivalently ∑
r∈DI,t\F

pr < εpt .

Let u ∈ DI be the sequence consisting of all the elements of I which
appear as an entry in at least one of the sequences in F , and define

ζ3 := a†(u)ζ2 .

As ζ2 contains p
1/2
t fι(t), again (12.1) gives that p

1/2
t fuι(t) is a term in

ζ3. Since the terms ±p1/2
r f(r\t)ι(r) in ζ2 such that r\t contains entries

from u are annihilated by a†(u), the probabilities pr appearing in the

terms of ζ3 are therefore exactly those with r containing all entries of
t, but no further entries from any of the sequences in F . No such r is
in F , except possibly for r = t. As for v, w ∈ DI the vectors fvι(w) are
orthonormal, it follows that

(12.9)
∥∥∥ζ3 − p1/2

t fuι(t)

∥∥∥2

≤
∑

r∈DI,t\F

pr < εpt .

Lastly, we set

ζ4 := a†(s)a(u)ζ3 ,

where further terms may be annihilated, but ζ4 contains at least the

term p
1/2
t fsι(t). Again the orthonormality gives∥∥∥∥∥fsι(t) − 1

p
1/2
t

ζ4

∥∥∥∥∥
2

≤ 1

pt

∥∥∥p1/2
t fuι(t) − ζ3

∥∥∥2

< ε ,

where the second inequality comes from (12.9). After recalling that
vectors of the form fsι(t) constitute a basis for H, and taking into
account that ζ4 ∈ A(I)ζ, the thesis is achieved since ε is arbitrary. �

Let now Γ : H → H be the self-adjoint unitary defined by

(12.10) Γfs =

{
fs if s has even length ,
−fs if s has odd length ,

for all s ∈ DL. As usual, it induces a Z2-grading γ := adΓ on B(H), and
ΓA(I)Γ = A(I), Γζ = ζ. By restriction, (A(I), µI) is then equipped
with a Z2-grading leaving µI invariant. Again we take the Klein trans-
formation w.r.t. Γ, i.e. η : B(H) → B(H), and the corresponding
twisted commutant A(I)o. Here, we removed the subscript since no
confusion can arise. It turns out that (12.7) is a specific case of (5.5),
and therefore we obtain the following version of (12.6).

Proposition 12.2. Given the bijection (12.5) and the Z2-grading of
A(I) obtained from (12.10), we have

A(I)o = A(L\I).
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Proof. Indeed, by Proposition 5.2, the thesis follows directly from (5.6),
(12.6) and (12.8). Namely, recalling that K2 = Γ, one has

A(I)o = η(A(I)′) = KM(Z)′K∗ = ΓA(L\I)Γ = A(L\I) .

�

The proposition above allows us to apply Theorem 11.2 to the lattice.

Corollary 12.3. The fermionic entangled vector ζ is separating for
A(I) in H.

Proof. By swapping the roles of I and L\I, Proposition 12.1 yields that
ζ is cyclic for A(L\I) = A(I)o = η(A(I))′, where the last two equalities
follow from Proposition 12.2 and Proposition 5.2, respectively. There-
fore, ζ is separating for η(A(I)). Consider now a ∈ A(I) such that
aζ = 0. As Kζ = ζ, from (5.6) one has 0 = Kaζ = η(a)ζ. Then
η(a) = 0, and thus a = 0. �

At last, by combining the results of this section with those of Section
11, we solve the problem described above.

Theorem 12.4. Let Bϕ(a, b) : A(I) × A(L\I) → C be the bilinear
form given by

Bϕ(a, b) := ϕ(ab) = 〈abζ, ζ〉 , a ∈ A(I) , b ∈ A(L\I) .

Then, for any positive and even linear map Ψ : A(I)→ A(I) such that
ϕ◦Ψ(a) = ϕ(a) for all a ∈ A(I), there exists a unique (and necessarily
linear) fermionic dual map

Ψϕ : A(L\I)→ A(L\I)

such that

Bϕ(Ψ(a), b) = Bϕ(a,Ψϕ(b)) , a ∈ A(I) , b ∈ A(L\I) .

