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NOTATION

We give a (not necessarily complete) list of symbols used in this thesis. A page

reference is given where it might be useful.

Symbol Meaning Page
A a von Neumann algebra 8
AP complete lattice of projections in A 8
A trace class of 7 in A - 35
A’ commutant of A

A *-algebra of T-measurable operators affiliated to A 65
Ale, t) basic neighbourhood of 0 in the 7,,-topology on A 65
B(H) von Neumann algebra of all bounded linear operators on 'H

By unit ball of H 41
C set of complex numbers

C,D C*-algebras

ct positive elements in C

dem(.) dimension function 10
D(S) domain of the operator S

dist(T, B) distance from the operator T to the set B
EF projections

Ey, F(, spectral measures

Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2021



E) spectral projection Ejg, y)

G(A) group of invertible operators in A
¥(T) minimum modulus of T 60
H a Hilbert space 8

closed two-sided ideal

ind(T) index of bounded operator T' 11
indez(S) index of not necessarily bounded operator S 71
K(A) closed ideal generated by the finite projections in A 17
K(A, 1) closed ideal generated by the finite rank projections in A 18
K(H) ideal of compact elements of B(H)

K(A,7) Tem-compact ideal in A 66
mz(T) lower bound of T' relative to 7 13
m(T) inf o (|71) 53
pe(S) ‘t th’ generalised singular number of S € A 68
Hoo(S) limy o0 p14(S) 68
N set of natural numbers

M(A,I) the T in A for which 77(T) is a left algebraic divisor of zero

in A/T 23
N.(A,Z) the T in A for which 77(T) is a right algebraic divisor of zero

in A/T 23

N(A,Z) the T in A for which 77(T) is an algebraic divisor of zero in A/Z 25
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Nu(Aw I)

d/(A, 1)

R*
Rr
Reg(C)
oo(T)

supp(T)

union of NV;(A, I) and N, (A, T)

null projection of T

projections

order relation in AP

equivalent projections

perturbation class associated with B
quotient map

left Fredholm operators in A relative to Z
right Fredholm operators in A relative to 7
Fredholm operators in A relative to 7
semi-Fredholm operators in A relative to 7
union of ®;(A, 7) and &,(A, T)

set of all eigenvalues of a € A/K(A,T)

the von Neumann algebra A reduced by the projection )

quantity measuring relative precompactness of {2

set of real numbers

extended real number system
range projection of T

regular elements in C
essential spectrum of T

support projection of T

|
@
l
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T,S,U, V operators

7(.) trace function on A*

T adjoint operator of T

T unit circle in C 47
Tem topology of convergence in measure 65
Z center of A

Zi(A,Z) the T in A for which 77(T') is a left topological divisor of zero

in A/T 23
Z,(A,Z) the T in A for which n7(T') is a right topological divisor of zero

in A/T 23
Z(A,Z)  the T in A for which n7(T') is a topological divisor of zero

in A/T 25

Z.(A,Z) union of Z|(A, Z) and Z,(A, I) 25
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INTRODUCTION

The theory of Fredholm operators in von Neumann algebras was developed by
Breuer [Bre 68, Bre 69]. The main reason for introducing his theory became clear
in [Bre 73], where Fredholm theory was used in the study of vector bundles rela-
tive to a von Neumann algebra. Another important application of Breuer’s index
theory is the generalisation of the well-known Gohberg-Krein index theorem for
Toeplitz operators with continuous symbol on the unit circle. In this case Toeplitz
operators were studied with symbols continuous functions on more general groups,
and hence the index theory of Breuer was necessary [CDSS71, Mur 95]. Since
then the theory of Fredholm-type operators in operator algebras has been stud-
ied by several authors, for instance Kaftal [Kaf 77, Kaf 78], Olsen [Ols 84], Peligrad
and Zsido [PeZ 73, Zsi 75|, Phillips and Raeburn [PhR 94] and Stréh and Swart
[Str 89, StS 89, StS 91, StZ 95]. In [Bre 68, Bre 69] most of the fundamental results
from the classical index theory were generalised to a von Neumann algebra relative
to the ideal of compact elements. An index map is defined with all the desired prop-
erties. In [Kaf 77, Kaf 78] the theory of left and right Fredholm elements relative to
the compact ideal was introduced and results like the Weyl-von Neumann theorem

and the Berg-Sikonia-Halmos theorem were obtained.

In [Ols 84] Olsen defined a natural analytic index function on an arbitrary von Neu-

mann algebra A relative to an arbitrary closed ideal Z using a relative dimension
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function defined on the projections of A due to Tomiyama [Tom 58]. This index
map enabled her to develop a complete Fredholm theory in this setting which is
parallel to classical Fredholm theory. If the ideal Z is contained in the ideal of
compact elements, the index map enjoys all the desired properties, e.g. it is stable
under perturbations of elements of Z, locally constant on components of the Fred-
holm elements, etc. If 7 is not contained in the ideal of compact elements, then the
properties fail to hold and Olsen modified this index map in such a way that these

properties were recovered.

In the first part of the thesis we use the divisors of zero in the “Calkin” algebra to
define classes of Fredholm-type operators. The geometrical, algebraic and topolog-
ical properties of these classes are studied completely and shown to be similar to
properties possessed by the Fredholm classes. We also investigate precisely in which
cases these classes coincide with the Fredholm classes, hence to obtain useful char-
acterisations of the semi-Fredholm operators in the von Neumann algebra setting.
We refer the reader to the well-known paper [FSW 72] where Fillmore, Stampfli
and Williams obtained characterisations for the classical semi-Fredholm operators
on a Hilbert space in terms of the set of divisors of zero in the Calkin algebra. For

operators on Banach spaces such characterisations also exist [Pfa 70].

Closely related to Fredholm theory is the lifting of properties of elements from

the “Calkin” algebra to the algebra. In the second part of the thesis we prove
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lifting theorems for a number of such properties and state numerous problems still

unsolved.

We conclude our study on a Fredholm theory for closed densely defined operators

affiliated to a von Neumann algebra.

Although unanswered questions (which we describe later) remain, our results are
reasonably complete, especially with respect to certain norm closed ideals which are
of principal interest in the theory of operator algebras. The following is a more

detailed description of the thesis:

Chapter 1 contains a summary of the notation used throughout the thesis as well

as some preliminary results which are needed in the other chapters.

It was shown by Pfaffenberger [Pfa 70] that under certain conditions on a Banach
space the left and right Fredholm operators can be characterised respectively in
terms of the left and right algebraic divisors of zero in the Calkin algebra. Again
under additional conditions on the Banach space Lebow and Schechter [LeS 71|
showed that the left and right topological divisors of zero coincide with the left
and right algebraic divisors of zero, respectively. In Chapter 2 we characterise the
left and right Fredholm operators relative to any closed ideal in any von Neumann
algebra in terms of the left and right topological divisors of zero in the appropriate

quotient algebra.

—_ e e
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Chapter 2 also describes a perturbation theory for certain classes of operators related
to the left and right algebraic divisors of zero in the quotient algebra. In this chapter
we show that these classes are semigroups that are stable under perturbations of
elements in the ideal under consideration. The purpose of these results are to show
that these classes have properties very similar to those of the Fredholm classes and

therefore equality of the respective classes are expected in some cases.

In the classical theory of operators on a Hilbert space numerous characterisations
of the left and right Fredholm operators exist. Some of these characterisations are
used in the study of the structure of the essential spectrum. An important purpose
of Chapter 2 is to show that several of these results still hold when a Fredholm

theory is studied relative to any von Neumann algebra.

In a well-known paper [FSW 72] Fillmore, Stampfli and Williams made use of an
elementary but very useful sequential characterisation on semi-Fredholm operators,
due to Wolf [Wol 59], to study the structure of the essential spectrum of a Hilbert
space operator. Moreover, this characterisation is used to show that the left Fred-
holm operators on a Hilbert space can be characterised in terms of the set of divisors
of zero in the Calkin algebra. Stréh and Swart [StS 89] proved that if a Fredholm
theory is considered in a semifinite von Neumann algebra with non-large center rel-
ative to the ideal of compact operators, i.e. the norm closure of the ideal generated

by the finite projections (see [Bre 68, Bre 69] for a Fredholm theory relative to this
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ideal), then the left and right Fredholm operators can be characterised in terms of
the left and right algebraic divisors of zero in the Calkin algebra and the left (right,
resp.) algebraic divisors of zero coincide with the left (right, resp.) topological

divisors of zero in the Calkin algebra.

In this chapter we show that similar results hold when a Fredholm theory is studied
in any semifinite von Neumann algebra relative to a specific closed ideal. The ideal
under consideration will be the norm closed ideal generated by the projections with
finite trace. It is shown in [Fac 83, Son 71, StW 93] that this ideal has properties

similar to the ideal of compact operators.

To motivate the study of this ideal, we refer the reader to [PhR 94]. In this paper
Phillips and Raeburn proved an index theorem for Toeplitz operators with noncom-
mutative symbol space. They showed that in their study the existance of traces
is essential, hence the study of Fredholm theory relative to the closed ideal gener-
ated by the projections with finite trace. Of course in the case of factors this ideal

coincides with Breuer’s ideal.

We continue by proving a characterisation of the semi-Fredholm operators, from
which a description of the essential spectrum in terms of the eigenvalues in the
Calkin algebra follows. This characterisation is then used to obtain some more
equivalent descriptions of the semi-Fredholm operators. The first one in terms of

the left and right algebraic divisors of zero in the Calkin algebra and the second one
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generalising a geometrical type of characterisation of Yood [Yoo 51].

Some of the results in Chapter 2 appear in [StV 94] and the other results are sub-

mitted for publication [StV 2].

The lifting results are contained in Chapter 3. It is easy to see that if a €
B(H)/K(H) is self-adjoint then there exists a self-adjoint operator 7' € B(H) such
that 7(T) = a. In this case we say that T is a self-adjoint lifting for a. To ask
whether a normal element in the Calkin algebra can be lifted is a much harder ques-
tion. A well-known theorem of Brown, Douglas and Fillmore (see [BDF 73]) gives
a complete answer to this question. In Chapter 3 we prove a lifting theorem for a
certain type of normal element, viz. unitary elements, in the quotient algebra. These
lifting theorems are important, but in general hard to prove. There is for instance
the well-known West decomposition theorem, which states that any quasinilpotent
element in the Calkin algebra has a quasinilpotent lifting. See [BMSW82] for a
proof of this decomposition in a C*-algebra relative to any inessential ideal. It is
still an open question whether this theorem holds, generally, in any von Neumann

algebra. Partial answers to this question can be found in [Rog 90, StS 91].

In [BDF 73, Theorem 6.2] a lifting theorem is proved on the isometries in the Calkin
algebra. In Chapter 3 we show a similar result in the case when A is a factor. We
also show when the lifting of invertibility is possible and we even show that the

lifting of divisors of zero and regularity are possible in any von Neumann algebra
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relative to any closed ideal. The results of Chapter 3 are submitted for publication

[StV 3].

Many of the properties and characterisations of left and right Fredholm operators
relative to a closed ideal in A carry over to the case of unbounded operators, more
specific, the left and right Fredholm operators affiliated to a semifinite von Neumann
algebra.- In Chapter 4 we show that if the algebra possesses a faithful semifinite
normal trace and we consider the 7-measurable Fredholm operators relative to the
closure of the trace class in the topology of convergence in measure, then some of

the results in Chapter 2 extend to this setting.
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Chapter 1

PRELIMINARIES

Throughout the thesis A will denote a concrete von Neumann algebra of operators
on an infinite dimensional Hilbert space H. We denote by AP the complete lattice of
projections in A with the usual order relation P < @ if and only if PQ = P where
P, Q € AP. In this case P is called a subprojection of (). The well known Murray -
von Neumann equivalence on the projection lattice AP will be essential throughout
the thesis:

Call P,Q € AP equivalent (P ~ Q) if there exists a U € A sudls that P = U*U
and Q = UU*. We also refer to equivalent projections as projections with the
same dimension. A projection P is of dimension less than @ if P is equivalent to
a subprojection of Q. In this case we write P & Q. See [KaR 83, Section 2.5],

[KaR 86, Chapter 6] and [Tak 79, Chapter V] for more properties of the projection
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CHAPTER 1. PRELIMINARIES 9

lattice.

Presently there exists a substantial Fredholm theory in the framework of von Neu-
mann algebras. This theory was at first introduced in [Bre 68, Bre 69] where the
Fredholm elements were studied with respect to a specific norm closed two-sided
ideal in the algebra. However, since most of the results hold with respect to any

norm closed ideal we state the necessary results in this general framework.

For any norm closed two-sided ideal Z in A let 77 : A — A/T denote the canonical
quotient map. An operator T' € A is called left Fredholm relative to T if n7(T) is
left invertible in A/Z. We denote this semigroup of operators by ®;(A, Z). The
class ®,(A, I) of right Fredholm operators is defined in the obvious similar way.
The Fredholm operators relative to I are those operators contained in ®(A, 7) :=
o, (A, IT)ND,.(A, I). Asin[Ols 84] we define an operator T' € A to be semi-Fredholm
relative to T if there is a central projection P € A such that PT € ®,(PA, PI)
and (I — P)T € &,((I — P)A, (I — P)I). We denote this class by ®,(.A, 7). In the
case where A is a factor, i.e. the center Z = CI, ®,(A,Z) = ¢,(A, I)U ®,(A, I).
In general we shall denote the class ®;(A, T) U ®,(A, I) by ®,(A, I). Although it
can be shown that most of our results hold for ®,(A, 7) we shall concentrate only

on ¢,(A, 7).

In [Ols 84] Olsen used the well known Tomiyama’s dimension function to define an

index for Fredholm elements and show that this index map has properties similar to
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CHAPTER 1. PRELIMINARIES 10

the classical index. A representation of the index group for the algebra and the given
ideal as a group of continuous functions on the spectrum of the center is obtained.

We include a brief discussion of this theory.

In order to do this generalisation one needs to investigate the dimension function
dim due to Tomiyama [Tom 58]:
Let Z be the center of A, with spectrum §, and identify Z with C(). The compact
space 0 is hyperstonean, i.e. the closure of every open set in §2 is open and  admits
the structure of a perfect Borel measure [Dix 51]. Then every projection P in Z
corresponds to the characteristic function of a unique clopen subset G of the compact
set 1. Since any von Neumann algebra can be decomposed into three different types
we can partition ) into three clopen subsets §2;, such that Axﬂj is of type 7 where
j=1,11,1II. Let

Vi :={0} U N U {N : N an infinite cardinal, N’ < dimension of H};

Vir :=[0,00) U {N : N an infinite cardinal, N’ < dimension of H};

Virr := {0} U {N : N an infinite cardinal, N < dimension of H}.

Each Vj is compact when considered with the order topology. Let
D:={f:Q — V: f continuous and f(Q;) C V; x {j}},

where V' denotes the disjoint union Ujes 11,11y Vi X {7} of the V;.

The following theorem is due to Tomiyama [Tom 58].

Digitised by the Department of Library Services in support of open access to information, University of Pretoria, 2021



CHAPTER 1. PRELIMINARIES 11

Theorem 1.1 For any von Neumann algebra A on a Hilbert space H there ezxists

a function dim : AP — D with the following properties:

(a) 0 < dim P < dimension of H, for each P € AP, and dim P =0 iff P = 0;
(b) dim P < dimQ iff P X Q;
(c) for mutually orthogonal projections P and Q dim(P + Q) = dim P + dim Q;

(d) for a central projection Z dim(ZP)= Z dim P for each P € AP. ]

Olsen defined the index function in terms of this dimension function. Recall that
in the classical index theory every Fredholm operator has index some positive or
negative integer. In order to include ‘negative’ values in the general theory we need
to extend D to a larger class of continuous functions.

For Vj, let —V; = {—a : a € V,} with the natural ordering —a < —bifa > b.
Identify —0 and 0 and with the order topology on —V; U V; we let C.(f2) be the set
of all continuous functions f such that f(Q;) C —V; UV;. We define addition on
C.(9) as follows:

For f and g in C.(Q) let X = {t € Q: f(t) # —g(¢)}. Then (f +g)(t) = f(¢)+ g(¢)
is well defined and continuous on X, hence continuously extends to 83X = X. Since

X is clopen we may define f + g on Q\X as zero.

Define the map ind : A — C.(Q) by

ind(T') := dim Nt — dim N, for each T' € A.
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CHAPTER 1. PRELIMINARIES 12
Then, clearly, ind(T*) = —ind(T) and from Theorem 1.1 ind(T) > 0 if and only

lf NT# ’s NT.

To illustrate we give two examples:

Examples 1.2

1. Let A = B(H) and suppose that H has dimension N;. Then the center Z of A

is CI. Since A is of type I
V = —‘/1 U‘/l = {—Nl,—No} U Z U {NO,NI}

and C.(2) = V. In this case ind(®(A,K(H))) = Z which implies the classical

index theory.

2. Let A = [*® and Z = ¢y. It is well known that A can be embedded as a

w*-subalgebra of B(l?). Then Z = [ = C(BN). For this type I algebra
V = {——No} UZzZu {No}

and C.(BN) = C(BN, V) = VN, ]

For a detailed exposition of a Fredholm theory relative to any closed ideal in A the

reader is referred to [Ols 84].

In Chapter 2 we shall prove several characterisations of operators in ®,(A4, Z). In

order to obtain these results a considerable amount of important techniques and
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CHAPTER 1. PRELIMINARIES 13

results from [Ols 84] will be used. For this reason we include the following:
The following quantity gives a very useful characterisation of left and right Fredholm

operators (see Theorem 1.7). For T € A we define
mz(T) = inf o(7z(|T))).
Clearly mz(T') < ||T||-
By an easy ap'plication of the Spectral Theorem one obtains (see [Ols 84])
Lemma 1.3 Let T € A and let E() denote the spectral measure of |T|.

Then

mz(T) =inf{8 > 0: Ejo,p4e] € T for each e > 0}.

The first equality in the following proposition can be found in [Str 89]. The second

and third equalities are new.

Proposition 1.4 Let T € A, then

mz(T) = inf{||rz(TP)||: P € A? and P ¢ T}

= inf{||7z(TS)|: S € A and ||rz(S)| = 1}

{HWI(TS)II

T2 (] SeAand S ¢ T1}.

PROOF. Let E() denote the spectral measure for |T| and let F' = {||7z(TP)]| :

P e A? and P ¢ T} and let G = {||=z(TS)||: S € A and ||xz(S)| = 1}.
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CHAPTER 1. PRELIMINARIES 14

Let € > 0 be given and let Q. = Ejo,m;(7)+)- Then by using Lemma 1.3, we have for
any € > 0 that Q. ¢ Z. Moreover, ||17(TQ.)|| < ||TQ.|| < mz(T) + ¢ and therefore
inf F' < mg(T).

Now consider any ¢ > 0 and let S, = |T|E{my1)-, ) and R € A arbi-
trary. Then, since FEjg m;(1)-e) € Z from Lemma 1.3, it follows directly that
r7(R*T*TR) = m7(R*S?R). Compute

l=r(TR)|* = |=z(R"T"TR)|
= |lmz(R*S;R)|
> (mz(T) — &)’ |72(R" By (1)-e,00) )
= (mz(T) - ¢)*||lnz(R"R)|
= (mz(T) —e)*lrz(R)|7,
so that mz(T) < inf G.
All that is still needed to be shown in order to obtain the first two equalities is

that inf G <inf F' and this is clear since F' C G.

The third equality is clear by similar arguments. |

The proof of Proposition 1.4 says a bit more:

Proposition 1.5 Let T € A, then

mz(T)

il

inf{||TP||: P € A* and P ¢ T}

= inf{||T'S||: S € A and ||rz(S)|| = 1}.
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CHAPTER 1. PRELIMINARIES 15

Proor. Clearly

inf{||xz(TS)|| : S € A and ||77z(S)|| =1} < inf{||TS|:S € A and ||7z(S)|| =1}

< inf{||TP||: P€ AP and P ¢ T}.
The remaining part follows from the proof of Proposition 1.4. ]

That mz(.) is a continuous function on A follows by the inequalities in the following

result.

Proposition 1.6 Let T, S € A, then
Imz(T) — mz(S)| < ||T - S|

and

mg(T)mz(S) < mg(T5) < ||T||lmz(S5).

PRrROOF. Using Proposition 1.5 the first statement follows easily from the inequal-
ities:

mz(T) <||TP| = [(T - S)P+ SP| < |T -S|+ ISP
for any projection P ¢ Z.

Using Proposition 1.4 the second statement follows from the following inequali-

ties:

_ImTR) (SR
mr(DmaS) = W B )]
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CHAPTER 1. PRELIMINARIES 16

o Im2(TSR)|| . o l7z(SR)|
= Rer ||nz(SR)|| Rer ||mz(R)|
inf(||7fr(i’"51’3)ll.||7FI(SR)H)
rer ||rr(SR)| - |Irz(R)||

= m[(TS)

IN

IN

1T ]lmz(S). n

Theorem 1.7 [Ols 84] IfT € A, then T € ®(A, I) if mz(T) > 0.

Proor. T € &/(A,TI) iff n7(T) is left invertible in A/Z
f 77(|T|) is invertible in A/Z, since
77(|T|) = |7rz(T)| is positive in A/T

iff mz(T) > 0. |

Remark 1.8

It is clear by taking adjoints in Theorem 1.7 that we can characterise right Fred-
holmness of T € A by mz(T*) > 0. It is direct from Lemma 1.3 and Theorem 1.7
that if T € ®;(A, Z) then Nr = E(|T|) € Z. Moreover in [Ols 84] an operator
T € A is characterised as left Fredholm if and only if the range of 7™ contains

the range of I — P for some projection P € I. This implies N7 € I. [ |

Examples

Before presenting the properties of the index map we introduce examples of im-

portant ideals of which some were already studied considerably by various authors.
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CHAPTER 1. PRELIMINARIES 17

We start by defining the ideal X(A) of compact elements relative to A. This ideal
plays a central role in the whole index theory. The index group with respect to any
smaller ideal is a subgroup of the index group with respect to K(.A), and the index
group with respect to a “completely noncompact” ideal is a quotient of a subgroup
of the index group with respect to X(A).

Call P € A” finite if for Q € AP the relation P ~ Q < P implies P = Q. Let
K(A) be the norm closed two-sided ideal in A generated by the finite projections.
In the case where A = B('H) we have K(A) = K(H). It is for this reason that the
elements in K(A) are called compact relative to .A. In [Bre 68, Bre 69] Breuer has
developed an abstract Fredholm theory relative to the ideal K(.A). In [Ols 84] it is
shown that a projection P in A is finite if and only if dimP is finite on a dense
open subset of 2. From this it follows that the index group ind(®(A,K(A))) is the

abelian group G := {f € C.(Q) : f is finite a.e.}.

We call a closed two-sided ideal I compact if Z is contained in K(.A). We define a
specific example of a compact ideal which will be important throughout the thesis.
This ideal is important in the theory of von Neumann algebras for many different rea-
sons. See for instance [DDd 89, DDd 90, HiN 89, PhR 94] where non-commutative
L? spaces were studied. Our main purpose is to study Fredholm properties with
respect to this ideal:

Let A be a semifinite von Neumann algebra. Then A possesses a faithful semifinite

normal trace 7. For more information on the theory of traces we refer the reader to
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CHAPTER 1. PRELIMINARIES 18

[Tak 79]. We call P € A? finite rank if 7(P) < oo. Let K(A, 7) be the norm closed
two-sided ideal generated by the finite rank projections in A. An easy exercise,
using the trace properties, is to show that a finite rank projection is finite. Hence

K(A, 7) is a compact ideal.

In the case where A is a factor the notions of finite rank and finite coincide, hence
K(A, 1) = K(A). If A =1, then K(A) = A and K(A,7) = co. We shall re-
fer to this ideal as the 7-compact ideal. Recently Dodds, Dodds and de Pagter
[DDd 89, DDd 90, DDd 91] have made some use of this class in their study of sym-
metric non-commutative Banach function spaces. Furthermore Hiai and Nakamura
[HiN 89, HiN 91] have used the 7-compact operators in their study of unitary orbits

in von Neumann algebras. |

For the compact ideals the index map has properties exactly the same as the classical
index. We include those properties that will be used. It is shown in [Ols 84] that
the property

ind(T'S) = ind(T') + ind(S)

holds under very general conditions. In fact T, S € A can satisfy any one of the

following conditions:

(i) T, S € (A, I);

(i) T € ®(A4, T) and ind(T) = 0;
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(ii1)) TS € ®(A, Z) and ind(T'S) = 0.

Clearly by taking adjoints we can replace the conditions on left Fredholmness with
conditions on right Fredholmness. We include proofs of some of the following crucial

lemmas (which appear in [Ols 84]) in which Z will be a compact ideal in A.

Lemma 1.9 Let T € A and S € A suchthat Rs € ZI. Then

ind(T + S) = ind(T).

PROOF. Since Rs« ~ Rg, it follows that Rs. isin Z. Hence Ng = I — Rg+ is

Fredholm of index zero. Then applying property (ii) above twice we get

ind(T + S) + ind(Ns) = ind((T + S)Ns)
= ind(TNs)

= wnd(T) + ind(Ns).
Therefore ind(T + S) = ind(T). |

Let Zfinite = {S € A: Rs € T}. It is an easy application of the Spectral Theorem to
show that the norm closure of Z¢;,it. equals Z. In fact if ' € 7 then |T'|=U*T € I.
Let |T| = [s° AdE\ and let € > 0 be given. Then since E(. o) < 1|T|E(., o), it is
clear that E(. ) € Z. Hence E(. «) € Zfinite. Now since Iinite is a two-sided ideal

it follows from the inequality ||T' — T E(., || < € that T € Zyinite.
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To extend Lemma 1.9 from elements in Z¢;nit to arbitrary elements in Z we need

the following perturbation result concerning mz(7).

Lemma 1.10 Let T, Se€ A. If ||T - S|| <mz(T), then ind(T)=1ind(S) and

T, S € ®/(A, T). |

Lemma 1.11 LetT € A. If T € ®,(A,T) and K €I, then T+K € &,(A,T)

and nd(T + K) = wnd(T).