Furthermore, Ψϕ is positive, unital, faithful and even. In addition:
(i) if Ψ is n-positive for some n ∈ N , then Ψϕ is n-positive;
(ii) if Ψ completely positive, then Ψϕ is completely positive;
(iii) if Ψ is unital, then ϕ ◦Ψϕ(b) = ϕ(b) for all b ∈ A(L\I). More-

over, Ψϕϕ := (Ψϕ)ϕ : A(I)→ A(I) is well-defined, i.e. it exists and is
uniquely determined by

Bϕ(Ψϕϕ(a), b) = Bϕ(a,Ψϕ(b)) , a ∈ A(I) , b ∈ A(L\I) .

Finally, Ψϕϕ = Ψ.

Proof. Indeed, applying Proposition 11.1 and Theorem 11.2 to M =
N = A(I), with ξµ replaced by ζ, one obtains Ψϕ = Ψo. Thus, exploit-
ing Proposition 12.1, Proposition 12.2, and finally Corollary 12.3, one
achieves the thesis.
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In particular, as Ψϕ is positive and even, and since ϕ ◦Ψϕ(b) = ϕ(b)
for all b ∈ A(L\I), swapping the roles of I and L\I, Ψϕϕ is the dual
map associated to the bilinear form

A(I)×A(L\I) 3 (a, b) 7→ Bϕ(a∗, b∗) = 〈baζ, ζ〉 .
As a consequence, Ψϕϕ is uniquely determined by

〈Ψϕ(b)aζ, ζ〉 = 〈bΨϕϕ(a)ζ, ζ〉
as a positive map, where a ∈ A(I) and b ∈ A(L\I). Finally,

Bϕ(Ψϕϕ(a), b) = 〈b∗Ψϕϕ(a∗)ζ, ζ〉 = 〈Ψϕ(b∗)a∗ζ, ζ〉 = Bϕ(a,Ψϕ(b)) .

�

As suggested by (iii) above, one can also look at the “dual version”
of this theorem by working in terms of Bϕ(Φϕ(a), b) = Bϕ(a,Φ(b)), for
Φ : A(L\I)→ A(L\I) positive, even and state preserving.

Remark 12.5. Using the same argument as in (11.5), we may as well
define the bilinear form as Bϕ(a, b) = 〈baζ, ζ〉. It leads exactly to the
same dual Ψϕ of Ψ, since Ψϕ is positive in the theorem above.

13. Fermionic detailed balance

The theory developed in this paper provides a natural framework to
formulate detailed balance for fermionic systems.

The discussion is spread over two sections, the latter dealing with
a more abstract setting. Here, using the Fermi tensor product, our
formulation of fermionic detailed balance is based on the diagonal state
of a compound system.

For the lattice in the finite dimensional case (i.e. I finite), fermionic
detailed balance has been defined in [27]. As it appears useful for our
definition, in the next lines we briefly recall it, using the notation of
the previous section. Thus, consider a unital positive map Ψ : A(I)→
A(I), which has to be carried over to A(ι(I)) in order to have its copy
on the latter algebra. In more detail, if κ : A(I) → A(ι(I)) is the
∗-isomorphism given by

(13.1) κ(al) := aι(l) , l ∈ I ,
one considers

(13.2) Ψι := κ ◦Ψ ◦ κ−1 : A(ι(I))→ A(ι(I))

as the copying map of Ψ. Motivated by the seminal papers [22, 23],
and standard quantum detailed balance w.r.t. a reversing operation
studied in [30, 28], fermionic detailed balance of Ψ has been defined in
[27] by means of the fermionic entangled pure state ϕ on the compound
system as

(13.3) ϕ(aΨι(b)) = ϕ(Ψ(a)b) , a ∈ A(I) , b ∈ A(ι(I)) .
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In the case where ι(I) := L\I, we see by Proposition 12.2 that (13.1)
and (13.2) can respectively be expressed as

(13.4) κ : A(I)→ A(I)o , and Ψι := κ ◦Ψ ◦ κ−1 : A(I)o → A(I)o .