PROOF. It follows easily from the definition of ®,-operators that T+ K €
®,(A,T). Assume T is left Fredholm relative to Z. Then mz(T') > 0, so that there
exists a C € Tfinite With |K — C|| < mz(T). Therefore ||[(T+ K)— (T + C)|| <
mz(T) = mz(T + K), so that we may apply Lemmas 1.9 and 1.10 to conclude that

ind(T + K) = ind(T + C) = ind(T). m

We call a two-sided ideal Z in A completely noncompact if there is no nonzero central
projection ) such that the ideal Q7 is a compact ideal in the reduced algebra Q.A.
In case A = B(H) let T = {T € B(H) : T(H) is separable}. Then clearly 7 is
completely noncompact. In fact any norm closed two-sided ideal in B(H) which is

different from KC(H) is completely noncompact.

It is shown in [Ols 84] that for any norm closed ideal Z in A there exists a unique

central projection P such that PZ is relatively compact in PA, and (I — P)T is
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completely noncompact in (I — P)A. For the compact summand (i.e. with index
map indp) the index theory above applies; for the remaining completely noncompact
part of 7 the index map on (I — P)A has to be modified to obtain an index ind;_p
with all the desired properties. It is shown in [Ols 84] that ind;_p satisfies, among
others, Lemmas 1.9, 1.10 and 1.11. For the general case we let ind(T') := indp(PT )+
indr—p((I — P)T). Since the major part of the thesis deals with compact ideals we

shall not go into further details and refer the reader to [Ols 84]..

Other definitions and notation will be introduced as needed, primarily at the begin-

ning of each chapter.
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Chapter 2

CLASSES OF FREDHOLM-

TYPE OPERATORS

In the classical theory of operators on a Hilbert space numerous characterisations of
the semi-Fredholm operators exist. Some of these characterisations are used in the
study of the structure of the essential spectrum. In this chapter the Fredholm theory
in a von Neumann algebra relative to any closed two-sided ideal, as introduced by
Olsen [Ols 84], is used to show that several of these results actually hold in any von

Neumann algebra.

It was shown by Pfaffenberger [Pfa 70] and by Lebow and Schechter [LeS 71] that
under certain conditions on a Banach space X, the semi-Fredholm operators can be

characterised in terms of the algebraic and topological divisors of zero of the Calkin

22
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algebra. In [Str 89] Stroh and Swart proved that similar results hold in a semifinite
von Neumann algebra with non-large center where the Fredholm theory is studied

relative to Breuer’s compact ideal.

For any closed ideal 7 in A let Z;(A, T) denote the class of operators T' € A for which
7z(T) is a left topological divisor of zero in A/Z; i.e., T € Z/(A, ) if and only if
there exists a normalised sequence (77(S,)) in .A/Z such that lim,_c ||[72(T)7z(Sy)]|
= 0. The class Z,(A, 7) is defined in an obvious similar way. Let (A, Z) denote
the class of operators 7' € A for which n7(T") is a left algebraic divisor of zero in
A/Z; ie., T € Ni(A, T) if and only if there exists an S ¢ Z with TS € Z. A
similar definition holds for N, (A4, Z). These classes possess a number of algebraic

and topological properties.

Lemma 2.1 LetT € A.

(a) T € ®,(A, I) if and only if T* € (A, T)
(b) T € Z,(A, I) if and only if T* € Z (A, I)
(c) T € N,(A, T) if and only if T* € NMi(A, T)

where T denotes the adjoint operator of T.

Proor. (a) T € ®,(A, 7) implies that there exists an S € A such that ST —1 €
Z,so that T*S* — I € 7. Hence T* € ©;( A, I).
Similar for the converse.

(b) Suppose T € Z,(A, I) and let (r7(S,)) be a normalised sequence in A/Z such
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that limy_ e ||77(Sn)7z(T)|| = 0. Then (77(S%)) is also a normalised sequence in
A/T and limg_oo [|72(T*)77(S2)|| = 0. Hence T* € Z/(A, I).

Similar for the converse.
(c) Suppose T € N,(A, I) and let S ¢ T with ST € 7. Then S* ¢ T and T*S* € T,
so that T* € Mi(A4, 7).

Similar for the converse. [ |

In Theorem 1.7 we proved that the left Fredholm operators can be characterised in
terms of the quantity mz(7'), i.e. T € ®(A, I) if and only if mz(T) > 0. In the

following proposition we use the bounded function mz(.) to characterise Z;(A, I).

Proposition 2.2 Let A be a von Neumann algebra and Z any norm closed two-

sided ideal in A. Then T € Zi(A, I) if and only if mz(T) = 0.

PROOF. Suppose T' € Z(A, I), then by definition there exists a sequence (S,)
not in Z with (m7(S,)) normalised such that lim,_,« ||7z(7'S,)|| = 0. Then it follows,
using Proposition 1.4, that mz(T) = 0.

For the converse inclusion suppose mz(T) = 0, i.e. inf {||rz(TP)| : P € A?
and P ¢ I} = 0 (using Proposition 1.4). So we can find a sequence (P,) of
projections not in Z such that ||7z(TF,)|| < 1/n for every n. It is easy to see that
lrz(P)|| = 1 for every n. For if ||rz(P.)|| < 1, then ||xz(B.)|| = ||7z(P¥)| =
lrz(Po)*|| < ||7z(Py)||* which tends to 0 as k — oo, so that ||7z(P,)|| = 0 for

every n, contradicting the fact that P, ¢ Z. Therefore ||77(P,)|| = 1 for every n
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and lim,_,c |7z (T P.)|| = 0 so that T' € Z;(A4, ). |

It follows directly from Lemma 2.1 and Proposition 2.2 that:

Corollary 2.3 T € Z.(A, I) if and only if mz(T*) = 0. [ |

Due to Theorem 1.7, Proposition 2.2 and Corollary 2.3 we obtain the following

topological characterisation of the semi-Fredholm operators:

Theorem 2.4 Let A be a von Neumann algebra and I any norm closed two-sided

ideal in A. Then ®,(A, I) = (Zi(A, 1)) and ,(A, T) = (Z,(A, I))°. |

Remark 2.5

According to Theorem 2.4 and the fact that any left (right, resp.) algebraic divisor of
zero is also a left (right, resp.) topological divisor of zero, the following relations hold
in any von Neumann algebra A relative to any closed ideal Z, where N, (A, I) :=
M(A, I) U Ni(A, T) and N(A, T) := Ni(A, T) N N,(A, T) and similarly for

Z. (A, I) and Z(A, I).

cbu(A?I) = (Z(A’I))C - (N(A7I))c

U U U
&(A L) = (Z(A D) C (M(A D)
U U U

(I)(A, I) = (Zu('A’ I))c - (Nu('A? I))C

A similar diagram is valid for the classes ®,(A,7), (Z,(A4,T))° and (N.(A,7))°. &
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It follows from Proposition 2.2 and Corollary 2.3 that
Z(A, T) = {T € A: mz(T) = mg(T") = 0).
In [Gal 94] Galaz-Fontes used the class
{T € B(H) : mgay)(T) = memy(T™) = 0}

to calculate distances from an operator to sets related to semi-Fredholm operators in
B(H) where H is separable. It is shown there that the class {T' € B(H) : mgp(T) =
mxr)(T*) = 0} is a closed semigroup of B(H). For a general von Neumann algebra
A and a closed ideal 7 C A, knowing that {T' € A : mz(T) = mz(T*) = 0} equals
Z(A, I), it follows directly from Z(A, ) = (®,(A, I))° that {T' € A: mz(T) =
mz(T*) = 0} is closed. Furthermore, {T' € A : mz(T) = mz(T™) = 0} is trivially a

semigroup.

Suppose now H is a separable Hilbert space. If A = B(H) is the type I factor,
then by a well-known result of Calkin () is the unique closed two-sided ideal
in B(H). It was shown in [Bou 81] that if T' € Z(B(H), K(H)), then T is in the
closure of the group of invertible operators.

Suppose now that A is a type Il factor on a separable Hilbert space. It is not
hard to show [Son 71, Theorem 2] that, similar to Calkin’s result, the ideal X(.A)
generated by the finite projections is the unique closed two-sided ideal in A. In this
case we can prove a similar theorem as the one in [Bou 81]. Let G(.A) denote the

group of invertible elements in A.
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Theorem 2.6 Let A be a type 11, factor on a separable Hilbert space H. Then

Z(A, K(A)) C G(A).

ProOOF. Let T € Z(A, K(A)). Then m,C(A)(T) = mIC(.A)(T*) = 0. Let E(.) (F(.),
resp.) denote the spectral measure for |T'| (|7|, resp.). From Lemma 1.3 Ej . ¢
K(A) and F, ¢ K(A) for all ¢ > 0. Since all infinite projections in a factor on

a separable Hilbert space are equivalent [Nai 59], Ep  ~ Fio,¢ for all € > 0. By

[Ols 89, Theorem 2.2]

dist(T, G(A)) = inf{A: Ep x5 ~ Fo, 5} = 0.

Hence T € G(A). |

Remark 2.7

In a type I, factor A on a separable Hilbert space the index group is the additive
group R of real numbers. Let R* = RU{—o00, oo} and let ®;(A, K(A)) be the
set of semi-Fredholm operators in .4 with index ¢t € R*. Then we can repeat the
proof of Theorem 2.2 in [Gal 94] to show that Z(A, K(A)) equals the boundary of
®.(A, K(A)) for any t € R*.

Moreover, in [Ols 84, Section 12] Olsen studied the closure of the semi-Fredholm

components for general von Neumann algebras and closed ideals. |

By definition the elements in Nj(.A, Z) are precisely those operators T' whose images

n7(T) in A/Z are annihilated when multiplied from the right by some non-zero
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element in A/Z, i.e. there exists an S ¢ Z such that TS € Z. Moreover, we have
control over ||T'S|| in the sense that we can guarantee ||7'S|| to be arbitrarily small
for some choice of S ¢ Z. To show this we need the following lemma. See [Str 89,

Proposition 2.4] from which the proof of this lemma can be deduced.

Lemma 2.8 Let A be a von Neumann algebra and T any closed two-sided ideal in
A. Then T € T if and only if for every e > 0, E(. ) € I where E) is the spectral

measure of |T|.

PROOF. Let T € Z, then since |T| = U*T it is clear that |T'| € Z. Since for
€>0E, o0 =T~ % dEy and 7 is an ideal, we have that E(. o) € I for every
e > 0.

The converse is clear since Z is norm closed and for every € > 0 ||T — T E., .||

<e. |

Theorem 2.9 Let T be a closed two-sided ideal in A. Then T € N(A, I) if and

only if for every € > 0 there exists an Sc ¢ T such that T'S. € T and |T'S.|| < e.

PROOF.  Suppose T' € Ni(A, ). Then there exists an S ¢ Z such that T'S € 7.
Let E be the spectral measure for |T'S| and let € > 0 be given. If we let S. = SEj
then clearly ||T'S,|| < € and T'S. € Z. Moreover, it follows from Lemma 2.8 that
Se ¢ I. For if S, € 7, Lemma 2.8 would imply that S € Z.

The converse is direct. n
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Remark 2.10

By studying the proof of Theorem 2.9 carefully one can show that the S, ¢ 7
can be chosen to be a projection, for every € > 0. From Propositions 1.5 and 2.2
T € (91(A, I))° (= Zi(A, 7)) if and only if for every ¢ > 0 there exists a projection
Se ¢ I such that ||T'S.|| < e. This comparison suggests that for general ideals the

class (®;(A, Z))° contains N;(A, ) strictly. |

The following examples illustrate that the inclusions can be strict.

Examples 2.11

1. Let A be a purely infinite von Neumann algebra and let Z be the trivial ideal
consisting only of the zero element. Since A is purely infinite there exists a

sequence (P,) of mutually orthogonal non-zero projections such that

(confer [Dix 91]).

Let T =%, %Pn, then T' > 0 and E[0,€) := 3y /n<c Pn is non-zero for every
€ > 0. Hence from Lemma 1.3 and Theorem 1.7 it follows that T' ¢ ®;(A,7).
If there exists an S € A such that T'S = 0, then

S lps=Ts=o.

n=1
Multiplying on both sides from the left by P, we get that P,S = 0 for every

k € N and it follows that S = 0. Hence T € (NV;(A4,T))".
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2. We illustrate with the following example that even in a type I von Neumann
algebra the inclusion can be strict:
Let A be the direct sum Y52, ®B(H,), where H, = H for every n € N.
Denote by K the closed two-sided ideal in A generated by the finite projections
in A. It is easy to see that X = Y72, ®KX(H,), where K(H) is the compact
operators on H. Consider the direct sum T' = 332, 21, where I, = I for

every n € N. Then T' > 0 and Epp.) = S {I, : ;11_ < ¢} is infinite for every
€ > 0. Hence by using Lemma 1.3 and Theorem 1.7 7' is not left Fredholm
relative to K. However, if ) € AP such that T'Q) € K, then [,,Q = nTQI, € K

for every n € N. Hence Q =322, 1,Q € Y22, ®K(H,) = K. R

Since the classes (Z(A, 7))¢, (Z,(A, 1)), (Z2(A, I))° and (Z,(A, I))° coincide
with the respective Fredholm classes in A (see Remark 2.5), these classes have the
same properties than the Fredholm classes. Therefore (Zi(A, I))¢, (Z,(A, Z))¢ and
(Z.(A, I))¢ are open semigroups and (Z(A, 7))* and (Z2,(A, T))° are involutive.
The classes (NVi(A, I))¢, (N-(A, I))°, (N(A, I))° and (N,(A, I))° satisfy various
properties of the Fredholm classes. Before we illustrate some of these properties we
notice that in general (N (A, Z))° and (N.(A, Z))¢ are not open. In fact we have

the following;:

Proposition 2.12 N(A, I) = Z,(A, I).

PrOOF.  Since M(A, 7)) C Zi(A, I) and Zi(A, T) is closed it is obvious that
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M(A,T) C Z(A, I).

Suppose that T' € Z(A, Z). Then by Proposition 2.2 mz(T) = 0. Hence by
Proposition 1.5 there exists a sequence of projections P, ¢ T such that ||TP,|| — 0,
ie. |T —T(I - PR,)|| = 0. But T(I — P,) € M(A, ) since T(I — P,)P, = 0 and

P, ¢TI HenceT € Ni(A, I). |

We have seen from Examples 2.11 that in general ®;(A, 7) is strictly contained
in (Mi(A, I))¢. Therefore we conclude from the proposition above that in general

(M(A, Z))° is not an open set in .A.

Corollary 2.183 Let T € A and I any closed ideal in A. Then

mz(T) = dist(T, Ni( A, T)).

PROOF. By [LSS 95, Theorem 2.6] mz(T) = dist(T, (®i(A, I))°). Since

(9,(A, 7)) = Zi(A, I) = Ni(A, I) we have mz(T) = dist(T, Mi( A, I)). |

Remark 2.14

By taking adjoints where necessary in the proofs of Proposition 2.12 and Corollary

2.13 we obtain similar results for N,(A, Z) and mz(T™). [ |

Theorem 2.15 (a) (N/(A, 1)), (N.(A, T))° and (Nu.(A, I))° are semigroups.

(b) (NM(A, 1)) and (Nu(A, I))¢ are involutive.
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(c) If T € (M(A, 1)) (T € (N.(A, I))°, resp.), then Ny € T (Nr« € I, resp.).

(d) T € (M(A, I))° if and only if |T| € (Nu(A, T))°.

PROOF.  (a) We consider N;(A, T), the other cases follow similarly. Suppose
T,S ¢ NM(A,I). Then we need to show that TS ¢ N|(A,Z). If R € A such
that (T'S)R € I, then SR € I (since T ¢ N(A, I)). Therefore R € I (since
S ¢ NMi(A, I)).
(b) This is clear from Lemma 2.1.
(c) Let T € (M(A, T))°, then since TNt = 0 € T it follows directly that Ny € 7.
(d) Suppose T' € (Mi(A, I))° and let |T|S € Z. Then U|T|S € I, so that T'S €
7 which implies S € Z. Hence |T| € (Mi(A, I))° and using Lemma 2.1 |T| €
(N=(A, ).

Conversely, suppose |T| € (M(A, Z))° N (N,(A, T))° and let TS € Z. Then

U*TS € T so that |T|S € T which implies S € Z. Hence T € (Ni(A, I))°. |

The index map ind(.) has similar properties for elements in (N, (A, Z))¢ than for

elements in ®(A, 7):

Theorem 2.16 Let T, S € (N.(A, I1))°. Then ind(TS) = ind(T) + ind(S) and

ind(T*) = —ind(T).

PrROOF. Let T, S € (N.(A, I))°. From [Ols 84, Proposition 9.3] there exists a

central projection P € AP such that PZ is a compact ideal in PA and ([ — P)T
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is completely noncompact in (I — P)A. By direct computation it can be shown
that (NV,(A, I))¢ = (NMu(PA, PI))*® (N.((I-P)A, (I-P)I))°. Hence PT, PS €
(Nu(PA, PI))and (I-P)T, (I-P)S € (Nu((I-P)A, (I-P)I)). From Theorem
2.15(c) Npr, Nps € PI and N_pyr, Ni-p)s € (I — P)I. By [Ols 84, Theorems
6.1 and 10.2] indp(PTS) = indp(PT) + indp(PS) and ind;_p((I — P)T'S) =
indi_p((I — P)T) + ind;_p((I — P)S). Hence ind(T'S) = ind(T) + ind(S).

It was noted in the preliminaries that the second identity holds for any

T € A. [ |

Remark 2.17

Note that ®(.A, Z) contains the invertible operators of A; for if S € A is invertible,
then 77(S) € A/ZT is invertible. Therefore S is Fredholm. Remark 2.5 implies that
each of the classes (NV (A, 7)), (M(A, I))° and (N, (A, T))¢ contains (N,(A, I))°

and therefore all four of these classes contain the invertible operators. [ |

It is a well-known and important fact in the classical Fredholm theory that the semi-
Fredholm operators are stable when perturbed by compact operators. Lemma 1.11
and further remarks in the preliminaries show that relative to any closed ideal Z,
®,(A, I) is stable under perturbations of elements in Z with constant index. With

respect to (NV;(A, Z))¢ we have the following result.

For a subset B C A we define the perturbation class associated with B (see [LeS 71])
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as

P(B):={Ke€ A:T+ K € B for each T € B}.

Proposition 2.18 P((M(A, 7))°) =T.

PROOF. Suppose T € (NM(A, I))°and K € . Let S € Asuchthat (T+K)S € .
Then T'S € T and hence S € Z. This proves T + K € (ANi(A, 7)) and therefore
(Mi(A, T))° is stable under perturbations of elements of Z.

For the converse inclusion, note that if G(A) denotes the group of invertible
operators in A, then G(A)M(A, I))* C (M(A, I))° and (M(A, I))°G(A) C
(M(A, T))® (see Remark 2.17 and Theorem 2.15). It follows from [CPY 74, Lemma
5.5.5] that P(N(A, T)°) is a two-sided ideal. Therefore, to show that P((Ni(A, T))°)
C T it suffices to show that the projections in P((A;(A, T))°) are contained in Z.
Let Q € P((Mi(A, I))) be a projection. Then since I € (M(A, I))5, [ —Q €

(M(A, I)). But (I — Q)Q =0 € T and therefore Q € 7. | |

Similar results for P((V;(A4, I))°), P((N(A, I))°) and P((Nu(A, I))°) follow in
the same way. It was shown in [LeS 71] that if a Banach space possesses proper-
ties like subprojectivity and the compact approximation property, then the semi-
Fredholm operators can be characterised in terms of the divisors of zero in the Calkin
algebra. In the case of Hilbert spaces it was shown in [FSW 72] that an operator
T € B(H) is not left Fredholm if and only if there exists an infinite-dimensional

projection P such that TP is compact (i.e. T € N(B(H), K(H))). This useful
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characterisation is used to study the essential spectrum of an operator. It is thus
important to ask for which cases such characterisations do exist in the general frame-

work of von Neumann algebras.

Let A be a semifinite von Neumann algebra. Hence A possesses a faithful semifinite
normal trace 7. We have seen in the preliminaries that elements in the compact
ideal X(A, 7) possess properties very similar to the classical compact operators on
a Hilbert space. For this important ideal we shall obtain the expected characterisa-
tions. For the remaining part of this chapter, whenever (A, 7) is involved we shall

assume that A is semifinite.

Notc that the ideal K(A,7) is the norm closure of the two-sided ideal A, :=
{T € A: 7(|T|) < ©o}. To see this suppose T' € A,, then from the spectral
theorem |T'| = [;° AdE) is a norm limit of linear combinations of projections. We
have that A7(I — E)) < 7(|T]) for all A > 0 and hence 7(I — E)) < oo for all

A > 0. It now follows from |T'— T(I — E,)|| < X that T is in KX(A, 7). Hence

{TeA:r(|T)) < oo}“'|| is contained in K(A4, 7). The converse inclusion is clear.

The C*-algebra A/K(A,7) is called the 7-Calkin algebra. For properties of these
ideals see [Fac 83, Son 71, StW 93]. It is clear that any projection P in A, is finite

rank (i.e. 7(P) < 00).

We start by proving the following lemmas using spectral theory.
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The essential spectrum o.(T) of T € A is defined to be the spectrum of 77(T') in
A/Z. When 7 is replaced by a specific ideal we shall still use the notation o.(T)

since the related quotient algebra should be clear from the context.

Lemma 2.19 Let T' € A be a positive operator and let E) denote the spectral

measure of T. Then oo(T) ={8>0: Eg_.p4c) ¢ A, for all e > 0}.

PROOF.  Suppose there exists an € > 0 such that Ep_. g4 € A, If we let
E =1— Eg_.p4e it follows that 8 ¢ 04,(TE), where Ag is the reduced algebra.
Thus there exists an operator S € A such that E(T—3)ESE = ESE(T—-3)E = E.
Since Tx(a,r)(E) = T4, (1), it follows that T' — 8 is invertible modulo K(A, 7).
Hence 3 ¢ o.(T).

Conversely, suppose 3 ¢ o.(T'). Denote T'— 3 by T and let S be the inverse of

Ts modulo K(A, 7). Let € < ||S||-'. Then
1E(g-cptelle = |1 Eg-cp+)TaSlle < €llS]le < 1

From this and the fact that E(s_. g4c) is a projection it follows that || Eg_. g4e)lle =

0, l.e. T(E(g_eﬁ_,,s)) < 00. [ |

Remark 2.20

The above lemma characterises the essential spectrum of a positive operator in terms
of its spectral projections. It can however be shown, in a similar way, that such a

characterisation also holds for normal operators. [ |
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Lemma 2.21 Suppose S € A,, P € AP with 0 < S < P. Then there exists a

projection Qs € A, such that Qs < P and 7(Qs) > 7(95).

PROOF. Let E() be the spectral measure for 5. Since 0 < S < I, it fol-
lows directly that S < supp(S). Moreover, since S < P it follows from 0 =
(I-PY(I[-P)<({U-P)SI-P)<(I-P)P(I—-P) =0 that (/- P)S =0.
Hence SP = PS = S which implies that supp(S) < P. If 7(supp(S)) < oo we
choose Qs = supp(S) and the result follows. Suppose 7(supp(S)) = oo. Then since
E,1) = supp(S) and Eq) T Ep,) as t | 0 it follows from the normality of 7 that
there exists a to > 0 such that 7(Eq,,1;) > 7(5). In this case let Qs = E,,1). Since

S = fol AdEy > ftt AdE) > toQs it is clear that Qs € A, and the result follows. W

We are now ready to prove a characterisation of ®,-operators which will be very
useful in characterising these operators in terms of the algebraic divisors of zero in
the related quotient algebra. For the case of closed densely defined operators on a

separable infinite dimensional Hilbert space a proof of the following theorem can be

found in [FSW 72].

Theorem 2.22 LetT € A. Then T € ®;(A, K(A,7)) if and only if for every

P € A? with TP € K(A,7) it follows that P is finite rank.

PROOF. Suppose T € ®;(A, K(A, 7)), then there exists an S € A such that

I — ST € K(A,7). Consider any P € AP for which TP € K(A, 7). Then it follows
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that P = (I — ST)P + STP € K(A, 1), so 7(P) < 0.

Conversely, suppose T ¢ ®;(A, K(A, 7)) and let E) be the spectral measure
of |T'|. Then |T| ¢ ®(A,), which implies that 0 € o.(|T|). Hence it follows from
Lemma 2.19 that for each n € N, F), := E[O’%) ¢ A.. Let G, = F,_; — F, and
Go = Nr = Ny = Ey. If 7(Go) = oo, it follows from TGy = 0 € K(A,7)
that T ¢ {S € A: P € A? and SP € K(A,7) then P € K(A,7)} and the
theorem is proved. If 7(Go) < oo, it follows from F,_; = Go + X2, G; that

2 T(G;) = 7(X32, G;) = oo for every n € N. Choose a subsequence (F},,) of the

sequence (F,) such that 7(F,, — F,

Mk+1

) > 1forall k € N. Let P, = F,, — F,,,.
Since 7 is semifinite, there exists for each k € N an S, € A, such that 0 < S, < P,
with 7(Sk) > 1. By Lemma 2.21 there exist projections Q¢ € A, such that Q; < P
and 7(Qx) > 1. Clearly the projections @ are disjoint. If we define Q := Y22, Qx,
then it follows from the normality of 7 that 7(Q)) = co. We conclude the theorem

by showing that TQ) € K(A, 7). Let € > 0 be given. Choose k € N so large that

% <e. Since 352, Q; < 52 P; < Fy, it follows that

k-1 o0
ITQ-TY Qill =T Qill <IITF <e
7=1 1=k

Then, since TZ?;} R; € A, for all k£ € N it follows that TQ € K(A, 7). Hence

there exists a Q ¢ K(A, 7) such that T'Q) € K(A,7) and the theorem is proved. W

By taking adjoints and applying the above result, we obtain

Corollary 2.23 LetT € A. Then T € ®,(A, I) if and only if for every P € AP
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and PT € K(A,7) it follows that P s finite rank. u

Now for the long awaited characterisation.