Under the same notation of Theorem 12.4, (13.3) can be therefore
formulated as

(13.5) Ψϕ = Ψι ,

or equivalently
Bϕ(a,Ψι(b)) = Bϕ(Ψ(a), b)

for all a ∈ A(I) and b ∈ A(ι(I)). We use this as the basis for the
following generalization.

For our aim, it is useful to first give a definition of diagonal states
directly in the von Neumann algebra setting. The definition in Section
10 for a W ∗-algebra M reduces to the following one by considering
the von Neumann algebra (πϕ(M)′′,Hϕ), together with the grading on
B(Hϕ) induced by Γ := Vϕ,θ and ξ := ξϕ.

Proposition 13.1. Let (M,H) be a von Neumann algebra, together
with a selfadjoint unitary Γ acting on H whose adjoint action leaves
M globally stable: M = ΓMΓ. Consider the corresponding twisted
commutant Mo

Γ given in Definition 5.1.
For each unit vector ξ ∈ H,

M F
bin
maxM

o
Γ 3 a F bo 7→ δξ

(
a F bo

)
:= 〈aboξ, ξ〉 ∈ C

uniquely defines a state. If in addition Γξ = ±ξ, then δξ is even.

Proof. Put Mo = Mo
Γ. By reasoning as in Proposition 4.1 of [20], we

argue that
M F Mo 3 a F bo 7→ abo ∈ B(H)

uniquely extends to a nondegenerate representation π of M F
bin
maxM

o
Γ.

Therefore, δξ uniquely defines a state, by restricting the vector state
generated by ξ to the image of π.

Finally, let θ and θo be the grading implemented by Γ onM andMo

by restriction, respectively. Denoting by θ F θo the induced grading on
M F

bin
maxMo (cf. (6.5)), we easily get for a F bo ∈M F

bin
maxM

o
Γ,

δξ
(
(θ F θo)(a F bo)

)
:= 〈ΓaboΓξ, ξ〉 = 〈aboΓξ,Γξ〉 = δΓξ(a F bo) ,

and then δξ coincides with δΓξ if Γξ = ±ξ. �

We can easily deduce that the GNS representation (Hδξ , πδξ , ξδξ)

is (PH, Pπ, ξ), where P ∈
(
M
∨
Mo)′ is the cyclic projection onto

(M
∨
Mo) ξ ⊂ H.

Notice that the name “diagonal state” for δξ is justified from the fact
that it can be viewed as the diagonal state associated to the product
state 〈 · ξ, ξ〉dM×〈 · ξ, ξ〉dMo , provided at least one of the factors is even.
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Under the assumptions and notations of the above proposition, we
assume further that ξ ∈ H is cyclic and separating forM, and consider
the even state µ := 〈 ·ξ, ξ〉. In order to formulate fermionic standard
quantum detailed balance in this setting, we generalise κ in (13.1) by
assuming that we have a ∗-isomorphism

(13.6) κ :M→Mo ,

which copies the dynamics. As usual, Mo stands for Mo
Γ. For any

unital positive map Ψ :M→M, we obtain

(13.7) Ψκ := κ ◦Ψ ◦ κ−1 :Mo →Mo

as in (13.4). Note that if we assume that κ is grading-equivariant, then
Ψκ is automatically even when Ψ is, a condition naturally satisfied in
the lattice. Recalling that Ψo : Mo → Mo is the twisted dual map of
Ψ, we now state the main concept of this section.

Definition 13.2. Under the above notations, we say that Ψ satisfies
fermionic standard quantum detailed balance (with respect to µ and
κ), if

(13.8) Ψo = Ψκ.

Notice that the requirement (13.8) does not need the assumption that
Ψ is even. The latter is indeed the case we are most interested in, since
by Theorem 11.2 it guarantees that Ψo is positive (resp. completely
positive) if Ψ is also positive (resp. completely positive). Nevertheless,
if condition (13.8) is satisfied, then the complete positivity of Ψ by
itself entails the same property for Ψo, as a consequence of (13.7).