Theorem 2.24 ¢,(A, K(A, 7)) = (M(A,K(A, 7)) and

®, (A, K(A,7)) = (N(A,K(A,71)))°.

PROOF. It is clear from Remarks 2.5(1) that ®;(A, K(A, 7)) C (M(A,K(A,71)))°

and it is clear from Theorem 2.22 that if T ¢ (A, K(A, 7)), then w4, (T) is a

left algebraic divisor of zero in A/K(A,7), in other words T' € (A, K(A,T)).
The characterisation of the right Fredholm operators follows by taking adjoints

and applying the first result. ]

From Theorems 2.4 and 2.24 we conclude that the classes &;(A, K(A,T)),

(M(A, K(A,7)))¢ and (Z/(A,K(A,7)))° all coincide. However by Examples 2.11
we notice that even for a type I algebra M(A, K(A)) and Z|(A, K(A)) can differ.
It is an open question whether Ni(A, I) and Z,(A, I) will coincide for any closed
ideal T contained in K(A, 7). In the case where Z = {0} it is clear that the ele-
ments in N;(A, T) (Z/(A, I), resp.) are exactly the left algebraic (left topological,
resp.) divisors of zero in the algebra A. In the following result we show that in a
von Neumann algebra the algebraic and topological divisors of zero coincide. Hence

this solves our open question for the case where Z = {0}.
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Theorem 2.25 Let A be a von Neumann algebra and T € A. The following are

equivalent:

(a) T is a left algebraic divisor of zero.
(b) T is a left topological divisor of zero.

(c) T is not left invertible in A.

PROOF.  (a) implies (b) follows directly from the definitions. That (b) implies
(c) follows from Theorem 2.4 by choosing I = {0}. We show that (c) implies (a).
Suppose that T is not a left algebraic divisor of zero, i.e. if TS = 0 for S € A
then S = 0. By an easy application of the polar decomposition of T it is clear
that |T| is not a left algebraic divisor of zero. Now from |T'|Njp; = 0 it follows that
Niry = 0. Hence Ry = I — N7y = I. Hence |T| is a bijection and by the Open
Mapping Theorem |T'| is invertible in B(H) and hence in .A. Again by using the

polar decomposition of T' we conclude that T' is left invertible in A. |

By restating Theorem 2.22, we get a useful description of the essential spectrum of
an operator in terms of the eigenvalues in the 7-Calkin algebra. Let a € A/K(A, 7).

Call A € C an eigenvalue of a if there exists a nonzero projection p € A/K(A,T)

such that ap = Ap. We denote the set of all eigenvalues of a € A/K(A, 1) by Po(a).
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Theorem 2.26 LetT € A and let a = n(T). Then

oe(T) = o(a) = Po(a) U Po(a*)

PRrOOF. Suppose A € (T), then A\l —=T ¢ O®(A, K(A,7)). If X[ -T ¢
&, (A, K(A, 7)), then Theorem 2.22 implies that there exists a projection P ¢
K(A,7) such that (Al = T)P € K(A,7). Let p = n(P), then ap = Ap and so
A € Po(a). Similarly, if A\l — T ¢ ®,(A, K(A,7)), it follows that A € Po(a").

Hence 0.(T) C Po(a)U Po(a*).

The converse is obvious. [ |

In {Yoo 51] Yood characterised the ®;-operators on a Banach space X in terms of
sets which are precompact in X. The result states that an operator T is a ®;-
6perator on X if and only if for any bounded set 2 C X the property that T()
is precompact implies that §) is precompact. To prove a similar result in our case
we need to generalise the notion of a finite e-net. This generalisation is actually

suggested in [Son 71].

Let By be the unit ball of H and let  C H be a bounded set. We say ) possesses
a finite e-net if there exists a projection P, which is finite rank such that Q C

P.(Q2) + eBy. For a set Q C H, define
q() := inf{e > 0 : there exists a finite e-net for 1}.

Then clearly ¢(Q2) < oo if and only if  is a bounded set. We call 2 precompact
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relative to A if q(Q2) = 0.

It is clear that if we choose A = B(H) and 7 the canonical trace, then precom-
pactness of a bounded set relative to A coincides with the well-known notion of

total-boundedness of the set.

The following properties of the function ¢ will be needed.

Lemma 2.27 For bounded sets Q and Q; in H and T € A we have

(a) ¢(Q+ Q1) < q(Q) + q(y),
(b) ¢(af)) = |afq(Q) for a € C,

(c) ¢(T(Q)) < |IT|l q(52).

PrROOF. (a) Let ¢ > 0 be given. Using the definition of ¢ it follows that there
exists a u-net for Q) such that p < ¢(Q) +¢/2. Similarly one can choose a p1-net for
O with gy < q(4) +¢/2. Now put @ = p + p; and Py = sup(P,, P,,), then P, is
finite rank and Q+8Q; C Pa(Q+4 Q) +a By. Hence ¢(2+Q;) < a < ¢(N)+q()+e
and the result follows.

(b) Let ¢ > 0 be given. From the definition of ¢ we have the existance of a pu-
net such that © < ¢() + ¢. Now let 8 = |a|u and Ps = P,, then Py is finite
rank and o ) C P3(a Q) + B Bx. Hence ¢q(af2) < 8 < |al(¢(2) + €) and therefore

g(af)) < |al¢(R). From this result we also have ¢(2) < Il_l q(a ) and the result
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follows.

(c) Let ¢ > 0 be given. By application of the definition of ¢ there exists a p-net
such that u < ¢(Q) + . Now let a = ||T'|| ¢ and P, = Rrp,, then P, is finite rank
and T(Q) C P,(T(Q)) + a Bx. Hence ¢(T(2)) < a < ||T]|(¢(02) + €) and the result

follows. L

It was proven in [Son 71] that T' € K(A, ) if and only if T(Q) is relatively pre-
compact for any bounded set  C ‘H. With the use of Lemma 2.19 we give a more

elegant proof.

Proposition 2.28 T € K (A, 7) if and only if ¢(T(Q2)) = 0 for any bounded set

QCH.

PROOF. Suppose T € K(A, 1) and &€ > 0is given. Then from |T'| = U*T it is clear
that |T'| € K(A, 7). From Lemma 2.19, since o.(|T'|) = {0}, 7(E(s,00)) < 00 for any
6 > 0, where E() is the spectral measure for |T'|. Now let @ C H be any bounded
set and ¢ := sup,cq ||z]]. If we let P = E(./¢ ), then 7(P.) < oo and |T|(2) C
PATI(Q) + eBy, for if = € 9 then T} — PITJz]| < |IT|Foo/allizl] < £ = <.
This shows that ¢(|7(£2)) = 0. By Lemma 2.27 (¢) ¢(T'(©2)) < ||U|l¢(|T|(£2)) = 0.

Conversely, suppose for any bounded set  C H ¢(T(©?)) = 0. Then for any e > 0
there exists a finite e-net for T(By). Hence there exists a projection F. such that
7(P.) < oo and T'(By) C P.T(Bw) + eBx. From this it follows that |7 — P.T|| < €.

Since P,T € K(A,7) it follows that T' € K (A4, 7). ||
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Theorem 2.29 Let T € A. Then T € ®)(A, K(A, 7)) if and only if the only
bounded sets that T maps onto relatively precompact sets are those which are them-

selves relatively precompact.

PrOOF. Let T € ®;(A, K(A,7)) and let  C H be any bounded set such that
T(9) is relatively precompact. We show that Q is relatively precompact.

Since T € ®;(A, K(A, 7)) there exist operators S € A, K € K(A, 1) such that
ST —.I = K. Hence Q = I(Q) C ST(Q) — K(Q). By a straightforward argument it
follows that ¢(S(T(R))) < ||S]l¢(T(R2)) which implies that S(T'(R2)) is precompact.
Since K € K(A, 7), it follows that ¢(K(Q)) = 0. Hence K(Q2) is relatively precom-
pact. By a direct application of our definition of relative precompactness it can be
shown that sums of precompact sets relative to A are relatively precompact. Hence
Q is relatively precompact.

Conversely, suppose T ¢ ®;(A, K(A,7)). Then it follows from Theorem 2.22 that
there exists a P € AP such that 7(P) = oo and TP € K(A,7). Let Q = P(By).
Since TP € K(A, 1), it follows that T(2) = TP(By) is relatively precompact. It
is clear, however, from the definition of precompactness that precompactness of {2

relative to A4 would imply that 7(P) < co. Hence there exists a bounded set ! C H

for which T'(92) is relatively precompact but (2 itself is not relatively precompact. B
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Chapter 3

LIFTING RESULTS

To explain the basic ideas around lifting theorems we consider the following short

exact sequence:

O—)I#A&A/I—)O

where 7 is a closed two-sided ideal in a von Neumann algebra A, i the inclusion

map and 77 the canonical quotient map.

Let a = 77(T) € A/Z, and suppose a has a certain property P (algebraic, analytic,
spectral, etc.). If there exists an element S € A with property P such that T—S € Z,
then we call S a P-lifting of a. To lift self-adjointness of an element from the quotient
algebra to A is trivial: for if a = w7(T') is self-adjoint, let S = 1/2 (T + T*), then

clearly S is self-adjoint and T — S =1/2 (T - T*) € T.

45
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It can be seen from [Cal 41, Theorem 2.4] that the lifting of projections from
B(H)/K(H) to B(H) is less trivial. By using the spectral theorem for bounded
operators we show by a more streamlined proof that projections in A/Z can be

lifted to A. A special case of this result (i.e. where 7 = K) can be found in [Kft 82].

Theorem 3.1 Let a = 7n7(T) € A/T be a projection. Then a has a projection

lifting in A.

PROOF. Let S be a self-adjoint lifting of a = 77(T'). Also let E( denote the spec-
tral measure of S. Then S = fl_lﬁgn AdE). Since o.(S) = o.(T) = {0, 1}, it is clear
by using functional calculus in A/Z that o.(SEi_ys),1/21) = {0}, 0e(SEqs2,s1) =
{1} and hence o.(SEqu/2 st — Eqzsm) = {0}. Since 7r(SEsy,1/2) and
71((S — I)E(1/2,s))) are self-adjoint elements in A/ with zero s;;ectrum, both
these elements are zero in A/Z. Hence SE|_sj,1/2, (S = I)E2,s)) € Z. From
this it is clear that S — E(1/2,57 € Z. Then E(1/2, sy is a projection lifting for

a = m(T). n

Remark 3.2

Theorem 3.1 does not hold for a general C*-algebra C and a general closed ideal
in C. For example if C = C[0, 1] and T = {f € C[0, 1] : f(0) = f(1) = 0}, then T
is a closed ideal in C. If we let h(t) = t, then A + T is a non-trivial projection in

C/Z. However since C contains only the trivial projections 0 and 1, there exists no
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projection lifting for A + 7.

In [Had 95] Hadwin studied the problem of lifting algebraic elements from C/ZI to
C, where 7 is any norm closed ideal in a C*-algebra C. He showed that the lifting of
algebraic elements is equivalent to the problem of lifting finite orthogonal families of
projections. It is therefore important to ask for which C*-algebras and ideals lifting

of projections is possible. [ ]

The natural question arising is whether normality of elements can be lifted. This
is however a very hard problem, for instance if A = B(H) and Z = K(H) the well-
known theorem of Brown, Douglas and Fillmore [BDF 73] provides us with precise
conditions under which normality of elements in B(H)//K(H) can be lifted. Before
stating this theorem we indicate with an example the importance of lifting theorems:
Consider L*(T,m) and let H*(T) = span{z" : n > 0}, where T denotes the unit
circle. Let P : L? — H? be the orthogonal projection and for any f € C(T) let
T; € B(H*(T)) be defined by Tyg = P(fg). Let € = C*{T.} be the C*-algebra
generated by T,. Then by a result of Coburn £ = {Ty+ K : f € C(T),K € K(H?)}.
Hence £ contains K(H?) and if we define a *-homomorphism ¢ : £ — C(T) by

#(Ty + K) = f, then the sequence
0 — K(HY) -5 £ % C0(T) — 0

is exact. We call (£, ¢) an extension of K(H?) by C(T). All elements in £ are

essentially normal, which means 7z(e) € B(H?)/K(H?) is normal.
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Two extensions (&1, ¢1) and (&, @2) of KL(H) are called equivalent if there exists
an isomorphism p : & — &; such that ¢,0p = ¢;. It turns out that if say & =
C*(K(H), T1, I) and & = C*(K(H), Tz, I), then & ~ &, if and only if T; and T,
are unitarily equivalent mod K(’H). Hence classifying extensions is equivalent to the

problem of classifying essentially normal operators.

The important Brown-Douglas-Fillmore theorem states that an essentially nor-
mal operator T 1is the sum of a normal and a compact operator if and only if
ind(A —T) =0 for all A ¢ 0.(T). The main result in classifying extensions is
the following;:

Two essentially normal operators 77 and 73 are unitarily equivalent modulo K(H)
if and only if 0.(T1) = 0.(T2) and ind(A — T1) = ind(A — T3) for all A ¢ o.(T1) =
0e(T2). The Brown-Douglas-Fillmore theory motivates the important link between
problems in K-theory and operator theory. There exists to our knowledge no
proof of the Brown-Douglas-Fillmore theorem that doesn’t rely on ideas from ho-

mological algebra. For more results on lifting properties we refer the reader to

[Wes 66, BMSW82, Str 94, Had 95].

Our aim in this chapter is to prove a number of lifting theorems for elements in a

von Neumann algebra relative to any closed two-sided ideal in the algebra.

An essential result in the Brown-Douglas-Fillmore theory is the Weyl-von Neumann

theorem which states that two self-adjoint operators Ty and Ty are unitarily equiva-
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lent if and only if 0.(Ty) = 0.(T2). This result was generalised to semifinite factors
by Zsido [Zsi 75]. For a semifinite factor A there exists up to multiplication by a pos-
itive constant a unique trace and the ideals X(A) and K(A, 7) coincide. In [Fil 76]
a substantial part of the Brown-Douglas-Fillmore extention theory was generalised

to this setting.

Our first result illustrates the lifting of isometries. Recall that an operator U € A
is called an isometry if U*U = I, a co-isometry if UU* = I, and unitary if it is both

an 1sometry and a co-isometry.

Theorem 3.3 If A is a factor and T € A, then I — T*T is compact if and only
if T =W + K where K is compact and W is either an isometry or a co-isometry

with finite null projection.

Proor. T =W+ K, then [ -T*T =1 -W*W)+ (W*+ K*)K + K*W =
I —W*W 4+ C where C is a compact element.
Now, if W is an isometry, then I —T*T = C which is compact. On the other hand if
W is a co-isometry with finite null projection, then it follows from Ny = [ — W*W
that I — T*T is compact.

Conversely, suppose I — T*T is compact. Then T is left invertible modulo K(.A)
and hence left Fredholm. It follows easily from the polar decomposition of T' that
|T| is Fredholm. Since I = T*T = (I —|T|)({+|T|) and I +|T| is invertible it follows

that I — |T'| is compact. Hence, if T = U|T| is the polar decomposition of 7', then
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T = U + K for some compact K. Nr is finite, since TNy = 0 and T € &;(A,K(A))
(cf. Theorem 2.22). Since A is a factor either Ny S I—-Rrorl— Ry~ Np.
Suppose Ny ~ I — Ry. We may assume that T is one-to-one for if not, we can add
a compact operator to T' to obtain a one-to-one operator. To illustrate this:

Let E be a subprojection of [ — Rt such that Np ~ E < I — Ry and let V be the
partial isometry such that V*V = Ny and VV* = E. Then T + V Nr is one-to-one.
Hence we may assume that 7' is one-to-one. Then, since U*U = I — Ny =1, U is
an isometry. In this case let W = U.

On the other hand if I — Ry < N7, then since I — Ry = N« one has that Nr. s
I — Rp+. The above argument implies that T7* = U* + K* where U* is an isometry
and K is compact. By taking adjoints it follows that T = U + K, in which case we

choose W = U. It follows from

Ny=1I-WW = [-U"U

= I— Rqe

that Ny is finite. | |

In the case when A is not necessarily a factor we can make use of the index theory
discussed in Chapter 1 and arguments similar to those used in Theorem 3.3 to obtain
the following result for T € .A. We prove the theorem only for the case where 7 is

a compact ideal.
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Theorem 3.4 (a) IfT is an isometry mod I, then n7(T') has an isometry lifting

if and only if ind(T) < 0.

(b) IfT is a co-isometry mod I, then w1 (T') has a co-isometry lifting if and only

if ind(T) > 0.

(c) IfT is a unitary mod I, then w7(T) has a unitary lifting if and only if ind(T)

=0.

PROOF. (a) Suppose [ - T*T € I.
Suppose there exists an isometry S € A such that 77(S) = n7(T), i.e. T - S5 =
K € I. Then ind(T) = ind(S + K) = ind(S) (see Lemma 1.11). Any isometry is
one-to-one and therefore Ng = 0, so that Ng & Ng., and hence ind(S) < 0.
Conversely, suppose ind(T) < 0. Then Ny & Nr.. As in the proof of Theorem
3.3 we can show that [ —|T'| € Z. We can proceed exactly as in the proof of Theorem
3.3, assuming without loss of generality that T is one-to-one and using the polar
decomposition of T' to obtain an isometry lifting for T'.
(b) follows by applying part (a) to T* and using the fact that ind(T™*) = —ind(T).
(c) The important thing to note in the proofs of (a) and (b) is that the partial
isometry U in the polar decomposition of T is both the isometry lifting in (a) and

the co-isometry lifting in (b). Then (c) follows immediately. |
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Remark 3.5

By inspection it can be seen that most of these lifting theorems still hold relative
to any closed two-sided ideal Z in A. In fact one can even show that an invertible
element mod Z has an invertible lifting if and only if ind(T) = 0. To prove this
result relative to any ideal one makes extensive use of the index map introduced
in [Ols 84]. We only prove the result for any compact ideal Z in a semifinite von

Neumann algebra A. L

Theorem 3.6 Let I be a compact ideal in A. If m7(T) € A/T is invertible, then

it has an invertible lifting if and only if ind(T) = 0.

PrROOF. T € ®(A, I) since 77(T) is invertible.

Suppose there exists an invertible operator S € A such that n7(S) = 7z (T), i.e.

T—-S =K eI Then ind(T)=ind(S+ K) = ind(S) (see Lemma 1.11), so that

ind(T') = 0 follows from the fact that S invertible implies S* invertible.
Conversely, let ind(T') = 0, i.e. N ~ Np+ (see Lemma 1.11). Let V be a partial

1sometry such that V*V = Ny and VV* = Nrp..

First assume T'(H) is closed. Let z € H, say ¢ = y + z with y € Ny(H) and

z € (I — Nr)(H). Then (T + VNr)(z) = Tz + Vy. So |(T + VN7)(z)|* =

Tz + Vy||* = |ITz||> + ||[Vy]]? since it follows from V(H) = Nr.(H) =

(I — Rr)(H) that T'(H) L V(H). Now ||Vy||* = ||y||?, from the definition of V', and

ITz||* > ¢||z||*: For note that T-! : T((I — N7)(H)) — (I — N7)(H) exists and is
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bounded from the Open Mapping Theorem. Hence we have that ||(T+V Nr)(z)||*> >
min{c,1}(||z]|> + ||ly||>) = min{c,1}||z||>. Therefore T'+ V N7 is bounded from
below on H and (T + VNr)~! exists. Now since Ny € T it follows that T =
(T + VNr) — V Nr is of the required form.

Suppose T'(H) is not closed. Since T" is Fredholm [Ols 84, Theorem 4.7] implies that
there exists a ) € AP such that [ — @ € T and Q(H) C T(H). From Lemma 1.11
QT =T —(1—-Q)T is Fredholm with index :nd(QT) = 0. Now QT has closed range:
Let ‘y € QT(H), then there exists a sequence (z,) in H such that QTz, — y. Since
Q(H) is closed it follows that y € Q(H) C T(H). Hence there exists an z € H such
that y = Tz and thus QTz, — QTz. Hence y = QTz € QT (H).

Applying the above argument to QT there exists an invertible operator S € A and

aK €Zsuchthat QT =S+ K. HenceT =S+ K+ (I -Q)T andsince [ —-Q €T

the result follows. [ ]

From the proof of Theorem 3.6 it is clear that we can also formulate the result as
follows: If T € A is Fredholm relative to I, then T = S + K, where S is invertible
and K € I, if and only if ind(T) = 0. This decomposition of Fredholm operators

with zero index is quite an important result in the classical theory where A = B(H)

and T = K(H) (see [Ber 70, Corollary 2.8]).

Consider mz(T') = inf o(7z(|T'})) and let m(T") := inf o(|T').
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Theorem 3.7 ForT € A and I any closed two-sided ideal in A

mz(T) = ;Lg;m(T - K).

Proor. mz(T)=mz(T+ K) >m(T + K) for each K € T.
Hence mz(T) > sui)KeI m(T + K).

If mz(T') = 0 we are done. Therefore we may assume that mz(7T") > 0, i.e. 77(7T) is
left invertible in A/Z. Let E(, denote the spectral measure of |T'|. Since mz(T) > 0,
it follows from Lemma 1.3 that Ey ) € T for any 8 < mz(T). Hence TEp ) € T
and m(T — T Ey, g)) > B for every 8 < mz(T'). Hence supgcrm(T — K) > mz(T)

and the result follows. [ ]

It is not clear whether the supremum in Theorem 3.7 is attained. However, if

A= B(H) and T = K(H), then we have the following lifting result.

Theorem 3.8 IfT € B(H), then there exists a K € K(H) such that mxs)(T) =

m(T — K).

Proor. Let T = U|T| be the polar decomposition of T. The Stampfli de-
composition theorem ensures the existance of a compact operator C such that
o(IT) = C) = o(mc@y(|T])). Studying the proofs in [Sta 74, Lemma 5 and
Theorem 4] carefully we notice that since |T'| is a positive operator, the operator C

is self-adjoint. In fact C is of the form Y22 ;| A\, P, where A, € R for each n, A\, — 0
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and the P,’s are finite rank spectral projections of |T'| corresponding to the isolated

eigenvalues with finite multiplicity. Let K = UC and compute

IT - K|? = (T - K)Y(T - K)
= |T?-T*UC - CU'T +CU*UC
= |T}?-|T|C -C|T|+C?

= (IT]-0)*

Note that since the P,’s are spectral projections of |T'|, U*UC = C and |T'|C = C|T)|.
Further, since |T| — C is positive, it follows from the uniqueness of the square root
of positive elements that |T'— K| = |T'| — C. Therefore o(|T — K|) = o(mxm)(|T]))-

Hence mg()(T) = m(T — K). [ |

Theorem 3.9 Let T be any closed two-sided ideal in A. If a = n7(T) € A/T is

left invertible, then there exists a K € T such that T — K s left invertible in A.

PROOF. The result follows directly from Theorem 1.7, Theorem 3.7 and the fact

that m(T") = myo)(T) where {0} is the zero ideal in A. [ |

Theorem 3.10 Let T be any closed two-sided ideal in A. If a = 77(T) € A/ is a
left topological divisor of zero (i.e. T € Zi(A, 1)), then T is a left topological divisor

of zero in A.
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PrRoOOF.  This follows directly by Proposition 2.2 and the fact that m(7T) <

mz(T) = supger m(T + K). [ |

We obtain a similar result for the left algebraic divisors of zero.

Theorem 3.11 Let T be any closed two-sided ideal in A. If a = m7(T) € A/T is
a left algebraic divisor of zero (i.e. T € Ni(A, I)), then T is a left algebraic divisor

of zero in A.

PROOF. We claim that T € N;(A, T) implies that Ny # 0. For suppose Ny = 0
and let S € A be such that 'S = 0. Then S(H) C Nr(H) = {0}. Hence S = 0.
This shows that T' is not a left algebraic divisor of zero in A. By Theorem 2.25 T
is left invertible in A. Hence T' € ®;(A, I) C (NMi(A, I))° which is a contradiction.

Now since TNy = 0, T is a left algebraic divisor of zero. |

Remarks 3.12

1. By replacing 7' by T* in Theorems 3.7, 3.9, 3.10 and 3.11 similar lifting
results for right invertible elements, right topological divisors of zero and right

algebraic divisors of zero can be obtained.

2. From Theorem 3.11 and (1) above we obtain the following result: If T €
N(A,I)=N(A, I)NN, (A, I), then T is an algebraic divisor of zero in A,

i.e. T is a left and a right algebraic divisor of zero. |
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There exist many examples in the literature of an invertible element a = 77(T) €
A/Z which has no invertible lifting. From Theorem 3.9 and Remarks 3.12(1) we can
easily find elements K; and K3 in Z such that T — K is left invertible and T'— K, is
right invertible in 4. However, to ensure that we can choose a single element K € 7
such that T' — K is left and right invertible we have to assume that ind(T") = 0; cf.

the proof of Theorem 3.6.

It is also interesting to ask whether lifting results for the algebraic divisors of zero
in a general C*-algebra hold. The next lemma is probably well known but for

completeness we illustrate it by a proof.

Lemma 3.13 Let C and D be C*-algebras.

(a) Ifa, b€ C are positive elements with ab = ba = 0, then |a — b| = a + b.

(b) If $:C —> D is a *-homomorphism and a € C is positive, then (¢(a))/? =

¢(a1/2).

PRrROOF. (a) follows directly from the following computation and the fact that the

square root of a positive element is unique:

la —b]* = (a—b)> = a®—ab— ba+ b
= a®+ab+ ba + b

= (a+ b2
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(b) Let C* denote the positive elements in C. Now (b) follows since ¢(Ct) C D,
(#(a*?))? = ¢((a'/?)?) = ¢(a) and by the uniqueness of the square root of a positive

element. |

We noticed after some investigation was done that the following theorem can be
deduced from [AkP 77, Proposition 2.3]. We however indicate how the proof of

their result can be modified to obtain the lifting theorem.

Theorem 3.14 Let 7 be any closed two-sided ideal in a C*-algebra C. If a =
77(T) € C/T is a left algebraic divisor of zero, then there exists a K € T such that

T — K 1is a left algebraic divisor of zero in C.