The definition above generalises the finite dimensional lattice case
(13.5), where Ψo is seen as the abstract version of Ψϕ. Furthermore,
after noticing that the unital algebraM F

bin
maxMo replaces the algebra

A(L), by viewing M and Mo as playing the role of A(I) and A(I)o =
A(L\I) (see Proposition 12.2) respectively, the diagonal state above
defined allows to get a more general version of (13.3).

Proposition 13.3. Fermionic standard quantum detailed balance as
stated in Definition 13.2 can equivalently be formulated as

(13.9) δξ(a F Ψκ(bo)) = δξ(Ψ(a) F bo) , a ∈M , bo ∈Mo .

Proof. Indeed, (13.8) implies (13.9) by definition of δξ. Moreover,
Proposition 11.1 and Theorem 11.2 immediately give (13.8) if (13.9)
holds true. �

Arguing as in Theorem 12.4 and its proof, it is natural to introduce
the bilinear form

B :M×Mo 3 (a, bo) 7→ B(a, bo) :=
〈
aboξ, ξ

〉
∈ C .
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Thus, condition (13.8) can be expressed as

(13.10) B(a,Ψκ(bo)) = B(Ψ(a), bo) , a ∈M , bo ∈Mo .

Also note that the fermionic diagonal state gives exactly the bilinear
form B used in (13.10), i.e.

δξ(a F bo) = B(a, bo) , a ∈M , bo ∈Mo .

Remark 13.4. Observe that δξ plays the same role as ϕ for the case
of the lattice in Theorem 12.4 and identity (13.3), and ξ can be viewed
as an abstract version of the entangled vector ζ, in analogy to the case
ofM�M′. In the latter setting the diagonal state is a generalization
of the entangled physical pure state of a compound system consisting
of two copies of B(H), with H the Hilbert space of the system (see, e.g.
[29], Section 7). One could wonder up to what generality the vector ξ
is physically an entangled state of the compound system M F

bin
maxMo.

As this is not part of the aims of the present paper, we postpone a
more exhaustive treatment to somewhere else.

When θ = idM, (13.8) reduces to the standard quantum detailed
balance with respect to a reversing operation ϑ [30, 28].

In more detail, in this case one takes an involutive ∗ -antiautomorphism
ϑ : M → M (where “anti” simply means ϑ(a1a2) = ϑ(a2)ϑ(a1) for
a1, a2 ∈ M) such that µ ◦ ϑ = µ, and considers j(a) := Jµa

∗Jµ for
all a ∈ B(H), where Jµ is the modular conjugation associated with
µ. The standard quantum detailed balance w.r.t. the reversing map ϑ
(also called ϑ-sqdb), is defined by

(13.11) Ψϑ = Ψ ,

where
Ψϑ := ϑ ◦ j ◦Ψ′ ◦ j ◦ ϑ .

It is easy to see that (13.11) is equivalent to

(13.12) Ψ′ = Ψ% ,

where we have used % := j◦ϑ :M→M′ to copy Ψ to Ψ% := %◦Ψ◦%−1 :
M′ →M′. Since now the twisted ∗-automorphism is trivial, (13.8) and
(13.12) are analogous.

Example 13.5. In the algebra Mn(C) one takes ϑ as the transposition
operation with respect to the basis in which the density matrix is diag-
onal. Here, M := Mn(C) ⊗ 1IMn(C), and M′ = 1IMn(C) ⊗Mn(C). Since
for any a ∈Mn(C), j(a⊗ 1IMn(C)) = 1IMn(C)⊗ aT , with aT the transpose
of a (see for example [29], Section 7), one finds

%(a⊗ 1IMn(C)) = 1IMn(C) ⊗ a .
After replacing 1IMn(C)⊗Mn(C) with Mn(C)⊗1IMn(C), one notices Ψ% is
the same physical dynamics as Ψ on Mn(C). Therefore, in this instance,
copying using % appears physically sensible.
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In general we need a copying ∗-isomorphism from M to the appro-
priate “dual” von Neumann algebra, which is physically sensible in
concrete examples, and mathematically natural in the abstract frame-
work. In the case of θ-sqdb, the dual von Neumann algebra isM′, but
in the fermionic case it is Mo.