ProOOF. Let S ¢ 7 be such that T'S € 7.
We first assume that both 7" and S are positive elements in C. Clearly 77(7") and

77(S) commute in C/Z and 77(T)7z(S) = 0. Let

T-S |T-S5|
= +

A
2 2

and

_T-5 |T-5|

B
2 2

Then AB = BA = 0 and by applying Lemma 3.13 we obtain 77(A) = n7(T) and
n7(B) = 77(S). It is important to note that both A and B are non-zero, in fact A

and B are not in Z, since A € Z would imply T' € 7 and B € Z would imply S € Z.
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For the general case let T' = U|T| and S* = V|S*| denote the polar decomposi-
tions of 7" and S* in the enveloping W*-algebra C**. By assumption T'S € Z, so by

Gelfand theory and since 7 is closed,
(TP/215*12 = lim(e + [T /(T T)(SS ) (e + )™ € 7.

Clearly |S*|'/? ¢ T so by the first part of the proof there exist A;, B; non-zero, such
that 4,8, = BiA; = 0 and 77(A;) = 77(|T|"/?) and 77(B;) = 77(|S*|*/?). Now
let A= U|T|?A; and B = B,|S*|"/*V*. From [KaR 86, Exercise 10.5.11] U|T|'/2
and |S*|'/2V* are elements of C. Therefore T — A = U|T|V/*(|T|'/* — A,) € T and
S — B = (|S*|Y? — B))|S*|V*V* € T, so that 77(A) = 77(T) and 77(B) = 77(S).

Morcover, AB = U|T|'/?A, B;|S*|"/?V* = 0 and A and B are non-zero. |

Remark 3.15

By taking adjoints it is clear that a similar lifting theorem holds for right algebraic
divisors of zero. It is however not clear from the proof of Theorem 3.14 that if
a = m7(T) € C/TI is an algebraic divisor of zero, then there exists a K € I such
that T'— K is an algebraic divisor of zero in C, i.e. both a left and a right algebraic

divisor of zero.

We therefore state the following question in general C*-algebra theory:
Is it possible in general to lift algebraic divisors of zero in C/Z to C, and if not under

which conditions will such a lifting theorem hold?
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Recall from Theorem 3.6 that although left and right invertibility in von Neumann
algebra theory can be lifted without any conditions, the lifting of invertibility only

holds for those elements 77(T') € A/T with ind(T) = 0. |

We conclude this chapter with a few remarks on regular elements in von Neumann

algebras.

In [HaM 92, HaM 93] Harte and Mbekhta introduced the notion of generalised in-
verses in C*-algebras. Let C denote a C*-algebra. An element a € C is called regular
if there exists an element b € C such that a = aba. We denote the class of regular
elements in C by Reg(C). The element b is called a generalised inverse of a. It is
clear from the definition that ab = (ab)? and ba = (ba)?. In [HaM 92] it is shown
that there exists a unique b € C such that ab and ba are projections (i.e. self-adjoint

idempotents). In this case b is called the Moore-Penrose inverse of a.

Moreover, if a € C and L, : C — C is defined by L,(b) = ab, then it is shown
in [HaM 92] that a is regular if and only if L, has a closed range, generalising a
well-known result of Atkinson for operators on a Hilbert space, viz. that an operator
T is regular if and only if T'(H) is closed. For a € C let y(a) :=inf o(|a|)\{0}. It is
shown in [HaM 93] that a € C is regular if and only if y(a) > 0 (i.e. 0 is not a point

of accumulation of o(]al)).

In [Str 94, MbP 95] it was shown independently with different proofs
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that

Y(mkpy(T)) = sup (T + K).
KeK(M)
Hence any regular element in B(H)/K(H) has a regular lifting in B(H). In fact, it

was shown in [Str 94] that the supremum above is attained, solving an open problem

stated in [MbP 95].

It was shown in [LSS 95] that if A is a von Neumann algebra and Z any closed ideal

in A, then y(77(T')) = supger 7(T + K). Hence the following lifting theorem:

Theorem 3.16 Let T € A such that 77(T) € A/T is regular, then there ezists a

K € I such that T — K 1is regular in A.

PROOF.  Suppose 77(T') is regular. Then v(77z(T)) > 0. Hence there exists a

K € T such that (T — K) > 0. So T — K is regular in A. |

Remarks 3.17

1. Theorem 3.16 is not valid for general C*-algebras and general closed ideals:
Let C = C[0,1] and T = {f € C[0,1] : f(0) = f(1) = 0}. If we choose
h(t) = t, as in Remark 3.2, then h + 7 is a non-trivial projection, hence a
regular element of C/Z. However, since for any f € Z (h+ f)(0) =0, h+ f
is not invertible in C. Since for this algebra the nonzero regular elements are
exactly the invertible functions, k + f is not regular for every f € Z. Hence

h + T has no regular lifting.
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2. If C = B(H) and T = K(H), it follows from the well-known Atkinson theorem
that ®,(B(H), K(H)) C Reg(C). Hence Reg(B(H)) is dense in B(H). In
general von Neumann algebras it is not in general true that ®,(.A, Z) is con-
tained in Reg(A). If T € ®,(A, I), say T is right Fredholm, then by [Ols 84,
Theorem 4.5] there exists a projection F € T such that (I — E)(H) C T(H).
Hence from T' = (I — E)T + ET it follows that T is a sum of a regular element

and an element in 7, i.e. ®,(A, ) C Reg(A) +Z. |

We complete the investigation in this chapter with more open questions. -

Open questions.

1. From Remarks 3.17(1) we have seen that regular liftings do not hold relative to
any closed ideal in C*-algebras. In [Str 94] it was shown that if the ideal T is
the closure of the socle in the algebra, then regular elements can be lifted. Hence
our question is to characterise the closed two-sided ideals in a C*-algebra C

for which a regular lifting theorem exists.

2. Is Theorem 3.3 still valid in the case where A is not necessarily a factor?

3. Is the supremum attained in Theorem 3.7 for general von Neumann algebras

and general ideals?

4. For a general C*-algebra C and closed ideal T in C, can any topological divisor

of zero in C/T be lifted to C?
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5. We call a € A/T quasinilpotent if o(a) = {0}, i.e. 7(a) = 0, where r denotes
the spectral radius. The question whether a quasinilpotent element of A/
has a quasinilpotent lifting is still unresolved in general. For the case where
A = B(H) and T = K(H) we have the well-known West decomposition theorem
[Wes 66], which states that any quasinilpotent element in B(H)/K(H) has a
quasinilpotent lifting. The method of proof of this result is analogous to the
process of super-diagonalizing a matriz and then splitting it into the sum of
diagonal and nilpotent matrices. Super-diagonalization of compact operators

depends essentially on the existence of proper closed invariant subspaces.

The best result in this direction can be found in Rogers [Rog 90]. In this paper
Rogers proved that if T is any closed two-sided ideal in a C*-algebra C, then
a quasinilpotent element w7(T) of C/T has a quasinilpotent lifting if o(T) is

totally disconnected.

The open question mentioned would be answered in the affirmative if one could
‘Uift’ the spectral radius for arbitrary elements of A/Z. In other words we need
to prove that for any T € A there exists a K € T such that r(T — K) =
r(rz(T)), where r(T') denotes the spectral radius of T'. In [AkP 77] Akemann
and Pedersen proved this result for any T with r(nz(T)) > 0. Further partial

answers to the question under consideration can be found in [StS 91].
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Chapter 4

UNBOUNDED OPERATORS

The Fredholm theory for unbounded operators on Banach spaces is well established
and plays an intimate role in the theory of differential equations [Gol 66]. We show
that relative to a von Neumann algebra A we can obtain a Fredholm theory for a
certain class of closed densely defined operators “affiliated” to the algebra A. To
obtain similar results on the algebraic and topological properties of the Fredholm
classes involved, as in Chapter 2, we shall restrict the classes of unbounded operators
to a certain extent. We start by introducing the relevant concepts. Most of the
preliminary results in this chapter are known. We however need to include the

proofs to illustrate the techniques which will be used in our results.

Let A be a semifinite von Neumann algebra with a distinguished faithful semifinite

normal trace 7 : AT — [0, 0], where A* denotes the positive cone of A. A closed

64
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operator S with domain D(S) dense in H is said to be affiliated to A if RS C SR
for all R in the commutant A’ of A. Any closed densely defined operator S on H
has a polar decomposition S = U|S|, and if S is affiliated to A, then U € A, |S] is

affiliated to A, and the spectral projections E( of |S| = [7° AdE)(]S]) are in A.

We call an affiliated operator S 7-measurable if for every ¢t > 0 there exists a P € AP
such that P(H) C D(S) and 7(I — P) < t. Denote the class of 7-measurable
operators by A. For T, S € Ait is shown in [Nel 74] that T+ S and T'S are closable
and densely defined. By defining the sum and product of T, § € A to be the closure
of T 4+ S and T'S respectively, and the *-operation the usual adjoint of T', it was
shown in [Nel 74] that A is a *-algebra. We shall denote this sum and product also

by T'+ S and T'S. The sets
A(e,t) = {S € A: there exists a P € A such that ||SP|| <€ and 7(J — P) < t}-

form a neighbourhood base at 0 (where €, > 0 are allowed to vary) for a metrisable
vector topology 7., on A, called the topology of convergence in measure. Equipped
with this topology, Aisa complete topological *-algebra containing A. For proofs of
these facts the reader may consult [Nel 74] or [Ter 81]. In fact, A is dense in A, for if
S=U|S| € A and |S| = [° AdEx(]S]), then the sequence {U [ AdEA(|S|)}n=1.2,..
in A tends to S in the topology of convergence in measure as n — oo. S is
7-measurable if and only if 7(E() o)) < oo for A large enough, or equivalently,

limy—o T(E(), o)) = 0, since 7 is normal [Ter 81, Proposition 1.21].
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This leads to the following lemma which provides a useful characterisation of -

measurable operators in terms of projections.

Lemma 4.1 An affiliated operator S is T-measurable if and only if there exists a

non-decreasing sequence (E,) in AP satisfying

(a) E.(H) C D(S) for all n,
(b) sup,, E, = I, and

(c) 7(I — E) < oo for some m

PROOF. Since S € A(e, t) if and only if |S| € Ae, t) it suffices to prove the result
for positive operators. Suppose S = [;° AdE) is T-measurable and let E, = E ).
Then (E,) is non-decreasing and E,(H) C D(S) for all n. Since S is T7-measurable
there exists an m € N such that 7(I — Ep) = 7(E(m,)) < 00. Furthermore, it is
clear that E, T Ep o) = 1.

Conversely, suppose (a), (b) and (c) hold. From (c) there exists an m € N such
that 7(I — E,,) < oo. It follows from E, T I that 7(1 — E,) < 7(I — Ep) < o©
for all n > m. By normality of 7 one has lim,_,o, 7( — E,) = 0 and hence for any
€ > 0 there exists a projection E,, such that E, (H) C D(S) and 7(I — E,,) < €.

So S is T-measurable. ]

Let K(A,7) denote the closure of A, (defined on page 35) in the topology of conver-

gence in measure and recall that K(A,7) is the norm closure of A,. Then K(A, 1)
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is a T.,-closed two-sided *-ideal in A that behaves somewhat like the ideal of com-
pact operators on H. For this reason we call it the 7.m-compact ideal in A and its

elements are called the 7.,-compact operators of A.

Examples 4.2

1. Let A = B(H) with the canonical trace, then A = A and K(A, 1) = K(H).
2. Let A = [ with the canonical trace, then A = A and K(A, 1) = c.

3. Let A = £L°(X,%,p) and 7 = [.du, then A = {f : X > R* measurable
function : f bounded except on a set of finite measure}, where R* denotes the
extended real number system. A, = £L2(X, %, x)NLYX, %, 1) and K(A4,7) =

{(feA:p{z € X :|f(z)] >t} < oo for all t > 0}. |

We shall see that a *-algebra norm is canonically induced on the quotient algebra
AJ/K(A,7). We call this algebra with its norm the Te,-Calkin algebra. It was
shown in [StW 93] that A/K(A,7) is a C*-algebra. Moreover, it is *-isomorphic
to A/K(A, 7). Since this result will play an important role in our work, we shall

include a proof.

Fack [Fac 82| developed the notion of generalised singular numbers for bounded
operators. Kosaki [Kos 84] showed some applications of its generalisation to 7-

measurable operators. For ¢ > 0 we define the ‘t th’ generalised singular number of
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~

S € Aby
pe(S) :=1inf{||SP|| : P € AP with 7(/ — P) <t} = inf{s > 0: 7(E(, ) < t}

where E() denotes the spectral measure of |S|. This function characterises the
topology of convergence in measure as we shall see in the following lemma due to

Fack and Kosaki [FaK 86, Lemma 3.1]:

Lemma 4.3 A sequence (S,) in A converges to S € A in the measure topology if
and only if

7}1}1& pi(Sn — S) =0 for each t > 0.

According to [FaK 86, Lemma 2.5] the map ¢t € (0,00) — p(.S) is non-increasing
and continuous from the right with limyjo p¢(S) = ||.S|| € [0, o0]. Using the notation

of [StW 93] we define

Poo(S) 1= lim p(S) = %I)lg,ut(S) = inf{||SP| : P € A? with 7(I — P) < o0}.

t—o00

It can be shown that pe is a continuous *-algebra semi-norm on A with kernel

K(A,T).

Hence a *-algebra norm, which we shall also denote by p, is canonically induced

on the 7,-Calkin algebra j/IC(.»Z, 7).
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The results contained in the following lemma will be used a few times and we include

proofs for some of them.

Lemma 4.4 (a) Forany P € A» P € K(A,1) iff 7(P) < oo.

(b) A=A+ K(A,7), i.e. any S € A admits a decomposition S = T + K with

TeAawdKeK(AT).

PRrROOF. (a) For any P € A%, and t € (0, 00), pe(P) = X(0,7(P))(t), s0 that poo(P)
is either 0 or 1.
If P € K(A,7), then ytoo(P) = 0 and it follows that 7(P) < oo.

Conversely, if 7(P) < oo, then g (P) = limy—o0 pe(P) = limy_eo X(0,7(P))(t) = 0.
Hence P € K(A, 7).
(b) It follows directly from the definition of 7-measurability that any S € A admits
a decomposition SP + S(I — P), where P € A?, 7(I — P) < o0, and SP € A. So,

since [ — P € K(A4,7), S(I — P) € K(A, 7). It follows that A=A+K(A 7). B

From Lemma 4.4(a) it follows that if 7(I) = oo then A/K(A,7) is non-trivial and

has unit I + X(A, 7). We henceforth assume this to be the case.

In [StW 93] Stréh and West introduced Fredholm operators in A relative to (A4, 7).
Call S € A Fredholm relative to K(A,7) if S is invertible modulo K(A, 7). In ac-

cordance with the notation in Chapter 1 we denote the class of Fredholm operators

by (A, K(A,7)). The classes &;(A4, K(A, 1)), @.(4, K(4,7)), M(4 K(A, 1)),
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NAA, K(A, 7)), Zi(A, K(A, 7)), and Z,(A, K(A, 1)) are defined similarly as in
Chapter 1 and Chapter 2. The first statement of the following proposition can be

found in [StW 93].

Proposition 4.5 (a) K(A4,7)NA = K(A4,7)
(b) ®i(A, K(A,7))NA = &(A, K(A,7))

(c) M(A, K(A,7))NA = Ni(A, K(4,7)).

PROOF. (a) Since convergence in norm implies convergence in measure it is clear
that K(A,7) € K(A,7)N A.

Conversely, let K = U|K| € K(A,7) N A and define K, := UflilKH A dEN(|K]).
By the Spectral Theorem (K,) converges to K in the norm topology. Furthermore
supp(K,) = E(%’w)(|K|), and so 7(supp(K,)) = T(E(%’oo)(ll{l)) < oo (since K €
K(A,7)). Hence K, € A, for each n, so that K € . ML K(A,T).

(b) Obviously ®;(A, K(A,7)) C &(A4, K(A 7))NA. Let T € (A4, K(A, 7))n
A. Then there exists an S € A such that ST — I € K(A, 7). From Lemma 4.4(b)
S = R+K where R€ Aand K € K(A, 7). Hence RT—I € K(A,7)NA = K(A, 1)
(by part (a)) which implies that 7' € ®,(A, K(A,1)).

(c) follows similarly. [ |

The following theorem which is due to [StW 93] provides us with a useful tool to
deduce almost all the results of the Fredholm theory of bounded operators for the

unbounded case.
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Theorem 4.6 A/K(A,7) is isometrically *-isomorphic to AJK(A,T).

13

PROOF. For any S € A we can decompose S = T + K where T' € A, and
K € K(A, 7). Define
é: A— AJK(A,7): S T+K(AT).
Then ¢ is well defined, for if § = T} + K1 = T + Kj then
T, —T,=K,— Ki e K(A,7)NA=K(A,T).

It is not hard to show that ¢ is a *-algebra homomorphism onto A/K(A, 1), with
kernel K(A, 7). Therefore a *-algebra isomorphism é : A/K(A,7) = A/K(A,7) is

induced and ¢ is also isometric:
HooS + K(A,7)) = poolS)
= hool(T)
= inf{||TP||: P € A? and 7(I — P) < oo}
= dist(T, K(A,T))

= [lmean(D)ll
n

If $ € ®(A, K(A, 7)) we define the index of S to be index(S) := dim(Ns) —
dim(Ng+). The index theory from [Ols 84] extends completely to an index theory

for elements in ®(A, K(A, 1)).
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Corollary 4.7 LetS € A andlet T € A be any operator for which S—T € K(A, 7).
Then

(a) S € (A, K(A,7)) if and only if T € &;(A, K(A,7))

(b) S € ®(A, K(A, 7)) if and only if T € ®(A, K(A,7)), and indez(S) = ind(T)

(c) S € M(A, K(A,7)) if and only if T € Ni(A, K(A,7)).

PROOF.  From Theorem 4.6 we notice that we only need to prove the second
statement of (b).

Let S = U|S| be the polar decomposition of S and let B = |S|Ej, ..sp) +
too(|S1) Eueo(IS]), 0)» Where E(y denotes the spectral measure of [S|. Then R € A
and |S| — R € K(A,7) and hence S — UR € K(A, 7). It is clear that Njs| = Ng and
therefore Rjsy = Rr. Now U*U = Rp so that the operator UR is indeed in polar
decomposition form, by the uniqueness clause in the polar decomposition theorem

[KaR 86, Theorem 6.1.11]. Hence
Ns = Nisy = Nr = Nyr
and
Ns.=1I—Rg=1-UU"=1— Ryr = Ny

It follows that index(S) = ind(UR). Let T € A be any operator for which S —T €
K(A,7). Then UR—T = UR— S+ S —T € K(A,7) so that, since UR — T €
A, UR-T = K € K(A, 7). From Lemma 1.11 ind(UR) = ind(T) and hence

indez(S) = ind(T). |
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We use Corollary 4.7 and Theorem 2.22 to prove the following characterisation of left
and right Fredholm operators. Fillmore, Stampfli and Williams [FSW 72] proved
this result for the class of closed operators which are densely defined on a separable

infinite dimensional Hilbert space.

Theorem 4.8 Let S € A, then S € ®(A, K(A, 7)) if and only if for every

P e AP with SP € K(A,7) it follows that P is finite rank.

PROOF. Let S € A and let T € A be any operator for which $ — T € K(A, 7).
Sed (A KA 1)) iff Ted (A K(AT))
iff for P € A? with TP € K(A, ) it follows that 7(P) < oo

iff for P € AP with SP € K(A,7) it follows that 7(P) < co. W

Proposition 4.9 &;(A, K(A, 7)) = (Mi(A, K(4,7)))° and

9, (A, K(A,7)) = (N-(A4, K(A 7))
PROOF. Let S € A and let T € A be any operator for which $ — T € K(A, 7).
From Corollary 4.7 and Theorem 2.24 S € &;(A, K(A,7)) if and only if
T € ®(A K(A, 7)) if and only if T € (M(A, K(A,7)))° if and only if
S € (M(A, K(A4,7)))e.
The characterisation of the 7-measurable right Fredholm operators follows in a

similar way. n
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Remark 4.10
Although very straight forward we can continue to show that almost all the results
from Chapter 2 can be extended to this setting. The quantity mK(XT)(.) will also

make sense and moreover, it can be shown that (4, K(A,7)) = (Z(A, K(4,7)))°.

In [Son 71] it was shown that if A is a factor on a separable Hilbert space, then
K(A,7) is the unique closed two-sided ideal in .A. On separable Hilbert spaces we

have the following generalisation of Calkin’s theorem.

Theorem 4.11 If A is a factor on a separable Hilbert space, then }C(./Z,T) is the

unique two-sided ideal in A which is closed with respect to the measure topology.

PROOF. Suppose J is any closed (in measure) two-sided ideal in A. Then 7 N A

is clearly a two-sided ideal in .A.

We show that 7N A = J: It is clear that 7N A" C J. Using the ideal
properties we derive that we may prove the converse inclusion by using positive
elements only. Let S = [;°AdE, be any positive element in J. Define S, =
fl"/n/\dE,\ forn € N, then S, € J, S, € Aand S, > S. Hence S € 7N A",
Therefore we have equality.

If we assume that J N A is closed with respect to the norm topology, then from

[Son 71, Theorem 2.2) JNA = K(A,7)=K(A )N A Hence J = TN A" =
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KA T)NA" =K(A, 7).

It remains to prove that J N A is norm closed: Let (T,) be a sequence in J N A
which converges to 7" in norm. Clearly T' € A. We need to show that 7' € J. From
the definition of the ‘¢ th’ generalised singular number of T,, — T' (see page 67) we
obviously have u(T,—T) < ||Tn—T|| — 0 for all ¢ > 0. Hence lim,_,oo pe(T0 —T') =
0 for allt > 0. From Lemma 4.3 it follows that T,, — T in measure. Therefore

TeJ. |

Throughout our study of Fredholm theory for unbounded operators affiliated to a
von Neumann algebra we assumed that all operators involved are T-measurable. It
remains an open area to develop a Fredholm theory for closed densely defined oper-

ators affiliated to a von Neumann algebra which are not necessarily T-measurable.
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SUMMARY

In the first part of the thesis the divisors of zero in the “Calkin” algebra of a
von Neumann algebra relative to an arbitrary closed ideal are used to define classes
of Fredholm-type operators. The geometrical, algebraic and topological properties of
these classes are studied completely and shown to be similar to properties possessed
by the Fredholm classes. It is also investigated precisely in which cases these classes
coincide with the Fredholm classes, and hence useful characterisations of the semi-
Fredholm operators in the von Neumann algebra setting are obtained. In the second
part of the thesis lifting theorems for a number of properties of elements in the

“Calkin” algebra are proved and numerous unsolved problems are stated. The study
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is concluded with a Fredholm theory for closed densely defined operators affiliated

to a von Neumann algebra.

Although unanswered questions (which are described in the thesis) remain, the
results are reasonably complete, especially with respect to certain norm closed ideals

which are of principal interest in the theory of operator algebras.

Chapter 1 contains a summary of the notation used throughout the thesis as well
as some preliminary results. In Chapter 2 the left and right Fredholm operators
relative to any closed ideal Z in any von Neumann algebra A are characterised in

terms of the left and right topological divisors of zero in the quotient algebra A/T.

A characterisation of the semi-Fredholm operators in a semifinite von Neumann
algebra, relative to the closed ideal generated by the projections with finite trace,
is proved and then used to give a description of the essential spectrum in terms of
the eigenvalues in the Calkin algebra. Chapter 3 contains a few lifting results on
properties of elements in the “Calkin” algebra. In Chapter 4 some of the results
contained in Chapter 2 are extended to similar results for 7-measurable Fredholm
operators relative to the closure of the trace class in the topology of convergence in

measure.
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OPSOMMING

In die eerste deel van die proefskrif word die nuldelers in die “Calkin” algebra van
'n von Neumann algebra, met betrekking tot 'n willekeurige geslote ideaal, gebruik
om Fredholm-tipe operatore te definieer. Die meetkundige, algebraise en topolo-
giese eienskappe van hierdie klasse word volledig bestudeer en daar word aangetoon
dat hierdie eienskappe soortgelyk aan dié van die Fredholm-klasse is. Die gevalle
waarin hierdie klasse met die Fredholm-klasse saamval, word volledig ondersoek en
gevolglik word bruikbare karakteriserings van die semi-Fredholm operatore in die
von Neumann algebra opset verkry. In die tweede deel van die proefskrif word hef-

stellings vir 'n aantal eienskappe van elemente in die “Calkin” algebra bewys en baie
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onopgeloste probleme word gestel. Die studie word afgerond met 'n Fredholm-teorie

vir geslote diggedefinieerde operatore wat tot 'n von Neumann algebra geaffilieer is.

Alhoewel onopgeloste probleme (wat in die proefskrif beskryf word) steeds bestaan,
is die resultate redelik volledig, veral met betrekking tot sekere normgeslote ideale

wat van besondere belang is in die teorie van operatoralgebras.

Hoofstuk 1 bevat 'n opsomming van die notasie wat regdeur die proefskrif gebruik
word, sowel as sommige voorafgaande resultate. In Hoofstuk 2 word die links- en
regs-Fredholm operatore met betrekking tot enige geslote ideaal 7 in 'n von Neu-
mann algebra A gekarakteriseer in terme van die linker en regter topologiese nuldel-
ers in die kwosiéntalgebra A/Z. 'n Karakterisering van die semi-Fredholm operatore
in 'n semi-eindige von Neumann algebra, met betrekking tot die geslote ideaal voort-
gebring deur die projeksies met eindige spoor, word bewys en dan gebruik om ’n
beskrywing van die essensiéle spektrum in terme van die eiewaardes in die “Calkin”
algebra te gee. Hoofstuk 3 bevat 'n paar hefresultate ten opsigte van eienskappe
van elemente in die “Calkin” algebra. In Hoofstuk 4 word sommige resultate van
Hoofstuk 2 uitgebrei na soortgelyke resultate vir 7-meetbare Fredholm operatore
met betrekking tot die afsluiting van die spoorklas in die topologie van konvergensie

in maat.
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