For a non trivial Z2-graded structure of M, one would attempt to
use κ̃ := η ◦ j ◦ ϑ as the copying map. Then, for even Ψ, we could
obtain the usual ϑ-sqdb condition (13.11) from (13.8) by Theorem 11.2.
Namely,

Ψ = κ̃−1 ◦Ψκ̃ ◦ κ̃ = κ̃−1 ◦Ψo ◦ κ̃
= ϑ ◦ j ◦ η−1 ◦Ψo ◦ η ◦ j ◦ ϑ
= ϑ ◦ j ◦Ψ′ ◦ j ◦ ϑ = Ψϑ .

Hence, although mathematically natural, this choice of copying the
dynamics is not physically appropriate for a structure equipped with a
non trivial Z2-grading, as it just reproduces the usual ϑ-sqdb condition.
This is confirmed by the fact that the physically sensible copying ∗-
isomorphism in a lattice given by (13.1), differs from κ̃, as the next
example shows:

Example 13.6. Consider the lattice in the finite dimensional case (i.e.
|I| < ∞). Let ϑ : A(I) → A(I) be the transposition as mentioned
above, that is ϑ is the ∗-antiautomorphism such that for any s, t ∈ DI

〈ϑ(a)fs, ft〉 := 〈aft, fs〉 , a ∈ A(I) .

This means that ϑ(al) = a†l , for l ∈ I. Simply taking I := {1, 2},
ι(1) = 3 and ι(2) = 4, when µ is the normalised trace, one has

ζ =
1

2
(f∅ + f(1,3) + f(2,4) + f(1,2,3,4)) .

Moreover, j(a1) ∈ πµ(A(I))′ and

j(a1)ζ = Ja†1Jζ = a1ζ .

Notice that

a1ζ =
1

2
(f(3) + f(2,3,4))

=
1

2
a†3(f∅ + f(1,3) − f(2,4) − f(1,2,3,4))

= a†3(a4a
†
4 − a

†
4a4)Γζ .

Now a†3(a4a
†
4 − a

†
4a4)Γ ∈ πµ(A(I))′, since Γ2 = 1IHI∪ι(I) , and πµ(A(I))′

is generated by {a3Γ, a4Γ}. As ζ is separating, one finds

j(a1) = a†3(1IHI∪ι(I) − 2a†4a4)Γ .

As a consequence,

j ◦ ϑ(a1) = j(a†1) = Γ(1IHI∪ι(I) − 2a†4a4)a3
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and thus
κ(a1) = a3 6= ı(1IHI∪ι(I) − 2a†4a4)a3 = κ̃(a1) .

Here, (13.1) is the physically sensible way of copying dynamics, as it
comes directly from the map ι copying the lattice sites.

Therefore, when dealing with fermionic detailed balance, we assume
the presence of an abstract copying ∗-isomorphism κ :M→Mo.

14. Fermionic detailed balance for abstract C∗-systems

Our goal here is to give a definition of fermionic detailed balance for
abstract C∗-algebraic systems. It is reached by again using the notion
of diagonal state studied in Section 10.

Let (A, θ) be a unital Z2-graded C∗-algebra, and consider an even
state ϕ ∈ S(A) such that sϕ ∈ Z(A∗∗). If

(
Hϕ, πϕ, Vϕ,θ, ξϕ

)
is the GNS

covariant representation associated to ϕ, consider the von Neumann
algebra M := πϕ(A)′′ with normal faithful state µ given by µ(a) :=
〈aξϕ, ξϕ〉, a ∈M. Let γ := adVϕ,θdM be the Z2-grading of M endowed
with θ, and take the corresponding Klein transformation

η : B(Hϕ)→ B(Hϕ)

as defined in (5.1). Recall that µ ◦ γ = µ.
As in the previous section, we consider a unital positive map Ψ :
M→M as a (dissipative) dynamics onM, and assume that we have
a copying ∗-isomorphism κ :M→Mo as in (13.6) such that fermionic
standard quantum detailed balance (13.9) is satisfied, i.e.〈

aακ(bo)ξϕ, ξϕ
〉

=
〈
α(a)boξϕ, ξϕ

〉
, a ∈M , bo ∈Mo .

If M◦ is the opposite algebra of M, then as in the previous section
we take j(a) := Jϕa

∗Jϕ for any a ∈ B(Hϕ), where Jϕ is as usual
the modular conjugation associated to ϕ. Notice that j realises a ∗-
isomorphism between the W ∗-algebras M◦ and M′.

Since from Proposition 5.2 it follows that η−1 ◦ κ(M) = M′, we
consider the ∗-isomorphism

ς := j ◦ η−1 ◦ κ :M→M◦ .

Letting Ψς :=M◦ →M◦ be given by

Ψς := ς ◦Ψ ◦ ς−1 ,

the detailed balance above can be rewritten as

(14.1) 〈a(η ◦ j ◦Ψς)(b◦)ξϕ, ξϕ〉 = 〈Ψ(a)(η ◦ j)(b◦)ξϕ, ξϕ〉
for all a ∈M and b◦ ∈M◦.

Thus, we model the C∗-algebraic formulation of fermionic detailed
balance on (14.1). Indeed, we take a unital positive map

Φ : A→ A
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as the dynamics, and assume we are given the ∗-isomorphism

ρ : A→ A◦ ,

which serves as a necessarily abstract copying map. Then, we present
the following

Definition 14.1. We say that Φ satisfies fermionic standard quantum
detailed balance (with respect to ϕ and ρ) if

(14.2) δϕ(a F Φρ(b◦)) = δϕ(Φ(a) F b◦)

for all a ∈ A and b ∈ A◦, where δϕ is the diagonal state on A F maxA
◦

given in Theorem 10.1, and

Φρ := ρ ◦ Φ ◦ ρ−1 : A◦ → A◦ .

Notice that (14.2) is a version of (13.9) expressed in terms of the
diagonal state (10.2). The main structure involved here is the bilinear
form

Bϕ : A× A◦ → C
given by

Bϕ(a, b◦) := δϕ(a F b◦) , a ∈ A , b◦ ∈ A◦ ,

and (14.2) can be given in terms of Bϕ, in analogy to (13.10) in a
natural way.10

We end by noticing that the above definition of detailed balance on
one hand provides a unifying definition of quantum detailed balance in a
very general situation. For example, it covers the usual tensor product
case for which the grading is trivial. On the other hand, Definition
14.1 clarifies the natural appearance of the diagonal state under the
additional condition of centrality of the support of the involved state.11

For the previous work on the detailed balance, the reader is referred
to [3, 4, 27, 28, 29, 30, 41] and the references cited therein. The reader
is also referred to [10, 11, 24, 25, 26, 32, 34] for the role of such a
“diagonal quantum measure” in quantum ergodic theory and the theory
of joinings.

Finally, we would like to mention the natural connections between
detailed balance and the notion of KMS-symmetric semigroups, see e.g.
[1, 15, 36].

10Even if Definition 14.1 is meaningful for general positive maps Φ and the ∗-
isomorphisms ρ, for physical applications these will be automatically even (grading-
equivariant).

11Concerning the classical (i.e. commutative) case, the definition of the “diagonal
measure” associated to the product measure is always meaningful because of the
simple fact that the support of every state in the bidual is automatically central.
This is no longer true in the quantum situation.
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Henri Poincaré 19 (2018), 1747–1786.

[30] F. Fagnola, R. Rebolledo Entropy production for quantum Markov semigroups,
Commun. Math. Phys. 335 (2015), 547–570.
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